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Summary 

• FLASH is a multi-physics magnetohydrodynamics (MHD) code that includes adaptive mesh refinement 
(AMR), radiation, laser ray-tracing, extended MHD effects, and more. As part of the extended MHD 
capabilities, Hall and Biermann terms are already in the release version of FLASH. 

• Recent code development under the auspices of ARPA-E and DOE NNSA has greatly increased FLASH’s 
ability to model a broader range of magnetized plasma regimes. 

o Anisotropic thermal conduction - important for any problem in which heat transport is affected by 
magnetic fields (typically when Hall parameter ⩾ 1). 

o Anisotropic magnetic resistivity – the effects of anisotropy are important for strongly-magnetized 
plasmas, and the implicitly-solved implementation is crucial for studying problems with high 
resistivity (e.g., Z-pinches and cold plasmas). 

o Thermoelectric effects – includes Seebeck, Righi-Leduc, and Nernst terms. We know these effects 
can play an important role in magneto-inertial fusion concepts. 



       
            

          
         

    
     

 l:L4CLI 
■ - -o=- ■ 

C E N T E R 
The FLASH code 

• FLASH is a publicly available, high performance computing (HPC), adaptive mesh refinement (AMR), finite-
volume, hydro and MHD code with extended physics capabilities. Supported primarily by the U.S. DOE NNSA. 

• FLASH is professionally managed software in continuous development for 20 years: coding standards; version 
control; daily automated regression testing; extensive documentation; user support; integration of extensive 
code contributions from external users. 

> 3,500 users world wide >1,200 papers published with FLASH 



              

           
   

    l:L4CLI 
■ - -o=- ■ 

C E N T E R 

E -ux B-

E 
J VPe 

-u X B+- X B-
nee nee 

+ rJil b(b-J)+ rJi: bx(Jxb)- rJ; (bxJ) 
EQW~e Tei EQWpe Tei EQWpe Tei 

From ideal to extended MHD 
• Ideal MHD uses a relatively simple Ohm’s Law in which magnetic field is “frozen-in” and must follow motion of 

plasma. 

• Extended MHD uses a much more complex generalized Ohm’s Law, which takes on this form in FLASH with logical 
switches to turn on/off each term: 
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Hall term 

• Hall term is implemented via an explicit flux-based method, and the velocity used to determine the 
computational time step must now include the current. 
o Dispersive Whistler waves and Hall drift waves are introduced (wave speeds can also affect time step on 

scales smaller than ion inertial length). 

• Plasma opening switch shows how including the Hall term leads to drastically different B-field behavior. 
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Biermann term 

• FLASH has two implementations of the Biermann term: 
o An explicit flux-based method similar to the method for the Hall term. 
o A source term method in which the Biermann term is not included as a magnetic flux (appropriate for 1D 

and 2D cylindrical problems). 

• Thermal-magnetic waves are introduced (wave speed proportional to sound speed). 

• Laser-ablated CH foil shows Biermann-generated fields (credit: Yingchao Lu). 
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Anisotropic thermal conduction 

• Isotropic case is rather simple: 
!" 

!&
#$% + ∇ ⋅ −+∇, = 0. 

• Anisotropic case can be written in terms of three conductivity coefficients: 

@eint + r · ( ?rT (k ?)b(b · rT ) ^(b ⇥rT )) = 0 
@t 

o In FLASH, this is solved implicitly with an iterative matrix inversion 
method using LLNL’s HYPRE library (Falgout+ 2004, 2005). 

01 < 0∥ 4567489 thermal diffusion is hindered 
perpendicular to magnetic fields. 

Poster from 2019 APS DPP meeting showcases 
analytic test, verifying the code’s implementation. 

Conductivities and Other Variable Definitions 
$ = temperature (FLASH diffuses electron	 and	 ion	 temperatures separately) 
* = mass density 
+, = specific heat	 at	 constant	 volume 
-⃗ = heat	 flux 
! = unit	 vector in	 direction	 of	 magnetic field	 /
0∥ = parallel conductivity (for heat	 flux in	 direction	 parallel to !)
02 = perpendicular conductivity (for heat	 flux in	 direction	 perpendicular to !)
0∧ = cross conductivity (heat	 flux in	 direction	 perpendicular to both	 ! and	 #$) 

The conductivities vary in	 space as they are dependent	 on	 $ and	 /. In	 FLASH,	 we 
use the approximations described	 by Braginskii [1],	 and	 there are different	 
conductivities for electrons and	 ions. 

Left Below: Parallel and	 perpendicular conductivities for electrons and	 ions as a 
function	 of	 temperature. For this plot,	 the magnetic field	 is held	 constant	 at	 10 T. 

Right Below: Parallel and	 perpendicular conductivities for electrons and	 ions as a 
function	 of	 magnetic field	 strength. For this plot,	 the temperatures are held	 
constant	 at	 1 keV. Note that	 the parallel conductivities are unaffected	 by the 
field,	 but	 the perpendicular conductivities decrease as the field	 increases. This 
indicates that	 stronger fields allow less thermal conduction	 in	 the direction	 
perpendicular to the field. 

Implementation 
FLASH uses the HYPRE library to solve a generalized diffusion equation, which is 
written as a matrix. The code sets these matrix values based on a stencil (2D 
example shown in figure below). Fluxes need to be computed on cell faces, but 
conductivities are stored at cell centers so averaging is required. The complication 
that anisotropy introduces is the need to compute ! ⋅ #$ on each face. FLASH 

only stores !% on i-faces, !& on j-faces, and !' on k-faces, so more averaging is 
required. Since #$ in every direction is required on each face, the number of cells 

required (i.e., the stencil size) increases as 
compared to the isotropic case (see table 
below). 

Stencil Sizes 
Dimensions Isotropic Anisotropic 

1D 3 3 

2D 5 9 

3D 7 19 

Anisotropic	 thermal	 conduction	 in	 the FLASH	 code 
E. C. Hansen,	 K. Weide,	 D.	 Q.	 Lamb,	 and	 P.	 Tzeferacos 

Flash	 Center	 for	 Computational Science, Department	 of	 Astronomy and	 Astrophysics, University of	 Chicago 

Abstract: Anisotropic thermal conduction is relevant to many different applications in plasma physics and astrophysics. It is well 
known that heat moves more freely parallel to magnetic field lines, and heat flux is constrained perpendicular to field lines. In 
experiments, such as magneto-inertial fusion experiments, this concept can be utilized to more effectively confine heat. In 
astrophysics, the anisotropy of heat flux plays an important role in cooling flows, supernova remnants, and other scenarios. We have 
implemented anisotropic thermal conduction into the FLASH code, the multi-physics radiation magneto-hydrodynamics code 
developed and maintained by the Flash Center for Computational Science at the University of Chicago. Here we will present our 
implementation along with verification benchmarks that illustrate the effects of anisotropic thermal conduction. 
FLASH is publicly available at flash.uchicago.edu 

The heat	 equation	 can	 be written	 as:
*+, 

45 = −# ⋅ -⃗.	 (1) 46 
The heat	 flux can	 take different	 forms depending on	 whether the 
diffusion	 is to be isotropic or anisotropic. The full anisotropic 
heat	 flux is: 

-⃗ = −0∥! ! ⋅ #$ − 02!×(#$×!) − 0∧ !×#$ .	 (2) 
For the purposes of	 this work,	 we have excluded	 the cross 
conductivity,	 so the heat	 equation,	 with	 some simplification,	
becomes: 

*+, 45 = # ⋅ 0∥ − 02 ! ! ⋅ #$ + 02#$ .	 (3) 46 

Hydrodynamics and	 all other physics are turned	 off	 so that	 the 
only equation	 being solved	 by FLASH in	 this test	 is the 
anisotropic heat	 equation	 (Eq. 3). We test	 the diffusion	 of	 an	 
initial Gaussian	 temperature profile in	 the presence of	 a constant	
/ field	 in	 the y-direction. Homogeneous Neumann	 boundary 
conditions are used:

45 

4& = 0 (at	 all boundaries). 4% = 
45 (4) 

This is equivalent	 to creating an	 isolated	 system with	 “perfect	 
insulation”. We set	 the conductivities to be constant	 and	 impose 
0∥ = 402for simplicity. The results are compared	 to an	 analytical 
solution	 computed	 by Mathematica. 

Left: 2D	 temperature plots showing the initial condition	 (top), 
the isotropic (middle), and	 the anisotropic (bottom) cases after 
50 ns of	 diffusion. The legends are different	 for each	 plot	 for 
better contrast. The plots clearly illustrate the anisotropy in	 the 
temperature diffusion. 

Below: Lineouts through	 the center of	 the domain	 for the 
anisotropic case. The results from FLASH are consistent	 with	 
those computed	 by Mathematica. 

Anisotropic Thermal Conduction Unit	 Test	 in FLASH 

Applications Requiring Anisotropic Thermal Conduction 

Above: Experimental setup	 for laser-driven	 mini-MagLIF (magnetized	 liner 
inertial fusion) [2]. One of	 the key components of	 this cylindrical direct	 drive 
implosion	 is an	 applied	 axial magnetic field. The magnetic field	 helps restrict	 
heat	 flow in	 the radial direction	 due to the anisotropy of	 thermal conduction. 
This concept	 Is utilized	 in	 many other magneto-inertial fusion	 (MIF) platforms 
as well. 

Right: Three-color image of	 pulsar J1119—6127 with	 an	 associated	 supernova 
remnant	 G292.2—0.5	 [3]. 
This observation	 is from 
x-ray emission. Non-
uniform surface 
temperature distributions 
are,	 in	 part,	 the result	 of 
anisotropic thermal 
conduction. Research 
groups that	 simulate these 
types of	 environments 
typically simplify the 
problem by running 
initially spherical or 
cylindrical outflows under 
various initial conditions 
for the bubble density, 
temperature,	 ambient 
density,	 magnetic field 
strength,	 etc. 

• The full 3D	 implementation	 is underway and	 will be finished	 soon. 
• Neumann	 boundary conditions were simplest	 to implement,	 but	 additional 

options such	 as Dirichlet or periodic will be useful. 
• Implementing cross conductivity terms will be important	 for certain	 

applications. 
• Anisotropic thermal diffusion	 is currently only written	 for the uniform grid	 

implementation	 of	 FLASH. The adaptive mesh	 refinement	 (AMR) version	 should	 
be straightforward	 to implement,	 but	 it	 remains to be written	 and	 tested. 

References 
[1] S. I. Braginskii,	 Rev. Plasma Phys. 1,	 205 (1965). 
[2] J. R. Davies et	 al.,	 Phys. Plasmas 24,	 062701 (2017). 
[3] C.-Y. Ng et	 al.,	 ApJ 761,	 65 (2012). 
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Plasma Liner Experiment (PLX) 
• In the experiment, magnetized plasma jets collide to form a target region and additional, heavier jets form a liner 

that compresses the target. 
• In these 2D cylindrical simulations, two target-forming jets collide, and we observe different temperature profiles 

when using isotropic vs anisotropic thermal conduction. 

• Azimuthal B-field peaks at accretion shocks that 
surround target, so when modeling with anisotropic 
thermal conduction, this creates a hot shell. 

Bɸ (x-z) 
• Testing how thermal 

conduction behaves in 
different field configurations 
during target compression 
phase. 

See Chuang Ren’s talk Wed. 
for more details about our 
PLX collaboration. 
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Anisotropic magnetic resistivity 

+⌘J 

• Like thermal conduction, this is solved implicitly with HYPRE, but it is a much more complicated system of 
equations with coupled B-field components. 

• Using the Poynting flux and conservation of energy, Ohmic heating can be included in a way that is consistent 
with the implicit magnetic diffusion. 

• η⋀ term is added to the explicit Hall flux. Implicit Anisotropic	 Magnetic	 Resistivity	 in the	 FLASH	 Code 
E.	 C Hansen1 A C. Reyes1 M B P Adams1 J Carrol Ne enback1,2 J R Dav es2 K. We de3 D Q Lamb3 P. Tze eracos1,2 

Depar ment o 	Physics 	and 	Ast onomy,	University o 	Rochester,	USA Labora ory or 	Laser 	Ene ge ics,	Unive sity o 	Rochester USA 
3Depa tmen o 	As ronomy 	and 	Ast ophysics,	University o 	Chicago USA 

Abstract Procedure Test Problem 

Pa ameter Va ue 

c (mg/cm3) 1.0 

Te (eV) 1.0 

Peak Bz (T) 10 

Z 1.0 

Rmax (cm) 0.5 

Explicit 

= −&×( = −&×(*⃡  ⋅ -

of the resistive E-field in three different ways, and the code will use one depending on 

Time step	 n	 ca cu at ons 

Implicit	diffusion 

methods of solving the resistive MHD equations can be subject to restrictive We run a 1D cylindrical test problem 
time step constraints to maintain numerical stability. The bottleneck is often caused We calculate face-centered E-fields according to the in which all initial input parameters 
by a small diffusion time from the resistive term in the magnetic induction equation. form of the resistivity (e.g., (GNO/Q = *GNO/Q -⃗GNO/Q for are constant except for Bz which has a 
Implicit methods increase temporal stability, allowing for time steps orders of the isotropic case). We also calculate the face-centered radial Gaussian profile. Initial 
magnitude larger than those used in explicit methods while maintaining accuracy. In Poynting flux: conditions are given in the table to the 
FLASH, we have implemented an implicit algorithm for solving the anisotropic R R R right. This problem aims to verify the 
resistive term in the magnetic induction equation. The algorithm also updates the accuracy of the implicit solver as 

S⃗GNO/Q = (GNO/Q × TGNO/Q Implicit solve can save orders of magnitude in 
R R 

face-centered fields on a staggered mesh in a way that preserves the divergence-free compared to the flux-based explicit 
constraint. Energy is updated via calculations of Ohmic heating and the Poynting flux. solver. It tests isotropic resistivity, We set up a matrix equation of the form: 

We present a simple 1D test problem that illustrates the computational speed-up because under these initial conditions, 1 − V EF W * TRXO = (1 + (1 − V) EF W(*))TR , 
where W(*) is a matrix diffusion operator the size of the computational time for problems with high resistivity. 

!" )⃗, where *⃡  is 

be broken into components: *∥, *2 , and 
l ignore *∧ ). In FLASH, we write the component-wise form 

*∥ − *2 C (C ⋅ -⃗) 
*∥ -

One can use vector identities to show that the two anisotropic for i l t. 
The isotropic form can be solved implicitly or with a flux-based expli it .
diffusive anisotropic form is always solved implicitly, and the advect li itl . 
The implicit solver is compatible with FLASH’s unsplit staggered MHD l [ 

also in r r 
resistivity coefficients into FLASH, which were derived from numeri l l l ti 

The primary motivation for an implicit method is a practical computational one. 

Explicit methods are temporally limited to the diffusion time step EF!GHH = 
(∆J)K 

L 
, 

Time s ep	 n+1 ca cu at ons 

the advantage of being time-centered 2nd order 
accurate, whereas the others are 1st order accurate in 
time. We use the HYPRE library to iterativ ly l for 
TRXO (the cell-centered magnetic field). 

Agai l l t - t - ti 
, i ff - t 

- . t , -
t - l l ti -
t r t : 

-G = 

t, - tered E-fields to get edge-
t l . e edge-centered values can 

d to update the face-centered B-fields using 
Stokes’ Theorem, which maintains & ⋅ T = 0. Here is an
example of the equation for updating T[ in 2D: 

T[,GNO/Q 
RXO = T[,GNO/Q 

R − 
EF 

\GNO/Q 

V(],GNO/Q,^XO/Q
RXO 

−V(],GNO/Q,^NO/Q
RXO 

(1 − V)(],GNO/Q,^XO/Q
R 

−(1 − V)(],GNO/Q,^NO/Q
R

1D.
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ΔR (µm) 5.0 *∥ ≈ *2.from an explicit method to the new implicit method. The new implementation will be In 	3D,	HYPRE 	uses a	 domain. V determines the implicit scheme and is 
typically set to 0 (forward Euler), 1 (backward Euler), or 

most useful for modeling laser-driven plasma experiments that exhibit relatively high 57-point 	stencil due Results magnetic resistivity. to complexity from 1/2 (Crank-Nicolson). The Crank-Nicolson scheme has The figures below show a time series of radial profiles of magnetic field (top) and 
Resistive MHD 

The resistive term in the induction equation is 
!# 

the resistivity tensor. This tensor can 
*∧ (for this work, we wi The results are nearly exact. In 

the explicit method, the 
magnetic flux (i.e., electric field) 

l 

the desired physics and solver method. 
is saved, and a direct calculation 
of -⃗ ⋅ ( (Ohmic heating) is used 
to update the internal energy. Isotropic: ( = *∥ -⃗  Anisotropic (diffusive): ( = *2 -⃗ + 

(advective): ( = *∥ -⃗ − The implicit method uses the 
Poynting flux and conservation 
of energy as described in the 
procedure to the left. As 
evidenced by the electron 
temperature profiles, both 

preserves solenoidality at machine precision. We have approaches to calculating the 
Ohmic heating term produce 

using the Fokker-Planck code OSHUN and give the coefficients as analyt 
Z (effective ionization) and D (electron Hall parameter) [2]. 
Motivation and Applications 

equivalent results. 

The tests were run on a single 
core, and the table below 
convincingly shows the speed-up 
from using an implicit method. 

which can be orders of magnitude smaller than the hydrodynamic time step. Hence, where \GNO/Q is the face area, which becomes E_ in 2D. Position (cm) 

Cell-centered B- This use of edge-centered E-fields to update face-
Method Time s eps Run 	t me s an implicit method can save a significant amount of computational time, and below 

Poster from 2021 NIF/JLF UGM describes the 
procedure for solving this system implicitly. 

centered B-fields is described in more detail in [8], we show a few examples of problems that would benefit from such an approach. fields are re-

This	 wo k was	 suppo ed	 in	 par by the Advanced	 Research	 P o ects	 Agency Ene gy ARPA E) U S Depa men o Ene gy unde Awa d Numbe DE AR0001272 The F ash Cen e o Compu a ona Sc ence acknowledge suppo from he U S Depa men o Ene gy Na ona Nuclear Security Adminis ation	 
unde Subcon ac No 536203 wi h Los A amos Na ona Labo a o y Subcon ac B632670 wi h Lawrence L ve mo e Na ona Labo ato y and Awa d Numbe s DE NA0003842 and DE NA0003934 We a so Acknowledge suppo from he Na ona Sc ence Founda on Awa d Number PHY 2033925. 

Speed-up	is 	significant 	when	 
EF!GHH ≪ EFef!Jg. 

Magnetized	 
bow 	shocks [5] 

Explicit 336123 2759 

Implicit 487 7 

although their equations use values at n + 1/2, whereas updated	by 

TDYNO [3] 

we have made use of V to allow for the use of either oraveraging the 
both time step data. 

We now use the Poynting flux to update the total energy 

new 	face 	values. 

Ene gy	 update Future Work 
density: `RXO = `R − EF (V& ⋅ S⃗RXO + (1 − V)& ⋅ S⃗R) . • More complex setups in 2D and 3D need to be tested to observe anisotropy 

!a !(bK
K
)) • Current implementation only works for FLASH’s uniform grid configuration; much 

!# !# 
= −& ⋅ S⃗ = -⃗ ⋅ ( + . InIf face field update It can be shown that 

more work to be done to make implicit solver compatible with AMR was done in previous other words, the change in total energy is equal to the 
step,	there is an addition from Ohmic heating plus the change in References 
additional	 energy 
correction since S⃗ 

magnetic energy. By knowing the old and new total [1] D. Lee, Journal of Computational Physics 243, 269 (2013) 

Mini-MagLIF [4] [2] J. R. Davies, H. Wen, Jeong-Young Ji, and Eric D. Held, Physics of Plasmas 28, 012305 (2021) 
energy and old and new magnetic energy, we can [3] P. Tzeferacos et al., Nature Communications 9, 591 (2018) 

was derived from calculate the Ohmic heating term, which is then added [4[ E. C. Hansen et al., Physics of Plasmas 27, 062703 (2020) Capillary [5] J. Levesque et al., submitted to Physics of Plasmas (2021) cell-centered values. to the electron internal energy. Depending on the EOS, Staged	Z- discharge [6] E. Ruskov, P. Ney, and H. Rahman, Physics of Plasmas 27, 042709 (2020) 

the code can now update the temperature and pressure. [7] N. Cook et al., Journal of Physics Conference Series 1596, 012063 (2020) pinch	 [6] plasmas [7] [8] D. S. Balsara and D. S. Spicer, Journal of Computational Physics 149, 270 (1999) 
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Staged Z-pinch (SZP) 
• High-Z liner is imploded with an applied axial current and compresses a DT fuel. 

• FLASH’s implicit resistivity solver implementation has been verified by 
comparing 1D cylindrical models with results from the MACH2 code. 

Shell trajectory from a simplified B-field profile shows 
model without radiation. expected diffusion. 

Ruskov+ (Phys. Plasmas 2020) 

Ohmic heating at 
liner/vacuum interface 
decreases resistivity •
prevents B-field from 
diffusing into liner. 
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Thermoelectric effects 

• Terms can be rewritten into β∥, (β∥ - β⊥), and β⋀ terms. Nomenclature varies in literature, but in FLASH, these 
terms are called: 
o β∥ = Seebeck 
o (β∥ - β⊥) = Righi-Leduc. Replaced with βnew for Z ⩾ 1 (Davies+, Phys. Plasmas 2021) 
o β⋀ = Nernst 

• Additionally, all terms appear in the electron heat flux: % = −(
*
) + ⋅ -

• All terms are implemented with an explicit flux-based approach. 

Currently in the process of testing the Nernst We know Nernst plays an important role in some 
term with a KHI problem (credit: Yingchao Lu). MIF concepts like mini-MagLIF (Hansen+, Phys. 

Plasmas 2020). 
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Home > Physics of mas > Vol e 28, Issue 1 > 0. 063 'S.0023445 
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Transport coefficients for magnetic-field e,volution i inviscid 

magnetohydrodynamics 
Physics of Plasmas 2,8, Oli2305 (2:021); https://doi.org/10.1063/5.0023445 

New transport coefficients 

• We have implemented some of the most up-to-date transport coefficients from the literature: 

o Thermal conductivity coefficients (κ∥, κ⊥, κ⋀) of Ji & Held (Phys. Plasmas 2013). 

o Resistivity coefficients (η∥, η⊥, η⋀) and thermoelectric coefficients (β∥, β⊥, β⋀) of Davies+ (Phys. Plasmas 
2021). 
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Summary 

• FLASH is a multi-physics magnetohydrodynamics (MHD) code that includes adaptive mesh refinement 
(AMR), radiation, laser ray-tracing, extended MHD effects, and more. As part of the extended MHD 
capabilities, Hall and Biermann terms are already in the release version of FLASH. 

• Recent code development under the auspices of ARPA-E and DOE NNSA has greatly increased FLASH’s 
ability to model a broader range of magnetized plasma regimes. 

o Anisotropic thermal conduction - important for any problem in which heat transport is affected by 
magnetic fields (typically when Hall parameter ⩾ 1). 

o Anisotropic magnetic resistivity – the effects of anisotropy are important for strongly-magnetized 
plasmas, and the implicitly-solved implementation is crucial for studying problems with high 
resistivity (e.g., Z-pinches and cold plasmas). 

o Thermoelectric effects – includes Seebeck, Righi-Leduc, and Nernst terms. We know these effects 
can play an important role in magneto-inertial fusion concepts. 
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