Analytical Model of Nonlinear, Single-M ode, Classical
Rayleigh—Taylor Instability at Arbitrary Atwood Numbers

An interface between two fluids subject to an external force
pointing from the heavier to the lighter fluid is hydrodynami-
cally unstablel [Rayleigh-Taylor (RT) instability]. Thisinsta-
bility plays an important role in astrophysics and inertial
confinement fusion.? In the limit of small perturbation ampli-
tudesn (kn << 1, wherekistheperturbation wave number), the
perturbations grow exponentially® n ~ nye?t with the growth
rate y=4Arkg, where Ar=(pn—p)/(pn+p1) is the
Atwood number, p,, and p, are the densities of heavier and
lighter fluids, respectively, g isthe interface acceleration, and
Mo is the initial amplitude. As the amplitude becomes large
enough (kn ~ 1), theinterface can be divided into the spikes of
the heavier fluid penetrating into the lighter fluid and bubbles
of thelighter fluid rising into the heavier fluid. Theexponential
growth of the bubble amplitude changes to the linear-in-time
growth38 i ~ Ut, where Uy, is the bubble velocity. Such a
transition iscommonly referred to asa® nonlinear saturation,”
although, strictly speaking, only the bubble velocity saturates,
not theamplitude. To describetheevol ution of the perturbation
after the saturation, two analytical approaches have been
proposed in the past.38 The weakly nonlinear theories® (up to
thethird-order accuracy in kn) captureonly theinitial slowing
down of the exponential growth. The other approach uses an
expansion of the perturbation amplitudes and conservation
equations near the tip of the bubble3#7:8 (or spike®) up to the
second or higher order inthetransverse coordinate. Inthe past,
the second approach hasbeen applied only to thefluid—vacuum
interfaces (At = 1)3%46-8 and has been shown to be in good
agreement with numerical simulations and experimental data.
Inthisarticle, the Layzer’stheory will be extended to include
finite density of the lighter fluid (A < 1). We also report an
exact solution of conservation equations (valid at thetip of the
bubble) in the form of a convergent Fourier series.

First, weconsider twoirrotational,incompressible, inviscid
fluids in two-dimensional (2-D) geometry. The fluids are
subject to an external acceleration g pointing from the heavier
to thelighter fluid. They axisis chosenin the direction of the
density gradient. The velocity potential ¢ in the absence of
viscosity and thermal conduction obeys the L aplace equation

A¢p=0%9+059=0. 1)

In addition, the function ¢ must satisfy the following jump
conditions at the fluid interface y = n(xt):

QM +Vydxn =y, @)

[[vy —vxaxn]] =0, ()

Hp (amb - %vz + gnm = f(t), (4)

where [[Q]]= Q" = Q' (superscriptsh and | denotethe heavy-
and light-fluid variables, respectively) and f(t) is an arbitrary
function of time. Equations (2) and (3) are derived from the
mass-conservation equation and continuity condition for the
velocity component normal to the fluid interface, and Eq. (4)
isthe Bernoulli’s equation. Following Ref. 4, we expand Egs.
(2)—(4) and theinterface amplitude ) near thetip of the bubble
[localized at the point {x,y} ={0,7(0,t)} ] to the second order
in x, n = np(t) + ny(t)x2. The function ny(t) is related to the
bubble curvature R as R = -1/(2n,). To satisfy boundary
conditions (2)—(4) (six equations), we need six unknowns.
Thus, in addition to the functions ng(t), n,(t), and f(t), the
velocity potential must contain three unknowns. We write the
velocity potential near the bubble tip in the following form:

0" = ay(t) cos(lox)e <), (5)

¢ = bl(t)cos(kx)ek(y_"(’) +hy(t)y. (6)

The form of the light-fluid potential [Eq. (6)] will be verified
later using the results of numerical simulations. Substituting
Egs. (5) and (6) into the boundary conditions (2)—(4) and
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expanding the latter near the bubble tip gives

. Lk
T72=—T70§(k+6172), (7)

k?— 4 Arkn, —12 Arnj

o k= 6my)
.5 2 (4A7 —3)K? +6(3A7 —5)kn, +36 Arns
+ ngk 5
2(k—67]2)
+ Argn, =0. ()

Equation (7) can be integrated directly. The result, assuming
initial sinusoidal perturbation with amplitude ny(0), takes the
form

2
M=k {E —10(0) k?} e o7l ©)

Furthermore, substituting Eg. (9) into Eq. (8), thelatter can be
integrated to give an analytic expression for the bubble veloc-
ity. This expression is very lengthy, however, and will be
reported elsewhere. In practice, one can easily calculate the
bubble amplitude by solving the system (7)—(8) using, for
example, the Mathematica software package.® Next, we ob-
tained an asymptotic solution for the bubblevel ocity by taking
the limit of t — « in Egs. (9) and (8). This gives

k 2Ar 9
AT YT o M 10
M2=7g b 71 A 3k (10)

The last equation agrees with the prediction of the drag—buoy-
ancy model.® Solution of Eq. (8) provides a continuous bubble
evolution from the linear to the nonlinear regime, while the
drag—-buoyancy model calculates only the asymptotic behavior.

Next, we verify the choice of the velocity potential in the
lightfluid [Eq. (6)] by comparingthevelocity profilesobtained
from Eg. (6) and full numerical simulation. For such purpose,
wefirst cal culatethe coefficientsb, and b, asfunctionsof time:
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_ 12001,

_, _6mptk
bL=1 6mp—k

= om- (11)

Since 1,(t — o) =—k/6, then b =0 and by, — 1g. Then,
substituting Eqg. (11) into the definition of the light-fluid
velocity,

vl = —biksin(kx)eV¥-10)
and
vy = bk cos(kx) o) by,

wefindthat asymptotically, thelight-fluid vel ocity component
paralel to the acceleration becomes flat near the tip of the
bubble (no x or y dependence), and the transverse velocity
component in that region goes to zero. To confirm this result,
we performed a 2-D simulation using an incompressible,
inviscid Eulerian code. Figure 89.7 showsthevel ocity profiles
(vy and vy) at two different times, calculated using results of
simulationsfor the fluid interface with At = 0.4 and theinitial
amplitude of velocity perturbation vq = 0.0l\/g7» ,Where 1 is
the perturbation wavelength. The vertical lines show theinter-
face between the heavier and lighter fluids (the heavier fluidis
on the right side of the lines). Velocity vy is plotted at the
position of thebubblecenter (x=0), and thetransversevel ocity
vyisplotted at x=0.02 A [v, (x=0) =0 at all times]. When the
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Figure 89.7

Velocity profiles at two different times calculated using results of a 2-D
simulation. Dashed lines represent profiles in the linear regime, and solid
lines correspond to velocities in the nonlinear regime.
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perturbations are in the linear regime (kng << 1), the velocity
decaysexponentially from theinterface toward the lighter and
heavier fluids (dashed lines). As the bubble amplitude be-
comes nonlinear (kng > 1), the longitudinal velocity vy in the
light fluid flattens out near the bubble tip and the transverse
velocity goesto zero (solidlines), inagreement with theresults
of Eq. (11).

Applying the model to the Richtmyer—Meshkov (RM)
instability, wetakethelimit of g— OinEq. (8). Theasymptotic
bubble velocity in this case becomes

3+Ar 1
—3(1+AT)E' (12)

URM -

In hisoriginal paper,# Layzer takes only the first harmonic
as a solution of the Laplace equation (1). Later, several at-
tempts have been made to construct an exact solution for the
case of Ar =1 near thetip of the bubble, writing the solution of
Eq. (1) as a Fourier series:3

¢=ialei|kx—|ky_ (13)
=

It can be shown,3 however, that keeping thefirst two termsin
the expansion and applying the boundary conditions up to the
fourth order in x leads to an imaginary component in the
solution for the asymptotic bubble velocity. To overcomethis
difficulty, Refs. 3have suggested keeping thebubblecurvature
R as afree parameter of the problem, limiting the values of R
by the convergence condition of series (13). We propose a
different approach to construct an exact solution that is valid
near the bubble tip. It can be shown that writing the velocity
potential in the form

o" = i a11.009(21 + ke @ HIKYT0) (14
=0

¢ = i byi+1 cog(2l +1)kx]e(2|+1)k(yfn°) +by  (15)
1=0

leads to areal value of bubble velocity in all approximation
orders. Such an expansion requires no additional free param-
eters to provide convergence for the solution. Figure 89.8
shows plots of the first four coefficients a,_; as functions of

time for the case of At = 1. Observe that coefficients a decay
exponentially with |, satisfying the convergence condition.
Next, we calculate asymptotic values of 1, and U, using
solution (14)—(15). Theresult is

wo)=——K_ U () =1.025 | 2AT_ 9

The convergence of solution (14)—(15) is very fast. Keeping
only two termsin each sumin ¢" and ¢' gives the solution for
N, and U, within 99.5% accuracy. Remarkably, the values
giveninEg. (16) areinagreement with theresultsof Ref. 3 (for
At =1), wherethe authorsintroduced afree parameter R. This
parameter was chosen at the edge point of theregion wherethe
Fourier series (13) converges.
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Figure 89.8

Coefficients aj—az of the Fourier series (14) for A = 1.

To validate the analysis described above, we compare the
results of the model with numerical simulations. Figure 89.9
showsthebubbleevolutionfor thecaseof A;=0.1and Ar=0.4.
We start the simulation by imposing a velocity perturbation
with amplitude vg = 0.01\/97 . Solid lines represent the solu-
tion of Eq. (8); solid dots (At =0.4) and solid squares (Ar=0.1)
correspond to the results of simulations. Good agreement
between theory and simulations confirms the accuracy of the
model. Next, we comment on a possibility of applying the
Layzer-type analysis to study evolution of the spikes. Refer-
ence 8 has shown that such an analysisgivesquiteareasonable
agreement with simulations for the case of At = 1. The appro-
priate velocity potential for the spikesat Ar < 1inthe Layzer-
type model hasthe form
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A cos(kx)e_k(y_"f’) +ayy,

o' = by cog(kx)e<V ™)

Substituting the above expressions into Egs. (2)—(4) and ex-
panding thelatter until the second order inx givestheevol ution
equations that can be obtained from Egs. (7) and (8) by
substituting n — —n, At — —At, and g — —g. Taking the limit
of t — o, the asymptotic spike velocity becomes

Us = 2Ar /(1- Ar)(g/3K).

The last formula agrees with the prediction of the drag—
buoyancy model.® Simulations, however, show that the spike
velocity for theinterfaces with At > 0.1 does not saturate to a
constant value. Figure 89.9 showsthe spike amplitudes cal cu-
lated using the simulation (open circlesfor Ay = 0.4 and open
squaresfor Ar=0.1) andtheresultsof themodel (dashedlines).
As seen from the results of the simulations, the spike velocity
for Ar> 0.1 keeps growing linearly in time, even after pertur-
bations become nonlinear. Thisis caused by the formation of
vorticesintheproximity of thespiketip. If theAtwood number
is not too small, vortices move with the spike, modifying its
velocity field and accelerating the spike into the light fluid.
Thus, todescribethe spikeinthenonlinear regime, thevel ocity
potential must bemodifiedtoincludeevolution of thevortices.
Thisisasubject of current research.
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Figure 89.9

Bubble (solid lines, solid circles and squares) and spike (dashed lines, open
circles and squares) velocities calculated using the potential model (lines)
and numerical simulation (circles and squares).
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The procedure described above for the 2-D flow can be
applied to analyze the bubble evolution in 3-D geometry.
Taking the z axis in the direction of the density gradient and
assuming cylindrical symmetry of the bubble, the velocity
potential in the heavy and light fluids takes the form
9" =a(t) Jp(kr)e™™®, ¢ =by(t) Jo(kr)e +by(t)z, where
Jo(X) is the Bessel function of zero order. Expanding the
velocity potential and the jump conditions across the fluid
interface up to the second order in r yields the following
system:

mo=—g+| g+ X0y

o 2= 4Arkn, ~32 Arnj
0
4(k—8n3)

ey (5A7 —4)k? +16(2 Ay — 3)kn, +64 Arns
0
8(k—8n,)°

+ Argn, =0. (18)

The asymptotic bubble velocity and 7, derived from the
system (17)—(18) take the form

Ma(t— o) = —k/8,

US D (e0) =2 A7 /(1+ Ar )(g/K).

For the RM case (g = 0), the asymptotic bubble velocity
becomes U\ = 2/(1+ Ay)/(kt). Repeating calculations by
keeping higher harmonics in the expansion

oM = Yoo (2 + 1)kr]e_(2'+1)kZ ,

¢ = Y obar1do[(2 +1)kr]e(2|+1)kz bz,
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the asymptotic bubble velocity convergesto

. 2Ar g k
ugP ~102 |20 9 .
b A k' 27 67 (19)

For At = 1, these values are close to the results of Ref. 3,
whereauthorshavefoundthefollowingvalues: Uy, = 0.99,/g/k
and 1, =-k/6.4.

In summary, the nonlinear analytical model of the classical
single-mode RT instability at arbitrary Atwood humbers was
developed. The model gives a continuous bubble evolution
fromtheexponential growthtothenonlinear regime, wherethe
bubble velocity saturates at

UE® =247 /(1+ Ar)(9/3)

and

U ® =240 /(1+ Ar)(g/k)

Theresultsof themodel agree very well with the numerical
simulations and predictions of the drag—buoyancy model.®
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