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In stimulated Brillouin scattering1 (SBS) an incident (pump)
light wave is scattered by the electron-density fluctuations
associated with an ion-acoustic (sound) wave. This process
generates a frequency-upshifted (anti-Stokes) light wave and a
frequency-downshifted (Stokes) light wave. For most scatter-
ing angles the anti-Stokes wave is driven nonresonantly and
can be neglected a priori. The resulting instability is referred
to as three-wave SBS. However, for near-forward scattering
the anti-Stokes wave can be driven near-resonantly and must be
retained in the instability analysis. When the role of the anti-
Stokes wave is significant, the resulting instability is referred
to as four-wave SBS.

In this article the spatiotemporal evolution of near-forward
SBS is studied in detail. The conditions under which three- and
four-wave SBS occur are quantified, and expressions for the
saturation times and steady-state gain exponents are derived
for both types of instability.

Governing Equations
SBS is governed by the Maxwell wave equation

∂ ω ωtt e h e l hc n2 2 2 2 2+ − ∇( ) = −A A , (1)

together with the sound wave equation

∂tt s l s h hc n c2 2 2 2 21

2
− ∇( ) = ∇ ⋅A A . (2)

The electromagnetic potential Ah h s e ic m m= ( )( )v 1 2  is the
high-frequency electron velocity divided by a characteristic
speed that is of the order of the electron thermal speed, nl is the
low-frequency electron-density variation divided by the equi-
librium electron density, ωe is the electron plasma frequency,
cs is the sound speed, me and mi are the electron and ion masses,
respectively, and the brackets  signify that only low-fre-
quency terms are retained. The evolution of the light waves is
modified by the nonlinear electron current, which is propor-
tional to nlAh, and the sound wave is driven by the pondero-
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motive force associated with the light waves, which is propor-
tional to ∇ ⋅A Ah h .

The geometry of near-forward SBS is illustrated in
Fig. 72.15. The pump wave propagates in the direction of k0,
which defines the z axis. By substituting the Ansätze
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in Eq. (1), where ks • k0 ≈ 0 and ωs = csks, and using the
envelope and paraxial approximations, one can show that

  
∂ ω ω ωz s s ei k k A i N A+ −( )[ ] = − ( )+

2
0 0

2
0 0 02 2v v , (5)

  
∂ ω ω ωz s s ei k k A i N A− +( )[ ] = ( )−

2
0 0

2
0 0 02 2v v* * , (6)

where   v0
2

0 0= c k ω  is the group speed of the pump wave.
The time derivatives were omitted from Eqs. (5) and (6)
because the time taken for the light waves to cross the plasma
is much shorter than the time taken by the sound wave to

Figure 72.15
Geometry of near-forward SBS. The pump, anti-Stokes, Stokes, and sound
waves are denoted by the subscripts 0, +, −, and s, respectively.
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respond to the ponderomotive force.2 The term k ks
2

02  is the
reduction in kz associated with off-axis propagation and the
terms ±ωs/v0 are the changes in kz associated with the anti-
Stokes and Stokes frequency shifts, respectively. For all but the
smallest angles the latter terms can be neglected. By substitut-
ing Ansätze (3) and (4) into Eq. (2), and making the weak-
coupling approximation, one can show that

∂ ωt sN i A A A A= − ( ) +( )+ −2 0 0
* * . (7)

By making the substitutions ω 0
1 2 A A+ +→ , ω 0

1 2 A A− −→* ,
ω ωe sN N1 2 → , and   z zv0 → , and adopting the convention
that A0 is real, one can rewrite Eqs. (5)–(7) as

  ∂ κ γz i A i N±( ) =± m , (8)

∂ ν γt N i A A S t x+( ) = − +( ) + ( )+ − , , (9)

where

κ ω γ ω ω ω ω= = ( )c k As e s s
2 2

0 0 0
1 2

2 2,    , (10)

ν is a phenomenological term that accounts for the Landau
damping of the sound wave, and S is a phenomenological term
that maintains the electron-density fluctuations associated
with the sound wave at their thermal level in the absence of
instability. In addition to the instability described in Eqs. (8)
and (9), there is a mirror-image instability, in which the
directions of the anti-Stokes and Stokes waves are inter-
changed, that evolves independently.

Analysis
The Green functions (impulse responses) associated with

Eqs. (8) and (9) are defined by the equations

  ∂ κ γz i G i G±( ) =± m , (11)

∂ ν γ δ δt G i G G t z+( ) = − +( ) + ( ) ( )+ − . (12)

It follows from Eqs. (11) and (12), and the theory of character-
istics, that G±(t,z) and G(t,z) can only be nonzero for t ≥ 0
and z ≥ 0. The solutions of Eqs. (8) and (9) are

A t z G t t z z S t z dt dz± −∞

∞

−∞

∞
±( ) = − ′ − ′( ) ′ ′( ) ′ ′∫∫, , , , (13)

N t z G t t z z S t z dt dz, , , .( ) = − ′ − ′( ) ′ ′( ) ′ ′
−∞

∞

−∞

∞
∫∫ (14)

It follows from Eqs. (13) that G±(t−t9, z−z9) describes the
effects on the light waves at the point (t,z) of an impulse applied
to the sound wave at the point (t9, z9). The role of G(t−t9, z−z9)
is similar.

One can solve Eqs. (11) and (12) by using a Laplace
transform in time, for which

G s z G t z st dt, , exp .( ) = ( ) −( )∞
∫0

(15)

The transformed Green functions satisfy the equations

  d i G i Gz ±( ) =±κ γm , (16)

s G i G G z+( ) = − +( ) + ( )+ −ν γ δ . (17)

By substituting Eq. (17) in Eq. (16) one finds that
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where

  α β κ β γ ν µ γ= + = +( ) = +( )i s i s,   ,   .2 v (19)

If one denotes the eigenvalues of the propagation matrix by
±λ, where

λ α β= −( )2 2 1 2
, (20)

one can write the solution of Eq. (18) in the form
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where

ρ β λ α= +( ) . (22)
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It follows from Eqs. (17) and (21) that

G
z

z z

s
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−( ) ( )
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−( ) −( )

+( ) + ( )
+
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ρ
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exp
. (23)

By using the fact that 1 1−( ) +( ) = −( )ρ ρ α β λ , one can
rewrite the Green functions in the form

  
G z z± = ( ) + −( ) ( )[ ]µ λ α β λ λm cosh sinh , (24)

G z z s= − −( ) ( ) + ( ) +( )2 2µ α β λ λ δ νsinh . (25)

Since the Green functions are even functions of λ, they have no
branch points in the complex s plane. The inversion integral
associated with the Laplace transform (15) is

G t z
i

G s z st ds
B

, , exp ,( ) = ( ) ( )∫
1

2π
(26)

where B denotes the Bromwich contour. To the best of our
knowledge, the inversion integrals associated with Eqs. (21)
and (23) cannot be done exactly.

1. Three-Wave SBS
The anti-Stokes wave is driven nonresonantly when

κ β>> . In this three-wave regime λ ≈ α and ρ ≈ iβ/2κ. Since
Re(λ) > 0 for small s, the exp(λz) terms in Eqs. (21) and (23)
correspond to spatial growth, whereas the exp(−λz) terms
correspond to spatial decay. The growing terms all contain the
factor exp(iκz), which is the spatial dependence required to
drive the Stokes response resonantly. The transformed Green
functions

G z z+ ≈ − ( ) + −( )[ ]µ ρ α αexp exp , (27)

G z− ≈ ( )µ αexp , (28)

G z z z s≈ − ( ) − ( )[ ] + ( ) +( )µ α α δ ν2 exp exp . (29)

The second terms on the right sides of Eqs. (27) and (29)
are required for small values of z but can be neglected for
large values of z, as one can verify by evaluating the inver-
sion integrals.

For large values of t one can use the method of steepest
descent3 to evaluate the inversion integrals. The Stokes re-
sponse

G t z
i i z tz t

tz
− ( )

+ ( ) −[ ]
( ) ( )

, ~
exp

,
γ κ γ ν

γπ

2

2

1 2

1 2 1 4
(30)

and the anti-Stokes and sound responses

G t z i t z G t z+ −( ) ( )( ) ( ), ~ , ,γ κ2 1 2 (31)

G t z i t z G t z, ~ , ,( ) − ( ) ( )−
1 2 (32)

respectively. Equations (30) and (32) are the usual results for
three-wave SBS, in which the anti-Stokes response is ne-
glected a priori.4 For future reference, notice that the coeffi-
cient of the second term in the exponent of the Stokes response
is real: In three-wave SBS the Stokes frequency shift equals
the sound frequency. Let

t z g z3
2 2

3
2= =γ ν γ ν,    (33)

and

τ κ γ= 2 2z . (34)

The Stokes and sound responses grow until t ≈ t3, at which time
their gain exponent is g3.4,5 Subsequently, they decay in a time
that is comparable to the growth time. It is clear from Eq. (31)
that as the Stokes and sound responses grow, they produce a
weaker anti-Stokes response that grows along with them. At
intermediate times G G+ − ~ γ κ . The smallness parameter
γ /k, which is the ratio of the temporal growth rate of three-wave
SBS to the Stokes frequency shift associated with off-axis
propagation, also arises when one studies the temporal growth
of near-forward SBS.6 When t ~ τ the amplitudes of the anti-
Stokes and Stokes responses are comparable. Since the anti-
Stokes process consumes phonons, the anti-Stokes response
moderates the growth of SBS significantly at this time and
Eqs. (30)–(32) cease to be valid. This assertion is justified
mathematically in Appendix A.

2. Four-Wave SBS
The anti-Stokes wave is driven near-resonantly when

κ β<< . In this four-wave regime λ κβ≈ ( )2 1 2i  and
ρ κ β≈ − ( )1 2 1 2i . Since Re(λ) > 0 for small s, the exp(λz)
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terms in Eqs. (21) and (23) correspond to spatial growth,
whereas the exp(−λz) terms correspond to spatial decay. The
transformed Green functions

  
G z z± ≈ ( ) + −( )[ ]mµ λ λexp exp ,2 (35)

G z z z s≈ − −( ) ( ) − −( )[ ] + ( ) +( )µ ρ λ λ δ ν2 1 2exp exp . (36)

The second terms on the right sides of Eqs. (35) and (36)
are required for small values of z but can be neglected for
large values of z, as one can verify by evaluating the inver-
sion integrals.

For large values of t one can use the method of steepest
descent to evaluate the inversion integrals. The anti-Stokes and
Stokes responses

  

G t z
e e z t t

z t

i i

± ( )
( ) −





( ) ( )
, ~

exp
,m

γ γ κ ν

π γ κ

π π5 12 6 2 2 1 3

1 2 2 2 1 6

3 2

12 2
(37)

respectively, and the sound response

G t z e t z G t zi, ~ , .( ) ( ) ( )−
−

π κ γ3 1 34 (38)

It is clear from Eqs. (37) that the anti-Stokes and Stokes
responses are comparable. Let

t z g z4
3 4 1 2 3 2

4
3 4 1 2 1 23 4 3 2≈ ≈γκ ν γκ ν,    . (39)

The impulse responses grow until t ≈ t4, at which time their
gain exponent is g4.5,7 Subsequently, they decay in a time that
is comparable to the growth time. When the Stokes response is
maximal, the temporal rate of change of its exponent is iν 3 :
In four-wave SBS the Stokes frequency shift differs from the
sound frequency by an amount that is proportional to the
damping rate of the sound wave. It is verified in Appendix B
that Eqs. (37) and (38) are valid for t >> τ.

3. Evolution of the Impulse Responses
The spatiotemporal evolution of the impulse responses

depends on the parameter κν/γ 2.5 Suppose that κν/γ 2 >> 1;
then t3 << τ << t4. It follows from the first of these inequalities
that the impulse responses grow and decay according to the
three-wave equations [Eqs. (30)–(32)]. Their maximal gain

exponent is g3 and the four-wave equations [Eqs. (37) and (38)]
are never relevant. Conversely, suppose that κν/γ 2 << 1; then
τ << t4 << t3. It follows from these inequalities that the impulse
responses begin to grow according to the three-wave equa-
tions, then continue to grow and decay according to the four-
wave equations. Their maximal gain exponent is g4. Consistent
with the assertion that the anti-Stokes response moderates the
growth of near-forward SBS, in this parameter regime g4 is
smaller than g3 by a factor of (γ2/κν)1/2. Notice that the
transition from three-wave to four-wave growth always occurs
in the absence of damping.

Discussion
The anti-Stokes and Stokes waves evolve according to

Eqs. (13). The properties of the Green functions were dis-
cussed in the previous section. To complete our analysis we
make the common assumption that the source term is a random
function with the statistical properties

S t z′ ′( ) =, ,0 (40)

S t z S t z t t z z′ ′( ) ′′ ′′( ) = ′ − ′′( ) ′ − ′′( ), , ,* σ δ δ (41)

where  now denotes an ensemble average.8–10 The source
strength σ is determined by the requirement that the density
fluctuations associated with the sound wave have their
thermal values in the absence of instability.8–10 It follows
from Eqs. (13) and (41) that

A t z G t t z z dt dz
tz

± ±( ) = − ′ − ′( ) ′ ′∫∫, , .
2

0

2

0
σ (42)

Because the integrands in Eqs. (42) are non-negative, the
contributions to the wave intensities from each source point
increase monotonically and saturate in times that are compa-
rable to the Green-function growth times described in the
Analysis section. The Green-function gain exponents and
growth times are proportional to z − z9 in both the three-wave
and four-wave regimes. Thus, the contributions from adjacent
source points (z9 ≈ z) are small and saturate quickly, whereas
the contributions from distant source points (z9 ≈ 0) are large
and saturate slowly: The saturation times and asymptotic
values of the integrals in Eqs. (42) are dominated by the
contributions from distant source points.

Suppose that κν/γ 2 >> 1; then the saturation time ts ~ t3.11

One can evaluate the integrals in Eqs. (42) by using the method
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of steepest descent.3 In steady state the Stokes intensity has the
form

A z
g

g
− ( ) ( )

( )
2 3

1 2
3

1 2

2

4 2
~

exp
.

σ

π
(43)

Consistent with the discussion of the previous paragraph, the
gain exponent for the Stokes intensity is 2g3. Equation (43) is
the analog for near-forward SBS of the result of Boyd et al.8 for
backward SBS. Conversely, suppose that κν/γ 2 << 1; then the
saturation time ts ~ t4.11 In steady state the Stokes intensity has
the form

A z
g

g
− ( ) ( ) ( )

( )
2

2 1 2
4

5 2 3 4 1 2
4

1 2

2

2 3 2
~

exp
.

γ κν σ

π
(44)

Consistent with the discussion of the previous paragraph, the
gain exponent for the Stokes intensity is 2g4.

The preceding analysis is based on the weak-coupling
approximation, which is not valid for short times, very small
scattering angles, or very high pump intensities. A general
analysis of Eqs. (1) and (2), which allows the coupling to be
strong or weak, is described in Appendix C. When κωs/γ 2 >>
1, SBS begins to grow as a strongly coupled three-wave
instability, then continues to grow as a weakly coupled three-
wave instability.5 The preceding results describe the later
growth phase. In particular, the value of κν/γ2 determines
whether SBS saturates as a weakly coupled three- or four-wave
instability. When κωs/γ 2 << 1, SBS begins to grow as a strongly
coupled three-wave instability, then continues to grow as a
strongly coupled four-wave instability and saturates as a weakly
coupled four-wave instability.5 The preceding four-wave re-
sults describe the saturation of SBS.

The transient (spatiotemporal) phase of SBS was observed
recently by Lal et al.12 In their experiment SBS was initiated
by optical mixing rather than density fluctuations associated
with the sound wave. There is good agreement between the
theoretical predictions described herein, modified to include
the effects of a low-intensity probe wave, and the experi-
mental results.

Summary
The spatiotemporal evolution of near-forward SBS was

studied in detail. Two types of instability can occur. In three-
wave SBS only the Stokes and sound waves interact strongly

with each other and the pump wave. However, as the Stokes and
sound waves grow, they produce a weaker anti-Stokes wave
that grows along with them. In four-wave SBS the anti-Stokes,
Stokes, and sound waves all interact strongly with each other
and the pump wave. In the weak-coupling regime the spa-
tiotemporal evolution of SBS depends on the scattering angle
through the parameter of κν/γ2, where γ is the temporal
growth rate of three-wave SBS in an infinite plasma, κ is the
frequency shift associated with off-axis propagation, and ν is
the damping rate of the sound wave. For large scattering angles
(κν/γ 2 >> 1) the instability grows and saturates according to
the three-wave equations. The saturation time and steady-state
gain exponent are given by Eqs. (33). For small scattering
angles (κν/γ 2 << 1) the instability begins to grow according to
the three-wave equations, then continues to grow and saturates
according to the four-wave equations. The saturation time and
steady-state gain exponent are given by Eqs. (39). Since the
anti-Stokes process consumes phonons, the presence of a
strong anti-Stokes wave reduces the saturation time and steady-
state gain exponent significantly. The initial growth of SBS in
the strong-coupling regime and the subsequent transition to the
weak-coupling regime were also discussed briefly.
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Appendix A:  Three-Wave SBS
In the three-wave regime the transformed Green functions

can be approximated by Eqs. (27)–(29). The inverse transform
of each term in these equations is tabulated,13 so it is not
difficult to show that

G t z t z I tz i z t

iJ tz i z t H t H z

+ ( ) ≈ − ( )( ) ( )[ ]{ −( )

+ ( )[ ] − −( )} ( ) ( )

, exp

exp ,

γ γ κ γ κ ν

γ κ ν

2 2

2

1 2
1

1 2

0
1 2 (A1)

G t z i I tz i z t H t H z− ( ) ≈ ( )[ ] −( ) ( ) ( ), exp ,γ γ κ ν0
1 22 (A2)

G t z t z I tz i z t H t H z

H t z t

, exp

exp .

( ) ≈ ( ) ( )[ ] −( ) ( ) ( )
+ ( ) ( ) −( )

γ γ κ ν

δ ν

1 2
1

1 22

(A3)
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Equations (30)–(32) follow from Eqs. (A1)–(A3) and the fact
that I x x xn ( ) ( ) ( )~ exp 2 1 2π  as x → ∞ .

One can also derive Eqs. (30)–(32) by using the method of
steepest descent. The arguments of the inversion integrals all
contain the factor exp φ s( )[ ], where φ γ νs z s st( ) = +( ) +2 .
The argument function φ is maximal at s z t= − + ( )ν γ 1 2.
At this point β γ= ( )t z 1 2  and the three-wave condition
κ β>>  is equivalent to the condition t z<< κ γ2 2 , as as-
serted in the text.

Appendix B:  Four-Wave SBS
Equations (37) and (38) were derived by using the

method of steepest descent. The arguments of the inversion
integrals all contain the factor exp φ s( )[ ] , where
φ γ κ νπs e z s sti( ) = ( ) +( ) +4 1 2 1 22 . The real part of the argu-
ment function φ is maximal at s e z ti= − + ( )ν γ κπ 6 2 2 2 1 3

2 .
At this point β γ κ= ( )2 4 2 2 1 3

t z  and the four-wave condition
κ β<<  is equivalent to the condition t z>> κ γ2 2 , as as-
serted in the text.

It was stated in the text that the Stokes frequency shift
differs from the sound frequency. One can explain this differ-
ence by analyzing four-wave SBS in the frequency domain. Let
s → −iω; then the spatial growth rate is  γκ ν ω1 2 1 2

2i i−( )[ ] .
It is not difficult to show that the square of the real part of
the spatial growth rate is γ κ ω ν ω ν ω2 2 2 1 2 2 2− + +( )





+( ) .
The maximal value of the spatial growth rate is
33 4 1 2 1 2γκ ν , which corresponds to ω ν= − 3 . Thus, the
instability selects the Stokes frequency that corresponds to
maximal growth.

Appendix C:  Strongly Coupled SBS
By substituting the Ansätze

A r x k r

k r k r

h s

s

t A A i

A i i t c c

, ˆ exp

exp exp . .

( ) = + ( ){
+ −( )} −( )[ ] +

+

−

⋅

⋅ ⋅
0

0 0ω (C1)

n t n i c cl s, exp . .r k r( ) = ( ) +⋅ (C2)

in Eqs. (1) and (2), using the envelope and paraxial approx-
imations, and making the substitutions ω 0

1 2 A A+ +→ ,
ω 0

1 2 A A− −→* , ω ωe sn n1 2 → , and   z zv0 → , one can show
that

  ∂ κ γz i A i n±( ) =± m , (C3)

∂ ν∂ ω ωγtt t n A A2 22 2+ +( ) = − +( )+ − , (C4)

where ν is a phenomenological damping term. For simplicity
of notation the subscript s was omitted from the sound fre-
quency ω. Equations (C3) and (C4) govern near-forward SBS
in the strong-coupling regime and reduce to Eqs. (8) and (9) in
the weak-coupling regime.

One can determine the Green functions associated with
Eqs. (C3) and (C4) by using a Laplace transform in time.
The expressions for the transformed Green functions contain
the terms exp ±( )λz , where λ α β= −( )2 2 1 2

 and
β ωγ ν ω= − + +( )2 22 2 2i s s . In the strong-coupling regime
s >> ω  and β ωγ≈ − 2 2 2i s .

The anti-Stokes wave is driven nonresonantly when κ >> β.
In this three-wave regime λ κ ωγ≈ −i i s2 2 2 . The arguments
of the inversion integrals contain the factors exp φ± ( )[ ]s , where
φ ωγ±( ) = − +s i z s st2 2 2 . The real parts of argument func-
tions φ± attain their maximal value 3 23 2 2 2 1 3 4 3γ ωzt( )  at
s e z ti= ( )m π γ ω6 2 1 34 .5 These results are the analogs for near-
forward SBS of the results of Mounaix and Pesme,14 and
Hinkel et al.,15 for backward SBS. The three-wave condition κ
>> β is equivalent to the condition t z<< κ γω3 2 1 2  and the
strong-coupling condition s >> ω  is equivalent to the condi-
tion t z<< γ ω2 2 .

The anti-Stokes wave is driven near-resonantly when κ <<
β. In this four-wave regime λ κω γ≈ ( )2 1 2 s  and
φ κω γs z s st( ) = ( ) +2 1 2 . The argument function attains its
maximal value 23 2 1 4 1 2κω γ( ) ( )zt  at s z t= ( ) ( )κω γ1 4 1 22 .5

Notice that four-wave SBS is a purely growing instability. The
four-wave condition κ << β is equivalent to the condition
t z>> κ γω3 2 1 2 , which is consistent with the analysis of the
preceding paragraph, and the strong-coupling condition is
equivalent to the condition t z<< γκ ω1 2 3 2 .

The spatiotemporal evolution of SBS in the strong-coupling
regime is controlled by the parameter κω/γ 2.5 When κω/γ 2

>> 1, the transition from strong to weak coupling occurs before
the transition from strongly coupled three-wave growth to
strongly coupled four-wave growth. Thus, SBS begins to
grow as a strongly coupled three-wave instability, then contin-
ues to grow as a weakly coupled three-wave instability. Subse-
quently, SBS evolves in the manner described in the Analysis
section. When κω/γ 2 << 1, the transition from strongly coupled
three-wave growth to strongly coupled four-wave growth oc-
curs before the transition from strong to weak coupling. This
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second transition does not occur until t >> τ [Eq. (34)].
Thus, SBS begins to grow as a strongly coupled three-wave
instability, then continues to grow as a strongly coupled four-
wave instability and saturates as a weakly coupled four-
wave instability.
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