A Reduced Particle-in-Cell Model
for Two-Plasmon-Decay Instability

Introduction

Two-plasmon-decay (TPD) instability [the parametric decay
of a laser (photon) into two Langmuir waves (plasmons)] has
recently experienced renewed experimental and theoretical
interest, largely based on recent experimental results obtained
at the Omega Laser Facility.!~* The TPD instability has been
the subject of previous theoretical>-® and experimental” studies.
Recent experiments using the OMEGA laser! have produced
unambiguous evidence that TPD is driven in both spherical and
planar targets. The diagnostic evidence includes the simultane-
ous emission of odd half-harmonic radiation and hard x rays.-8
There is also some evidence?* that these hot electrons may
be inhibiting the efficient implosion of spherical targets by
preheating the core to a higher adiabat.

Although effort has been devoted to the linearized theory of
the TPD instability in various regimes,i6 itis clear, a priori, thata
nonlinear theory is necessary to describe its evolution beyond the
subpicosecond time to be relevant to experiments. This article is
devoted to the development of a new theoretical tool for the study
of the nonlinear development of TPD. It describes initial results
from the implementation of the reduced particle-in-cell (RPIC)
technique to treat the nonlinear evolution of TPD in homogeneous
plasmas. The RPIC model is not limited to homogeneous plasma,
and future work will include inhomogeneous plasma densities
and flow velocities, which are present in experiments. The RPIC
modeling and the closely related extended Zakharov (ZAK)
modeling? are useful tools for studying the nonlinear regimes of
parametric instabilities. The RPIC and ZAK models have been
previously applied to the nonlinear development of stimulated
Raman scattering (SRS)!0 and to the nonlinear development of
the parametric decay instability (PDI).!! In these studies, nonlin-
ear processes such as the Langmuir decay instability (LDI) [the
parametric decay of a Langmuir wave (LW) into another LW and
an ion-acoustic wave (IAW)], Langmuir cavitation, and electron
trapping have been observed to compete. Several predictions of
this modeling have been experimentally verified.!2

The RPIC model, while fully kinetic in regards to both
electron and ion dynamics, shares certain features with the
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reduced, fluid-like ZAK modeling.!® Both models represent
the transverse fields, longitudinal fields, and density fields in
terms of slowly varying envelopes of rapidly oscillating phase
factors. This approach assumes a well-defined separation of
time scales between the laser, LW, and IAW oscillations. This
representation of field quantities stands in contrast with the
standard particle-in-cell (PIC) technique in which the full-time
variations are followed explicitly.!4 In Appendix B (p. 103), a
derivation of the extended Zakharov model directly from the
RPIC equations of motion is presented. This derivation provides
a direct theoretical connection between the kinetic RPIC and
the fluid-like ZAK models. Furthermore, such a theoretical
connection provides guidance on how one should proceed with
quantitative comparison of the two models.

In the RPIC simulations, unique signatures of LDI are found
that are suggestive of LDI as one of the primary saturation
processes. Spectral signatures of LDI processes are strikingly
similar, at least semi-quantitatively, to those found from ZAK
modeling. In addition, the RPIC model also predicts heated-
electron velocity distributions in the quasi-stationary nonlinear
regime. Previous RPIC modeling has been extremely successful
in modeling the nonlinear behavior of parametric instabilities
involving the Langmuir decay instability, largely because
RPIC eliminates the often unphysically high electron—ion
collision rate present in explicit PIC codes, while at the same
time allowing for the use of a modest number of simulation
particles per simulation cell. For instance, for a plasma in
quasi-thermodynamic equilibrium with T / T; > 1, RPIC will
preserve the temperature ratio perfectly over an extended time,
whereas in standard PIC codes, this ratio will become unity
prematurely because of the unphysically rapid electron—ion
energy equilibration rate.! This is problematic when ion modes
are involved, such as in LDI, since the [AW damping rate is
sensitive to this ratio (cf. Ref. 16). Additional effects expected
from the strong electron—ion collisions (even when T, = T}p)
include unphysically large collisional damping of LW’s and
IAW’s. Elimination of unphysical electron—ion collisions makes
it possible for RPIC simulations to operate with fewer particles
per simulation cell than standard PIC codes. It is important to
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observe that the earliest application of PIC codes to TPD by
Langdon et al.5 and more recently by Yan er al.1* observed a
high level of ion-density fluctuations. It is not clear in retrospect
that these can be interpreted as resulting from IAW fluctuations
excited by LDI as found in this work.

In previous work using ZAK modeling? it was found, among
other things, that LDI produces a distinct, rich Fourier spec-
trum of electron- and ion-density fluctuations. Furthermore,
this modeling provided an explanation for the well-known
problem that the primary, i.e., most linearly unstable, TPD
Langmuir waves cannot couple locally to the (observed) radia-
tion at 3w / 2, where @ is the laser frequency. In Russell et
al.l7 it was shown that there is an efficient local coupling of
the secondary LDI-produced LW’s to the 3w / 2 emission and
this coupling in turn produced, in an inhomogeneous plasma,
a distinctive double-peaked 3@ / 2 frequency spectrum. RPIC
has the advantage that the envelope fields can be used directly
to compute the currents for the 3w / 2 radiation, as was done
in Russell ef al.!” and also more recently for the / 2 radiation
current as shown in DuBois et al.!8 The latter application of
RPIC to wg / 2 radiation is proposed for future work.

The article is organized as follows: (1) The equations for the
physical model underlying RPIC are discussed. This involves
expressing the electromagnetic vector potential, the longi-
tudinal scalar potential, and the plasma density in temporal
envelope representations (the primary objective of the RPIC
formulation is to eliminate the laser time scale from the elec-
tron equation of motion and the laser and LW time scales from
the ion equation of motion). (2) A sketch of the derivation of
the RPIC model for TPD is given, with the details provided in
Appendix A, p. 101. An important element in this derivation
(as in previous implementations of RPIC!9) is the closure of
the model set of equations with an auxiliary electron equation
of state. (3) Results of both RPIC and ZAK simulations of
TPD in a homogeneous plasma are presented (including the
standard problem of a single coherent laser beam) along with
simulations of oblique overlapped beams propagating at angles
of £23° relative to the x axis common in OMEGA geometry.!
Finally, a summary and conclusions are presented.

Physical Model

The vector potential, scalar potential, and electron density

are written as!9

A(x,f) = %[30 exp (— iwot) + c.c.] , (1)
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d(x,1) = Pg+ %[qSF exp (— iwLWt) + c.c.] , )

n(x,r = ns+%[nFexp(—iwLwt)+c.c.], ?3)

where @) is the laser frequency and wyy is the carrier fre-
quency of the LW density and electric-field perturbations. In
the RPIC model, wyy is an input parameter and is typically
chosen to be @) y = @ peq (Where wpeg = 47¢2 neg /me), e is the
unsigned electronic charge, n. is the electron number density,
and m, is the mass of an electron. The subscripts S and F refer
to the slow (ion-acoustic wave and profile modification) and fast
(Langmuir wave) time scales, respectively. It is assumed that
the density is at, or near, quarter-critical density so that @ =~
2wy w- The model is also restricted to two spatial dimensions
(x,y), with z the ignorable coordinate.

The goal of the RPIC formulation is to eliminate the laser
time scale from the electron equations of motion and the
laser and Langmuir wave time scales from the ion equations
of motion. The particle velocities and positions in RPIC, by
necessity, are measured in an oscillating and, therefore, non-
inertial frame.

1. Single-Particle Equation in an Oscillating Frame
The nonrelativistic equation of motion for the single-particle
velocity u[: U, (6, )X+ 1y (x,y) y] is given by

du _ [ _1 0A ' uxVxA
mdt—q( V¢ cat ¢ ) 4

Rewriting the above equation with the change of variable
u = i —gA /mc, one obtains

=q<_v¢_%%+w> (52)
and
di g’
u__ .
my = V(q¢)+2mczA A)
q .- -
+-(WxXVxA+u-VA). (5b)
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Note that the operators V and d/d¢ in the above equation are
measured in the laboratory frame. The above equation can be
written in the oscillating frame (X,7) , which moves with veloc-
ity —gA/mc relative to the lab frame (x,7) by using the following
coordinate transformation:

A )
- R0 ©
x=%— 1 [ Alx(o),7]dr, 7)
r=7. @®

The various partial derivatives required for the transformation
(x,1) = (X,f) are

gy, ©)
%z(), (10)
% _a, (11
%:I. (12)

By using the chain rule and the partial derivatives shown above,
one obtains

o019 ox. 0 0 4\ o g
o1~ ot i ot 9x - of Tmc ox°

0 _0f o 0%, 9 _ 0

ox ~ 0x 97 T ox ox_ ox’ (14)

The transformation from (x,?) to (X,7) proceeds as
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a _9A 4 .0

of Tme T Tox T ox

_0 5.0

T o ox’

d d

4a_da 15
dr df’ (15)

Equation (5) can now be rewritten as

qz
A-A)

2
2mc

da =
—=-V
m & (q¢+

+ T @-A)-AxTxa-A-Vi], 16

dx
df

(17)

1l
=t

where the vector identity
V@:A)=tixVxA+AxVxia+A-Vii+a-VA

has been used. Note that Egs. (16) and (17), which are valid for
both electrons and ions, are exact.

2. Fluid Equations

The electron fluid momentum equation is obtained by inte-
grating Eq. (16) (the single-particle equation of motion) over the
distribution function, writing explicitly d /d7 = 6 /97 + UV,

. 2
mn( aU+I~J°?I~J>:—nv<q¢+ &l A-A)

+ 9 (0-A)-AxTxTU-A-TU]-p. (19

where n, U, and p are the electron density, fluid velocity, and
fluid pressure in the oscillating frame. For an isotropic back-
ground electron-velocity distribution f,
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n=[r(la)d’a,
n0 = [af(|al)d’a,

p=[ma-0Pal)d%.

In the special case of an isotropic Maxwellian distribution
function, p = n.T.

The RPIC Model

The derivation of the RPIC model for TPD can be divided
into three separate tasks: First, the fluid momentum equation
[Eqg. (18)] is averaged over the fast laser time scale to derive an
electron equation of state, which itself provides closure for the
RPIC model. Second, Eq. (18) is also used to derive the trans-
verse electron current, which provides the driving sources in
the nonlinear Schrodinger equation for the incident EM waves.
Third, the single-particle equation [Eq. (16)] is averaged over
the fast laser time scale to derive a reduced-description, single-
particle equation of motion (only a summary of the RPIC model
is given below; detailed derivations of these equations can be
found in Appendix A, p. 101).

The electrons are advanced using the following reduced-
description equations of motion:

2
_ 4cmi7a)LW {i? (E; . a0>exp[—i(a)0 - a)LW>Z] + c.c.}
2 *
- m {—i(ao . ?)EFexp[—i(a)O - wLw)i]+ c.c.}, (19)

%,
di Ve

E=-V¢, (20)
Er E—@ng,
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and the ions by

dua. 2.2
ml—,.l:ZleES_Z—ezV a() 27

dr 4dm;c

%

i ~

Eq=-V¢g. b3}

Here, Z; and m; are the ion charge state and ion mass, respec-
tively. The electron and ion charge densities are interpolated
from the particle data onto the computational mesh:

—en,(%,7)= X q,|%x—%,(7)], (22)
pee

eZmi(x.7)= Xq LS[R=%, (). (23)
pel

The particle shape function S(x) is the bi-quadratic B-spline of
compact supports Ax and Ay (Ax and Ay are the discrete grid
spacings of the computational mesh).!> The symbols Zpee and
Epei denote summations over the finite-size electron particles
and finite-size ion particles, respectively. The electrostatic
potentials ¢, ¢, and ¢ are obtained by solving the Poisson
equation in conjunction with the auxiliary electron equation

of state:

92¢ = 47e <n - ZZini> , 24)
i
62‘153 = 4”e<”es -2 Zi”i) , (25)
i
e2 2 62 2
a(t)=epg—— 5| B ' =5 5] a9 | =f (v.1e5). 26)
cOLw 4mec
where
TCO ln(nes/neo) for Y= 1,
F(vnes)= @7

T, ()L)(ne s / ne())Y -1 otherwise .

91



A REDUCED PARTICLE-IN-CELL MODEL FOR Two-PLASMON-DECAY INSTABILITY

@SB e inad| (B
Bt = Bp= g e s ¥ (Ej-a,)

+ay VE, (28)

—_ o
Aw = 0y =20 y- (30)

Here, o is the constant of integration chosen to satisfy global
charge conservation and ¥ is the ratio of specific heats (isother-
mal electrons: y = 1; adiabatic electrons: y = 5/3), and n, is
the background electron number density. Finally, the incident
EM field is advanced self-consistently in time by solving the
nonlinear Schrédinger equation

1 7 o7 +V ao+? Cl)O_ m a,

2
__4m ¢ dme nep A
=—— V2o + Dimgcoyy E exp(iAwi), (3D
where
2
v }(Oz_v'Jo, (32)
e’n.ca e’n
_ eST0 el A

JO = mec 21me a)LW Eeff exp (lAa)t) . (33)

The projection operator in Eq. (32) ensures that the gauge
condition V ¢ ag = 0 is preserved.

Equations (19)—(33) are solved self-consistently on a rectan-
gular simulation domain with 0 < x < x,,, and0 <y <y ..,
consisting of N, x N, computational cells of equal size. The EM
wave of the laser is permitted to propagate along an arbitrary
direction in the x—y plane and is linearly polarized (normal to
the direction of wave propagation). The field boundary condi-
tions are periodic in the y direction but are aperiodic in the
x direction with ¢(x = 0,y) = ¢ (x = x,.Y) = 0. At all boundary

92

surfaces, i.e., x =0, x =X, ¥y =0, and y =y .., particles leav-
ing the domain are absorbed (removed), and new particles are
injected consistent with a Maxwellian bath (with a temperature
given by the plasma’s initial state) surrounding the simulation
domain (see Fig. 122.25). Modification of the particle bound-
ary conditions (for example, to account for recirculation of
hot electrons2%) is an important problem for future research,
as discussed in Summary and Conclusions (p. 101). Finally,
the RPIC code is fully parallel, based on the Message Passing
Interface (MPI),15 and has a number of built-in spectral, hot-
electron, and spatial diagnostics.

Hot particles exiting

Y = Ymax
Hot particles

hn Laser > exiting
Thermal 13 fa)
particles l
returning

y=0 X = Xmax
x=0 v 1
Thermal particles

TC8757IR returning

Figure 122.25

The two-dimensional simulation geometry. A Maxwellian bath of electrons
at temperature T, is assumed to surround the rectangular simulation domain.
The laser light can be specified as multiple plane-wave sources, propagating
at arbitrary angles 6 to the x direction.

Simulation Results

Three sets of simulations are presented in this section. For
each set, two simulations were performed with identical param-
eters on the domain x,,, = 20 gm, y,., = 10 #m, and con-
sisting of N, x Ny, = 2048 x 1024 computational cells of equal
size (see Fig. 122.25). In all cases the incident laser light had a
vacuum wavelength of A= 0.351 xm and the plasma was fully
ionized hydrogen (Z = 1). The two simulations highlight the
qualitative similarities and quantitative differences between the
kinetic RPIC model [Egs. (19)—(33)] and its (fluid) limiting form
that has been derived in Appendix B [Egs. (B40)-(B41)]. The
limiting form, given by Eqgs. (B40)—(B41), is solved using the
existing extended-Zakharov code “ZAK,” which is described
in DuBois ef al.? The equations solved by ZAK are advanced
in time using split steps: spatial gradients are computed in
configuration space, and Landau damping of LW’s and [AW’s,
which are k dependent, are computed in Fourier space. These
results, which are by no means exhaustive, are presented to
illustrate the utility and capability of the RPIC code and to
motivate further studies.
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The first simulation set investigated the decay of a
single-plane electromagnetic (EM) wave propagating in the
positive x direction. Pump depletion was not considered,
ie, ap= aOOy exp(ikox), where q is a constant [Eq. (31)
is not solved]. The pump laser had an intensity of [ = 2 x
1015 W/ecm?, corresponding to a linear (amplitude) growth
rate of Y1pp / Wpep = 6.4 % 1073, which is 50x above the col-
lisional threshold (the collision frequency v / Wpep Was taken
to be ~9.1 x 10~%). The plasma was of uniform initial density
neo /ne = 0.23 [where ne = me @ /(4ﬂe2) is the critical den-
sity] and the electron- and ion-plasma temperatures were T, =
4 keV and T = 2 keV, respectively. This electron temperature
was about a factor of 2 higher than typically found in OMEGA
experiments and was chosen because the spectral components
(e.g., due to LDI) were more widely separated because of the
large value of kAp,, where Ape = Ughe / Wpeo 1s the electron
Debye length and vy, = (Teo / me)l/2 is the electron thermal
speed. The electrons and ions were each represented by
16 particles per computational cell. The discrete time step was
WpepAr = 0.1 or, alternatively, A ~ 3.88 x 107 ps.

Figure 122.26 shows, from strictly linear-fluid consider-
ations, the locations of frequency- and wave-number—matched
LW’s (circle),

1 2 2_ 2
(kane -1k ADS> (ke Ape) = 2, (34)
and the locations of maximum TPD growth (hyperbola),
1 2 2_(1 2
<kx/’lDe - EkO 2’De) - (ky )]’De) = (5 ko ADe) . (35

Here k is defined as

1 1 2 _2[ @0
K = EQ_<§kOA’DS> , with Q = g(a}peo

- 2) , (36)

and ko = @q /c /1 —nep /n is the laser light’s wave number in
the plasma. The intersections of the circle and the hyperbola

are locations where TPD-produced LW'’s are expected to be the
most intense. In Fig. 122.26, the two linear modes indicated by
the label “1” and located at

kApe| = (K, Aperk, Ape)] = (0.20, £0.087)

LLE Review, Volume 122

A REDUCED PARTICLE-IN-CELL MODEL FOR Two-PLASMON-DECAY INSTABILITY

0.3

03 1 1 1 1 1
-03 -02 -0.1 0.0 0.1 0.2 0.3

kx/lDe

TC8758IR

Figure 122.26

The expected wave numbers for plasmons occurring in the TPD instability
of a single pump laser propagating in the x direction with parameters T, =
4keV and n,, / n. = 0.23. The circle represents all possible wave-number- and
frequency-matched decay LW’s [Eq. (34)], and the hyperbola represents the
locations in k space where the TPD growth rate is maximized [Eq. (35)]. The
intersections of the circle and the hyperbolae are the spectral locations where
TPD LW’s are expected to occur. Labels 1 and 2 denote the forward propagat-
ing (blue-shifted) and backward propagating (red-shifted) LW’s, respectively.

correspond to forward-propagating, blue-shifted LW’s and the
two modes labeled “2” at kAp, = (—0.038, £0.087) correspond
to backward-propagating, red-shifted plasmons.

Figure 122.27 shows the normalized LW spectra

ELW (kx’ ky) ‘2
4dnngo T,

xmax ymax

2 2m

sz

time-averaged over the full 20-ps duration of the simulation,
for both the (a) RPIC and (b) ZAK models. The RPIC and
ZAK results are displayed on the same color scale to facilitate
a direct comparison. The RPIC and ZAK results exhibit good
qualitative similarity, with the dominant spectral features fall-
ing at exactly the same location in k space. The labels 1 and 2
in Fig. 122.27 refer to the same unstable modes as were identi-
fied previously in Fig. 122.26. In addition, two LDI steps of
the blue-shifted plasmons are seen in the RPIC calculations
[labeled 1" and 1", respectively, in Fig. 122.27(a)], while only
one LDI step is clearly seen in the ZAK calculations [labeled 1’
in Fig. 122.27(b)]. As a measure of the level of laser-induced LW
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excitation, the integrated value W = f dkW, is defined, where gives the almost 2x stronger value of W= 1.8 x 10~!. However,
the integration is carried out over the disk ]k/lDe\ <0.25.For  the peak values in the RPIC simulation are narrower and more
the RPIC simulation W= 1.0 x 10~!, while the ZAK simulation intense than for the ZAK case.

0.3 10-34
0.2
1041
0.1
o
£ 0.0 1048
«%
—0.1 g
1054
02 g
10-6.1

-0.3
-03 -02 -01 00 01 02 03-03 -02 -01 00 01 02 03
kxADe kx/lDe

TC8760JR

Figure 122.27

The time-averaged LW spectral intensity W, is shown for both (a) RPIC and (b) ZAK simulations for a single plane-wave pump light wave and the parameters
Too=4keV and ng, / n.=0.23.Labels 1 and 2 denote the forward-propagating (blue-shifted) and backward-propagating (red-shifted) TPD LW’s, respectively.
Label 1" indicates that the LW’s wave corresponding to the first LDI step of blue TPD plasmon (1), which is evident in both the RPIC and ZAK calculations.
The second decay step (1”) can be seen in (a).

1059
10-6.5
10-7.0
10-75
10-8.1
-04 -02 0.0 0.2 0.4 -04 -02 0.0 0.2 0.4
kxADe kx/lDe

TC8761JR

Figure 122.28

The time-averaged IAW density fluctuation spectrum |5Nk| 2 is shown for (a) RPIC and (b) ZAK simulations of TPD driven by a single plane-wave pump
with the parameters T, = 4 keV and ng, / ne = 0.23.IAW’s corresponding to the first LDI step of the blue TPD plasmon are evident in both sets of simulations,
although narrower and weaker in (a) than in (b), and are indicated by the label IAW".
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The corresponding IAW spectra

xmax ymax

2 2«

‘ 6Nk ‘2 = 6neS(kx’ ky)/neO ?

are shown in Fig. 122.28. Jon-acoustic waves caused by LDI are
clearly visible in both the RPIC and ZAK simulations and are
labeled IAW'. The IAW from the second LDI step is very weak
and difficult to identify in the displayed spectrum. The inte-
grated LDI density perturbations are estimated by the quantity
Nipr = f d k‘ SN}, ‘2. In this case, the domain of integration
is the annulus 0.3 < ‘kADC ‘ = 0.5. The choice of domain is
intended to avoid including the structures in ]6Nk| 2 found
near k, = 0 that arise from the beating of pairs of LW’s with
equal and opposite values of k, and equal values of k,. Using
this criterion, RPIC gives N] p; = 1.4 x 1074, whereas ZAK
gives ﬂ\fLD] =53 x 10~4 If it is assumed that the ponderomo-
tive drive for the IAW’s is proportional to W, comparing the
N1 pp values would indicate that LDI plays a relatively smaller
role in the nonlinear saturation in RPIC. Kinetic saturation
mechanisms, such as trapping of electrons (and ions) in the
LW’s (and IAW’s) in the case of RPIC, cannot be ruled out. All
of the simulations reported here reach saturation after about
15 ps, which is also the time at which LDI features become
well established in the spectra.

In the second simulation set, two overlapping incident laser
beams, again plane waves, were prescribed at angles 6 relative
to the x axis of 6 = £23°. This type of crossed-beam geometry
is generic to direct-drive ICF, where large numbers of beams
are overlapped to provide uniform illumination of the target
(the precise angles of 6, = +23° are specific to OMEGAU). The
individual beam intensity /= 1 x 10'5 W/cm? was chosen such
that the crossed-beam overlapped intensity was the same as the
previous single-beam case, shown in Figs. 122.26-122.28, and
all other parameters were identical, with the exception of the
plasma density, which was slightly increased to n / ne = 0.231
(the reason for choosing this particular density is given below).

The locations of the most linearly unstable TPD-produced
LW waves, for an arbitrary irradiation angle in a homogeneous
plasma, can be obtained simply by rotating Egs. (34) and (35) in
k space (see Appendix C, p. 109). In general, for two overlap-
ping beams there are eight distinct LW’s since each beam will
produce four LW’s (as previously shown in Fig. 122.26): two
corresponding to the forward (blue-shifted) plasmons and two
corresponding to the backward (red-shifted) plasmons. In the
case of beams symmetrically oriented about the x axis, for a
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given set of plasma parameters (TeO and 0.2 < ng / ne < 0.25) ,
a particular beam angle 6 exists in which two of the forward
(blue-shifted) plasmons are degenerate, or common. This
overlap, or sharing of a common plasmon, allows for the
cooperative nonlinear interaction between the two crossed
beams. Conversely, for a prescribed beam angle 6 and electron
temperature T, a particular density neq / n. exists that will
result in degenerate forward plasmons. In monotonic inhomo-
geneous plasmas, a location will always exist along the beam
path where this degeneracy condition is satisfied, but in homo-
geneous simulations it must be specially selected, which is the
choice made here. The relationship between the beam angle
0, electron density nq / nc, and electron temperature 7T, for
degeneracy to occur is derived in Appendix C and is given by
Eq. (C8). For an electron temperature T, = 4 keV and angles
0., ==£23° Eq. (C8) yields degenerate forward plasmons for an
electron density of n / ne = 0.231. This is depicted graphically
in Fig. 122.29, where two sets of circles and hyperbolae are
shown: (1) solid lines for the laser propagating at 0, (= +23°)
and (2) dashed lines for the laser propagating at 6_(= —23°).
As before, the intersections of the circle and the hyperbola for

0.3
0.2
0.1

A
< 0.0
'{f\

03 1 1 1 1 ! 1
-0.2 -0.1 0.0 0.1 0.2 0.3

kxADe

TC8762JR

Figure 122.29

Expected wave numbers for TPD LW’s resulting from the decay of two EM
plane waves propagating with angles 6 = £23° with respect to the x axis (the
parameters are T, = 4 keV and ne/nc =0.231). Points 1* (17) and 2% (27)
denote the expected locations of the red- and blue-shifted plasmons from
the EM wave propagating with angle 6 = +23° (-23°), respectively. The solid
(dashed) circle [Eq. (C1)] represents all frequency- and wave-number—matched
LW?’s for the 6 = +23° (-23°) beam. Likewise, the solid (dashed) hyperbolae
[Eq. (C4)] show the maximum growth rate for the 6 = +23° (-23°) beam. The
blue-shifted plasmons 1* and 1~ are degenerate.
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each respective laser beam are the spectral locations where
LW’s are expected to be observed. These are labeled as in
Fig. 122.26, with the superscripts + corresponding to decays of
the beam incident at angle 6. The on-axis, blue-shifted LW’s
of both beams (1* and 1) are degenerate—the common LW
wave. This has a wave number kAp, ~ (0.23,0.0) and a phase
velocity vy / Uthe = 4.7. This notion of a “shared” plasma wave,

1042

1049

1055

10-6-1

10-6.8

3
-03 -02 -01 00 01 02 O
kx/lDe

TC8764JR

which can generally occur in cases of multiple-beam irradiation
where a symmetry exists, has been discussed by Short et al.2!

Figures 122.30 and 122.31 show the LW spectral intensity
W, and IAW density spectra |6N A 2, respectively, time averaged
over the full 20-ps duration of the simulation. Although the
RPIC and ZAK results are not in exact quantitative agreement,
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Figure 122.30

The time-averaged LW spectrum W, is shown for both (a) RPIC and (b) ZAK
simulations for the parameters 7, = 4 keV and n, / n.=0.231. The pump
consists of two identical EM plane waves, of intensity /Iy = 1 x 1015 W/cmz,
propagating obliquely at 6 = +23° with respect to the x axis. Locations 1* (17)
and 2% (27) denote the blue- and red-shifted LW’s produced by the pump laser
with angle 6 = +23° (-23°), respectively. The forward-going, blue-shifted LW’s
from each beam that are on-axis (ky = 0) are degenerate. The waves marked
1"and 1” are identified as the LW’s produced by the first and second LDI steps
of the degenerate LW, respectively.

Figure 122.31

The time-averaged IAW spectrum |sN k| 2 is shown for (a) RPIC and (b) ZAK
simulations with the parameters T, = 4 keV and n, / ne=0.231. The pump
consists of two EM plane waves, of intensity /5 = 1 x 1015 W/cm?, propagat-
ing obliquely with angle 6 = +23° with respect to the x axis. The features
labeled IAW’ and IAW" are IAW’s generated by the first and second decay
steps of the LDI of the common (degenerate) TPD LW. The feature indicated
by the label p, with k,Ap. = 0, is the density response to the ponderomotive
force generated by the beating of the two incident plane waves at k Ap, =
+2koApe sin(23°) ~ £0.123.
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their fluctuation spectra have strikingly similar features. The
dominant spectral features occur at precisely the same locations
in k space. In Figs. 122.30(a) and 122.30(b), all eight of the
single-beam decays (1%, 2%) can be seen, with the strongest
spectral feature that of the degenerate, blue-shifted LW (1*,17).
In addition, two LDI decay steps of the forward-TPD—produced
LW’s can be seen in both the RPIC and the ZAK calculations
[indicated by the labels 1" at k;’Ap, ~ (-0.20,0.0) and 1" at
ki Ape = (0.16,0.0) (Ref. 22)]. For the RPIC simulation, the
LW excitation was computed to be W = 2.7 x 1072, while the
ZAK simulation has a significantly stronger level of LW’s, W =
2.8x 107! Figure 122.31 shows the IAW’s associated with these
two LDI decay steps, kjaw'Ape ~ (0.43,0) and Kjaw Ape =
(0.39,0) (Ref. 22), although the IAW from the second decay is
relatively weak and not distinctly evident in the ZAK calcula-
tions [Fig. 122. 31(b)]. As a measure of the strength of the LDI
process, RPIC gives N py = 6.4 x 107>, whereas ZAK gives
'NLDI =3.7 x 10~*. Again these comparisons of the if\fLDI val-
ues would indicate that LDI plays a relatively smaller role in
the nonlinear saturation in RPIC compared to its role in ZAK.
Another feature (p) evident in Fig. 122.31, although unrelated
to LDI, are fluctuations at kAp, =~ (0.0, £0.123) caused by
the ponderomotive force that results from the beating of the
two incident light waves in the transverse direction at kyAp =
+2kgApe sin(23°). Other features near k, = 0 are caused by the
beating of LW’s with equal values of k, and equal and opposite
values of k.

The electron distribution computed from discrete simula-
tion particles provides information regarding suprathermal
electron generation. The energetic electron tails are often noisy,
however, because of insufficient particle numbers. To improve
the statistics, the electron distribution was time averaged over
20 ps. To provide information regarding the directionality of
energetic electron generation, the (time-averaged) 2-D electron
distribution function f(v,,v,) was collapsed to 1-D as follows:
First, the 2-D distribution f” was computed in a rotated (primed)
velocity frame, where the v’, direction is parallel to the desired
probe angle 6,4pe:

f’ (U)’C, v;) =f (U; €08 Oprohe + U; sin Oprobe

s 4
— U, SN0 + V), COS 9probe) .

The distribution f* was then integrated in the perpendicular
v’y direction, within the limits +2vy,., to yield a 1-D veloc-
ity distribution,
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2Uthe

Ap(v)) = f—zv

Typically, the angle 6,,;,p. is chosen so that the v, axis aligns
with the direction of the LW propagation. With this choice of
Oprobes/1-D@"%) yields a 1-D velocity distribution, and therefore
a hot electron temperature, in the direction of LW propagation.

The time-averaged 1-D electron-distribution function
f1-p along the common wave direction [0}, = 0, shown in
Fig. 122. 32(a)] indicates a hot-electron temperature of approxi-
mately 3x the initial background electron temperature 7, ~
3T, where T, = 4 keV. Although the electrons have departed
from their initial Maxwellian state, the hot-electron tempera-
ture is modest. Since our electron distribution was averaged
over 20 ps and the simulation required 15 ps to reach satura-
tion, it is possible that if the simulation were continued longer
in time, the electron distribution would continue to evolve
toward higher hot-electron temperatures. An often-used simple
estimate of hot-electron temperature, based on a single-plane
LW,is T / Te()~(v¢ / vthe)z =22 (Ref. 23). This estimate is in
excess of our observed hot-electron temperature by a factor of
about 7.4, although vé / vtzhe =22 is exactly the place where
the distribution function begins to deviate from a Maxwellian
[indicated by the arrows in Fig. 122. 32]. The probe direction
Oprobe = 180° [see Fig. 122. 32(b)] gives a measure of hot-elec-
tron generation by the LDI-produced LW, with T}, / Teo ~ 3.
Hot-electron temperatures along the other principal directions
of Oprope = +23° (directions of the non-degenerate forward blue-
shifted plasmons; results not shown) also indicate T, / Teo ~ 3.
In this particular case, the hot-electron temperature does not
appear to be significantly directional.

One observation to be drawn from the single-beam and
overlapping-beam simulations shown above is that while the
single-beam and the overlapped intensities are identical (X1 =
2 x 1015 W/em?), the peak value of the LW spectrum for the
overlapping-beams case (Fig. 122.30) is greater than that for
the single-beam case (Fig. 122.27), while for the RPIC runs,
the integrated spectrum is actually weaker: W= 1.0 x 10~! for
the single-beam case (Figs. 122.26-122.28) while W = 2.7 x
102 for the overlapping-beam case (Figs. 122.29-122.32). This
is understandable if one considers the single-beam case with
Iy = 2 x 1015 W/em? (Figs. 122.26-122.28) as two perfectly
coincident beams, each with an intensity of 1 x 1015 W/cm?2.
Consequently, each one of the four TPD-produced LW’s has
a corresponding overlapped LW. In the case of two beams
propagating at angles 6 = £23° (Figs. 122.29-122.32), only one
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TPD-produced LW has a corresponding overlapped LW (loca-
tion 1% shown in Fig. 122.29). The fact that the peak intensity
is higher is evidence that overlapping LW’s enhance the TPD
instability by allowing for nonlinear interaction between the
crossing laser beams.
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Figure 122.32

The 1-D time-averaged electron distribution shown along two directions
(6=10°,180°) for two obliquely incident EM plane waves (at angles +23° with
respect to the x axis) with individual intensities of 7 = 1 x 10! W/cm? and
parameters T, = 4 keV, "eo/”c =0.231. The angle 6 = 0° (a) corresponds to
the direction of the common LW, while the angle 6 = 180° (b) corresponds to
the LDI LW direction of the common wave. The arrows indicate the value of
v? / vtzhC corresponding to the phase velocity of the common wave.

In the final simulation set, the electron temperature was
reduced to T, = 2 keV, which is typical of current OMEGA
implosion experiments.! For this electron temperature and
beam angle 6, = +£23°, Eq. (C8) gives an electron density
neg / ne =0.241, at which the simulations were performed. This
was done to involve the shared plasma wave since it is believed
to be important experimentally.! The laser geometry and inten-
sity (I = 1 x 10> W/cm? for each beam) are identical to those
corresponding to the previous case in Figs. 122.29-122.32.
The individual beam intensity of 1 x 101> W/cm? corresponds
to a linear (amplitude) growth rate Ytpp / Wpep = 4.3 % 1073,
which is 83x above the single-beam collisional threshold (the
collisional frequency v / @pep 18 taken to be ~4.7 x 10~4). This
final case is therefore more strongly driven than the second
case, which was 50x the collisional threshold. The linear TPD
wave geometry is illustrated in Fig. 122.33, the labels having
the same meaning as in previous figures. The common LW
now occurs at kAp, = (0.16,0.0) and corresponds to a phase
velocity 04 /Oy, ~6.5.
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Figure 122.33

Decay diagram for the TPD instability of two EM plane-wave pump beams
propagating with angles 6 = £23° relative to the x direction in a plasma
with T, = 2 keV and ne/nC =0.241. The solid (dashed) curves correspond
to the individual decays of the beam with incident angle of 6 = +23° (-23°).
The intersections of the circles (which specify frequency and wave-number
matching) and the hyperbolae (which are the locations of maximum growth
rate) [Egs. (C1)—(C4)] that are labeled 1 and 2 give the expected location of
the blue- and red-shifted TPD LW’s, respectively. The on-axis (k,Ap, = 0)
blue-shifted LW’s are degenerate.
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Figures 122.34 and 122.35 show the normalized LW spectral
intensity W, and the IAW density spectra |[6N kl 2 respectively,
time averaged over 20 ps. The RPIC and ZAK results bear

A REDUCED PARTICLE-IN-CELL MODEL FOR Two-PLASMON-DECAY INSTABILITY

similar qualitative behavior to the 7, = 4 keV case when the
reduction of kAp, is taken into account. Both the LW and IAW
spectral features in the RPIC simulations are significantly nar-

1043
1047
10-5:2
10-5.6
10-6-1
-0.2 0.1 0.0 0.1 0.2 -02 -0.1 0.0 0.1 0.2
kx/lDe kxADe

TC8769JR

Figure 122.34

The time-averaged LW spectrum W, is shown for (a) RPIC and (b) ZAK simulations for the parameters 7, = 2 keV and n, / n. =0.241. The pump consists of
two plane EM waves propagating at angles @ = +23° with respect to the x axis. Each pump laser beam has an intensity of /= 1 x 101> W/cmZ. The labels 1* (1)
identify the forward-propagating, blue-shifted LW’s resulting from the primary decay of the beam with angle 6 = +23° (=23°), while the labels 2* (27) mark the
corresponding backward-propagating, red-shifted LW’s. The degenerate LW is seen to dominate both the (a) RPIC and (b) ZAK spectra. The features marked
1" and 1” are identified as the first and second decay steps of the LDI of the shared LW. The second step is not seen in the ZAK calculations (b).
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Figure 122.35

The time-averaged IAW spectrum |SN, |2 is shown for (a) RPIC and (b) ZAK simulations for the case with parameters T, = 2 keV and n, / n.=0.241. The
pump consists of two plane EM waves propagating with angles 6 = £23° with respect to the x axis, each with an intensity of /5 = 1 x 10'5> W/cm?. The features
labeled IAW’ and IAW” are IAW’s generated by the first and second decay steps of the LDI of the common (degenerate) TPD LW. The second step is seen only
in the RPIC calculation (a). The feature indicated by the label p, with k,App, = 0, is the density response to the ponderomotive force generated by the beating
of the two incident plane waves at kyAp, = £2koAp, sin(23°) ~ £0.09.
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rower and weaker than those of the ZAK simulations (RPIC:
W =45 x 1072, ZAK: W = 8.6 x 1072; for the LDI process,
RPIC: N = 1.9 x 1074, ZAK: N, pj = 4.3 x 10~%). The RPIC
LW spectrum [Fig. 122.34(a)] contains evidence of two LDI
decay steps of the common LW: the primary LDI step, marked
with the label I, at k{/Ap, = (—=0.13,0.0) and a second LDI step,
marked 1”7 at k- Ap, ~ (0.09,0.0) (Ref. 22). The RPIC IAW
spectrum [Fig. 122.35(a)] also shows the IAW’s correspond-
ing to these two LDI decay steps [KjawApe = (0.29,0.0) and
[KiawApe = (0.25,0.0) (Ref. 22)], although the IAW from the
second decay is relatively weak. Only one LDI step is clearly
evident in the ZAK calculations [Figs. 122.34(b) and 122.35(b)].
The distinctive fluctuations in the AW spectrum |5Nk| 2 at
kApe = (0.0, £0.09) are again due to ponderomotive force
generated by the beating of the two obliquely propagating inci-
dent light waves. Although not shown, the difference between
the two calculations can be reduced by comparing the ZAK
spectra with those of RPIC carried out at a higher intensity.
Results (not shown) indicate that the LW and IAW spectra in
RPIC simulations broaden significantly. This observation is
consistent with past experience.!1-24

The time-averaged (over 20 ps), 1-D electron-distribution
function along the common-wave direction (8 prope = 0), shown
in Fig. 122.36(a), gives Thot / Teo ~ 14. Again, the simple esti-
mate of hot-electron temperature is T, / Too ~(v¢, / vthe)z =42
(Ref. 23). This estimate is in excess of the observed hot-
electron temperature by a factor of ~3. The simple estimate
Thot/ﬂgo = (vd)/vthe)z, based on a single-plane LW, is not
accurate here because the LW spectrum contains a broad and
complex spectrum of waves. The phase velocity of the common
wave is, however, close to the position where the distribution
function first begins to deviate from the initial Maxwellian
(shown by the arrows in Fig. 122.36). The hot-electron tem-
perature in the LDI direction of the common LW wave (6,,5pe =
180°), shown in Fig. 122.36(b), is cooler with Thot/TeO ~10
most likely because the LDI-produced LW’s are not as strong
as the primary LW. The phase velocities of the primary and
LDI LW’s differ only slightly. The hot-electron temperatures
along the other principal directions 6, = £23° (results not
shown) were also determined to be Ty / Teo ~10. The hot-
electron temperatures for the 7, = 2 keV case are significantly
higher than that for the T, = 4 keV case. The intensities of the
degenerate LW’s for the two temperature cases do not differ
significantly. The TPD-produced LW’s for an electron tempera-
ture of T, =2 keV occur at lower values of kAp, and therefore
have greater phase velocities since

Vg /Vihe = [1 +(3 /2)(k/1De)2] /(kADe).

100

Waves with greater phase velocity may lead to higher hot-
electron temperatures, even though T}, is not seen to scale as

2 . .
strongly as (v¢ / Uthe) , as might be suggested by the simple,
single-plane-LW estimate.
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Figure 122.36

The 1-D, time-averaged electron distribution shown along two directions
[6 = 0° (top panel) and 6 = 180° (bottom panel)] for the case of two EM plane
waves, each of intensity /y = 1 x 10!5 W/ecm?2, that are incident at angles of
6 =+£23° on a plasma with 7, =2 keV and ne/nc = 0.241. The temperature in
the direction 6 = 0<Thot/Te0 = 14) , as determined by the fit shown by the red
dashed curves, is greater than that in the direction 6 = 180° (Thm/TeO = 10).
The arrows indicate the value of > / vlzhe corresponding to the phase velocity
of the common LW.
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Summary and Conclusions

The purpose of this article has been to present the RPIC
model for TPD and to establish it as a useful and reliable model
for simulating the nonlinear development of TPD. The simu-
lations were performed in homogeneous plasmas to facilitate
comparisons with linear theory. Given the encouraging results
in homogeneous plasma, the next step in the development of the
RPIC TPD model will be to introduce experimentally relevant
density gradients and flow velocities.

The RPIC model and the Zakharov limit were compared for
three separate cases. In all three cases, shown in Simulation
Results (p. 92), the level of LW turbulence excited by TPD was
lower in RPIC than in ZAK, although both models displayed
qualitatively similar k-space fluctuation spectra. Therefore,
kinetic effects—primarily hot-electron generation—are likely
a competing saturation mechanism together with LDI. This is
consistent with the results of several previous works.!!-24 Fur-
ther research is required to determine the relative importance of
LDI and hot-electron generation when they act simultaneously.

Two of the three cases investigated TPD excited by crossing
laser beams. These simulations show that at a certain density,
for a given angle between the beams, the beams can share a
common primary LW, thereby enhancing the TPD instabil-
ity (in an inhomogeneous plasma such a density can always
be found, but here it was chosen by design). The saturation
of the crossed-beam TPD instability by LDI and modifica-
tion of the electron-distribution function is also apparent.
The heated-electron—distribution function was observed to
deviate from the initial Maxwellian at a velocity correspond-
ing to the phase velocity of the common LW. Crossed-beam
irradiation also introduced a nonzero ponderomotive force in
the electron equation of motion from the transverse electric
field. The effects of this term were observed in the perturbed
density spectra. A strong feature in the low-frequency density
fluctuation spectrum also resulted from the ponderomotive
beating of two LW’s sharing the same parallel wave number
(with respect to the laser direction) but with equal and opposite
perpendicular wave numbers.!4 This feature was also evident
in our previous ZAK simulations but never noted, which would
imply that density channels are produced parallel to the laser
direction. Whether this survives in an inhomogeneous plasma
remains to be studied.

The semi-quantitative agreement of RPIC modeling and
ZAK modeling, for the few survey cases presented here,
highlights the similarities and differences between the kinetic
RPIC model and its limiting (fluid) form. In this way, the RPIC
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modeling provides a bridge to systematically improve upon
ZAK modeling. This is desirable because fluid-type codes are
much more efficient than PIC codes and can therefore include
more of the essential experimental realities (e.g., three spatial
dimensions and speckled laser beams). Of particular inter-
est is the possibility, currently under investigation, that the
discrepancy between the two models might be recoverable by
including modifications of the electron-distribution function in
the quasi-linear approximation.!! If possible, this would have
the benefit of greatly reduced computational expense, allow-
ing for more-realistic simulations to be made, for example,
in three spatial dimensions. The resulting modified electron
energy distributions are expected to be strongly dependent on
the boundary conditions used for electrons entering and leav-
ing the simulation box (this is consistent with conclusions in
Sanbonmatsu et al.”). Indeed, the present calculations should
not be regarded as predicting experimental hot-electron spectra
since it has been argued that the recirculation of hot electrons
through the TPD-active region must be accounted for by any
physically realistic model of hot-electron generation in spheri-
cal implosions.20

Finally, the currents generating experimentally observable
EM signatures of TPD (the secondary radiation emissions at
o /2 and 3wy /2), which typically involve a tiny fraction of the
LW and IAW energy, can be calculated by postprocessing the
high-frequency electric-field envelopes and the low-frequency
electron-density fluctuations generated in either the RPIC or
the ZAK modeling. This technique is exactly the same as
used in Refs. 9 and 17 for the ZAK modeling. This is another
advantage of the RPIC modeling, which uses the same envelope
representations as ZAK, over standard PIC methods. With
this procedure future studies of the correlation of hot-electron
effects with w / 2 radiation may be possible.
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Appendix A: Derivation of the RPIC Equations

In this Appendix, a derivation of the RPIC model is pre-
sented. One notable difference between standard PIC methods
and RPIC is the explicit removal of the laser time scale from
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RPIC equations of motion. As a result of removing the laser
time scale, it is essential that RPIC equations of motion are
expressed in an oscillating, non-inertial frame. There are three
major components of the RPIC derivation: the electron equation
of state (closure for our RPIC model), the nonlinear Schrodinger
equation (EM propagation and pump depletion model), and the
reduced-description particle equations of motion.

1. Electron Equation of State
Assume that the velocity U, electrostatic potential ¢, and
pressure p are of the following form:

U=Ug+ %[ﬁl,—exp(— iop wt)+ c.c.] :

¢ =¢g +%[¢FeXp(—ia)Lwt)+ c.c.] i
p =~ ps.

Substituting the above expression for U into Eq. (18), keeping
only terms of frequencies @ =0, oy, £(Wo—@rw), T(@o—
2wy w), the individual terms in Eq. (18) are approximated as

% x—wLTw[iﬁFexp(—ia)Lwt)+c.c.], (Al)

U-VU ~ %ﬁ<I~JF-I~J;>—%<I~JF><?><I~J;+C.C.), (A2)
1 *

A-A=~Zagag. (A3)

~_ K

U-A = %{UF'aoeXp[—i(wo—a’Lw)f]JfC'C-}’ (A4)

=

A xVx

X

~ %{ao x V x ﬁ;exp[—i(coo - wLW)t] + c.c.} ., (A5)
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U

<t

A

—_

~ Z{aO <9 U pexp|-i(w - @y )]+ c.c.} . (A6)

where it has been assumed that ‘ oUp / at‘ < a)LW‘ INJF‘ and
| Ug ‘ < | Ur ‘ . Substituting these approximations in Egs. (A1)—
(A6) into Eq. (18), neglecting the second-order convective
term U + VU, and collecting terms of similar frequencies,
one obtains

U, = imCsz ?[ng—%fJ;'aoexp(—iAa)t)]
o a7 U g T U7 (A7)
and
%@(ﬁF UF>=%[I~JF><@><[~J;+I~J;><@><I~JF]
o V5~ Z’;f—émfzcﬁ(ao ). (A9

where Aw = wy—2w; w. Setting g = —e and m = m,, Eq. (A7) is
solved approximately to give

- - e
U ~ g et (A9)

where E ¢ was previously defined in Eq. (28). Substituting
Eq. (A9) into Eq. (A8), neglecting the term in the square
brackets on the right-hand side (rhs) of Eq. (A8) and inte-
grating the resulting equation, assuming a pressure profile
ps=noTeo (n S / no)y, with y being the ratio of specific heats
(isothermal electrons: y = 1; adiabatic electrons: ¥ = 5/3), one
obtains the electron equation of state, Eq. (26). This provides
closure for the RPIC model.
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2. Field Equations
The driving current J resulting from self-consistent electron
motion is

J=—enU,

— —en[O-9A
—-en(U—W>,
_ = eA
——en<U+ ec>

The components of J with frequencies @ and £2a@y y (since
W =~ 2wy y for TPD) are of importance:

F exp (iAwf)

exp(—iwyi)+ c.c.] ,

(A10)

F exp (IAw7)

i

where U F is given in Eq. (A9). On substituting Eq. (A9) into
Eq. (A10), an equation for J, is obtained [Eq. (33)], from which
the transverse current Jy; can be computed:

JOT = J0+ ?;{0 s
~2 -
V on_V°JO,
1 *°A . 2 Az 1 )
AP VIA = =" 5 [Jorexp(~imgi) +cc]. (ALl

A substitution of the above expression for J into the second-
order wave equation, assuming slowly varying envelopes
and separating frequency components, results in a nonlinear
Schrodinger equation for the evolution of the incident EM-wave
envelope [Eq. (31)].
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3. Time-Averaged Single-Particle Equations of Motion

The exact single-particle equation of motion is time aver-
aged to obtain the RPIC single-particle equation of motion.
Recall that Eq. (16) is exact and is applicable to both electrons
and ions.

The electron particle velocity can be conveniently cast in
the form

where 1 is the initial electron velocity, u ¢ the low-frequency
velocity perturbation, and u, is the high-frequency velocity
perturbation. Equation (16) is solved approximately as follows:
First, neglecting contributions from the laser pump and assum-

ing | dtis / 7 | < @ | B |, Eq. (16) yields
- e ~
e =i wpy Vor
_ e
T imeopy F

Then, substituting the above approximate expression for up
into Eqgs. (A12) and (16) and keeping only electron responses
at the ion-acoustic and Langmuir time scales, i.e., @ ~ 0,
Twpws T(@y—wrw), Eq. (19) is obtained, the electron reduced-
description equation of motion in the oscillating frame.

Specitfying these results to 2-D, assuming polarization in the
y direction and a fixed pump wave ag = ag exp (ikyx), Eq. (19)
further reduces to give

du 2
m ie ~—eE——F

~ 2
2 V‘ 30‘
dm,c

2
eko

* . 5
m{ao . Epexp[—z(a)o—a)LW)t]+c.c.}. (A13)

The ion-particle equations of motion follow similarly to yield
Eq. 21).

Appendix B: Derivation of the Zakharov Equations
from RPIC

In this Appendix, it will be shown how the Zakharov
equations may be obtained from the RPIC model under cer-
tain approximations. This connection ensures that the RPIC
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equations have the correct limiting form (since the Zakharov
equations may also be shown to be a consequence of the
Vlasov equations on which the RPIC model is based), and
that the Zakharov and RPIC models predict the same physical
behavior in the linear regime.

It is noted that while the RPIC equations are more conve-
niently written in the oscillating frame, the Zakharov equations
are customarily written in the laboratory frame of reference. To
begin, Eq. (19) is transformed back into the laboratory frame

of reference:
du, N ¢ 5

Me=qr _eE_4mec2 V’ao‘

62 . * . )
- demg o [1V<EF'aO>exp (—idawr)exp (—lCULWt)+c.c.]

62 . .V E* A
~demar < |i(a0" V)Eexp(—iba)
X exp(— ia)LWt)+ C.C.], (Bl)

since V=V, 7=t and d/di =d/dr, as shown previously.
Here, E is the physical electric field reconstituted from the
envelope representation

E=E + % [El exp(— ia)LWt) +E,exp (— 2ia)LWt) + c.c.] . (B2)

Using the definition u, = ﬁe+eA/mec, one obtains from
Eq. (BD)

2 2
V‘ao‘ e2

due ¢E ¢ *
=——=- + a;*Va,+c.c.
dr Me 4m§c2 4 6202( 0 )
€2 * *
(e} ag)-a-VE}
dmy cop v

~E,- Vao]iexp [i(opy + Do)+ c.c.}

_ mL 620_3 {iao exp[—i(za)LW + Aa))t] + c.c.} .
€
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Changing to conventional Zakharov nomenclature, E; = Ep
and E, = iwja, / ¢, the above equation becomes

du

(S

dt

=4, (B3)

A=Ay+ 1 [7[1 exp(—ia)LWt) + c.c.]

2
1 :
+5 | Ayexp(=2iwp i)+ e, (B4)
¢E 2
0=~ mS_ 62 2V‘E2‘2
€ 4mea)0
2 *
+—4 (B VE ), (B5)
dmwy
eEl
a,= 2m,
2
e * *
—2—[V(E1 ‘E,)~E,*VE]
2m g )@y vy
-E;- VEz]exp(—iAa)t), (B6)
cE
Ay =— 2m2 exp(—ilot), (B7)

(¢

where A was defined previously [see Eq. (30)]. The Vlasov
equation corresponding to the acceleration A is

(0,+v+0)F+A-0,F=0, (B8)

where the distribution function F can be written in terms of
slowly varying envelopes

F(x.6v)=f+ %[ﬁ exp(—iopy1)+ c.c.]
+ % [fz GXP(— 2icoLWt) + c.c.] , (B9)
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fo(x, t;v) = fyu(v) +6f0(x, t;v). (B10)
Here, f3,(v) is the time-stationary, spatially uniform background
Maxwellian distribution. Substituting Eqs. (B4)—(B7) and
(B9)-(B10) into Eq. (B8) and separating frequency compo-
nents, one obtains the coupled equations

(at+v.ax)6f0 = mLeEs.aV(fM'HSfO)

+4L’;1C<E1 'ava+C'C'>+4L%<E2'avf;+c-c->, (B11)

(El +h ) (fM +5f0)

( 0w+ 0,+V*0 )fl

E -0, f) + E2 0y f+ e(ET+hT)-avfz, (B12)

e e
o (Er ) 0 fi 4 B0y fy. (BI3)
E, = exp(—iAwt)E,, (Bl14)
_ e *
b, = 2m, W@y [V<E1 EZ)
—E, VE|—E|-VE,|, (B15)

where terms that are not linear in E; or linear in E, *+ E]
are neglected since only the linear parametric dispersion is
of interest.

Fourier transforming Eqgs. (B11)-(B13) in space and time,
one obtains

—i(w—k*v)3f, (k. @,v) ff dk’dw'E, 4, 5f;

'E) . (?V[fﬂ”+ c.c.

'E)- av[ f;]"+ ce., (B16)
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—i(opy+0—k-v)fi(ka,v)

= [E|(k.@)+h; (k)| 3, f,(V)

_e
m
+mie]fdk'dw'E;-avf{

+mie [ dx'de'E} 0, 875

Bye[0yf1]

(B17)

do'[E}| 0,15,

(20 + @ —k*v)fp(k,@,v) = mielizz(k, @)y fy (V)
J,mie [ dx'de'ES -0, &5
+2Lmeffdk’dw'(]z'1 ) 0y ff

e ’ I/ ”
+m—effdk dw'E, -0, f, (BI18)

where

B =hk-K.,0-a"v),
1A = [hk-K,0-0' V]

Equations (B16)—(B18) can be solved approximately. First,
retaining only first-order terms in the electric fields E; and E,,
Egs. (B16)—(B18) give

Ex(k’ a)) i avfM(V)
—i(lw—k-v) ~’

5y (K, 0,v) = mie (B19)
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El (k’w) : avfM(V)

k __€
hilkov) =, —i(wpw+—k-V)

; (B20)

E; (k@) fi (V)
i(2opw+w—k-v)

f(ko,v)= mi (B21)

Substituting the above approximate expressions for 8f(k,@,v),
fikk,w,v), and f>(k,w,v) into the right-hand side (rhs) of
Eq. (B17), one obtains

[E; (k@) +hy (k,@)]*d, fy(v)
—i(opw+®—k-v)

f1(k’w"’)=mie

& 1

me (a)LW+a)—k-v)

E,(kK-k o'—)d,f,

[0y + @' — o —(K'=K)v|

X [[ dK do'E, (K @)+,

6‘2 1

- 2m62 (a)Lw+CU—k'V>

Es(k,_ ko'~ a))‘avfM
[0~ @ —(k'~K)-v]

X [[ dK dw'E, (K ,@')-3,

e2 1

* 2m62 ((OLw+CO—k‘V)

E| (K ko ~0)d,fy
|opw+ @ —o—(K —K)*v]|

X [[ dK dw'E, (K'.a0') - d,

62 1

2mg (CULw+Cl)—k’V>

X [[ dK dw'E] (-

E,k—-K,0—-a)0,fy
—(k—Kk)v]|’

kr’ _ a)/)

B22
Y120+ @0 - (B22)
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In order to solve Eq. (B22), E{(k,®) must first be computed. The
Poisson equation, in conjunction with the continuity equation
and the gauge condition V ¢ A = 0, gives

4k~ J (K, )

k-E,(k.o)=——r7 orw (B23)
3

Ji(ko)=—c[d’vvf (ko.v), (B24)
where, consistent with the envelope approximation, <O w-

Substituting Eq. (B22) into Eq. (B24) leads to
J,=0%+530+551 4532, (B25)
Jo_e_2 3| VEi (k@) 0, fy (B26)

1= me i(opw+o—k-v)|’

o_ e 3| Yhi(kw) o f
o= d
e i(@ w+o—k-v)

Yopw+ @ — o~ (K —K)-v]

E k
fdk'fda)fdv vE, (. )
(o y+@—k-v)
E (k'-k,o' —m)d,fy
|0 =@ — (k' —K)-v]

, (B27)

vE, (K", @)

5J{=
(opw+@—k-V)

fdwfdv

ET(k'—k,w'—w)-avfo
Viopw+o' —o—(K' —K)*v

(B28)
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_a)/
5Jf— )

2fdk'/da)fcl

a)LW+a) k-v)

E,(k-K.,0—-a)d,f,

2w w+ow—a'—(k—k')v (B29)
Note that since E; is a longitudinal field,
kik-E,(k,w
E, (k, a)) = M (B30)

k2

Equation (B26) is evaluated, using the approximation | @| <
Wy w to give

47Tk‘J(1)

WL == 2. (ko+op w)k-E | (ko),

(B31)

where

2 k-d,f
47e 3 0
k@)= "5 [ [w_ﬁ.v-

Equation (B27) is evaluated similarly to yield

47k + 83" (k, )
I — =—2e(k.w+ o )k h; (k)
LW

Sn.g(k'—k,0'- w)

+ifdk'fda)'[k-El(k',a)') ] (B32)

e

To obtain the right-hand side of Eq. (B32), it was assumed that
o], 0| < @y,

lo'~w|<|K-kl|c, <|(K~

k)-v‘ ~ K =K [t

and the relation

5neS (k’ a)) = e¢eS (k’ w)/TeO’

LLE Review, Volume 122

A REDUCED PARTICLE-IN-CELL MODEL FOR Two-PLASMON-DECAY INSTABILITY

where E (k,w) = — ik, (k, ®) was used.

Using the approximations | w—k * v| < wyw and

‘w,_w_(k,_k)'v‘ << wLw,

neglecting smaller terms of the order k * v / Wy~ kApe < 1,
and applying two successive integration by parts in velocity
space, Eq. (B28) is evaluated:

83} (k.)

3
:—Mi’;;()wfdk’/da) [E] (K~ k.0~ 0)-K[E, (ko)

3
_—fdk’fda)’E k'—k, o'~ 0)[E, (K@) K|
2m a)LW

3
e
—mfdk [ do' By (k')

x [El (k'—k, ' — o) (k'~ k)] . (B33)

Similarly, using the same approximations and integration by
parts, Eq. (B30) is evaluated:

833 (k, )

¢ 59— [dK [ dw'E] (-K.

= "~ )|Ey (k—K' 0—’) k|
4m wLW

—— 5[ dK [ do'[E] (-K, ~ @) K]

4m wLW

xE,(k-K,0-a’). (B34)
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Equation (B34) is recast using the change of variables k” = Transforming Eq. (B36) back to configuration space, one obtains

k-k’ and 0" = w-w"

. 3
v-(&}wﬁ):%v-[@f-v)ﬁz

D HED) dm gy
3 . % - *
~Ey(VEq) - (B, V)E]: B38
— fdk//fd //E (k// k a) a))[Ez (k// /).k] 2( l) ( 2 ) 1 ( )
PE Substituting Egs. (B25), (B31), (B32), and (B36) into
f dk” f dw ”[ (K"-k,0"— a))k] Eq. (B23) and transforming back to configuration space with
4m a’LW ik — V, one finds
xE, (K", 0"). (B35)

F! ik E, (k 0)e(ko+ oy y)|

Summing Eqs. (B33) and (B35), rearranging the resulting (k’—k a)’—a))
equation, and using the fact that Ez is a transverse field, i.e., +F -1 {i f dk’ f do’ [k ‘E,; (k’,a)’) e§ " . u
E,(k’,@)k’ =0, one obtains e0

w2
0
55140672 —i [v E}E,)-E,(V-E )] (B39)
3
ie'n
= 760 f dk’ / do’ [E (k'—k,0'- w)+ik ]Ez(k ') where the operator F~! denotes the inverse Fourier transform
4m? wLW in space and time, and
ie’n
o [k fde [B (6~ k.0 0) ik~ K|, (K o) ckao+aopy)=1+z(ko+aopy),
4m wLW
. 2 2
20| @ (k) + iy (k)] = 3k "0y
ie’n ~ :
5 [dK [ o’ [By (K o)) ik — k)] ~hy
4m a)LW
% ET (k’ k- a)) . (B36) In this approximation, Eq. (B39) can then be evaluated explic-

itly to yield the well-known Zakharov equation

Using the approximations y(k,@ +@Lw) = —@heo / of

and @ ~ 2wy w, and transforming Eq. (B32) back to configura- V- ﬂzia’pe()< 3, +7, O) +30 tzhe V2402 Oneg

|

tion space with ik — V, results in pel ng
.3 e %~ - #
ie*n . = oV [V (E]-By) - By (Vo). B40
V.gJé_zi‘zo [V(ETEZ) 4m, ( 1 2) 2( 1) (B40)
LN
- * * - where the operator “o” is used to denote a convolution in con-
(B, V)E} -(E] -V ). . oo
( 2 ) ! ( 1 ) 2 (B37) figuration space (see DuBois et al.?). The iterative procedure
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leading to Eq. (B22) is based on the assumption that the pertur-
bations of the distribution function are small compared to the
background distribution function f;,. This leads to the valid-
ity estimates for the Zakharov model: | E{ ‘2 / 4rnegTen < 1,
| E2 |2/47ZneoTeo < 1, e¢eS/T30 ‘ < 1, 5nes/l’leo ‘ < 1, and
kiwApe < 1. These involve qualitative arguments, and the
quantitative strengths of the inequalities are not known a priori.
Furthermore, this derivation does not account for the evolu-
tion of the background electron-velocity distribution function,
which is here taken to be a fixed Maxwellian, f,(v). This is
why detailed quantitative comparison of the ZAK model with
RPIC is desirable.

The equation for the low-frequency density fluctuation can
be derived in a similar way. The result is

|07 +2iv, 00, ~ ¢ V*|én

1 1
- o V2B, P+ 4B, .

(B41)

In the simulations reported in the text where the laser is a
uniform plane wave, the ponderomotive pressure of the pump
[the second term on the right-hand side of Eq. (41)] does
not contribute.

Appendix C: Degenerate LW’s with Overlapping Beams

In the presence of two identical beams propagating at angles
0 = +0,, with respect to the x axis, the locations of the most
linearly unstable LW are given by algebraic solutions of the
following two sets of equations:

: 1 2
<kx1 COS Gb + kyl sin Gb - Skoa«De>

+(—kxlsin9b+kylc059b)2 =K%, (C1)

. 1 2 : 2
(kxlcos 0 +kysin6,— jkOADe> - (—kxlsm 0+, cos Gb)

1 2
=6%%J’ €2)
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: 1 2
(kx2 cos 6, — ky sin 6y, — Eko’lDe>

+(l<x2 sin 6, + k,, cos Qb)2 =K%, (C3)

2
(kx2 cos 6, — ky sin 6, — %ko/lDe>
. > (1 2
_(kX2 sin Qb + kyz COoS Qb) = Eko A’De 5 (C4)

where K is defined by

Equations (C1)—(C4) are obtained by rotating Egs. (34) and (35)
through angles £6,,. For arbitrary temperature T, and density
e, the solutions of Eqs. (C1)—(C2) and (C3)—(C4) result in
eight distinct modes since each set of circles and hyperbolae
will have four distinct intersections. There exists, however, a
combination of temperature and density such that two of the
eight solutions become degenerate, i.e., there will be only seven
distinct solutions for (k;,ky1) and (k,.k,5). By symmetry, this
special condition occurs when ky; = k), = 0, in which case
the location k, = k,; = k, of the degenerate mode is given by

k cos6 — 1k 2 Y 4 k2sinZ0
€080}, =5k Ap, | +kysin“6),

1[ @ 1 2
=3 @2 —<§k0/1De> : (C5)

L g 2 2.2, (1 Az
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Equations (C5) and (C6) are augmented by the electromagnetic
dispersion relation

a)(z) = a)§60+kéc2. C7)

Equations (C5)—(C7) are solved for the background electron

density given by
Ny 2 1/2]72
76—4[—O'+(0' —80'+4) ] ,
2| 511 2
=Sl 26,).
3 [Te (kev) [ (26,) (C8)
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