Numerical Investigation of Two Plasmon
Decay Instability with Zakharov Model
by
Jiayu Zhang

Submitted in Partial Fulfillment
of the
Requirements for the Degree
Doctor of Philosophy

Supervised by
Professor Jason F. Myatt
Department of Mechanical Engineering
Arts, Sciences and Engineering
Edmund A. Hajim School of Engineering and Applied Sciences
University of Rochester
Rochester, New York
2016

ii

Biographical Sketch

The author was born in Kaifeng, Henan Province, China in 1988. He attended
the University of Science and Technology of China (USTC) from 2005 to 2009,
and graduated with a Bachelor of Science degree in Applied Physics in June 2009.
He came to the University of Rochester in the Fall, 2009. He pursued a doctoral
degree by researching the field of laser plasma interaction at the Laboratory for
Laser Energetics (LLE), where he was supervisor by Professor Jason F. Myatt.
His research topic is Two plasmon decay instability. He was supported as a Horton
Fellow for the time at the LLE.

Publications
J. Zhang, J. F. Myatt, R. W. Short, A. V. Maximov, H. X. Vu, D. F. Dubois,
and D. A. Russell, “Simulations of half harmonic emission with electromagnetic
Zakharov model”, to be submitted to Phys. Plasmas
J. F. Myatt, J. Shaw, V. N. Goncharov, J. Zhang, A. V. Maximov, R. W. Short,
R. K. Follett, W. Seka, D. H. Edgell, and D. H. Froula, “Laser-plasma interaction
in direct-drive inertial confinement fusion”, for publication in J. Phys. Conf.
Series. 2016
J. Zhang, J. F. Myatt, R. W. Short, A. V. Maximov, H. X. Vu, D. F. Dubois,
D. A. Russell, “Multiple beam two-plasmon decay: linear threshold to nonlinear
saturation in three dimensions”, Phys. Rev. Lett. 113, 105001 (2014)

iii

J. F. Myatt, J. Zhang, R. W. Short, A. V. Maximov, W. Seka, D. H. Froula,
D. H. Edgell, D. T. Michel, I. V. Igumenshchev, D. E. Hinkel, P. Michel, J. D.
Moody, “Multiple-beam laser-plasma interactions in inertial confinement fusion”,
Phys. Plasmas 21, 055501 (2014)
H. X. Vu, D. F. Dubois, D. A. Russell, J. F. Myatt, J. Zhang, “Nonlinear development of the two-plasmon decay instability in three dimensions”, Phys. Plasmas
21, 042705 (2014)
J. F. Myatt, H. X. Vu, D. F. Dubois, D. A. Russell, J. Zhang, R. W. Short, A. V.
Maximov, “Mitigation of two-plasmon decay in direct-drive inertial confinement
fusion through the manipulation of ion-acoustic and Langmuir wave damping”,
Phys. Plasmas 20, 052705 (2013)
J. F. Myatt, J. Zhang, J. A. Delettrez, A. V. Maximov, R. W. Short, W. Seka,
D. H. Edgell, D. F. Dubois, D. A. Russell, H. X. Vu, “The dynamics of hotelectron heating in direct-drive-implosion experiments caused by two-plasmondecay instability”, Phys. Plasmas 19, 022707 (2012)

Conference Presentations

“Self-Consistent Calculation of Half-Harmonics Emission Generated by the TwoPlasmon-Decay Instability”, 57th Annual Meeting of the APS Division of Plasma
Physics, Savannah, GA, USA (November 2015)
“Calculation of Half-Harmonics Emission Generated by the Two-Plasmon-Decay
Instability”, 56th Annual Meeting of the APS Division of Plasma Physics, New
Orleans, LA, USA (October 2014)
“Two-Plasmon Decay Driven by Multiple Incoherent Laser Beams”, 55th Annual
Meeting of the APS Division of Plasma Physics, Denver, CO, USA (November
2013)

iv

“Linear Growth and Nonlinear Saturation of Two-Plasmon Decay Driven by Multiple Laser Beams”, 43rd Annual Anomalous Absorption Conference, Stevenson,
WA (July 2013)
“Three-Dimensional Zakharov Model of the Two-Plasmon-Decay Instability in
Inhomogeneous Plasmas Driven by Multiple Laser Beams”, 54th Annual Meeting
of the APS Division of Plasma Physics, Providence, RI, USA (November 2012)

v

Acknowledgments

First of all, I would like to express my gratitude to my PhD advisor, Professor
Jason Myatt, for his selfless help and generous support. I cannot remember how
many times we had discussions together and everytime I learned someting from
his wisdom and experience. All my research projects were under his guidence
which I would not be able to complete without his help. Whenever I encountered
any difficulties, it was his kind encouragement that helped me get through. The
knowledge and experience I learned from him will be a treasure in my future
research.
I want to thank Professor Chuang Ren of the University of Rochester, Dr.
Andrei Maximov and Dr. Robert Short of the Laboratory for Laser Energetics
(LLE) at the University of Rochester for helpful discussions. They enriched my
knowledge and gave me lots of precious advice on my research. Thank Professor
Dustin Froula for serving as my committee chair. Thank Professor Riccardo Betti,
Professor Hussein Aluie, and Professor Carlos Stroud for serving on my committee.
They gave me very valuable suggestions on my thesis. I also wish to express my
appreciation to Dr. Donald Dubois from Los Alamos Laboratory, Dr. David
Russell from Lodestar Research Corporation and Dr. Hoanh Vu from University
of California, San Diego. I learned a lot from the discussions with them during
our weekly telephone calls. Thanks to all my friends and colleagues at LLE. They
made my life in Rochester interesting.

vi

Finally, I want to thank my parents for their meticulous care and endless love.
It is their guidence in my life that makes me who I am. Without them, I wouldn’t
have achieved anything.

vii

Abstract

Two plasmon decay instability (TPD) is a three wave parametric decay instability where a light wave decays into two electron plasma waves (plasmons). It
is important in direct-drive inertial confinement fusion (ICF) because large amplitude plasma waves are able to generate hot electrons. These electrons might
penetrate and preheat the ignition target while success of the scheme requires that
the fuel is sufficiently cold. We investigated the TPD instability in 3D geometry
driven by multiple laser beams for the first time with a new developed code called
ZAK3D. ZAK3D is a fluid code solving driven and extended Zakharov equations.
The stability properties and nonlinear evolution of TPD have been examined for
various laser beam configurations that are relevant to ICF experiments. We find
that absolute threshold of the TPD instability is determined by the total laser
intensity of multiple beams if they could drive a common Langmuir wave in small
wave number region.
Half harmonic emission is one of the few important experimental diagnostics of the TPD instability. Historically, analysis of half harmonic emission has
proven to be very difficult because of its complicated generation mechanisms.
By extending ZAK3D, we developed a self consistent model, which can simultaneously calculate parametric instabilities and the generation of half harmonic
light wave via linear mode conversion, nonlinear mode conversion, Thomson down
scattering and stimulated Raman scattering. In the regime of low laser intensities (below TPD absolute threshold), we observed a two-peaked feature which is

viii

consistent with some features of OMEGA experiments, while in the high laser intensity regime (above TPD absolute threshold), half harmonic emission spectrum
becomes broader. These results have been compared with experiments.
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between a plasma wave with wavenumber approximately equals ~k0
and laser light. Right panel is |ET (kx , ky )|2 for scattering angle
θ = 10°. Green dash line shows location of Langmuir wave turning point. Ion density perturbation is considered when drawing
this curve. White dash line is location of half harmonic light if
it is a product of beating between a plasma wave with wavenumber approximately equals ~k0 and laser light. Only Thomson down
scattering source term is kept. . . . . . . . . . . . . . . . . . . . .
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4.22 Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2. Different colors correspond to different propagation directions. Only
Thomson down scattering source term is kept. . . . . . . . . . . .
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4.23 Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2.
Different colors correspond to different propagation directions. All
source terms are kept. . . . . . . . . . . . . . . . . . . . . . . . .
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1.1

Introduction

Introduction to Direct Drive Inertial Confinement Fusion

Fusion research attracts enormous interests because of its potential to produce
nearly unlimited energy. Although a tremendous effort on fusion research has
been made and vast progress has been seen, a lot of challenges remain. Two main
approaches to fusion research are being investigated: magnetic confined fusion
(MCF) and inertial confined fusion (ICF). MCF utilizes an external magnetic
field to control fusion particles, while ICF uses their own inertia of fusion fuel.
Theoretically, all the chemical elements lighter than iron-56 are possible to be
fused together. However, elements with smaller atomic numbers typically have
big reaction cross sections. Considering the easiness of fusion reaction, availability
of fusion material and energy gained per unit mass, the following reaction is of
most interest:

2
1D

+ 31 T → 42 He (3.5 MeV) + 10 n(14.1 MeV)

Deuterium can be extracted from sea water and Tritium can be obtained through
reaction of lithium-6 63 Li.

2

Figure 1.1: Direct drive fusion target structure: outer layer (red color) is ablator;
mid layer (light blue) is DT ice; inner layer is filled with DT gas. (a),(b),(c),(d)
show the four stages of direct drive implosion respectively.

Because the realization of ICF requires injection of huge energy (∼MJ) within
a small time window (determined by material inertia, typically ∼10ns), it was not
realistic until the invention of laser. Ever since, laser energy has been the main
source of drive for ICF although electrons, light ions, heavy ions and magnetic
fields have been considered. However, theoretical calculation shows igniting the
whole target still requires unrealistic driver energy[2]. Instead, Nuckolls et al.[2]
proposed the concept of central “hot spot” ignition. In which, DT gas is filled
within DT ice in a spherical target. DT gas will be heated by pdv work and
ignited first, then generate a thermonuclear burn wave that propagates outside
and ignites the outer fuel (DT ice). This concept requires that the areal density of
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the cold fuel be large enough so that the fusion products are absorbed within the
dense fuel. This is achieved by strong compression of a modest amount of mass.
A figure showing the structure of a fusion target is given in Fig. 1.1.

Figure 1.2: These two figures show configurations of indirect drive (sub-figure a)
and direct drive (sub-figure b). For indirect drive, laser beams propagate through
laser entrance hole and illuminate on the gold wall and converted to X-ray (black
curve with arrows), then X-rays compress and ignite the target; for direct drive,
laser beams uniformly illuminate on the target directly.

There are currently two variants of laser-driven inertial confinement fusion:
direct drive and indirect drive. For direct drive, laser beams directly illuminate
the fusion target’s surface while for indirect drive, the laser energy is first converted
to X-rays within a hohlraum (typically made with gold to maximize laser-to-Xray
conversion efficiency). The X-rays then drive the target. These configurations
are illustrated in Fig. 1.2. The National Ignition Facility (NIF), which is the
largest fully-operation laser facility (similar scale laser facility called the Laser
Megajoule (LMJ) is being built in France.), is configured in the indirect drive
geometry. NIF has 192 laser beams with a maximum drive energy of 1.8MJ.
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As spherically symmetric illumination is not available, the Laboratory for Laser
Energetics (LLE) at the university of Rochester in Rochester, NY has developed
the polar-drive-concept [ray trajectories of incident light waves are illustrated in
Fig. 1.3(a)]. Fig. 1.3(a) shows a contour plot of electron density for an ignition
scale direct drive target. Figure 1.3(b) shows line-outs of the electron plasma
density and electron temperature in the “corona” as a function of distance, along
the ray trajectory for a normally incident ray. The density scale length near
e −1
quarter critical density (≡ [ n1e dn
] , where ne is the elctron number density) is
dx

500 − 600µm. Critical density is defined as nc ≈

1.1×1021
cm−3
λ20,µm

and represents

the density at which light waves are reflected [Fig. 1.3]. Laser light wavelength
λ0 is typically 0.351µm (frequency tripled Neodymium-glass laser), which gives
nc ≈ 1022 cm−3 . Electron temperature near nc /4 is ∼ 3 − 4 keV depending on
how intense the drive is. For polar drive in NIF, overlapped laser intensity is
∼ 1015 W/cm2 with single beam intensity of ∼ 1 × 1014 W/cm2 . Note that these
parameters are quite different in sub-scale laser facilities such as OMEGA. The
OMEGA laser facility at LLE is designed mainly to demonstrate the direct drive
ignition. The OMEGA laser has 60 laser beams with a total energy of 30kJ.
In these sub-scale experiments, the density scale length is about 150 µm near
quarter critical density and electron temperature is about 2 keV.
A direct drive implosion goes through four stages (as indicated in Fig. 1.1).
In the first stage, a relatively low intensity laser pulse which is commonly called
“laser foot” is initiated. This laser energy is absorbed by the target, resulting ablation of outer surface, which forms a ablation region. This rocket-type implosion
compresses the target launching a series of shocks that are required to achieve the
desired compression of the fuel and the ablated material forms a region called the
“corona” surrounding the target. The corona is the region where various parametric instabilities can occur due to nonlinear behavior of light in a plasma. In
the second stage, laser intensity increases to the highest values, accelerates and
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Figure 1.3: The figure on the left is a contour plot of the coronal electron plasma
density for NIF polar drive. Red, green and blue curves show ray trajectories.
Note that beams overlap everywhere in the target. The figure on the right is a lineout of electron density and temperature along a normally incident ray trajectory.

compresses the target. At the end of laser pulse, the target is accelerated to maximum velocity and starts to decelerate. In the third stage, the kinetic energy of
the shell is converted to thermal energy due to the pdv work done on the hot
spot. The target continues to move inwards and be further compressed until it
reaches stagnation, which is the start of final stage. In this stage, DT gas within
the “hot spot” is ignited. Next, the generated thermonuclear burn wave propagates outwards and ignites the stagnated fuel. In addition to fluid instabilities,
(e.g. Rayleigh-Taylor instability in both the acceleration phase [Fig. 1.1(b)] and
deceleration phase [Fig. 1.1(c)], seeded by laser imprint [Fig. 1.1(a)] and other
nonuniformities), instabilities can occur in the plasma corona. These arise due to
the unstable interaction between light waves (the laser light) and waves supported
by the plasma. These are often called laser-driven parametric instabilities.
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Figure 1.4: A pendulum driven by gravity and a small external perturbation. ω0 is
the oscillation frequency determined by gravity. x0 is the equilibrium position. x1
stands for a small oscillation induced by external perturbation. ω1 is the frequency
of external perturbation.

1.2

Parametric instabilities

The occurrence of parametric instability is very general. In mechanical engineering, it arises when a system is excited by a periodic perturbation and oscillates at
a multiple of its resonant frequency. A simple but intuitive example of parametric
instability in mechanical engineering could be found in a pendulum (As indicated
in Fig. 1.1). If only driven by gravity, a pendulum will oscillate at frequency ω0 .
Suppose there is a small periodic external perturbation on the pendulum with
frequency ω1 . Then, this system could be described by the Mathieu equation.

d2 x/dt2 + ω02 [1 − 2 cos(ω1 t)]x = 0

(1.1)

Its homogeneous solution is the well-known oscillation of pendulum: x0 ∼
exp(±iω0 t). The contribution of the small perturbation is described by Eq. (1.2).
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d2 x1 /dt2 + ω02 x1 = 2ω02 cos(ω1 t)x0

(1.2)

Substitute the expression of x0 in Eq. (1.2), the right side of Eq. (1.2) becomes
exp[i(±ω0 ± ω1 )t]. Only if nω1 = 2ω0 (n ≥ 1), x1 would grow. This shows how
the resonance of frequency drives instability and also why a simple perturbation
theory cannot be used to describe this effect.
In continuous media, parametric instability acts differently as the physical
variables not only depend on time but also space. They occur when a nonlinearity
couples waves. The waves must satisfy frequency and wave number matching
conditions which are consequences of energy and momentum conservation. A
common parametric instability arises from the decay of strong pump wave into
two daughter waves, which is a three wave interaction. The pump wave could be
electromagnetic wave or electrostatic wave.

ω0 = ω1 + ω2 ,
~k0 = ~k1 + ~k2 ,
p
where ω0 , ~k0 (k0 ≡ |~k0 | = ω0 /c 1 − ne /nc ) are the frequency and wave-vector
of an electromagnetic wave or electrostatic wave in a plasma having an electron
number density ne relative to the critical density nc [= me ω02 /(4πe2 )] at which
electromagnetic waves are evanescent. Here, e and me are the electron charge and
mass respectively and c is the speed of light. The quantities ω1 , ω2 , ~k1 , ~k2 are the
frequencies and wave-vectors of the two daughter waves.
Instabilities in continuous media can be classified as being either absolutely
unstable or convectively unstable. A perturbation in an absolutely unstable system grows exponentially in time while a convectively unstable perturbation is
amplified by a fixed amount as it propagates through the system[3; 4]. Convective instability could be seeded by thermal noise. As the level of thermal noise is
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normally very low, convective instability is limited to a relatively small amplitude
unless it is very strongly driven. Convective instability could also be seeded by
a strong source, such as Cross Beam Energy Transfer (CBET). CBET can be regarded as a variant of SBS. In ICF, it occurs when more than one laser beams with
similar frequencies overlap. As the scattered electromagnetic wave is seeded by
laser light, CBET could efficiently transfer energy between the two laser beams.
The coupling of three wave interaction could be described with Eq. (1.3).

L0 A0 = Γ0 A1 A2
L1 A1 = Γ1 A0 A∗2

(1.3)

L1 A2 = Γ2 A0 A∗1
In homogeneous plasma, phases of all waves are perfectly matched at any time,
so all the instabilities will grow absolutely if it is strong enough to overcome wave
damping. However, if an inhomogeneity in plasma density exists, a phase mismatch would appear due to changes of wavenumber. In this situation, Γ0 , Γ1 and
Rx
Γ2 should include a factor accounting for the phase mismatch (exp ±i 0 κ(x)dx,
where wave vector mismatch κ(x) = k0 (x) − k1 (x) − k2 (x)). Mathematically, if
κ = 0 but κ0 6= 0, only convective amplification can occur (convective growth);
if κ = 0 and κ0 = 0, absolute growth exists[5]. Using WKB approximation and
assuming drive is constant, which is very common in ICF, the first equation in
Eq. (1.3) could be dropped and Eq. (1.3) becomes:

(∂t + v1 ∂x )A1 = Γ1 A0 A∗2

(1.4)

(∂t + v2 ∂x )A2 = Γ2 A0 A∗1
Rosenbluth[6] first uses these two equations to investigate parametric instability in inhomogeneous plasma. Assuming a linear density gradient in inhomogeneous plasma, phase mismatch could be written as κ = κ0 x, where κ0 is a constant
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(not zero). Therefore, in a linear density gradient, only convective growth could
occur. Furthermore, Eq. (1.4) has a Green function solution that can be written
analytically. This solution is the well-known Rosenbluth gain.

I = I0 exp (G),

2πγ02
G= 0
κ Vg,1 Vg,2

(1.5)

here I0 represents the thermal noise. γ0 is growth rate in homogeneous plasma;
0
0
=
− kx2
v1 and v2 are the group velocities of daughter waves. κ0 = k00 − kx1
d
[k (x)
dx 0

− k1 (x) − k2 (x)], it is the derivative of wave number mismatch.

Rosenbluth gain indicates in inhomogeneous plasma, a seed can only be amplified by a certain factor in contrast to infinite growth in homogeneous plasma.
G > 2π is normally used as convective threshold. Strictly speaking, Rosenbluth
gain is only valid for δ−function type noise. R. W. Short et al.[7] shows for Gaussian shape noise, which is more realistic, convective gain is dramatically different.
However, WKB approximation assumes phases of waves vary slowly, which is
not valid near quarter critical density for SRS and TPD. Indeed, absolute instabilities exist for these two instabilities near quarter critical density. More details
on this will be given in Sec. 1.4.

1.3

Laser plasma interaction

Laser plasma interaction (LPI) is the type of parametric decay instability in which
the pump wave is laser light. The topic of LPI arises in ICF as laser is used as
driving sources of compression. The desired way of laser energy absorption is
through collisional damping (sometimes named inverse bremsstrahlung) as this
makes sure laser energy is transferred to the bulk part of particles and heat the
particles slowly. However, various LPI processes might be stimulated during the
propagation of laser light. There are mainly two undesirable effects: the first one is
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the loss of laser energy through scattering, which may result in insufficient driving
power to compress the target; the second one is generation of hot electrons, which
might be able to penetrate DT ice and preheat the target, and therefore degrade
fusion performance. Both of these two effects can be deleterious and must be
controlled to an accepted level.

Figure 1.5: This figure shows occurrence density range for different LPI processes.
Density profile is taken from typical direct drive implosion. nc is critical density.

Suppose there is no external magnetic field in plasma, eigenmodes in plasma
would be electromagnetic wave, electron plasma wave and ion acoustic wave. If
the pump wave is an electromagnetic wave (laser light), depending on the types of
daughter waves, parametric decay instability could be divided as Stimulated Raman Scattering (SRS, daughter waves are an electromagnetic wave and a plasma
wave), Stimulated Brillouin Scattering (SBS, daughter waves are an electromagnetic wave and an ion acoustic wave), Two plasmon decay (TPD, daughter waves
are two plasma waves), or parametric instability (PI, daughter waves are a plasma
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wave and an ion acoustic wave)[8; 9]. If the pump wave is a plasma wave, parametric decay instability could be Langmuir decay instability(LDI, daughter waves
are a Langmuir wave and an ion acoustic wave) or electromagnetic decay instability (EDI, daughter waves are an electromagnetic wave and an ion acoustic wave).
LDI and EDI could be regarded as secondary processes of Langmuir wave, where
Langmuir wave comes from TPD or SRS. LDI could be the reason for TPD and
SRS saturations and EDI is a generation mechanism for half harmonic emission.
These instabilities occur in different locations in “corona”. Fig. 1.5 shows the
approximate density ranges for these instabilities.
The threat of SBS is its ability to deflect laser light, which causes insufficient
drive energy. A lot of progress has been made to achieve mitigation of SBS through
applying laser beam smoothing techniques. However, a variant of SBS, named
Cross Beam Energy Transfer (CBET), has been a big concern in direct drive.
CBET can be thought of as an induced SBS process, occurring when multiple EM
waves of similar or same frequencies overlap in a plasma. CBET causes transfer of
energy between overlapped laser beams and results uneven compression. It should
be noted that, although CBET also exists in indirect drive, it is used as a tool to
compensate for insufficient inner beams energy[10; 11].
Occurrence of SRS ranges all the locations below quarter critical density (as
shown in Fig. 1.5). In homogeneous plasma, SRS grows absolutely with a low
threshold as matching conditions are satisfied everywhere and damping of the
daughter waves are weak for direct-drive ICF conditions. More relevant to ICF
experiments, we normally assume there is a density gradient. In inhomogeneous
plasma, both convective and absolute modes of SRS exist. But different types of
SRS do not occur in the same region. Convective modes of SRS have the widest
occurrence range, from ne /nc =

1
(Te /511)2
4

to ne /nc =

1
[5].
4

absolute modes

of SRS could happen in two directions: scattered light wave propagates along
the opposite direction of density gradient, which is called SRS backscattering;
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scattered light wave propagates perpendicular to the direction of density gradient,
which is called SRS sidescattering. While absolute SRS backscattering could only
occur in a very narrow region near 41 nc , absolute SRS sidescattering has a wider
range from ne /nc =

1
(Te /511)
4

to ne /nc =

1
.
4

SRS backscattering could grow

absolutely as it occurs very near quarter critical density, so the scattered light
wave is “trapped” between its turning points. While for SRS sidescattering, it is
an absolute mode because the scattered light wave “sees” a homogeneous plama as
it propagates perpendicular to density gradient. However, occurrence of absolute
SRS sidescattering is based on an assumption that laser intensity is homogeneous
perpendicular to density inhomogeneity. In reality, laser light is composed with
laser speckles, which typically have a transverse dimension of several µm. When
daughter waves of SRS propagate outside laser speckles, they will lose pump and
stop growing. Therefore, SRS sidescattering might only exist in very restricted
circumstances.
TPD can only grow in a small region below quarter critical density. Wavenumbers of Langmuir waves generated by TPD depend on the locations where
it occurs: at lower densities, their wave-numbers will become larger. At certain
density, these Langmuir waves would suffer strong Landau damping, which eliminates the growth of TPD. Generally, start of strong Landau damping is taken at
kλDe ∼ 0.25. For typical ICF parameters, this is equivalent to an electron density
of ne /nc = 0.2. TPD is generally considered to be more important in direct drive
because the electron density ranges from vacuum to above critical denisty in the
“corona” region while for indirect drive, quarter critical density only exists in very
limited locations.
Filamentation instability is a nonlinear optical effect produced by perturbations or non-uniformities in light that cause local changes in the dielectric constant.
Although it might be important in certain circumstances, it will not be considered
in this thesis.
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1.4

History of investigation of TPD

Two plasmon decay (TPD)[6; 12; 13; 14; 15] is a three wave decay instability in
which an electromagnetic (EM) wave parametrically decays into two longitudinal
electrostatic (Langmuir) waves. Experimentally, TPD has been observed to occur
in ionosphere[16] and laser-plasmas interaction experiments[17; 18; 19; 20; 21]. In
the context of laser fusion it has been identified in both the indirect[22] and direct
drive approaches[23]. However, TPD draws more attention in direct drive because
it has the lowest threshold (under OMEGA parameters). TPD is undesirable due
to its ability to heat electrons to high energies[17; 24; 25; 26; 27]. Electrons
of high energy can preheat the target and severely degrade performance since
efficient implosions require the fuel to remain at a low adiabat. This situation is
aggravated by the fact that multiple beams could cooperate and drive a common
TPD Langmuir wave[28; 29].
The fact that the two daughter waves of TPD are Langmuir wave determines
that TPD occurs in plasma density ne < nc /4. In homogeneous plasma, TPD
will always be absolutely unstable if its growth rate is big enough to overcome
collisional damping. Starting from fluid equations, a dispersion relation could be
derived[30]:

"

~k · ~vosc ωpe [(~k − ~k0 )2 − k 2 ]
2
2
(ω 2 − ωe,k
)[(ω − ω0 )2 − ωe,(k−k
]
=
0)
2k|~k − ~k0 |

#2
,

(1.6)

2
2
2
2
2
2
where ωe,k
= ωpe
+ 3 k 2 vte
and ωe,(k−k
= ωpe
+ 3(k − k0 )2 vte
. ω0 and k0 are
0)

frequency and wave-vector of laser light and ω and k are frequency and wave~ 0 |/(me ω0 ) is the
vector of Langmuir Wave respectively. The quantity vosc = e|E
p
~ 0 and vte = Te /me is the
electron oscillation velocity in laser electric field E
electron thermal velocity.
As indicated in Eq. (1.7), if Langmuir waves have the same direction with laser
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Figure 1.6: Without loss of generosity, laser beam has been taken to be normally
incident. Blue curve shows maximal TPD growth as in Eq. (1.8). Red circle
represents matching conditions of laser light and two daughter Langmuir waves.
Radius of red circle is determined by electron plasma density: at lower density,
radius of red circle becomes bigger. Dashed circle shows location of Landau cutoff.
Crossings of red circle with blue curve are the wave-numbers of Langmuir waves
with highest growth rate.

light, then ~k · ~vosc = 0. This means TPD is a 2D or 3D problem. The temporal
growth rate can be obtained by letting ω = ωe,k + iγ,

γ=

~k · ~vosc [(~k − ~k0 )2 − k 2 ]
.
4
k|~k − ~k0 |

(1.7)

Let dγ/dk⊥ = 0, the relation of kx and ky for maximal growth could be obtained:
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ky2 = kx (kx − k0 )

(1.8)

Threshold in homogeneous plasma is determined by collisional damping[5].
1
γ 2 > (V1 V2 )(ν1 /V1 + ν2 /V2 )2
4
where ν1 and ν2 are collisional damping of two daughter Langmuir waves. V1 and
V2 are group velocities of two daughter Langmuir waves.
While investigating TPD in homogeneous plasma is intuitive, inhomogeneous
plasma is more relevant to experiments. Two-plasmon decay in a linear density
gradient (the case of importance to laser fusion) was first thought to be only convectively unstable using a spatial envelope approximation,[6] which is commonly
used when treating parametric instabilities such as SBS and SRS. Amplification
factor was given in Eq. (1.5).
Then, further investigation[12; 31] indicated that TPD cannot be treated with
spatial envelope approximation near LW turning point and temporal growth is
found to be possible near quarter critical density other than convective amplification. Attention was then focused on the absolute instability near quarter critical
density. Y.C.Lee and P.K.Lee[12] made the first attempt to solve TPD without
WKB approximation. Under assumption k⊥  k0 , they are able to get the growth
rate and absolute threshold. However, the assumption is so strong that it is not
applicable in most cases. To remove this limitation, C. S. liu and M. N. Rosenbluth[31] applied a new technique where they used Fourier transform on both
space and time and then the problem was reduced to a Schrödinger equation. But
it is still too complicated to obtain an analytic result. Correct solution was not
derived until the work of Simon et al.[15]. They followed the same procedures as
C. S. Liu et al.[31] but they were careful enough so they got the correct form of
potential in the Schrödinger equation. Besides, they found the Schrödinger equa-
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tion can be solved analytically under two limits of β (definition of β is given in
caption of Eq. (1.9). The properties of TPD such as growth rate, threshold, and
range of unstable modes are then derived. In convenient units, absolute threshold
of TPD is given in Eq. (1.9). On the other hand, B .B. Afeyan et al[32]applied
a completely different method on TPD investigation where they used variational
principle method and they were able to derive an absolute threshold which agrees
with Simon’s result[15] under small β limit (β  1).

I14 = 81.86 TkeV /Ln,µm λ0,µm ,

for β  1,

I14 = 61.25 TkeV /Ln,µm λ0,µm ,

for β  1

(1.9)

where I14 is laser intensity in unit of 1014 W/cm2 , Tkev is electron temperature in
unit of kilo electron volts, Ln,µm is density scale length at quarter critical density in
2
unit of µm, λ0,µm is wavelength of laser light in unit of µm, β = 1.41TkeV
/I14 λ20,µm ,

All the above analyses assumed laser light was a single plane wave. In experiments, multiple laser beams are used to illuminate the target to make sure the
drive is uniform. Besides, laser light intensity has a Gaussian or super Gaussian
distribution when it is initially generated. To make laser intensity illuminated on
the target as uniform as possible, beam smoothing techniques such as Distributed
Phase Plate (DPP) are applied. DPP splits laser light into many small beamlets
with random phases. Then the actual laser intensity illuminated on the target has
local peaks which are typically called “laser speckles”. Calculations of TPD absolute threshold considering number of laser beams and “laser speckles” generally require numerical simulations. Furthermore, the absolute nature of TPD instability
requires inclusion of nonlinear saturation mechanisms. Various models have been
developed to investigate the nonlinear stage of TPD growth, including explicit
particle-in-cell calculations[14; 33; 34; 35; 36], reduced particle-in-cell (RPIC)[37;
38], fluid based Zakharov model[39; 40; 41] and quisilinear Zakharov model[42].
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Langdon et al.[14] demonstrated that ion fluctuation and density profile steepening play a crucial role in TPD saturation. Dubois et al.[39; 40] observed Langmuir
wave decay instability (LDI) in the nonlinear stage of TPD growth. Yan et al.[34]
and Vu et al.[37; 38] calculated the hot electrons produced by TPD.

Figure 1.7: This figure shows maximal growth curves (“hyperbola”) of two overlapping light waves polarized within the plotted plane. ~k0,1 and ~k0,2 are wavenumbers of these two laser beams. The crossing of blue and red curves indicates
the two laser beams could share a common daughter Langmuir waves (~kEP W,c ).
In inhomogeneous plasma, this common wave is outside the range of absolute
growth, so this is convective instability. For the common wave, overlapped laser
intensity is used to calculate its convective gain.

There are generally two types of diagnostics for parametric instabilities: Xray diagnostics and optical diagnostics. Restricted to TPD diagnostic, X-ray
is mainly used to measure hot electrons production. As the daughter waves
of TPD are Langmuir wave, which cannot propagate far from its generation
location, measurements of TPD are based on secondary interaction of Langmuir wave. Optical diagnostics could use self emitted light such as half harmonic and three half harmonic emission or use additional probe, such as Thom-

18

son scattering. The advantage of self emitted light is its simplicity to employ
while Thomson scattering could get good time and space resolutions. Early experiments on TPD is based on measurements of odd integer harmonic[43; 44;
45] where half and three half harmonic emissions were used as indication for existence of TPD or SRS. Moreover, possibility of using half and three half harmonic
emissions to infer electron temperature attracts extensive attention. Seka et al.[45;
46] proposed to utilize the sharp red shift half harmonic emission to calculate electron temperature. While revealing lot of information, these spectra are difficult
to interpret because of their complicated generation mechanisms (more details
will be give in chapter 4). On the contrary, interpretation of Thomson scattering is more straightforward. Meyer and Zhu did the first Thomson scattering
measurement of TPD in 1993[21]. Their experiments confirmed the theoretically
predicted maximal growth curve (referred to “hyperbola”) and role of ion acoustic
fluctuation on saturation of TPD.
In recent years, multi-beam effects were revealed in experiments[28; 47; 48].
Multi-beam effects occur when multiple laser beams share a common daughter
Langmuir wave. Experiments conducted by Stoeckl et al.[28] demonstrated the
fraction of hot electron production was determined by total overlapped laser intensity. Michel et al.[47; 48] testified existence of common wave process and relation
between common wave gain and fraction of hot electron production. A recent result of Zakharov simulations in 3D geometry[29] demonstrated absolute threshold
of TPD was determined by the totoal laser intentity of multiple laser beams if
they can drive a common wave in the small-k region. In chapter 3, more details
about multi-beam effects will be given.
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2

Zakharov model of Langmuir
turbulence and its application in
Laser Plasma Interaction

2.1

Introduction to Zakharov Model

Zakharov model is first derived by V. E. Zakharov in 1972[49] although Hasegawa
obtained similar equations earlier[50]. The key approximation of the model is
temporal envelope. The fast variations (∂t ∼ ωpe ) of the electrostatic field are
explicitly removed and the slow variations (∂t  ωpe ) are followed by the complex
~ x, t). The physical electrostatic field Ẽ is given by
function, or “envelope” E(~
~ x, t) exp(−iωpe t) + c.c which neglects harmonic generation of the LWs.
Ẽ = 1/2E(~
Further assumptions of quasi-neutrality of the low frequency response δn = δne ≈
Zδni , where Z is the ion charge and ni is the ion density, result in the equations:

 
~
δn ~
∂E
2
2
~
2iωpe
+ 3ve ∇(∇ · E) = ωpe
E,
∂t
n0

 2
1
∂
2 2
~
− cs ∇ δn =
∇2 |E|.
2
∂t
16πmi
where ωpe is the electron plasma frequency at reference density n0 , ve =

(2.1)
(2.2)
p
Te /me

is the electron thermal velocity, cs = (ZTe /mi )1/2 (1+ γi Ti /ZTe ) is the ion acoustic
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speed, γi ≈ 3, mi , Ti are the ion ratio of specific heats, mass and temperature
respectively, ne = n0 + δn.
A safe validity condition of Zakharov model is given below, although a less
constraining condition may be enough due to unexpected cancellations of higher
order nonlinear terms,[51]

|E|2 /(4πn0 Te )  1,

δn0 /ne0  1, and kλDe  1.

Zakharov equations describe the evolution of Langmuir waves and their nonlinear coupling with ion acoustic waves. It has been used to study strong Langmuir
turbulence[52; 53] relevant to laboratory plasmas[54; 55], ionospheric modification experiments[56; 57], and laser plasma experiments[40; 39; 58]. It has been
suggested that strong turbulence effects may be responsible for some pulsar radio
emissions[59].
The Zakharov model describes both weak and strong turbulence regimes.[60]
The weak turbulence regime [60] assumes random phase interactions between
the linear modes, the well-known example is Langmuir decay instability (LDI).
Free Langmuir wave undergoes LDI if its amplitude is small (weak turbulence
regime) and cascades to small wavelength. The strong turbulence regime[52;
53] involves phase coherent interactions, examples are self-focusing, cavitation and
collapse. Similar to case of fluid turbulence[61], which used nonlinear objects as
building blocks instead of the free waves (which are the basis for theories of weak
turbulence), in strong turbulence regime, the nonlinear objects are “cavitons”[53;
52]. A caviton is a phenomenon in which Langmuir waves are localized in density
cavities. The localization further pushes out the plasma in the cavities, deepening them, which in turn further localizes the Langmuir waves due to refraction.
They are not just theoretical objects, but have been unambiguously observed in
ionospheric experiments. [62; 56; 57] Cavitons are appealing because they resolve
the paradox of weak turbulence theories that lead to an inverse energy cascade.
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Cavitons collapse to small scales which provides the route to dissipation[63]. Collapse might also be an important mechanism for the production of hot electrons
in two-plasmon decay, but hot electrons unequivocally associated with the arrest
of LW collapse have yet to be observed.
The undriven, dissipationless Zakharov equations [Eqs.(2.1) and (2.2)] are a
Hamiltonian system[64; 65], and the Hamiltonian H, the boson (Langmuir) number N, the total Langmuir momentum P, and the total angular momentum M
are integrals of motion,

Z

H d ~r

H =
Z
N =
Z
P =
Z
M =

D

Z
=

~ 2 + δn|E|
~ 2 + 1 δn2 + 1 |∇u|2 dD~r,
|∇ · E|
2
2

~ 2 dD~r,
|E|
~ dD~r
P

(2.3)
(2.4)

i
=
2

Z

~ · (∇E
~ ∗) − E
~ ∗ · (∇E)]
~ − δn∇u dD~r,
[E

~ ×E
~ ∗ + ~r × P)
~ dD~r,
(i E

(2.5)
(2.6)

where we have introduced the velocity potential u and suitable normalization.
These result from invariance of the Zakharov equations to translations in time,
gauge, space and rotations. In the adiabatic limit cs  ˜l/t̃ (where ˜l and t̃ are
characteristic length and time scales), the ion fluctuations can be approximated
~ 2 − 1/2|E|
~ 4
as δn ∼ −|E|2 and u = 0, yielding the Hamiltonian density H = |∇ · E|
which has the equation of motion:



∂
2 2
2 ~ 2
~ LW = 0.
∇ · 2iωpe + 3ve ∇ + cs |E| E
∂t

(2.7)

Equation (2.7) is readily identified as the the nonlinear Schrödinger equation (NLSE, sometimes called the Gross-Pitaevskii equation in condensed matter
physics). We know the character of solutions to the NLSE depends upon the
number of spatial dimensions D in which it is written. Because the cancellation
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of dispersion term and nonlinear term, it has stable soliton solutions in 1-D. However soliton is not stable to transverse perturbation and therefore they cannot
exist in higher dimensions, but rather they would collapse to long wavelength. As
Zakharov model can be regarded as an extension to NLSE, it is not surprising
that Zakharov model [Eqs. (2.1) and (2.2)] contains these phenomena as well.

2.2

Application of Zakharov model in Laser Plasma
Interaction

Zakharov equations have been extended to investigate TPD through generalizing the derivation to include driving terms describing laser pump and damping
terms recounting collisional and non-collisional Landau damping[39; 40]. Take the
second time derivative of Poisson’s equation,

∇·

∂2 ~
∂
E = −4π∇ · J~
2
∂t
∂t

(2.8)

~ J~ as E
~ =E
~ 0 + 1 (E
~ 1 e−iωp t + E
~ 2 e−i2ωp t +c.c.) and J~ = J~0 + 1 (J~1 e−iωp t +
Define E,
2
2
J~2 e−i2ωp t + c.c.). Here ωp is the reference frequency and “c.c.” stands for complex
~ ν and J~ν are slowly varying envelopes of corresponding harmonics at
conjugate. E
νωp .
For the first harmonic, Eq. (2.8) is:

∇ · (∂t2 − 2iωp

∂
~ 1 = −4π∇ · (−iωp + ∂ )J~1
− ωp2 )E
∂t
∂t

(2.9)

~ 1 is the electric field of
For the TPD instability, the longitudinal part of E
Langmuir wave. J~1 could be written as:
e
J~1 = − (n−1~v2 + 2n0~v1 + 2n1~v0 + n2~v−1 )
2

(2.10)
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where n−1 and ~v−1 are the complex conjugates of n1 and ~v1 . Specialized in TPD,
n2 represents density perturbation induced by laser field. As laser field has no
longitudinal component, n2 is zero and n2~v−1 is ignored. We also assume there is
no background plasma flow, so n1~v0 is also ignored. For the parameters typically
used in ICF experiments, laser field (~v2 ) is a small quantity compared to Langmuir
wave field(~v1 ), so v2 is a small quantity compared to v1 . As the zero order of n0~v1
is canceled, which will be shown later, we at least need to calculate v1 to second
order. Using momentum equation and only keep the first harmonic,

2
−iωpe~v1 + 3vte
∇(

~2
n1
1
e ~
~v−1 × B
) + [(~v2 · ∇)~v−1 + (~v−1 · ∇)~v2 ] = − [E
] (2.11)
1+
n0
2
me
2c

~ 2 with ~v1 and ~v2 using continuity equation and Maxwell’s equaReplace n1 and B
tions:

−iωpe~v1 +

2
e ~
3vte
1
∇(∇ · ~v1 ) + [(~v2 · ∇)~v−1 + (~v−1 · ∇)~v2 + ~v−1 × (∇ × ~v2 )] = − E
1
iωpe
2
me
(2.12)

Using ∇(~v−1 · ~v2 ) = ~v−1 × (∇ × ~v2 ) + (~v−1 · ∇)~v2 + (~v2 · ∇)~v−1 . Eq. (2.12) could
be written as:

−iωpe~v1 +

2
3vte
1
e ~
∇(∇ · ~v1 ) + ∇(~v−1~v2 ) = − E
1
iωpe
2
me

(2.13)

~ 1, E
~ 1∗ and E
~ 2 using continuity equations, and
Replace ~v1 , ~v−1 and ~v2 with E
substitute Eq. (2.13) and Eq. (2.10) into Eq. (2.9).
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∇ · [∇(E

~ 1 on both sides of Eq. (2.14) cancels. E
~ 1∗ is the complex conjugate of
Where ωp2 E
~ 1 . Furthermore, inhomogeneous plasma can be investigated by putting together
E
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a term (δN ) describing density profile. Random thermal noise is also added[40].
~ 1 is Langmuir wave field, it will be written as E.
~ E
~ 2 comes from electric
As E
~ 0 . δn represents nonlinear ion fluctuation.
field of laser and it will be written as E
It could be described by the well-known ion acoustic wave equation driven by
ponderomotive forces of Langmuir wave and laser fields. The extended Zakharov
equations become:



2
~ =
(δn + δN )/n0 E
∇ · 2iωpe (∂t + νe ◦) + 3ve2 ∇2 − ωpe


e
~0 · E
~ ∗) − E
~ 0∇ · E
~ ∗ ] + SE ,
∇ · [∇(E
4me
 2

Z
~ 0 |2 ),
~ 2 + 1 |E
∂t + 2νi ◦ ∂t − c2s ∇2 δn =
∇2 (|E|
16πmi
4

(2.15)
(2.16)

where νe = νcoll + ν(LD−LW ) is the sum of the collisional damping and Landau
damping for LWs, νi = ν(LD−IAW ) is the Landau damping rate for ion acoustic waves, δN describes the non-evolving density perturbations arising from the
gradient [i.e., ne (~x, t) = n0 + δn(~x, t) + δN (~x)], and SE is the noise source for
Langmuir wave. The first term on the right-hand-side of Eq. (2.15) is the longitudinal part of the nonlinear current that drives density perturbations with
frequencies close to ωpe . The first term on the right-hand-side of Eq. (2.16) describes the low-frequency ponderomotive forces of Langmuir and electromagnetic
fluctuations that act to drive low frequency density perturbations.
Equations (2.15) and (2.16) can be numerically[39; 40] solved by pseudospectral method. As the Landau damping can be written in k space easily, solving in k space is the most convenient way. A typical simulation box is given in
Fig. 2.1. All the linear propagation terms are computed in Fourier space while the
density gradient and nonlinear terms are updated in real space using split term
method[66]. Detailed algorithm is given below:
Fourier transform the linear dispersion parts in Eq. (2.15),
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Figure 2.1: This figure shows a typical two dimensional simulation box used in
Zakharov simulations. Blue dashed line shows location of quarter critical density.
Red line shows linear density gradient which is normally used. Green dashed line
shows start of Landau cutoff. The region to the left of green dashed line has
large Landau damping for Langmuir wave, so they cannot propagate through this
region.

~ =0
(2iωpe (∂t + νe ) − k 2 )~k · E

(2.17)

~ the above equation could be written as a scalar equation,
Using i~kφ = −~k · E,

(2iωpe (∂t + νe ) − k 2 )φ = 0

(2.18)

This equation could be solved easily in the following way,

φ = φ × exp (−i · k 2 − νe )dt
Linear gradient and nonlinear coupling are solved in real space by transforming
Ex = −ikx φ and Ey = −iky φ back to real space. The updated Ex and Ey are
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then used to calculate the driving terms in real space. After obtaining the driving
terms, Ex and Ey and also driving terms are transformed to k space and driving
terms are added in k space.
Both the transverse and longitudinal boundary conditions are periodic (shown
in Fig. 2.1. In longitudinal direction, the Langmuir waves are strongly damped
in low density region due to Landau damping and at the high density end, the
Langmuir waves cannot extend over quarter critical density, so there is actually little cross communication in longitudinal direction. The ion fluctuation is strongly
damped in both longitudinal boundaries by adding an artificial damping to ensure
there is no recirculation[67].

2.3

Equivalence of extended Zakharov model to
previous analytical calculation for the linear
stability problem

Early stability analysis work did not start from Eq. (2.15) because time enveloping was not used. Because of this, we demonstrate the equivalence between our
approach and that of earlier work in the regime of linear instability. Starting
from momentum and conservation equations, C.S.Liu et al.[31] derived a set of
fluid equations describing TPD in linear stage. These equations are thus solved
in various ways analytically and numerically[31; 15; 68]. Absolute threshold and
convective gain are obtained through these equations. In linear regime (δn can be
neglected), extensive Zakharov equations are equivalent to fluid equations.
Ignoring collisional and Landau damping and thermal noise terms, the first
Zakharov equation and its complex conjugate are as follows:

27


e
~ =
~0 · E
~ ∗) − E
~ 0∇ · E
~ ∗ ](2.19)
∇ · 2iωpe0 ∂t +
−
E
∇ · [∇(E
4me


 ∗
e
2
2 2
~ (2.20)
~ −E
~ 0∗ ∇ · E]
~ =
~ 0∗ · E)
∇ · [∇(E
∇ · −2iωpe0 ∂t + 3ve ∇ − ωpe δN/n0 E
4me
3ve2 ∇2

~ ~k, ω) =
Assume E(

R

2
ωpe
δN/n0





~ x, t) exp(−i~k · ~x + iωt)d~xdt, and use Fourier relation:
E(~

n
o Z
~
~ exp(−i~k · ~x)d~x = i~k · ∂ E(
~ ~k)
F ∇ · (xE) = ∇ · (xE)
∂kx

(2.21)

Equations (2.19) and (2.20) become the following forms after Fourier Transform,
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Figure 2.2: The absolute growth rate γ for different laser intensities evaluated at
ky /k0 = 0.11 (the most unstable mode for laser intensity I=1015 W/cm2 ). Growth
rate is calculated after convective modes saturate. Scale length Lµm =150, electron
temperature Tkev =2.

~ u0 = ~k0 · E
~ 0 . As ∂t~v = − e E,
~ so E
~ = ime ωpe0 /e~v . u0 could
Define u = ~k0 · E,
me
be written as u0 = ime ωpe0 /e(~k · ~v0 ). Substitute these relations to Eq. (2.24) and
Eq. (2.25):
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These two equations are almost identical to equations (5) and (6) in Simon[15]
except time envelope is made in Eq. (2.26) and Eq. (2.27). The

1
4

difference

in the right hand side is because the definition of ~v0 is different from that in
~ 0 /mωpe0 . In the limit of small excitation, the
Simon’s paper[15]. Here, ~v0 = −ieE
2
2 1/2
driven Zakharov equations have the free Langmuir ω = (ωpe
+ 3k 2 vte
) , and ion
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acoustic wave, ω ≈ ±kcs , modes as solutions. The system above can therefore
be used to compute the properties of linear stability [in which case Eq. (2.16)
is redundant and δn = 0]. [The threshold has been computed, and is found to
agree well with linear theory for a plane wave pump (Fig. 2.2). The threshold
of TPD is checked by plotting the growth rates of the fastest growing modes
for different intensities (Fig. 2.2), and when the growth rate approaches zero,
threshold intensity is obtained]. This demonstrates the validity of our approach.
Although plane wave pump is often used to make contact with analytic results, more realistic forms of laser pump including effects of Random Phase Plate
(RPP) are applicable in Zakharov simulations. RPP breaks up the spatial correlation length of the laser light and, in doing so, introduce a small-scale “speckle”
structure to the beam. When averaged over this small-scale structure the beam
profile is smooth and controllable. However the small-scale structure results in
local intensity variations that can be as large as several times the average. While
this has little effect on collisional absorption and hydrodynamic drive, it can have
a strong effect on laser-driven parametric instabilities that are sensitive to the
local intensity. RPP beam could be described by Eq. (2.28). The RPP beam is
assumed to be the sum of many plane waves with slightly different wave-vectors
and phases(which simulates the random phase elements used in the experimental
optics)[69; 70].

~ RP P =
E

X
~ m,n exp[i(k0x x + (k0y + ∆kmn )y + (k0z + ∆kmn )z) + iφmn ], (2.28)
, nE
m

where max(|∆kmn |) = ±(k0 /2f ), and k0x = (k02 −(k0y +∆kmn )2 −(k0z +∆kmn )2 )1/2
, f are the F# in the y directions, φmn is the random phase for element m,n of the
phase plate.
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2.4

Landau damping and quasilinear model

Although Zakharov model is a fluid model, it includes some of the kinetic effects through Landau damping [the second term on left hand side of Eq. (2.15)].
Landau damping was first introduced by Landau through investigating Vlasov
equation. It describes the interaction between waves and resonant particles. Here
“resonant” is referred to particles with velocity v ≈ ω/k (ω, k are frequency
and wavenumber of wave). Assume electrons have Maxwellian distribution, so its
q
Te
. For typical TPD
maximum corresponds to electron thermal velocity ve = m
e
parameters, Langmuir waves have ω ∼ ω0 /2, k ∼ 0.1k0 − 2k0 , so resonant particles have velocities around v ≈ 0.25c − 5c, which is away from the maximum of
electron velocity distribution. Within the region resonant with Langmuir waves,
electrons smaller than resonant velocity will be accelerated while electrons greater
than that will be decelerated. As the number of electrons accelerated are greater
than electrons decelerated, Langmuir waves will lose energy. Assume kλD  1,
Landau damping of Langmuir wave could be written as:

γ∼

ωpe
1
3
exp (−
− )
3
2
(kλD )
2(kλ)
2

(2.29)

Landau damping not necessarily makes waves lose energy. If resonant velocity
locates at the rising edge of electron distribution function (dFe /dv > 0), waves
will gain energy from particles. A simple example of this effect is two stream
instability. It happens when a bunch of electrons are injected in a plasma. These
electrons result in a bump in an initial Maxwellian distribution function, so there
exists a region where dFe /dv > 0. In this region, waves resonant with these
electrons gain energy, giving rise to exponential wave growth.
The assumption of Maxwellian electron velocity distribution breaks as a fraction of electrons are accelerated by Langmuir turbulence. Description of particle
distribution typically requires kinetic models such as Vlasov model, Fokker-Planck
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Figure 2.3: Top figure shows initial electron distribution function (Maxwellian)
in velocity space. Bottom figure shows evolved electron distribution function
according to Eq. (2.31).

model or Particle-in-cell model. Although these models are very effective in calculating evolution of distribution function, they are very computationally expensive. To include this kinetic effect while keeping computation cost relatively small,
quasilinear equation has been added to Zakharov model[71; 72; 42; 73]. In quasilinear Zakharov model, Zakharov equations are coupled with a velocity-space diffusion equation [Eq. (2.30)] for the average electron distribution function hf i. [71;
72] The Langmuir wave field will be used to calculate diffusion coefficient in the
quasilinear approximation[60].
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D(~v ) =

πe2 |∆k|
2m2e ∆kx ∆ky ∆kz

X
(ωp −k·v=0)

~k~k|φ(k)|2
.
|v|

(2.30)

~ = −∇φ. The distribution function is evolved according to
where E
∂hFe i
+ ∇v · [D(~v ) · ∇v hFe i] = σ(hFe i − fe0 ),
∂t

(2.31)

where σ = −(|vx |/Lx + |vy |/Ly + |vz |/Lz ) is a term related to the boundary
conditions (Lx , Ly , and Lz are the lengths of the simulation box in the x-, y-, and
z-directions respectively).
These two equations (Eq. (2.30) and Eq. (2.31)) together with Eq. (2.15) and
Eq. (2.16) constitute the quasilinear Zakharov model (QZAK). In QZAK model,
the electron distribution function hF ei will evolve according to Eq. (2.31) starting
from F0 , which is normally Maxwellian distribution (Example is shown in Fig. 2.3).
The evolving distribution introduces feedback by modifying the Langmuir wave
Landau damping coefficient ν(LD−LW ) .
A major assumption used in the derivation of Eq. (2.31) was that the electron
distribution function is well approximated by its spatial average. The fluid model
itself could not justify this. However, recent results using fully kinetic RPIC code
prove this to be valid.[37] Spatial average made in distribution function makes
large scale simulations using quasilinear Zakharov model practical, particularly in
three dimensions. Three dimensional simulations are necessary since it has been
demonstrated that the TPD process is collectively driven by multiple laser beams,
which generally locate in 3D geometry.
After a statistical steady state is reached in QZAK simulation, it is possible
to associate a heat flux associated with suprathermal particles and an anomalous
absorption due to all the dissipative processes. Solutions to the velocity space
diffusion equation [Eqs. 2.30 and 2.31] allows one to estimate hot-electron pro-
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duction, which is important if connections are to be made with experiment[27; 47;
74] and other kinetic modeling.
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3

Three Dimensional Investigation of
Two Plasmon Decay Instability

3.1

Introduction

Almost all the current investigations on parametric instability are restricted to 2D
geometry. Although tremendous progress has been made through these studies, a
real-world 3D model is necessary to account for lots of phenomena not included in
2D model such as 3D laser beams geometry, which is necessary for multiple laser
beams, 3D Langmuir wave collapse, which is dimensionally dependent[52], and 3D
speckle. The difficulty of developing a 3D simulation code is mainly caused by the
limited computation source. PIC code is generally considered to be too expensive
in 3D simulations which needs millions of CPU hours for a single run (a typical
3D PIC simulation using 50µm × 10µm × 10µm box would need several millions
CPU hours in NESC cluster). Kinetic models such as Vlasov or Fokker-Planck
are even more impractical as it needs to solve six dimensions of 3D space and
3D velocity. It looks like reduced model is the only choice currently. PF3D[75;
76], which makes time and space envelope, has been proven to be successful in SRS
investigations. However, the spatial envelope of electric field applied in PF3D (i.e.
the paraxial approximation) makes it impossible to model TPD. All things considered, we believe Zakharov model is ideal to be employed in 3D TPD simulations
because of its relatively modest computation need, and including nonlinearities
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due to coupling with ion acoustic perturbation. These are believed to be the most
important[14; 39; 40; 33].
As we use pseudospectral method to solve Zakharov equations, FFT is the
biggest computation cost. As a benefit of spectral method, transition from 2D
to 3D is quite straightforward. The biggest challenge is to perform 3D FFT. To
model large scale 3D geometry, MPI parallelization[77] has been applied in two
transverse directions. Laser beams can be applied from any directions and any
number of laser beams can be used. As in previous 2-D version[41], the laser
beams are non-evolving (i.e., they are prescribed). However, their intensities,
polarizations and propagation directions could be chosen independently.

3.2

Common wave

To compress the fusion target uniformly, multiple laser beams are implemented
from various directions. In OMEGA laser facility, the number of laser beams is 60
while in NIF laser facility the 192 laser beams are grouped into 48 “quads”. As
more than one beams illuminate the same region of a target, there are possibilities
these laser beams are able to cooperate and share the same daughter wave. Such
examples which draw the most attention are multiple beams SRS, cross beam
energy transfer (CBET), and multiple beams TPD. This collective behavior has
long been noticed[78]. In homogeneous plasma, this collective behavior will simply
manifest in the sense that the square of temporal growth rate γ02 of shared daughter
wave is the sum of the square of the temporal growth rates of individual beams
P 2
(γ02 = γ0,i
). The shared wave or common wave, is the daughter wave shared by
more than one laser beams in the three wave interaction process. This could be
most clearly observed in wave vectors matching condition, as Fig. 3.1 shows.
Common wave could be in various ways. For multiple SRS, common wave could
either be Langmuir wave (Fig. 3.1(a)) or electromagnetic wave (Fig. 3.1(b)). Note
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Figure 3.1: Figure (a) shows collective effect of SRS backscattering driven by two
laser beams, which are polarized in the plane shown. ~k0,1 and ~k0,2 are the wave
vectors of two laser beams. ~kEM is the shared scattered light wave. Figure (b)
shows collective effect of SRS sidescattering driven by two laser beams, which are
polarized in the orthogonal plane. ~kEP W is the shared Langmuir wave. Figure (c)
shows wave vector diagram for CBET. Figure (d) shows collective effect of TPD
driven by two laser beams. Only the shared Langmuir wave in the large-k region
is shown here.
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that in Fig. 3.1(a), the two laser beams are polarized in the same plane as ~k0,1
and ~k0,2 while in Fig. 3.1(b), the two laser beams are polarized in the orthogonal
plane. Through the cooperation of the two laser beams, the shared wave can be
significantly enhanced compared to single beam. For CBET, scattered light wave
produced through SBS is seeded by another laser beam, as shown in Fig. 3.1(c).
To be at resonance, these two laser beams either have the same frequency but
overlap in a region with Mach-1 flow or have a frequency difference. It should be
noted that CBET is routinely used to transfer energy from outer beams to inner
beams to compensate energy loss of inner beams near laser entrance hole where
multiple laser beams overlap. To make CBET effective, an artificial frequency
difference is put between outer beams and inner beams. For multiple TPD, the
shared wave could either be the large-k plasmon or the small-k plasmon. As shown
in Fig. 3.1(d), two laser beams polarized in the same plane as k0,1 and k0,2 drive a
common plasma wave in large-k region, which enhances convective gain. Although
all the examples given here all have two laser beams, the number of laser beams
is not limited to 2 in reality. In the following section, this phenomenon will be
described in more details. It is not very clear which mode will be shared in the
small-k region at this point. I will defer this topic to section 3.3.4 for detailed
explanation.

3.3

TPD driven by multiple laser beams

A series of numerical calculations were carried out to solve Eq. (2.15) and (2.16)
on a uniform 1024 × 512 × 512 Cartesian grid (in the x, y, and z directions,
respectively) using a 3-D generalization of the spectral method that has been
described previously (see Sec. 2.2)[39; 40]. In these calculations, the electron
temperature and density scale length were held constant (Te = 2 keV, Ln =
PN
150 µm), while the total overlapped intensities Itot (≡
i=1 Ii ) was varied for
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various configurations of N = 1, 2, 4, and 6 beams of 0.351-µm-wavelength light
in CH plasma (hZi = 3.5, hZ 2 i / hZi = 5.3). Then, the cases of two and four beams
are compared with the results of linear convective gain calculation, developed by
Robert Short[1]. The linear gain theory is an extension of Kruer’s analysis[30] of
TPD temporal growth. but it uses the well-known Rosenbluth result[6] to express
this as a convective gain. Kruer’s original analysis considered only a single beam
with normal incidence, while here it has been extended[1] to describe multiple
beams with arbitrary incidence angles (which cannot exceed 60◦ as the plane
wave model breaks down at large angles of incidence due to the need to consider
the turning point of the EM wave). Note that this theory is not able to model
absolute growth of TPD near quarter critical density. To compare with linear
gain, we only take the early time of ZAK3D simulations, i.e. the absolute mode
not yet dominates.
For each beam configuration, the single beam intensities Ii and frequencies
ω0,i were taken to be equal to one another, and the beam wave vectors were
distributed symmetrically to fall on the surface of a right circular cone with a 27◦
half-angle whose cone axis is parallel to the x direction (see inset to Fig. 3.5).
This choice of wave vectors was made because beams are distributed in welldefined cones on large laser systems such as OMEGA[79] and the NIF[80; 81; 82;
83]. The simulation box length in the density-gradient direction (x) was chosen
to include densities in the range of 0.19 to 0.27 nc (Lx = 52 µm). The length in
the two transverse dimensions was chosen to be Ly = Lz = 26 µm.

3.3.1

Irradiation by two plane EM waves with in-plane
polarization

Two laser beams (plane EM waves) incident at angles of θ = ±27◦ with respect
to the direction of the density gradient (x-axis) are prescribed. The electric field
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Figure 3.2: The left figure shows the laser beam configuration. Black lines are
the coordinate axes, red arrows are the k-vectors corresponding to the two laser
beams (both in x-y plane). The green lines show the direction of the electric fields
(polarization) associated with each beam (both in x-y plane). (a): Langmuir
wave spectrum |Ek |2 (color bar in log scale) in the polarization plane (ky = 0),
black and white dash lines are the maximum growth rate curves for the two
beams respectively. The red circle is the Landau cut-off (kλDe = 0.25). The
laser intensity of each beam is I = 4 × 1014 W/cm2 . (b): Linear gain calculation
[1] (color bar in linear scale) in the polarization plane (ky = 0) for the same
parameters as (a).

vectors of the EM waves are polarized within the plane defined by the wavevectors of the two laser beams. Qualitative agreement can be found between the
Fourier amplitudes of the TPD driven LWs observed in the ZAK3D calculations
[Fig. 3.2(a)] and the maxima in their expected gain [Fig. 3.2(b)]. In Fig. 3.2(a), we
can see both the shared convective modes, which lie in large wavenumber region
(kx = 1.5, ky =0), and absolute modes, whose wave-vectors lie near the origin
(kx = ky = 0). In Fig. 3.2(a) the black (white) dashed hyperbola corresponds
to the maximum growth rate curve [see Eq. (1.1)] for beam 1 (2) of wave-vector
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~k0,1 (~k0,2 ). Decays that are common to both pump beams (corresponding to
regions where the single-beam maximum growth rate curves intersect) are seen
to dominate the spectrum. The feature at k ∼ 0 is determined to be absolute
by running ZAK3D with the nonlinear coupling to δn removed. When run for
sufficient time, the amplitude was shown to grow without bound (greatly in excess
of the convective limit).
Fig. 3.2(a) shows a two-dimensional slice of the LW intensity spectrum |E1 (~k, t)|2
in the kz = 0 plane during the linear growth phase (averaged over times t = 2.4
to 4.2 ps) for a two-beam (N = 2) calculation. The EM wave vectors and electric
field vectors (polarization) of the two beams lie in this plane, which is the plane
of maximum growth. The overlapped intensity Itot = 6 × 1014 W/cm2 was chosen
to be above the numerically determined threshold for absolute growth. In the
figure, the bright “doublets” at the spectral locations centered on wave vectors
~k ≈ (0.8, ±0.4, 0) k0 and ~k ≈ (0, 0, 0) correspond to temporally unstable (growing)
decay modes that are resonant at ne = 0.245 nc . This occurs even though each
beam is individually below the threshold for absolute growth[15]. This cooperative
mode of absolutely unstable TPD is analogous to the absolutely unstable modes
seen in single-beam TPD, where the pump decays into one LW with ~k ∼ ~k0 and
another with ~k = ±~k⊥ , where |~k⊥ |  |~k0 |. In the two-beam case, cooperation occurs because the long-wavelength decays near ~k ≈ (0, 0, 0) can be shared between
beams. The other local maxima in |E1 (~k, t)|2 located near ~k = (1.5, 0, 0) k0 and
~k = (−0.6, ±0.4, 0) k0 are convectively saturated decays that are resonant at ne =
0.238 nc . These correspond to convective multiple-beam common waves that have
been described previously[48; 47] and the “triad” modes discussed in Refs. [37;
38; 73]. The convective gain is greatest for spectral locations where the singlebeam homogeneous growth-rate curves (dashed hyperbolas in Figs. 3.2) intersect
[the maxima at ~k = (−0.6, ±0.4, 0) k0 correspond to the daughter waves that are
not shared]. The maximum convective gain over all possible decay modes at the
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absolute threshold intensity has been computed numerically by estimating the
enhancement of the saturated wave intensity above the steady-state noise level
supported by SE in Eq. (2.15). The behavior described above for two beams is
quite generic.

Figure 3.3: (a): Langmuir wave spectrum |Ek |2 (color bar in log scale) corresponding to the case of Fig. 3.2 above but now showing the orthogonal plane
(kz = 0). (b): Results of linear gain calculation [1] (color bar in linear scale) in
the orthogonal plane (kz = 0) for the same parameters.

Fig. 3.3(a) shows the result of the same ZAK3D calculation but in the orthogonal plane (ky = 0). This is to our knowledge the first time that a true 3-D
problem has been calculated numerically for the two-plasmon decay instability.
We can see that the shared modes extend outside the polarization plane in the
same way as predicted by the linear growth-rate calculations [Fig. 3.3(b)].

3.3.2

Irradiation by two plane EM waves with out-of-plane
polarization

In this case, the propagation directions of the two beams remain the same as the
previous case (Sec. 3.3.1), but their electric field vectors have been rotated by
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Figure 3.4: The left figure shows the laser beam configuration. Black lines are the
coordinate axes, red lines are the k-vectors corresponding to the two laser beams,
and they both are in x-y plane. The green lines show the direction of the electric
fields polarization associated with each beam. (a): Langmuir wave spectrum |Ek |2
(color bar in log scale) in the kx − kz plane (ky = 0) corresponding to two laser
beams incident at angles θ = ±27◦ relative to density gradient (x-axis). The laser
beams are both polarized out-of-plane, i.e. in the z-direction. (b): Linear gain
calculation [1] (color bar in linear scale) in the kx −kz plane (ky = 0) corresponding
to (a).

90 degrees to lie outside the plane defined by the wave-vectors of the two laser
beams (x−z plane in our simulation). Again, this is a three-dimensional problem.
The spectrum of growing modes is seen to be quite different as compared with the
previous case [Fig. 3.4(a)], although it is once again consistent with the linear gain
calculations [Fig. 3.4(b)]. The shared Langmuir waves lie in the small-k region,
which are determined to be absolutely unstable by the method described above.
It has been confirmed that there is no growth in the kx -ky plane with kz = 0 (not
shown). This is to be expected as it is orthogonal to the polarization planes of
both of the two beams.
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Figure 3.5: The left figure shows the laser beam configuration similar on OMEGA
EP. Black lines are the coordinate axes, red lines are the k-vectors corresponding
to the four OMEGA EP beams. The green lines show the direction of the electric
fields (polarization) associated with each beam. The electric field vectors are coplanar (as described in the text). (a): Langmuir wave spectrum |Ek |2 (color bar
in log scale) in kx − kz plane (ky = 0) for the four beam irradiation geometry
shown in Fig. 3.5 (b): The linear gain calculation [1] (color bar in linear scale) in
kx − kz plane (ky = 0) corresponding to the conditions of (a).

3.3.3

TPD driven by four plane EM waves

The four laser beam configuration is of great interest because of its relevance to
OMEGA EP experiments where two-plasmon decay instability, and its dependence
on beam geometry, has been investigated via the hot electrons it produces.[47] As
indicated in Fig. 3.5 (the left axis figure), the wave-vectors of the four OMEGA
EP beams (red lines) are distributed symmetrically along the x-axis (black line),
each having an angle of 27◦ with respect to the axis. The polarization directions
of electric field (green lines) are parallel to the x − y plane, as indicated. Unlike
on OMEGA, no polarization smoothing is present on OMEGA EP.
Fig. 3.5 shows |E1 (~k, t)|2 on the planes ky = 0 and kz = 0 for a four-beam
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calculation for the same plasma conditions as in Fig. 3.2. The beams are polarized
~ 0,i on
within x − y plane and predominantly in the y direction (the projections of E
the y − z plane are parallel to each other, signified by the symbol “k”) as shown
in the inset. The absolutely unstable modes are not restricted to a single plane.
The bright spectral features near ~k = (1.0, 0, ±0.4) k0 and ~k = (−0.2, ±0.2, 0) k0
are again absolute multiple-beam modes. The other features in the spectrum are
convectively saturated. The red circles indicate the Landau cutoff.
Fig. 3.5(a) shows the results of ZAK3D calculations, in the x − z plane, driven
by four beams with the geometry and polarization as shown in the left figure in
Fig. 3.5, while Fig. 3.5(b) shows the corresponding linear gain calculations. The
four beam configuration is more difficult to visualize than with two beams, but
it can be understood in terms of the superposition of the previous results. For
example, in the x − z plane, the linear gain calculations shown in Fig. 3.5(b) can
be understood as the superposition of two out-of-plane pairs [Fig. 3.4(b)] rotated
about the ky -axis by the angles ±19.8◦ . For this reason the maximum growth
is obtained for small LW wave-numbers, which is again observed in the ZAK3D
calculations [Fig. 3.5(a)].
In the x − y plane, the linear gain calculations can be understood by superimposing the two in-plane results [Fig. 3.3(b)] rotated by the angles ±19.8◦ . In this
way, the two maxima at (kx = 1, ky = 0.3) correspond to common waves shared
by each pair, while the maximum at (kx = 1.5, ky =0) corresponds to a LW shared
by all four beams. These same features are faithfully reproduced in the ZAK3D
calculations [Fig. 3.6(a)].

3.3.4

Absolute threshold of multiple laser beams

The comparison with linear gain calculation demonstrates ZAK3D is able to correctly describe TPD driven by multiple laser beams. Experimentally, it was well
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Figure 3.6: (a): Langmuir wave spectrum |Ek |2 (color bar in log scale) in the
kx − ky plane (kz = 0) for four-beam irradiation. (b): Linear gain calculation [1]
(color bar in linear scale) in kx −ky plane (kz = 0) corresponding to the conditions
of (a).

known that hot electrons generated by TPD is closely related to the overlapped
intensity of multiple laser beams[28]. Michel et al.[47] experimentally verified the
common wave effect in OMEGA EP facility through manipulating its four laser
beams and proposed the common wave gain to explain the relation of hot electrons
generated by TPD with overlapped laser intensity. These experiments lead us to
think about the relation of absolute threshold with overlapped laser intensity as
only above absolute threshold, hot electrons generated by TPD are observable.
Although Rosenbluth gain is very useful, it is not able to determine whether
a TPD mode is absolute or convective growth. According to Simon’s theory[15],
LW’s with small k vectors are possibly absolute mode. Take two beams with inplane polarization for example, at small k region, the maximum growth regions
of these two beams only overlap at zero point and we know there is no growth
at this region. However, this does not necessarily indicate the two laser beams
are not able to drive a common TPD mode at small-k region. Fig. 3.7 is a plot
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Figure 3.7: A contour plot of TPD growth rate driven by single laser beam with
normal incidence as a function of kx and ky in homogeneous plasma. The growth
rate γ is normalized to the maximum growth rate of the corresponding parameters.

of growth rate of TPD driven by a single laser beam with normal incidence in
homogeneous plasma. Although the maximum growth region follows the wellknown “hyperbola”, the growth region is quite broad in the sense that not far
from the maximal growth region, TPD growth rate doesn’t decrease much. This
feature persists in inhomogeneous plasma. The region of shared mode depends on
incidence angle of the two laser beams. If θ . 40◦ , the shared region locates at
red shaded color regions [Fig. 3.8(a)] while for θ & 40◦ , the shared region locates
at blue shaded color region [Fig. 3.8(b)].
The thresholds for cooperative absolute TPD instability for various configurations of N = 1, 2, 4, and 6 beams are summarized in Fig. 3.9. For each configuration, there are multiple possibilities for the polarization state: “p” and “s”
correspond to the one- and two-beam configurations, where the polarization is in,
or out of, the plane of incidence, respectively; “rad” and “tan” refer to the polarizations where the projections of the electric field vectors on y − z plane are either
radially or tangentially oriented with respect to the circle that forms the base of the
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Figure 3.8: These two figure show maximal growth regions (green dashed lines)
of two crossing laser beams polarized in the same plane with the two k vectors
(dark solid lines with arrows. In figure(a), incidence angles of the two laser beams
are 27◦ , red shaded region indicates possible shared modes region for absolute
growth; in figure(b), incidence angles of the two laser beams are 60◦ , blue shaded
region indicates possible shared modes region for absolute growth. Note that the
incidence angles here are referring to propagation directions of laser light at the
local density.

cone containing the beam wave vectors (see inset to Fig. 3.5); the state signified as
“k” has been defined above. The thresholds have been quantified by normalizing
the intensity of an individual beam for a given configuration Is = Itot /N by the
independent (single beam) absolute threshold given by Simon et al.[15]. For one
beam (N = 1) at normal incidence (θ = 0◦ ), the Simon threshold[15] is recovered
(as expected). [Notice that the threshold is lowered when the angle of incidence
is increased to θ = 27◦ (triangular marker for N = 1 in Fig. 3.9). The cooperative
nature of the instability is revealed for N = 2: for both s- and p-polarizations the
individual (single) beam intensity at threshold (Is )thr is significantly lower than the
expected independent beam value (dashed line) — the importance of the effect in-
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Figure 3.9: Normalized single-beam threshold intensities (Is )thr for absolute instability with irradiation by N beams of incidence angle θs = 27◦ (except where
indicated) for various polarization states (see text). The red numbers are the
maximum convective gains evaluated at the absolute threshold.

creasing with the number of beams. If the daughter waves were shared exactly, the
N beams would act as a single beam with N-times the single beam intensity (see
the solid curve in Fig. 3.9). Rotating the polarizations of the two beams so as to be
orthogonal (“⊥” in Fig. 3.9) eliminates the cooperation. The overlapping beams
are parametrically unstable (absolutely) even though the threshold intensity for
individual beams is not exceeded. The solid curve indicates maximum cooperation
(where the collection of beams effectively act as a single beam with the combined
intensity). Shown in red are the numerically estimated maximum gains of the convectively saturated common waves (cf., e.g., Fig. 3.9) at an intensity corresponding
to the absolute threshold. These gains are consistent with earlier work [68; 47;
6]. In most cases, this gain G is small (G . 2π) meaning that the threshold
for the cooperative absolute instability is lower than that for the convective com-
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mon waves. The regime of linear spatial amplification is therefore very restricted.
Above the absolute threshold there exists a competition between the two modes
of cooperative instability, which can only be addressed by a nonlinear theory.

Figure 3.10: The LW spectrum h|E1 (kx , ky , kz = 0, t)|2 it (in arbitrary unit) averaged over times t = 12.0 to 15.0 ps. The two EM wave vectors ~k0,1 (green
arrow), ~k0,2 (white arrow), and their polarization vectors lie in the plane shown
(kz = 0) (i.e., p polarization). The dashed green (white) hyperbolas correspond
to the maximum single-beam homogeneous growth rate for beam 1 (2) and the
red circle is the Landau cutoff |~k|λDe = 0.25 (see text for parameters).

3.3.5

Nonlinear saturation level of multiple laser beams

The dominant mechanisms thought to be responsible for the nonlinear saturation
of TPD (weak turbulence effects such as the Langmuir decay instability (LDI)[84;
37], profile modification [37], and the strong turbulence effects of cavitation and
LW collapse[40]) are accounted for by the substitution δN → δN +δn in Eq. (2.15),
where the low-frequency plasma response δn evolves according to Eq. (2.16).
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Eq. (2.15) and Eq. (2.16) constitute the extended Zakharov model of TPD, previously described in Refs. [39; 40; 42; 73], and now generalized to three dimensions. In the context of this turbulence model where the initial ion-acoustic
noise is negligible [i.e., no noise term in Eq. (2.16)], three regimes of cooperative TPD behavior have been identified: (1) I˜ [≡ Is /(Is )thr ] < 1 [(Is )thr is the
single beam threshold for cooperative absolute instability (Fig. 3.9)] where the
LW spectrum is dominated by large-k common waves whose intensities are amplified spatially by a gain, which is numerically determined to be small G . 3
to 5 (red numbers in Fig. 3.9) and consistent with the standard Rosenbluth expression[47]; (2) I˜  1 — all unstable modes grow and saturate nonlinearly
(the nonlinear development in this case has been described in terms of cavitating Langmuir turbulence and investigated in Ref. [37; 38; 73]); and (3) the
intermediate regime I˜ & 1. The intermediate regime is of direct relevance to
spherical and planar target experiments on the Omega Laser Facility[28; 23;
47] and it displays interesting physical effects.
Fig. 3.10 shows the nonlinear temporal evolution of the LW intensity for the
two-beam p-polarized case in the intermediate regime (I˜ & 1) (same parameters as Fig. 3.2). The other cases shown in Fig. 3.9 exhibit very similar behavior and are not shown. The transverse (y, z) average of the LW intensity
~ 1 |2 i⊥ (x, t) is shown as a function of x coordinate and time. At early times,
h|E
growth is linear. The LW Fourier spectrum during this phase (indicated by the
lower shaded region) is shown in Fig. 3.2(a). The previously identified absolute
and convective cooperative modes occur at different spatial locations (densities)
as indicated by the blue and red dashed lines at ne /nc = 0.238, 0.245 in the figure, respectively. The blue (red) dashed vertical lines indicate the evolution of
the absolute (convective) modes as a function of time (see inset). At approximately t = 5 ps, the absolutely unstable modes saturate nonlinearly, producing
large density profile modifications and radiating large amplitude LW’s. These
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Figure 3.11: The transverse averaged LW intensity h|E
of the x coordinate (initial density, upper axis) and time. The white lines mark
the time windows corresponding to Fig. 3.2(a) and Fig. 3.9. The inset shows
~ 1 |2 i⊥ (x, t) at the locations x = 26 µm (green line)
the temporal dependence of h|E
x = 31 µm (red dashed line), and x = 36 µm (blue line).

waves propagate down the density profile [toward lower densities (smaller x)]
with time, generating a region of turbulence (consistent with previous studies)
whose effects can be seen in the figure. When this turbulence reaches a particular location, growth is restored to the modes that were previously convectively
saturated [for x = 26 µm (ne /nc = 0.23), this occurs at t ∼ 10 ps (see the
green line in the inset to Fig. 3.9)]. This was verified by performing a linear
analysis on the perturbed profiles. The restoration of absolute growth in a convectively unstable parametric instability (i.e., fragility of the Rosenbluth result)
caused by noise or turbulence has been noted previously (cf., e.g., Ref. [85; 86;
87]). Here, it is triggered by the nonlinearity of the absolute instability. The
result is that, at late times (e.g. the upper shaded region in the figure), the LW
spectrum is much broader and more intense [see Fig. 3.11] than during the linear
phase [Fig. 3.2(a)]. The late-time turbulent spectrum is dominated by large-k
common waves with intensities that are greatly in excess of those predicted by the
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linear analysis. The effects of Langmuir wave collisional damping are to change
the growth rate in the linear stages[42] and to modify the time-scale for the onset
of subsequent global instability. Despite this, the same universal scenario still
applies.
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4

Electromagnetic Zakharov Model

4.1

Review of odd integer harmonic emission

Odd integer half harmonic emission has long been used as an indicator of the presence of parametric decay instabilities near quarter critical density such as SRS and
TPD[43; 88; 89; 90; 91; 92; 93; 94; 44; 45; 40]. While three half harmonic emission
is relatively easier to analyze, half harmonic emission is extremely difficult as its
complicated generation mechanisms.
Three half harmonic is generally considered to be generated by Thomson up
scattering with plasma wave resulting from SRS or TPD. Three plasmon coalesce
is also possible to generate three half harmonic[91; 95], but it is much weaker
process and generally ignored. Half harmonic emission can be generated by linear
mode conversion[96; 97], nonlinear mode conversion[14; 98] and Thomson down
scattering (TDS)[44] or directly by SRS[6; 99].
SRS is the only process which generates half harmonic light directly as one of
the daughter waves is electromagnetic wave. Linear mode conversion, as indicated
in section 4.2, can be considered as the inverse process of resonant absorption.
Plasma waves propagate to its turning point and part of them are converted
to electromagnetic waves with frequency ω and perpendicular wavenumber k⊥
conserved. Matching condition of linear mode conversion (LC) is:
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ωT = ωL

(4.1)

(k⊥ )L = (k⊥ )T
TDS is similar to SRS. The beating of light wave with plasma wave generated
an electromagnetic wave. Plasma wave is normally regarded to be from TPD.
As multiple laser beams might be used, analysis of TDS could be complicated.
Matching condition of TDS is:

ωT = ω0 − ωL
~kT = ~k0 − ~kL

(4.2)

Nonlinear mode conversion (NLC) is the beating of ion acoustic wave with
plasma wave. The frequency of ion acoustic wave is typically negligible compared
with that of plasma wave. And as wavenumber of scattered light is typically much
smaller than that of plasma wave, this requires the wavenumber of ion acoustic
wave approximately equals to that of plasma wave.

ωT ≈ ωL
~kT = ~kLW − ~kIAW

(4.3)

Nonlinear mode conversion is only important in nonlinear regime as ion fluctuation
level is normally very weak in linear stage (In this stage, ion fluctuation comes
from thermal noise).
Experimental measurements of odd integer half harmonic emission from laser
produced plasma started from early 1970s[43; 88; 89; 95]. Turner et al.[44] used
one of the ARGUS 0.53 µm laser beams on planar target and was able to get
a two split half harmonic spectrum, which they attributed to TDS. However,
this explanation needs reflected laser light to describe the two split spectrum
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and the spectrum asymmetry could not be well explained. Seka et al.[45] used
six of the OMEGA 0.351 µm beams on spherical target. Besides the two splits,
they also observed a sharp red shift half harmonic emission. To explain the experimental data, various models were developped.[100; 91; 93; 92; 101; 102; 103;
40] While three half harmonic emission has acceptable explanation[40], half harmonic emission has never been well described.
All of these models are incomplete because of the following reasons: 1. Inaccurate estimate of absolute threshold of SRS and TPD. Theoretical predictions
of absolute threshold are normally based on single plane wave with normal incidence. However common wave effects and incidence angles of laser beams both
have an effect on absolute threshold. Accurate absolute threshold estimate needs
three dimension numerical simulations considering realistic beam geometry; 2.
All the existing models are ad hoc analyses using simplified model of parametric
instability. Realistic Langmuir wave spectrum needs to be calculated with numerical models; 3. Based on linear theory. Not only nonlinear mode conversion
is a generation mechanism of half harmonic, but also ion fluctuation will change
density profile and Langmuir wave spectrum. Nonlinear effects such as profile
modification and Langmuir decay instability should be considered.
To satisfy all these requirements, we need a model which is able to describe
TPD and SRS in nonlinear stage and at the same time include half harmonic
light generation. EMZAK is capable to accomplish all of these. EMZAK is an
extension of Zakharov model, which has been proven to be successful in TPD
simulations. This section will concentrate on half harmonic emission.

4.2

Derivation of EMZAK equations

Starting from continuity equation, momentum equation and Maxwell equations,

56

∂t δne + ∇ · (n0 + δne )v~e = 0,

(4.4)

~ + 1 v~e × B),
~
∂t v~e + (ve ~· ∇v~e + 3ve2 ∇δne /n0 = − mee (E
c

(4.5)

~+
~ = 1 ∂t E
∇×B
c

4π ~
J,
c

~ = − 1 ∂t B.
~
∇×E
c

(4.6)
(4.7)

Take ∂t on both side of Eq. (4.6), and substitute to Eq. (4.7),
~ = − 1 ∂t2 E
~ − 4π ∂t J,
∇ × ∇E
c
c

(4.8)

~ =E
~ 1 eiωp t + c.c.; J~ = J~1 eiωp t + c.c., where E1 , J1 are the first harmonic
Assume E
of Electric field and current. Substitute these two into Eq. (4.8),

~ 1 + c2 ∇ × ∇ × E
~ 1 − 4π(∂t − iωp )J~1 = 0;
(−2iωp ∂t − ωp2 )E

(4.9)

The ∂t2 term is ignored as it is much smaller than the first derivative.
Decompose electron fluctuation and electron velocity into various harmonic components,

J~1 = −e(n−1~v2 /2 + n0~v1 + n2~v−1 /2)

(4.10)

Using continuity equation Eq. (4.4),

n−1 =

n0
(∇
−iωp

· ~v−1 )

(4.11)

n2 =

n0
(∇
2iωp

· ~v2 )

(4.12)

Substitute Eq. (4.11) and Eq. (4.12) into Eq. (4.9),
en0 −1
1
J~1 = −
[
(∇ · ~v−1 )~v2 +
(∇ · ~v2 )~v−1 + 2~v1 ]
2 iωp
2iωp

(4.13)
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The second harmonic term has no longitudinal component, so ∇ ·~v2 = 0. Next
we need to compute ~v1 .
Use Eq. (4.4) and Eq. (4.5), and only keep the first order quantity,

−iωp~v1 +

3ve2
1
e ~
1
~ 2 ) (4.14)
∇(∇·~v1 )+ [(~v2 ·∇)~v−1 +(~v−1 ·∇)~v2 ] = − (E
~v−1 × B
1+
iωp
2
me
2c

Replace E1 and B2 with corresponding v, then the first order of ~v1 is,

~v11 = −

3ve2
i
0
0
0
∇(∇ · ~v10 ) −
[(~v 0 · ∇)~v−1
+ (~v−1
·)~v20 + ~v−1
× (∇ × ~v20 )].
2
ωp
2ωp 2

(4.15)

Substitute Eq. (4.15) into Eq. (4.13),

3v 2
en0
0
0
J~1 = −en0 (~v10 − 2e ∇(∇ · ~v10 )) −
[−(∇ · ~v−1
)~v20 + (~v20 · ∇)~v−1
ωp
2iωp
+

0
(~v−1

·

∇)~v20

0
+ ~v−1

× (∇

(4.16)

× ~v20 )]

Using momentum equation Eq. (4.5), we can get the zero order of v,

e ~
E−1 ,
ime ωpe
e ~
~v20 =
E2 ,
ime ωpe
e ~
~v10 =
E1 .
ime ωpe
0
~v−1
=−

(4.17)
(4.18)
(4.19)

~ in Eq. (4.15), and substitute into
Replace various orders of harmonic of ~v with E
Eq. (4.9),

~1
[−2iωp (∂t + νe ◦) − 3ve2 ∇∇· + c2 ∇ × ∇ × +(δn + δN )/ne0 ωp2 ]E
= 4πiωp~δJ1 + SE

(4.20)
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~ 2 · E1
~ ∗ ) − (∇ · E
~ ∗ )E
~ 2 ]. ωp is plasma frequency at
Where 4πiωp~δJ1 = − 4me e [∇(E
1
reference density; νe = νc + νLW ; νc is e-i collisional damping and νLW is Landau
damping of Langmuir wave. SE is random noise term.
~ 1 is the first harmonic of electric field and it contains both longitudinal part
E
~1 = E
~L + E
~ T ). In the following, E
~ 1 will be simply written
and transverse part (E
~ E
~ 2 is the second harmonic of electric field. In our study, the only second
as E.
~ 0 , which is the laser field and E
~ 2 would be written as E
~ 0 . So
harmonic source is E
the first EMZAK equation (Eq. (4.20)) becomes:

~
[−2iωp (∂t + νe ◦) − 3ve2 ∇∇· + c2 ∇ × ∇ × +(δn + δN )/ne0 ωp2 ]E
e
~0 · E
~ ∗ ) − (∇ · E
~ ∗ )E]
~ + SE
=−
[∇(E
4me

(4.21)

δn is nonlinear coupling with ion fluctuation, and it comes from ion acoustic
wave equation driven by ponderomotive force.

~ L |2 + ∇2 |E
~ 0 |2 + 1 ∇2 |E
~ T |2 )/16πmi (4.22)
(∂t2 + 2νIAW ◦ ∂t − c2s ∇2 )δn = (∇2 |E
4
Where νIAW is Landau damping of ion acoustic wave; cs is ion acoustic wave
~ L and E
~ T are longitudinal and transverse parts of E
~ respectively.
velocity; E
The above EMZAK equations contain all the source terms of TPD, SRS and
the four half harmonic mechanisms. These four half harmonic source terms are
listed in the table below. All these mechanisms need a source of Langmuir wave
~ L ). For SRS, the source term of Langmuir wave is ∇ · (E
~∗ · E
~ 0 ). For LC, NLC
(E
T
and TDS, Langmuir wave mainly comes from TPD. The source term of TPD is
~∗ · E
~ 0 ) − (∇ · E
~∗) · E
~ 0 . However, nonlinear effects such as LDI and profile
∇(E
L
L
modification make the spectrum of Langmuir waves generated by TPD broader.
As a result, the analysis of half harmonic emission become more complicated.
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Table 4.1: Source terms of half harmonic emission
LC
NLC
TDS
SRS
source term

4.3

~ L )T
(δn · E

~ L )T
(δN · E

~ ∗ )E
~ 0 ]T
[(∇ · E
L

~ ∗ )E
~ 0 ]T
[(∇ · E
L

Benchmarking and testing of EMZAK model

In this subsection, a brief description of algorithm used to solve Eq. (4.21) and
Eq. (4.22) is given in section 4.3.1. Then, to test the validity of EMZAK code,
two types of verifications are used to compare the simulation results with existing
theories or numerical solutions. Mode conversion is used to benchmark the left side
of Eq. (4.21) in section 4.3.2 (linear dispersion of electrostatic and electromagnetic
wave) while instability growth rate calculation is used to benchmark the right side
Eq. (4.21) in section 4.3.3 (sources terms of TPD and SRS).

4.3.1

Numerical algorithm used to solve EMZAK

After normalization, Eq. (4.21) becomes,

(i∂t − ∇∇ · −

c2
3τ
~
∇ × ∇× + (δn + δN )/n0 )E
2
3ve
4
p
~∗ · E
~ 0 ) − (∇ · E
~ ∗ )E
~ 0]
= η/12[∇(E

(4.23)

Where η = c2s /(ZTe /mi ), cs is ion acoustic wave velocity, Z is ion charge, Te is
electron temperature and mi is ion mass.
Eq. (4.23) is solved with split step and spectral method. Split step method
has been routinely used to solve nonlinear Schrödinger equation. The idea of
split step method is solving linear and nonlinear parts separately[104]. The linear
part is solved in Fourier space while the nonlinear part is solved in real space.
~ n) need to be Fourier transformed back and forth. Split
So the unknowns (E,
step method has been tested and applied in numerous investigations of nonlinear
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Schrödinger equation and is found superior to various finite difference and finite
element methods due to its high accuracy at relatively small computation cost. As
Zakharov type equation has similar structure with nonlinear Schrödinger equation,
so it is not surprising split step method also works in EMZAK model.
First Fourier transform the linear dispersion parts in Eq. (4.23),

~1 = 0
(i∂t + ~k~k · +c2 /3ve2~k × ~k×)E

(4.24)

In 2D, this can be represented as,

~ 1 = iM̃ · E
~1
∂t E
Where


kx2

2

/3ve2 ky2

2

/3ve2 )kx ky



+c
(1 − c

M̃ = 
c2 /3ve2 kx2 + ky2
(1 − c2 /3ve2 )kx ky
To make M diagonal, multiply matrix C on both sides of Eq. (4.24).

~ 1 = i(C̃ · M̃ · C̃−1 )C̃ · E
~1
∂t C̃ · E
Suppose


2
k
0

H̃ = (C̃ · M̃ · C̃−1 ) = 
2
2 2
0 c /3ve k
and
~ 1 = ( kx êx + ky êy , − ky êx + kx êy )
~ 10 = C̃ · E
E
k
k
k
k
Then, Eq. (4.25) becomes,

(4.25)
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~ 0 = iH̃ · E
~0
∂t E
1
1
Let el =

kx
e
k x

+

ky
e
k y

and et = − kky ex +

kx
e ,
k y

(4.26)
then Eq. (4.26) can be solved in

the following way,

el = el · exp (−i · k 2 − γe − γLD )dt
et = et · exp (−i · k 2 − γe )dt

(4.27)

Linear gradient and nonlinear coupling are solved in real space by transforming
ex = ( kkx el −

4.3.2

ky
e)
k t

and ey = ( kky el −

kx
e)
k t

back to real space.

Linear mode conversion

Mode conversion is a process that distinct modes couples and exchange energy
in regions where they have common wavelength. In the regions where mode conversion is effective, WKB approximation is not valid so the full set of equations
needs to be solved. Mode conversion has very general applications. For example,
radio frequency heating is used as an auxiliary heating in Tokamak where radio
frequency electromagnetic wave is injected through a waveguide and the energy of
electromagnetic wave is transferred to electrons or ions through electrons or ion cyclotron resonance. This process is very similar to microwave heating in the kitchen
except the frequencies of electromagnetic waves used are quite different. Mode
conversion is also very common in ionosphere. Part of electromagnetic radiation
observed there can be attributed to mode conversion from Langmuir fluctuation.
Example includes auroral roar emissions in the auroral ionosphere[105].
In laser plasma physics, mode conversion occurs when laser light propagates
to its turning point where electromagnetic wave is converted to electrostatic wave,
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Figure 4.1: A p-polarized electromagnetic wave with wave-vector k0 , frequency ω0
and an incidence angle θ propagates in an inhomogeneous plasma with a linear
density gradient ne (x). Here, nc is the critical density for an electromagnetic
wave with frequency ω0 . The turning point of this electromagnetic wave is at the
location of nc cos2 (θ).

which is generally called resonant absorption. In the two following subsections,
we used resonant absorption and its inverse process to benchmark EMZAK code.

4.3.2.1

Linear mode conversion of electromagnetic wave to Langmuir
wave(resonant absorption)

Crudely, resonant absorption coefficient is derived analytically very early[106; 107;
30]. Suppose we have an electromagnetic wave propagating in a plasma with density inhomogeneity in z direction. We would further suppose this electromagnetic
wave is p-polarized (electric field of electromagnetic wave is within the plane defined by its wave-vector and density gradient) with a non-zero incidence angle (as
illustrated in Fig. 4.1). S-polarized electromagnetic wave (electric field of electromagnetic wave is perpendicular to the plane defined by its wave-vector and
density gradient) or normal incidence p-polarized electromagnetic wave does not
have resonant absorption because there is no electric field component along den-
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sity gradient direction. The magnetic field of this electromagnetic wave is defined
as:
~ = ẑB(x) exp −iωt + iω y sin θ0 ,
B
c

(4.28)

Although obliquely incident electromagnetic wave would be reflected at nc cos2 (θ),
its field is still able to tunnel into its critical density. At this region, electric field
along density gradient direction excits plasma wave and energy is transferred to
electrostatic mode. As density gradient is along x direction, we need to know the
value of Ex , according to Ampere’s Law, the x component of electric field is

Ex = sin θ · B(x)/(x)

(4.29)

To obtain Ex at critical density nc (resonant absorption is only effective near
critical density.), we need to calculate B(x) first. At turning point (nc cos2 (θ)
c 1/6
in Fig. 4.1), B(x) can be estimated as B(z = L cos2 θ) = 0.9EF S ( ωL
) . Here,

EF S is electric field of light wave in vacuum. Beyond turning point, light wave
becomes evanescent and would decay exponentially when it propagates to critical
density. The magnetic field at critical density can be estimated by e−β . For linear
density gradient, β =

2ωL
3c

sin3 θ0 . Substitute magnetic field at critical density into

Eq. (4.28), we get the expression of Ex at critical density,

Ex = p

EF S

i
3
1
1 h
2
2
2.3 · q · exp −2q /3
2πωL/c (x)

(4.30)

Assume Ex is constant over the narrow resonant absorption region near critical
density, and integrate Ex over the resonant region, we get resonant absorption
coefficient:
4
η ≈ 2.645q · exp (− q 3/2 )
3

(4.31)

64

;EL,T;2 3.0

Arbitrary units

2.5

2.0

1.5

1.0

0.5

0.0
0

20

40

60

80

100

x /nm

Figure 4.2: Transverse line-out of longitudinal and transverse components of electric fields. Black curve is the initialized electromagnetic wave pulse. Red curve
shows the transverse line-out of this electromagnetic wave pulse at t = 0.8ps. Blue
curve is the generated Langmuir wave through resonant absorption. The left side
of blue dash line is the region of absorption layer.

where q = (ωL/c)2/3 sin2 θ0 , θ0 is the incidence angle in vacuum, ω is frequency of
incidence wave and L is density scale length evaluated at critical density.
A more accurate formula of resonant absorption coefficient is derived by D. E.
Hinkel[97; 108]. They also proved that the inverse process (electrostatic wave is
converted to electromagnetic wave) also had the same conversion coefficient. The
formula they derived is:
(2π)2 qAi02 (q)
|η| =
.
[1 + qπ 2 Ai02 (q)]2 + q 2 π 4 Ai02 (q)Bi02 (q)
2

(4.32)

where Ai0 and Bi0 are the derivatives of the first and second Airy functions, q has
the same definition as in Eq. (4.31).
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Figure 4.3: Conversion coefficient of resonant absorption as a function of time. η
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To compare EMZAK with the analytic results described above, we computed
the conversion efficiency as a function of angle of incidence and compared the
results with values found in the literature although the literatures investigated
steady state solution while we get the results by time integration.
To investigate resonant absorption, the laser source terms and the nonlinear
(turbulence terms) are removed. Collisional damping is also removed for simplicity. The equation solved is therefore,

(2iωpe0 ∂t + 3ve2 ∇∇ · −c2 ∇ × ∇ × −

4πe2
~ = 0.
δN )E
me

(4.33)

We first launch a pure electromagnetic pulse in the middle of simulation box
(Ey nonzero only), which is shown in Fig. (4.2) above. The spatial width of the
pulse is much greater than the wavelength of light (black curve, ∼ 50 times), so
it approximates a monochromatic plane wave. A “tanh” shape density profile is
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used that closely resembles a linearly varying density profile in the neighborhood
of the turning point, but is constant over the region where the pulse is first defined
as an initial condition (so that the pulse is close to a solution). As Fig. 4.2 shows,
the initial pulse (black curve) is moving from left to right.
The example shown above (see Fig. 4.2) is characterized by the parameter
q = 0.4. Note that the black curve is the initial EM wave pulse, the red curve
is the EM wave at t = 0.8ps, and the blue curve is the electrostatic wave at
t = 0.8ps. The wave amplitude squared, averaged in the transverse direction
(y direction), is plotted. The amplitude of the blue curve is divided by 5 to
facilitate comparison with the other curves. Cyan dashed line shows the end of
absorbing layer. Absorbing layer is set up at the left side of simulation box to
eliminate transverse wave propagated to the left boundary. More detail about
absorbing layer will be given in section 4.3.4. Fig. 4.3 shows conversion efficiency
η as a function of time. Conversion efficiency η is defined as η = |Et |2 /(|El |2 +
|El |2 ). Here |El |2 and |Et |2 are sum of square of absolute value of longitudinal and
transverse fields over the whole simulation box. Note that η is almost constant
after t = 0.8ps. This will be compared with Eq. (4.32) in the next section.

4.3.2.2

Linear mode conversion of electromagnetic wave to Langmuir
wave (inverse resonant absorption)

To investigate the “inverse problem”, a Langmuir wave pulse is initialized artificially at the middle of simulation box as shown by the black curve in Fig. 4.4.
When the Langmuir wave reaches its turning point (indicated by red curve in
Fig. 4.4), its wavenumber kLW becomes 0 and its group velocity (vg ≈ 3kve2 /ωpe )
becomes very small, and the width of pulse becomes quite narrow. At the same
time, the converted electromagnetic wave propagates all the way to the left boundary (as shown by the green curve in Fig. 4.4). Notice that it is damped rapidly
when it reaches the absorbing buffer region (blue dashed line). After the Lang-
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Figure 4.4: Transverse line-out of longitudinal and transverse components of electric fields. Black curve is the initialized electrostatic wave pulse. Red curve shows
the transverse line-out of this electrostatic wave pulse at t = 6.0ps (The amplitude has been divided by 10). The electrostatic wave is near its turning point at
this time. Green curve is the generated electromagnetic wave through resonant
absorption (t=6.0ps, the amplitude has been multiplied by 10). Blue curve is the
reflected electrostatic wave pulse (t=10ps). The left side of blue dash line is the
region of absorption layer. Effective incidence angle q is equal to 0.4.
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Figure 4.5: Conversion coefficient of inverse resonant absorption as a function of
time. η is defined as η =
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muir wave is reflected at its turning point, it starts to regain its initial shape
and propagates to the left, but with a smaller magnitude (as shown by the
blue curve in Fig. 4.4). Fig. 4.5 shows conversion efficiency η as a function
of time for inverse resonant absorption.

As the group velocity of Langmuir

wave is much smaller than that of electromagnetic wave described in the previous subsection, it takes longer time propagating to its turning point and the
conversion process is also much slower. Conversion efficiency η is defined as
η = (|EL (t = 0)|2 − |ET |2 )/ |EL (t = 0)|2 . Here |EL (t = 0)|2 is square of absolute value of longitudinal fields averaged over the whole simulation box at the
initial time. Note that η is almost constant after t = 0.8ps.
Various cases with different q for both resonant absorption and inverse resonant
absorption are simulated and the results are compared with D. E. Hinkel’s[97;
108] analytical formula (as shown in Fig. 4.6) and it shows excellent consistency.
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Figure 4.6: Conversion coefficient of resonant absorption and inverse resonant
absorption as a function of effective incidence angle q. Blue delta is resonant
absorption coefficient while red cross is inverse resonant absorption coefficient.
Black curve is D. E. Hinkel’s analytic formula (Eq. (4.32)).

On this basis, we conclude the algorithm described in section 4.3.1 accurately
solves Eq. (4.42). Furthermore, the source terms absent in Eq. (4.33) can be
tested by computing TPD and SRS growth rate.

4.3.3

Instability growth rate

EMZAK model contain sources of both TPD and SRS. In the simulations, source
terms could be specified for SRS only or TPD only. As TPD only has electrostatic
daughter wave, so the transverse component of electric field is turned off. To
simplify the comparison with theoretical results, we only consider the linear regime
of instability. So nonlinear coupling to ion acoustic fluctuation is turned off. In
the linear regime, once laser intensity is above absolute threshold, instability will
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Figure 4.7: Growth rate of most unstable mode as a function of laser intensity. Red
∆ is result of EMZAK simulations while blue ◦ is theoretical result. Simulation
parameters see text.

grow absolutely in time and the temporal growth rates of SRS and TPD have
been predicted by analytic results. We would use this this feature to compare
our numerical results with analytic formula. The growth rate of TPD and SRS in
EMZAK is calculated by saving time history of electrostatic or electromagnetic
component of electric field and interpolate the logarithmic value of the time history
using linear regression.

4.3.3.1

Electrostatic part, TPD growth rate

The electrostatic part of EMZAK model is tested here and transverse coupling is
turned off to ensure there is only TPD growth. Single laser beam with normal
incidence is used to drive TPD instability and the growth rate of TPD is compared
to well-known theoretical prediction[15]. The parameters used are listed below:
electron temperature Tkev = 2, laser intensity I14 = 10, time step ∆t = 2 · 10−4 ps,
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Figure 4.8: Growth rate of SRS backscattering as a function of plasma density
in hmogeneous plasma. Red ∆ is result of EMZAK simulations while blue ◦ is
theoretical result.

density scale length Lµm = 150. We only considered absolute growth here. The
results quantitatively agree with theoretical prediction.

4.3.3.2

Electromagnetic part, SRS growth rate

In homogeneous plasma, the equation for SRS in EMZAK is as below,

~ = [(∇ · E
~ ∗ )E
~ 0 ]T − ∇(E
~∗ · E
~ 0)
(2iωpe0 ∂t + 3ve2 ∇∇ · −c2 ∇ × ∇×)E
T

(4.34)

~ is the total electric field, subscript “t” means taking transverse component.
Here E
Take divergence on both sides of Eq. (4.34),

~ = −∇2 (E
~∗ · E
~ 0)
(2iωpe0 ∂t + 3ve2 ∇∇·)∇ · E
T

(4.35)
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~ = 4πe · δn and E
~ t = − 1 ∂δA~ ≈
As ∇ · E
c ∂t

iω ~
δ A,
c

~ and E
~ t into
Substitute ∇ · E

Eq. (4.34), we get,

~·E
~ 0)
(2iωpe0 ∂t + 3ve2 ∇2 )δn = −∇2 (δ A

(4.36)

Eq. (4.36) is equivalent to equation 7.17 in Kruer’s LPI book[30]. In homogeneous
plasma, the temporal growth rate of SRS driven by a plane wave can be derived
easily. In convenient unit, the result reads,

γ/ω0 = (k/k0 )[

2
ωpe
1/2
]1/2 · (4.27 · 10−3 · λµ I14 )
ωek (ω0 − ωek )

(4.37)

Here ω0 is laser frequency at vacuum, k0 is laser wavenumber at vacuum, ωpe
2
+ 3k 2 ve2 )1/2 , λµ is laser wavelength in unit of
is local plasma frequency, ωek = (ωpe

µm, I14 is laser intensity in unit of 1014 W/cm2
For backscattered SRS,

k = k0 +

ω0
2ωpe 1/2
(1 −
) .
c
ω0

(4.38)

Growth rate of SRS in homogeneous plasma at different densities is also calculated with EMZAK model and compared to theoretical prediction. Single laser
beam with normal incidence is used; electron temperature Te = 2kev; time step
∆t = 2 · 10−4 ps.
With some approximations, SRS absolute growth rate and threshold driven by
a single normal incident laser beam in a plasma with linear density gradient can
also be derived analytically. Drake and Lee derived SRS backscattering absolute
threshold[99]. C. S. Liu et al. extends this result to SRS sidescattering[5]. In
convenient unit, the result reads:

(v0 /c)2 (kL)4/3 > 1

(4.39)
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Figure 4.9: Growth rate of SRS backscattering as a function of laser intensity.
Red ∆ is result of EMZAK simulations while blue line is theoretical result.

1/2

Where v0 is electron quiver velocity in laser field, |v0 |/c = 4.27 × 10−3 λµ I14 , L is
p
density scale length at quarter critical density. k = 1c 2ω02 − 2ω0 ωp − ωp2 is the
wavenumber of Langmuir wave for exact matching condition. ω0 is frequency of
laser light. ωp is frequency of local Langmuir oscillation.
Note that Eq. (4.39) also works for SRS sidescattering. absolute growth rate
in inhomogeneous plasma with linear density gradient is also calculated with
EMZAK code (see Fig. 4.9).

4.3.4

Boundary condition

As we used pseudospectral method to solve EMZAK equations, periodic boundary
condition has to be applied on both boundaries. While plasma waves will be
limited to the simulation box by Landau damping, electromagnetic waves will
be able to circulate between the longitudinal direction and introduce unphysical
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Figure 4.10: Electromagnetic field squared averaged over transverse direction (y
coordinate). Blue dash lines indicate regions of absorbing layers. Red arrows
shows propagation direction of electromagnetic wave. Sub-figures (a),(b),(c) and
(d) correspond to t=0, 0.2ps, 0.3ps, 0.4ps. Plasma parameters are Lµm = 150,
Tkev = 2
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Figure 4.11: Poynting flux averaged over transverse direction (y coordinate). Subfigures (a),(b), (c) and (d) correspond to t=0, 0.2ps, 0.3ps, 0.4ps.
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amplification. To remove the circulation, an absorbing layer was added on both
sides in longitudinal direction. In this section, a simulation is presented showing
how the absorbing layer works.
First, an artificial transverse plane wave with wave vector (−0.1k0 , 0.04k0 )
(Fig. 4.10a) is initiated at density around 0.24nc . Laser drive is turned off and
collisional damping is also set to zero. So the transverse plane wave will propagate
freely until it reaches absorbing layer. Poynting vector is also plotted to show
energy flux (shown in Fig. 4.11). The definition of Poynting vector is:
D E
~ = c · 1 Re(E
~ ∗ × B)
~
S
4π 2

(4.40)

~ we have used ω B
~ = 1 ~k × E.
~ It was first calculated in k space, then
To get B,
c
transformed back to real space.
~ squared and averaged in y
Fig. 4.10 shows time evolution of electrical field E
direction and Fig. 4.11 shows time evolution of x component of Poynting vector
averaged in y direction. In the last two figures of each set, the electromagnetic
wave has been reflected from the boundary. (positive number of Poynting vector
indicated the propagation direction is to the right.) In the last figures of each
set, the electromagnetic wave has entered the physical region with a much smaller
amplitude. The calculated reflection is about 0.1%.

4.4

EMZAK results

Half harmonic spectrum differs tremendously above and under absolute threshold.
So I will present these results separately depending on SRS and TPD absolute
threshold. Parameters of OMEGA experiments typically give a higher SRS threshold than TPD. But for longer scale length and hotter plasma, such as in NIF, SRS
threshold can be lower. In all the simulations have been conducted, we limit po-
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larization direction of laser beam be in the simulation plane. As a result, SRS
sidescattering is not considered. To simplify the analysis, I will assume a linear
density gradient through this section unless specially notified.

4.4.1

Below TPD and SRS threshold

As both TPD and SRS are under absolute threshold and convective gains are very
small for both instabilities for the parameters used in these simulations shown, the
level of ion fluctuation is negligible. As a result, Half harmonic emission generated by nonlinear conversion is not considered in this regime. Besides, matching
condition of TDS is not satisfied. This is because Langmuir wave spectrum in
this regime is not as broad as that when TPD is above absolute threshold. Half
harmonic emission generated by TDS is also negligible. These two assumptions
have been verified in simulations (not shown here) through comparing the level
of half harmonic emissions generated by various mechanisms. So we only show
results of linear conversion and SRS in this subsection. Half harmonic emission
generated by SRS directly comes from one of its daughter while for linear conversion, half harmonic light comes from inverse resonant absorption (see Sec. 4.3.2.2)
of Langmuir wave. Only the blue shift plasma wave propagates upwards density
gradient, so only this daughter wave is possible to be converted to half harmonic
light. Besides, although the Langmuir wave generated by SRS also propagates
upwards density gradient, but it is highly aligned to wave-vector of light wave.
Linear conversion of this Langmuir wave is very restricted by the incidence angle
of laser light. For typical parameters used in OMEGA or NIF experiments, this
conversion efficiency is negligible.
When TPD and SRS are under absolute threshold, convective gain can be
used to measure the relative importance of various modes. Convective gain of
parametric decay was derived by M.N.Rosenbluth in 1972[6]. The formula of
convective gain is:
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G = γ0 /v1 v2 κ0

(4.41)

where γ0 is growth rate in homogeneous plasma; v1 and v2 are the group velocities
0
0
of daughter waves. κ0 = k00 − kx1
− kx2
=

d
[k (x)
dx 0

− k1 (x) − k2 (x)], it is the

derivative of wave number mismatch.
Using the group velocities of laser light, scattered light and plasma wave, and
substituting in κ0 , we get and expression of κ0 :
k2
κ =− 0
2L
0



c2
1
1
−
−
2
k0 (x) 3k1 ve
k2


(4.42)

where k0 is wavenumber of laser light in vacuum, k0 (x) is wavenumber of laser
light in plasma, k1 is wavenumber of scattered light, k2 is wavenumber of plasma
wave, L is scale length in critical density.
Substituting Eq. (4.42) into Eq. (4.40),

G=

γ02 L
6k0 ve2

1
k1
k0

+

c2
(k2 /k0 )
3ve2

− k1 k2 /k02

(4.43)

Here γ0 is growth rate of TPD in homogeneous plasma; k1 is wavenumber of
plasma wave; k2 is wavenumber of scattered light wave. As k1 ≈ k0 and k2  k0 ,
Eq. (4.43) can be written as:

G = G0

1
1+

c2
3ve2

k2 /k0

(4.44)

Where G0 is convective gain at quarter critical density.
For backscattering, matching condition requires that k2 /k0 ≈

p
1 − 2ωpe /ω0 .

Substituting this formula into Eq. (4.44), we get the dependence of convective
gain on plasma density for SRS backscattering, as indicated by the red curve in
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Figure 4.12: Convective gain of SRS backscattering (red) and TPD (blue) as a
function of density. Both of the convective gains have been normalized to G0 . G0
is the convective gain of SRS backscattering or TPD at quarter critical density.
Red curve is convective gain of SRS backscattering while blue curve is convective
gain of TPD.
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Figure 4.13: Half harmonic emission at scattering angle 1° as a function of frequency shift. Scattering angle refers to the propagation direction of half harmonic
light at vaccum. Red curve corresponds to Tkev = 3; green curve corresponds
to Tkev = 2.5; blue curve corresponds to Tkev = 2; black curve corresponds to
Tkev = 1.5; cyan curve corresponds to Tkev = 1; The peaks of red shift half harmonic emission is related to electron temperature.

Fig. 4.12. As frequency shift of half harmonic light generated by SRS backscattering is proportional to plasma density. The strong dependence implies half
harmonic spectrum of SRS backscattering should be sharp.
Furthermore, the dominant backscattered light wave is generated near quarter
critical density and has a very small wavenumber, we can ignore k2 in its dispersion
relation and assume k1 ≈ k0 . Define frequency shift ∆ω of the dominant light
wave as ∆ω = ω2 − ω0 /2. Subtracting the dispersion relation of light wave and
Langmuir wave, we get
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∆ω/ω0 = −3(1. − 0.25)k02 ve2

(4.45)

= −2.2 × 10−3 Te
Here ∆ω = ω2 − ω0 /2 is frequency shift relative to ω0 /2. ω0 is frequency of light
wave in vacuum. Negative value indicates the backscattered light wave is red
shifted. Combining the sharp feature of frequency shift and dependence on Te ,
we expect there should be a monotonic relation between frequency shift of SRS
backscattering and electron temperature.
Similarly, convective gain of TPD can be calculated.

G=

3γ02 L
1
2
2k0 ve k1 /k0 + k2 /k0

(4.46)

Here γ0 is growth rate of TPD in homogeneous plasma; k1 is wavenumber of blue
shifted plasma wave; k2 is wavenumber of red shift plasma wave.
In linear regime, only the blue shift plasma wave generated by TPD is able to
propagate to its turning point and converts to half harmonic light through linear
conversion (inverse resonant absorption). Obviously, this half harmonic light is
also blue shifted as linear conversion conserves frequency. Besides, as indicated
by Eq. (4.45), half harmonic light generated by SRS is red shifted. So we expect
to observe two peaks in half harmonic light spectrum with red and blue parts
generated by SRS and TPD respectively, as shown in Fig. 4.13. This result has
been verified by turning on only SRS or TPD source. In these simulations, we
observed only blue shift or red shift half harmonic emission.
Using Eq. (4.45), electron temperature was calculated for different parameters.
Frequency shift ∆ω is taken at the peak of red shift half harmonic emission in
Fig. 4.13. The comparison of electron temperature calculated with EMZAK to
exact temperature used in simulations is shown in Fig. (4.14). The difference
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Figure 4.14: Comparison of calculated electron temperature with exact number.
Red dimonds correspond to exact number used while green circles correspond to
calculated values.
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Figure 4.15: Energy spectrum of longitudinal field |EL (kx , ky )|2 in k space averaged on a 10ps period. Two red arrows ~k0,1 and ~k0,2 are wave-vectors of two laser
beams. White dash curves show the theoretical maximal growth regions. Red
circle shows location of Landau cutoff. This plot is on linear scale.

between calculated values with exact number is caused by neglecting wavenumber
of scattered light wave when deriving Eq. (4.45).

4.4.2

Above TPD and SRS absolute threshold

If laser intensity is above either absolute threshold, the above analysis of convective gain is not valid anymore. Nonlinear effects such as LDI, density profile
modification change Langmuir wave spectrum and density fluctuation in the lower
density region invalidates convective saturation[29]. As Langmuir wave spectrum
is very important to the generation of half harmonic emission, analysis of half
harmonic emission becomes more complicated. In this regime, all the known half
harmonic generation mechanisms make contributions.
For OMEGA parameters considered here, the electromagnetic part (ET ) is
much smaller than electrostatic part (1% ∼ 2% in energy fraction) unless SRS
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dominates (This might occur for longer scale length and hotter electron temperature such as NIF). This means electromagnetic component does not make a big
effect on Langmuir wave saturation. Base on this, Langmuir wave is driven to saturation level by TPD source only without electromagnetic part coupling first (As
shown in Fig. 4.15). The reason to do this is that the group velocity of Langmuir
wave is much smaller than light wave, Then, EMZAK is restarted with the source
term for LC, NLC or TDS (see Sec. 4.1) turned on in separate simulations. To
investigate the individual contribution of various mechanisms, each half harmonic
source is isolated so that only one mechanism is effective in each simulation and
the contributions of SRS and TPD will be investigated separately.
As mentioned above, Fig. 4.15 shows the saturation stage of Langmuir wave
spectrum driven by Two Plasmon decay instability alone. Two laser beams with
incidence angles 23° and −23° are used (as indicated by ~k0,1 and ~k0,2 ). Laser
intensity is 2.2 × 1014 W/cm2 for each beam. Density scale length is 150µm at
quarter critical density and electron temperature is 2kev. The spectrum shows
the dominance of common waves in both large and small k regions (see Sec. 3.3.4
for detail) at the crossings of “hyperbola” (white dash curves in Fig. 4.15).
Frequency decomposition in Fig. 4.16 is achieved by FFT using a 1ps time
window at saturation stage of TPD. This figure clearly shows the existence of
Langmuir decay instability (LDI), which causes Langmuir wave reverses its propagation direction. This phenomenon has been observed before using Zakharov
model and used to explain three half harmonic emission[40]. This feature is very
important for half harmonic generation as this gives more choices for matching
condition of half harmonic emission. Another important feature is broadening of
Langmuir wave spectrum, especially near quarter critical density, which is caused
by ion fluctuation[29].
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Figure 4.16: Figure shows energy spectrum of Langmuir wave field |EL (kx , ky )|2
decomposed in frequency and averaged in the transverse direction (y direction).
Solid red curve shows the location of primary Langmuir wave daughter wave while
dash red curve shows the location of Langmuir wave after LDI. Green arrows shows
the propagation directions of corresponding Langmuir wave. Blue dash line is the
expected Langmuir wave turning point where linear mode conversion can occur.
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Figure 4.17: Energy spectrum of transverse field |ET (kx , ky )|2 decomposed in frequency and averaged in y direction. Frequency spectrum is achieved using a 10ps
time window. x is direction of density gradient. Blue dash line shows location of
Langmuir wave turning point. Only linear conversion source term is kept.
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4.4.2.1

Linear mode conversion

From the saturated Langmuir wave spectrum, EMZAK was restarted with electromagnetic part turned on for another 10ps. As mentioned above, all the half
harmonic generation mechanisms might make contributions. If all these mechanisms are put together, it would be very difficult to determine their relative
importance. Therefore, we only investigate one half harmonic generation mechanism in each separate simulation through manipulating half harmonic source term
(Source terms are given in table 1 in section 4.2). To make sure the comparison is
legitimate, all these simulations are based on the same Langmuir wave spectrum
which is described in previous subsection. In this subsection, we only kept linear mode conversion source term. Fig. 4.17 shows ω0 /2 spectrum decomposed in
frequency and averaged in y direction. This figure shows that red shift half harmonic (negative frequency shift) is much more intense. This could be explained
by the fact that red shift plasma wave has smaller wavenumber (Here red shift
refers to frequency shift relative to ω0 /2). This means it is closer to its turning
point as shown by the blue dash line in Fig. 4.17. The red shift plasma wave
which originally propagates downwards density gradient now reversed its propagating direction. As it is closer to its turning point, so red shift plasma wave is
less damped by collisional damping. This is confirmed by another simulation (not
shown here) with smaller collisional damping rate, which shows more blue shift
half harmonic emission. Besides, Fig. 4.17 indicates half harmonic light is mainly
generated near the turning point of Langmuir wave. Horizontal streaks show the
propagation of half harmonic light. As half harmonic light conserves frequency
when it propagates downwards density gradient, a horizontal line is formed in
Fig. 4.17.
Fig. 4.18 is a lineout of half harmonic spectrum at ne /nc = 0.2 for different
emission angles. Here emission angle is defined as the propagation direction of
half harmonic light in vacuum. The line-out is taken at location away from the
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Figure 4.18: Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2. Different colors correspond to different emission angles. Only linear conversion source
term is kept.

generation region so it could be considered to be what would be observed in
vacuum. Maximal emission angle is 5° and the amplitude of half harmonic light
field is negligible at large angles (> 10°). The mechanism of linear conversion is
similar to resonant absorption, so the conversion coefficient depends on incidence
angle of Langmuir wave (see Sec. 4.3.2.2). However, exact incidence angle is not
possible to calculate as density profile has been changed because of ion fluctuation.
Based on linear density profile, effective incidence angle [q = (ωL/c)2/3 sin2 θ0 ] is
0.04 for θ = 1°, 0.9 for θ = 5° and 3.7 for θ = 10°. Exact number should be
smaller as density steeping makes scale length smaller. So the dependence of half
harmonic emission generated by linear conversion is qualitatively consistent with
theory prediction. Zero angle emission, which is expected to zero as there is no
resonant absorption for normal incidence, could be explained by the fact that half
harmonic light propagates in the perturbed density profile, so a fraction of them
would be scattered to zero angle.
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Figure 4.19: Energy spectrum of transverse field |ET (kx , ky )|2 decomposed in frequency and averaged in y direction. Frequency spectrum is achieved using a 10ps
time window. x is direction of density gradient. Blue dash line shows location of
Langmuir wave turning point. Only nonlinear conversion source term is kept.
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Figure 4.20: Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2. Different colors correspond to different emission angles. Only nonlinear conversion
source term is kept.

4.4.2.2

Nonlinear mode conversion

Using the same procedure as linear mode conversion, EMZAK was restarted from
a saturated Langmuir wave spectrum for another 10ps. Nonlinear mode conversion (see Sec. 4.1) is more difficult to analyze as both Langmuir wave and ion
acoustic wave spectrums need to be considered. In nonlinear stage, the spectrums
of Langmuir wave and ion acoustic wave are quite broad. As nonlinear mode
conversion is a process of the beating of Langmuir wave and ion acoustic wave, so
many possibilities exist. As Fig. 4.19 shows, half harmonic spectrum is broader
than that of linear conversion. As a result, blue shift half harmonic emission
is stronger than that of linear mode conversion and extends to larger frequency
shift. Langmuir wave is the most intense near quarter critical density (x ≈ 56µm)
as absolute growth originates in this region. As a result, half harmonic light is
mainly generated in this region. The long tail of negative frequency shift near
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quarter critical density is a result of density profile steepening.
Half harmonic emission for specific angle (Fig. 4.20) shows that red shift half
harmonic emission quickly decreases as scattering angle increases while blue shift
half harmonic emission changes little. In fact, at large scattering angle (> 10°),
only blue shift half harmonic emission exists. This could be explained by the
fact that for half harmonic light with large scattering angle, its “k 2 c2 ” becomes
large. For the parameters used in these simulations, “k 2 c2 ≈ 0.01” for scattering
angle θ = 10°. The most intense Langmuir wave exists in the region between
ne /nc = 0.24 and ne /nc = 0.25. So most half harmonic emission generated in this
region is blue shifted.

4.4.2.3

Thomson down scattering

Half harmonic emission generated by TDS is shown in Fig. 4.21. The comparison
of half harmonic spectrum at scattering angles 1° (left panel in Fig. 4.21) and
10°(right panel in Fig. 4.21) indicates half harmonic spectrum moves to blue shift
when scattering angle increases. As half harmonic light generated by TDS is
through the beating of Langmuir wave and laser light and wavenumber of half
harmonic light is very small, only plasma wave with similar wave-vector with light
wave is able to produce half harmonic emission. White dash curve is location of
half harmonic light if it is a product of beating between a plasma wave with
wavenumber approximately equals ~k0 and laser light. So half harmonic light is
expected to be generated along this line and propagates to lower density. Cyan and
green dash curves are locations of Langmuir wave turning point for corresponding
scattering angles. This means half harmonic light could only be generated at
the left side of cyan and green dash curves in Fig 4.21. So the crossing of these
two lines determined the smallest frequency possible. For larger scattering angle,
the crossing moves to blue shift. For scattering angles larger than 10° in this
simulation, all half harmonic emission is blue shifted. Another point needs to be
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Figure 4.21: Energy spectrum of transverse field |ET (kx , ky )|2 decomposed in frequency and averaged in y direction. Frequency spectrum is achieved using a 10ps
time window. x is direction of density gradient. Red dash line shows the location
where we take line-out (See fig 4.22). Left panel is |ET (kx , ky )|2 for scattering
angle θ = 1°. Cyan dash line shows location of Langmuir wave turning point.
Ion density perturbation is considered when drawing this curve. White dash line
is location of half harmonic light if it is a product of beating between a plasma
wave with wavenumber approximately equals ~k0 and laser light. Right panel is
|ET (kx , ky )|2 for scattering angle θ = 10°. Green dash line shows location of Langmuir wave turning point. Ion density perturbation is considered when drawing
this curve. White dash line is location of half harmonic light if it is a product of
beating between a plasma wave with wavenumber approximately equals ~k0 and
laser light. Only Thomson down scattering source term is kept.
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Figure 4.22: Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2. Different colors correspond to different propagation directions. Only Thomson down
scattering source term is kept.

mentioned is that half harmonic spectrum generated by TDS (Fig. 4.22) is sharper
than those of linear conversion and nonlinear conversion as a result of restriction
of TDS matching condition.

4.4.3

Discussion

When TPD and SRS are under absolute threshold, half harmonic light spectrum
exhibits a sharp two-peaks feature with red shift and blue shift coming from SRS
and TPD linear mode conversion respectively. This feature is consistent with the
experimental observations with low laser intensity[46]. And the calculated electron temperature using sharp red half harmonic light frequency shift is consistent
with actual electron temperature used. However, once above TPD threshold, half
harmonic emission spectrum becomes broad, especially for nonlinear mode conversion. For the parameters used in our simulations, linear and nonlinear mode
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Figure 4.23: Frequency spectrum of ω0 /2 light field at density ne /nc = 0.2. Different colors correspond to different propagation directions. All source terms are
kept.

conversion are approximately the same level while TDS is weaker. This conclusion
might be not be universal. For example, half harmonic emission generated by TDS
is directly related to laser intensity used. If laser intensity is higher, TDS becomes
more important relatively. And the fact that multiple laser beams distributed in
a 3D geometry used in OMEGA (60 beams) and NIF (192 beams) makes the
analysis of TDS more complicated. All these mechanisms indicate half harmonic
light is mainly generated near quarter critical density. Red shift half harmonic
light dominates at small scattering angle but disappears at large scattering angle
and blue shift half harmonic light dominates.
IF all the half harmonic emission mechanisms are put together in one simulation, the produced half harmonic light spectrum is more like nonlinear conversion,
as shown in Fig. 4.23. There is an interesting regime, although quite restricted,
in which only SRS is absolute threshold but TPD is not. The half harmonic
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spectrum generated only has a sharp red shifted peak, which comes from SRS
obviously.
It should be noted that SRS and TPD absolute growth might be mixed by a
mechanism which is called high frequency hybrid instability (HFHI)[109]. Based
on this theory, SRS backscattering and TPD might be able to share the Langmuir wave (For TPD, this is the large k Langmuir wave) and therefore, absolute
threshold of TPD and SRS becomes lower. However, this share of Langmuir wave
typically cannot be perfect. For example, if only a single laser beam with normal
incidence is used. SRS and TPD can not share a common wave as TPD doesn not
grow at ky = 0 (ky is the perpendicular component of Langmuir wave wave-vector)
while only SRS backscattering is absolute growth. For oblique incidence or multiple laser beams, TPD does grow at ky = 0 but this mode is not the strongest
driven. Example of this case could be observed in Fig. 4.15, where common wave
at small k region has a finite ky ≈ 0.15k0 . As a result, only when absolute threshold of SRS and TPD differs much, HFHI is effective in a sense that one of the
instability is able to stimulate the other to be above absolute threshold. Furthermore, in the simulation we did, we found SRS has a negiligle contribution. This
might be caused by the fact that SRS backscattering only occurs in a very small
region near quarter. Once TPD is above threshold, the strong ion perturbation
induced by TPD makes environment for SRS backscattering disappears. So we
ignored discussion of SRS in the regime of strong laser drive.
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5

Summary and Conclusion

This thesis investigated TPD in 3D geometry and half harmonic emission using
Zakharov model. TPD is important because of its ability to generate hot electrons
and degrade compression performance. Hot electrons produced in direct drive or
polar drive ignition are expected to be generated mainly by TPD. Fraction of hot
electrons needs to be controlled such that less than 0.1% of the laser energy is
deposited as preheat in the cold fuel. Current experiments on OMEGA are not
believed to be impaired by hot electron preheat. Over the past 40 years, TPD has
been investigated extensively in various aspects. Absolute threshold and convective gain of TPD driven by a single plane wave have been obtained theoretically[6;
12; 13; 31; 15]. Numerical investigations revealed saturation mechanism and hot
electron production[14; 39; 71; 40; 33; 34]. These results tremendously helped understanding of experimental observations. However, previous theoretical results
are restricted to 2D geometry and single plane wave while multiple laser beams
are used in major laser facilities. Furthermore, a major experimental evidence
of TPD still lacks a complete self-consistent model. Our original motivations to
develop 3D model and EMZAK are based on this.
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5.1

3D Zakharov model

Zakharov model has been used to investigate evolution of Langmuir wave and its
nonlinear coupling with ion acoustic fluctuation. It was first used to study TPD
by Dubois et al[39] through introducing a source term in Zakharov equations.
Zakharov model is very suitable to investigate TPD because TPD is very localized
and only grows in a narrow region below quarter critical density. So the limitation
of time envelope is easily satisfied, which also brings a big advantage of fast
computation speed. To model multiple laser beams, we extended this model to
3D geometry and developed a code called “ZAK3D”. As computation scale in
3D is much larger than that in 2D, parallel decomposition is applied to the two
transverse directions. The computation time for a 1024×512×512 simulation box
and 2ps simulation time generally takes approximately one hour using 64 CPU
cores.
Common wave is the daughter wave shared by more than one laser beams. It
was observed in experiments and used to explain experimental observation that
hot electrons fraction is related to the total laser intensity[28; 47; 48]. Using
ZAK3D, series of simulations are conducted for different number of laser beams.
We observed common waves both in large-k and small-k regions. Results of
common wave at large-k region are consistent with linear gain theory developed
by R.W.Short[1] while common wave at small-k region decreases TPD absolute
threshold. This means if multiple laser beams are able to drive a common wave,
absolute threshold depends on the total laser intensity rather than single laser
beam intensity.
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5.2

Half harmonic emission

TPD absolute threshold is a key parameter for half harmonic emission. When
TPD is under absolute threshold, the generated half harmonic light spectrum has
two peaks: a blue shift peak, which comes from linear mode conversion of large-k
plasma wave produced by TPD and a sharp red shift peak, which is a daughter
wave of SRS. This feature is consistent with low laser intensity experiments in
OMEGA[46]. In this regime, nonlinear mode conversion is not important as ion
fluctuation level is very low. TDS can also be ignored because of the restriction of
TDS matching conditions. The calculated electron temperature using frequency
shift of sharp red half harmonic emission is consistent with actual electron temperature used. However, if TPD is above absolute threshold, analysis of half harmonic
emission becomes much more complicated becomes all half harmonic generation
mechanisms might contribute: Nonlinear mode conversion is more important because ion fluctuation level is much higher than that in low laser intensity regime;
matching condition of TDS is easier to be satisfied because Langmuir wave spectrum is much broader; contribution of SRS depends on parameters used. If its
absolute threshold is lower than that of TPD, it could make major contribution;
Linear mode conversion is also more difficult to analyze because density profile
has been changed by TPD.

5.3

Future research

Many interesting topics remain to be explored in the future. In our 3D simulations, we still used plane waves for laser beams while laser “speckles” are applied
in experiments using RPP. Laser speckles introduce localized high intensity regions. Whether this has an effect on TPD and the communications between
different speckles will be interesting questions to be answered. Furthermore, Po-
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larization Smoothing (PS) technique which applied in OMEGA splits speckles into
two beam-lets with orthogonal polarizations. The effect of PS also remains to be
investigated.
Relative importance of various half harmonic emissions depends on parameters used. So we need to conduct more EMZAK simulations under different
parameters to obtain a better understanding of half harmonic emission generation mechanisms. Besides, half harmonic light spectrum simulated with EMZAK
in high laser intensity regime does not give the sharp red shift feature observed
in experiments[46]. This might be caused by the fact that our simulations are
conducted in 2D geometry, which can not mimic the laser beams geometry used
in experiments. So one of our future plans is to develop a 3D EMZAK model.
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