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Abstract
Many astrophysical phenomena depend on the underlying dynamics of magnetic
ﬁelds. The observations of accretion disks and their jets, stellar coronae, and the
solar corona are all best explained by models where magnetic ﬁelds play a central
role. Understanding these phenomena requires studying the basic physics of magnetic ﬁeld generation, magnetic energy transfer into radiating particles, angular
momentum transport, and the observational implications of these processes. Each
of these topics comprises a large enterprise of research. However, more practically
speaking, the nonlinearity in large scale dynamo is known to be determined by
magnetic helicity(⟨A · B⟩), the topological linked number of knotted magnetic
ﬁeld. Magnetic helicity, which is also observed in solar physics, has become an
important tool for observational and theoretical study.

The ﬁrst part of my work addresses one aspect of the observational implications
of magnetic ﬁelds, namely Faraday rotation. It is shown that plasma composition
aﬀects the interpretation of Faraday rotation measurements of the ﬁeld, and in
turn how this can be used to help constrain unknown plasma composition. The
results are applied to observations of astrophysical jets.

The thesis then focuses on the evolution of magnetic ﬁelds. In particular, the
dynamo ampliﬁcation of large scale magnetic ﬁelds is studied with an emphasis
on the basic physics using both numerical simulations and analytic methods. In
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particular, without diﬀerential rotation, a two and three scale mean ﬁeld (large
scale value + ﬂuctuation scales) dynamo theory and statistical methods are introduced. The results are compared to magnetohydrodynamic (MHD) simulations
of the Pencil code, which utilizes high order ﬁnite diﬀerence methods. Simulations in which the energy is initially driven into the system in the form of helical
kinetic energy (via kinetic helicity) or helical magnetic energy (via magnetic helicity) reveal the exponential growth of seed magnetic ﬁelds by a mechanism known
as “alpha eﬀect.” The generalized theory systematically explains the simulation
results, showing how magnetic energy is inversely cascaded from small to large
scales, and how the large scale ﬁeld growth saturates.

In addition to work on the nonlinear saturation of large scale magnetic ﬁelds,
the thesis also includes a study of the inﬂuence of the magnitude and distribution
of the magnetic energy on the large scale ﬁeld growth rate in the last chapter.
Since the large scale dynamos of most astrophysical objects are likely not yet in a
resistively saturated state (due to the high conductivity of astrophysical plasmas),
the evolution of the magnetic ﬁeld in the pre-saturation regime is most important.
The results show that, within the limitations of the present study, the eﬀect of
the initial ﬁeld distribution on the large scale ﬁeld growth is limited only to the
early growth regime, not the saturated time regime.
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Introduction: Magnetic Fields
In astrophysical Objects

Direct measurements of magnetic ﬁelds in astrophysical objects are limited to the
sun, solar wind, and planets using satellites. In many cases, indirect measurement such as analysis of polarized starlight, Zeeman eﬀect, synchrotron radiation,
or γ ray source is possible. When starlight scatters oﬀ of ISM dust grains, the
light is polarized and elongated perpendicular to the ﬁeld line(B⊥ , e.g., Fig.1.1
(a) [Zweibel and Heiles, 1997]). Also Zeeman splitting eﬀect provides information
on the magnetic ﬁeld(∼ B∥4 ).

The magnetic ﬁeld outside of our galaxy cannot be measured using these methods. Instead, the intensity and polarization of synchrotron radiation can be used.
The observed synchrotron radiation luminosity is closely related to magnetic ﬁeld:
L ∼ ne B α (ne : electron density, α : spectral index), and polarization is related
to B⊥ . Faraday rotation, the rotation of polarization plane due to the diﬀerent
phase velocity, is used for the determination of line of sight components of the
magnetic ﬁeld. Parallel magnetic ﬁeld(B∥ ) toward us rotates anticlockwise, ﬁeld
propagating outward rotates clockwise.(e.g., [Han et al., 1997]) However, since
typical rotation measure is proportional to ne B∥ , a method to separate ne and B||
is required. Combined with synchrotron radiation, multi-wavelength observations

2

(a)

(b)

Figure 1.1: (a) Starlight Polarization. Each line is parallel to B⊥ . (b) RM of
galactic distribution. Black circle means B∥ points toward the observer, 5-150 rad
m−2 . [Zweibel and Heiles, 1997]
of Faraday Rotation then determine the magnitude and structure of three dimensional magnetic ﬁeld in space.

In addition, γ−rays can be used for inferring magnetic ﬁeld strengths in the
intergalactic medium. γ-ray interacts with infrared photons and produce electronpositron pairs. They interact with the background of which intensity depends on
the magnetic ﬁeld.

The situations described below provide the examples of measured magnetic
ﬁeld.([Shapovalov, 2010])

Solar magnetic ﬁeld
Solar activity is very closely related to the strong and complicated magnetic ﬁeld
in the sun. The solar magnetic ﬁeld is measured quite accurately via Zeeman
splitting eﬀect. Spectral observations of magnetic ﬁeld in sunspots indicate that
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the sunspot is related to the very strong magnetic ﬁeld in the convection zone.
The energy levels of ions are split into several spectral lines and the line separation is proportional to the magnetic ﬁeld. According to the observations, the
azimuthally averaged magnetic ﬁeld at the solar surface is a few gauss(G) and
the peak magnetic ﬁeld in sunspots is ∼2 KG. Deep in the convection zone, the
magnetic ﬁeld is thought to be stronger due in part to turbulent pumping, and
ampliﬁcation by shear just below the convection zone.

Magnetic ﬁelds in accretion disks
Some magnetic ﬁelds likely exist within the plasma from which accretion disks
form but ampliﬁcation of this ﬁeld is thought to be due in part to dynamos associated with the magneto-rotational instability. The magnetic ﬁeld of active
galactic nuclei can be measured using Zeeman splitting eﬀect. For example, Zeeman splitting indicates that the upper limit of magnetic ﬁeld of NGC4258 is 50
mG at a distance of 0.2 pc from the nucleus. This is however, more than three
orders of magnitude large than the scale of the actual inner accretion disk.

Galactic magnetic ﬁeld
Magnetic ﬁeld strength can be measured using synchrotron emission by assuming
energy equipartition between magnetic ﬁeld and cosmic rays. For instance, magnetic ﬁeld of a spiral galaxy such as the Milky Way is about 10 µG, and M31 and
M33 are about 5 µG. For comparison, the earth’s magnetic ﬁeld is 0.5∼50 µG on
average.

Where do these galactic magnetic ﬁelds come from? There are two possibilities:
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Primordial or Dynamo produced. The primordial picture of magnetic ﬁeld purports that the ﬁeld was generated in the very early universe. According to such
theories the ﬁeld decreases as the universe expands, but the basic topological
structure of the ﬁeld is maintained. However there is not much observational
proof for this picture. In fact, the observed magnetic ﬁeld is much stronger than
the ﬁeld which can be produced by the interaction of charged particles in ICM or
ISM. Although primordial ﬁelds might supply a seed ﬁeld, a process amplifying
the weak magnetic ﬁeld is necessary to explain the observed strong magnetic ﬁeld.
The goal of dynamo theory is to understand the mechanism of ampliﬁcation of
magnetic ﬁeld. The weak seed magnetic ﬁeld is ampliﬁed by the dynamo process,
given a source of external free energy from which the magnetic ﬁeld grows. Dynamo theory is the main subject of this thesis, with a particular focus on large
scale magnetic ﬁeld ampliﬁcation.
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2

Background Material:
Magnetic Helicity and MHD
Equations

2.1

Magnetic helicity and Force free ﬁelds

Magnetic ﬁeld (B ﬁeld) has the property of

H
closed

B· n̂ dS = 0. From this ∇·B = 0

and B = ∇ × A are derived. Flux of B across a surface S is deﬁned as
∫
I
Φ=
B · n̂ dS = A · dr.
S

(2.1)

c

A ﬂux tube is just the set of B-lines(deﬁned from dr × B = 0) that pass through a
closed curve. The topological complexity of a B-ﬁeld is represented by magnetic
helicity A · B.

∫
A · B dr

I=

(2.2)

Vm

(Vm is the volume made of Sm where B · n=0.)
This integral I is the fundamental topological invariant. For example, let’s assume
that there are linked tubes of the volume V1 and V2 of inﬁnitesimal cross-section
with closed curves C1 and C2 . If the magnetic ﬂuxes in each tube are Φ1 and Φ2 ,
then,

I

∫

I
(A · dl)(B · dS) = Φ1

I1 =
C1

S1

A · dl = Φ1 Φ2 .
C1

(2.3)
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Figure 2.1: Axisymmetric, N is the neutral ring of the poloidal ﬁelds.
The last relation comes from the fact that magnetic ﬁeld does not exist out of
the tubes. Similarly, I2 = Φ1 Φ2 can be derived. We can represent the magnetic
helicity that has ‘N’ winding number of C1 relative to C2 like below.
I1 = I2 = ±N Φ1 Φ2 .

(2.4)

If B ﬁeld is parallel to the current density J, i.e., B ∼ ∇ × B, the Lorentz force
J × B is zero. In this case, there is a scalar function k(r) such that,
∇ × B = kB,

B · ∇k = 0.

(2.5)

This indicates k is constant on helical B-lines. If k is constant, the Helmholtz
equation results, namely,
(∇2 + k 2 )B = 0.

(2.6)

For example, in Cartesian coordinate system, if the B-ﬁeld is B = B0 (sin kz, cos kz, 0),
the ﬁeld satisﬁes ∇ × B = kB. The vector potential is simply A = k −1 B so that
helicity density is just k −1 B 2 . In cylindrical coordinate, B = B0 (0, J1 (kr), J0 (kr))
(Jn (r): nth order Bessel function).
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Magnetic helicity is conserved for a perfectly conducting plasma in a closed volume V0 , and the magnetic ﬁeld in the minimum energy state is linearly force
free([Woltjer, 1958]). Taylor explicitly pointed out the minimum energy ﬁeld with
invariant magnetic helicity is force free ﬁeld.([Taylor, 1974])
)
∫ ( 2
U + B2 k
δ
− A · B dV = 0
2
2
∫
→ (∇ × B − kB) · δA dV = 0
→ ∇ × B = kB (variation with respect to A)
Or U = 0

2.2

(variation with respect to U)

(2.7)
(2.8)

Equations of Magnetohydrodynamics

Since turbulence is basically ﬂuid phenomenon, its proﬁle and motion are described by the ﬂuid equations.

2.2.1

Continuity equation

From the conservation of mass law

d
dt

∫
V

ρdV =

H

ρU · dS, continuity equation is

derived.([Biskamp, 2008])
∂ρ
+ ∇ · (ρU) = 0
∂t

(2.9)

When the velocity of ﬂuid is much smaller than that of sound cs or the ∇P is
not so large as to inﬂuence on the change of density ρ, the change of density is
ignored and Eq.2.9 becomes,
dρ
= 0 ⇒ ∇ · U = 0.
dt

(2.10)
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2.2.2

Navier-Stokes equation

We can write the the conservation of momentum equation as
ρ

( ∂U
)
(
µ)
1
+ U · ∇U = −∇p + J × B + µ∇2 U + χ + ∇∇ · U.
∂t
c
3

(χ is volume viscosity and µ is shear viscosity. Lorentz force

1
J
c

(2.11)

× B can be

1
decomposed into the magnetic pressure and magnetic tension:− 8π
∇B 2 +

1
B
4π

·

∇B.)
In case of incompressible ﬂuids, ∇ · U = 0 and Eq.2.11 simpliﬁes to
∂U
1
1
+ U · ∇U = − ∇p + J × B + ν∇2 U.
∂t
ρ
c

(2.12)

ν(= µ/ρ) is kinematic viscosity coeﬃcient.
The ratio of the advection term to the viscosity term is called the Reynolds number.
Advection term
U · ∇U
UL
=
∼
≡ Re
2
Viscosity term
ν∇ U
ν

(L : length scale)

(2.13)

If Re is small, the ﬂow is quite uniform and this kind of ﬂow is called laminar.
This contrasts to a turbulent ﬂow with high Re. In addition, if Re of two ﬂuids
is the same, they can have identical ﬂow proﬁles, independent of their actual scale.

For the vorticity(ω) equation, we can apply curl operator to Eq.2.12. Then,
∂ω
1
+ U · ∇ω = ω · ∇U + ∇ × (J × B) + ν∇2 ω.
∂t
c

(2.14)

‘ω · ∇U’ means vortex stretching. This phenomenon is very important to the
generation and maintenance of turbulence.

2.2.3

Magnetic induction equation

Much of astrophysical space is composed of ionized gas. The conducting ﬂuid
produces current and magnetic ﬁeld. The electromagnetic force (Lorentz force)
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due to the magnetic ﬁeld and charged particles aﬀects the motion of ﬂuid. Thus,
electromagnetic equations are needed to describe the motion of conducting ﬂuid.
This equation starts from Faraday’s equation.
∂B
= −c∇ × E
∂t

(2.15)

Using the deﬁnition of current density J = σ(E + 1c U × B) (σ: electrical conductivity) in ﬂuid rest frame, we get
(

∂B
= ∇ × (U × B) + η∇2 B.
∂t

η=

c2 )
4πσ

(2.16)

In case of thermodynamic equilibrium, the pressure is coupled to density ρ and
temperature T by the equation of state. Since we assume dilute gas plasma, ideal
gas law can be used.
P = (ne + ni )kB T = 2nkB T ∼
= 2(ρ/mi )kB T.

(2.17)

When heat conduction is ignored at suﬃciently large scale, the ﬂuid can be assumed to be adiabatic.
⇒

d
(pρ−γ ) = 0
dt

(

γ=

cp
5)
=
cV
3

(2.18)

This is equivalent to dS/dt = 0 where S = cV loge (pρ−γ ). However, if the heat
conduction is not negligible, internal energy equation should be added.
By analogy to the momentum equation, the ratio of advection to diﬀusion
terms is called the Magnetic Reynolds number(ReM ).
U · ∇B
Advection term
UL
=
∼
≡ ReM
2
Diﬀusion term
η∇ B
η

(L : length scale)

(2.19)

This quantity is important in determining nonlinear properties of MHD turbulence.
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3

Background material: MHD
Turbulence and Dynamos

3.1

Features of Turbulence

Turbulence appears in ﬂuid phenomena like atmosphere, cloud, jet stream, and
the surface of the sun. Many astrophysical motions show the properties of turbulence.([Davidson, 2001], [Davidson, 2004])

Irregularity & Nonlinearity
One of the conspicuous properties of turbulence is irregularity. It has coherent structure. But the structure is determined by the momentum(Navier-Stokes)
equations nonlinearly coupled to electromagnetic phenomena. It is hard to predict
the motion of turbulence.

3-dimensional vorticity ﬂuctuation
Turbulence is characterized by the vortices which are basically originated from
three dimensional (vortex) stretching.
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Diﬀusion & Dissipation
Turbulence diﬀuses momentum, energy, temperature, or material. Also turbulence
consumes energy. Its complicated velocity and ﬁeld distributions dissipate energy
by viscosity and resistivity more than laminar ﬂow. Thus turbulence requires
consistent energy supply to keep its complex motion.

Isotropy
Even if we stir water in one direction, turbulence, especially small scale, becomes
isotropic.

3.2
3.2.1

Dynamics of Turbulence
Conserved variables

Kinetic energy(U 2 /2) and helicity(⟨U · ω⟩) are conserved in ideal hydrodynamics.
In MHD total energy (U 2 + B 2 )/2, magnetic helicity ⟨A · B⟩, and cross helicity
⟨U · B⟩ are conserved.([Biskamp, 2008])
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Total energy

(
)2
2
∂ U2
U2
∂Ui
2U
+U·∇
− Ui (B · ∇)Bi = −U · ∇PM + ν∇
−ν
∂t 2
2
2
∂xj
(
)2
2
2
2
∂Bi
∂ B
B
B
+U·∇
− Bi (B · ∇)Ui = λ∇2
−λ
∂t 2
2
2
∂xj
∂ U 2 + B2
= −∇ ·
⇒
∂t
2

[(

(3.2)

)
]
(
)2
(
)2
∂Uj
U 2 + B2
∂Bj
+ PM U − (U · B)B − ν
−λ
2
∂xi
∂xi
2
2
B
U
+ λ∇2 .
+ν∇2
2
2
(3.3)

Cross helicity
Cross helicity can be calculated from the momentum and magnetic induction
equations:
((

)
)
U 2 + B2
∂Uj ∂Bj
+ PM B − (U · B)U − (ν + λM )
2
∂xi ∂xi
(
)
(
)
∂
∂Uj
∂
∂Bj
+νM
Bj
+ λM
Uj
.
(3.4)
∂xi
∂xi
∂xi
∂xi

∂
U·B = ∇·
∂t

(3.1)

Kinetic helicity is not conserved, but evolution equation can be derived from
Eq.2.12 and Eq.2.14(c ≡ 1)
[
]
(
∂
1 2)
(U · ω) + U · ∇(U · ω) = −∇ · p − U ω + ω · J × B + U · ∇ × (J × B)
∂t
2
(
)(
)
∂Ui
∂ωi
−2ν
.
(3.5)
∂xj
∂xj
Magnetic helicity
As described earlier, another important conserved quantity is magnetic helicity
⟨A · B⟩, a topological invariant. Using Eq.2.16, E = −∇ϕ − ∂A/∂t(B = ∇ × A),
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and E = −U × B + ηJ, we get
∂
∂A
A · B = −2ηJ · B − ∇ · (2ϕB − A ×
).
∂t
∂t

(3.6)

When rotation is important, angular velocity ΩF should be included in momentum and magnetic induction equation:
∂Ui
+ U · ∇Ui − B · ∇Bi + (2ΩF × U)i = −∇i PM + ν∇2 Ui ,
∂t
∂Bi
+ U · ∇Bi − B · ∇Ui + (2ΩF × U)i = η∇2 Bi .
∂t
(
)
B2
PM = p +
2

3.2.2

(3.7)
(3.8)

Two Scale model

In many cases, global properties in turbulence are important. Thus, if velocity
and magnetic ﬁeld are divided into mean and turbulent part U = U + u and
B = B + b([Blackman and Field, 2002], [Field and Blackman, 2002], [Blackman
and Field, 2004], [Davidson, 2001], [Davidson, 2004]), then
(
)
∂U i
b2
+ U j ∇j U i = −∇i P +
+ B j ∇j B i − ∇j (⟨ui uj ⟩ − ⟨bi bj ⟩) + ν∇2 U i ,
∂t
2
(3.9)
and
∂B i
= ∇ × (U × B)i + ∇ × ⟨u × b⟩i + η∇2 B i .
∂t

(3.10)

V
=
The eﬀects of turbulence show up in the Reynolds tensor(turbulent stress) Rij
M
= ⟨bi bj ⟩, and turbulent electromotive force(EMF),
−⟨ui uj ⟩, Maxwell tensor Rij

⟨u × b⟩. These terms make the MHD equations unclosed: the number of variables
is larger than that of equations. For example, if we make an equation for ⟨ui uj ⟩ by
multiplying Eq.3.9 by uk , ⟨ui uj uk ⟩ term is generated due to the advection term,
i.e., nonlinearity.
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On the other hand, the time-evolution equations for small scale velocity and magnetic ﬁeld are,
) ∂pM
Dui
∂ (
+
uj ui − bj bi − Rij +
− ν∇2 ui
Dt
∂xj
∂xi
= B · ∇bi − u · ∇Ui + b · ∇Bi ,
)
Dbi
∂ (
+
uj bi − ui bj + ϵikl ξl − λ∇2 bi
Dt
∂xj
= B · ∇ui − u · ∇Bi + b · ∇Ui .

(3.11)

(3.12)

We can also calculate the small scale energy and cross helicity.
(
(
)2
(
)2
)
D u2 + b2
∂uj
∂U j
∂bj
−ξ·J −ν
−λ
= −Rij
Dt
2
∂xi
∂xi
∂xi
( 2
)
2
(
)
(
)
u +b
+∇ · (u · b)B − ∇ ·
+ pM u + ∇ · (u · b)b
2
( 2)
( 2)
b
u
+ λ∇
(3.13)
+ν∇
2
2
(
)
(( 2
) )
D
∂uj ∂bj
u + b2
∂U j
(u · b) = −Rij
− ξ · Ω − (ν + λ)
−∇·
B
Dt
∂xi
∂xi ∂xi
2
(( 2
) )
(
)
u + b2
−∇ · (u · b)b + ∇ ·
− pM b
(3.14)
2
)
∂a
∂(
a · b = −2ξ · B − 2η(j · b) − ∇ · (2ϕb − a ×
)
(3.15)
∂t
∂t

3.2.3

Kolmogorov theory

Kolmogorov theory([Kolmogorov, 1941]) plays a very important role in understanding isotropic turbulence. Energy continuously cascades toward smaller eddies, but this process does not continue inﬁnitely. Dissipation occurs at all k;
however, if k is large enough, dissipation term becomes competitive with the
nonlinear transfer terms. With dimensional analysis, Kolmogorov derived the
dissipation scale:
(
ld =

ν3
ϵ

)1/4
(3.16)
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ϵ is energy dissipation ratio that is decided by 2ν

∫∞
0

k 2 E(k) dk. Velocity and time

scale of dissipation scale are,
vd = (νϵ)1/4 ,

τd = (ν/ϵ)1/2 .

Also the ratio of large scale to the dissipation scale is,
( )3/4
Lv
L
=
= Re3/4 .
ld
ν

(3.17)

(3.18)

The corresponding Reynolds number is Red = ld vd /ν = 1. When eddy size decreases to be much smaller than its original size(k ≫ L−1 ), eddies lose information
about their forcing and become statistically homogeneous and isotropic. And ﬁnally turbulent energy turns into thermal energy at dissipation wave number kd .
For Re → ∞ or ν → 0, there is an inertial range L−1 ≪ k ≪ ld−1 . The, energy
spectrum is determined by ϵ which is approximately v 3 /L. In contrast, if Re is
not large enough, the energy spectrum is steeper than Kolmogrov’s expectation
k −5/3 , which means more energy dissipates.

3.3

Dynamo Theory

Dynamo theory addresses the mechanisms of converting kinetic energy to magnetic
energy.([Parker, 1955]) There are laminar and turbulent dynamos but we focus on
the latter. Roughly speaking, there are two kinds of turbulent dynamo:fast and
slow. For the slow dynamos, the growth rate of magnetic ﬁeld is proportional to
η s (0 < s ≤ 1). For the fast dynamos(s = 0), the growth rate is independent of
resistivity η. For instance, the growth cycle of solar magnetic ﬁeld(22 year period)
is much faster than resistive diﬀusion.

3.3.1

Kinematic dynamos vs Nonlinear dynamo

Kinematic dynamo theory([Lerche, 1971a], [Lerche, 1971b]) assumes the velocity
ﬁeld is not inﬂuenced by magnetic ﬁeld. Above some critical magnetic Reynolds
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number ReM , the magnetic ﬁeld begins to grow exponentially. This theory explains the linear evolution of log scaled magnetic ﬁeld, However it cannot explain
the nonlinear growth of magnetic ﬁeld.([Field et al., 1999], [Sur et al., 2007]) Once
the magnetic ﬁeld begins to inﬂuence the velocity ﬁeld, it is called the nonlinear
dynamo.

3.3.2

Small scale dynamos(SSD)

Small scale dynamos generate magnetic ﬁelds whose scale is equal to or smaller
than the energy injection scale. Helical or nonhelical turbulent ﬂow generates
magnetic ﬁeld. Moreover, because of the smaller eddy turnover time, small scale
dynamos have larger growth rate of magnetic ﬁeld than that of large scale dynamo
in the kinematic time regime. If the energy in small scale is helical, some large scale
magnetic ﬁeld growth can occur. Even when the energy in small scale is not helical,
inverse cascade of magnetic energy occurs. Also as the large scale magnetic ﬁeld
grows, small scale magnetic ﬁeld is inﬂuenced.(Alfvén eﬀect, [Iroshnikov, 1964],
[Kraichnan, 1965])

3.3.3

The inﬂuence of small scale turbulence: α eﬀect

The mean ﬁeld magnetic induction equation
∂B
= ∇ × (U × B) + ∇ × ⟨u × b⟩ + η∇2 B
∂t

(3.19)

indicates an important feature: the turbulent EMF ⟨u × b⟩ ≡ ξ generates large
scale B. In the early time regime when magnetic energy is not strong, this EM F
can be replaced by ∼ αB([Steenbeck and Krause, 1966], [Krause and Rädler,
1980]). In this case, toroidal ﬁeld(BT ) generates poloidal ﬁeld(∼ ∇×BT ), poloidal
ﬁeld is generated by the toroidal ﬁeld again. This is called α2 turbulent dynamo,
when there is no mean velocity shear. This coeﬃcient has features of kinematic
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& nonlinear dynamo as the B-ﬁeld grows. From the deﬁnition of EM F , we
get([Choudhuri, 1998], [Blackman and Field, 2002], [Biskamp, 2008])
⟩ ⟨
∂ξ ⟨ ∂u
∂b ⟩
=
×b + u×
.
∂t
∂t
∂t

(3.20)

EM F can be represented by large scale B with coeﬃcient function α. Roughly,
this coeﬃcient is composed of two components, kinetic helicity(⟨u·ω⟩) and current
helicity (⟨j · b⟩). When ﬂuctuating magnetic ﬁeld ‘b’ is still weak, and relatively
strong velocity ﬁeld ‘u’ is known, magnetic induction equation is approximately,
∂b
∼ ∇ × (v × B) ⇒ b ∼ τ ∇ × (v × B) = τ (B · ∇)u − τ (u · ∇)B.
∂t

(3.21)

EM F is,
∂uk
∂B k
− τ ϵijk uj ul
∂xl
∂xl
∂B k
≡ αil B l + βilk
.
∂xl

ξi = ⟨u × B⟩i = ϵijk uj B k = τ ϵijk uj B l

(3.22)

We assume the system is isotropic.
αil = αkin δil ,

βilk = −λT ϵilk

(3.23)

With a simple calculation,
1
αkin = − ⟨u · ∇ × u⟩τ,
3

1
λT = ⟨u2 ⟩τ.
3

(3.24)

On the other hand, if the magnetic ﬁeld is large enough, the momentum equation
can be represented as,
∂u
≃ B · ∇b ⇒ u ≃ τ B · ∇b
∂t

(3.25)

With the same method, we get
1
αmag = ⟨j · b⟩τ.
3

(3.26)
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More exactly, using the tensor analysis we can derive time evolution of the EMF
to be:
)
∂ξ
1(
1
=
⟨b · ∇ × b⟩ − ⟨u · ∇ × u⟩ B − ⟨u2 ⟩∇ × B
∂t
3
3
2
2
+ν⟨∇ u × b⟩ + λ⟨u × ∇ b⟩ + T
≃ α̃B − β∇ × B.

(3.27)

T is a triple correlation which requires statistical method([Blackman and Field,
2002]).

α2 and αΩ dynamos
In cylindrical coordinate, if we use U=rω(r, z)ϕ̂ + UP and BT =BT (r, z)ϕ̂ + BP
(BP = ∇ × [A(r, z)ϕ̂]), the magnetic induction equation becomes,
T urbulence
Rotation
)
}|
{ (
z
}|
{ z
∂BT
BT
1
2
+ rUP · ∇(
) = r(BP · ∇ω) + ϕ̂ · ∇ × (αBP ) +η ∇ − 2 BT ,
∂t
r
r
T urbulence
)
(
z}|{
∂A 1
1
2
+ UP · ∇(rA) =
αBT +η ∇ − 2 A. (Poloidal component)
∂t
r
r
(3.28)

In the toroidal magnetic ﬁeld equation, the ratio of rotation eﬀect to that of
turbulence is,
r(BP · ∇ω)
ϕ̂ · ∇ × (αBP )

≈

L2 |∇ω|
.
α

(3.29)

For the case |α| ≫ L2 |∇|ω, poloidal ﬁeld (ϕ̂ · ∇ × (αBP )) generates toroidal ﬁeld.
Also Eq.(3.28) indicates that toroidal ﬁeld BT generates poloidal component A
via α. This is the α2 dynamo. For the case |α| ≪ L2 |∇|ω, rotation(ω) generates
toroidal ﬁeld. The latter is called the α-Ω dynamo.
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Figure 3.1: Axisymmetric, N is the neutral ring of the poloidal ﬁelds.

3.3.4

Cowling’s anti dynamo theorem

Cowling([Cowling, 1933]) suggested that time independent axisymmetric magnetic ﬁelds cannot be maintained by axisymmetric velocity ﬁelds which is time
independent. We can prove this theorem using a counterexample. A stationary
axisymmetric system is independent of ϕ: ∂/∂ϕ=0 and ∂/∂t=0. Magnetic ﬁelds
are decomposed into toroidal and poloidal component: B = Bϕ ϕ̂ + BP . Since
the poloidal component of B ﬁeld should be in the form of a closed shape, there
must be a neutral point in this closed poloidal magnetic ﬁeld. At this point,
BP vanishes and only azimuthal magnetic ﬁeld exists. There the current density
J(=σ(E + v × B)) can be integrated around the closed line C.
I
I
I
1
Jϕ · ds =
E · ds +
v × B · ds
σ C
C
C

(3.30)

Since the ﬁeld is stationary, the ﬁrst term related to E is zero from Faraday’s
law(∇ × E = − ∂B
). Since only azimuthal magnetic ﬁeld Bϕ exists in this neu∂t
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tral position, the second term also vanishes. However, Jϕ cannot be zero along
this closed curve. This seems to indicate no dynamo is possible. But Cowling’s
theorem is valid only for exactly axisymmetric.
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Abstract

Faraday rotation (FR) is widely used to infer the orientation and strength of magnetic ﬁelds in astrophysical plasmas. We ﬁrst derive exact expressions of FR that
are more general than previous work in allowing for a plasma of arbitrary composition, arbitrary net charge, and arbitrary radiation frequency. The latter includes
low frequency regimes where resonances occur and FR changes sign. We then show
how the expressions can be used to constrain degeneracies between plasma density, composition and inferred magnetic ﬁeld strength in astrophysically relevant
ion-electron-positron plasmas of unknown positron to electron number density ratio. Electron-positron pairs may be prevalent in the plasma magnetospheres of
pulsars, black holes, and AGN jets, but the fraction of positive charge carriers
that are protons or positrons has been diﬃcult to determine. FR is sensitive to
the plasma composition which may be helpful. A pure electron-positron plasma
has negligible FR, so the greater the fraction of positrons, the higher the magnetic
ﬁeld strength required to account for the same FR. We consider parameters relevant to active galctic nuclei (AGN) jets and clusters to show the degeneracies in
ﬁeld strengths and plasma composition for a given FR measured value as a function of the plasma composition. We point out that these results can be used to
constrain the plasma composition if an independent measurement of the magnetic
ﬁeld strength can be combined with the FR measure.
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RHP are imaginary.

4.1.1

Generalized Faraday rotation
Formalism for Arbitrary Neutral Plasmas

To formally derive FR for an arbitrary neutral plasma, we assume a cold neutral
⃗ ex , subject to a perturbation from
plasma in a background external magnetic ﬁeld B
a propagating electromagnetic wave. (The cold plasma approximation for FR has
been shown to be eﬀective for the electron contribution to FR even for quasirelativistic plasmas [Skilling, 1971], and we discuss this further below Eq.(4.16)).
⃗ magnetic ﬁeld B
⃗ and induced particle velocity ⃗vs (where
For the electric ﬁeld E,
the index s indicates particle species) we write
⃗ =E
⃗ 1,
E
⃗ =B
⃗1 + B
⃗ ex ,
B
⃗vs = ⃗vs1 ,

-5. ´ 10-7

eB

Figure 4.1: The Faraday Rotation angle per cm in low frequency limit for X=0.3,
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⃗ 1 and B
⃗ 1 are perturbations such that |B1 /Bex | ≪ 1, |E1 /Bex | ≪ 1 and
where E
vs1 | ≪ c. We also assume a neutral plasma so that
∑

ns0 es = 0,

(4.2)

s

where ns0 is the unperturbed density of a particle of species s, and es is charge of
particle of species s.
Using the above formalism, Maxwell equations become (e.g. [Gurnett and
Bhattacharjee, 2005]):
1 ∂ B⃗1
4π ⃗ 1 ∂ E⃗1
J+
∇ × E⃗1 = −
, ∇ × B⃗1 =
.
(4.3)
c ∂t
c
c ∂t
∑
If the current density J⃗ ≡ s ns0 es⃗vs1 = 0, then E1 & B1 are decoupled, resulting
in the plane wave vacuum equations. However a ﬁnite J⃗ and the Lorentz force
equation
d⃗vs
⃗ 1 + 1 ⃗vs × B
⃗ ex )
= es (E
dt
c
⃗ B,
⃗ and ⃗vs are all coupled.
imply that in general, that E,
ms

(4.4)

To quantify the interaction between the particles and EM ﬁelds, we take
⃗

⃗ 1 ∝ ei(k·⃗x−ωt) so Eq.(8.2(a)) becomes
⃗vs , E
⃗vs =

ies ⃗
⃗vs
⃗ ex ) = ies (E
⃗ 1 + ⃗vs × ms c ⃗ωcs ),
(E1 + × B
ms ω
c
ms ω
c
es

(4.5)

where ωcs = es Bex /ms c is the cyclotron frequency of species s. The current
⃗1
density can then be expressed as the product of a conductivity tensor and the E
←
−
→
ﬁeld, namely J⃗ = −
σ · E⃗ , where the conductivity tensor is given by Lectures on
1

Electromagnetism(Ashok Das, 2004).
(
)
∑
ωcs,i ωcs,j
i ns0 e2s
i
δij −
− ϵijk ωcs,k .
σij =
ms ω[1 − ( ωωcs )2 ]
ω2
ω
s
(4.6)
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⃗ ex = (0, 0, B) so that the components of Eq.(4.5) become
We now take B
vsy
B),
c
vsx
= es (E1y −
B),
c
= es E1z ,

−iωms vsx = es (E1x +
−iωms vsy
−iωms vsz
and, the conductivity tensor becomes

←
− ∑ ns0 e2s
−
→
σ =
ms
s






(4.7)



−iω
2 −ω 2
ωcs

ωcs
2 −ω 2
ωcs

−ωcs
2 −ω 2
ωcs

−iω
2 −ω 2
ωcs

0

0

0



0 .


(4.8)

i
ω

⃗ → i⃗k then becomes
Eq.(4.3) with ∇
←
−
−
→
2
ω
σ
4π
⃗k × (⃗k × E
⃗ 1 ) + (1 −
⃗ 1 = 0.
)·E
c2
iω

(4.9)

from which the secular equation for the FR eﬀect is



2
S−n
−iD 0
E

  1x 




 iD
S − n2 0   E1y  = 0,



0
0
P
E1z
where S ≡ 1 −

∑
s

2
ωps
2
2
ω −ωcs

, D ≡

∑

2
ωcs ωps
2
2 ),
s ω(ω −ωcs

P ≡ 1−

∑

(4.10)

2
ωps
s ω2

and the plasma

⃗ ex (only the component of magnetic ﬁeld
frequency and wave vector, parallel to B
along photon path to the observer contributes to FR) FR) are given respectively
2
by ωps
=

4πns e2s
ms

and ⃗k =

nω
c

ẑ.

The solution of Eq.(4.10) for refractive index n produces non-trivial FR when
the the two solutions for n are distinct, corresponding to left and right handed po⃗ 1 ﬁeld eigenvectors. The
larizations; n2L =S − D, n2R =S + D with two associated E
⃗ for each refractive index are of the same magtransverse (x, y) components of E
nitude but have diﬀerent phases, that is, EL = (E0 , −iE0 , 0), ER = (E0 , iE0 , 0),
where ±i arises from the diﬀerentiation of velocity and position over time in the
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Lorentz force law. The equal amplitude of the transverse E ﬁeld components then
imply circularly polarized waves.
The diﬀerent phase velocities (c/nL , c/nR ) cause the propagating left and right
handed circularly polarized waves to experience a net phase angle diﬀerence when
they propagate over the same distance. As a result, the net electric ﬁeld phase
angle (ϕ = T an−1 (Ey /Ex )) that comes from the superposition of these handed
waves rotates along the propagating distance. This is the FR. The change ϕ along
the propagation distance is
1
dϕ
=
(kL − kR )
dz
2 (√
)
√
2
2
∑
∑
ω
ω
ω
ps
ps
=
1−
− 1−
.
2c
ω(ω − ωcs )
ω(ω + ωcs )
s
s
(4.11)
Having derived the general formalism for a neutral plasma of arbitrary composition and the exact equation for FR (Eq.(4.11)), we note that [Hall and Shukla,
2005] considered FR in an ion-electron positron plasma producing the approximate analytical result
dϕ
2πe3 B
∼ Zi ni 2 2 2 ,
dz
me c ω

(4.12)

where Zi is the ion charge number. Then, Eq.(4.12) agrees with Eq.(4.11) in the
high frequency limit for an ion-electron-positron plasma, a point we will return
to in section 2.3. Eq.(4.12) indicates there is no rotation. in case of an electronpositron pair plasma(ni = 0). For ni ̸= 0, ions generate the FR by breaking the
symmetry of a pair plasma. Note however that in practice, since the electron
density is the quantity usually measured, it would be better to express ni as a
function of ne (Eq.(4.15).
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4.1.2

Ion-electron plasma

For a pure (hydrogen) ion-electron plasma, Eq.(4.2) takes the form −ne + ni = 0,
where ne and ni are the electron and hydrogen ion number densities. The summation over s in Eq.(4.11) also involves terms corresponding to electrons and ions respectively. However, because of the large ion to electron mass ratio mi /me = 1836,
the ion terms are typically ignored (e.g.[Asada et al., 2002], [Asada et al., 2008],
[Zavala and Taylor, 2005]). Then the rotated angle integrated along the line of
sight for the distance l (e.g. [Reynolds et al., 1996]) becomes
√
∫ l (√
)
2
2
ωpe
ωpe
ω
− 1−
· dz
ϕ ≃
1−
ω(ω − ωce )
ω(ω + ωce )
0 2c
∫ l
2πe3
∼
ne B cos θ dz
m2e c2 ω 2 0
( e3 ∫ l
)
=
n
B
cos
θ
dz
· λ2 ≡ RM · λ2 ,
e
2πm2e c4 0

(4.13)

where the second relation follows for ω ≫ ωpe , ωce . The general procedure for
determining RM is to measure ϕ at multiple wavelengths and infer a slope of the
ϕ vs. λ line.

4.1.3

Ion-electron-positron plasma

For the hydrogen ion-electron-positron case Eq.(4.2) becomes
−ene + ene+ + eni = 0,

(4.14)

where ne+ is the positron number density. We now deﬁne X ≡ ne+ /ne so that
ne+ = ne X,

ni = ne (1 − ne+ /ne ) = ne (1 − X).

(4.15)
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Eq.(4.11) then becomes
(√

2
2
2
ωpe
ωpi
ωpe
+
1−
−
−
ω(ω − ωce ) ω(ω − ωce+ ) ω(ω − ωci )
)
2
2
2
ωpe
ωpi
ωpe
+
− 1−
−
−
ω(ω + ωce ) ω(ω + ωce+ ) ω(ω + ωci )
(√
)
4πe2 ne (
1
X
1−X
ω
1−
+
+
=
2c
me ω ω + meBe c
ω − meBe c
1836ω − meBe c
)
√
)
1
X
1−X
4πe2 ne (
− 1−
+
+
me ω ω − meBe c
ω + meBe c
1836ω + meBe c
(
)
√
ω √
=
1 − qL − 1 − qR ,
2c

ω
dϕ
=
dz
2c
√

(4.16)

where qL represents the second term under the ﬁrst square root of the second
equality and qR represents the second term under the second square root of the
second equality.
Eq.(4.11), (4.12) and (4.16) presume a cold plasma and it is instructive to
comment on the validity of these expressions for a warm plasma. For the latter, motions of charged particles are inﬂuenced by thermal eﬀects in addition
to the electromagnetic force and to express the current density the solution of
Vlasov equation is necessary (e.g. [Gurnett and Bhattacharjee, 2005], chapt. 9).
[Skilling, 1971] studied FR for a warm ion-electron plasma and found that for large
frequencies away from resonances, the correction to the electron contribution to
FR is small compared to the cold plasma term. However, for a pair plasma in
which the electron and positron cold plasma terms cancel exactly, warm plasma
correction terms would not cancel exactly and a ﬁnite contribution would remain
as the positron and electron correction terms do not cancel. We ignore these small
corrections for present purposes and leave further discussion for future work.
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High frequency limit
In the high frequency limit, qL ≪ 1 and qR ≪ 1, and we can approximate Eq.(4.16)
as
(
)
1
2πe3
1
dϕ
ne B(1 − X) 2
≃
−
dz
m2e c2
ω − ( meBe c )2 18362 ω 2 − ( meBe c )2
∼

1
2πe3
1
ne B(1 − X)( 2 −
).
2
2
me c
ω
18362 ω 2

(4.17)

Using Eq.(4.15), then Eq.(4.17) is the same as Eq.(4.12).
For a pure neutral pair plasma (X=1), the right side of Eq.(4.16) (or (4.17))
vanishes. The FR vanishes because the equal mass of positrons and electrons
induce the same phase speeds for oppositely handed EM waves. This contrasts
the limit of the previous subsection of a pure neutral (hydrogen) ion-electron
plasma (X = 0), for which the mass asymmetry leads to unequal phase speeds of
the oppositely handed waves and a ﬁnite right side of Eq.(4.16). In general, for
0 ≤ X ≤ 1 with ne , Bex and source distance ﬁxed, the right side of Eq.(4.16)
decreases with increasing X. We discuss solutions of Eq.(4.16) in the next section.
Note that the exact FR expression (4.16) has singularities when the wave
frequency of the EM wave coincides with the particle cyclotron frequencies, i.e. at
ω = eB/me c = 1.76 × 107 B (for electrons and positrons) and eB/mi c = 9571 B
(for ions). The FR would exhibit sharp resonance features near the singular
points, allowing the B ﬁeld to be inferred in principle. However, for applications
to extended jets of AGN and larger scale systems, these resonant frequencies are
generally small compared to the relevant ∼ GHz frequencies.

Low frequency limit
Before discussing the astrophysical applications of the low frequency limit, we
emphasize that our general equations (4.11) and (4.16) can also be used in the
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low frequency limit. This limit is not normally considered in astrophysics but
has interesting properties. Fig.1 shows the low frequency regime of FRs from
Eq.(4.16). Note that there are resonances where ω = ωce and ω = ωci at which
the FR does not exist, around which and around which the FR ﬂips sign. For
comparison, Fig 1 also shows how inaccurate the high frequency approximation
Eq.(4.17) is at low frequencies.

4.2
4.2.1

Astrophysical Implications
General Implications of Plasma Composition

Figs.4.2 and 4.3 show solutions to the exact expression Eq.(4.16) and the approximation Eq.(4.17) for ne , B and X at ﬁxed values of RMs (2592 rad/m2 in Fig.4.2
and 1000 rad/m2 in Fig.4.3). The RMs were converted into rotation angles for
cm scale at λ= 1.35 cm(22.2GHz). The FR in Fig.4.2 corresponds to 3.63 pc (749
Mpc × 0.5 mas, C1 region) from the core of AGN jet 3C 273 from [Zavala and
Taylor, 2001]. From synchrotron emission, [Savolainen et al., 2006] calculated the
total magnetic ﬁeld to be (B ∼ 0.06 G) in this region. If this were the line of sight
ﬁeld, Fig.4.2(b) shows that ne ≥0.05 cm−3 for RM (2592 rad m−2 ), the minimum
ne occurring at X = 0. Fig.4.3(c) shows a complementary example for values
appropriate for a typical X-ray cluster ([Jaﬀe, 1980]) with ne ∼ 0.003 cm−3 and
RM ∼ 1000 rad m−2 . The standard assumption that X = 0 for a known distance
leads directly to the inference that B ∼ 1µG[Jaﬀe, 1980]. But for any X < 1,
Fig.4.3(b) for example, shows how much stronger the ﬁeld could be.
For ﬁxed values of RM, Figs.4.2(a), and 4.3(a) show that ne and B behave oppositely for each value of X: As ne increases (decreases), B decreases (increases).
These trends reﬂect that the RM is roughly proportional to the ﬁeld and the density. Figs.4.2(a), 4.2(b), 4.3(a), and 4.3(b) show that as X increases (decreases), B
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and ne increase (decrease) respectively. These trends result because an increasing
X means a higher fraction of pair plasma. The latter contributes zero FR so that
a higher B or ne is needed for a ﬁxed RM. Figs.4.2(c), and 4.3(c) reﬂect these
same trends.
In all panels, the lines resulting from Eq.(4.16) are indistinguishable from those
obtained using Eq.(4.17) for the parameters used, highlighting the eﬃcacy of the
latter. Figs.4.3(a), 4.3(b) and 4.3(c) are very similar to Figs.4.2(a), 4.2(b) and
4.2(c) as only the vertical axis scales are diﬀerent due to the diﬀerent RM choices.
Overall, the ﬁgures show how an unknown plasma composition X implies degeneracies in the values ne and B, or complementarily, how independent measures of
ne and B can be combined with an RM to constrain X.

4.2.2

Further Discussion of Applications

If the RM and two of the three quantities ne , X and B are independently known,
the FR equation is exactly determined. However, even if only one variable and
RM are known, the other variables can be constrained.
There have been eﬀorts to interpret the RM with a subset of independently
measured variables ne , B and T . For example, [Zavala and Taylor, 2002] calculated
the B ﬁeld in M87 using the RM and an independently determined ne . For RM
= -4000 rad m−2 , Eq.(4.13) was used to get B ∼15 µG, but X = 0 was assumed.
We can revisit the interpretation of the measured RM without assuming X = 0
a priori. As seen in Fig.4.4(a), the cross point of B ∼15 µG and RM = -4000
rad m−2 with ne = 1100cm−3 (dashed line) is X = 0. In contrast, if we suppose
that B = 200 µG, which corresponds to the thermal equipartition condition when
T ∼ 104 K (ne kB T = B 2 /8π where B is the mean line of sight ﬁeld that causes FR,
e.g. [Gabuzda et al., 2001]), diﬀerent X values result: For RM = 9000 rad m−2
and -4000 rad m−2 , the X values are 0.83 and 0.92 respectively. The corresponding

34

ne+ values are 913 and 1012 cm−3 . If instead magnetic pressure dominates (e.g.
dominant (β ≡ Pg /PB = 8πne kB T /B 2 < 1), then X increases as shown in Fig.4.
As another set of examples showing the degeneracy between B and X, we
consider the independently measured RM, ne , B and T for clusters A400, A1795
and A2199 [Eilek and Owen, 2002] which respectively include radio sources 3C75,
4C46.42 and 3C338 to obtain Fig.4.4(b). B is also the mean line of sight ﬁeld but
we note that the deﬁnition of the magnetic pressure (PB = 3 < B∥ >2 /8π) is
diﬀerent from that of [Zavala and Taylor, 2002]. We have taken this into account
when interpreting their respective data. There, instead of assuming X = 0, as is
normally done to obtain the B, we chose selected ﬁeld strengths (straight lines on
the plot) and identify the constraints this places on X by where these lines intersect
with the curves. For example, for A400, if magnetic and thermal pressures were
in equipartition (β = 1), the data would imply X = 0.55 (Here ne = 0.0021
cm−3 , ne+ = 1.155 × 10−3 cm−3 , ni = 9.45× 10−4 cm−3 )). However, if magnetic
pressure were dominant (e.g. β = 0.1), then X = 0.86 (ne = 0.0021 cm−3 ,
ne+ = 1.806 × 10−3 cm−3 , ni = 2.94× 10−4 cm−3 ). The extent to which X diﬀers
form zero in clusters could depend on how close to a radio source core the RM is
measured as one would indeed expect X = 0 far away from radio jets. As better
spatial coverage of both FR and synchrotron constraints become available for jets,
the use of plots such as those of Fig.2 and 3 become more powerful.

4.3

Conclusions

We have derived a generalized expression of FR for a plasma of arbitrary composition that is valid for arbitrary radiation frequencies. Focusing then on the
speciﬁc case of a neutral plasma containing electrons, positrons, and ions we show
how a given value of RM implies degeneracies in the magnetic ﬁeld strength and
electron number density for diﬀerent positron to electron number density ratios.
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Positrons contribute and equal magnitude but oppositely signed RM to electrons.
Thus for a given RM, a larger value of X would imply a ﬁeld strength and or
electron density in excess of that inferred for X = 0. Complementarily, as the
ratio of positrons to electrons X increases from 0 to 1, the RM decreases for a
given line of sight magnetic ﬁeld and density.
While X = 0 is often assumed for astrophysical plasmas, this assumption is
not necessarily valid for jets and magnetospheres of black holes and neutron stars,
where in fact it is of interest to independently determine X. We have shown
quantitatively the degeneracies in the space of parameters ne , X, and B and how
they can be constrained. In principle, if independent data on B and ne can be
obtained, then a given RM measurement can be used to obtain X. The pursuit
of X has been particularly elusive in the context of AGN jets and we hope that
the calculations and strategy herein provide a tool toward better constraining the
composition and help to motivate the pursuit of more data.
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Abstract

Progress toward understanding principles of nonlinear growth and saturation
of large scale magnetic ﬁelds has emerged from comparison of analytical models
that incorporate the evolution of magnetic helicity with numerical simulations for
problems that are more idealized than expected in astrophysical circumstances,
but still fully non-linear. We carry out a new comparison of this sort for the
magnetic ﬁeld growth from forced isotropic helical turbulence in a periodic box.
Previous comparisons between analytic theory and simulations of this problem
have shown that a two-scale model compares well with the simulations in agreeing
that the driver of large scale ﬁeld growth is the diﬀerence between kinetic and
current helicities associated with the small scale ﬁeld, and that the backreaction
that slows the growth of the large scale ﬁeld as the small scale current helicity
grows. However, the two-scale model artiﬁcially restricts the small scale current
helicity to reside at the same scale as the driving kinetic helicity. In addition,
previous comparisons have focused on the late time saturation regime, and less on
the early-time growth regime. Here we address these issues by comparing a three
scale model to new simulations for both early and late time growth regimes. We
ﬁnd that the minimalist extension to three scales provides a better model for the
ﬁeld evolution than the two-scale model because the simulations show that the
small scale current helicity does not reside at the same scale as that of the driving
kinetic helicity. The simulations also show that the peak of the small scale current
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helicity migrates toward lower wave numbers as the growth evolves from the fast
to saturated growth regimes.
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5.1

Introduction

A goal of 21st century large scale magnetic dynamo theory is to identify and incorporate key physics of large scale ﬁeld growth and non-linear saturation into
a formalism theory that remains practical enough for versatile application. Although most astrophysical rotators likely have large scale diﬀerential rotation, key
progress toward this goal has been made by studying minimalist helical dynamos
without shear, in which a helical velocity ﬂow is driven and the evolution of an
initially weak seed ﬁeld is studied.
This simplest large scale dynamo of this sort called the “α2 ” dynamo was
studied in [Pouquet et al., 1976] using a semi-analytical non-linear spectral model
and the EDQNM(Eddy Damped Quasi-Normal Markovian) closure. They found
that the driver of large scale magnetic ﬁeld growth was the diﬀerence between the
kinetic helicity Hv = ⟨v · ∇×v⟩ (‘v’ is a velocity) and the current helicity HM =
⟨b · ∇×b⟩v(‘b’ is a small scale magnetic ﬁeld.) Brandenburg (2001) numerically
simulated the evolution of this same helical dynamo in a periodic box by forcing
with kinetic helicity at a wave number of k = 5, and studied the growth of
the large scale ﬁeld. Subsequently, a two-scale mean ﬁeld dynamo theory was
produced [Blackman and Field, 2002] which incorporated the magnetic helicity
evolution as in the spectral EDQNM model but with a simpler closure. They
showed that even a simple two-scale nonlinear theory of the α2 dynamo predicts
the nonlinear evolution and saturation of large scale kmin = 1 ﬁeld growth which
quantitatively agrees with the numerical simulations in [Brandenburg, 2001]. The
physical concept that underlies all of these works is that driving with kinetic
helicity initially grows a large scale helical magnetic ﬁeld, but the conservation of
magnetic helicity leads to compensation of the small scale magnetic helicity, and
thus of current helicity, of which signs are opposite to those of large scale. This
counteracts the kinetic helicity driving in the large scale ﬁeld growth coeﬃcient
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and quenches the large scale dynamo, which are consistent with [Pouquet et al.,
1976].
Tracking the magnetic helicity evolution has emerged to be key in understanding the saturation of large scale ﬁeld growth in simple large scale dynamos and has
become a part of 21st century dynamo theory. This concept is not part of standard 20th century textbook mean ﬁeld dynamos ([Moﬀatt, 1978]; [Parker, 1979];
[Krause and Rädler, 1980]) as they do not conserve magnetic helicity even in the
ideal magnetohydrodynamics (MHD) limit. This is because they do not dynamically incorporate the growing small scale ﬁeld as the large scale ﬁeld grows, and
have no predictive power for dynamo saturation. Some reviews of further developments can be found in [Brandenburg and Subramanian, 2005a] and [Blackman,
2010].
The two-scale and spectral models discussed above represent two extremes of
models with predictive power for the nonlinear large scale ﬁeld saturation, but
both have disadvantages. The spectral model may not always be practical if
a simpler model is available. Complementarily, the two scale model artiﬁcially
restricts the scale of the small scale current helicity to be the same as the forcing
scale which needs not be physical. This motivated development of a model with 3
dynamical scales [Blackman, 2003], which predicted that the small scale current
helicity actually ﬁrst piles up on very small scales, then inversely transfers back
to the forcing scale while the large scale ﬁeld grows. This three scale concept has
yet to be tested and that is part of the task of the present paper.
In the present paper, we perform new simulations of the α2 dynamo and compare them to an improved 3 scale model that includes several new features. We
ﬁnd that key aspects of the simulations are well modeled by the three scale theory. In addition, we note that previous analyses of α2 dynamo simulations focused
on comparing theory to simulations for late, strongly resistively inﬂuenced times.
Here we also look carefully at the simulation data for early times to identify a
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change in the extent to which the evolution depends on the Magnetic Reynolds
Number(ReM ) before and after the theoretically predicted transition.
In section 5.2 we state the speciﬁc problem, equations, and simulation methods.
In section 5.3 we present the numerical results much like experimental results
so that they are separated from our theoretical modeling. We also describe a
“photometric” binning procedure that facilitates comparison with the three scale
theory. In section 5.4 we describe our revised analytic three scale theory and use
it to model some key features of the simulations. We conclude in section 5.5.

5.2

Problem to be studied and Methods

We study the forced helical dynamo in a periodic box and compare the magnetic
ﬁeld growth from the simulations to that predicted by an analytic three scale
model. The setup of the numerical simulation is similar to that of [Brandenburg,
2001]. The focus of that paper however, was on the late time saturation regime
as we will discuss. In addition, the analytic ﬁts in that paper were essentially
empirical, with a two-scale dynamical theory developed in later work. And this
was found to be consistent with the late time saturation regime. Here we are
interested to study both the early time, i.e., pre-saturation regime(kinematic time
regime) as well as the evolution to the late time saturation and compare with a
three-scale generalization of the two-scale model.
We use the Pencil Code, a high-order ﬁnite diﬀerence code pencil-code along
with the message passing interface (MPI) for parallelization. The Magnetohydro-
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current helicity ⟨J · B⟩(=ki2 hi ) in the early

time(kinematic) regime for the three diﬀerent values of magnetic diﬀusivity. The
thick lines are the plots of simulation data and the dotted lines are for the theoretical equations. The purple line is the current helicity of the small scale; the
black line is for the intermediate scale and the blue line is for the large scale. The
kf and ks values shown are the values corresponding the early time regime from
Eqs.(6.6), (5.8). 5.1(f)∼5.1(g): ⟨J · B⟩ of large scale(top), forcing scale(middle),
and small(bottom) scale over the full simulation time range.

ks =18
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dynamics (MHD) equations we use the code to solve are
Dρ
= −ρ∇ · u
Dt
Du
J×B
= −c2s ∇ln ρ +
Dt
ρ
1
ρ0 ν 2
(∇ u + ∇∇ · u) + f
+
ρ
3
∂A
= u × B − ηµ0 J.
∂t

(5.1)

(5.2)
(5.3)

Here D/Dt(=∂/∂t+u·∇) is the advective derivative, ‘η’ is the magnetic diﬀusivity,
‘ν’ is viscosity, and ‘cs ’ is the sound speed. The pencil code adopts M KS system.
To make the results dimensionless, velocity ‘u’ is measured in the unit of the
speed of light ‘c’, wave number ‘k’ in the unit of the smallest wave number ‘k1 ’,
magnetic ﬁeld ‘B’ in the unit of ‘(µ0 ρ0 )1/2 c’. The magnetic permeability ‘µ0 ’ and
initial density ‘ρ0 ’ with ‘cs ’ and ‘k1 ’ are set to be unity.
We use the same basic initial conditions as ([Brandenburg, 2001]) but with
diﬀerent values of the magnetic Reynolds number. The (2π)3 box-sized system
is forced in the Navier-Stokes equation with a fully helical, Gaussian random
force-free function(∇ × f ∝ f ), without large scale velocity shear. The forcing
function used in the code is f (x, t) = N fk (t) exp [i k(t) · x + iϕ(t)], where N is a
normalization factor and k(t) is the forcing wave number with |k(t)| ∼ 5. The
mesh size used was 2163 .
From the solutions of the equations, the time evolution of quantities such
as box averaged spectra of kinetic energy(Ek ), magnetic energy(EM ), kinetic
helicity(⟨v · ∇ × v⟩) and magnetic helicity(⟨A · B⟩) are computed for comparison with theoretical predictions(the angle brackets indicate a box average.) For
the simulated data analysis Interactive Data Language(IDL) was used.
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(a) ⟨k⟩J·B

(b)

(c)

(d)

(e)

(f)

Figure 5.2: Average values of wave numbers according to diﬀerent prescriptions
for averaging, weighted either by current helicity, magnetic helicity, or magnetic
energy. Fig.5.2(d)∼5.2(f): the top line is the small scale ⟨k⟩J·B , the bottom line is
the forcing scale ⟨k⟩J·B , and the middle line is ⟨k⟩J·B that comes from combining
the forcing scale and small scale current helicities together, i.e., the total small
scale current helicity in two scale model. The range of wave numbers contributing
to the forcing scale wave number kf in the three scale model is from k = 2 to k = 6,
and the range including in the the small scale ks is from k = 7 to k = kdis = 107.
(See Eqs.(6.6), (5.8)). Fig.5.2(d)∼5.2(f) show ⟨k⟩J·B , ⟨k⟩B·B and ⟨k⟩A·B for a two
scale model by combining the forcing scale and small scale contributions(from
k = 2 to k = kdis .)
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.3: Plots of the time evolution of the spectra of magnetic helicity
(Fig.6.3(a)∼6.4(a)) and current helicity (Fig.6.3(c)∼6.4(c).)

5.3

Basic Results From the α2 Dynamo Simulation

5.3.1

Multi-Scale “Photometric” Binning

When kinetic helicity is injected into the system at the forcing wave number kf ,
a spectrum of magnetic and kinetic energy develops over a full range of scales.
In order to compare with practical mean ﬁeld theories that track only a ﬁnite
number of scales, the numerical spectra must be binned into ”photometric” bands
which can then be modeled using a ﬁnite scale theory. Part of the work involved
in this paper has been identifying how to bin the spectra that best corresponds
with a three scale theory. The importance of a three scale theory is that it can
accommodate the fact that the small scale magnetic (and current) helicity that
grows of opposite sign to that of the large scale, need not build up on the same
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scale on which the kinetic helicity is forced. A two-scale model artiﬁcially enforces
this circumstance.
We divide quantities extracted from the simulations into large, intermediate or
photometric forcing scale (hereafter called simply the ”forcing scale”), and small
scales by binning. In particular, the simulation spectral data for the magnetic and
kinetic energies, and the magnetic, kinetic, and current helicities are binned into
three bands by choosing the respective subset range of wave numbers spectra. For
example, for current helicity, the large scale current helicity is
⟨J · B⟩l = Hc (k = 1),
the intermediate or forcing scale current helicity
∫ kf,f in
⟨J · B⟩f =
Hc (k)dk,

(5.4)

(5.5)

kf,ini

and the small current helicity is
∫
⟨J · B⟩s =

ks,f in

Hc (kd )k.

(5.6)

ks,ini

Each scale also has its own corresponding electric ﬁeld, magnetic ﬁeld, velocity,
and wave number. For all quantities we use the subscripts l, f, s or 1, 2, 3 for ‘large’,
‘ forcing’ and ‘small scale’ respectively. We use the letter subscripts when speaking
about quantities extracted from the simulations and the numerical subscripts when
discussing the analytic model equations. Our theoretical three scale model will
then involve analytic equations for quantities on these discrete scales, which we
solve to compare with simulations. The speciﬁc values of integral bounds in the
above spectral bands will be discussed later.

5.3.2

Growth of Current Helicities

The thick lines of Fig.5.1(a)∼5.1(g) show the growth of current helicity from the
numerical simulations binned into the three eﬀective scales as alluded to in the
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previous section with the wave number bounds computed below. The dotted
lines show the best ﬁt curves of growth from the three-scale theoretical model
discussed in section 4. The associated wave numbers used in the theoretical model
are indicated at the bottom of each ﬁgure. The purple color indicates current
helicity for the small scale, black is for the intermediate scale, and blue is for the
large scale. Fig.5.1(a)−5.1(c) show the early time quasi-kinematic regime and
Fig.5.1(f)−5.1(g) show the full time evolution all the way through to saturation.
The three panels of Fig.5.1(a)∼5.1(c) correspond to diﬀerent magnetic resisitivities (η=0.006, 0.004, 0.0025) with P rM =1 for the kinematic time regime. In
order of decreasing η, the average measured velocities from the simulation at the
√
forcing scale(vf =2 E kin ) are 0.20, 0.24, and 0.27. For each panel, kf = 5. Thus
ReM (=2πv2 /(kf η)) is 42, 75, and 136 respectively for the three panels. The other
three panels of Fig.5.1(f)∼5.1(g) are current helicity plots over the whole time
regime. The top line is the current helicity in the large scale, the middle is forcing
scale and the low is small scale. In the order of decreasing η, the velocities of the
forcing scale(vf ) used are 0.18, 0.19, and 0.21. ReM are 38, 60, and 106. The
plots show that current helicities in the large scale elevate up to 8, 10.5, and 12.
Also the small scale current helicities saturate at 3, 4.5, and 6 but those of forcing
scale saturates at 5.5∼6, not changing much.

The spectral binning of the simulation data into three scales, as introduced
in the previous subsection, requires a procedure to divide the contributing wave
numbers into each separate scale. While the large scale k = 1 is straightforward,
the distinction between the forcing and small scale is more subtle because the
simulation data do not in general show two distinct secondary peaks or boundaries
at higher wave numbers for a clean separation. We have developed the following
procedure: or the large scale we take kl = 1 which corresponds to the scale at
which the sign of magnetic helicity remains positive throughout the simulation.
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(a) Ek (k)

(b) Ek (k), k=1, 2, 5, 6, 14, 20

(c) EM (k)

(d) EM (k), k=1, 2, 5, 10, 20, 30

Figure 5.4: (a) Time evolution of the kinetic energy spectrum (b) Growth of
kinetic energy as a function of time for diﬀerent wave numbers. We are primarily
interested in studying the magnetic ﬁeld growth once the kinetic energy stabilizes,
which occurs around t = 20. (c) Time evolution of the magnetic energy spectrum.
(d) Growth of magnetic energy as a function of time for diﬀerent wave numbers.
Interestingly it grows at the same rate at all scales at early times. Although the
forcing is fully helical in our case, the non-helical case also grows magnetic energy
at same rate at all scales in the kinematic regime.
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At k = 2, the opposite sign of helicity arises in the simulations and so we take the
lower bound kf,i = 2 to the intermediate or photometric forcing wave band. To
determine the upper bound to the photometric forcing wave band kf,n , we then
use the constraint that the average wave number of the current helicity in the
photometric forcing wave band equals the wave number of the forcing function,
namely k = 5. Given this constraint and kf,i = 2, we can determine kf,n . These
determine the lower bound for the small scale ks,i = 1 + kf,n , and its upper
integration bound is taken to be kdis . The average wave band for the small scale
is then determined by integration.
Putting together these all mathematically, the three key scales to be used for
the semi-analytic theory become:
∫ kf,n
k

=2

kf = ⟨k⟩J·B, f = 5 = ∫ f,i
kf,n

kJ · Bdk

J · Bdk
kf,i =2

kl = 1,

∑kf,n
=2

k A·B

kf,i =2

k2A · B

k

3

≃ ∑kf,i
f,n

,
(5.7)

∫ kdis
k

kJ · Bdk

ks = ⟨k⟩J·B, s = ∫ s,i
kdis
ks,i

J · Bdk

∑kdis
k=k

≃ ∑kdis f,n

+1

k3A · B

2
k=kf,n +1 k A · B

.

We ﬁnd that to satisfy ⟨k⟩f = 5 in both the early time kinematic regime and
the late time saturation regime the value of kf,n changes, and so does the value
of ks . In particular, for the kinematic regime, we ﬁnd kf,n ∼ 8 corresponding
to ks = 12, 14, 18 with increasing ‘η’ respectively. At the end of the fast growth
regime t . 200, we ﬁnd a clear migration of the small scale peak toward forcing
scales. To maintain kf = 5 in the saturation regime t & 200 requires kf,n = 6 and
for our three diﬀerent η. This in turn leads to ks = 9, 10, 11 for our three runs
with increasing η respectively. Fig.5.2(a)−5.2(c) show this trend of decreasing
averages for ks for the three values of ‘η’.
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5.3.3

Evolution of Mean Wave Numbers

Fig.5.2(d)−5.2(f) show the evolution of the average wave numbers associated with
the sum of the photometric forcing and small wave band scales (i.e. for all k > 1)
for current helicity, magnetic energy and magnetic helicity above k = 2, deﬁned
respectively by
∫ kdis
⟨k⟩J·B =

∫ kdis
⟨k⟩B·B =
and

J · Bdk

kB · Bdk

kf,i =2
∫ kdis
kf,i =2

∫ kdis
⟨k⟩A·B =

kJ · Bdk

kf,i =2
∫ kdis
kf,i =2

B · Bdk

kA · Bdk

kf,i =2
∫ kdis
kf,i =2

A · Bdk

∑kdis
≃

kf,i =2
∑kdis
kf,i =2

k3A · B
k2A · B

∑kdis
k

=2

≃ ∑kf,idis

kB · B

kf,i =2

∑kdis
k

=2

≃ ∑kf,idis

B·B

kA · B

kf,i =2

A·B

(5.8)

,

(5.9)

.

(5.10)

Each panel of Fig.5.2(d)−5.2(f) shows that the current helicity has the largest
average wave number and the magnetic helicity the smallest. The averaged wave
numbers for each ReM show a similar evolution: up to t ∼ 150, the average
wave numbers are nearly constant. For ∼ 150 < t . 300, the averages migrate
toward convergence, and then remain constant again after t & 300. In the fast
growth regime the three average wave numbers are more widely separated than
in the saturation regime. The average current helicity and magnetic energy wave
numbers for these scales evolve toward lower wave numbers between the two steady
regimes, while the magnetic helicity scale remains fairly constant, with a slight
increase. This phenomenon is essentially due to the magnetic, current helicity
transfer between scales.(see Fig.6.3(a)∼6.4(c)) Because our simulations start at
t = 0 with a growing velocity ﬁeld, there is a transient period for t . 20 for
which the velocity has not reached its quasi-steady state. Since we are primarily
interested in the evolution of the magnetic quantities subject to the steady state
kinetic energy we are most interested in the magnetic quantities after t ∼ 20.
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The plots highlight that in the early time regime, the spectra of the respective
quantities remain relatively constant in shape, evolving self-similarly until the
transition regime. In this regime, the magnetic backreaction on the growth of
the helical ﬁeld and nonlinear eﬀect have not yet become signiﬁcant. The helical
magnetic ﬁelds grow exponentially with a growth rate that depends mainly on
the driving kinetic helicity. However, because of magnetic helicity conservation,
the growth of the magnetic helicity at kl = 1 is compensated for by a growth in
the opposite sign of magnetic helicity at scales k > 1. Since the large scale ﬁeld
growth driver always involves a diﬀerence between kinetic and current helicity,
there will be a transition regime where the growth of the k > 1 current helicity
oﬀsets the kinetic helicity, and begins to saturate the dynamo (e.g. Blackman &
Field 2002), a result we will also discuss later in our three scale theoretical model.
The transitions to the asymptotic plateaus of Figs. 5.1(f)-5.1(g) occur when
there is a sharp decrease in the total sum of the diﬀerence between the macroscopic
kinetic helicity terms and the current helicity backreaction plus the turbulent
diﬀusion terms due to the build up of the backreaction. This combination of
terms then becomes small enough such that the subsequent growth of large scale
magnetic helicity becomes very sensitive to the resistive term. The growth of
the large scale magnetic helicity in excess of the forcing and small scale magnetic
helicities then occurs because the resistive decay of the forcing and small scale
magnetic helicities are larger than that of the large scale. The latter are larger
simply because they have larger wave numbers entering their resistive dissipation
terms. The ultimate plateaus ﬁnally occur in Figs. 5.1(f)-5.1(g) when the large
scale magnetic helicity is large enough such that its resistive evolution term equals
the sum of the resistive evolution terms in the small and forcing scale equations.
We will come back this more explicitly in section 4.4 after building our multi-scale
equations.
The plots help motivate the need for a three scale theory because the current
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helicity average over scales that exclude k = 1 do not peak at the kinetic forcing
wave number of k = 5. Since it is the diﬀerence between kinetic and current
helicity above k > 1 that drives the k = 1 large scale dynamo, the signiﬁcant role
of current helicity and kinetic helicity in the higher wave number regime would
be missed by assuming that it is peaked at k = 5 as in the 2-scale theory. The
large, the intermediate or forcing, and small scale emerge as natural scales in the
problem.

5.3.4

Evolution of Spectra

The evolution of the mean wave numbers discussed in the previous section is also
reﬂected in the time evolution of the magnetic helicity and current helicity spectra.
For the three diﬀerent values of η, Fig.6.3(a)-6.4(c) show how the magnitude of
the spectra of magnetic helicity and current helicity evolve. The plots show the
evolution of the a dual peak structure (with peaks at kl = 1 and kf = 5) by
the end of the simulation. Since we have plotted the magnitudes in these ﬁgures,
it is important to note that for k > 1 the actual magnetic helicity and current
helicities are negative. The current helicity plots show that at early times, the
current helicity spectra were ﬂatter and evolve toward larger wave numbers with
time. Note also that although there is a peak in both current and magnetic helicity
at k = 5 in these spectral plots, Fig.5.2(a)-5.2(f) shows that average wave number
associated current and magnetic helicities for k > 1 diﬀers from the forced wave
number kf = 5.
The time evolution of the kinetic and magnetic energy spectra are shown in
Fig.5.4(a)-5.4(d) in two diﬀerent ways. Fig.5.4(a) and Fig.5.4(c) show the energy
per wave number as a function of k plotted for curves at diﬀerent times. Fig.5.4(b)
and Fig. 5.4(d) show energy per wave number as a function of time plotted for
curves of diﬀerent k. The kinetic energy plots show that before t ∼ 20, the kinetic
energy is very far from a steady state. As discussed in the previous subsection, we
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(a) fh,kin (= v · ω/k v 2 )

(b)

(c)

(d) fh,mag , (= k A · B/B 2 )

(e)

(f)

Figure 5.5: 5.5(a)-5.5(c): time evolution of kinetic helicity fraction fh,kin . 6.3(a)6.4(a): time evolution of magnetic helicity fraction fh,mag for the three diﬀerent
magnetic diﬀusivity case. Note that the small scale kinetic helicity is ﬁnite. This
motivates inclusion of the small sale kinetic helicity in our 3 scale model equations.
Note also that the magnetic helicity is fraction is equal to -1 at k = 1 for most of
the simulation corresponding to a 100% helical ﬁeld at k = 1. The magnetic ﬁeld
between k = 2 and the dissipation range approaches 90% helical over much of the
simulation for η = 0.006. This helicity ratio tends to be inversely proportional
η. Note that the rapid drop in fh,mag occurs in the dissipation range. The sign
of kinetic(fh,kin ) and magnetic helicity fraction(fh,mag ) plotted here is opposite
of those of theoretical equations(fh , fm , Eqs.(5.21)). To match the theory and
simulation, the sign of Hi (i=1, 2, 3), fh,kin , and fh,mag in simulation should be
changed.
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are not so interested in this adjustment period and so we plot magnetic quantities
only after t > 20 when the kinetic quantities are nearly saturated and the ﬁeld
grows exponentially. Fig.5.4(c) shows that the magnetic energy starts to saturate
around (t ∼ 200), which corresponds to the transition to the phase of strongly
resistively inﬂuenced evolution of the large scale ﬁeld (e.g. Blackman & Field
(2002); Blackman & Brandenburg (2002)). This corresponds also to the transition
period between plateaus in Fig.5.2(d)∼5.2(f). Note also that despite the fact that
we are forcing with strong kinetic helicity, the magnetic energy grows at the same
rate at all scales in the kinematic regime just as for non-helical small scale dynamos
([Kulsrud and Anderson, 1992]; [Schekochihin et al., 2004]).
After the kinematic regime, magnetic and current helicity, kinetic and magnetic energy approach their converged spectra. The kinetic energy in the small
scale increases during this time but the magnetic energy, and the magnetic and
current helicity at the small scales decrease. The evolved state is consistent with
the late time saturation regimes in previous simulations ([Brandenburg, 2001]).
We do not model the migration of the average k(Fig.5.2(a)-5.2(f)) in this paper,
but it is most likely caused by nonlinear coupling between scales.
Note that the kinetic energy grows much less at wave numbers below the
forcing scale whilst the magnetic energy continues large scale dynamo growth at
k = 1. The large scale magnetic ﬁeld which does not have its corresponding
kinetic eddy(Fi.5.5(a)-5.5(c)) is force free and thus entirely helical.

5.3.5

Kinetic and Magnetic Helicity Fractions

The system is driven with maximal kinetic helicity at the forcing wave number
kf = 5. The kinetic helicity drives the growth of helical magnetic ﬁelds on the
large scale k = 1 by segregating magnetic helicity of opposite signs to large and
small scales. Because the system responds nonlinearly to the forcing, it is of
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interest to study the time evolution of kinetic and magnetic helicity as a function
of ‘k’. The fractional kinetic helicity is deﬁned as
fh (k) =

⟨v · ∇ × v⟩(k)
.
k⟨v 2 ⟩(k)

(5.11)

The magnetic helicity fraction is deﬁned as
fm (k) =

k⟨A · B⟩(k)
.
⟨B 2 ⟩(k)

(5.12)

Figures 5.5(a)-5.5(c) show that the evolution of fh (k) as a function of time.
Right from the start the kinetic helicity is dominated by the forcing scale. The
fh21 at this scale is unity and remains such throughout the simulation. By the
end of the simulation there is a fractional kinetic helicity as high as 50% out to
k ∼ kdis . Below the forcing scale, fh21 drops sharply toward zero.
Figures 5.5(d)-5.5(f) show the time evolution of fm (k). For k = 1 in the
simulations the magnetic helicity is negative for all times, consistent with the
analytic expectations given the sign of the driving kinetic helicity being positive
(i.e. fh > 0) and analytic theory discussed in the next section. Throughout the
evolution, the sign of the magnetic and current helicities for k > 1 is opposite to
that at the k = 1 scale. The evolution to a very ﬂat proﬁle of fm (k) is striking.
Note that fm (k) is not exactly unity. The ﬁeld is not exactly force free above
k > 1 but is extremely close to force free at k = 1. It is likely that the non-helical
fraction involves some prevalence of a non-helical small scale dynamo that coexists
with the helical dynamo. We do not study this further in the present paper.
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5.4

Analytical Model Equations and Comparison to Simulation

5.4.1

Derivation of Three Scale Dynamo Dynamo Model

The three scale analytic dynamo equations that we derive below are based on
the evolution of magnetic helicity and the derivation is similar that of [Blackman, 2003] but with notable diﬀerences to the electromotive force that will note
explicitly where the relevant formulae are presented. As in [Blackman, 2003],
there actually a fourth scale in the problem, namely the resistive scale, which has
wavenumber kmax . This scale is that for which resistivity dominates the dynamics
after an eddy turnover time for any ﬁnite Reynolds numbers. We decouple the
evolution equations on this scale from those of the other three scales where the
non-trivial dynamics is followed.
To derive the coupled equations for three coupled dynamical scales we consider
the electric ﬁeld E, magnetic ﬁeld B, velocity v, and current density J to be the
sum of contributions from each of the three dynamically evolved scales. That is
E = E1 + E2 + E3 ,

(5.13)

B = B1 + B2 + B3 ,

(5.14)

v = v2 + v3 ,

(5.15)

J = J1 + J2 + J3 ,

(5.16)

where the indices indicate the three scales ‘1, 2, 3’ which are taken to correspond to
the scales ‘l, f, s’ respectively, used in section 3. These represent the ‘large scale
band’, ‘the forcing scale band’ and ‘the small scale band’ as discussed therein.
Note that there is negligible large scale motion in our problem so v1 = 0. As
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we will see, contributions to quantities on scales ‘1’(=‘l′ ) and ‘2’(=‘f ’) involve
correlations between ﬂuctuations from smaller scales.
Following [Blackman, 2003], Ohm’s law for the electric ﬁeld can be expressed
as
E = −(v2 + v3 ) × (B1 + B2 + B3 ) + η(J1 + J2 + J3 )
= −v2 × B1 − v2 × B2 − v2 × B3 − v3 × B1
−v3 × B2 − v3 × B3 + η(J1 + J2 + J3 ).

(5.17)

The average electric ﬁeld in the large scale is then
E1 = −(v2 × B2 )1 − (v3 × B3 )1 − ηJ1 .

(5.18)

E1 · B1 = −ξ̄ 2 · B1 − ξ̄ 3 · B1 + ηJ1 · B1 .

(5.19)

so that

We have used the notation of parenthesis with a subscript to indicate average up
to that scale and Reynolds rules ([Rädler, 1980]) to eliminate terms that involve
correlations between widely separated scales such as (v2 × B1 )1 . This term does
not contribute to E1 because B1 can be pulled out of the average and v2 averaged
over large scale ‘1’ vanishes. We have also deﬁned the electromotive forces (EMF)
ξ̄ 2 = (v2 × B2 )1 and ξ̄ 3 = (v3 × B3 )1 .
The time evolution for the volume averaged large scale magnetic helicity equation h1 (t) is then given by
∂t H1 = −2⟨E1 · B1 ⟩

(5.20)

= 2⟨ξ̄ 2 · B1 ⟩ + 2⟨ξ̄ 3 · B1 ⟩ − 2η⟨J1 · B1 ⟩.
Following [Field and Blackman, 2002], [Blackman, 2003], we used these rela-
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tions:
)
τi (
Ji · Bi − vi · ∇ × vi B̄ − β̄i J̄, (i = 2, 3)
3
]
τ3 [
(ξ 3 )2 ≡
(J3 · B3 )2 − (v3 · ∇ × v3 )2 B2 − (β3 )2 J2 ,
3
q(h1 )vi
β̄i ≡
, (β3 )2 ≡ gu β̄3 , (J3 · B3 )2 ≡ fu J3 · B3 ,
3ki
Ji · Bi ≡ ki2 Hi (i = 2, 3), q(h1 ) ≡ (1 + k1 h1 /k2 )−1 ,
v2 · ∇ × v2
k i Hi
fh21 ≡ −
, fmi ≡
,
2
k2 v2
Bi2
v3 · ∇ × v3
(v3 · ∇ × v3 )2
fh31 ≡ −
, fh32 ≡ −
.
2
k 3 v3
k3 v32
ξ̄i ≡

(5.21)

Compared with [Blackman, 2003], small scale kinetic helicity fractions fh31 and
fh32 that are related with magnetic helicity transport from small to large and
forcing scale were added. Also, the previous kinetic helicity fraction from forcing
to large scale fh was replaced by fh21 (Eqs.(5.11), Fig.5.5(a)−5.5(c).) In addition,
the magnetic helicity fraction fmj (j = 1, 2) was added; it is necessary when Bi2 is
converted into ki Hi (Eqs.(5.12, Fig.5.5(d)∼5.5(f).) In [Blackman, 2003], fm1 = ‘1′ ,
fm2 = ‘ − 1′ , and fh31 =fh32 =‘0’.

For obtaining explicit expressions for the EMFs, we get
)
τ2 (
J2 · B2 − v2 · ∇ × v2 B̄ 2 − β̄2 J̄ · B̄⟩
3
)
τ3 (
+2⟨ J3 · B3 − v3 · ∇ × v3 B̄ 2 − β̄3 J̄ · B̄⟩
3
−2η⟨J̄ · B̄⟩
) k 1 H1
2τ2 ( 2
k2 H2 + fh21 k2 v22
− 2(β̄2 + β̄3 + η)k12 H1
=
3
fm1
)
k 1 H1
2τ3 ( 2
+
k3 H3 + fh31 k3 v32
.
3
fm1

∂t H1 = 2⟨

(5.22)

Approximating the velocity spectrum with the Kolmogorov spectrum we have
(v3 = (k2 /k3 )1/3 v2 , τ3 = (k2 /k3 )2/3 τ2 ) and the relations below. Then using
Hi ≡

v22
hi ,
k2

RM ≡

v2
,
k2 η

τ ≡ tk2 v2 ,

τi =

1
,
ki vi

(5.23)
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Figure 5.6: Magnetic back reaction (a) and turbulent diﬀusion (b) are absolute
values with the dimension of [A · B t−1 ] for η=0.004. (c) The derivative of current helicity over time versus time. (d) The ﬁrst order approximate analytic
result(Eqs.(5.35)) compared with the numerical solution of Eqs.(5.29), (5.30). The
approximation matches the exact numerical solution closely so it is hard to distinguish the two. In the kinematic regime t < 200, fh31 in Eqs.(5.30) is predominant
and determines the early behavior of h3 (t).
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Eqs.(5.22) can be made dimensionless. The result is
1 (⟨J·B⟩l→f )

∂h1
∂τ

2 (⟨J·B⟩l→s )

}|
{ z
}|
{
[z
( 2 k1 1 )
( 2 ( k1 )( k3 )4/3 1 )
=
h2 +
h3
3 k2 fm1
3 k2 k2
fm1
4 (βl→f )

3

z }| { z
}|
{
2 k1 fh21 2 ( k1 )2
+
−
(1 + k1 h1 /k2 )−1
3 k2 fm1 3 k2
6

5

z
}|
{ z }| {
2 ( k1 )( k2 )1/3 fh31
2 ( k1 )2
−
+
3 k2 k3
fm1
RM k2
7 (βl→s )

z
}|
{]
2 ( k1 )2 ( k2 )4/3
−
(1 + k1 h1 /k2 )−1 h1 ,
3 k2
k3

(5.24)

For H2 and H3 , we need below relations:
E2 · B2 = (E − E1 ) · B2
∼ (v2 × B2 ) · B1 − (v3 × B3 ) · B2 + ηJ2 · B2
= ξ̄ 2 · B1 − (ξ 3 )2 · B2 + ηJ2 · B2 ,

(5.25)

E3 · B3 = (E − E1 − E2 ) · B2
∼ (v3 × B3 ) · B1 + (v3 × B3 ) · B2 + ηJ3 · B3
= ξ̄ 3 · B1 + (ξ 3 )2 · B2 + ηJ3 · B3 .

(5.26)

Then,
∂t H2 = −2⟨E2 · B2 ⟩vol

(5.27)

= −2⟨ξ̄ 2 · B1 ⟩vol + 2⟨(ξ 3 )2 · B2 ⟩vol
−2η⟨J2 · B2 ⟩vol

∂t H3 = −2⟨E3 · B3 ⟩vol
= −2⟨ξ̄ 3 · B1 ⟩vol − 2⟨(ξ 3 )2 · B2 ⟩vol
−2η⟨J3 · B3 ⟩vol

(5.28)
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Using the relations Eqs.(5.21) and (5.23), the analogous dimensionless equations for the respective dimensionless magnetic helicities h2 and h3 are given by
1 (⟨J·B⟩l→f )

∂h2
∂τ

2 (⟨J·B⟩f →s )

3

}|
{ z
}|
{ z}|{
[z
( 2 k1 1 )
( 2 ( k3 )4/3 fu )
2
h1 +
h3 +
= −
3 k2 fm1
3 k2
fm2
RM
5 (βs→f )

4

z
}|
{ z
}|
{]
2 ( k2 )1/3 fh32 2 ( k2 )4/3
−1
+
+ gu
(1 + k1 h1 /k2 )
h2
3 k3
fm2 3
k3
7(βl→f )

6

}|
{]
[ z }| { z
2 k1 fh21 2 ( k1 )2
+
(1 + k1 h1 /k2 )−1 h1 ,
+ −
3 k2 fm1 3 k2

∂h3
= −
∂τ

z
[(
z

(5.29)

2(⟨J·B⟩f →s )

1(⟨J·B⟩l→s )

}|
}|
{)
z
) { (
2 ( k1 )( k3 )4/3 1
2 ( k3 )4/3 fu
h1 −
h2
3 k2 k2
fm1
3 k2
fm2
3

4

}| { ]
}|
{
[z
2 ( k3 )2
2 ( k1 )( k2 )1/3 fh31
+
h3 −
h1
RM k2
3 k2 k3
fm1
5(βl→s )

z
}|
{
2 ( k1 )2 ( k2 )4/3
−
(1 + k1 h1 /k2 )−1 h1
3 k2
k3
6

7(βs→f )

}|
{ z
}|
{]
z
2 ( k2 )1/3 fh32
2 ( k2 )4/3
−
h2 − gu
(1 + k1 h1 /k2 )−1 h2 .
3 k3
fm2
3
k3
(5.30)
Above each term on the right hand side we have indicated a numerical label that
we will refer to later in discussing these equations. For some of these terms after
the number we have indicated the direction of positive current helicity transfer
and the arrow indicates that direction. We have also indicated when the term
corresponds to β, a turbulent diﬀusion term. To match these theoretical equations
and simulation, the sign of Hi (i=1, 2, 3), fh,kin , and fh,mag in simulation were
changed.
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Rem

η

vf

k3

fh21

fh31

fh32

fm1

42

0.006

0.2

12

0.27

∼ 0.1

∼ 0.05

0.33

75

0.004

0.24

14

0.28

∼ 0.14

∼ 0.07

0.36

136

0.0025

0.27

18

0.26

∼ 0.18

∼ 0.09

0.395

Table 5.1: The best ﬁt quantities in early time regime. In all cases kf = k2 = 5,
and the initial values h10 =4×10−10 , and h20 =h30 =-2×10−10 , and gu =fu =1 were
used. The magnetic helicity fraction fm (kf ) = fm2 of the forcing scale neither
depends on ReM nor strongly inﬂuences the solution. The range of fm2 that
works best was between ∼−0.4 and ∼−0.9; but, we used fm2 ∼−0.62.

5.4.2

Discussion of Full Solutions

Recall that the three scales represented by the Eqs.(5.24), (5.29), and (5.30) correspond to k1 = kl , k2 = kf and k3 = ks when we use them to ﬁt the simulation
data. The solutions of these equations are plotted in Figure 5.1 overlaying the
simulation data. and the set of parameters that were used to provide the best ﬁt
to the simulation data are given in Table.5.1 and 5.2.
Table.5.1 gives the best ﬁt parameters used in the analytic equations for the
kinematic regime (corresponding to the time regime of the ﬁrst plateaus in the
panels of Fig.5.2.
Table.5.2 gives the best ﬁt parameters used in solving Eqs.(5.24), (5.29), and
(5.30) for the post-kinematic regime (corresponding to the time range of the second
plateaus in the panels of Figure 5.2): In comparing the two tables note that
the Reynolds numbers slightly diﬀer for the same η because the velocities in the
kinematic and saturated time regime are just slightly diﬀerent. That being said,
for corresponding rows between the two tables, the only parameter that diﬀers
signiﬁcantly between the best ﬁt to the two regimes is ‘k3 ’.
Note also that, unlike the kinetic helicity fraction at the forcing scale fh21 , the
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ReM

η

vf

k3

fh21

fh31

fh32

fm1

kdis

38

0.006

0.18

9

0.27

0.11

0.044

0.33

∼65

60

0.004

0.19

10

0.28

0.16

0.08

0.36

∼90

106

0.0025

0.21

11

0.265

0.2

0.1

0.395

∼100

Table 5.2: The best ﬁt quantities in later time regime.

h10 = 4 × 10−10 ,

h20 =h30 = −2 × 10−10 were used. fm2 =-0.65, fu =gu =1, k2 = 5. To decide kdis ,
Fig.5.5(a)∼5.5(c) were referred. For ⟨k⟩, kgrid (= 107) was used as an upper bound
instead of the approximate kdis .
kinetic helicity fraction of the small scale fh31 increases with magnetic Reynolds
number. The magnetic helicity fraction fm1 of the large scale also increases with
ReM but that at the forcing scale fm2 is quite independent of the ReM . Because
the Reynolds numbers are so low in the present simulations, it is diﬃcult to
make conclusions about the Reynolds number dependence for asymptotically large
values. We mainly note that the best ﬁt theoretical 3-scale equations remain
relative independent of ReM except for the value of k3 . The solutions are actually
more sensitive to the values of v2 , fh , and fh21 , but the optimal values of these
latter parameters do not change signiﬁcantly for the diﬀerent RM cases.
Recall that k3 = ks is computed from the simulations in Eqs.(6.6). This
formula depends on the shape (i.e. wave number dependence) of the current
helicity spectrum, which in turn determines how sensitive ks is to the upper bound
in the integral. Without knowing how the shape of the current helicity spectrum
asymptotes for large magnetic Reynolds number we presently cannot say whether
k3 may approach some asymptotic value.
In short, as evidenced by Fig 5.1, the semi-analytic theory ﬁts the numerical
simulations very well, with the speciﬁc numerical parameters shown in the tables
and with a modest change in the value of k3 between the kinematic and the and
the saturation regimes.
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5.4.3

Insight from the Form of the Dynamical Equations

While Fig.5.1 represents the full solutions of the non-linear semi-analytic model,
insight regarding the helicity transfer can be gained from the basic structure of
the diﬀerential equations being solved and a more minimalist schematic solution. Eqs.(5.24) for h1 (t) is a homogeneous ﬁrst order diﬀerential equation, but
Eqs.(5.29) and (5.30) for h2 (t) and h3 (t) are inhomogeneous ﬁrst order diﬀerential
equations. We can write these equations schematically as
∂t h1 (t) = Pl (t)h1 (t)

(5.31)

∂t hi (t) = −Pi (t)hi (t) + Qi (t) (i = f, s)

(5.32)

and

Here Pl (t) represents the terms labeled in Eqs.(5.24) numerically in the brackets
above the respective terms: the magnetic back reaction(terms 1, 2), kinetic helicity(terms 3, 5), diﬀusion(terms 4, 7) and resistivity(term 6). The forcing scale
coeﬃcient Pf (t) = P2 (t) in (Eqs.(5.29)) is composed of the magnetic back reaction(terms 1, 2), resistivity(term 3), kinetic helicity(term 4), and diﬀusion(term
5). The source Qf (t) = Q2 (t) includes the kinetic helicity (term 6) and diﬀusion
(term 7). The small scale coeﬃcient P3 (t) = Ps (t) from (Eqs.(5.30)) includes the
magnetic back reaction(terms 1, 2) and resistivity(term 3), and Qs (t) = Q3 (t)
includes the kinetic helicity (terms 4, 6) and diﬀusion(terms 5, 7). The formal solutions of these equations provide physical understanding of the magnetic helicity
transfer among scales. It is important to keep it in mind that h1 is positive but
h2 and h3 are negative in what follows.
∫t
The solution of h1 (t) is h10 exp [ 0 Pl (t)dt]. If Pl (t) converges to zero as time
∫t
passes, 0 Pl (t)dt converges to a ﬁnite value and leads to a saturated hl (t → ∞)
(see Fig.5.6(c)). This is also directly evident from Eqs.(5.31). As Pl (t) → 0, the
left side vanishes so h1 is constant.
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The formal solution of (5.32) is
∫
∫
[ t ∫ t′ Pi (t′′ )dt′′
]
− t Pi (t′ )dt′
hi (t) = e
e
Qi (t′ ) dt′ + const .

(5.33)

0

The saturated hi (t)(i=2, 3) that can be obtained from setting ∂t hi (t) of Eqs.(5.31)
to be zero indicates the ﬁrst order approximate solution is enough for describing
the proﬁle of magnetic helicity in forcing and small scale. Ignoring the transient
solution, we can approximate the particular solution like below:
∫ t ∫′
∫
( t Pi (t′′ )dt′′ )′ Qi (t′ ) ′
− t Pi (t′ )dt′
hi (t) = e
e
dt
Pi (t′ )
0
[
]
∫ t
′
′ )
(
−I(t)
I(t′ ) Qi (t ) t
I(t′ ) Qi (t ) ′ ′
= e
e
dt .
−
e
Pi (t′ ) 0
Pi (t′ )
0
∫ t
)
(
Pi (t′ )dt′
Ii (t) ≡

(5.34)

Now, assuming ∂ 2 hi (t)/∂t2 ∼0, we can expand this equation to the ﬁrst order over
Qi (t′ )/Pi (t′ ). Then,
[
]
Qi (t)
Pi (t) ( Qi (0) −I(0) ) −Ii (t)
∼
1−
e
e
Pi (t)
Qi (t) Pi (0)
Qi (t)
∼
.
Pi (t)

(5.35)

The last approximation is valid when t→∞. As shown in Fig.5.6(d), this latter approximation for hi (t) works very well to approximate the full solution to
Eqs.(5.29), (5.30). This result shows the coeﬃcient Pi (t) in forcing and small
scale does not converge to zero but gets balanced with the source Qi (t) which is
independent of one’s own properties.

5.4.4

Magnetic Helicity Transport and Saturation

Since h2 (t) and h3 (t) are negative, the magnetic backreaction terms (1, 2) of
Eqs.(5.24) decreases h1 (t). But their counterparts, term (1) of Eqs.(5.29) and
term (1) of Eqs.(5.30) have the opposite sign so they add positive magnetic (and
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current) helicity to h2 (t) and h3 (t), decreasing their magnitude. These backreaction terms thus describe a transfer of positive magnetic helicity from large scale
to forcing scale and small scale. The diﬀusion terms (4) and (7) of Eqs.5.24 also
transfer positive magnetic helicity from large to forcing scale and large to small
scale respectively. The kinetic helicity terms (3) and (5) transfer positive magnetic helicity from forcing scale to large scale and from small scale to large scale
respectively. The resistivity term (6) decreases h1 (t) by dissipation. By tracking
the transfer and evolution of positive magnetic helicity in this way, the similar
roles of terms in the h2 (t) and h3 (t) can be interpreted. The magnitude of the
backreaction and diﬀusion terms are shown in Fig.5.6(a) and 5.6(b), and the time
evolution of terms in the right side of Eqs.(5.24), (5.29) and (5.30) are shown in
Fig.5.6(c). The direction of positive magnetic helicity transfer is summarized in
Fig.5.7.
Given the choice of initial values for h1 (0), h2 (0), and h3 (0), at early times
in the kinematic time regime(t . 200) the dominant terms in Pl (t) are kinetic
helicity(3, 5) and resistivity(6). But the latter is also relatively small compared
to the former: for η=0.004, the magnitude the kinetic helicity term in the early
time regime is ∼0.14 and that of resistivity is (2k2 η/vf )(k1 /k2 )2 ∼0.0067. As time
evolves, all of the terms that contribute to draining positive magnetic helicity
from h1 grow as h1 increases(i.e., terms 1, 2, 4, 6, 7). The backreaction term (1),
(2) and diﬀusion (4), (7) begin to oﬀset the kinetic helicity driving.
Fig.5.6(c) indeed shows that Pl (t)(dotted line) remains almost constant up to
the end of the kinematic regime. The other terms such as magnetic back reaction
and diﬀusion inﬂuence Pl (t) little during this kinematic regime. But around t ∼
200, the sum of the turbulent diﬀusion term plus magnetic backreaction terms
plus kinetic helicity terms begins to rapidly decreases in magnitude. Accordingly,
Pl (t) decreases and the relative importance of the resistive terms grow.
To understand the growth of the large scale ﬁeld in this post-kinematic regime,
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note that if we add the time evolution equations for h2 and h3 , the resulting
equation has non-resistive terms exactly equal and opposite to those in the h1
equation. These terms alone would grow h1 at a rate an equal in magnitude but
opposite in sign to the growth rate of h2 + h3 . However, the resistive dissipation
terms in these two equations diﬀer. The ratio of the magnitude of the dissipation
term in the ∂h1 /∂t to that in the ∂(h1 + h2 )/∂t equation is ∼

k12 h1
k22 h2 +k32 h3

. By the

end of the kinematic regime, the time evolution of h1 and h2 + h3 is extremely
sensitive to this ratio, which is less than one, implying that the large scale helicity
dissipates more slowly than that of the small scales. The large scale helicity is
thus is enabled to grow to a larger magnitude than that of the small scales before
the ultimate saturation when this ratio evolves toward unity. For larger values of
ReM , it takes more time for the dynamo to saturate because it takes more time
for this ratio to approach unity. The simulations and theoretical equations indeed
indicate that it takes more time for the system to approach ﬁnal equilibrium, or
equivalently, more time for Pl (t) to approach zero as RM increases. This explains
why the large scale magnetic helicity grows longer, and to a larger value than the
small scale magnetic helicities in Figs. 5.1(f)−5.1(g).

5.4.5

ki and Magnetic Helicity Transport

From Eqs.(5.24), (5.29), and (5.30) we may also extract the wave number dependence of each current helicity transfer term. The term that transfers positive
current helicity from forcing scale to large scale driven by kinetic helicity ((3)
in Eqs.(5.24)) is proportional to k1 /k2 . The term that transfers positive current
−2/3 −1/3
k3 .

helicity from small to large scale(5) is proportional to k1 k2

The term

that transfers current helicity from the small to forcing scale(4, Eqs.(5.29)) is
proportional to (k2 /k3 )1/3 .
These show systematically magnetic helicity transfer between scales by kinetic
helicity eﬀect, magnetic back reaction, and diﬀusion when the forced eddy(k2 )
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Figure 5.7: Helicity transfer diagram summarizing the ﬂow of positive magnetic
helicity in the α2 dynamo. The photometric bands of the three scale model indicated by roman numerals separated by dotted vertical lines. This is overlayed on
a plot of the spectral time evolution of current helicity from the simulations (time
indicated in the upper right legend). The arrows indicate the transport direction of positive magnetic helicity between the regions spanned by the arrows (or
equivalently, the opposite to the transfer direction of negative magnetic helicity).
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or small scale eddy(k3 ) changes. With Fig.2 these results clearly show the role
of small scale eddy, ‘k3 ’ which depends on Reynolds number directly. Large k3
for large ReM increases the eﬀect of magnetic back reaction, which elevates the
magnetic helicity transfer from the large scale to small scale. Also the magnetic
helicity transfer from the small to large scale by the kinetic helicity decreases. The
diﬀusion eﬀect, β(l→s) decrease. All of these eﬀects decide the saturated magnetic
helicity and saturation time.
However, for the range of RM used, we cannot yet infer whether k3 reaches as
asymptotic value as RM increases further and more work is needed to answer this
question. If there is a upper limit of k3 in accordance with the increasing ReM ,
the magnetic helicity transfer among scales due to various eﬀect will be saturated
at some ﬁnite degree as the above tables indicate. Then, what determines the
saturation of magnetic helicity eventually will be ReM . However, the upper limit
of k3 is not known yet. More detailed and extensive simulation for large ReM is
required.

5.5

Conclusions

In this paper we performed new simulations and analyses of incompressible large
scale ﬁeld growth for the simple helical α2 dynamo problem originally simulated
in [Brandenburg, 2001] to focus on both the kinematic early time regime and on
the late time saturation regime in order to compare with a theoretical model.
We presented results for the time evolution of the total and spectra of magnetic
energy, magnetic helicity, current helicity, and kinetic energy. We also studied the
time evolution of the fractional kinetic and magnetic helicity as a function of wave
number. We ran simulations for three diﬀerent magnetic Reynolds numbers.
We modeled the time evolution of magnetic and current helicity in the large
scale, forcing scale, and small scale “photometrically” binned wave bands of the
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simulations with a non-linear three-scale dynamo model based on revising the
formalism of [Blackman, 2003]. We described how the wavebands are determined
from simulations and how we build the three scale theory associated with them.
The three scale model is itself a generalization of two scale model ([Field and
Blackman, 2002; Blackman and Field, 2002]) that has been shown to explain the
saturation regime of [Brandenburg, 2001]. Note that a key principle of the two
scale model is that as the kinetic helicity forcing builds the large scale helical ﬁeld,
the small scale helical ﬁeld grows up as well. Since the large scale ﬁeld growth
always requires the diﬀerence between kinetic helicity terms and current helicity
terms to exceed the sum of turbulent diﬀusion and resistive terms, the growth
of current helicity strongly inﬂuences the dynamo evolution and saturation. A
key feature of the three scale model compared to the two scale model is that it
does not restrict the small scale on which the current helicity grows to be the
same scale on which the kinetic helicity is driven. The two-scale model artiﬁcially
assume that these are the same scale. An important improvement in our present
version of the 3-scale theory is the allowance for kinetic helicity on the addition
small scale, and not just the small scale.
Our simulations and analysis show that at early times, before the current
helicity backreaction term are signiﬁcant compared to the kinetic helicity and
turbulent diﬀusion terms, the growth rate of the large scale ﬁeld is largely independent of the magnetic Reynolds number. This agrees with predictions of both
two-scale and three-scale model but there had been little analysis of the previous α2 dynamo simulations [Brandenburg, 2001] to assess whether the theory and
simulations matched in this early time regime. This regime is important because
real astrophysical systems often have such a high ReM that something other than
resistivity (such as buoyancy) may inﬂuence the dynamics before an asymptotic
steady steady state determined by resistivity is reached.
Our simulations and analysis also show that the kinetic helicity forcing and
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the primary scale of small scale current helicity are indeed diﬀerent, particularly
in the early time growth regime. While most all of the same parameters in our
three scale model can be used to accurately ﬁt the binned simulation data in both
the kinematic time and asymptotically saturated regimes, we ﬁnd that k3 changes
signiﬁcantly between them. In the kinematic early time regime, for our three
diﬀerent magnetic Reynolds numbers, it is signiﬁcantly larger than the forcing
wave number and increases with ReM . However, by the end of the kinematic
early time growth regime, we ﬁnd that k⟨J·B⟩ as deﬁned in (8.3(b)) asymptotes
to ∼ 7, largely independent of ReM . Our discovery of the inverse transfer of the
average wave number of current helicity toward the forcing scale is consistent with
the suggestion in [Blackman, 2003] that such might occur.
Given the small Reynolds numbers used, it is diﬃcult to predict whether the ﬁt
value of k3 continues to grow to arbitrarily large with increasing ReM or whether
it asymptotes for much larger ReM . The answer depends on the asymptotic spectral shape, and will require larger resolution simulations. In addition, a missing
ingredient in the present theory is to incorporate the dynamical evolution of k3
between the early time kinematic and late time regime. That is an opportunity
for further work.
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Simulations of a Magnetic
Fluctuation Driven Large
Scale Dynamo and
Comparison with a Two-scale
Model

Published Papers
• K. Park and E. G. Blackman. Simulations of a magnetic ﬂuctuation driven
large-scale dynamo and comparison with a two-scale model. MNRAS, 423:21202131, July 2012
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Abstract

Models of large scale (magnetohydrodynamic) dynamos (LSD) which couple large
scale ﬁeld growth to total magnetic helicity evolution best predict the saturation of
LSDs seen in simulations. For the simplest so called “α2 ” LSDs in periodic boxes,
the electromotive force driving LSD growth depends on the diﬀerence between the
time-integrated kinetic and current helicity associated with ﬂuctuations. When
the system is helically kinetically forced (KF), the growth of the large scale helical
ﬁeld is accompanied by growth of small scale magnetic (and current) helicity which
ultimately quench the LSD. Here, using both simulations and theory, we study
the complementary magnetically forced(MF) case in which the system is forced
with an electric ﬁeld that supplies magnetic helicity. For this MF case, the kinetic
helicity and turbulent diﬀusion terms comprise the back reaction that saturates
the LSD. Simulations of both MF and KF cases can be approximately modeled
with the same equations of magnetic helicity evolution, but with complementary
initial conditions. A key diﬀerence between KF and MF cases is that the helical
large scale ﬁeld in the MF case grows with the same sign of injected magnetic
helicity, whereas the large and small scale magnetic helicities grow with opposite
sign for the KF case. The MF case can arise even when the thermal pressure is
approximately smaller than the magnetic pressure, and requires only that helical
small scale magnetic ﬂuctuations dominate helical velocity ﬂuctuations in LSD
driving. We suggest that LSDs in accretion discs and Babcock models of the solar
dynamo are actually MF LSDs.
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6.1

Introduction

Understanding the magnetohydrodynamics of large scale magnetic ﬁeld generation in turbulent astrophysical rotators is the enterprise of large scale dynamo
(LSD) theory. The LSD problem is usually posed in kinetically forced (KF) circumstances, whereby an initially weak ﬁeld is subject to relatively strong hydrodynamic forcing. LSDs then describe the growth or sustenance of ﬁelds on spatial
or time scales large compared to the largest scale of the underlying turbulent forcing. Small scale dynamos (SSD), in contrast, describe ﬁeld growth on scales at or
below the turbulent forcing scale. LSDs and SSDs are contemporaneous and interacting. Understanding that interaction, and how KF LSDs saturate have been
the subject of much research.
The LSDs of classic 20th century textbooks on the subject do not predict LSD
saturation as they focus on the kinematic theory where the velocity ﬂows are
prescribed and the linear growth of the mean ﬁeld is studied ([Krause and Rädler,
1980], [Zeldovich, 1983]). A related fact is that these textbook LSDs do not
conserve magnetic helicity, the inclusion of which has proven eﬀective at improving
the prediction of LSD saturation. Progress in understanding principles of KF
LSD saturation has emerged from simple numerical experiments to compare with
analytical predictions of mean ﬁeld models. The simplest experiments are those
of the so called α2 dynamo in which isotropically driven kinetic helicity is injected
into a periodic box at intermediate wave number k = 5 and the k = 1 large scale
ﬁeld grows ([Brandenburg, 2001]). The saturation of the LSD in such simulations
is best modeled by theories that solve for the coupled evolution of large scale helical
magnetic ﬁeld and the small scale helical magnetic ﬁeld. In such models, the
electromotive force (EMF, E) of the mean ﬁeld theory emerges to be the diﬀerence
between kinetic helicity and current helicity, each multiplied by a corresponding
correlation time. This diﬀerence was ﬁrst proposed spectrally in [Frisch et al.,
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1975] and derived and solved dynamically as a two-scale mean ﬁeld theory in
[Blackman and Field, 2002]. The results of the dynamical mean ﬁeld theory agree
with the saturation seen in the simulation of [Brandenburg, 2001]. Recently the
three scale version of the theory was also compared to numerical simulations([Park
and Blackman, 2012a]. Further extensions and approaches for understanding
LSDs via tracking magnetic helicity evolution and ﬂow for more realistic open
systems that include boundary ﬂux terms is a fruitful ongoing enterprize.
The basic insight gained from the basic periodic box KF α2 LSD studies is
that as the kinetic helicity is forced and drives large scale helical magnetic ﬁelds,
the small scale helical ﬁeld grows because magnetic helicity is largely conserved.
The build up of the small scale current helicity associated with the small scale
ﬁeld then oﬀ-sets the driving kinetic helicity and quenches the LSD. This physical mechanism and the equations that describe it also motivate consideration of
the complementary case of driving the initial system with current helicity rather
than kinetic helicity. This was investigated analytically in [Blackman and Field,
2004] where it was found that indeed driving with current helicity produces a
magnetically forced(MF) analogue to the α2 dynamo. In this paper we present
simulations of this MF analogue to the α2 dynamo and compare the results with
a two-scale mean ﬁeld theory. We force the system in the induction equation with
an electric ﬁeld that drives small scale magnetic helicity. Because the MF system
is driven magnetically, there is no “kinematic” regime in the sense that the magnetic ﬁeld is strong from the outset. However the initial velocity ﬂuctuations are
weak. Thus the analogue of the kinematic regime for the MF α2 case is a “magnematic” regime where the small scale velocity ﬂuctuations are small. As we will
see, both simulations and theory show that it is indeed the buildup of the kinetic
helicity and diﬀusion terms that ends the magnematic regime and quenches the
MF analogue of the α2 dynamo.
There are a few previous simulations of the MF case ([Brandenburg et al.,
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2002], [Brandenburg and Subramanian, 2005b]) but the results were not compared
to a mean ﬁeld theory. A more involved study of the inverse cascade of magnetic
helicity for the MF was pursued in in [Alexakis et al., 2006] but with a focus on
non-local transfer functions in the interpretation of the inverse cascade, and also
without a dynamical theoretical model in terms of a mean ﬁeld theory. Here we
will present new simulations, and compare the simulations to mean ﬁeld theory.
We also address the astrophysical relevance of MF LSDs.
In section 2 we more speciﬁcally discuss the basic problem to be solved and
the computational methods. In section 3 we present the basic results of the
simulations. In section 4 we develop the theory in more detail and discuss the
comparison between theory and simulations. In section 4 we discuss why MF LSDs
are in fact of basic conceptual relevance to LSDs of accretion discs, Babcock type
stellar dynamos, and magnetic relaxation of astrophysical coronae and laboratory
fusion plasma conﬁgurations. We also discuss some basic open questions. We
conclude in section 5.

6.2

Problem to be studied and Methods

We used the high-order ﬁnite diﬀerence Pencil Code([Brandenburg, 2001]) along
with the message passing interface(MPI) for parallelization. The equations solved
by the code are
Dρ
= −ρ∇ · u,
Dt
J×B
Du
= −c2s ∇log ρ +
Dt
ρ
µ
1
+ (∇2 u + ∇∇ · u),
ρ
3
∂A
= u × B − η J + f.
∂t

(6.1)

(6.2)
(6.3)
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Figure 6.1: (a) and (b): Time evolution of dimensionless current helicity of
large scale ﬁeld from simulations (blue curve) and small scale ﬁeld (purple curve)
compared with theoretical predictions (dotted lines) from our 2-scale model for
the large scale k12 h1 and small scale k22 h2 current helicities. The ﬁrst two panels are
for the two diﬀerent magnetic diﬀusivities shown. Current helicity is normalized
in units of b2r /k2 (Hi = hi b2r /k2 ) and time in units of k2 br (t = τ k2 br ). (c) Large
scale k12 h1 from panels (a) and (b) shown on the same plot.
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Figure 6.2: (a) and (b)Dimensionless kinetic energy ε ≡ ⟨v 2 ⟩/⟨b2r ⟩, kinetic helicity
hv = ⟨v · ∇ × v⟩/(k2 ⟨b2r ⟩) and electromotive force (EMF) : Q = E|| /⟨b2r ⟩, for two
diﬀerent magnetic diﬀusivities.
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where ρ is the density, u is the velocity, B is the magnetic ﬁeld, A is the vector
potential(B = ∇ × A), J is the current density, D/Dt = ∂/∂t + u · ∇, is the
advective derivative, ‘η’ is magnetic diﬀusivity, ‘µ’ is viscosity, and cs is the sound
speed, and f is forcing function. The default units of the pencil code are ‘cgs’.
We employ a periodic box of dimensionless spatial volume (2π)3 and a mesh
size of 2163 . No large scale velocity forcing is imposed. Instead, our forcing function f is placed in the magnetic induction equation and is a fully helical, Gaussian
random force-free function(∇ × f ∝ f ) given by f (x, t) = N fk (t) exp [i k(t) · x +
iϕ(t)], where N is a normalization factor and k(t) is the forcing wave number
with |k(t)| ∼ 5 (4.5 < |k(t)| < 5.5), and |fk |=0.03(|fk | of 0.07 was used in ([Park
and Blackman, 2012a])). This forcing function can be thought of as imposing a
small scale external electric ﬁeld eext such that f = eext . It is a source term for
magnetic helicity for the small scale ﬁeld proportional to ⟨eext · b⟩.
From the solutions of the equations, we compute a range of quantities including
the box averaged spectra of kinetic energy(Ek ), magnetic energy(EM ), kinetic
helicity(⟨v · ∇ × v⟩) and magnetic helicity(⟨A · B⟩). From these quantities we
further construct mean quantities for comparisons with a two-scale theoretical
model as discussed in subsequent sections. We note that although our system is
magnetically driven, the “plasma beta” (i.e. βp ≡ ratio of magnetic energy density
to thermal energy density) satisﬁes βp & 1 most of the time in our simulations.
In the main body of this paper comparing theory and simulation, we use a
Prandtl number of unity, for two diﬀerent values of the resistivity.
In some of the analysis of our equations we need to integrate over all wavenumbers and it will be noted that in both cases we take kmax to be 107. For the two
values of η that we choose, namely η = 0.0025 and η = 0.006, we ﬁnd that
kdis ∼ 107 for η = 0.006 and kmax ≤ kdis for η = 0.0025 but that very little power
in any of the relevant quantities appears above k = 107 for either case. Thus we
typically used the same upper bound in k for both cases.
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For the data analysis, we used Interactive Data Language(IDL).

6.3
6.3.1

Simulation Results
Basic Results: Growth of Large Scale Field and Saturation

Fig.6.1(a)-6.2(b) show a comparison between our simulation results and two-scale
theory (discussed further in section 3) for the dimensionless large and small scale
current helicities (k12 h1 and k22 h2 respectively), kinetic energy (ϵ), kinetic helicity
(hv ), and EMF (≡ E = ⟨v × b⟩). The simulation data for the large scale ﬁeld
correspond to quantities at k1 = 1 and the simulation data for the small scale
ﬁeld correspond to the sum of quantities for 2 < k < kmax . The analytic two scale
model (discussed later in more detail) takes k1 = 1 for the large scale and the
forcing scale k2 = 5 for the small scale.
Roughly, the large scale current helicity growth in Fig. 6.1(a)∼6.1(c) resembles
that of the current helicity studied in the KF case ([Park and Blackman, 2012a]).
Unlike the KF case, the the large scale magnetic (and current) helicity has the
same sign as that on the small scale for the present MF case. This is because
our forcing in the induction equation injects magnetic helicity of a ﬁxed sign into
the system and magnetic helicity is conserved until resistive terms kick in. The
MF α2 LSD thus acts as a dynamical relaxation process: the injection of small
magnetic helicity drives the system away from equilibrium and the LSD competes
with this injection by converting much of the small scale injected magnetic helicity
into large scale magnetic helicity of the same sign. The magnetic energy of a ﬁxed
amount of magnetic helicity is less on large scales than on small scales and much
of the energy lost in the relaxation goes into kinetic energy. Note from Fig.6.2(a)
and 6.2(b) that a sizeable fraction of the kinetic energy gained is helical.
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As we will see in the next subsection, most of kinetic helicity is on the forcing
and smaller scales. The growing kinetic helicity ultimately quenches the LSD in
the non-linear regime. This mechanism of quenching is supported by a comparison
between k22 h2 curves in Fig.6.1(a) and 6.1(b) with hv curves in Fig.6.2(a) and
6.2(b). In dimensionless form, the LSD of section 4 is driven by the diﬀerence
between h2 and hv . Initially, h2 >> hv due to the forcing. Eventually, the
sum of hv and the turbulent diﬀusion term together backreact on h2 . When this
combination of terms nearly vanishes, Q depletes and quenching occurs. When
this combinatin of terms plus the resistive terms vanish, then complete saturation
occurs and the system reaches a steady state.
In this context, note that Fig 1c shows that the higher magnetic Reynolds
number (equal to magnetic Reynolds in this paper) case takes longer for the large
scale ﬁeld to saturate. This is analogous to the KF case where the higher magnetic
Reynolds number case also takes longer to saturate.

6.3.2

Time Evolution of Energy and Helicity Spectra

For the MF case, Figs.6.3(a)-6.4(c) show the time evolution of the magnetic helicity, magnetic energy and current helicity spectra as the simulation for the two
diﬀerent values of diﬀusivities used. Note the strong early peak at the forcing
scale and the ultimate transfers to the k = 1 scale.
Figs.6.5(a)-6.6(b) show the corresponding spectral evolution of the kinetic helicity and kinetic energy. Note that the kinetic energy is less peaked than the
magnetic energy at the forcing scale for this MF case and that there is some
growth of kinetic energy at the large k = 1 scale. As we discuss later, this is due
to the Lorentz force at k = 1 before the large scale ﬁeld becomes force free.
To study the spectral evolution of various quantities and their migration between scales, it is useful to deﬁne average wave numbers with the diﬀerent bases
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deﬁned below ([Davidson, 2004], [Park and Blackman, 2012a]) as seen below:
∫ kmax
∑kmax
kA · B dk
kA · B
ki
≃ ∑kki max
,
(6.4)
⟨k⟩A·B = ∫ kmax
A
·
B
A
·
B
dk
ki
ki
∫ kmax
⟨k⟩Emag =

∫ kmax
⟨k⟩J·B =

kB · B dk

k
∫ ikmax
ki

kB · B
≃ ∑kki max
,
B·B
B · B dk
ki

kJ · B dk

k
∫ ikmax
ki

∑kmax

J · B dk

∑kmax
≃

ki
∑kmax
ki

k3A · B
k2A · B

,

(6.5)

(6.6)

where ki will be taken either as ki = 1 or ki = 2 depending on whether we
compute the averages for all wave numbers or extract the large scale k = 1 in
order to compute small scale averages.
Analogously, for ⟨k⟩v·v , ⟨k⟩v·ω , and ⟨k⟩ω·ω
∫ kmax
∑kmax
kv · v dk
kv · v
ki
⟨k⟩v·v = ∫ kmax
≃ ∑kki max
,
v
·
v
v
·
v
dk
k
i
ki
∫ kmax
⟨k⟩Emag =

kv · ω dk

k
∫ ikmax
ki

(6.7)

∑kmax

kv · ω
≃ ∑kki max
,
v
·
ω
v · ω dk
ki

(6.8)

and
∫ kmax
⟨k⟩ω·ω =

kω · ω dk

k
∫ ikmax
ki

∑kmax

kω · ω
≃ ∑kki max
.
ω·ω
ω · ω dk
ki

(6.9)

The time evolution of the average wave numbers in the kinetic bases is shown in
Fig.6.7(a) and Fig.6.7(b) for the MF case, which can be compared with the KF case
([Park and Blackman, 2012a]) of Fig.6.8(a) and Fig.6.8(b). The time evolution
of the average wave numbers in the magnetic bases for the MF case is shown in
Fig.6.9(a) and Fig.6.9(b) which can be compared with KF case in Fig.6.10(a) and
Fig.6.10(b)). Each of the ﬁgures shows two kinds of averages the “total average”
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(a)

(b)

(c)

Figure 6.3: Time evolution for the spectra of (a) magnetic helicity (b) magnetic
energy (c) current helicity for the η = 0.006 run.

(a)

(b)

(c)

Figure 6.4: Time evolution for the spectra of (a) magnetic helicity (b) magnetic
energy (c) current helicity for the η = 0.0025 run.
for which the integration range extends from ki = 1 to kmax = 107 or the “small
scale” for which the integration range extends from ki = 2 to kmax = 107. To
distinguish these, we use the subscript “tot” to indicate averages deﬁned by the
former and “s” by the latter. For example, we write kJ·B,tot or kJ·B,s , or ktot and
ks when not specifying the basis.
Using k = 1 for the large scale and the range k = [2, 107] for the small scale,
Fig.6.11(a) and 6.11(b) highlight the increase of small scale magnetic energy and
current helicity at early times that results from the MF case followed by the longer
term growth of the large scale ﬁeld. Eventually the magnetic energy is dominated
by that on the large scale. Fig 6.11(c) and Fig.6.11(d) show the analogous curve
for the kinetic energy and kinetic helicity. Although the kinetic energy and kinetic
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(a)

(b)

Figure 6.5: Time evolution for the spectra of (a) kinetic helicity and (b) kinetic
energy for the η = 0.006 run.

(a)

(b)

Figure 6.6: Time evolution for the spectra of (a) kinetic helicity and (b) kinetic
energy for the η = 0.006 run.
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helicity also grow in response to the MF, the kinetic energy is dominated by small
scale contributions.
Fig.6.5(b) and 6.6(b) show that most of the kinetic energy remains on small
scales during the simulations but there is some growth of large scale kinetic energy.
There is no independent inverse cascade of velocity in 3-D, only in 2-D ([Davidson,
2004]) so the growth of any large scale velocity in our case is expected to be the
direct result of the Lorentz force on those scales. Indeed according to Fig.6.7(a),
6.7(b) we can see that the average wavenumbers kv2 ,tot and kv2 ,s are unequal,
highlighting that there is some energy in the large scale k = 1 velocity. This inequality disappears as time passes and coincidence occurs approximately when the
magnetic ﬁeld becomes fully helical(Fig.6.12(a), 6.12(b), 6.13(a), 6.13(b)). Since
the magnetic ﬁeld can only transfer energy to velocity ﬁelds when the Lorentz
force(J × B, Eq.(6.18)) is ﬁnite on this scale, no energy can be transferred to the
kinetic eddy once the ﬁeld becomes fully helical. The evolution of the helicity
fractions of both the kinetic and magnetic helicity fractions as a function of wave
number and time are shown in Figs 6.12(a) and 6.12(b). The time evolution of
the helicity fractions for k = 1 are shown in Fig.6.13(a) and 6.13(b)).
The evolution of the mean wavenumbers seen in Fig.6.9(a) and 6.9(b) highlights the evolution of the magnetic energy and helicity spectra in mf case. At
very early times kJ·B,tot = kB 2 ,tot = kA·B,tot = kJ·B,s = kB 2 ,s = kA·B,s = 5, i.e.,
ktot ∼ks in all bases. This means the magnetic energy resides almost exclusively
at the forcing scale(kf ) in this early time regime. From Eq.(6.4), the average k
at this state is simply kA · B/A · B|k=kf , which is ‘5’. Since magnetic ﬁeld and
current helicity are helical(J = kB = k 2 A), the basis independent proﬁle in the
early time is explained.
By t ∼ 50, the energy begins to cascade both forward (to small scales) and
inversely (to large scales). For ∼ 50 < t <∼ 100, we still have ktot ∼ks in all bases
(since all 6 curves of e.g. Fig.6.9(a)) continue to overlap in this time regime) but
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⟨k⟩A·B , ⟨k⟩B·B , and ⟨k⟩J·B split. The fact that the quantities all decrease together
in this regime shows that although there magnetic energy is still overwhelmingly
contained in the small scales, the quantities are evolving toward larger scales but
they have not crossed over to the large scale yet. The two regimes just discussed
can be referred to as “pre-LSD I” and “pre-LSD II” regimes because there is little
growth of magnetic energy at k = 1.
Beyond t ∼ 100 Fig.6.9(a) and 6.9(b) show the inﬂuence of the LSD. Note
that the evolution of ks and ktot for each quantity now deviate from each other.
That is, calculating the k averages is dramatically aﬀected by changing the lower
integration bound from k = 1 to k = 2. By this time, b, v, and EMF have
grown and driven growth of the large scale k = 1 ﬁeld. Also at this time, the
sign of dks /dt changes from negative to positive. For example, ⟨k⟩A·B,s of η =
ν = 0.0025 (Fig.6.9(b)), transitions from negative to positive growth over the
regime ∼ 100 < t <∼ 200. The reason for this change is two fold: (i) The LSD
takes inversely transferred magnetic helicity from the small scales to k = 1, thus
dropping magnetic helicity and magnetic energy out of the bins that contribute to
ks (Eq.6.11), and (ii) The small helicity is continuously driven at the forcing scale
k = 5.
The buildup of kinetic helicity eventually slows the LSD. Already around t ∼
200 the slopes of the curves in Fig.6.9(a) and 6.9(b) ﬂatten, seemingly consistent
with the time at which ⟨v·∇×v⟩ approaches saturation and approximately equals
⟨j · b⟩. That marks the end of the kinematic regime, as discussed in the previous
subsection. Eventually, the system reaches a steady-state.

Relation between ktot and ks
We can mathematically relate ktot and ks for each basis. For example, for the case
∑ ∑kmax
of kA·B,tot and kA·B,s (we let
≡ k=2 for convenience in this subsection), we
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have
∑
∑
ka · b + 1A · B
ka·b
kA·B,tot ≡ ∑
, kA·B,s ≡ ∑
a·b
a·b+A·B
∑
(∑
)
⇒ kA·B,s
a · b + A · B = kA·B,tot
a·b+A·B
∑
⇒ (kA·B,s − kA·B,tot )
a · b = (kA·B,tot − 1)A · B
A·B
kA·B,s − kA·B,tot
=
.
⇒∑
a·b
kA·B,tot − 1

(6.10)

When kA·B,s =kA·B,tot , the numerator on the right hand side(RHS) is 0. This means
most of the magnetic helicity is in the small scale. In contrast, when kA·B,tot ∼ 1,
most of the magnetic helicity is in the large scale. Generally the time rate of
change of the large scale over small scale helicities is given by
)
(
(k̇A·B,s − k̇A·B,tot )(kA·B,tot − 1)
d A·B
∑
=
a·b
dt
(kA·B,tot − 1)2
−

(kA·B,s − kA·B,tot ) k̇A·B,tot
.
(kA·B,tot − 1)2

(6.11)

In the early time regimes I and II, kA·B,s = kA·B,tot and k̇A·B,tot = k̇A·B,s , so
∑
‘d (A · B/ a · b)/dt’ is zero. Once kA·B,s ̸= kA·B,tot and k̇A·B,tot < k̇A·B,s , this
quantity becomes positive, i.e., the inverse cascade sets in.
The equations of this subsection can also be applied to kJ·B,tot and kJ·B,s , and
can be used to quantify the shape of the curves in e.g. Fig.6.9(a) and 6.9(b).
For example, when k̇A·B,tot < 0 and k̇A·B,s = 0, the inverse cascade begins to
accelerate.

6.4
6.4.1

Analytical Two Scale Model
Basic Equations

The equations in this paper were modiﬁed from the theory in [Blackman and
Field, 2004] with respect to the external force term. In that paper, the forcing
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(a)

(b)

Figure 6.7: Mean kinetic wavenumbers in the diﬀerent kinetic bases for the two
diﬀerent resistivity cases for MF case(η = ν = 0.0025). Simulations used a forcing
parameter f0 =0.03
.

(a)

(b)

Figure 6.8: Mean kinetic wavenumbers in the diﬀerent kinetic bases for the two
diﬀerent resistivity cases for KF case . Simulations used a forcing parameter
f0 =0.07
.
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(a)

(b)

Figure 6.9: Mean magnetic wavenumbers in the diﬀerent magnetic bases for the
two diﬀerent resistivity cases for MF case. Simulations used a forcing parameter
f0 =0.03
.

(a)

(b)

Figure 6.10: Mean magnetic wavenumbers in the diﬀerent magnetic bases for the
two diﬀerent resistivity cases for KF case. Simulations used a forcing parameter
f0 =0.07
.
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(a)

(b)

(c)

(d)

Figure 6.11: Time evolution of dimensionless (a) magnetic energy Emag , (b) current helicity(ki2 hi ); (c) kinetic energy(ε), and (d) kinetic helicity(⟨v ·∇×v⟩) in the
large and small scale. The large scale (k = 1) kinetic quantities ε and ⟨v · ∇ × v⟩
are less than 1% of those in the small scale(k = [2 ∼ 107]).
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was imposed such that the small scale magnetic helicity was kept constant from
t = 0. In the present case, to better match what was done in our simulations,
we impose the force in the induction equation. The modiﬁed magnetic induction
equation becomes
(
)
∂B
= ∇ × V × B − ηJ + F ,
∂t

(6.12)

where F is the forcing function. We divide the system into large scale (wave
number k1 , or kL ) and small scale(wave number k2 , or ks ).
We use an overbar to indicate the mean and lower case letters to indicate
ﬂuctuations. We assume that the forcing applies only to the small scale so that
F = f (i.e. F = 0), and is helical such that |∇ × f | = |k2 f | We also assume
the mean velocity is zero such that V = V + v = v. We can then write the
remaining MHD quantities as E = E + e, B = B + b, J = J + j. The electric
ﬁeld(E = −V × B + ηJ − F) in large and small scales are
E = −E + η J̄,

(6.13)

e = −v × B + E + η j − f ,

(6.14)

and

where E ≡ v × b.
The magnetic helicities in the large and small scale are
∂H1M
= −2⟨E · B⟩ = 2⟨E · B⟩ − 2η⟨J̄ · B̄⟩
∂t

(6.15)

∂H2M
= −2⟨e · b⟩ ∼ −2⟨E · B⟩ + 2η⟨j · b⟩ + 2⟨b · f ⟩.
∂t

(6.16)

and

The equation for E∥ (=E · B/|B|) can be obtained using
∂E∥
=
∂t

(

∂v
∂b
×b+v×
∂t
∂t

)

)
(
B
∂ B
+v×b·
.
·
∂t |B|
|B|

(6.17)
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(a)

(b)

Figure 6.12: Comparison of the time evolution of fractional kinetic and fractional
magnetic helicity as a function of k for the two diﬀerent ReM cases(ReM =48 (a),
141 (b)). This kinetic energy on the large scale saturates at very low fractional
helicities compared to the magnetic case. Note also from the previous ﬁgure that
there is negligible kinetic energy on the large scales compared to magnetic energy;
only the fractional helicities are plotted in the present ﬁgures.

(a)

(b)

Figure 6.13: Time evolution of the fractional helicities fh,kin and fh,mag on the
large scale k = 1.
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which is derived analogously to that in ([Blackman and Field, 1999], [Blackman
and Field, 2002]) from the small scale momentum and magnetic induction equations given by
∂v
= v × (∇ × v) − v × (∇ × v) − ∇Pef f + j × B
∂t
+J × B + ν∇2 v,

(6.18)

and
∂b
= B · ∇v − v · ∇B + b · ∇v − ∇ × E + λ∇2 b + k2 f .
∂t
(6.19)
The equation for the EMF E becomes,
) 2
(
∂E∥
B
B
1
1
=
b·∇×b−v·∇×v
− v2 ∇ × B ·
∂t
3
|B| 3
|B|
B
1/2
−c k2 v2 E∥ + k2 v × f ·
.
|B|
Here the term involving c k2 v 2

1/2

(6.20)

E∥ is the result of the “minimal tau” closure,

used e.g [Blackman and Field, 2002] that incorporates correlations ‘T ’ as well as
microscopic magnetic diﬀusivity ‘η’, kinetic viscosity ‘ν’, triple and the last term
(Eq.(6) in [Blackman and Field, 2002]). The quantity c is a constant that will
later be determined empirically.
The mean kinetic energy per unit mass (v 2 /2= ⟨v 2 ⟩/2) can be obtained from
the momentum equation,
∂⟨v 2 ⟩
∼ 2⟨v · j × B⟩ + 2⟨v · J × b⟩ + 2ν⟨v · ∇2 v⟩
∂t
= 2⟨(v × j) · B⟩ − 2⟨(v × b) · J⟩ − 2ν⟨(∇v)2 ⟩.

(6.21)

Using vector identities and deﬁning the helicity ratios ([Park and Blackman,
2012a]),

⟨
fmi =

ki Ai · Bi
|Bi |2

⟩

⟨
=

Ji · Bi
ki |Bi |2

⟩
(6.22)
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⟨
fhi =

vi · ∇ × vi
ki vi2

⟩
(i = 1, 2),

(6.23)

we ﬁnd the equation for ⟨v 2 ⟩ to be
∂⟨v 2 ⟩
∼ 2(fm2 k2 − fm1 k1 )⟨E · B⟩ − 2νk22 ⟨v 2 ⟩.
∂t

(6.24)

We nondimensionlize the equation with the scalings below:
3/2

H1M ≡ h1 H2s , H2M ≡ h2 H2s , τ ≡ tk2

√

H2s ,

1/2

1/2

Q ≡ E ∥ /k2 H2s , ε ≡ U/k2 H2s , RM ≡ H2s /ηk2 ,
1/2

1/2

RV ≡ H2s /νk2 , H2s ≡ b2rms /k2 .

(6.25)

The use of k2 and root mean squared small scale magnetic ﬁeld brms (≡ br ) in these
normalizations is natural since the external MF was applied to k = k2 = 5, and
the RM S small scale ﬁeld is steadily injected. The ordinary diﬀerential equations
to be simultaneously solved are the dimensionless versions of Eq.(6.15), (6.16),
(6.20), and (6.21), which are given respectively by
2

1 (Es→L )

}|
{ z }| {
∂h1
2 ( k1 )1/2 1/2 2η k12
= 1/2
Qh1 −
h1 ,
∂τ
b r k2
fm1 k2
z

∂h2
∂τ

z

3 (−Es→L )

(6.26)

5 (f orcing)

4

}|
{ z }| { z
}|
{
2 ( k1 )1/2 1/2 2η
2 1 1/2 ′
= − 1/2
Qh1 − k2 h2 + 2 1/2 h2 f ,
br
br fm2
fm1 k2
(6.27)
z

6 (α ∼τ (⟨b·∇×b⟩−⟨v·∇×v⟩))

}|

7 (β∼⟨v 2 ⟩)

}|
{
)( k1 )1/2 1/2 1 1/2 ( k1 )3/2 1/2
1 (
∂Q
=
h2 − fh2 ϵ
h1 − fm1
ϵ h1
1/2
∂τ
k2
3
k2
3fm1
9

z }| {
z }| {
ϵ1/2 ′
1/2
−c ϵ Q + 2 f (∼ 0)
br

8 (micro diss.)

{z

(6.28)
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and
∂ϵ
∂τ

z

10 (⟨(v×j)·B̄⟩−⟨(v×b)·J̄⟩)

11

}|
{ z }| {
k1 )( k1 )1/2 1/2
2ν
2 (
=
fm2 − fm1
h1 Q − k 2 ϵ .
1/2
k2 k2
br
fm1

(6.29)

In our analytic two-scale model we have assumed that the kinetic helicity of the
ﬂuctuations satisﬁes ⟨v · ∇ × v⟩ = fh2 k2 ⟨v 2 ⟩ with fh2 ﬁxed and k2 = kf = 5.
Here the sign of the small scale kinetic helicity is positive, which is consistent
with our simulations expected when H2M is initially positive from the imposed
forcing. Nondimensionally, we have hv = fh2 ϵ. Although the simulations show
that fh2 at k = 5 is not strictly constant at all times during the simulations, the
assumption of such is not too far oﬀ. In more accurate treatments a separate
dynamical equation for hv should be included.
Note also that the term labeled 5 on the right of Eq.(6.27) resulted from ⟨b · f ⟩
and was not solved for dynamically. We empirically determined the magnitude of
f ′ , the magnitude of the forcing needed in the theoretical equations to best match
the simulations which employed a forcing magnitude f0 . The magnitude of forcing
used in simulation f0 = 0.03 is slightly larger than the values of f ′ employed in
the two-scale model (see Table 1).
The term labeled 9 in Eq.(6.28) namely ⟨v × f ⟩ ·

B
B

was taken to be zero: it

requires a correlation between two nearly isotropic functions. This assumption is
consistent with the simulations as the quantity is measured to be even smaller than
⟨v × b⟩, which also requires a correlation between two nearly isotropic functions.

6.4.2

Discussion of Solutions

We numerically solve the ordinary set of diﬀerential equations Eq.(6.26), (6.27),
(6.28), and (6.29) for h1 , h2 , Q and ϵ (from which we obtain hv ). Table 1 shows the
parameters deﬁned in the previous section that best match the simulation. The
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η=ν

vr

ReM

fm1

fm2

fh2

br

0.006

0.23

48

1

0.615

0.645

0.88

0.0025

0.28

141

1

0.4

0.185

1.5

c

f′

Q0

h10 (10−14 )

h20

ϵ0 (10−8 )

0.006

0.45

0.02

0.042

1.23

0.015

9.3

0.0025

0.8

0.0195

0.022

0.062

0.0054

5.7

Table 6.1: Table of parameter values used in the analytic equations to best match
the simulations. Initial values Q0 , h10 , and h20 are dimensionless values(Eq.(6.25)).
We use k1 = 1 and k2 = 5.
dotted lines in Figs 6.1(a), 6.1(b), 6.1(c), 6.2(a), 6.2(b) represent the solutions
with these parameter choices.
From Eq.(6.28) for Q, we see that the α coeﬃcient (term 6) increases at ﬁrst
due to h2 supplied by the forcing. This drives the growth of h1 of the same sign
and the kinetic energy ϵ also grows. Some of this kinetic energy is helical and so
hv grows. This hv grows with the same sign of h2 so when the former is subtracted
from the latter in α the overall alpha eﬀect is reduced. Thus hv acts as the back
reaction in α.
The associated buildup of ϵ also increases the turbulent diﬀusion of Q (7) and
the dissipation term (8). Note that the growth of the turbulent diﬀusion coeﬃcient
as a backreaction in the MF case diﬀers from that of the KF where the driving
itself directly supplies steady turbulent diﬀusion coeﬃcient from the outset. The
turbulent diﬀusion has no magnetic component and so must wait for the velocity
ﬁeld to build up. This delay in growth of the turbulent diﬀusion is consistent
with the diﬀerence between the early time evolution of the mean magnetic basis
wavenumbers in the MF case for Fig.6.9(a) and 6.9(b) compared to KF case of
Fig.6.10(a) and 6.10(b). In the latter, the KF immediately leads to a turbulent
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cascade available to induce scale separation in the magnetic quantities.
As the backreaction from the kinetic energy and kinetic helicity grow, dQ/dt
converges to zero and Q becomes saturated at small positive value after the initial
bump(Fig.6.2(a), 6.2(b)) The right hand side(RHS) of Eq.(6.26)(terms 1+2) then
also converges to zero and h1 saturates. The behavior of h2 can be explained
similarly.
Complete saturation occurs when all of the terms on the right sides of the
dimensionless equations Eq.(6.26), (6.27), (6.28), and (6.29) equal zero. The sum
of the kinetic helicity and turbulent diﬀusion terms for the MF case represent the
backreaction that ultimate leads to the dissipation dominated saturation regime.
At early times h2 >> hv but by during saturation, hv is within a factor of < 3
of h2 as seen in in Fig.6.1(b) and 6.2(b). The late time evolution is limited by
primarily resistivity rather than viscosity. Fig.6.1(c) shows that the lower ReM
case approaches saturation earlier than the larger ReM case.
At present the theory we have generated does reasonably well to match the
simulations at late times, but less well at early times. It is likely that what is
needed is a separate evolution equation for kinetic helicity and kinetic energy; in
the present case we have assumed a simple proportionality. This proportionality
really needs to be treated as a dynamical variable at early times. This is a topic
for future work.

6.4.3

Analytical Simpliﬁcations

Although Eq.(6.26), (6.27) (6.28), and (6.29) require a numerical solution, some
insight can be gained by an analytic approximation. The h1 equation has the
form of a Bernoulli equation and can be linearized by changing variables. If we
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1/2

use ‘u1 ’(≡ h1 ), the diﬀerential equation for h1 becomes,
1 ( k1 )1/2
∂u1
η k12
u1 + 1/2
Q ≡ −P1 u1 + Q1 .
= −
∂τ
b r k2
fm1 k2
(
)
η k12
1 ( k1 )1/2
P1 ≡
, Q1 ≡ 1/2
Q,
b r k2
fm1 k2

(6.30)

The solution of this standard inhomogeneous diﬀerential equation is known. Using
the same method as in [Park and Blackman, 2012a] we ﬁnd,
[∫ t ∫ ′
]
∫
t
− t P1 dt′
P1 dt′′
′
′
u1 (t) = e
e
Q1 (t )dt + Const
0
]
[∫ t
′
−P1 t
P1 t ′ Q1 (t ) ′
= e
(e )
dt + Const
P1
0
(
)
Q1 (t)
Q1 (0) −P1 t
+ Const −
e
.
∼
P1
P1
1/2

1/2

1/2

(6.31)
3/2

As t → ∞, ‘u1 (t)(≡ h1 )’ approaches to ‘Q1 (t)/P1 ’(= E(t)k2 /fm1 br ηk1 ) which
can be calculated by setting ‘dh1 /dt’ to be zero. This approximate value ‘Q1 (t)/P1 ’
1/2

matches the numerically solved h1

1/2

The equation for h2

after t ∼ 1500, for η = ν = 0.006.

can not be linearized. Instead, setting dh1 /dt = 0, and

1/2

u2 ≡ h2

we obtain a quadratic equation:
v
u(
[
)2
]
1/2
′
u
f
f′
4br Qh1 ( k1 )1/2
1
t
u2 (t) =
−
−
.
1/2
1/2
1/2
2 ηk2 br fm2
k23
ηk2 br fm2
ηfm1
(6.32)

Except the early time regime(t . 130, η = ν = 0.006), this solution ﬁts the
numerical result well. These approximate equations explain how the saturated
magnetic helicities in large and small scale depend on ‘η’.
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6.5

Astrophysical Relevance of Magnetically Forced
Large Scale Dynamos

The MF LSD that we have discussed in this paper maintains a plasma βp greater
than unity for most of the time. Although we consider the simplest such MF LSD
in that we employ periodic boundaries and no rotation or shear, the basic concept
of a LSD that is driven by small scale magnetic ﬂuctuation rather than kinetic
ﬂuctuation in βp > 1 environments has important conceptual relevance to both
solar dynamos and dynamos in accretion discs.
In the solar context, helical LSD models have been separated into two classes:
(1) helical forcing is primarily kinetic helicity driven by thermal convection (2)
ﬂux transport models which helical ﬁelds are the result of magnetic instabilities
(cf. [Charbonneau, 2007]). We suggest that the second class of dynamos can
be viewed as an MF LSD, albeit with more complexity than the simple version
we consider in the present paper. Magnetic instability driven dynamos in the
radiative zone ([Spruit, 2002]) also seem to ﬁt into this category.
For accretion discs, large scale dynamos are now commonly seen in shearing
box simulations(e.g. [Brandenburg et al., 1995], [Gressel, 2010]). The magnetorotational instability operating in these simulations produces turbulence that
drives an LSD. But the the magnetic ﬂuctations typically exceed the kinetic ﬂuctuations and it seems that the best agreement between mean ﬁeld theory and
simulation requires that the driver of the LSD growth is not the kinetic helicity
term but the current helicity term ([Gressel, 2010]). Thus accretion discs are
another environment where more general βp > 1 MF LSD dynamos operate.
Although the calculations of the present paper are in the βp & 1 limit, we
note that for the βp ≪ 1 limit, MF LSD have long been studied in the laboratory
context (e.g. [Ji and Prager, 2002]). The direct analogy to these low β MF LSDs
may occur in astrophysical coronae ([Blackman, 2007]).
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(a)

(b)

(c)

(d)

Figure 6.14: Plots showing the eﬀect of varying P rM on various quantities for two
values of resistivity and two values of P rM . (a) large scale current helicity (b)
and (c) Small scale current helicity, (d) kinetic helicity for all four cases. In these
simulations, the mesh for η = ν = 0.006 is 2163 , and that for the other cases is
2563 . ReM is 48(η = ν = 0.006), 53(η = 0.006, ν = 0.0025), 128(η = 0.0025,
ν = 0.006), and 141(η = ν = 0.0025). In Fig.6.14(d), a solid line is used for
P rM =1.
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6.6

Conclusion

We performed numerical simulations of the analogue of an α2 LSD in a periodic
box when the system is driven with magnetic (or current) helicity rather than
kinetic helicity. The simulations indeed show that LSD action results from the
injection of small scale magnetic helicity, analogously to the KF LSD action from
injection of kinetic helicity. This analogy is expected because the growth driver is
proportional to the time integrate diﬀerence between current helicity and kinetic
helicity.
We compared the simulation results with a two scale theory and found general
consistency with respect to the basic mechanism of large scale ﬁeld growth and
saturation. When the system is magnetically driven at k = 5, the large scale
k = 1 helical magnetic ﬁeld grows in the MF with the same sign as that on the
driving scale. Injecting k = 5 magnetic helicity drives the system away from its
natural relaxed state and the LSD evolves the magnetic helicity to the large scale
where the same amount of magnetic helicity has lower energy. Eventually the
LSD saturates because the growth driver is a diﬀerence between current helicity
and kinetic helicity + diﬀusion terms(the sum of the latter terms being the back
reaction that causes the quenching.) This situation complements the KF case
where the LSD drives oppositely signed growth of large and small scale magnetic
helicities and the current helicity quenches the LSD.
We presented the time evolution of the spectra of magnetic energy, magnetic
helicity, current helicity from the simulations. Taken together, these spectra exhibit the expected inverse cascade of magnetic helicity that is at the heart of LSD
action, and the absence of an inverse cascade of kinetic helicity. Future work is
needed to better understand the early time growth regime and more comprehensively study the dependence on magnetic Prandtl number.
The MF LSD studied herein was for MHD plasmas with ratios of thermal to
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magnetic pressure overall larger than unity. We checked that this was the case
at all times during the simulations. We discussed that such an MF LSD may
ultimately be involved in producing the LSD action in MRI simulations and may
also be away to distinguish Babcock type solar dynamo models from KF kinetic
helicity driven solar dynamo models.
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Abstract

Understanding large scale magnetic ﬁeld growth in turbulent plasmas in the magnetohydrodynamic limit is a goal of magnetic dynamo theory. In particular, assessing how well large scale helical ﬁeld growth and saturation in simulations
matches that predicted by existing theories is important for progress. Using numerical simulations of isotropically forced turbulence without large scale shear
with the implications, we focus on several aspects of this comparison that have
not been previously tested: (1) Leading mean ﬁeld dynamo theories which break
the ﬁeld into large and small scales predict that large scale helical ﬁeld growth
rates are determined by the diﬀerence between kinetic helicity and current helicity
with no dependence on the non-helical energy in small scale magnetic ﬁelds. Our
simulations show that the growth rate of the large scale ﬁeld from fully helical
forcing is indeed unaﬀected by the presence or absence of small scale magnetic
ﬁelds ampliﬁed in a precursor non-helical dynamo. However, because the precursor non helical dynamo in our simulations produced ﬁelds that were strongly
sub-equipartition with respect to the kinetic energy, we cannot yet rule out the
potential inﬂuence of stronger non- helical small scale ﬁelds. (2) We have identiﬁed two features in our simulations which cannot be explained by the simplest
versions of two-scale mean ﬁeld theory: (i) fully helical small scale forcing produces signiﬁcant non-helical large scale magnetic energy and (ii) the saturation of
the large scale ﬁeld growth is time-delayed with respect to what minimalist theory
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predicts. We comment on desirable generalizations to the theory in this context
and future desired work.
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7.1

Introduction

The origin of magnetic ﬁelds in planets, stars, galaxies, accretion disks [Beck et al.,
1996], [Brandenburg and Subramanian, 2005a], [Blackman, 2010], [Brandenburg,
2009], [Moﬀatt, 1978] comprises an ongoing enterprise of investigation. Understanding mechanisms by which large scale ﬁelds can be ampliﬁed from weak seed
ﬁelds by the underlying velocity ﬂows has been a particular long standing goal.
The speciﬁc manifestation of magnetic ampliﬁcation in these systems comprise
a diverse set of boundary conditions, viscosities, thermal conduction coeﬃcients,
and magnetic diﬀusivities as described in these references. But conditions are
such that the magnetic Reynolds numbers(≡ U L/η) are typically high enough for
the magnetohydrodynamic approximation to be useful. Moreover, while the ratios
of hydrodynamic to magnetic diﬀusivities vary widely from being much greater
than unity in galaxy plasmas to being much less than unity in planetary cores,
the hydrodynamic Reynolds numbers are high enough that the ﬂow are turbulent.
When it is possible to identify a dominant energy containing scale of turbulence
(typically the forcing scale), a natural distinction arises between two classes of
dynamos: Small scale dynamos (SSDs) describe the ampliﬁcation of ﬁelds at or
below the dominant turbulent eddy scale ([Kazantsev, 1968], [Schekochihin et al.,
2004]) whereas large scale dynamos (LSDs) describes the ampliﬁcation of ﬁelds
on spatial or temporal scales larger than the those of the underlying forcing.
The ingredient that distinguishes standard velocity driven LSDs from SSDs is the
presence of a natural pseudo scalar in the turbulence, such as kinetic helicity.
([Pouquet et al., 1976], [Meneguzzi et al., 1981]). Proof of principle of large scale
ﬁeld growth has also been recently emerging in the laboratory. But experiments
are presently limited to the kinematic regime, where the ﬁeld ampliﬁcation is so
weak that it does not much inﬂuence the velocity ﬂows. An important aspect
of astrophysical dynamos that is accessible in numerical experiments but not in
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(a)

(b)

(c)

Figure 7.1: (a) For η = ν = 0.006. The lines in large plot show H1 growth in
linear scale the small inset box shows H1 in Log scale. The solid lines show the
growth in the “HF after N HF ” phase but with the N HF removed, thus starting
the x-axis at origin (t′ 006 = t − 714, see text). The dashed lines show the case
of HF without N HF plotted twice in the large plot. The left dashed line is the
original in simulation time, and the right is time-shifted by(t′′006 = t′006 + 275) for
comparison with the solid line. Note that the time shifted dashed curve matches
the solid curve well. (b) η = ν = 0.001. Same as (a) but with the analogous time
shifts t′001 = t − 584.7 and t′′001 = t′001 − 128 (see text). (c) All 4 simulation curves
shown on the same plot in two sets: from left to right, the ﬁrst 4 curves are the
same as those plotted in parts (a) and (b) as the legend indicates. These 4 curves
are then all time shifted to overlap near t = 1000 on the time axis in order to aid
the visual comparison of all simulations for the two diﬀerent η = ν cases.
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laboratory experiments is the nonlinear evolution when the magnetic ﬁeld grows
large enough to modify the driving velocity ﬂows.
Objects such as galaxy clusters have no natural sources of helicity and would
be dominated by SSDs, but most astrophysical rotators such as stars and galaxies
typically sihave the ingredients needed to drive contemporaneous LSD and SSD
(see e.g. [Brandenburg and Subramanian, 2005a], [Blackman, 2010]). A longstanding concern in dynamo theory [Piddington, 1981], [Kulsrud and Anderson,
1992] has been the extent to which the presence of rapidly growing SSDs inﬂuences
LSDs. A detailed comparison of the exact growth rates for an LSD with and
without a precursor SSD has not been carried out and is the goal of this paper.
Most of the work on LSDs and SSDs has been separate, but minimalist simulations of the two types of dynamos can be studied in similar set-ups, diﬀering
only in the nature of the forcing. Starting with a triply periodic box and a weak
seed magnetic ﬁeld, the α2 dynamo in a periodic box was simulated [Meneguzzi
et al., 1981], [Brandenburg, 2001] by forcing with kinetic helicity at wavenumber
kf = 5kmin The large-scale (k = 1) ﬁeld grows and saturates as predicted from
spectral Ref. [Pouquet et al., 1976] and two-scale theories [Blackman and Field,
2002]: Driving with kinetic helicity initially grows a large scale helical magnetic
ﬁeld but the near conservation of magnetic helicity leads to a compensating small
scale magnetic (and current) helicity of opposite sign to that on the large scale.
This counteracts the kinetic helicity driving and quenches the LSD. In these theories, the non helical magnetic energy in the smaller scale does not play a role in
the growth or saturation.
Complementarily, there have been many SSD simulations in which the same
triply periodic box is used but the forcing is non-helical, (e.g. [Meneguzzi et al.,
1981], [Haugen et al., 2003], [Haugen and Brandenburg, 2004], [Maron et al., 2004],
[Schekochihin et al., 2004]). SSD simulations without large scale shear show that
the total magnetic energy is ampliﬁed exponentially in the kinematic regime,
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as analytically predicted [Kazantsev, 1968], [Kulsrud and Anderson, 1992] and
evolves to saturate at 10-30% of equipartition with the total kinetic energy in fully
nonlinear regime. For large magnetic Prandtl number P rM = ν/η, where ν and η
are the viscosity and magnetic diﬀusivity, the spectrum shows super-equipartition
values on small scales even when the total magnetic energy is sub-equipartition
[Haugen et al., 2003], [Haugen and Brandenburg, 2004], [Schekochihin et al., 2004].
However, synthetic Faraday rotation observations of a SSD system show that
strong small scale structures would not dominate the observed structures, nor is
there observational evidence for them.
The goals here are to (1) assess whether a precursor SSD aﬀects the subsequent
growth of an LSD and (2) to evaluate how well simple two-scale theories ﬁt the
results of the resultant growth rates and evolution of the large scale ﬁeld. In
second section, we discuss the simulation set up and the methods used. In third
section we discuss the results of the simulations. We interpret these results and
their implications for theoretical modeling in fourth section and conclude.

7.2

Problem to be solved and methods

We carry out two types of simulations for two diﬀerent magnetic Reynolds numbers
RM all for Prandtl number unity. For simulation type 1, we start the simulation
with fully helical forcing HF in the momentum equation which leads to α2 dynamo
growth of the large scale magnetic ﬁeld. For simulation type 2, we start with nonhelical forcing (NHF) in the momentum equation and then only later turn on the
fully helical forcing. For the high η case, the NHF phase does not amplify the
small scale ﬁeld because it is subcritical to the SSD. For the low η case, the system
is unstable to SSD growth and the total ﬁeld grows exponentially. Our runs allow
us to compare the LSD of the HF phase for three diﬀerent cases: NHF → HF but
without SSD; NHF → HF with SSD and HF without any NHF phase.
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We use the high-order ﬁnite diﬀerence Pencil Code([Brandenburg, 2001]) and
the message passing interface (MPI) for parallelization. The equations solved are
the compressible MHD equations given by
Dρ
= −ρ∇ · v
Dt
)
Dv
J × B µ̃ ( 2
1
= −c2s ∇ln ρ +
+ ∇ v + ∇∇ · v + f
Dt
ρ
ρ
3
∂A
= v×B−ηJ
∂t

(7.1)

where ρ is the density; v is the velocity; B is the magnetic ﬁeld; A is the vector
potential; J is the current density; D/Dt(= ∂/∂t+v·∇) is the advective derivative;
η is the magnetic diﬀusivity; cs : sound speed; and f is the forcing function. The
ratio ν =

µ̃
ρ

is the mean bulk viscosity for given dynamic viscosity µ̃. Since

cs is constant in the simulations, dimensionless units are constructed such that
velocities are expressed in units of cs and magnetic ﬁelds expressed in units of
cs (µ0 ρ0 )1/2 , where µ0 is the magnetic permeability and ρ0 is the initial density.
These constants are then set to unity, that is cs = ρ0 = µ0 = 1. Note also that
because ρ ≃ ρ0 for our weakly compressible simulations, the values of ν quoted in
the rest of the paper are the values

ν=µ̃
ρ0

imposed at the beginning of the simulation.

We employ a triply periodic box of dimensionless spatial volume (2π)3 with
mesh size of 2563 for runs with η = ν=0.006, and 2883 for runs with η = ν=0.001
in our computer system. The forcing function f in the momentum equation is
either helical(∇×f ∝ f ) or fully non-helical. f (x, t) = N fk (t) exp [i k(t)·x+iϕ(t)],
here N is a normalization factor, k(t) is the forcing wave number with |k(t)| ∼ 5
(4.5 < |k(t)| < 5.5).

7.3

Results

During the HF phase of the simulations, the large scale magnetic helicity H1 at
k = 1 grows exponentially. Fig.7.1(a)-7.1(c) show the time evolution of H1 for
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runs of our two η cases. In the ﬁrst two panels, the y-axis of the larger panel are
linear and the y-axis on the inset small box is logarithmic. The solid lines give
the time evolution of H1 in the helical forcing phase in runs for which there was
a preceding NHF phase. In simulation time t, the NHF was turned oﬀ and the
HF was turned on at t = 714.153 for the ν = η = 0.006 case and at t = 584.724
for the case η = ν = 0.001. In Figs.7.1(a) and 7.1(b), we have removed the NHF
forcing phases and rescaled the time axis to t′006 = t − 714.153 for the case of
ν = η = 0.006 and t′001 = t − 584.724 for the case of η = ν = 0.001.
The dashed lines Figs.7.1(a) and 7.1(b) show H1 for the cases of HF without an
NHF precursor phase plotted vs. simulation time. The dashed lines on their own
(to the left and right of the solid curves in Fig.7.1(a) and Fig. 7.1(b) respectively)
show H1 plotted versus simulation time from t = 0. The dashed lines overlayed
on the solid lines represent the same simulation data as the dashed lines plotted
on their own, but time-shifted to aid the visual comparison to the solid curves.
To overlay the dashed lines with the solid lines requires shifting them by diﬀerent
amounts for the η = 0.006 and η = 0.001 cases. These shifts are given respectively
by t′′006 = t′006 + 275, t′′001 = t′001 − 128.
The lines in Figs. 7.1(a) and 7.1(b) are well matched with the time-shifted
dashed lines, highlighting that the growth rates of H1 in the HF phase are independent of the presence or absence a NHF precursor in both the η = 0.001 and
η = 0.006 cases for most of the time evolution. However, the inset log plots show
that the solid and dashed lines for the η = 0.001 do not evolve so linearly as those
for the η = 0.006 case at very early times. This results because the η = 0.001
case incurs a SSD in the NHF phase that precedes the HF for the solid curve.
The larger resistivity for the η = 0.006 case (ReM ∼ 40) prevents a SSD from
occurring in the NHF phase. These diﬀerences lead to diﬀerent value of the ratio
of E1 /H1 at the onset of HF for all of these cases, where E1 is the total magnetic
energy at k = 1. We discuss the inﬂuence of this ratio in Section 4.
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Figure 7.2: Before the HF phase begins at t = 714, magnetic energy decays (left
small box). But once HF begins, the growth of kinetic energy at k = 5 dominates
the increase of Ekin for 714 < t < 1200(right small box). Notation k = [kini , kmax ]
indicates wave numbers summed in computing the the contributions to Ekin or
Emag .
Fig 7.1(c) shows all of the four simulations just described, plotted on the same
axes and then plotted again but time-shifted to overlap so that their slopes can
be mutually compared. The deviations from the curves being exactly aligned is
primarily due to the diﬀerent values of η rather than on the presence or absence
of a precursor SSD before LSD growth.
For η(=ν)=0.006 (Fig.7.2), the simulation is initiated with seed values of |v0 | =
0, |b0 | ∼ 10−2 (small box in Fig.7.3(a)). During the NHF phase, ampliﬁcation of
magnetic energy by ﬁeld line stretching is unable to overcome magnetic ﬁeld decay
so there is no SSD. At the end of the N HF phase at t ∼ 714, the system has
v ∼ 0.19, b ∼ 10−12 , and ⟨A · B⟩ ∼ 2.8 × 10−28 (Table 1). That is, the magnetic
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quantities have decayed from their initial values. Once the HF forcing begins at
t = 714, the kinetic energy remains dominated by that at the the forcing scale
k = 5(Fig.7.2). For 714 < t < 1200, which corresponds to the LSD kinematic
regime, the growth of Emag is rapid but observable only in the log plot inset since
the starting ﬁeld value at t = 714 is so small. During this phase, the kinetic
energy of the forcing scale incurs a large increase(log scale) whereas the kinetic
energy at k > 5 decreases. For 1200 < t < 1300 the kinematic regime ends and
the small scale helical magnetic ﬁeld begins to saturate. The kinetic energy at
wave numbers k ≥ 5 recover to their pre-t = 714 values.
For the η(=ν)=0.001 case (Fig.7.3(a), 7.3(b)) the NHF phase does produce a
SSD, so in the NHF phase the magnetic energy grows rather than decays. The
SSD produces a power-law tail toward small wave numbers [Kazantsev, 1968] that
ampliﬁes some large scale ﬁeld well above the initial seed values even before the
more dominant HF phase of large scale ﬁeld growth. At the end of the N HF
phase, the system has v ∼ 0.25, b ∼ 0.074, and ⟨A · B⟩ ∼ 1.15 × 10−6 (Table 1).
When the HF subsequently begins from these starting values, the LSD takes less
time to grow large scale ﬁeld to saturation than for the η = 0.006 case when there
is no SSD precursor. The growth rate of H1 becomes very close to that of the case
without the SSD for most all of the time range as seen in Fig. 7.1(b).
We show that the evolution of the energy spectrum for the η = 0.001 case,
Figs.7.3(a) shows the evolution of the energy spectrum, indicating how the SSD
builds up the very small scale magnetic energy k > 30 to near equipartition
with the kinetic energy. The kinetic energy near the forcing scale dominates the
magnetic energy and overall the SSD produces a magnetic energy which is ∼ 9%
of the kinetic energy. This is a small percentage (and smaller than found in) but
still it does not seem to cause a corresponding diﬀerence in growth rates when the
cases with and without the SSD are compared.
Fig. 7.3(b) shows that the kinetic energy remains steadier at the plotted range
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(a)

(b)

Figure 7.3: Energy spectra and energy evolution for the η = 0.001 case (a) Ekin
and Emag in the small box are the spectral distribution for the initial default seed
ﬁeld of the code. The curve with a spike is for Ekin . The large box shows the
saturated spectra for the cases of N HF (Ek0 , Em0 ) and HF after N HF (Ek,sat ,
Em,sat ) which coincide with those of HF without a precursor N HF phase. The
growth of the SSD shows that the NHF has produce an SSD (b) Before the HF
starts at t = 584, NHF has produces a SSD, amplifying the magnetic energy to
9% of the total kinetic energy. Note the drop in kinetic energy and further growth
of large scale magnetic energy once the HF starts.
of wave numbers for the η = 0.001 case than for the case of η = 0.006 during the
corresponding evolution to saturation shown in Fig. 7.2.

7.4

Assessing the correspondence with two-scale
theory

Using the Eddy Damped Quasi Normal Markovian(EDQNM) closure ([Orszag,
1970]), [Pouquet et al., 1976] developed evolution equations for the magnetic energy and helicity spectra for conditions identical to those we have simulated. [Field
and Blackman, 2002], [Blackman and Field, 2002] showed that under certain lim-

114

0.006(η = ν)

0.006

0.001

0.001

after N HF

no N HF

after N HF

no N HF

Step

vi ∼ 0.19, bi ∼ 1 × 10−12

vi ∼ 0, bi ∼ 0.01

vi ∼ 0.25, bi ∼ 0.074

vi ∼ 0, bi ∼ 1 × 10−2

I

|HM i | ∼ 2.8 × 10−28

|HM i | ∼ 1 × 10−14

|HM i | ∼ 1 × 10−6

|HM i | ∼ 5.4 × 10−15

vi ∼ 0.19, bi ∼ 10−2

vi ∼ 0.18, bi ∼ 10−2

vi ∼ 0.23, bi ∼ 10−2

vi ∼ 0.22, bi ∼ 10−2

|HM i | ∼ 10−4

|HM i | ∼ 10−4

|HM i | ∼ 10−4

|HM i | ∼ 10−4

II

Table 7.1: Initial values in each simulation. Step I: the time range between the
start and onset of HF . Step II: the time range between onset and saturation of
the LSD.

(a)

(b)

(c) Two plots are shifted for comparison.

Figure 7.4: Absolute values of growth rate γ(=dH1 /dt), E1 /2H1 , and ⟨v · ω⟩⟨j · b⟩. Thick lines are for HF after N HF and thin lines are for HF without
N HF . For the comparison, the plots of HF without N HF are shifted and overlaid: (a) t → t + 989 (b) t → t + 456. The lines for γ are the mean values of 100
consecutive points. EM /2H1 and residual helicity are rescaled by multiplication
with 2.5 × 10−4 . After γ arises, there is a time period(t = 20 ∼ 40) that growth
rates of both cases are coincident. (c) After this period, the growth rate of higher
resistivity is larger, and drops faster.
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its, the results from [Pouquet et al., 1976], can be approximated by two-scale
approaches. In principle, the simplicity of two-scale approaches gives them practical value so it is important to assess how well they agree with simulations. The
“two-equation” two scale approach [Field and Blackman, 2002] involves solving
only the time evolution equation for the large scale magnetic helicity H1 , and the
small scale magnetic helicity H2 assuming E is constant or varies slowly in time
compared to other mean quantities. One “three equation” two-scale approach involves solving coupled diﬀerential equations for H1 , H2 and E, the turbulent electromotive force. A diﬀerent “three equation” version of two-scale theory which
solves equations for H1 , H2 and E1 while assuming E is constant has also been
studied. All of these approaches have the property that the non-helical small scale
magnetic energy does not enter the growth rate of the large scale helical ﬁeld. This
speciﬁc prediction of these approaches seems consistent with our simulations but
we will explain why some features in the simulations seem to require at least a
“four-equation” version that incorporates coupled equations for H1 , H2 , E1 and E.
We now discuss these points further.
The equation for H1 in two-scale approaches for which the time evolution of
E is assumed constant and the turbulence is assumed to be isotropic is
∂t H1 = 4αE1 − 2(β + η)k12 H1 ,

(7.2)

where k1 and k2 are the large and small scale wave numbers (the latter assumed
to be the forcing scale in a 2-scale model), and α = τ (k22 H2 −HV,2 ) and β = τ EV,2 .
Above, HV,2 and EV,2 are the kinetic helicity and kinetic energy at k2 , and τ has
units of time. Although τ is taken as a constant ∼

1
k2 v 2

in the minimalist two scale

theories in more general two-scale theories that require solving a separate equation
for the time derivative of the E [Blackman and Field, 2002] or incorporate memory
eﬀects [Hubbard and Brandenburg, 2009], this time need not be a constant and
emerges from time integrals. Diﬀerent closures can lead to diﬀerent interpretations
of τ . We will later see why a constant τ is in fact insuﬃcient to explain the
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simulations. In addition, we note that in the minimalist “two-equation” two-scale
theory, E1 is assumed to be maximally helical and equal k1 H1 . We will see that
this is also inconsistent with the simulations. so we keep E1 and H1 separate in
the discussion that follows. We also note thet EV,1 the kinetic energy at k = 1, is
likely an important player in amplifying the non-helical magnetic energy on that
scale.
The growth rate for the large scale helical ﬁeld associated with Eq. (7.2) is
given by
γ =

E1
1 ∂H1
=α
− 2k12 (β + νM ).
H1 ∂t
H1

(7.3)

Initially, α is dominated by HV,2 but eventually the small scale magnetic helicity
H2 grows and the complete evolution of H1 to saturation requires also solving the
time evolution for H2 .
An important prediction of Eq. (7.3) is that the non-helical small scale magnetic energy does not enter any quantity in the equation. (This circumstance is
somewhat relaxed for the full EDQNM spectral model [Pouquet et al., 1976]).
Our present simulations and analysis support the result that the non helical small
scale magnetic energy does not inﬂuence the evolution of H1 ; the H1 growth rates
for our cases with and without an SSD closely agree. The small diﬀerences we
can detect in the H1 growth rates seem to be explicable simply by the diﬀerent
ratios of E1 /H1 at the onset of HF in the cases with and without NHF because
of the diﬀerent simulation histories up to that time.
Speciﬁcally, Figs. 7.4(a) and 7.4(b), show that for each value of η, the growth
rate curves for the separate simulations of NHF+ HF and HF without NHF nearly
overlap on linear plots. Fig 7.4(c) shows that the value of η has more inﬂuence
than the presence or absence of a precursor NHF phase. On log plots we would
see a non-overlap at early times of each of the pairs of growth rate curves in
Figs. 7.4(a) and 7.4(b) corresponding to the diﬀerence in slopes of each pair of
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plots in the log plot insets of Figs.7.1(a) and 7.1(b). (Note that the plots of Figs
7.1(a),7.1(b) and Figs. 7.4(a), 7.4(b) all begin at the time corresponding to the
start of the HF phase, despite the diﬀerent shifted time axis coordinates). The
diﬀerent simulation histories of E1 /H1 , also shown in Figs. 7.4(a) and 7.4(b), can
explain these diﬀerences: For the η = 0.001 case of NHF+HF, the NHF phase
produces a SSD such that at the onset of HF, larger E1 and H1 than those of the
η = 0.001 case without NHF emerges. For the η = 0.006 case there is no SSD
during the NHF phase instead just an enhanced decay of the seed ﬁeld. In this
case, the case of NHF+HF begins the HF phase with smaller E1 and H1 than
those of the case without NHF.
The time evolution of

E1
2H1

in conjunction with the plots of the residual helicity

α/τ shown in Figs. 7.4(a) and 7.4(b), is important for two other reasons in the
assessment of two-scale theories: (1) First, since fully helical energy at k1 = 1
corresponds to

E1
2H1

= 1/2 on that plot, we see that for much of the exponential

growth regime, there is a signiﬁcant fraction of non-helical magnetic energy at k =
1. For example, the inset of Fig. 7.2 in combination with Fig. 7.4(a)), highlights
that without an SSD,

E1
2H1

exceeds 1/2 for more than 20 orders of magnitude of

growth in H1 . This cannot be accommodated by the “two-equation” version of
two-scale theory which enforces E1 = k1 H1 (2) Second, we see that the growth
rates in Figs. 7.4(a) Figs. 7.4(b) do not go to zero at the same time that
E1
2H1

α
τ

and

saturate. This implies that τ cannot be a constant in time, as in the speciﬁc

versions of two-scale models which do not solve for the time evolution of E.
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7.5

Conclusions, Limitations, and Future Directions

We have studied the evolution large scale magnetic ﬁeld growth subject to helical velocity forcing and studied several aspects of the comparison between these
simulations and mean ﬁeld theories that have not been previously studied. First,
we found that the growth rates of helical large scale ﬁelds excited by isotropically
helically forced turbulence were independent of the presence of a precursor SSD
that built up non-helical magnetic energy many orders of magnitude larger than
in the case without the precursor SSD. As discussed, this speciﬁc prediction is
consistent with modern two-scale theories of the helical dynamo in which only the
helical magnetic ﬂuctuations should aﬀect the large scale ﬁeld growth.
However there are two important caveats to this conclusion. First is that for
our case of η(= ν) = 0.001 that produced an SSD the small scale magnetic energy
saturated to only 9% of equipartition to the kinetic energy before we started
the HF phase. Although we see no evidence there being even a 9% inﬂuence of
the small scale ﬁeld on the H1 growth rate, it is essential in the future to study
cases in which the SSD phase produces magnetic energy with a larger fraction
of equipartition. This will require larger simulations. Such computations will be
needed to assess whether the two-scale theory is capturing the correct qualitative
result that the non-helical small scale ﬁeld, even when closer to equipartition,
would not aﬀect the LSD growth rate. In this respect, we regard our present
work as identifying the importance of answering this question and providing some
preliminary results toward that end. We note that even in 5123 simulations, the
SSD saturates at only 23% of equipartition of the kinetic energy. It is not yet
clear whether the saturation percentage evolves to a limiting value with increased
numerical resolution.
The second caveat is that in the present simulations we turned oﬀ the NHF
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once the fully HF started. In the future, studying the correspondence between
LSD theory and simulation for fractionally helical forcing is desirable because fractionally helical forcing can be thought of as essentially contemporaneous forcing
of both non-helical SSD and helical LSD. The two-scale theory predicts that the
non-helical small scale magnetic energy should not aﬀect the large scale growth
rate in this case either.
While our results assessing the inﬂuence of an SSD (albeit a weak SSD) did
not show any inconsistency with the expectations of two scale mean ﬁeld theory
so far, we did ﬁnd several features of the large scale ﬁeld growth that cannot be
accommodated by the minimalist versions of two scale theories that solve only
coupled equations for H1 and H2 . Namely, even with fully helical forcing of the
velocities at k = 5, the large scale ﬁeld at k = 1 incurs signiﬁcant non-helical
ﬁeld growth, so a separate equation for E1 is necessary. Moreover, to source the
non-helical magnetic energy, inclusion of kinetic energy Ek,1 on the large scale is
seemingly necessary, otherwise the non-helical magnetic energy at k = 1 can only
decay in the two-scale theory. Second, the saturation of the large scale helical ﬁeld
growth is delayed from the prediction of a constant τ in Eq. (7.3). This requires
at minimum a fourth equation for the time evolution of E to be coupled into the
theory. The extent to which a “four equation” version of two-scale theory can
accommodate these features, or whether the full power of a more comprehensive
spectral model [Pouquet et al., 1976] is required, remain topics for further work.
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Inﬂuence of initial conditions
on large scale dynamo growth
rate

• K.Park. Inﬂuence of initial conditions on large scale MHD dynamo. MNRAS,
June 2013
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Abstract

To investigate the eﬀects of energy and helicity on the growth of large scale magnetic ﬁelds, helical kinetic forcing was applied to the magnetohydrodynamic(MHD)
system that had a speciﬁc distribution of energy and helicity as an initial condition.
Simulation results show the saturation of a system is not inﬂuenced by the initial
conditions, but the growth rate of the large scale magnetic ﬁeld is proportionally
dependent on the initial large scale magnetic energy and helicity. Comparison of
the proﬁles of evolving magnetic and kinetic energy implies that the large scale
kinetic energy plays a preceding role in the MHD dynamo in the early time regime.
Kinetic energy was observed to transfer backward when the external energy was
given to the three dimensional MHD system. The simulated data were analyzed
and interpreted using the equations from quasi normal approximation and the two
scale mean ﬁeld methods.
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8.1

Introduction

The generation and ampliﬁcation of magnetic ﬁeld in astrophysical systems are
ubiquitous phenomena. The origin and exact mechanism of growth of magnetic
ﬁelds in stars or galaxies have been long standing problems. It has been thought
that helical kinetic motion or turbulence ampliﬁes the magnetic ﬁeld(B ﬁeld).
However, the helical component does not seem to be an absolute necessity for the
ampliﬁcation of large scale magnetic ﬁeld. In astrophysical dynamos, for instance,
the kinetic energy of some celestial objects like supernovae or galaxy clusters has
low or practically zero level of helical component. The evolution of B ﬁelds in
these objects is thought to be dominated by small scale dynamo(SSD): the ampliﬁcation of ﬁelds below the large scale eddy without helicity([Kazantsev, 1968],
[Kulsrud and Anderson, 1992], [Meneguzzi et al., 1981], [Haugen et al., 2003],
[Schekochihin et al., 2004]), [Mininni et al., 2005]). So, it is important to understand the detailed mechanism of dynamo in MHD equations whether or not the
driving force is helical.

As of yet some problems in the MHD dynamo process are not completely understood: the role of helical or nonhelical kinetic(magnetic) ﬁeld, the eﬀects of
initial conditions(ICs) such as kinetic(magnetic) energy and helicity. There were
trials to see the eﬀects of ICs on the dynamo([Haugen and Brandenburg, 2004],
[Maron et al., 2004]). However, the trials are not yet enough; moreover, there are
few analytic studies to explain the eﬀects of initial conditions. Some statistical
methods like Eddy Damped Quasi Normal Markovian approximation(EDQN M ,
[Pouquet et al., 1976]) can be used to explain the inﬂuences of ICs on the proﬁle of
growing B ﬁeld qualitatively. However, it is partial and incomplete. Development
and veriﬁcation of the theoretical results with more detailed simulation data are
necessary. Nonetheless, related simulation results still provide us many detailed
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phenomena that are helpful to understanding the MHD turbulence. In this paper
the eﬀects of initial magnetic energy and helicity on the large scale dynamo were
investigated using simulation and analytic methods.

8.2

Problem to be solved and methods

The aim of this paper is to ﬁnd out the eﬀect of initial conditions(ICs) on
the growth and saturation of magnetic helicity(HM ) and magnetic energy(EM ).
For this, the combinations of three simulations were carried out: Non Helical
Magnetic Forcing(N HM F ), Helical Magnetic Forcing(HM F ), and Helical Kinetic Forcing(HKF ). To explain simulation results, the equations derived from
EDQN M and two scale mean ﬁeld dynamo theory([Field and Blackman, 2002])
were used.

For the simulation code, high order ﬁnite diﬀerence Pencil Code([Brandenburg,
2001]) and the message passing interface(MPI) were used. The equations solved
for HKF in the code are,
Dρ
= −ρ∇ · v
Dt
)
(
Dv
J×B
1
= −c2s ∇ln ρ +
+ ν ∇2 v + ∇∇ · v + f
Dt
ρ
3
∂A
= v×B−ηJ
∂t

(8.1)

ρ: density; v: velocity; B: magnetic ﬁeld; A: vector potential; J: current density;
D/Dt(= ∂/∂t + v · ∇): advective derivative; η: magnetic diﬀusivity; ν: kinematic
viscosity; cs : sound speed(∼1); f : forcing function, helical and nonhelical ﬁeld. In
this paper, η(=c2 /4πσ, magnetic diﬀusivity, σ: conductivity) and ν(=µ/ρ, kinematic viscosity, µ: viscosity, ρ: density) are 0.006.
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We employ a cube like periodic box of spatial volume (2π)3 with mesh size of 2563
for runs. The forcing function f in the momentum equation is either fully helical(in
fourier space, ∇ × f = k f , k: wave number) or fully non-helical(∇ × f ̸= k f ) with
f (x, t) = N fk (t) exp [i k(t) · x + iϕ(t)]. Here N is a normalization factor, k(t) is
the forcing wave number with |k(t)| ∼ 5 (4.5 < |k(t)| < 5.5). Since the eﬃciency
of magnetic forcing(M F ) in forcing the system is higher than that of kinetic
forcing(KF ), |fk | = 0.01 for M F and |fk | = 0.07 for KF was used.

8.3

Simulation Results

Fig.1 includes the early time proﬁles of log scaled |HM |(solid line) and EM (dotted
line). In Fig.8.1(a), top line group includes |HM | and EM for the case of N HM F →
HKF : Non Helical Magnetic Forcing(as a precursor simulation, kf =30 t≤10.6)
and then Helical Kinetic Forcing(kf =5, t>10.6) was done over the previous simulation. The middle lines are |HM | and EM for HM F → HKF : Helical Magnetic
Forcing(k=30, t≤13.0) and then HKF (kf =5, t>13.0). The lowest lines are |HM |
and EM for HKF system at kf =5 as a reference simulation. The spectra show
N HM F → HKF is the most eﬃcient in the growth of large scale HM and EM
in the early time regime. HKF whose energy transfer depends chieﬂy on α eﬀect
appears to be the least eﬃcient in energy transfer. In case of HM F → HKF ,
the eﬃciency is between ‘N HM F → HKF ’ and ‘HKF ’. And during HM F ,
the features of N HM F and HKF due to the helical and nonhelical ﬁeld were
observed.

The spectrum of magnetic energy EM is always positive, but the sign of HM is
inﬂuenced by the external forcing function ‘f ’. For example, in case of HM F ,
HM and ‘f ’ have the same sign(middle lines, t ≤13.0), but in case of HKF , HM
has opposite sign of ‘f ’. The cusp in this group(t ∼ 13) is the rapid change of
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(a) |HM | and EM (log plot)

(b) HM and EM (linear plot)

(c) |HM | and EM (linear plot)

Figure 8.1: Seed energy and helicity in each case are the same. Precursor simulation (N )HM F changes the given seed ﬁeld into the speciﬁc energy distribution,
which is used as a new initial condition for the main simulation HKF . (a) Preliminary simulation N HM F (|fk | = 0.01 at kf = 30) ﬁnishes at t = 10.6. During
this time regime, HM is negative. In contrast, HM F (|fk | = 0.01 at kf = 30 for
t ≤ 13.0) generates positive HM . HKF (|fk | = 0.07 at kf = 5) begins after these
preliminary simulations. And HKF was done separately as a reference. (b) Except N HM F , the magnetic ﬁelds in the other cases are indistinguishably small.
(c) The left line group shows the inﬂuence of ICs. The diﬀerence in onset position
is mainly decided by large scale EM (0) and HM (0) from the precursor simulations.
And right line group includes the shifted EM and HM of each case for the comparison. Tiny diﬀerence in the proﬁle is chieﬂy related to the kinetic(magnetic)
energy in the small scale.
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(a) Ekin (N HM F → HKF )

(b) Emag (N HM F → HKF )

(c) Ekin and Emag

Figure 8.2: N HM F (f hm = 0, f0 = 0.01, kf = 30) ﬁnishes at t = 10.6, and
then HKF (f hk = 1, f0 = 0.07, kf = 5) begins. Initially, only tiny EM is given
and Ekin is zero. But Ekin grows quickly, catches up with EM around t ∼ 0.2,
and outweighs it. (a) Ekin which is transferred from magnetic eddy through
Lorentz force migrates backward and forward. (b) The diﬀusion of magnetic
energy without α eﬀect in N HM F is tiny. Except the forced eddy, the energy
in magnetic eddies is mostly from kinetic eddies. After the precursor simulation,
the peak of EM (nonhelical) at k = 30 disappears within a few time steps. (c)
Comparison of Ekin and EM .

(a) Ekin (HM F → HKF )

(b) Emag (HM F → HKF )

(c) Ekin and Emag

Figure 8.3: HM F (f hm = 1, f0 = 0.01, kf = 30) ﬁnishes at t = 13.0, and then
HKF (f hk = 1, f0 = 0.07, kf = 5) begins. (a) Ekin of HM F is smaller than that
of N HM F . (b) Emag of HM F is also smaller than that of N HM F . The second
small peak around k = 9, 10 is the inversely cascaded energy due to α eﬀect.
This peak moves backward to be merged into the new forcing peak(k = 5) when
succeeding HKF begins. The peak of HM with EM at kf = 30 also disappears
within a few time steps.
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(a)

(b)

(c)

Figure 8.4: (a), (b) are the preliminary simulation before HKF . (c) This plot is
the same as that of (a), but the forced eddy is kf =5, closer to the large scale. It
shows basic proﬁle of Ekin does not so much depend on the position of forced eddy.
Also linear and uniform kinetic energy distribution implies the energy transfer is
more local and contiguous rather than nonlocal.
HM from positive(HM F , f hm =⟨k a·b⟩/⟨b2 ⟩=+1, full helical) to negative(HKF ,
f hk =⟨v·ω⟩/⟨k v2 ⟩=+1, full helical). The reasons of reversed or equal sign of large
scale magnetic helicity in HKF and HM F were partially explained in [Park and
Blackman, 2012a], [Park and Blackman, 2012b]. In contrast, the magnitude of
|HM | tends to be continuous, which implies the relation between HM and EM .
On the contrary, the direction and magnitude of HM in N HM F are irregular because of the ﬂuctuating ‘f ’. During N HM F (t≤10.6) the actual sign of HM was
negative. However, if N HM F keeps going on, HM will change the sign slowly
and irregularly.

Fig.8.1(b) includes the linearly scaled plots in Fig.8.1(a). All simulations started
with the same seed ﬁeld. However, as the plots show, the system driven by
N HM F has the largest and fastest growing EM and HM in the early time regime.
In addition, during HKF after the preliminary N HM F , EM and HM still grow
fastest and maintain the largest values until they get close to the onset position.
This shows the eﬀects of ICs and forcing method clearly. On the other hand, the
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generation and growth of HM during N HM F that does not have any source of
helical ﬁeld provide us a clue to the source of HM .

Fig.8.1(c) is to compare directly the onset and saturation of EM and |HM |. The
group of three lines in the left part has the original data plots, and the lines
in the right group are their shifted plots for comparison. The onset point of
N HM F → HKF is the earliest, followed by HM F → HKF , and then HKF .
The order of onset position is closely related to the diﬀerent amount of magnetic
energy and helicity generated during the preliminary simulation. However, as
Table.8.1 and 8.2 show, HM,L (L: large scale), EM,L , Ekin,L , and Ekin,s (s: small
scale) in each case are of similar values at their onset positions in spite of the
diﬀerent ICs. They are sort of critical values for the onset, and the time to reach
this critical point is inversely proportional to the magnitude of ICs. Since the
forcing method after the preliminary simulation is the same (HKF ), ICs are determinants of the onset time. However, the saturation of turbulence dynamo is
independent of ICs. Instead the saturation is decided by the external forcing ‘f ’
and intrinsic properties of system like viscosity ν(∼Re) or resistivity η(∼ReM ).
All three simulations have the same saturated ReM ∼30. Those features of critical
values and saturation imply there is no long lasting memory eﬀect in turbulence.
This validates Markovianization in MHD equations for closure.

Fig.8.2(a)∼8.2(c) are the spectra of Ekin and EM of N HM F → HKF . During
the preliminary N HM F at kf = 30, most EM is localized at the forced eddy
(Fig.8.2(b)). But Ekin which is larger than EM in most range spreads over from
large to small scale(Fig.8.2(a), 8.2(c)). The relatively linear proﬁle of Ekin spectrum indicates the pressure that tends to make the system homogeneous transporting the energy forward and backward is dominant. On the other hand, these
ﬁgures, especially Fig.8.2(c) imply the relation between Ekin and EM . Initially
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only tiny EM (0) was given to the system. However, once N HM F started, Ekin
caught up with EM by t ∼ 0.2 and outweighed it. Soon, larger Ekin grows EM ,
which is the source of HM with residual helicity. That Ekin is one of the sources of
EM is consistent with the result of EDQNM approximation([Pouquet et al., 1976]).
Initially Ekin plays a key role in α2 dynamo. On the other hand, the backward
transfer of kinetic energy seems to contradict the accepted theorem that inverse
cascade in three dimensional magnetohydrodynamic turbulence is not possible.
However, when the energy or vorticity is not conserved, inverse cascade of Ekin
energy is possible. We will come back to this problem later.

Fig.8.3(a)∼8.3(c) are EM and Ekin for HM F → HKF . HM F shows two
kinds of energy transports: nonlocal transport of EM and local transport of Ekin .
The former is caused by helical ﬁeld(α eﬀect), and the latter is caused by the
pressure.

In Fig.8.3(a), backward migration of Ekin indicates the role of pressure. And
the increase of EM in large scale indicates the direct energy transfer from kinetic
eddy to magnetic eddy(Fig.8.3(b), 8.3(c)). Furthermore, the helical driving source
generates current helicity ⟨k 2 a · b⟩ and kinetic helicity ⟨v · ω⟩, which forms α effect in the system. This α eﬀect generates the secondary peak of HM around
k ∼ 10(Fig.8.3(b)). It keeps moving backward and merges into the main peak
when HKF begins at kf = 5. In principle, only nonhelical B ﬁeld can be transported to kinetic eddy. However, the external helical magnetic forcing breaks the
mirror symmetry in the whole system. A considerable ratio of helical velocity ﬁeld
is generated in kinetic eddy.

The diﬀerence between Fig.8.4(a)(N HM F ) and Fig.8.4(b)(HM F ) is just magnetic helicity ratio(f hm = 0, f hm = 1). Fig.8.4(a) and Fig.8.4(c)(N HM F ) have
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the same helicity ratio f hm = 0 but diﬀerent forced eddies(kf = 30, kf = 5).
These clearly show kinetic energy migration and the basic proﬁle of ﬁeld evolution do not much depend on the position of forced eddy.

Fig.8.5(a)∼8.5(c) include the proﬁles of dHM /dt, dEM /dt, EM (×0.005), HM (×0.005),
and (⟨v·ω⟩-⟨j·b⟩)/2(×0.001). These plots are helpful to infer their relative roles
and relations in large scale dynamo(Eq.(8.2), (8.3)). The proﬁle of (⟨v·ω⟩-⟨j·b⟩
∼−α) shows the eﬀects of ‘f ’ and ICs clearly. In addition, with the small ICs
in HKF (Table.8.1 and 8.2), the duration time(0 < t <∼ 200, Fig.8.5(c)) of
constant α coeﬃcient is longer than that of other cases. In contrast the simulation of ‘N HM F → HKF ’ has the shortest duration time of constant α
coeﬃcient(∼ 20 < t <∼ 110, Fig.8.5(a)) for its large ICs. As an another feature, dEM /dt is not always larger than d|HM |/dt.

Fig.8.6(a) shows the proﬁles of d|HM |/dt in the early time regime.

And

d|HM |/dt in Fig.8.6(b) are shifted plots for the comparison. All d|HM |/dt converge to zero; but, the proﬁle of HKF follows diﬀerent paths. d|HM |/dt of HKF
is smaller than that of the other cases until it reaches the onset position. However,
even after the onset, it takes more time before the growth rate reaches the peak.
HKF starts with smaller ICs, and the ICs except EM,s become the same as those
of other cases by the onset position. When the ﬁeld is about to arise, Table.8.1 and
8.2 show EM,s of HKF (∼ 3 × 10−5 ) is about half of other cases(7 ∼ 7.5 × 10−5 ).
In theory, this term is discarded because of the seemingly little inﬂuence on the
evolution of EM or |HM | ([Pouquet et al., 1976], [Field and Blackman, 2002],
[Blackman and Field, 2002]). However, EM,s causes the diﬀerent evolution after
the onset point. If EM,s is small, the absolute amount of ⟨j · b⟩ is proportionally
small. This changes α coeﬃcient.
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8.4

Analytical model

To understand the inﬂuence of ICs like Ekin , EM , or HM more concretely, approximate equations derived using EDQN M ([Pouquet et al., 1976]) is used. The
representations of HM and EM of this method are quite similar to those of two
scale mean ﬁeld method([Blackman and Field, 2004], [Field and Blackman, 2002]).
The equations are composed of Alfvén eﬀect term by the larger eddies, α eﬀect
term by the smaller eddies, and dissipation term. As ‘α’ coeﬃcient implies, these
approximate equations assume the ﬁeld is composed of helical and nonhelical
part. If helical component in the ﬁeld is zero or ignorably small(N HM F or
N HKF ), these equations are not valid. The system is divided into large(k = 1)
and small scale(k = 2 ∼ kmax ), and this small scale can be subdivided into
forcing(k = 2 ∼ 6) and smaller scale(k = 7 ∼ kmax ).

Alf vén ef f ect

∂HM
∂t

}|
{)
(z
∼
e v + αR EM − 2νv k 2 HM
= (Γ/k)(Hv − k 2 HM ) + ΓE
∼
= αR EM − 2νv k 2 HM ,

(8.2)

Alf vén ef f ect

∂EM
∂t

}|
{)
(z
∼
e
= kΓ(Ev − EM ) + ΓHv + αR k 2 HM − 2νv k 2 EM
∼
= αR k 2 HM − 2νv k 2 EM

(Ekin ≡ Ev ).

(8.3)
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The coeﬃcients are,
α

R

=

νv =
µk =

Γ =
e =
Γ

∫
(
) ]
4[ ∞
θkpq (t) Hv (q) − q 2 HM (q) dq , (a < 1)
−
3 k/a
∫ ∞
2
1 − exp(−µkpq t)
θkpq (t)Ev (q)dq, θkpq (t) =
,
3 k/a
µkpq
∫
[ k 2
]1/2
Cs
q (Ev (q) + EM (q))dq
0
√ [ ∫ k
]1/2
+(1/ 3)k 2
EM (q)dq
+ (ν + η)k 2 ,
0
∫ ak
4
k
θkpq (t)EM (q)dq,
3 0
∫
4 ak
θkpq (t)q 2 HM (q)dq.
3 0

(8.4)

Hv is kinetic helicity(=1/2⟨v·ω⟩), HM is magnetic helicity(=1/2⟨A · B⟩), and νv
is kinetic eddy diﬀusivity. αR that transfers HM and EM to larger scale is composed of the residual helicity(q 2 HM (q) − Hv (q)). Small scale interacts with larger
scale through the triad relaxation time θkpq which is the function of eddy damping rate µkpq (= µk + µp + µq ). Small scale magnetic energy EM,s is not explicitly
used. However, as Fig.8.6(b) and Table.8.1 and 8.2 imply, smaller EM,s causes the
lagging growth rate dEM /dt and dHM /dt.

Without Alfvén terms, those coupled equations have two normal coordinates:
‘EM + HM ’ and ‘EM − HM ’.

Assuming

∫t
0

∂(EM + HM )
= (αR − 2νv )(EM + HM ),
∂t

(8.5)

∂(EM − HM )
= −(αR + 2νv )(EM − HM ).
∂t

(8.6)

(αR − 2νv )dt ≡ (α − 2ν)t, the solution is
HM (t) =

(
)
1[
HM 0 e(α−2ν)t + e−(α+2ν)t
2
(
)]
+EM 0 e(α−2ν)t − e−(α+2ν)t ,

(8.7)
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(a)

(b)

(c)

Figure 8.5: During HKF , (⟨v·ω⟩-⟨j· b⟩)/2 in each case drops at diﬀerent time
position. It depends on the energy and helicity(ICs) from the preliminary simulation. Also due to the diﬀerent eddy turnover time between large and small
scale, there is a phase diﬀerence in the proﬁle of growth rate, EM (HM ), and
α related term. For the growth ratio, usually logarithmic growth ratio is used:
d log|HM |/dt = −αR EM /|HM | − 2k 2 νv (k = 1), but here linear growth rate was
used for the mathematical convenience and visibility. All quantities but EM and
HM are the averages of 50∼100 nearby values.
EM (t) =

(
)
1[
EM 0 e(α−2ν)t + e−(α+2ν)t
2
(
)]
+HM 0 e(α−2ν)t − e−(α+2ν)t .

(8.8)

These solutions show how HM and EM are generated. For example, in case of
HM (t) both HM 0 and EM 0 are sources of HM (t), but EM 0 produces HM (t) like
an auxiliary source(∼Sinh). In the early time regime the eﬀect of initial magnetic energy is tiny, but ﬁnally becomes on a level with HM 0 . HM,sat converges to
EM,sat (Fig.8.1(c)) as t→∞. In brief, this solution shows that as long as α is larger
than dissipation 2ν̄, large scale magnetic ﬁeld eventually becomes fully helical by
the inverse cascade.

On the other hand, one of our interests is how long the eﬀects of initial values
last in turbulence. In [Maron et al., 2004], the inﬂuence of imposed large scale
magnetic energy on the system was tested(nonhelical kinetic forcing). The strong
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(a)

(b)

Figure 8.6: (a) Growth ratio is proportionally related to the ICs. (b) The area
between the line and time axis is HM . Small scale magnetic energy EM,s of
HKF (dot-dashed line) is smaller than those of other cases at the onset point.

(a)

(b)

Figure 8.7: (a) The negative ⟨a · b⟩ in forcing scale means left handed magnetic
helicity is transferred to the large scale. The direction of magnetic helicity is
decided according to the conservation of total magnetic helicity in the system.
The minimum (t∼250) and turning point(t∼280) of magnetic helicity in (b) can
be compared with the change in growth of large scale HM in Fig.8.5(c).
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magnetic ﬁeld in the large scale was expected to suppress the formation of small
scale ﬁelds. However, the eﬀect of imposed magnetic energy disappeared soon,
and the system eventually followed the external forcing source. Like an oscillator
driven by the external driving source, the eﬀects of ICs exist only in the early
transient mode. In addition, the small scale eddies lose the information from the
larger scale eddies faster. Eq.(8.7), (8.8) include the initial terms HM 0 and EM 0
explicitly, but they do not provide concrete information on the evolution of ﬁeld.

To see how long the eﬀect of ICs lasts, the formal solution of Eq.(8.2) may be
useful:
HM (tn ) = e

−

∫ tn

2νv (τ ′′ )dτ ′′

[

∫

tn

e
0

∫τ

2νv (τ ′ )dτ ′

αR (τ )EM (τ ) dτ
]
+HM (0) .

(8.9)

Using the trapezoidal method for the integration part with the assumption of
∫ tn
2νv (τ )dτ ≡ 2V (tn ) and tn ≡ n∆t, we ﬁnd the approximate solution:
[
]
HM (tn ) ∼ e2V (0)−2V (tn ) αR (0)EM (0)∆t + e−2V (tn ) HM (0) +
[
+ e2V (t1 )−2V (tn ) αR (t1 )EM (t1 ) + e2V (t2 )−2V (tn ) αR (t2 )EM (t2 )+
]
... + e2V (tn−1 )−2V (tn ) αR (tn−1 )EM (tn−1 ) ∆t.
This results show all previous results have eﬀects on the current magnetic helicity in principle. However the eﬀect decreases exponentially, which is coincident
with the simulation results. The decaying speed depends on the several factors:
energy, helicity, ν, and η. Of course the actual νv varies with time. But, since
νv (∼ V ) changes rather smoothly and saturates to a constant, this approach is
qualitatively reasonable.

Table.8.1 and 8.2 provide useful information on the change of variables as their
proﬁles evolve. When EM or HM is about to arise, most Ekin is located in the
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NHMF → HKF

HMF → HKF

Init.

Onset

Sat.

Init.

Onset

Sat.

(t = 10.2)

(t ∼ 70)

(t → ∞)

(t = 13.0)

(t ∼ 120)

(t → ∞)

HM,L

−3.9 × 10−9

−4.5 × 10−6

−5.1 × 10−6

−2.7 × 10−2

EM,L

2.2 × 10−8

6.0 × 10−6

2.7 × 10−2

1.3 × 10−11

6.5 × 10−6

2.7 × 10−2

7.5 × 10−3

7.7 × 10−5

5.7 × 10−3

6.6 × 10−3

7.5 × 10−5

5.8 × 10−3

EM,S

EK,L

EK,S

⟨j · b⟩
⟨v · ω⟩

(7.5 × 10−3 )

−2.7 × 10−2 5.1 × 10−12

(2.5 × 10−5 ) (1.2 × 10−3 ) (6.6 × 10−3 ) (2.5 × 10−5 ) (1.1 × 10−3 )

(100%)

(32%)

(21%)

(100%)

(33%)

(19%)

2.7 × 10−6

1.7 × 10−4

1.1 × 10−4

1.6 × 10−8

1.7 × 10−4

8.6 × 10−5

4.4 × 10−3

2.1 × 10−2

9.7 × 10−3

1.4 × 10−3

2.3 × 10−2

9.5 × 10−3

(3.1 × 10−3 )

(1.8 × 10−4 ) (8.6 × 10−4 ) (5.5 × 10−7 ) (2.7 × 10−4 ) (9.2 × 10−4 )

(70%)

(1%)

(9%)

(∼ 0%)

(1%)

(10%)

−1.4 × 10−2

2.0 × 10−4

4.6 × 10−2

4.0 × 10−1

2.1 × 10−4

5.0 × 10−2

(−1.4 × 10−2 ) (2.4 × 10−4 ) (1.4 × 10−2 ) (4.0 × 10−1 ) (2.3 × 10−4 ) (1.7 × 10−2 )
1.2 × 10−2

(8.3 × 10−6 )

⟨j · b⟩− −2.6 × 10−2

2.1 × 10−1

9.8 × 10−2

1.4 × 10−2

2.2 × 10−1

1.1 × 10−1

(2.1 × 10−3 ) (1.2 × 10−2 ) (2.1 × 10−5 ) (3.0 × 10−3 ) (1.3 × 10−2 )
−2.1 × 10−1

−5.1 × 10−2

3.8 × 10−1

−2.2 × 10−1

−5.9 × 10−2

⟨v · ω⟩ (−1.4 × 10−2 ) (−1.8 × 10−3 ) (2.0 × 10−3 ) (4.0 × 10−1 ) (−2.8 × 10−3 ) (4.3 × 10−3 )
Table 8.1: Large scale: k = 1, forcing scale: k = 2 ∼ 6, smaller scale: k = 7 ∼
∑ max
kmax (quantity in parentheses). EM,s (t) = kk=2
EM,s (k, t). The percentage is the
∑kmax ∑kmax
ratio of smaller scale to small scale:∼ k=7 / k=2 . During HM F (t ≤ 13.0),
positive ⟨a·b⟩ is given to the system. The sign of magnetic or current helicity(⟨j·b⟩)
is not always positive. Current helicity in smaller scale can be larger than that of
small scalek = 2 ∼ kmax .
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HKF
Init.

Onset

Sat.

(t = 0)

(t ∼ 186)

(t → ∞)

HM,L

−5.7 × 10−15

−4.9 × 10−6

−2.6 × 10−2

EM,L

2.4 × 10−14

6.6 × 10−6

2.7 × 10−2

1.7 × 10−8

4.3 × 10−5

6.1 × 10−3

EM,S

EK,L

EK,S

⟨j · b⟩
⟨v · ω⟩

(1.7 × 10−8 )

(1.5 × 10−5 ) (1.3 × 10−3 )

(100%)

(∼35%)

(21%)

3.3 × 10−10

1.9 × 10−4

4.3 × 10−5

1.3 × 10−3

2.1 × 10−2

1.1 × 10−2

(2.7 × 10−8 )

(2.4 × 10−4 ) (8.5 × 10−4 )

(∼ 0%)

(1%)

(8%)

1.2 × 10−9

1.5 × 10−4

5.3 × 10−2

(1.2 × 10−9 )
1.3 × 10−2

(1.1 × 10−8 )

⟨j · b⟩− −1.3 × 10−2

(1.4 × 10−4 ) (1.8 × 10−2 )
2.1 × 10−1

1.1 × 10−1

(2.7 × 10−3 ) (1.3 × 10−2 )
−2.1 × 10−1

−5.7 × 10−2

⟨v · ω⟩ (−4.0 × 10−9 ) (−2.6 × 10−3 ) (4.5 × 10−3 )
Table 8.2: This table is typical HKF as a reference.
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forcing scale regime(k = 2 ∼ 6) regardless of its initial distribution. The ratio
of smaller scale Ekin to that of the whole small scale regime(k = 7 ∼ kmax ) is
around 1%. ⟨v · ω⟩(∼ α) in this scale enhances the inverse cascade of HM or EM
to the fullest. After the onset, as large scale EM or HM grows, kinetic energy
recedes towards the smaller scale. At this time the saturated ratio elevates up to
8 ∼ 10%. The helicity eﬀect near the dissipation scale is small(Fig.8.7(a)), but
dissipation eﬀect is large. In brief, when large scale needs more HM or EM (onset
position), more (helical) kinetic energy is located in the forcing scale. And if the
inverse cascade of HM is less required, Ekin in forcing scale decreases and moves
toward the smaller scale. This increasing Ekin in this regime grows dissipation
eﬀect. Ekin,s with ⟨v · ω⟩ plays the role of balancing the growth of large scale ﬁeld
and the dissipation. However, the evolution of Ekin,L shows rather an irregular
feature. In Fig.1-3 we have seen that Ekin,L led the growth of EM,L , which is
followed by HM in the early time regime. Also, the role of Ekin,L with EM,L is
related to the self distortion eﬀect(the eddy damping rate µk , Eq.(8.4)). Smaller
magnitude of Ekin,L decreases µk , which increases the helicity α eﬀect and dissipation at the same time. However, it is not clear how much this small diﬀerence
in Ekin,L inﬂuences on the system.

Theoretical equation does not explicitly indicate the role of magnetic energy in
small scale. But simulation results provide some clues to the inﬂuence of EM,s
on the dynamo. The ratio of smaller scale EM to that of the whole small scale is
consistently regular, i.e., onset: ∼ 30%, saturation: ∼ 20%. The distribution of
EM,s like that of Ekin,s is related with the inverse cascade of HM and balancing
the growth rate of large scale magnetic ﬁeld. For example, in case of HKF the
distribution(%) of EM,s is consistent with that of other simulations. However, the
absolute magnitude of EM,s (with ⟨j · b⟩) near the onset position is smaller that
of other cases. Because of the dominant ⟨v · ω⟩ in α coeﬃcient, α eﬀect of all
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simulations is practically same. Nonhelical magnetic energy EM,s may cause the
lagged growth of large scale magnetic ﬁeld in HKF .
As Fig.8.7(a), 8.7(b) show, when the necessity of inverse cascade is large, forcing scale HM keeps negative so that α eﬀect enhances(the kinetic helicity in α
coeﬃcient keeps positive). However, as the large scale ﬁeld saturates, the sign of
forcing scale magnetic helicity gradually changes into positive. And this positive
magnetic helicity in forcing scale grows as the large scale magnetic ﬁeld saturates,
which means the decrease of α eﬀect and balancing the large scale magnetic ﬁeld
growth.

The conclusion of [Kulsrud and Anderson, 1992] that EM,s hampers the large scale
dynamo may be modiﬁed in case of the α dynamo. For a helically forced system,
the overall EM,s (followed by magnetic helicity) enhances large scale dynamo initially. However, as the large scale dynamo saturates, large EM,s (more exactly
positive magnetic helicity in forcing scale) decreases the growth rate of large scale
ﬁeld. The sign of magnetic(kinetic) helicity is not ﬁxed but ﬂips over.

It is necessary to check the validity of the approximate equations without Alfvén
eﬀect term brieﬂy. Comparison of Fig.8.5(a)-8.5(c) and Eq.(8.2), (8.3) indicates
these equations without Alfvén eﬀect do not match the proﬁle of

dEM
dt

and

dHM
dt

when HM and EM are large enough. According to Fig.8.5(a)-8.5(c), after the
ﬁrst peak,

d|HM |
dt

outweighs

dEM
dt

keeping EM > HM , which means α + 2 νv should

be positive(Eq.(8.6)). But the actual simulation shows α + 2 νv is negative. If
relaxation time (θkpq ) that connects the large and small scale is considered, this
discrepancy may be explained.

In Fig.8.4(a)∼8.4(c), we pointed out the cascade of kinetic energy toward larger
scale. This looks to contradict the established theory that the inverse cascade
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occurs with the strong rotation eﬀect or in the ideal (quasi) two dimensional
hydrodynamic system where energy and enstrophy are conserved. In fact, this
conclusion is based on the conservation of physical quantities like energy and
enstrophy. The modiﬁed expression of ⟨k⟩([Davidson, 2004]) is,
(∫ ∞
)
k Ev (k, t) dk
d
d⟨k⟩
0
∫∞
=
dt
dt
Ev (k, t) dk
0
[∫∞
1 d
− 2kc dt 0 (k − kc )2 Ev (k, t) dk]
∫∞
=
Ev (k, t) dk
0
]
[
∫
∞
1 d
2
2
(k
+
k
)
E
(k,
t)
dk
v
f
+ 2kc dt 0∫ ∞
E
(k,
t) dk
v
0
∫∞
∫∞
( 0 k Ev (k, t) dk) dtd 0 Ev (k, t) dk
∫∞
−
.
( 0 Ev (k, t) dk)2
∫
∫
(kc = kE(k, t) dk/ E(k, t) dk)

If total energy

∫∞
0

Ev (k, t) dk and enstropy

∫∞
0

k 2 Ev (k, t) dk are conserved, the

ﬁrst term in the right hand side determines ⟨k⟩. Since the usual spreading Ev (k, t)
∫∞
in turbulent ﬂow makes 0 (k − kc )2 Ev (k, t) dk grow, ⟨k⟩ decreases(inverse cascade). However, if enstrophy or energy is not conserved(by the external source),
⟨k⟩ can grow or decrease according to Ėv and ⟨ω˙2 /2⟩. [Biferale et al., 2012]
showed that the reverse cascade of hydrodynamic energy occurs when the mirror
symmetry is broken(helicity). In fact, whether the system was helically forced
or not, inversely cascaded Ev (k, t) is observed in the early time regime([Park
and Blackman, 2012a], [Park and Blackman, 2012b]). In addition, there was another trial to explain the forward cascade of Ekin using the canonical ensemble
average([Biskamp, 2008], [Frisch et al., 1975]). If Etot , HM , and Hc (=⟨u · b⟩)
are conserved quantities(ideal three dimensional MHD system), the form of ensemble averaged Ekin (∼ ⟨ui ui ⟩) calculated from the canonical partition function
Z −1 exp(−αEtot − βHM − γHC ) (Z: a normalization factor) shows forward cascade. However, if Etot (= EM + Ekin ) is not conserved because of the external
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forcing or some other sources, another term should be added to Etot in the partition function; this changes the averaged Ekin into a new form that allows the
inverse cascade.

Also the inverse migration of kinetic energy can be explained qualitatively from
the momentum equation. Navier-Stokes equation for the large scale velocity ﬁeld
is
(
)
∂Ui
∂Ui 1 ∂
∂
∂Ui
= −Uj
−
P+
ν
− ui uj
∂t
∂xj
ρ ∂xi
∂xj
∂xj
+J × Bi + j × bi .
Without shear, two Lorentz force ⟨U · J × B⟩ and ⟨U · j × b⟩ are the sources that
transport the energy from magnetic eddies to kinetic eddies. And then the pressure term transfers the energy from scale to scale. The eﬀects of Lorentz force
and pressure are not limited to N HM F . Even the eddies in HM F case have
a considerable nonhelical ﬁeld. In addition, the nonhelical ﬁeld does not always
guarantee the maximized Lorentz force because of the random direction between
J and B. Fig.4(a) and 6(b) in [Park and Blackman, 2012b] show large scale Ekin
is small although EM is so large. J × B does not seem to contribute to the growth
of large scale Ekin . It seems that Lorentz force near the forced eddy transports
the energy to the kinetic eddy ﬁrst, and then pressure makes the system homogeneous by transferring energy forward and backward. The inversely cascaded Ekin
plays a leading role in the large scale dynamo before α eﬀect becomes dominant.
Additionally, the proﬁle of Ekin indicates the energy transport in kinetic eddy due
to the pressure term is local.
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8.5

Conclusion

Based on simulation and analytical theory, we have seen the inﬂuence of ICs, the
role of (non)helical ﬁeld, and pressure term on the energy transfer. The growth
rate is proportionally related to the ICs but saturation is not. In the early time
regime, N HM F transfers energy most eﬃciently; maximized Lorentz force and
the pressure transport energy to the large scale. This leads the fastest growth of
EM and HM in the succeeding simulation HKF . HM F shows the energy transfer and distribution by α eﬀect(secondary peak), Lorentz force, and the pressure.
However, relatively small ICs of HM F cause the lagging onset position and saturation. The distributions of energy and helicity are decided by the necessity of
energy transfer to the large scale. The change of direction in forcing scale magnetic helicity is directly related with the growth of large scale ﬁeld. For the pure
inﬂuence of EM and Ekin on the system, the results of quasi normal approximation and simulation were used, but they need to be checked with more detailed
investigation.

All simulations were done under the condition of P rM (=ν/η)=1. More various
and detailed simulations with arbitrary ν, η, and P rM are necessary to understand
the exact roles of ICs in the growth of EM .
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9

conclusion

In Faraday Rotation, the ﬁrst part of this thesis, we have derived a generalized
expression of FR for a plasma of arbitrary composition that is valid for arbitrary
radiation frequencies. Focusing then on the speciﬁc case of a neutral plasma containing electrons, positrons, and ions we show how a given value of RM implies
degeneracies in the magnetic ﬁeld strength and electron number density for diﬀerent positron to electron number density ratios. We have shown quantitatively the
degeneracies in the space of parameters ne , X(n+
e /ne ), and B and how they can be
constrained. In principle, if independent data on B and ne can be obtained, then
a given RM measurement can be used to obtain X. The pursuit of X has been
particularly elusive in the context of AGN jets and we hope that the calculations
and strategy herein provide a tool toward better constraining the composition and
help to motivate the pursuit of more data.

Understanding large scale magnetic ﬁeld growth in turbulent plasmas in the magnetohydrodynamic limit, the main part of this thesis, is a goal of magnetic dynamo
theory. In particular, assessing how well large scale helical ﬁeld growth and saturation in simulations matches that predicted by existing theories is important for
progress.
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For the growth and evolution of large scale magnetic ﬁeld, we did some simulations on MHD turbulence dynamo with analytical approach. The ﬁrst simulation
is for the kinetically driven MHD system. We performed new simulations and
analyses of incompressible large scale ﬁeld growth for the simple helical α2 dynamo problem. We presented results for the time evolution of the total and spectra
of magnetic energy, magnetic helicity, current helicity, and kinetic energy. A key
feature of this three scale KF model compared to the two scale KF model is that
it does not restrict the small scale on which the current helicity grows to be the
same scale on which the kinetic helicity is driven. The two-scale model artiﬁcially
assume that these are the same scale. An important improvement in our present
version of the 3-scale theory is the allowance for kinetic helicity on the addition
small scale, and not just the small scale.
Instead of mechanical external forcing source, if there is an external electric
force, this force can drive the magnetic eddy directly. We compared the simulation
results with a two scale theory and found general consistency with respect to the
basic mechanism of large scale ﬁeld growth and saturation. When the system is
magnetically driven at k = 5, the large scale k = 1 helical magnetic ﬁeld grows
in the MF with the same sign as that on the driving scale. The MF LSD studied
herein was for MHD plasmas with ratios of thermal to magnetic pressure overall
larger than unity. We checked that this was the case at all times during the
simulations. We discussed that such an MF LSD may ultimately be involved in
producing the LSD action in MRI simulations and may also be away to distinguish
Babcock type solar dynamo models from KF kinetic helicity driven solar dynamo
models.
The last topics are related to the eﬀect of initial conditions on the system. For
this, we did preliminary simulations to make the system have some speciﬁc energy
distributions before the main helical kinetic forcing begins. Simulation results
show the saturation of a system is not inﬂuenced by the initial conditions, but
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the growth rate of the large scale magnetic ﬁeld seems to proportionally depend
on the large scale magnetic energy and helicity. For the large scale magnetic ﬁeld
growth rate, the large scale EM and small scale residual energy, i.e., the diﬀerence
between Ekin and EM play an important role. According to the simulations, the
the former seems to be dominant in the growth of large scale EM . However, the
role of the residual energy(helicity) that is closely related to α coeﬃcient is not
clearly understood yet. We need more detailed studies to conclude the role of small
scale energy. More detailed simulations with various initial energy distributions
are necessary to ﬁnd out the roles of eddies in MHD turbulence dynamo.
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A

Statistical method for
Isotropic Turbulence

A.1

Statistical method for Isotropic Turbulence

Kolmogorov’s theory is a phenomenological one that is derived from assumptions
and similarities in turbulence, not from ﬂuid mechanics equations. In addition
to the congruity veriﬁcation problem between them, quantitative prediction from
phenomenological theory is diﬃcult. The most conspicuous feature of turbulence
is the irregular ﬂuctuation. Even under the same condition the changes of variables
do not repeat, which means the study of turbulence is to be done using statistical
methods. Especially this appendix part is helpful to understand Chapter 8.

A.1.1

Homogeneous & Isotropic Turbulence

If the system is homogeneous, mean value of turbulence does not depend on the
position. Thus turbulence can be easily understood using correlation function.
Qj1 ,...,jn (x1 , ..., xn , t) = ⟨uj1 (x1 , t)...ujn (xn , t)⟩.

(A.1)

Physically the second order correlation function in a homogeneous system is very
important important.
Qi,j (r, t) = ⟨ui (x + r, t)uj (x, t)⟩ = Qi,j (−r, t).

(A.2)
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Third order correlation ⟨ui (x1 )uj (x2 )uk (x3 )⟩ function is also used; especially, it is
important when two points are the same.
Qij,k (r, t) = ⟨ui (x)uj (x)uk (x + r)⟩.

(A.3)

If the statistical properties of a homogeneous system is independent of rotation
and reﬂection, this system is isotropic. This means Qj1 ,...,jn (r1 , ..., rn−1 , t) depends
on the absolute value of ri . Isotropy guarantees homogeneity; however, the reverse
is not always valid.

A.1.2

Two point Closure

One of the most important concepts in statistical turbulence theory is the correlation between two points in Fourier space(two point closure). Navier Stokes
equation in Fourier space is
)
(
∑
∂
2
uj (p)um (q) ∼ ⟨uu⟩.
+ νk ui (k) = −ikm Pij (k)
∂t
p+q=k

(A.4)

Pij (k) is a projection operator:
Pij (k) = δij −

ki kj
k2

Then, we can get the second order correlation equation for the velocity:
)
(
∂
2
′2
+ ν(k + k ) ⟨u(k)u(k ′ )⟩ = ⟨uuu⟩.
∂t

(A.5)

(A.6)

We can derive the third order correlation equation which includes fourth order
correlation:
(

)
∂
2
2
2
+ ν(k + p + q ) ⟨u(k)u(p)u(q)⟩ = ⟨uuuu⟩.
∂t

(A.7)

However, the equation cannot be solved in this way. To close the equation, some
assumption is necessary.
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A.1.3

Quasi Normal approximation

It is known that the probability distribution of a ﬂuctuating point is close to the
normal distribution. Then two point fourier transformed correlation is,
∫
1
⟨ui (k)uj (p)⟩ =
drQi,j (r, t)e−ik·x δ(k + p).
(2π)3

(A.8)

For the incompressible system the correlation satisﬁes,
ki ⟨ui (k)uj (p)⟩ = kj ⟨ui (k)uj (p)⟩ = 0.

(A.9)

In an isotropic system which is lack of mirror symmetry, the expression can be
generalized like below([Lesieur, 2008]):
i kl
⟨ui (k)uj (p)⟩
= F (k)ki kj + G(k)δij +
ϵijl HV (k).
δ(k + p)
2 k2

(A.10)

With Eq.A.9, above representation becomes
⟨ui (k)uj (−k)⟩ = Pij (k)UV (k) +
UV (k) is Ekin (k)/4πk 2 , i.e., Ekin =
Fourier space.

∫

∫

=
∫
=

(A.11)

UV (k) dk, and HV (k) is kinetic helicity in

∫

⟨u · ω⟩ =

i kl
ϵijl HV (k).
2 k2

∫
⟨u(k) · ω(k)⟩ dk =

ikm ϵimj ⟨u(k)i · u(k)j ⟩ dk

(A.12)

)
(
i kl
ϵ
H
(k)
dk
ikm ϵimj Pij (k)UV (k) +
ijl
V
2 k2

(A.13)

HV (k) dk

(A.14)

Eq.A.11 shows the existence of correlation between diﬀerent components ⟨ux uy ⟩
needs the ﬁeld to be helical. We will see that helical ﬁeld is related to the minimum
state of energy. In the same way, a few more various correlations like (⟨b · b⟩,
⟨u · b⟩) can be deﬁned.
i kl
ϵijl HM (k)
2 k2

(A.15)

i kl
1
ϵijl HC (k)
Pij (k)UC (k) +
2
2 k2

(A.16)

⟨bi (k)bj (−k)⟩ = Pij (k)UM (k) +
⟨ui (k)bj (−k)⟩ =
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A.1.4

Application of Quasi Normal approximation in MHD
Equation

The basic theories on quasi normal method can be applied to MHD equation.
Incompressible MHD equations without forcing term is,
(∂/∂t − ν∇2 )u = −(u · ∇)u + (b · ∇)b − ∇p,

(A.17)

(∂/∂t − η∇2 )b = −(u · ∇)b + (b · ∇)u.

(A.18)

The Fourier transformed equations are([Kraichnan and Nagarajan, 1967]),
∑[
(∂/∂t + νk 2 )ui (k) = ikm Pij (k)
bj (k ′ )bm (k − k ′ )
k′

]
−uj (k )um (k − k ′ ) ,
∑
(∂/∂t + ηk 2 )bi (k) = ikm
[ui (k ′ )bm (k − k ′ ) − um (k ′ )bi (k − k ′ )]. (A.19)
′

k′

From these equations, we get
(∂/∂t + 2νk 2 )Ek (k, t) = T (k, t) + L(k, t),

(A.20)

(∂/∂t + 2ηk 2 )EM (k, t) = J(k, t).

(A.21)

T (k, t) = 4πk 2 (L/2π)3 Im[km

∑

⟨ui (k ′ , t)um (k − k ′ , t)ui (−k, t)⟩] (A.22)

k′

L(k, t) = −4πk 2 (L/2π)3 Im[km

∑
⟨bi (k ′ , t)bm (k − k ′ , t)ui (−k, t)⟩] (A.23)
k′

J(k, t) = 4πk 2 (L/2π)3 Im[km

∑

⟨bi (k ′ , t)um (k − k ′ , t)bi (−k, t)

k′
′

′

−bm (k , t)ui (k − k , t)bi (−k, t)⟩]

(A.24)

T (k, t) is the ordinary transfer function between kinetic eddies. L(k, t) from
Lorentz force term and J(k, t) from ∇ × ⟨u × b⟩ describe the energy transfer
between kinetic and magnetic eddies. They are conserved quantities:
∫∞

T (k, t) dk = 0,
)
∫∞(
L(k, t) + T (k, t) dk = 0.
0
0

(A.25)
(A.26)
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Using quasi normal approximation, we can ﬁnd out the representations for this
T , L, and J. For example, if T (k, t) is diﬀerentiated by t,
∂
∂ui (k ′ , t)
⟨ui (k ′ , t)um (k − k ′ , t)ui (−k, t)⟩ = ⟨
um (k − k ′ , t)ui (−k, t)⟩ +
∂t
∂t
∂um (k − k ′ , t)
∂ui (−k, t)
⟨ui (k ′ , t)
ui (−k, t)⟩ + ⟨ui (k ′ , t)um (k − k ′ , t)
⟩.
∂t
∂t
(A.27)
We know ∂u/∂t from Eq.(A.19). Then we will have,
(
)
∂
2
+ νk ⟨uuu⟩ = ⟨ui uj bl bm ⟩ − ⟨ui uj ul um ⟩
∂t
∼ ⟨ui uj ⟩⟨bl bm ⟩ + ⟨ui bl ⟩⟨uj bm ⟩ + ⟨ui bm ⟩⟨uj bl ⟩ + ...(A.28)
Decomposing the fourth order correlation into the combination of the second order
correlations is called quasi normal approximation([Orszag, 1970]). If we apply this
method for the equation of kinetic energy,
)
(
∑
∂
2
Im[k · u(p)u(q) · u(−k) + k · u(q)u(p) · u(−k)
+ 2νk [u · u] =
∂t
p+q=k
−k · b(p)b(q) · u(−k) − k · b(q)b(p) · u(−k)].
(A.29)
Using Eq.(A.28), (A.11), (A.15), (A.16), we can get
[
D
k · u(p)u(q) · u(−k) + k · u(q)u(p) · u(−k) − k · b(p)b(q) · u(−k) (A.30)
Dt
]
−k · b(q)b(p) · u(−k) = A(k, p, q) + A(k, p ↔ q) + B(k, p, q) + B(k, p ↔ q).
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A(k, p, q) and B(k, p, q) are like below:
[
i
(k · q)(p · q) 2(k · p)3 (k · q)2 (k · p)
A(k, p, q) = 2k · p +
−
−
4
q2
k 2 p2
k2q2
]
2
2
)
2(k · p)(p · q)
2(k · p) (k · q)(p · q) (
⟨u
·
u⟩
⟨u
·
u⟩
−
−
+
⟨u
·
b⟩
⟨u
·
b⟩
k
q
k
q
p2 q 2
k 2 p2 q 2
]
[
)
i (k · p)(k · q) p · q 2(k · p)2 (p · q) (
H
H
H
H
−
⟨u
·
ω⟩
+
−
⟨u
·
ω⟩
−
⟨u
·
b⟩
⟨u
·
b⟩
q
k
k
q
4
k2q2
q2
k 2 p2 q 2
[
i (k · p)(p · q) (k · p)2 (k · q) 2(k · q)3
−
−
+
4
p2
k 2 p2
k2q2
]
)
2(k · q)2 (k · p)(p · q) (
+
⟨u
·
u⟩
⟨u
·
u⟩
−
⟨u
·
b⟩
⟨u
·
b⟩
k
p
k
p
k 2 p2 q 2
[
]
)
(k · p)2 (
i
H
H
H
H
+ 1−
⟨u
·
ω⟩
⟨u
·
ω⟩
−
⟨u
·
b⟩
⟨u
·
b⟩
k
p
k
p
4
k 2 p2
[
i 2 (k · q)2 (k · p)2 (k · p)(k · q)(p · q)
+ k +
−
+
4
q2
p2
p2 q 2
]
)
2(k · p)2 (k · q)2 (
⟨u
·
u⟩
⟨u
·
u⟩
−
−
⟨u
·
b⟩
⟨u
·
b⟩
p
q
p
q
k 2 p2 q 2
[
]
)
i k 2 (k · p2 ) (
H
H
H
H
+
−
⟨u
·
b⟩
⟨u
·
b⟩
−
⟨u
·
ω⟩
⟨u
·
ω⟩
,
p
q
p
q
4 q2
p2 q 2

(A.31)

152

]
[
)
i (k · q)(p · q) (k · q)2 (k · p) (
B(k, p, q) =
−
⟨u
·
u⟩
⟨b
·
b⟩
−
⟨u
·
b⟩
⟨u
·
b⟩
k
q
k
q
4
q2
k2q2
]
[
)
i
(k · q)2 (
H
H
H
⟨u · b⟩H
+ 1− 2 2
− p⟨k · f (p)u(−k) · b(q)⟩δp, kf
k ⟨u · b⟩q − ⟨u · ω⟩k ⟨j · b⟩q
4
k q
]
[
)
i
(k · p)(p · q) (k · p)2 (k · q) (
−
⟨u · u⟩k ⟨b · b⟩p − ⟨u · b⟩k ⟨u · b⟩p
+ 2(k · q) −
2
2
2
4
p
k p
]
[
)
i
(k · p)2 (
H
H
H
H
⟨u
·
ω⟩
⟨j
·
b⟩
−
+ 1−
⟨u
·
b⟩
⟨u
·
b⟩
− q⟨k · b(p)f (q) · u(−k)⟩δq, kf
k
p
k
p
4
k 2 p2
[
i 2 (k · q)2 (k · p)2 (k · p)(k · q)(p · q)
+ k +
−
+
4
q2
p2
p2 q 2
]
)
2(k · p)2 (k · q)2 (
−
⟨b · b⟩p ⟨b · b⟩q − ⟨u · b⟩p ⟨u · b⟩q
2
2
2
k pq
[
]
)
i k 2 (k · p)2 (
H
H
H
H
+
⟨j
·
b⟩
⟨j
·
b⟩
−
⟨u
·
b⟩
⟨u
·
b⟩
−
p
q
p
q
4 q2
p2 q 2

(A.32)

The calculation is lengthy but straightforward. We can calculate the representations for magnetic energy

D
⟨b
Dt

D
⟨u
Dt

D
⟨j
Dt

· ω⟩, current helicity

· b⟩, magnetic helicity

· b⟩, and cross helicity

D
⟨a
Dt
D
⟨u
Dt

· b⟩, kinetic helicity
· b⟩. But the results

will not be mentioned here more.
However, decomposition using quasi normal approximation is not very exact.
Ogura pointed that the result could make the energy spectrum negative, which
cannot be accepted([Ogura, 1963]). The reason was found by Orszag([Orszag,
1970]). When fourth correlation is decomposed of the combination of second
correlation(Eq.(A.28)), the decomposed value becomes too large. For this, Orszag
introduced eddy damping coeﬃcient µkpq (∼ 1/t).
(
)
∑
∂
2
2
2
+ ν(k + p + q ) + µkpq ⟨u(k)u(p)u(q)⟩ =
⟨uu⟩⟨uu⟩.
∂t

(A.33)
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(⟨uu⟩⟨uu⟩ is the combination of second order u and b.)
Orszag suggested the eddy damping term like this:
µkpq = µk + µp + µq ,
µk ∼ [k 3 E(k)]1/2 .

(A.34)

However, if energy drops faster than k −3 , eddy damping term(∼ t−1 ) can decrease
with ‘k’. This means the damping time of a smaller eddy can be larger than
that of a larger eddy. To solve this problem, another modiﬁed representation was
suggested([Lesieur and Schertzer, 1978]):
[∫
µk ∼

]1/2

k

E(p, t) dp

.

(A.35)

0

This is ‘Eddy Damped Quasi N ormal’ approximation.
Then we have,
(
)
∫ t ∫
∑
∂
2
2
2
2
+ 2νk ⟨ui uj ⟩k, t =
dτ
e−[µkpq +ν(k +p +q )](t−τ )
⟨uu⟩⟨uu⟩dp dq.
∂t
0
k+p+q=0
(A.36)
If time scale of

∑

⟨uu⟩⟨uu⟩ is much larger than [µkpq + ν(k 2 + p2 + q 2 ]−1 , marko-

vianization of equations makes the equation much simpler.
)
(
∫
∑
∂
2
+ 2νk ⟨ui uj ⟩k, t =
θkpq
⟨uu⟩⟨uu⟩dp dq.
∂t
k+p+q=0
∫ t
2
2
2
θkpq =
dτ e−[µkpq +ν(k +p +q )](t−τ ) dτ

(A.37)
(A.38)

0

This is called ‘Eddy Damped Quasi N ormal M arkovian’(EDQNM, [Pouquet et al.,
1976], [Davidson, 2001], [Lesieur, 2008]) approximation.
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B

MHD wave

For the incompressible hydrodynamics, perturbations are non-propagating swirls
or eddies. However, MHD has several types of waves. Next we consider the
propagation of small amplitude waves in a homogeneous ideal(σ → ∞) MHD
ﬂuid.

B.1

Waves in a homogeneous magnetized system

If we consider ﬁrst order perturbation, i.e., ρ → ρ0 + ρ1 , U → u1 , B → B0 + b1 ,
P → P0 + p1 . The linearized ﬁrst order Fourier transformed MHD equation set
is([Biskamp, 2008]),
1
(ik × b1 ) × B0 − µk 2 u1 ,
4π
= ik × (u1 × B0 ) − ηk 2 b1 ,

−iωρ0 u1 = −ikp1 +
−iωb1

−iωp1 = −iγp0 k · u1 .
Then, with discarding µ and η we get,
(
)
B0 × (k × B0 )
1
2
ω ρ0 u 1 =
+ γp0 k k · u1 +
k · B0 (k × u1 ) × B0 .
4π
4π

(B.1)
(B.2)
(B.3)

(B.4)
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If we set B0 = B0 ẑ, k = (0, k⊥ , k∥ ), we have,

ω 2 − k∥2 u2A
0
0


2 2

0
ω 2 − k⊥
cs − k 2 u2A −k⊥ k∥ c2s

0
−k⊥ k∥ c2s
ω 2 − k∥2 c2s
Here, Alfvén velocity uA =

√ B0 ,
4πρ0

sound speed cs =





u
 x 


  uy  = 0.


uz
√

γp0
,
ρ0

(B.5)

2
+ k∥2 .
and k 2 = k⊥

We have a dispersion relation.
(
)
(ω 2 − k∥2 u2A ) ω 4 − k 2 (c2s + u2A )ω 2 + k 2 c2s k∥2 u2A = 0

(B.6)

Now, we have three eigenmodes.

(i) Transverse (shear) Alfvén mode
In case of ω 2 = k∥2 u2A , u1 = (ux , 0, 0) so that k · u1 = 0, incompressible. u1 is
√
perpendicular to B0 , and b1 = ± 4πρ0 u1 .

(ii) Fast magnetosonic mode
√
[
]
If ω 2 = 12 k 2 u2A + c2s + (u2A + c2s )2 − 4u2A c2s k∥2 /k 2 , the gas is compressible(u1 ∥k)
and the phase velocity is in the range [u2A , u2A + c2s ], wave is longitudinal.
(iii) Slow magnetosonic mode
√
[
]
If ω 2 = 12 k 2 u2A + c2s − (u2A + c2s )2 − 4u2A c2s k∥2 /k 2 , the gas is compressible(u1 ∥k)
and the phase velocity is in the range [0, c2s ], wave is longitudinal.
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B.2

Elsässer variables and Alfvén time normalization

A correlation between velocity and magnetic ﬁeld is observed in the trailing edges
of fast solar wind streams.
u=±

b
(4πρ)1/2

(B.7)

This approximate correlation is closely related with Alfvén mode. So symmetric
MHD equations that describe the contribution of waves propagating inward and
outward wave are necessary. We deﬁne Elsässer variables([Elsässer, 1950]) like
below:
z± = u ± √

1
b.
4πρ0

(B.8)

With t → τA t, x → Lx, b → B0 b, p → ρ0 u2A p, we can normalize Elsässer variables
z± = u ± b. Alao MHD equations can be simpliﬁed like
1
∂z ±
1
+ z ∓ · ∇z ± = −∇P + (ν + η)∇2 z ± + (ν − η)∇2 z ∓ .
∂t
2
2

(B.9)

Being diﬀerent from Navier Stokes equation, Elsässer variable equation does not
have self related term. If there is a strong magnetic ﬁeld B0 , the approximate
equation is,
∂z ±
∓ B0 · ∇z ± = 0.
∂t

(B.10)

z − is the Alfvén wave propagating in the direction of B0 , and z + propagates in
the opposite direction of the external magnetic ﬁeld.
Using Elsässer variables, we can express the invariant quantities like energy
∫
and corss helicity HC (= u · B dV ) in MHD.
∫
1
E =
(B.11)
dV [(z+ )2 + (z− )2 ]
4
∫
1
HC =
dV [(z+ )2 − (z− )2 ]
(B.12)
4
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∫
Magnetic helicity HM (= A · B dV ) cannot be expressed with Elsässer variables.
However, the residual energy, the diﬀerence between kinetic energy and magnetic
energy can be represented by Elsässer variable,
∫
∫
1
1
2
2
dV (u − b ) =
dV z+ ·z−
HR =
2
2

B.3

(B.13)

Alfvén eﬀect

Nondimensionalized Alfvén waves(u±b) propagate along a strong magnetic ﬁeld(guided
ﬁeld or large scale ﬁeld). The assumption of Iroshinikov and Kraichnan([Iroshnikov,
1964], [Kraichnan, 1965]) is the cascade of energy is due to the scattering of Alfvén
wave. So if the system is in aligned state(u = ±b, Alfvén state), the dynamo cannot be expected much. The alignment of u and b, self-organized relaxation can be
proved from the conservation of energy and cross helicity. Using the variational
principle,
(∫
δ

1 2
(u + b2 ) dV − λ′
2

)

∫
u · b dV

= 0,

(B.14)

we can derive two equations of states.
u − λ′ b = 0,

(B.15)

b − λ′ u = 0.

(B.16)

Then, we ﬁnd λ′ = ±1 and u = ±b. This is the pure Alfvénic state where Elsässer
variables either z + or z − is zero. No interaction between them can be expected
except very slow collisional diﬀusion, and nonlinear eﬀects in the MHD equations
disappear. This state may be the general tendency of the relaxation of an initially
excited MHD system. Also it implies the intrinsic property of a speciﬁc MHD
system. Also we should note that the conservation of Etot and HM leads to the
force free ﬁeld at the state of minimum energy as Eq.(2.8) shows.
Physically, the ﬁnal state becomes force free in a strong helical system or the
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ﬁnal Alfvénic state with large initial aligned ﬁeld. In brief the relaxation process
depends on the initial values of HM and HC . However, the transient mode determined by the initial conditions eventually changes into ﬁnal saturated mode.
This state is decided by the intrinsic properties of the system and the external
driving force, not by the initial conditions.
For the details, we need two kinds of time unit, Alfvén time and eddy distortion(turnover) time:
l
,
uA
l
=
.
δzl∓

τA =

(B.17)

τl±

(B.18)

Physically τA is the interaction time of z + and z − . And in many cases, τl is much
larger τA . The change of amplitude(∇δzl ) during collision of two wave packets
and δzl are related by
τA
∇δzl
∼ .
δzl
τl

(B.19)

And since the interaction number N is approximately (δl /∇δzl )2 , energy transfer
time is,
T ∼ N τA ∼

τl2
.
τA

(B.20)

Energy ﬂux can be,
ϵ±
l ∼

(δzl± )2
τA
τA
∼ (δzl± )2 ± 2 ∼ (δzl+ )2 (δzl− )2 2 .
±
l
τl
(τl )

(B.21)

These energy ﬂuxes(ϵ±
l ) are constant across the inertial range and same as energy
dissipation rates(ϵ) of E ± . The symmetry of this equation indicates
∫
dH C
d1 +
d1
1
−
=
(E − E ) =
((z + )2 − (z − )2 ) dV = (ϵ+ − ϵ− ) = 0. (B.22)
dt
dt 2
dt 4
4
In case of δzl+ > δzl− at t=0, energy ﬂux is the function of time but ϵ+ (t) =
ϵ− (t). However, energy transfer time ratio Tl+ /Tl− (=(δzl+ /δzl− )2 ) is larger than
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1. This means energy transfer time of δzl− is shorter so that E − moves toward
the dissipation scale faster. El+ /El− will grow until the system is in a pure Alfvén
state. However, strictly speaking, this is not a stationary state that needs an
external source. As mentioned, the state which has only z + or z − means there is
no longer nonlinear interaction and no energy transfer across the spectrum.

B.3.1

Inertial range spectrum and Alfvén eﬀect

According to the Alfvén eﬀect, small scale ﬂuctuations are aﬀected by the large
scale magnetic ﬁeld, and the waves(δz ± ) propagate along the strong external magnetic ﬁeld or strong magnetic ﬁeld of the dominant eddies. Since the interaction
occurs for Tl ∼ τl2 /τA , energy spectrum of magnetohydrodynamics system is different from that of hydrodynamics, i.e., Kolmogorov’s energy spectrum. From
ϵ = E/τ ∼ u3 /l we get
(δzl )4
(δzl )4
τ
=
→ δzl ∼ (ϵuA )1/4 l1/4
A
l2
l uA
⇒ EK = CIK (ϵ uA )1/2 k −3/2 .

ϵ∼

(B.23)
(B.24)

Also this can be derived in a little diﬀerent way.
τA ∼ (kuA )−1

(B.25)

⇒ EK = CIK (ϵ uA )1/2 k −3/2 .

(B.26)

ϵ ∼ τA Ek2 k 4 ,

IK inertial range spectrum is k −3/2 but Kolmogorov’s spectrum is k −5/3 . In case
of hydrodynamics large scale velocity ﬁeld can be removed after galilean transformation. But large scale magnetic ﬁeld in MHD cannot be removed, which seems
to make the diﬀerence. The veriﬁcation requires numerical simulation; however,
the observation of solar wind turbulence shows the spectra of energy and cross
helicity follow Kolmogorov’s rule.
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In addition, the spectrum of magnetic helicity HM in large scale can be calculated using dimensional analysis.
[HM ] = L4 T −2 ,

[ϵH ] =

k [HM ]
= L3 T −3
T

⇒ HM ∼ ϵH k −2 .
2/3

The result is the same as that of EDQNM([Pouquet et al., 1976]).

(B.27)
(B.28)
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