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Abstract
The purpose of the present work is the analysis of equilibrium and stability
properties of tokamak plasmas in the presence of macroscopic flow. First, the
formulation of the equilibrium problem is reviewed. Toroidal flow produces a
modification in the equilibrium profile due t o the centrifugal force produced
by the rotation in curved geometry. The effects of poloidal rotation are
more surprising, since poloidal flow can produce qualitative modifications
in the equilibrium. If the flow is of the order of the poloidal sound speed,
discontinuous equilibria develop due to the transition between the subsonic
and the supersonic solution of the Bernoulli equation. In the presence of
transonic (ranging from subsonic t o supersonic values) flows, discontinuous
equilibria are the only solution of the Grad-Shafranov-Bernoulli system of
equations. If the flow is faster than the poloidal Alfv6n speed, the Shafranov
shift can be inverted and if the plasma is kept in equilibrium by an external
vertical field, the separatrix moves to the outboard side of the plasma. Since
the poloidal rotation is damped by the neoclassical poloidal viscosity, a new
quasi-omnigenous solution for equilibria with large rotation is also derived
in order t o minimize the flow damping. All equilibrium analytical results
are confirmed by numerical solutions obtained with the code FLOW. The
presence of flow also greatly alter the stability problem. A 6W formulation
including the effect of arbitrary flow is introduced and implemented in the
code FLOS. FLOS is used to study the effect of flow on internal kink modes.
Finally, external kink modes are considered in the case of static plasma but
flowing walls. T h e two-stream flow pattern is shown to stabilize the mode
for wall velocities in a realistic range for future experiments.
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1. INTRODUCTION
1.1

Nuclear fusion

A nuclear fusion reaction is the physical process by which two different nuclei "fuse" to form a heavier new nucleus and possibly additional neutrons
and/or protons. It is well known that nuclear fusion reactions also produce
release of energy if the reacting nuclei are "sufficiently light". This is because
the binding energy per nucleon increases for increasing nucleon numbers less
than 56, i.e. the nucleon number of iron, which is the most tightly bound
element in nature [I]. The most interesting reactions for future production
of energy are those resulting in the production of nuclei of helium, since the
binding energy per nucleon has a pronounced peak for Z = 4, i.e. for helium
nuclei. Several fusion reactions exist involving hydrogen and/or helium isotopes as reagents and He4 as product, with different probabilities (or cross
sections) and releasing different amounts of energy. The reaction that is being considered as the strongest candidate for fueling nuclear fusion reactors,
due to its relatively high cross section, is

D +T

+ ~e~

(3.5 MeV)

+ n (14.1 MeV)

(1.1)

in which two isotopes of hydrogen, deuterium ( D ) and tritium ( T ) ,react to
form a nucleus of helium and a neutron, with considerable release of energy.
The main issue that needs to be solved in order to make controlled nuclear fusion a reality in experiments is that a strong Coulomb barrier exists
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between positively charged nuclei. In order to overcome such barrier, high
temperatures, or, more accurately, high kinetic energies, for the reagents in
equation (1.1) are necessary. Due to quantum mechanics tunneling effect, fusion reactions can occur even if the kinetic energies are considerably less than
the potential barrier. It is in any case common wisdom that future fusion
reactors will require kinetic temperatures larger than 10 keV, or 100,000,000

K . It is clear that nuclear fuel at such high temperatures cannot be confined
by any ordinary means. Two different confinement approaches have been
proposed, namely the so-called inertial confinement fusion and the magnetic
confinement fusion concepts. The present work is focused on the latter. In
particular, the confinement of the fuel of magnetic fusion devices will be
discussed.

1.2

Magnetic confinement fusion and the
tokamak concept

The discussion of magnetic confinement is started by observing that the
energies of interest for future fusion reactors, but also for present-day experiments, are much higher than the hydrogen ionization potential. What
this means is that the nuclear fuel rather than in a gas state will be in a
plasma state, in which ions and electrons are separated. Plasmas have p r o p
erties remarkably different from those of gas, and this will have important
consequences in the following. Plasmas, being constituted of charged particles, are affected by electric and magnetic fields. In laboratory plasmas, the
charged particle motion is mostly influenced by the electromagnetic forces
(the Coulomb and Lorentz forces):

dv'
dt

m-

- + v' x B-)

= q(E

1. Introduction

where m is the particle mass, v' its velocity, q its charge, I? and

3

the electric

and magnetic field. The effect that is the basis for plasma magnetic confinement is that a particle moving across a magnetic field will experience a
force perpendicular to both the direction of motion and the direction of the
field. From the single particle point of view, this results in the so-called gyration motion, consisting in the fact that charged particles "gyrate" around
magnetic field lines. From the point of view of the confinement, the Lorentz
force causes charged particles to be able to move freely along field lines, but
t o be forced to gyrate in the direction perpendicular to the field. If

6 is the

direction parallel t o the magnetic field and ge the direction around a field
line, it is easy to conclude that the most general motion of a charged particle
in an uniform magnetic field is written as:

Gyration motion around the magnetic field line occurs with a frequency

w, = qB/m, known as the gyration or cyclotron frequency, at a constant
radius r~ = vL/wC,known as the Larmor radius. It is then intuitive that a
magnetic configuration with closed field lines will confine charged particles in
the close field line region. This is the basic concept of the tokamak, Russian
acronym for toroidalnaya kamera magnitnaya katushka, "toroidal chamber
with ~nagneticcoil". A tokamak is basically a toroidal, donut shaped, chamber, in which the plasma is confined by a magnetic field. For reasons that
will be made clear in the following, both a toroidal (the long way around
the torus) and a poloidal (the short way around the torus) components of
the magnetic field are necessary to efficiently confine the plasma. The first
indications in that sense are obtained by examining charged particle drifts
in a magnetic field.
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Particle drifts
As a general definition, particle drifts are particle motions across the magnetic field due to the presence of a force perpendicular to the magnetic field.
It is easy to give a general derivation of the drift motion, by considering the
motion of a charged particle in the presence of a magnetic field and a force

F1 perpendicular to the magnetic field.

In that situation, the equations of

motion are written as:

It is obvious that equation (1.4) has a constant solution, given by:

From equation (1.5) it is immediately apparent that a drift velocity will
appear as soon as a force perpendicular to the magnetic field is present in
the system, with the drift being in a direction perpendicular to both the
magnetic field (i.e. across field lines) and the force. Moreover, Gd clearly
depends on the particle charge (modulus and sign), but not on the particle
mass. The effect of this is that if particles of both signs are present (as is the
case in plasmas of thermonuclear interest), then they will be separated by
drifting in opposite directions if a force perpendicular to the magnetic field
is also present. Clearly, mass-dependence can be reintroduced if

p1 depends

on the particle mass, and charge-dependence can be removed if

$1

depends

on the particle charge. An electric field perpendicular to the magnetic field
will then cause a macroscopic displacement of the plasma, as both ions and
electrons will experience a drift velocity in the same direction (normal to
both fields).
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It is now interesting to consider what forces could be present in a toroidal
magnetic configuration with closed field lines. We first observe that even
in the simplest possible case, a purely toroidal magnetic field will not be
constant in space. This naturally follows from Ampere's law. Assuming that
no electric field nor current are present in the plasma, Ampere's law reduces
t,o

VXE=O

(1.6)

By using cylindrical coordinates (R, p, Z ) , with R being the distance from
the axis of the torus, p the toroidal angle and Z the distance parallel to
the geometric axis measured from a reference plane, a purely toroidal field is
written as

l?

=

B,E,, with

% being the unit vector in the toroidal direction.

Equation (1.6) then yields

which has the obvious solution B,

=

const./R. Since the field gradient is

transversal t o the field, in its gyration motion a charged particle will then
move from regions with higher field, and therefore smaller Larmor radius,
to regions with lower field, and therefore larger Larmor radius. It is easy
t o realize that a variation of the Larmor radius along a gyration orbit will
result in the orbit not being closed, and therefore in the particle experiencing
a drift along Z (i.e. perpendicular to both the field and its gradient), with the
direction depending on the particle charge sign. Assuming that the magnetic
field variation occurs on a scale much larger than the Larmor radius, as is the
case in tokamaks, a straightforward albeit slightly tedious calculation yields
a drift velocity:

It is interesting to emphasize that a magnetic field gradient along the field
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will not cause a drift, but a different kind of motion, which does not degrade
confinement, and in which we are therefore at the moment not interested.
An additional centrifugal force is experienced by a particle moving along a
closed magnetic field line. In the case of a purely toroidal field, the centrifugal
force is equal to

-

mui .
Fcf= -

R

eR

Substituting this in equation (1.5), the resulting drift velocity, known as the
curvature drift, can be written as:

where

2=b.o&
is the vector representing the magnetic field curvature, which in the case of
purely toroidal field corresponds to 2 = -ER/R. In equation (1.11), which
has general validity, b is the unit vector parallel t o the magnetic field.
The conclusion of the present discussion of drifts is that in a purely toroidal field configuration charged particles will drift in the vertical direction,
with ions and electrons drifting in opposite directions. The result of particle
separation will be a vertical electric field, which will in turn produce a radial
ambipolar (i.e. equal for both ions and electrons) drift, which results in a loss
of confinement. The same issue from the point of view of the macroscopic
behavior of the plasma (as opposed to the single-particle description used in
the present section) is examined next.
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1.4 Tokamak equilibrium
1.4.1 The basic problem of toroidal equilibrium
In our analysis of equilibria in toroidal geometry, we will follow the description of [2]. The fluid description of the equilibrium problem is started by considering once again a purely toroidal field. It is easy to conclude that such
a magnetic configuration cannot be held in equilibrium. In order to show
that, it is sufficient to consider the simplest possible case, with a plasma of
circular cross section, constant pressure inside the plasma and perfect plasma
diamagnetism (i.e. the magnetic field vanishes in the plasma). In that case,
the magnetic field will create a force acting on the external surface of the
plasma, which is proportional to the square of the magnetic field strength at
any point on the plasma surface. By Maxwell's equations (1.7) the magnetic
field has a 1/R dependence, while the inner surface of the torus is smaller
than the outer surface because of the toroidal geomet,ry. The net effect of
the magnetic pressure is then an outward pointing force, since the 1/R2 dependence in the magnetic pressure dominates over the R dependence in the
area. In addition to the magnetic pressure force, t,here is also a force depending on the plasma pressure that needs to be balanced in order to obtain an
equilibrium. Since pressure is constant in the plasma, it will exert a force
everywhere normal to the plasma surface. Since the surface of a torus is
larger on the outboard, this force will also be larger in the outboard than in
the inboard part of the plasma. This is the well-known "tire tube" force. The
combined effect of the two forces for the simplified case under consideration
can be written as:
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where 6, is the unit vector normal to the plasma surface and i, . iR = cos(0).
The quantity in brackets in equation (1.12) is evaluated a t the plasma edge,
as indicated by the suffix

lLE".

More precisely, the pressure is evaluated on

the plasma side of the boundary, and the field on the vacuum side; the two
terms have been written in the same integral just for ease of notation. In
the large aspect ratio limit, i.e. assuming that the plasma column radius a
is much smaller that the plasma column geometric axis radius &, and by
using the fact that in the considered case

equation (1.12) can be evaluated approximately, giving:

where Bo is the vacuum field evaluated at R
is recovered by setting p

=0

=

&. The single-particle result

in equation (1.14).

The next step is to consider a plasma confined by a purely poloidal magnetic field. The situation in that case is similar to the previous case, as far as
outward forces are concerned. Pressure forces are clearly identical in the two
configurations, resulting in a net outward force. As for the magnetic field, it
is easy to realize that it must be once more larger on the inboard than on the
outboard side of the plasma. In order to see that, it is useful to consider the
schematic representation of the equilibrium shown in figure 1.1. The axis of
symmetry is located on the left side of the picture, and the circular plasma
column is represented in gray. The poloidal magnetic flux 9 between two
generic radii R, and Rb is defined as (up to a constant):
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Fig. 1.1: Magnetic configuration of a toroidal equilibrium with purely poloidal magnetic field
Because of magnetic flux conservation, in figure 1.1

must be equal to Q2.

However, because of the toroidal geometry, the cross section for
smaller than the cross section for

@2.

will be

As a result, the magnetic field strength

will once again be larger on the inboard than on the outboard side of the
plasma boundary, and an outward-pointing force will again be present. In
addition to that, the tire tube force is also present, resulting in a net outwardforce that is expressed by equation (1.12). Differently from the previous case,
this does not mean that an equilibrium with a purely poloidal field cannot
be obtained in experiments. Since the field is purely poloidal, by Maxwell's
equations it will be produced by a toroidal current (which in the simple model
here considered is only flowing at the plasma edge). A vertical magnetic field
will then produce a radial f x

5 force, which can balance the outward force

expressed by (1.12) if the vertical field is assigned appropriately. In principle,
the same effect could be obtained by surrounding the plasma and vacuum
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regions represented in figure 1.1 with a superconducting wall. Since the
magnetic field will not be allowed to penetrate the superconducting wall, the
poloidal magnetic flux will be trapped in the vacuum region, and this will
result in an increasing poloidal field in the outboard side of the plasma as
the plasma shifts outward. When such field becomes large enough, it will
compensate the outward forces. The rnain flaw of equilibria with purely
poloidal magnetic field is in the fact that they are inherently unstable. The
issue of stability will be discussed later, after the equilibrium problem has
been posed in a more rigorous form.

1.4.2

The magnetohydrodynamics model

In order to describe the equilibrium problem in a rigorous, self-consistent way,
it is appropriate to give a short introduction to the magnetohydrodynamics
(MHD) model. In particular, only the ideal MHD mode will be considered.

A vast literature exists on the subject, and only a very brief summary is
given here.
In general, ideal MHD studies the interactions between an ideal (perfectly
conducting) plasma and magnetic, pressure and inertial forces. A complete
derivation of the MHD equations starts from Maxwell's equations and a kinetic model of the plasma, with each species of particles being described by
a Boltzmann equation. The kinetic equations are reduced to a series of fluid
equations by taking moments of the Boltzmann equation. Some assumption
(usually an equation of state for the pressure) is used to close the system.
By assuming that the phenomena of interest have low frequency (compared
to the electron plasma frequency up, =

J-,

where n is the plasma

density, e the electron charge and me the electron mass), long wavelength
(compared t o the Debye length Ad = VT/upe, where VT is the electron ther-
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ma1 speed), and by neglecting the electron inertia, the complete set of MHD

-

equations is written as:

dv'
dt

- -

p-=JxB-Vp

Equation (1.18) is a closure equation needed to eliminate the pressure from
the system, with y

=

513 being the ratio of specific heats.

f is the plasma

current density, and all other symbols have been defined elsewhere. Equations (1.16) to (1.22) will be used repeatedly in the rest of this work. The
first application is in the discussion of the equilibrium in toroidal geometry.

1.4.3

The Grad-Shafranov equation

The Grad-Shafranov (GS) equation [3], [4], [5] (at times referred to as the
Grad-Schliiter-Shafranov or Grad-Shafranov

/ Liist-Schliiter

equation) is the

most successful instrument describing tokamak plasma equilibria in the frame
of MHD theory. The basic assumptions used to derive the GS equations are
those of axisymmetry and of stationary, ideal plasma. The equation is most
conveniently derived in cylindrical coordinates (R, cp, Z), wit,h R being the
distance from the axis of the torus, cp the toroidal angle and Z the distance
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from the midplane. In this system of coordinates, by use of the axisymmetry
assumption, the solenoidal character of the magnetic field is expressed by:

By defining the poloidal component of the field (2, = BRGR+BZCZ)through
a potential 9, equation (1.23) is automatically satisfied:

9 is related (up to a factor 27r) to the magnetic flux of the poloidal field,
and is usually referred to as the poloidal flux. The toroidal component of
the field has so far been left unspecified. By substituting

2 = B,& + 2, in

Ampere's law, the current density is obtained as:

where

The derivation is completed by taking three moments of the momentum
equation

f x 2 = Vp, along 6, T and V 9 .

The first one gives

2 - Vp = 0,

which implies that p is a function of 9 only. The fcomponent gives f - V p =

0, which implies that RB, is also a function of 9 only. By defining p

= p(9)

and B,R = F(9) and substituting in the V 9 component of the momentum
equation, the Grad-Shafranov equation is obtained:

The interest of the GS equation is naturally in its simplicity. It is clear
that the equilibrium problem has been reduced t o a scalar elliptic partial
differential equation in the only variable 9. In order to solve the equilibrium
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problem, it is only necessary t o assign the plasma boundary and boundary
condition, and the shape of the free functions. The equation will be in
general non-linear, depending on the definition of the free functions. It is
important to stress that no assumptions have been made on the geometry
of the system, other than axisymmetry, nor has any expansion parameter
been introduced. In the limit of validity of the ideal MHD model, equation
(1.27) is therefore exact. The GS equation is routinely used to determine

the equilibrium magnetic configuration for several kinds of toroidal machines
(tokamaks, reversed field pinches, spheromax, levitated dipoles, field reversed
configuration, etc.). The relative simplicity of the equation also allows for
fast and accurate ~iumericalsolutions, which are routinely used to study
plasma equilibria in tokamaks. One notable point of the assumptions used
t o derive the GS equation is that of static plasma. In chapters 2 to 4 it
will be examined what are the consequences of removing that assumption,
both for the formulation of the equilibrium problem and for the dramatic
modifications in equilibrium properties that can be produced by the presence
of macroscopic plasma flow.

1.5

Tokamak stability

The most challenging problem in magnetic confinement fusion is posed by
plasma instability control. In order t o obtain confinement, the plasma needs
not only to be in equilibrium, but also to be in a stable equilibrium state.
If that was not the case, small perturbations would grow indefinitely, likely
causing the premature termination of the discharge. Various classifications
exist for unstable plasma modes. It is immediat,ely possible to dist,inguish
between ideal and resistive instabilities, depending on the fact whether finite
plasma resistivity is necessary to the plasma unstable behavior. A second
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classification is based on the character of the instability, with modes that
grow without perturbing the plasma surface being called internal modes,
and modes that perturb the plasma boundary being called external modes.
Another distinction considers the source of the plasma instability. In this
sense, it is commonly distinguished between pressure-driven and currentdriven modes. One last property of instabilities that can be used for classification is the plasma volume affected by the instability. Instabilities that only
interest a small fraction of the plasma volume are called localized instabilities
or micro-instabilities, while those affecting a large fraction of the plasma are
normally called macro instabilities.
It is clear that a full treatment of the tokamak stability issue would be a
good topic for a text or reference book. In the present introduction, only the
most important instabilities will be very briefly summarized. Since the rest
of this work uses the ideal-plasma approximation, some more attention is
given to ideal instabilities. In particular, we will give some details about the
potentially most dangerous tokamak instability, the so-called kznk instability.

1.5.1

Kink instability

The kink instability in tokamaks is basically driven by the toroidal current
gradient. Its name is due to the fact that the plasma column will "kink by
the effect of the instability, as shown in the right part of figure 1.2 for t,he

m = 1 kink mode. In the present work, the classification of an instability as
a kink mode will only depend on the geometry of the mode, even though at
times only current-driven modes with helical shape are classified as "kink"
modes. A physical picture of the mechanism of kink instabilities is given by
the analysis of the so-called "sausage" or "flut.en instability, represented in
the left part of figure 1.2. Even though the "sausage" instability is usually
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Fig. 1.2: m=O sausage mode (left) and m = l kink mode (right) [adapted
from [6]]

not classified as a kink mode, the physical intuition gained by examining
"sausage" modes is easily applied to kink modes also.
The theory of the "sausage" instability can be derived in analogy t o the
well-known Rayleigh-Taylor (RT) instability. In the RT instability, a fluid
with a density gradient opposite t o the direction of a gravitational field is
shown to be unstable t o infinitesimal perturbations (or displacements) of a
generic surface of constant density. That is true regardless of the density
profile. A simple representation of the RT instability in the presence of
magnetic fields assumes that a sharp boundary exists between a plasma of
finite density and a vacuum magnetic field, with gravity pointing from the
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plasma to the vacuum field region. This analysis was first performed by
Kruskal and Schwarzschild [7], hence the name of Kruskal-Schwarzschild (KS)
instability often given to this class of plasma modes. What is relevant to the
present discussion is that the physical mechanism of the KS instability only
requires a force to be in the opposite direction with respect to the density
gradient. It is easy to understand that the instability will still be driven if
an "equivalent gravity" replaces the gravitation. In the case of magnetically
confined plasmas, a centrifugal force will appear every time the magnetic
field lines are curved. This is the centrifugal force experienced by the single
particles as they travel along the curved field lines. If the field curvature is
pointing toward the plasma, that is if the magnetic field lines are concave
toward the plasma, the system will be potentially unstable, as the centrifugal
force will be opposite to the density gradient. In tokamak, and in general
plasma, stability theory, this case is described as a case of "bad curvature",
which occurs every time that the field curvature and the pressure (rather
than the density) gradient are in opposite directions. It is worth remembering
that the "sausage" mode is an "interchange" mode; interchange modes will
be briefly touched upon in the following.
Coming back to figure 1.2, the plot on the left hand side of the figure is
considered first. We start by assuming that the magnetic field is in the purely

I!? direction (with I!? being the angle around the cylinder). In that case, the field
curvature is always pointing toward the plasma. Assuming for simplicity that
the plasma pressure is constant (in that case the pressure gradient will be a
delta function pointing along -&,

with r being the distance from the cylinder

axis), clearly a small equilibrium perturbation such as the one represented in
the figure will be unstable, because the magnetic field strength will be larger
where the plasma radius is decreased by the perturbation and smaller where
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the plasma radius is increased. That is because the edge poloidal field is
given by Be(a) = I/(2.rra), where a is the plasma column (minor) radius and

I the toroidal current. If the plasma pressure is left unperturbed, an increase
of the field will create an unbalance between the magnetic pressure and the
plasma pressure, with the latter being smaller than the former, and the
perturbation will grow. T h e same will happen where the field is decreased,
as the plasma pressure will be larger than the magnetic pressure and the
plasma will tend to keep expanding. The name of "sausage" instability has
been given to this mode because of the characteristic shape assumed by the
plasma surface, while the "m = 0" classification depends on the conventional
description of instabilities in cylindrical geometry. In general, in order t o
study an instability in such geometry, it is convenient to write the plasma
displacement as:

where the second definition is used in toroidal geometry, with the toroidal
angle cp replacing the axial coordinate z. T h e sausage instability is clearly
axisymmetric, which corresponds to setting m = 0 in equation (1.28). It
is now clear that a cylindrical configuration with purely poloidal field is
inherently unstable. T h e situation is similar for toroidal configurations. It
can now be seen that a field parallel to the cylinder axis is added into the
system, the stability properties against axisymmetric modes will be affected.
In the presence of a B, inside the plasma, a perturbation such as the one in
the right part of figure 1.2 will need t o bend the magnetic field lines in order
to penetrate the plasma. This will force the perturbation t o "spend" part
of its energy in bending the field lines, and it is intuitive that the mode will
be stabilized if the axial field is sufficiently large. In toroidal geometry the
situation is more complicat,ed, but the same principle remains valid. This
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is the reason why a toroidal field is always necessary for tokamak stability.
Modes that are not stabilized by a constant toroidal field will be briefly
mentioned later.

A similar discussion holds for non-axisymmetric modes, such as the m

=

1 mode represented in the right section of figure 1.2. Kink modes are of

particular interest because they represent the dominant tokamak instability
in ideal plasmas. Moreover, internal kinks are believed to be the cause for
the sawtooth oscillations routinely observed in tokamaks. Some details about
kink modes are given next.

1.5.2 The m = 1 internal kink mode
A detailed analysis of the m

= 1 mode

would be rather lengthy, and require

the introduction of some mathematical tools that will more conveniently
described later (see chapter 5). A concise summary of the characteristics of
this mode in cylindrical geometry is given in [8]. The instability condition
for the m

=

1 is that the safety factor has to be lower than 1 in the plasma

center and larger than 1 at the plasma edge (assuming monotonic current
density profiles). The safety factor is defined as:

where cp is the toroidal angle, 8 the poloidal angle and

x the angle measured

along a magnetic surface (at constant Q). In the cylindrical case, equation
(1.29) simplifies to:

It is clear that where the safety factor assumes a rational value, a field line
will close on itself after a finite number of poloidal and toroidal rotations.
In particular, where q = 1, a field line will go once the long way and once
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the short way around the torus before closing. By introducing an energy
principle, that is a stability analysis based on the integration of the equation
of motion over the all plasma surface, it can be seen that an instabilit,~
will develop if there is a q = 1 surface inside the plasma. The plasma
displacement takes the form of a rigid displacement inside the q = 1 surface
and vanishes outside said surface. T h e instability is rather weak, and its
effect is usually t o relax the plasma current by flattening its profile, thus
increasing the minimum value of q above unity. m = 1 modes are believed
t o be responsible for the so-called sawtooth oscillations. Such oscillations
correspond t o a periodic rapid decrease in central plasma temperature and
current, followed by slower rump-ups.

1.5.3 The external kink mode
More detrimental to plasma confinement is the external kink mode, which is
thought to be responsible for major plasma disruptions. External kinks occur
for modes with a resonant surface outside the plasma. It can be proven with
analytical tools that a kink with mode numbers m, n (according to equation
(1.28)) is unstable if:
m-1
m
5qa5n
n
where qa is the edge safety factor. By setting m

=

1, n = 1, the so-called

Kruskal-Shafranov limit of qa > 1 is recovered. The disturbing element
in equation (1.31) is that if n = 1 there will always be unstable modes
regardless of the value of qa, if m is chosen to be sufficiently high. More
accurate calculations show that the current profile (ignored in the derivation
of equation (1.31)) is also important in determining the stability of external
kinks.
An intuitive way t o stabilize external kink is t o surround the plasma

1. Introduction

20

with a superconducting wall. The presence of such a wall will not allow the
perturbation to infinitely extend in space, therefore limiting its possibility to
grow. Superconducting walls are, however, not feasible in fusion experiments,
which are normally designed with finite-resistivity surrounding metal shells.
In that case, external kinks will still grow, but the growth rates will be of
the order of the resistive magnetic diffusion time of the wall. The resulting
instability is then named "resistive wall mode" (RWM), and it constitutes
one of the major limitations t o tokamak operation regimes. It should be
pointed out that stability limits involving the RWM are normally considered
in terms of pressure limits. Even though the RWM is pressure driven, plasma
current is still essential in determining its properties, since the unstable mode
numbers are determined by the edge safety factor, as shown by equation
(1.31), and therefore by the plasma current.

1.5.4

Other plasma instabilities

Several other ma.croscopic plasma instabilities exist in addition t o the ones
discussed above. Regimes of operation for present and future tokamak experiments naturally need to take into account all plasma instabilities, and
are therefore not only limited by the fastest growing ones.
The stabilizing effect of toroidal field has been introduced in section 1.5.1.
It should however be observed that if a perturbation in toroidal geometry can
exist, which does not bend magnetic field lines, then that stabilization mechanism will not work. Instability of such a kind are the interchange modes,
which take their name from the fact that they consist in an interchange
between two different flux tubes. A typical example of such modes is the
"sausage" mode, introduced in section 1.5.1. As shown in figure 1.3, this
interchange reduces the potential energy of the system if the field curvature
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is directed toward the plasma, and is stable if the field curvature is directed
away from the plasma. In cylindrical geometry, a localized mode can inter-

stable

unstable

Fig. 1.3: Magnetic configuration of a toroidal equilibrium with purely poloidal magnetic field
change flux tubes at adjacent radial location in an unstable way even in the
presence of a constant axial field; if there is magnetic shear (i.e. B, is not
constant) the axial field is instead stabilizing. The situation is again similar in toroidal geometry, even though a toroidal field is always stabilizing
because of its dependence on the major radius. The stabilizing effect is however small if the mode is localized in R, and therefore interchange modes can
be unst.able in tokamaks.
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Similar to the interchange modes are the secalled ballooning modes. Ballooning modes are pressure-driven, localized internal modes, which develop
in the region of bad curvature for tokamak plasmas. These modes set a
limit on the maximum pressure gradient on each magnetic surface. The
ballooning-mode analysis can be conveniently used to also describe the interchange instability, which leads t o the Mercier criterion, setting a relation
between pressure gradient and magnetic shear that needs t o be satisfied for
stability. Closely related to ballooning modes are the ballooning-kink modes,
which are external modes once again driven by pressure gradients, and in
essence still physically represented by the KS instability. Different physics is
instead involved in the development of (current-driven) tearing modes. By
effect of finite plasma resistivity, tearing modes allow magnetic field lines
to "tear apart" and reconnect, hence disrupting the nested topology of the
magnetic surfaces. The evolution of tearing modes allows the development
of magnetic islands, which can seriously degrade plasma properties.
As a conclusion to the present section, the operation limits for tokamak
plasmas can be summarized as follows. The most stringent constraint for
the current is usually the m

=

1 internal kink. Current and current profile

limitations in tokamaks are set by kink modes. In particular, the current
profile is limited by the m = 1 internal kink and the internal ballooning
modes. Current limits are set by the external kinks. Pressure limits are
instead determined by ballooning and external kinks.

1.6

Thesis objectives

As outlined in the previous sections, toroidal magnetic confinement devices
represent a promising path toward the demonstration of controlled thermonu-
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clear fusion in the next decade. In particular, the tokamak concept appears
to be the main candidate for magnetic fusion reactors.
Despite the remarkable improvements in tokamak performances with respect to energy transport and macroscopic stability properties, tokamak plasmas still present formidable challenges in the so-called high-P regimes. The
plasma

p = ap/B2is defined as the ratio of the plasma pressure to the mag-

netic field pressure. It is intuitive that high-P regimes are very favorable for
energy production by requiring relatively low magnetic fields while producing high power densities. However, high

P regimes

are difficult to operate

in mostly because of macroscopic instabilities leading to the disruption of
the plasma column and termination of the discharge. Another challenge for
any magnetic confinement device is the one represented by the anomalous
energy transport governing the energy losses through the plasma boundary
which greatly exceed the so-called classical predictions based on collisiorlal
transport t,heory. Whether driven by magnetic or electrostatic turbulence,
anomalous transport causes a large increase in the energy losses and poses
severe constraint on the amount of auxiliary power required to heat up the
plasma to the high temperatures (in the lOkeV range) required for thermonuclear ignition.
In the last decade, it has been repeatedly observed in several devices
(mostly tokamaks but also Reversed Field Pinches) that when the plasma
rotates either toroidally or poloidally, both the energy transport as well as
the macroscopic stability improve significantly. The plasma rotation can be
either spontaneous or driven by neutral beam injection or other means.
When it comes to the issue of macroscopic stability, bulk plasma rotation leads to the suppression of the so-called Resistive Wall Mode (RWM),
briefly introduced in section 1.5.3. It was in 1994, that a DIII-D discharge
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has been observed to remain stable at high beOas without exhibiting any
macroscopic instability [9]. The DIII-D plasma was rotating toroidally due
to the injection of momentum caused by the powerful neutral beams used
for the plasma heating. Since then, several authors have developed theories
and conducted additional experiments indicating that toroidal rotation leads
to the stabilization of the RWM and to the access to high-P regimes. Since
the RWM suppression is driven by the relative motion between the plasma
and the surrounding shell, it is intuitive that the RWM stabilization can also
be achieved by making the shell rotate while keeping the plasma stationary.
However, standard tokamaks make use of a rigid copper or steel shell, whose
resistivity is large enough to significantly reduce the equilibrium

P limit, and

which cannot practically spin with the velocities required for the RWM stabilization. Only recently, the idea of shell rotation has been put forward
after an innovative design of the vacuum chamber based on a liquid lithium
flowing wall has been proposed. The liquid lithium wall was primarily investigated in the context of efficient heat removal from the first wall. However,
it was soon speculated that the wall flow velocities may be sufficiently large
to provide the RWM suppression and allow the plasma operation into the
high-P regime. It is therefore clear that both plasma and wall rotations are
highly beneficial to the plasma macroscopic stability and need to be carefully
investigated to determine the flow velocities required for stability.
There have also been a few attempts to study the effect of plasma flow
and flow shear on the stability of other macroscopic instabilities such as the
internal kink [lo], [ll],[12] and the ballooning modes [13]]. Some of this work
has been carried out for application to the (future) fast poloidally rotating
plasmas of the Electric Tokamak (ET). However, instead of consistently calculating the equilibrium with flow and then studying the stability of such
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an equilibrium, Ref. [13] makes use of an ad hoc background plasma flow
in the linearized set of magnetohydrodynamic equations t o investigate the
stability properties. Such a background flow is not provided by a solution
of the equilibrium problem and therefore may lead to erroneous conclusions
due t o the lack of self-consistency.
In addition t o E T , the National Spherical Torus Experiment (NSTX) [14]
and the Alcator C-MOD [15] tokamak also exhibit a fast plasma rotation.
Currently, both NSTX and Alcator plasmas flow in the toroidal direction
with a velocity of approximately 50% of the plasma sound speed and sonic
velocit,ies are within reach in the near future.
In spite of the dramatic improvement of plasma performances in rotating
plasmas, there has been relatively little work done on the equilibrium and
stability of rotating plasmas. Almost all stability codes (PEST [16], DCON
1171, ERATO [la], KINX [19], CASTOR [20], G A T 0 [2:1.], NOVA [22]) currently used in the analysis and design of experiments do not include the
effects of flow. At the moment, only the MARS code [23] includes a purely
toroidal flow without any poloidal component. The flow is however not included in the equilibrium, thus being forcefully treated as a perturbation of
a static equilibrium. Moreover, few theoretical works have been carried out
t o study the equilibrium and stability of plasmas with flows. In particular,
plasma equilibrium and stability with poloidal flow is a relatively unexplored
area, despite the fact that very interesting and surprising plasma properties
induced by such flow have been discovered in recent years. There has been
an ever growing number of experimental evidences that poloidal flow shear
leads to the suppression of electrostatic turbulence and consequent improvement of energy transport (see e.g. [24], [25]). However, only few attempts
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have been made to determine if plasma equilibria exhibiting large velocity
shear can be calculated.
The present work is a step toward the extension of present equilibrium
and stability theories and codes t o include macroscopic, arbitrary plasma
flow. In chapter 2, the general theory of tokamak equilibria in the presence
of flow will be briefly summarized, and the details of the numerical solution
will be presented. Results of equilibrium calculations are contained in the
following chapters. In particular, equilibria with purely toroidal flow, relevant to existing experiments, will be discussed in chapter 3. Chapter 4 will
discuss the broader topic of tokamak equilibria with poloidal flow. The first
striking result in that analysis is the calculation of discontinuous equilibria
in the presence of transonic, strongly-sheared poloidal flow. Numerical solutions of the full equilibrium problem confirm the predictions of [26], based on
a low-P, high aspect ratio expansion. The following discussion is focused on
flow regimes that are likely still out of reach for present day tokamaks, but
which could likely be studied in future experiments. In section 4.4 equilibria with poloidal velocity exceeding the poloidal Alfv6n speed VAp= BPI&
are introduced. These equilibria, never before considered in the literature,
have surprising characteristics. In particular, it is shown in chapter 4 that
these equilibria have inverted Shafranov shift, that is the plasma magnetic
axis is shifted with respect t o the geometric axis in the direction opposite t o
that of static equilibria. Since poloidal flow is strongly damped in tokamaks,
in section 4.5 equilibria with low poloidal viscosity are considered. A new
"quasi-omnigenous" equilibrium solution is derived based on an appropriate
flow and field ordering. The accuracy of our numerical solution of the equilibrium problem is also checked versus existing fully-omnigenous solutions.
All our equilibrium numerical results are obtained with the code FLOW [27],
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which has been developed as a large part of the present thesis work. The last
part of the thesis analyzes special cases of tokamak plasma stability p r o p
erties in the presence of flow. In chapter 5, the general formulation of the
stability problem in the presence of plasma flow is given. A more detailed
analysis for the internal kink (m = I) mode is then given. Numerical results
are obtained with the code FLOS, which represents the other major element
of the present work. Benchmark problems are presented in detail. The code
is used to study the internal kink mode in realistic conditions, relevant to the
NSTX machine [14]. In the case considered, it is found that purely toroidal
rotation can have both a stabilizing or a destabilizing effect on the internal
kink, depending on the flow pattern. Finally, in chapter 6 a simplified analysis is presented for external kink modes in the presence of a resistive wall.
In this case, the plasma is not analyzed in detail, while the focus is centered
on the role of the resistive wall. It has already been mentioned that both
plasma and wall rotation can have a stabilizing effect on the RWM. In chapter

6 previous results [28], [29], [30] are reviewed and extended to the presence
of two-stream rotating walls in toroidal geometry. The liquid lithium wall
was primarily investigated in the context of efficient heat removal from the
first wall in future burning-plasma experiments, and eventually in fusion reactors. The two-stream flow pattern has been proposed as a particularly
efficient mean to that end. Numerical results are obtained for this problem
as well using a semi-analytical model, and the analysis is extended to various
wall configurations with realistic plasma and wall parameters.
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2. NUMERICAL STUDY OF

TOKAMAK EQUILIBRIA WITH
ARBITRARY FLOW
2.1

Introduction

The essential requirement of an MFE (Magnetic Fusion Energy) fusion power
plant is that the plasma be in a steady-state equilibrium configuration. The
discovery of different kind of equilibria at the beginning of the controlled
fusion endeavor gave birth to several different ideas for confinement. It was
soon recognized that toroidal devices exhibit the most attractive confinement
properties.
Even in toroidal devices with the simplest geometry, such as the tokamak, the equilibrium problem already poses a considerable challenge for static systems. Analytic equilibrium solutions for tokamak plasmas are difficult
t o find since the equations governing the equilibrium are highly nonlinear.
Therefore, equilibrium calculations in tokamaks always rely heavily upon
numerical solutions. Some standard techniques are commonly used to simplify the problem, such as the assumption of axisymmetry with respect to
the major radius of the torus and the negligibility of macroscopic plasma
flow. The first of the two assumptions is a good approximat.ion of the experimental conditions, even though real systems will in fact not be exactly
axisymmetric. The presence e.g. of a finite number of toroidal field coils does
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clearly break symmetry, and in the same way even the presence of localized
diagnostics and auxiliary heating devices has a non-axisymmetric effect on
the systenl. Deviations from axisymmetry are however in general small in
tokamaks, and can rightfully be neglected in equilibrium calculations. Different is the situation for intrinsically non-axisymmetric systems, such as the
stellarator and the Elmo bumpy torus, which will not be described in the
present work. Much more questionable is the assumption that macroscopic
flow can be neglected in equilibrium calculations, or even introduced as a
perturbation. Recent works ([26] 1271 [31]) have shown that the presence
of macroscopic flow, particularly in the poloidal direction, can qualitatively
modify the equilibrium properties of tokamak plasmas. Moreover, it has also
been observed in the last generation of tokamak experiments that plasma rotation is routinely obtained in a large number of devices, such as the Electric
Tokamak (ET) [32], the Joint European Torus (JET) [33], DIII-D [9], the
National Spherical Tokamak Experiment (NSTX) [14] and Alcator C-MOD
The study of equilibria with macroscopic plasma flow is the object of
the present and of the next two chapters. In particular, the present chapter
will focus on the derivation of the equilibrium equations and the details of
their numerical solution in different regimes. Numerical results are obtained
with the code FLOW [27], which has been developed to study fixed boundary
equilibria with arbitrary plasma rotation. FLOW solves the Grad-ShafranovBernoulli system of equations including finite pressure anisotropy with a
multi-grid approach. The code input requires the assignment of a set of free
functions of the poloidal magnetic flux @, which depend on the so-called
closure equation governing the temperature(s) or entropy.
Recause of the transonic discontinuities, it is clear, that the most cllal-
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lenging problem for an equilibrium code is to compute equilibria with transonic poloidal flows. To the best of our knowledge, only two codes have
been previously developed t o compute compressible axisymmetric equilibria

1 ~FINESSE[^^]
~1
both use a finite
with poloidal flow. The codes ~ ~ 1 0and
element approach and a Picard iteration scheme to solve the Grad-ShafranovBernoulli system of equations. The code CLIO was used t o determine the
effect of subsonic flow on the Joint European Torus

JET)^^^^

equilibria and

the code FINESSE was used t o compute a variety of astrophysical and laboratory plasma configurations. However, it seems that none of those codes
were ever used t o study transonic poloidal flows and associated contact discontinuities. It is possible that those codes could be easily modified to compute transonic equilibria and resolve transonic discontinuities, most likely by
minor changes t o the Bernoulli equation solver.
In the present chapter, the model and general equations are described in
section 2.2, and details on the numerical solution are contained in Section
2.3. The results of equilibrium calculations in the presence of purely toroidal
flow and plasma anisotropy are given in chapter 3, while the discussion of
equilibria in the presence of poloidal flow is contained in chapter 4.

2.2

General Equations

We consider an axisymmetric toroidal plasma described by the ideal magnetohydrodynamics (MHD) model. The model includes finite equilibrium flow
velocity in both the toroidal and poloidal directions, finite pressure anisotropy in the parallel and perpendicular directions and an equation of state
representing the standard ideal MHD closure for isentropic / isothermal flows
or the kinetic closure derived from the guiding center constants of motion.
The basic MHD equations for mass and momentum conservation as well
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as the equilibrium Maxwell's equations can be written in the standard form

where

is the plasma pressure tensor. The closure equation for the pressure depends on the collisionality regime. Highly collisional plasmas with the ion
collision frequency greatly exceeding the ion cyclotron frequency are typically described by an isotropic pressure ( p I I= p l = p) obeying the standard
steady state form of the ideal MHD adiabatic equation

Instead, collisionless plasmas exhibit large thermal equilibration of the temperature along the field lines leading to the condition

where T is the plasma temperature, and p and T are related through the ideal
gas equation of state p = p T / A , where A

E

$& .

Eqs. (2.7-2.8) represent

the so-called MHD closure and can be easily solved once the flow velocity
and magnetic field are determined.
Different closure equations need to be used in anisotropic collisionless
plasmas. In this case, the parallel ( T I , )and perpendicular (T*) temperatures
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are not equilibrated and two closure equations are needed. In this work, the
anisotropic equilibria are only considered in combination with purely toroidal
flow, without a poloidal component in the velocity. For a toroidally rotating
plasma with a Maxwellian distribution function depending on the guiding
center constants of motion, the parallel temperature is uniform along the
flux surfaces, and the perpendicular and parallel temperatures are related as
indicated belowP7]

where B =
netic flux

121and, TI(*)

*, which

and Q(*) are free functions of the poloidal mag-

is an approximate constant of motion. The parallel

and perpendicular pressures are related to the corresponding temperatures
through the standard relation

where n is the particle density. Equations (2.9)-(2.10) represent the so-called
kinetic closure appropriate for high temperature anisotropic plasmas.
We use the standard set of cylindrical coordinates (R, p, z) where R is
the major radius of the torus, p the toroidal angle, and z the height above
the mid-plane. Under the assumption of axisymmetry, the magnetic field
can be decomposed in a toroidal and a divergence free poloidal component
=

B,E,

+%. The latter is expressed in terms of the poloidal flux gradient

according to the well known relation

-

Bp =

v* x e ,
R

where 9 is the poloidal flux. A simple manipulation of Eq. (2.5) (Faraday's
law) yields the following relation for the equilibrium flow in terms of a parallel

2. Numerical study of tokamak eauilibria with arbitrary flow

33

and a toroidal component,

Here a(*) and O ( 9 ) are two free functions of Q describing the parallel and
toroidal component of the velocity respectively. Observe that Eq. (2.12)
indicates that the poloidal component of the flow depends exclusively on
a ( * ) while the toroidal component is a function of both

and O

It is interesting to observe that a toroidal plasma cannot sustain a purely
poloidal flow, since the exchange of momentum between the plasma and the
magnetic field leads to a finite toroidal velocity as well. Even though, one
could choose the free functions

a and O in order to minimize the toroidal

component of the flow, it is not possible to construct them in such a way to
render the toroidal flow exactly zero. The flow velocity components in Eq.
(2.13) can be used to solve the MHD closure equations (2.7)-(2.8), leading to

where S ( $ ) is a free function of Q, representing the plasma adiabat for

y = 513 and the plasma temperature for y = 1.
Taking the

e,

component of the momentum equation and using the ax-

isymmetric properties of the equilibrium leads to the following e ~ ~ r e s s i o n l ~ ~ ]
for the toroidal field:

where F ( Q ) is a free function of Q. Equation (2.15) reduces to the standard
form B,R = F ( Q ) in the absence of poloidal flow (a(*)

=

0) and anisotropy
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component of the momentum

equation, which after a straightforward calculation yields the well known
Bernoulli equation

where H ( 9 ) is a free function of 9 and W

=

W(p, B, 9) is the enthalpy

function[37],which depends on closure equations relating pressure, density
and temperature. Depending on the choice of the closure (Eqs. (2.7)-(2.8)
for the MHD closure and Eqs. (2.9)-(2.10) for the kinetic closure), one can
derive the following expressions for W

where D ( 9 ) is a free function characterizing the plasma density as defined
later in Eq. (3.1).
It is important to observe that W depends on 9 through free functions
like S ( 9 ) for the MHD model and 0 ( 9 ) for the kinetic model. It follows that
even though W is in general a function of p, 9 and B [W = W(p, 9,B)],
its 9 dependence can be arbitrary. It is worth mentioning that the kinetic
form of the enthalpy (2.18) is only correct for equilibria without poloidal
flow, while the MHD form (2.17) is applicable to equilibria with arbitrary
flow patterns.
The next step is to take t,he V 9 components of the momentum equation
(2.2) in order to derive the Grad-Shafranov equation for the poloidal magnetic
flux. Adopting the MHD closure (2.14), one can rewrite the G-S equation,
which after a lengthy algebraic manipulation can be cast in the following
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convenient form["].

where the right hand side is a linear combination of all the free functions,
and M i ,

= @'(*)/p

represents the poloidal Alfvhnic Mach number. Sirni-

larly, one can include the effect of finite anisotropy by adopting the kinetic
closure Eqs. (2.9)-(2.10) and (2.18). Since the kinetic closure is derived in
the absence of poloidal flow, we set

a(*) = 0 and rewrite the G-S equation

in the following f0rm1~~1,

where the partial derivative of WK with respect to Q has been taken at
constant p and B. Observe that the equilibrium model has been reduced
to a system of three equations, a PDE (2.19) and two algebraic equations
(2.15), (2.16). This system can be solved numerically once the free functions

have been assigned.
Although the implementation of the problem in a numerical solver is at
this point relatively straightforward, the definitions of the free functions are
so far not intuitive. Equilibria are typically defined by assigning pressures,
densities, velocities, Mach numbers, currents, safety factors or toroidal fields
profiles instead of H(*), O(*),

a(*)

etc. However, one needs to recognize

that in the presence of flow and/or anisotropy, the pressures, densities and
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velocities are not free functions and cannot be readily assigned. Following
Ref. [39], we combine the functions (2.20) in order to generate a new set of
free functions that are associated with the desired variables. The association
is based on the principle that in the limit of infinite aspect ratio, the (new)
free functions exactly reproduce the desired variables. The advantage of this
approach is in the fact that the free functions of Ref. [26] represent quasiphysical quantities that are commonly used to describe standard equilibrium
configurations. In the following, this set of free functions will be assigned as
input instead of the ones in (2.20)
Function

D('@)
P(V )

91
('@)

P: ('@j
. .
BOP)
Mv('@)
Mo('@)

Physical meaning
Density
Isotropic pressure
Parallel pressure
Perpendicular pressure
Toroidal component of the magnetic field
Toroidal sonic Mach number
Poloidal sonic Mach number

Table 2.1: Physical meaning of the "intuitive" free functions
In order t o include anisotropic pressure, one more free function with respect t o the ones defined in Ref. [26] will be needed. In particular, quasipressure will be replaced by two quasi-pressures, a parallel and a perpendicular one. The complete list of free functions used as input t o the code, and
their physical meaning is contained in Table 2.1. The relation of the new free
functions t o those in (2.20) is shown in Table 2.2. For the kinetic closure the
analysis has been restricted to the case with purely toroidal flow.
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Definition

Table 2.2: Relation between the two sets of free functions. & is the position
of the geometric axis of the plasma.

2.3

Numerical solution

The code FLOW uses a multi-grid approach for solving the equilibrium equations. The algorithm can be summarized as follows:
1. The Bernoulli equation (2.16) is solved for p.
2. The Grad-Shafranov equation (2.19) is solved for Q .

3. If the system is anisotropic, Eq. (2.15) is solved for the toroidal
component of the magnetic field By.
Procedures 1 to 3 are repeat,ed until convergence is reached, then the
solution is interpolated onto the next. (finer) grid. Unless otherwise specified,
all numerical results presented in the following have been obtained with a grid
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of 256x256 points. Convergence is defined with a condition on the residual of
equation (2.19). In each iteration Eq. (2.19) is solved using an over relaxation
method with a red-black algorithm. Equation (2.19) is the only one requiring
a boundary condition for its solution. For fixed boundary equilibria, we set

9 = constant on the boundary and determine the value of 9 on the magnetic
axis iteratively. Eq. (2.15) does not pose any particular challenge, and can
be solved by standard methods. Due to its algebraic nature, equation (2.16)
can also be solved with a direct solver a t each iteration. More precisely,
a combination of the Newton-Raphson and bisection methods is used t o
accomplish the task.
The free functions representing the quasi-variables of Table 2.1 are assigned as input parameters. If the MHD model is used, then the input free
functions are

representing a quasi-density, quasi-pressure, quasi sonic poloidal Mach number, quasi sonic toroidal Mach number, and quasi toroidal field respectively.
If the kinetic closure is used, the quasi parallel (PII(*)) and perpendicular pressures (Pl(9)) need to be assigned instead of the isotropic pressure
P ( 9 ) . Such free functions are intuitive and can be easily assigned as input
t o the code for describing standard tokamak equilibria. However, since the
numerical solution is simplified by adopting the less intuitive functions H ( 9 ) ,
@(9), a(*), S ( 9 ) , O ( 9 ) , TI(*), F ( q ) in the implementation, the equations
in Table 2.2 are used in the code for the conversion between free functions.
The details on the numerical solution of the Bernoulli equation depend
on the kind of equilibrium under consideration, and are discussed in the
following chapters. For the time being, it will be noticed that if the flow is
purely toroidal (i.e. @ ( 9 ) = 0, Ale(*)

=

O), the Bernoulli equation (2.16)
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is trivial. If there is poloidal flow, a numerical solution of equation (2.16) is
instead required. In the presence of poloidal flow, there will be in general
up to four solutions of the Bernoulli equation, two of which are sub-Alfvbnic
(with respect to the poloidal Alfvbn speed, i.e. v, < VAp),and two superAlfvknic. Of the two sub-Alfvknic roots, one is subsonic (with respect to the
poloidal sound speed) and one supersonic; the two roots are coincident for
special values of the free function M e ( @ ) . These two roots are used in the
numerical calculation of transonic equilibria. The "slowest" of the superAlfvknic roots (i.e. the one corresponding to lower velocities) is instead used
in the calculation of super-Alfvknic equilibria.

2.4

Conclusions

In the present chapter, the code FLOW has been presented. The code solves
the combined Grad-Shafranov-Bernoulli set of equations describing MHD
equilibria with flow and finite pressure anisotropy, first derived in ref. [37]
and [38]. The most remarkable feature of the code FLOW is that it allows
to compute different kinds of equilibria, depending on the root choice in the
Bernoulli equation. If the equilibrium problem in the presence of purely
toroidal rotation is relatively simple, since the Bernoulli equation is trivial in
that case, up to four roots of the Bernoulli equation exist in the presence of
poloidal flow. Details and applications of equilibria with purely toroidal flow
are described in chapter 3, while the more interesting problem of poloidal
flow is discussed in chapter 4.
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3. EQUILIBRIA WITH PRESSURE

ANISOTROPY AND TOROIDAL
FLOW
3.1

Introduction

Toroidal flow is very commonly observed in experiments. The main source
for toroidal rotation is heating by neutral beam injection (NBI). Since NBIs
are in general not balanced, there will be a net momentum transfer in the
toroidal direction from the beams to the plasma, and the plasma column
will be brought to rotate as effect of the heating. In experiments, toroidal
rotation can reach a significant fraction of the sound speed. In particular,
high toroidal velocities are observed in the National Spherical Tokamak EXperiment NSTX [14]. In the present chapter, equilibria with high toroidal
rotation are described, with particular reference to the NSTX experiment.
The effects of anisotropy are also considered, since in general the plasma
pressure along the field lines (pi()can be different from the pressure across
the field lines ( P ~ )because
,
of the different heat conduction properties of the
plasma in the direction of the field lines and across the field lines.
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FLOW results for equilibria with
pressure anisotropy and toroidal flow

In this section, we use the code FLOW to compute axisymmetric equilibria
with pressure anisotropy and toroidal flow with applications to NSTX. The

) 0. Because of its high
poloidal flow is neglected by setting Me(*) = @ ( a=
betas, large fast-particle population and large toroidal velocities, the NSTX
plasma is an ideal configuration to study these effects on the equilibrium.
Because NSTX data analysis is typically carried out using available equilibrium and transport codes such as PEST [16], EFIT [40] and TRANSP [39]
which do not include toroidal rotation, it is likely that the code FLOW, described here, would benefit the NSTX work by retaining the effects of both
pressure anisotropy and plasma rotation and could be used in combination
with TRANSP to take into account the changes of the equilibrium induced
by finite rotation.
A quantitative analysis is performed by numerically solving the equilibrium problem for an NSTX-like configuration including rotation and anisotropy. It should be noticed at this point that if the flow is purely toroidal
(i.e.

a(@)= 0,

Me(*) = O ) , the Bernoulli equation (2.16) is trivial, and can

be solved analytically at each iteration leading t o the following explicit form
of the density depending on the selected closure

The numerical problem then reduces to the solution of the modified GradShafranov equation (2.19b), and of the equation for the toroidal component of
the magnetic field (2.15) if the system is anisotropic. The free functions of 9
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used in the numerical study are power laws of the poloidal flux approximating
realistic NSTX equilibria. The free function D ( 9 ) representing the density
has been chosen t,o exhibit a rather flat profile while the parallel pressure is
approximated with a fairly peaked function as shown below:

Here 9, is the value of 9 at the magnetic axis, and the superscripts E and

C denote the values at the plasma boundary and magnetic axis respectively.
The pressure anisotropy is included by varying the constant factor o in the
definition of the free function P1(9) describing the perpendicular pressure

When needed DC and DE are adjusted to keep the plasma mass constant.
Similarly, PI?and

qy are also adjusted when the total energy needs t o be

conserved. We first focus our attention on the effects of rotation. Figure
3.1 shows a series of equilibria computed with the code FLOW assigning an

increasing rotation as input for the code. The toroidal sonic Mach number
is approximated with the following analytic function representing a velocity
profile that is peaked in the center of the plasma column and nearly vanishes
at the edge,

where MG approximates the sonic Mach number a t the magnetic axis. The
flow velocity is varied by increasing the parameter M; from subsonic t o
supersonic values. When performing this analysis, some care must be used
in the choice of the free functions of 9. In particular, since the plasma total
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Fig. 3.1: Density shift for varying toroidal flow in an isotropic NSTX-like
plasma

mass is not an input variable, a control must be performed in order to make
sure that the same amount of mass is contained in the plasma for all cases.

A few iterations on the definitions of the free functions allowed to conserve
the plasma mass within an error 5 2%.
The most dramatic consequences of an increasing rotation frequency is
the growing shift of the density profile toward the outward region of the
plasma column. In Figure 3.1, the output of FLOW when

MG

is varied from

0 to 1 is shown. The picture consists of a line-cut along the mid-plane of

the density profile, showing an increasing shift of the density peak with in-
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Fig. 3.2: Density profile shift in a static plasma for varying anisotropy for
an NSTX-like equilibrium: a = 0 (diamonds), a = 0.5 (squares),
a = 1.0 (circles)

creasing rotation velocity. In particular, we observe that a relatively slow
(subsonic) rotation does not produce a large variation of the profile. As the
rotation increases, the plasma is squeezed against the outboard side of the
boundary. Since the boundary itself is fixed, this will result in higher peaks
and steeper gradients of the density profile in the outboard region of the
plasma. The shift becomes large when the flow is about sonic. It is worthwhile t.o emphasize that the changes in the equilibrium profile produced by
the presence of toroidal flow are only quantitative, and not qualitative. This
also means that there is no dramatic change in the equilibrium properties as
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a purely toroidal flow goes from subsonic to supersonic. It should also be
remembered that M; only approximately represents the maximum value of
the sonic Mach number in the plasma, and that the departure of the actual
Mach number from the free function of 9 increases as the flow increases.
Indeed, in the represented equilibrium with M; equal to 1, the actual maximum Mach number is about 1.5. This means that the equilibria shown in
Figure 3.1 do actually include both subsonic and supersonic flow equilibria.
Another interesting feature that can be analyzed with the code FLOW
is the effect of pressure anisotropy on the equilibrium (see Figure 3.2). As
described in Ref. [37], the effect of anisotropy on the density profile is to
increase the outward shift of the density if

PII> ,DL

PII< PI

and to decrease it if

This is qualitatively expressed by the followirig expression of the

density shift

where d indicates a differential along the field lines, and ,Dl, ,
perpendicular

P.

1are

parallel and

As anisotropy is varied, some care needs again to be used in

order to guarantee that the total energy of the plasma is kept constant for all
cases. This is again performed with a few iterations on the definition of the

-

free functions of Q, ensuring a variation of both total mass and energy

< 2%.

The anisotropy is increased from an isotropic case (Pil(Q) = PI (Q)) to a case
with ljl(Q) = 2P1(@) and the parameter a

((ql(Q) - Pl(@))/PjI(9) has

been used as a measure of the anisotropy. In obtaining the results shown
in Fig. 3.2, the value of a has been varied between 0 and 1, while no flow
is introduced into the system. Details on the analytic expression of the free
functions have been given in Eqs. (3.2-3.4).

I11

agreement with the prediction

of theory, an increasing value of a produces an increasing inward shift of the
density profile.
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Comparing Figures 3.1 and 3.2, it is apparent that strong anisotropy

(CT

-

0.5 - 1) has an effect on the density profile of the same order of that of

a moderate flow. In order to confirm this, we can compute equilibria where
flow and anisotropy are present at the same time. We select the equilibrium

Fig. 3.3: Density shift in an NSTX-like plasma with toroidal flow for varying
anisotropy: a = 0 (squares), a = 0.5 (circles), a = 1.0 (diamonds)

with M: = 0.5 shown in Fig. 3.1, and gradually increase the anisotropy, again
varying a from 0 to 1. In the same way as before, total energy and mass in
the plasma are kept constant with an error

< 2%.

The resulting equilibria

are show in Figure 3.3. Again, a line plot of density vs. R is presented in the
picture. It can be clearly seen that in this case an intermediate anisotropy
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(u = 0.5) completely balances the effect of toroidal rotation, while a larger

anisotropy (u = I ) results in a net inward shift of the density profile.
The ability of the code to solve equilibrium problems with both macroscopic flow and pressure anisotropy suggests that FLOW can indeed be used
to compute equilibria relevant to real experiments. Although this use is still

Fig. 3.4: Contour plot of magnetic surfaces in an NSTX equilibrium

in a preliminary phase, the result of such an equilibrium calculation, relative
t o the NSTX machine, is shown in Figures 3.4-3.7. This equilibrium has
aspect ratio -1.5 and ellipticity -1.9. Here all free functions of Q have been
obtained from data provided by the NSTX team. In the considered equilib-
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rium, toroidal flow and anisotropy are included, and the kinetic closure has

.. .,-. '.
.

therefore been used to compute this equilibrium.
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Fig. 3.5: Comparison of magnetic flux line plots along the midplane with
and without flow in the same NSTX equilibrium

Figure 3.4 shows the contour plot of the magnetic flux 9, while Figure
3.5 shows the line plot of the magnetic flux 9 versus the major radius of the
plasma for two equilibria. The first one (labeled "Flow") has been computed
with the input defined by the NSTX data, including toroidal rotation. The
second one has been obtained wit,h the same input for all free functions but
the toroidal rotation, which has been set to 0. Figure 3.6 shows the line plot
of the density for the two equilibria with and without rotation, indicating a

~

~

3. Equilibria with pressure anisotropy and toroidal flow

49

Fig. 3.6: Comparison of density line plots along the midplane with and
without flow in the same NSTX equilibrium

significant flow-induced shift of the profile peak. Finally, Figure 3.7 shows a
line plot of the toroidal velocity along the mid plane, with the peak velocity
corresponding to a sonic Mach number of -- 0.8. The plasma shape in this
equilibrium is the same that has been used for the other equilibria in this
same section, and constructed to closely reproduce the NSTX data.

3.3

Conclusions

In the present chapter, the code FLOW has been used to compute realistic
tokamak equilibria in the presence of macroscopic flow. Purely toroidal flow
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Fig. 3.7: Line plot along the midplane of toroidal velocity in an NSTX equilibrium

has been investigated in the context of NSTX-like equilibria where the effects
of flow result in a significant outward shift of the plasma when the flow
velocity is in the range of the sound speed. Other important alterations of
the equilibrium profiles are caused by the finite pressure anisotropy causing
an inward shift when pll > p l and an outward shift when p l > pll. Equilibria
in the presence of macroscopic poloidal rotation are examined in the next
chapter.
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4. TOKAMAK EQUILIBRIA WITH

POLOIDAL FLOW
4.1

Introduction

In the previous chapter, it has been shown that purely toroidal flow has
an important quantitative effect on the characteristics of tokamak equilibria,
since sufficiently high flows can greatly alter the equilibrium properties by the
effect of centrifugal force. In the present chapter it is shown that even more
dramatic changes in equilibrium properties are produced by sufficiently fast
poloidal flows. In particular, it is shown that poloidal rotations of the order of
the poloidal sound speed C,, = C,B,/B

can produce radial discontinuities

in the equilibrium profiles. Even faster flows, of the order of the poloidal
Alfvkn speed v ~ ,= v~B,/B,cause another surprising qualitative variation
in the equilibrium, by producing an inverted Shafranov shift, that is a radial
shift of the magnetic axis toward the axis of symmetry of the system. This
is opposite to what is observed in static plasmas.
It is well known that poloidal flows in tokamak are damped by neoclassical poloidal viscosity, due to the presence of trapped particles. The poloidal
viscosity depends on the variation of the magnetic field strength on a magnetic field line blBI/(B(. A new class of equilibria with high poloidal flow is
introduced, for which b ( B I / J B is
( s~r~aller
than in common tokamak equilibria.
These equilibria, called "quasi-omnigenous" have reduced poloidal viscosity.
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The present chapter is organized as follows. First, a description of the
numerical solution of the Bernoulli equation in the presence of poloidal rotation is given in section 4.2. Equilibria with poloidal flows of the order of the
poloidal sound speed are described in section 4.3. In section 4.4, equilibria
with flows of the order of the poloidal A1fvi.n speed are discussed. Finally,
quasi-omnigenous and omnigenous equilibria with low-poloidal viscosity and
high poloidal rotation are described in section 4.5.

4.2

Numerical solution of the Bernoulli
equation in the presence of poloidal ilow

As described earlier, if there is a poloidal component of the flow, then equation (2.16) needs to be solved numerically. In the general case, the Bernoulli
equation can have up to four roots, two of which are sub-Alfvknic and two
super-Alfvenic with respect to the poloidal Alfvitn speed VAp = B p m ,
where Bp is the poloidal component of the magnetic field. Poloidal flows are
considered only within the MHD framework and the Bernoulli equation is
Eq. (2.16) with W = W M H Dthe
; roots of the Bernoulli equation yield the
plasma density p. It is worth mentioning that it is also possible to interpret
equation (2.16) as an equation for

= u p m / B p , as is done in the code

FINESSE [35]. The case of sub-Alfvenic flow is considered first.
In order for the solution of the Bernoulli equation to be sub-Alfvenic, it
is only necessary that the inequality

be satisfied. If equation (4.1) is satisfied, the roots of the Bernoulli equat.ion
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can be bracketed according to the following inequality

Equation (4.2) can be easily derived from equation (2.16) and the definition
of W A f H DIn. the interval so defined, there can be either no sub-Alfvknic
roots, two roots, or a single double root. When two roots are found, the
"heavy" root corresponds to subsonic flow, while the "light" root corresponds
to supersonic flow with respect to the poloidal sound speed Csp= CsBp/B
where C, =

is the sound speed. Clearly, the two roots become

coincident if the considered point is on a transonic surface where the poloidal
velocity varies from subsonic to supersonic. Since transonic equilibria are
discontinuous[26],the Bernoulli solver will need to perform the following tasks
for each iteration:
I . Identify the grid point where the 2 solutions of (2.16) are closest,
and adjust the poloidal rotation velocity until they are closer than a
specified tolerance.
2. Make sure than (2.16) has solutions in all grid points, varying the
poloidal flow until the condition is satisfied.
After identifying the point where the Bernoulli equation is degenerate
(i.e. where the 2 solutions are coincident), the computational domain will
be separated in two regions. In the inner region, the flow is assumed to be
subsonic, so the "heavy" solution will be used. The outer region is assumed
to have supersonic flow, so the "light" solution will be chosen. A similar type
of equilibrium could be found with the opposite assumption (subsonic outer
region and supersonic inner region), but this looks less interesting from the
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physical point of view, as the sound speed vanishes at the plasma edge and
supersonic flow is more likely to develop near the plasma edge instead of the
plasma core. Some numerical difficulties in the code convergence may arise
when dealing with large poloidal flows in high beta plasmas. Indeed, when
the poloidal sonic Mach number Msp = vp/Csp is in the range

then the Grad-Shafranov-Bernoulli system becomes hyperbolic and the elliptic solver used in FLOW may not converge. Here

P,

= ,uoyp/B2 is

assumed

to be smaller than unity. Based on our past experience, we find that the numerical algorithm is convergent as long as the hyperbolic region is sufficiently
small requiring that p B i / B 2 << 1 a s indicated by (4.3). When the hyperbolic
region is small and the algorithm is convergent, we expect the code results
to be correct except inside the small hyperbolic region where the magnetic
field could develop weak discontinuities proportional to P. This conclusion is
based on a singular perturbation analysis of the equilibrium equation suggesting that the elliptic solution found with FLOW would provide the so-called
outer and zeroth order solution of the problem while the hyperbolic corrections would only appear in the higher P-order terms and be confined in the
small hyperbolic region. The solution of the Bernoulli equation for superAlfvbnic equilibria is less challenging, and its discussion is deferred t o section
4.4.

4.3

Equilibria with poloidal flow in the
range of the poloidal sound speed

Because of the presence of profile discontinuities and hyperbolic regions, equilibria with poloidal flows are particularly challenging from the numerical

4. Tokamak euuilibria with ~ o l o i d a flow
l

55

point of view. Since poloidal flows are typically damped in tokamaks by the
neoclassical poloidal viscosity, a steady flow needs t o be driven. Different
driving mechanisms have been proposed in recent years (see e.g Ref. [41][42]) and detailed calculations of the neoclassical viscosity have been carried
out in the different flow regimes (see Ref. [43]-[44]). It is worth mentioning
that neoclassical theories in the supersonic flow regimes have shown that the
viscosity decreases as a power law of the Mach number

UQ

N

MSi2 when the

poloidal velocity exceeds the poloidal sound speed (M,, > 1). This finding suggests that supersonic flows can be more easily driven than subsonic
ones. Equilibria with a poloidal velocity below the poloidal sound speed are
only weakly affected by the flow and therefore not particularly interesting
for an in depth analysis of their equilibrium characteristics. Far more interesting are the moderately fast flows with a poloidal velocity profile ranging
from subsonic t o supersonic with respect to the poloidal sound speed. It is
shown in Ref. [26] that such flows exhibit radial discontinuities in the pressure, velocity and density profiles a t the flux surface where the flow becomes
transonic. The relative jumps in the equilibrium quantities scale as
where

E

= rt/&

- fi

is the inverse aspect ratio of the transonic surface. The ori-

gin of the discontinuous behavior at the transonic surface can be explained
using the following simple gas dynamics considerations for a low-beta large
aspect ratio torus with a circular cross section and a poloidal flow directed
counter-clockwise in the (R, z ) plane.
In such a toroidal plasma, because of the frozen-in law, two adjacent flux
surfaces can be thought of as the walls of a rigid "duct", with the cross
section decreasing in the poloidal direction from the outer mid plane (8 = 0)
to the inner mid plane (8 = fT ) . In other words, the projection on the

( R , z ) plane of the streamlines coincides with the same projection of the
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Fig. 4.1: Schematic representation of the magnetic deLaval nozzle

flux surfaces. This situation is schematically represented in Figure 4.1. The
inboard side (labeled "throat") corresponds to the minimum cross section of
the duct, while the outboard side corresponds to the maximum cross section.
If the poloidal flow is subsonic a t 6'

=

0 (with respect to the poloidal sound

speed Csp = CsBp/B), then it will accelerate along the duct, reaching the
maximum velocity a t the inner mid-plane. If the flow is sonic at 6' = n , it will
be forced to become subsonic again after the throat, because of the periodicity
constraint, and due to the fact that shock-induced discontinuities along the
streamlines are not allowed at

Under the same token, if the

flow is supersonic at 0 = 0, then it will decelerate along the duct, possibly
becoming sonic at 0 = n , but then it will be forced to accelerate again as
the cross section increases. It follows that the flow can only be sonic on
the inboard side 0 = .rr and can only be either "well" subsonic or "well"
supersonic on the outboard side (0

=

0). An interval of forbidden Mach

number exists on the outboard side and a profile ranging from subsonic t o
supersonic will therefore develop a discontinuity on the outboard side as
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the flow must 'tjump" from well subsonic t o well supersonic on a single flux
surface.
The analysis in [26]shows that the solution of equation (2.16) for a low

p, large aspect ratio tokamak can be written as

where A = [ l

+ (1

-

M : ( 9 ) ) 2 ] ,and M, is the quasi-sonic toroidal Mach

number. This solution is valid up to first order in €'I2, where

E

is the inverse

aspect ratio at the transonic surface. In order to obtain sonic flow a t a
certain location, equation (4.4) must have two coincident solutions, i.e. the
quantity under the square root must vanish. Along a certain magnetic flux
surface (@ = const.), the argument of the square root is however minimum
for O =

T.

If the flow were sonic at any other angular location, equation

(4.4) would clearly have no solution in all the region inboard of that point.

This allows to conclude that the flow will be either sonic or supersonic at
any angular location, but can be sonic only for 8 = T .
The outcome of the previous discussion is that a smooth transition between subsonic and supersonic flow is only possible at 8 =

T , while

every-

where else this can only occur with a radial discontinuity. More precisely,
the discontinuity can be expressed analytically using Eq. (4.4) and leading
to the following relative jump for the density

where rt is the transonic radius. Similar jump conditions are derived in Ref.
[26]for the pressure, flow velocity and Mach number.

Equilibria showing the properties herein described can be computed with

FLOW for arbitrary aspect ratio and plasma shapes. An equilibrium of
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Fig. 4.2: Line plot of the poloidal sonic Mach number along the midplane
showing the transonic discontinuity on the outboard

this kind, with circular cross section, is shown in Figures 4.2 to 4.4. Such an
equilibrium is computed starting from the following form of the free functions,
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It is important to recognize that. the free function for M8(Q) is chosen with
a parabolic profile with an unspecified value M r Z at the transonic surface.
The location of the transonic surface is defined by the value of Qtl which can
be specified as a fraction of the maximum of Q occurring at the magnetic
axis. Here, we have chosen Qt

=

0.25QMAXto enforce that the transonic

surface be located near the plasma edge characterized by Qedge= 0. The
value of the parameter MTa" represents the maximum value of M8 that
guarantees the existence of real solutions for the Bernoulli equation. When
Q = Qtl Me

=

M,"""

and two distinct solutions exist except for a single

point on the transonic surface where the two solutions merge into one. Such
a point is typically on the inboard side a t 8 =

7r

unless the plasma beta

is sufficiently large to cause the "throat1' to shift from the inboard t o the
outboard side. The value of M r " is not known a priori, and must be
determined numerically by incrementally increasing MFaZuntil a single root
of the Bernoulli equation is found. Once Qt and M
y are known, the plasma
can be divided into an internal region with Q

> Qt and external one with Q <

Qt. In both regions, the Bernoulli equation exhibits two distinct solutions
corresponding to a subsonic and a supersonic root with respect to the poloidal
sound speed. We have chosen the subsonic root in the internal region and the
supersonic in the outer one. Obviously, the profile will exhibit a discontinuity
at the transonic surface except for the single point on Q = Qt where the two
solutions merge.
Figure 4.2 and 4.3 contain line-cuts along the mid-plane of the poloidal
Mach number (Msp = Vp/Csp) and of plasma beta for a tokamak equilibrium
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Fig. 4.3: Line plot of ,B along the midplane for a transonic equilibrium. The
outboard jump occurs at the transonic

with major radius & = 3 and minor radius a = 1. Observe that both
profiles are clearly discontinuous at the radius R

N

3.85 corresponding to the

outboard location of the sonic surface, i.e. the location where discontinuities
are expected t o be largest from the results of theory. As expected, the profiles
are continuous on the inboard side, where the solution moves smoothly from
the supersonic t o the subsonic branch at the sonic surface (around R

2.3).

Figure 4.4 shows a 3-dimensional plot of the density in [mP3]emphasizing the
modulation of the discontinuity along 6 . The profile is continuous at 6 = T
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and discontinuous elsewhere, with the size of the discontinuity increasing as
one moves farther away from 13 = T .

Fig. 4.4: 3D density plot for a transonic equilibrium showing the density
jump at the transonic surface

The results presented in this section have been obtained by setting the
quasi-toroidal Mach number M,(Q)

=

0, resulting in the minimization of

the toroidal flow. This will give, according to (4.5), the maximum size in
discontinuities. In order t o better resolve the discontinuities, we have also
set the grid resolution t o 512x512 points.
One objection commonly raised a.gainst the existence of tokamak equilibria with poloidal flow is the high damping rate affecting poloidal rotation.
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This issue will be discussed in more detail in sections 4.4 and 4.5. In the
present section, we will only point out that equilibria with transonic poloidal flow can be generated with relatively slow poloidal rotation. The reason
for this is that the only requirement for the formation of transonic equilibria is that the poloidal velocity be somewhere equal to the poloidal sound
speed. As the poloidal sound speed vanishes at the plasma edge, a relatively
small velocity can be sufficient to originate transonic equilibria. Moreover,
the required velocity will depend on the position of the transonic surface,
becoming smaller as the transonic surface gets closer to the plasma edge. In
order to show this, a parameter is introduced in the free function assigning
the poloidal flow, M 0 ( 9 ) , which is defined as follows:

Here t

E

qt/9, is a free parameter used to control the position of the tran-

sonic surface, with Qt corresponding to the value of the poloidal magnetic
flux q where the transonic surface is positioned, while 9, is the magnetic

flux at the magnetic axis. A small t will therefore force the transonic surface
to be close to the edge, while the opposite will be true for a large t . Equation
(4.10) assures that Me(*), as well as its first derivative, will be continuous
for 0 < 9 < 9,. The definition of t obviously requires 0 < t < 1.
Quasi-density D ( 9 ) and quasi-pressure P ( 9 ) are assigned again as power
laws, while the quasi-toroidal magnetic field B o ( 9 ) is defined in terms of
P ( 9 ) , as indicated below, and finally the quasi-toroidal sonic Mach number
M, is set equal to 0:
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Fig. 4.5: Density profile in ET-like transonic equilibria for varying t

where a, = 0.5 and

ap =

1.5 have been chosen in order t o obtain a fairly

flat density profile and a fairly peaked pressure profile. DC, PC obviously
correspond to the values of the free functions at the magnetic axis, while

D~ << DC and P E << PC correspond to the edge values of the free functions.
Numerical results relative to transonic equilibria obtained with the code
FLOW for 3 different values o f t (t

= 0.1, t = 0.2

and t = 0.3) are presented

in Figs. 4.5 to 4.8. The plasma geometry has been defined to reproduce data
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&, = 5, a = 1 and K. = 2. The

chosen input free functions correspond t o a low P equilibrium, with toroidal

P (Pt

(p)/B$) -- 0.6%. These equilibria have been obtained by assigning

all input free functions, and then adjusting the pressure peak pC in equation
(4.12) in order to keep constant the total plasma internal energy JpdV, and
adjusting DC in order to keep constant the total plasma mass. The spatial
resolution used t o obtain this set of equilibria is 256x256 points. Figure 4.5
contains line cuts of density profiles for the three equilibria. Each profile
presents a radial discontinuity in the outboard side of the plasma region,
the size and location of which depend on the value of t. More precisely, the
discontinuity is closer to the edge for smaller t, as expected. It can also be
noted that the height of the jump is smaller when the discontinuity is closer
to the edge, larger when it is farther from the edge. This is naturally due
to the fact that the free function D(@) is smaller near the edge, because the
transonic jump actually determines a discontinuity in p/D, as explained in
detail in [26].
It seems worthwhile to examine is some detail the poloidal velocity profiles corresponding to the equilibria under discussion. Line cuts along the
midplane of the poloidal velocity profiles are shown in Fig. 4.6. It is immediately apparent that poloidal velocities become larger if t is increased with
all other relevant conditions kept unchanged. It is also easy t o recognize the
"jumps" in the poloidal velocity occurring at the same radial locations as
the discontinuities in the density profiles shown in Fig. 4.5, i.e. again at the
transonic surface.
This is made even more obvious by looking at a close-up of the outer
region of the plasma, presented in Fig. 4.7. In the figure, it is easy to recognize
the maximum value of the poloidal velocity in each of the three equilibria

4. Tokarnak equilibria with poloidal flow

65

Fig. 4.6: Poloidal velocity profile in ET-like transonic equilibria for varying
t

presented in this section. In particular, the equilibrium corresponding to

t

=

0.1 (i.e. the equilibrium with the transonic surface closest to the edge)

shows a maximum poloidal velocity of

-

9 kmls, the one corresponding to

t = 0.3 (i.e. the one with the transonic surface farthest from the edge among
the three considered) has a maximum poloidal velocity of -. 17 k m l s , and the
equilibrium with t = 0.2 an intermediate maximum velocity of -. 14 kmls.
Another interesting point that can be recognized from Figs. 4.6 and 4.7 is
that the poloidal velocity in equilibria with the transonic surface closer to the
edge not only has a smaller maximum, but it also appears to be smaller over
the largest portion of the plasma. This suggests that the total kinetic energy
of the plasma required to create a transonic equilibrium will be smaller if
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Fig. 4.7: Poloidal velocity profile in ET-like transonic equilibria for varying
t , transonic surface zoom

the transonic surface is closer to the plasma edge. This intuition can be
easily checked by computing kinetic and internal energy of the plasma from
the output of the code FLOW for each equilibrium. In doing so, it must
be remembered that any equilibrium with poloidal flow will also include
toroidal flow, as detailed in Eq. (2.13), even though the toroidal flow has
been minimized by setting M,(9) = 0. A comparison can therefore be done
between the total kinetic energy 112 Jv p(v$

+ v;)dV

and the internal energy

of the plasma 312 JvpdV, where V is the plasma volume. The result of this
computation is shown in Figure 4.8, where kinetic and internal energies are
plotted in logarithmic scale versus t (upper half of the figure). The ratio
between kinetic and internal energies is also shown in the bottom half of the
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Energies

Fig. 4.8: Kinetic and internal energies in transonic equilibria

picture, from which it is easy to recognize that a larger ratio between the two
is required in order to obtain a transonic equilibrium with transonic surface
farther from the edge. In particular, it is interesting to notice that for the
case t = 0.1 only abou 1 % of the total energy of the plasma needs to be
stored in kinetic form in order to obtain a transonic equilibrium.
As a final comment on this paragraph, it is worthwhile to spend a few
words on the numerical properties of the GS equation in this class of equilibria. As widely discussed in the literature, if the MHD approximation is used
there is a narrow hyperbolic region for the GS equation close to the sonic
surface, as described e.g. in Ref [38]. More precisely, assuming

P << 1 and

B,/B << 1, it can be shown that the GS equation is hyperbolic in the range
expressed by equation (4.3). Direct substitution of realistic values, such as
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those used for the equilibrium presented in Figs. 4.2-4.4, in Eq. (4.3) shows
that the width of the hyperbolic region in term of M,p is less than .l%and
localized near the Mp

-. 1 value.

This implies that even though an elliptic

solver is not appropriate to solve the GS equation in the hyperbolic region,
the region of non-validity is so small that it does not affect the algorithm convergence and the final result is virtually independent of the hyperbolic region.
Furthermore, the poloidal Mach number profile is discontinuous around the
value Msp = 1 in most of the domain, with the exception of the zone on the
sonic surface around 0 =

T.

This implies that the hyperbolic region is re-

moved from most of the computational domain and confined in a very narrow
portion near 0 = .rr, M,,

-. 1.

As shown in Figure 4.2 however, the poloidal

Mach number profile is rather steep in its continuous section even if the transonic surface is well inside the plasma, and that will make the width of the
hyperbolic region extremely narrow in the physical space. This argument is
also strengthened by the fact that for that same equilibrium the plasma /3 is
very small around the sonic surface, as shown in Figure 4.3. To confirm the
validity of this conclusion, a numerical study has been performed in order to
identify the presence of a hyperbolic region in the equilibrium represented
in Figures 4.2-4.4. The result of such study is that even with the maximum
resolution commonly used in the code for equilibrium calculations (512x512
grid points), no hyperbolic region could be found.

4.4

Equilibria with poloidal velocity
exceeding the poloidal Alfv6n velocity

In chapter 2, a general formulation of the equations governing tokamak equilibria in the presence of macroscopic flow has been presented, and the code
FLOW [27] has been introduced, which allows for accurate equilibrium calcu-
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lations in the presence of arbitrary flow. The most intriguing result obtained
with the code FLOW and discussed in the previous section was that radial
discontinuities form in a tokamak plasma when the poloidal flow ranges from
values above to values below a characteristic velocity of the system, namely
the poloidal sound speed.
In ideal MHD, the magnetic field introduces another characteristic velocity, the Alfvkn velocity. Since the magnetic field has two components in an
axisymmetric plasma, two Alfvkn velocities can be identified: the toroidal
and the poloidal Alhkn velocities. The poloidal Alhkn speed is defined as

VipE B;/poP(where Bp is as usual the poloidal component of the magnetic
field). After examining the results of the previous chapter, the natural question should therefore arise, of which modifications occur in the equilibrium (if
any) if the poloidal velocity becomes of the order of, or larger than, the poloidal Alfvkn velocity. Before answering that question, it should be observed
that the point in velocity space up = VApis a "special" point (even if not an
actual singular point) for the Grad-Shafranov equation (2.19), which would
require some particular care in the numerical solution of the equation. In the
present work, it is found more convenient to exclude the point up = VApfrom
the calculation, and only consider equilibria, for which the poloidal velocity
exceeds everywhere the poloidal Alfvkn speed. The study of equilibria with
the poloidal velocity ranging from sub-Alfvknic t o super-Alfvknic values is
deferred to future times. The study of equilibria with up > VApin all plasma
is the object of the present and next section.
First, a simple analytic model will be derived to describe the main features
of this class of equilibria. Then, numerical results are also obtained using a
modified version of the code FLOW [27] described in chapter 2. Both theory
and numerical solution agree in showing two rather surprising characteristics.
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First, the Shafranov shift is inverted with respect to the static equilibrium
case, i.e. the magnetic axis is positioned inward instead of outward of the
geometric axis. Second, it is well known that in the static case the presence
of an equilibrium vertical field will produce an X-point, i.e. a point where
the poloidal field vanishes, in the inboard side of the vacuum chamber. For
super-Alfvknic equilibria the X-point is however positioned in the outboard
side of the vacuum chamber.
When considering this class of equilibria, it should be remembered that
poloidal bulk rotation is heavily damped in tokamak plasmas. It has however been pointed out in the literature [43] that the damping rate, roughly
proportional to the ion-ion collision rate uii, is reduced for faster rotations.
In other words, the existence of this class of equilibria is justified by the low
damping rate of the poloidal rotation for very high flows. A more detailed
discussion of the issue is postponed to section 4.5.
As for experimental results, an example of equilibria related, even if not
coincident, to those described in here can be found in the electric tokamak
(ET) [32]. In ET supersonic poloidal rotation is created in order to suppress
ion temperature gradient (ITG) driven drift-wave trapped-ion modes [45]. As
the poloidal viscosity is low for fast flows, it is not impossible that even faster
flows, of the order of the ones described in here, could be reached in ET. It
is also appropriate t o observe that the poloidal Alfvkn speed will be larger
than the poloidal sound speed, since the poloidal Alfvknic Mach number and
the sonic poloidal Mach number are obviously related by M i p = M&/3y/2,
where /3 is the usual

/3 defined as /3 = 2pop/B2 and y is the ratio of specific

heats.
The present section is divided as follows. In section 4.4.1 an approximate analytic model describing equilibria with arbitrary field aligned flow is
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presented. In section 4.4.2, numerical results relative to the same problem
and obtained with the code FLOW are presented. In section 4.4.3 a physical
justification of the results is discussed in some length.

4.4.1

The analytic model

A simple analytic model can be derived for flowing plasmas, using an expansion in the inverse aspect ratio

E.

The plasma is described using the ideal

isotropic magnetohydrodynamics (MHD) model. The main concepts of the
expansion used in here are contained in a model derived in Refs. [46] and
1471, which will be modified to include the effect of poloidal flow. The basic
assumptions are those of large aspect ratio (E << I), high ,b (P -- E) and constant poloidal Alfvenic Mach number, in addition to the usual assumption of
axisymmetry. The plasma is also assumed to have circular cross section of
minor radius a. The previous assumptions allow to write the Grad-Shafranov
(GS) equation in the following form:

where P(Q) and F ( 9 ) are free functions of the poloidal magnetic flux Q.
The free functions are assigned following Ref. [46] as:

where the subscripts indicate the ordering in

E,

e.g. Bp2/Bo

-

e2, qOis

the lowest order solution of the GS equation, & is the major radius of the
plasma and Bo is the vacuum toroidal magnetic field. With the definition of
equation (4.15), the free function F ( 9 ) has been expressed through the new
free function BVz(Q).It will be more convenient to assign Bp2(9) instead of
F(Q). In the following the usual set of cylindrical coordinates (r,8 , z ) will be
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used, with z corresponding t o the toroidal (ignorable) coordinate t o lowest
order in

E.

To first order in E, the GS equation can then be written as:

where the prime denotes a derivation with respect t o @o. An exact solution
of equation (4.16) can be found if the free functions of @o are assigned t o be
linear, as:
R;BOB;~(@O) = - A

,

2po&P:(1Jro) = -C

(4.17)

where A and C are so far unspecified constants. In order t o solve equation
(4.16), a boundary condition a t the plasma edge is also needed. T h e appropriate condition is a constant value for Qo, which is convenient to set t o 0.
T h e solution in the vacuum can be determined using the matching condition
with the plasma solution a t the plasma edge r

=

a. Dropping the subscript

0 for convenience, the solution of (4.16) in the plasma and in the vacuum
can be written respectively as:

where

with I being the electric current flowing in the plasma, and

pt the toroidal

p . T h e previous set of dimensionless physical parameters can be interpreted
as follows. q, represents an integrated safety factor, v is basically a measure
of t h e plasma p , p a measure of the flow and p simply a normalized minor
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radius. The constants A and C can now be related to physical quantities
through straightforward algebra, yielding:

It must be noted at this point that the solutions in equations (4.18) and
(4.19) are valid for both sub-Alfvhnic and super- Alfvknic poloidal flow, i.e.
for both p > 0 and p < 0. The condition MAP = 1 ( p = 0) represents
however a singular point of equation (4.16), where (4.18) and (4.19) do not
hold. The solutions in equations (4.18), (4.19) contain all the information
required t,o describe the equilibrium. In particular the poloidal componeqt
of the magnetic field can be expressed to lowest order in

E

as:

The Shafranov shift and the position of the X-point can then be determined
as zeros of Bp in the plasma and in the vacuum region. More precisely, the position of the separatrix is defined by the equations B,(p,, 8,) = B,(p,, 8,)

= 0.

The symmetry of the problem immediately implies that the radial component
of the magnetic field will vanish on the midplane. This can also be checked
observing that B,

8 = 0,

-rr.

N

dQ/a6'

N

sin(8), and that B, will therefore vanish for

In conclusion, to lowest order in

E,

the position of the separatrix

will be determined by the equation for the radial coordinate p only:

In any case, there will be at most one acceptable solution, with Bp = 0 for
p

> 1 and either 8 = 0 or 8 = n.
In a similar way, the Shafranov shift is determined by the position of the

maximum of Q inside the plasma. This can be found solving the equation
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V@ = 0. T h e 8 derivative can only vanish on the midplane, and this leaves
again a single equation for the radial component of the gradient, which is
proportional to the poloidal component of the magnetic field. The Shafranov
shift can therefore be determined by solving

Again, for any value of v and p a t most one of the angles 6' = 0 or 8 = .rr will
give an acceptable solution, with 0 5 p 5 1 .
Indicating with A the size of the Shafranov shift, with pa then being the
position of the magnetic axis, and p, the position of the separatrix, equations
(4.23) and (4.24) can be easily solved to give:

As well known from classic MHD theory, the equilibrium limit is reached
when the separatrix is on the edge of the plasma, i.e. when p, = 1 . If the
plasma is static, the model presented in here gives equilibrium limits in term
of limiting values of v for which the separatrix is outside the plasma. Since

v is proportional to Pt, this is usually interpreted in terms of equilibrium

P

limits. T h e same will still apply to the case with flow, if t h e poloidal Alfvhnic
Mach number is kept constant while v is allowed t o vary.
The equilibrium limits can however also be reached in a different way. Fig.
4.9 shows the variation of the position of the separatrix p, as a function of
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Fig. 4.9: Separatrix position
h/IAp,with constant (arbitrary) v . The picture shows as, starting from a static
equilibrium with a separatrix in the vacuum region on the inboard side of the
plasma, an increasing flow causes the separatrix to move closer to the plasma,
until a value of MAPis reached for which the X-point reaches the plasma edge.
As the flow velocity keeps increasing, eventually becoming super-Alfvknic,
there is no equilibrium until the velocity becomes large enough. At that
point, an equilibrium can again be found, but now the separatrix will be on
the opposite side of the plasma, i.e. in the vacuum region on the outboard
side. As the flow keeps increasing, the separatrix then moves farther and
farther away from the plasma.
Considering the previous description, it is now clear that the equilibrium
limits present in this case should be interpreted in terms of "equilibrium flow
limits" .
Fig. 4.10 represents the Shafranov shift for the same arbitrary value of
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Fig. 4.10: Shafranov shift
v. It can be observed that the shift increases with increasing flow if MAP is
smaller than 1, while it decreases with increasing MAP for MAP larger than
1, approaching 0 for very fast flows.

Since for very fast flow the separatrix moves away from the plasma and
the Shafranov shift vanishes, it could now look like the equilibrium flow
limits only consist in a "window", inside which the GS equation has no
solution, without any upper equilibrium limit on the flow. This is however
not the case, because a limit of a different kind must be imposed on the
flow. As shown in Ref. [38], the GS equation becomes hyperbolic when the
poloidal velocity becomes larger than the magneto-fast velocity. This allows
t o conclude that in the general case there will be 2 intervals where a solution
of the GS equation can be found, namely:

4. Tokamak eauilibria with ~oloidalflow

where MAO1,2will depend on v. More precisely, it will be MABl =
and MAB2=

d m , as can

Observe that if v

--t
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Jz,

be easily derived from Eqs. (4.27) and (4.28).

1-, a solution in the subsonic range will only be found

for MAP --t O+, recovering the static result of [46], i.e. an equilibrium limit
of v = 1. Additional conditions that must be satisfied for an equilibrium to
exist will be discussed in the next section.

4.4.2

Numerical results

A numerical solution of the Grad Shafranov equation with super-Alfvknic
flow can be obtained using a modified version of the code FLOW, described
in detail in chapter 2. As for the standard FLOW code; the analysis in the
presence of poloidal flow will be restricted to isotropic MHD equilibria.
Some modifications are required in order to apply FLOW to equilibria
with super-Alfvknic poloidal flow. The first obviously necessary modification of the code is in the Bernoulli equat,ion. The usual numerical solution
implemented in FLOW assumes sub-Alfvknic flow, and therefore looks for a
solution of the Bernoulli equation in the regime MAP < 1. In order to obtain
a solution in the super-Alfvknic regime, the root of the Bernoulli equation
must be bracketed by the appropriate boundaries. By inspection, it is clear
that a super-Alfvknic root will satisfy the inequality:

Equation (4.30) is accurate enough for the Bernoulli solver to promptly converge to the desired solution.
As described in the previous paragraph, the solution of t.he analytic model
shows unusual features in both the plasma and the vacuum regions. In order
t,o reproduce those features, it is necessary to add a vacuum region to the
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computational domain. In the vacuum the modified GS equation simply
reduces to:
A*B = 0
As for the plasma region, the modified GS equation (2.19a) and reproduced
in here for convenience needs to be solved:

where hfZp= cP2(B)/p, and more details about the free functions are given in
table 2.1. As we are interested in the effects of poloidal flow, purely toroidal
rotation is not essential to the discussion. This does not however allow to
set R(B) = 0, as a more appropriate choice can be made in order t o satisfy
the ellipticity condition for the GS equation. In particular, the ellipticity
condition requires the total velocity to be smaller than the magneto-fast
speed. In order to relax the constraint on the poloidal velocity, therefore
allowing for a larger range of poloidal Mach numbers to be studied, R(B) is
used to minimize the toroidal component of the velocity, by setting:

This is equivalent to setting A/l, = 0 in FLOW input.
The next requirement in order to be able to solve for the equilibrium is
t o assign t h e proper boundary conditions for equations (4.31), (4.32). As
for the plasma region, the required bc is simply the continuity of B across
the plasma-vacuum int,erface. For the vacuum region, a condition is assigned
on a prescribed surface. The external boundary can be interpreted as a
superconducting wall, with the value of B on the wall determined in order
to reproduce the externally applied vertical field.

4. Tokamak equilibria with poloidal flow

-

79

The last step is to prescribe the position of the plasma-vacuum interface.
This is accomplished by assigning

where \IrE is the value of \Ir at the plasma edge, Q M A Xthe value of 9 at the
magnetic axis, assumed positive, and cu an arbit,rary positive constant < 1.
With the condition of Eq. (4.34), the position of the interface will depend
on the solution, i.e. the code will be free-boundary for the solution in the
plasma region.
An additional element must be taken into account in the numerical solution. As expressed by Eq. (4.29) for the analytic model, an equilibrium
will only exist in a range of MAP values, due to the equilibrium limits, arid
to the presence of a hyperbolic region for the GS equation for MAP > M f .
Although this remains true for the numerical solution, additional constraints
are present, as described in detail in chapter 2 and section 4.2. In particular,
numerical solution in the sub-Alfvknic range will also fail in the first hyperbolic region of the GS equation. Since this region is small, it does not pose a
serious problem for the numerical solver. A more stringent constraint will be
given by the solvability condition for the Bernoulli equation, also described
in chapter 2 and section 4.2. Clearly enough, the constraints in the case
of super-Alfvknic flow will be different from those of detailed in chapter 2 ,
relative to sub-Alfvknic flow.
After obtaining a numerical solution of the GS-Bernoulli system of equittions in the presence of super-Alfvhic poloidal flow, some care must be taken
in comparing the numerical results t o the predictions of theory. The analytic
model is overly simplified, and only valid for large aspect ratio, although we
expect it, to correctly predict at least the qualitative features of super-Alfvenic
equilibria. The interpretation of the numerical results obtained with the code
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FLOW will therefore be divided in two parts. First, the qualitative results
of the analytic theory will be checked for systems with arbitrary plasma parameters. Second, a more quant,itative comparison will be investigated for
system with appropriate plasma parameters.
The first comparison easily proves t o be satisfactory, as the numerical
solution does indeed show the same distinctive qualitat,ive features obtained
with the simplified model. In order t o show this, we assign the free functions
of @ such that a roughly constant

MA^

will result in the equilibrium. The

free function F ( Q ) , related t o the toroidal component of the magnetic field
is also assigned as a function of the flow and the pressure in a fashion similar
to equation (4.15).
The resulting equilibrium for the set of parameters listed in Table 4.1 is
shown in Figure 4.11. The figure represents plasma density (gray scale) and
the surfaces Q = c m s t . . The inward Shafranov shift as well as the outboard
position of the separatrix are clearly visible in the plot.
Variable Approximate value
MA^
3
v
1.3
4:

2

T a b l e 4.1: FLOW equilibrium data
A more detailed, even though still qualitative, comparison between analytic and numerical results can be performed by comput.ing numerical equilibria with different levels of flow. Before doing this, we observe that according
to the analytic result the position of the separatrix will depend strongly on
the flow, and that the boundary condition for the analytic solution is given by
an external vertical field extending t o infinity. In order t o make an appropri-
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Fig. 4.11: FLOW super-Alfvknic equilibrium
ate comparison, we would need t o include a large vacuum region around the
plasma. This would in turn require a large computational domain, of which
the plasma would occupy just a small fraction. Accurate results would therefore neeti an extremely fine mesh. Although this could in principle be done,
t h e computational cost would be prohibitive. We therefore prefer to try a
different kind of numerical test. Namely, we will study the equilibrium problem restricted to the plasma region only (i.e. setting cr = 0 in Eq. (4.34)),
and focus our attention on the effect of the flow on the Shafranov shift.
We start by considering a static plasma, and then introduce a small fieldaligned Row, and increase it until the solvability limit for the Bernoulli equation is reached. Naturally, as we try to express the dependence of the Shafra-
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nov shift as a contiriuous function of the flow, we will choose the subsonic
branch of the equilibrium in our calculations. For this calculation a circular plasma with minor radius a = 1 and aspect ratio of 3 has been used.
The free functions of \I, needed to define the equilibrium have been chosen
in such a way to obtain an almost constant poloidal sonic Mach number

(M,,-- c m s t . ) , except

for the magnetic axis, where the flow goes to 0. This

last condition is required for numerical reasons, but as the effect of the flow on
the equilibrium is a macroscopic effect, it does not influence our conclusions.
Moreover, the choice has been made to keep the sonic instead of the Alfvknic
Mach number constant, because the condition of solvability on the Bernoulli
equation depends on the sonic Mach number. All other free functions are
kept constant with varying flow. The resulting equilibria are represented in
figure 4.12. The plot shows a line cut of the normalized magnetic flux \I, next
to the magnetic axis for different levels of flow. Two points can be observed
from the figure:
1. The Shafranov shift for this set of equilibria is small and directed

outward

2. The Shafranov shift slightly increases with increasing flow.
These results clearly agree, at least qualitatively, with the prediction of the
analytic model.
Naturally, it is more interesting to perform the same kind of test for
equilibria with super-Alfvknic flow. The result of such a test is shown next.
This time a plasma with minor radius a

=

1 and aspect ratio of 5 has been

used. Since the constraint on the equilibrium solvability for this kind of
equilibria is given by the Alfvknic Mach number, the free functions have
been assigned in order to obtain a roughly constant poloidal Alfvknic Mach
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Fig. 4.12: Magnetic axis shift for varying flow in sub-Alfvenic equilibria
number. The computed equilibria are represented in figure 4.13. Again,
a line cut of the normalized magnetic flux

next to the magnetic axis for

different levels of flow is shown. A few points can be made out of the picture:
1. The Shafranov shift for this set of equilibria is large and directed
inward
2. The Shafranov shift decreases with increasing flow

3. The dependence of the shift on the flow is stronger for slower flows
(i.e., there is a large variation of the shift going from MAP Y 1.7 to

Ah, E 2,

and a smaller variation going from MAP N 2 to

MA^ Y 5)

These results are once more in qualitative agreement with the prediction of
the analytic model.
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Fig. 4.13: Magnetic axis shift for varying flow in super-Alfvknic equilibria
This qualitative assessment can be improved through a more quantitative
comparison between theory and numerical results. This can be carried out
through a careful evaluation of the simplified analytic theory presented in
the present chapter, and of the general large aspect ratio theory of equilibria
It is important to recognize the following points:
with macroscopic fl0w1~~1.
1. The analytic model assumes a constant MAP,and therefore a quantitative comparison should be performed using a MAPas close as possible
to a constant.
2. In the complete model, MAP will depend on Q(9)and the density
p. The free function of 9 can be assigned to be a constant, however

the density will be given by the numerical solution of the Bernoulli
equation [27].
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3. If MAPis large, then M,, will also be large, and the density will be
given approximately by

4. A roughly constant density will therefore be obtained by assigning a
constant D ( Q ) and using a large aspect ratio. Note however that the
aspect ratio cannot be too large, as the effects described in the present
chapter are purely toroidal effects.
Following these considerations, a series of equilibria has been computed
in a plasma with circular cross section and aspect ratio equal t o 20.

Pt

has been chosen approximately equal to the inverse aspect ratio, and the
(input) poloidal Alfvknic Mach number has been varied from 2 to 5. Focusing
again

011 the

Shafranov shift, the results of theory have been compared with

the results of the code. As neither p nor v are exact input parameters
for the code, both have been computed from the numerical results of each
equilibrium, and substituted back into the analytic formula for the Shafranov
shift, Eq. (4.26). The resulting shifts are plotted in Figure 4.14. The curve
labeled "Theory" has been obtained using the input Alfvknic poloidal Mach
number, the one labeled "Theory (corrected M A ) " with the average Alfvknic
poloidal Mach number obtained from the code, also showing that the two are
very close. Although the numerical shifts are larger than the analytical ones,
there is good agreement between the two curves.

4.4.3

Physical interpretation of the results

The effect of slow poloidal rotation on MHD equilibria, particularly on the
Shafranov shift, has been known for quite some time (see e.g. 1481). A physical
justification of this effect can be easily given observing that a slow plasma
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Fig. 4.14: Comparison between analytical and numerical Shafranov shift
rotation produces a centrifugal force, which effectively acts as an additional
pressure. The result of an increase in plasma pressure on the Shafranov shift
is obviously an increase in the shift.
Certainly more interesting are the results regarding equilibria with fast
rotation so far described. Those results are quite surprising, and require
a physical explanation. Luckily enough, such an explanation, at least a
qualitative one, can be found, and is outlined in the following. The first step
is t o give an intuitive justification of the existence of equilibria with inverted
Shafranov shift.
As just mentioned, plasma rotation produces a centrifugal force, which is
always directed away from the magnetic axis. This means it will point inward
in the inboard section of the plasma, outward in the outboard section. As the
centrifugal force is proportional to the square of the velocity, it will naturally
increase as the rotation increases.
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If the Shafranov shift is directed outward, the cross section of the ideal
"duct" created by the magnetic surfaces will be smaller on the outboard
section of the plasma than in the inboard one. Mass flow conservation will
then require a larger flow velocity in the outboard section of the plasma, and
this will create a net outward force.
If the Shafranov shift is directed inward however, the net resulting force
due to rotation will point inward, therefore helping in balancing the other
outward forces normally present in a toroidal plasma (i.e. "hoop force", "tire
tube force", as described in section 1.4.1). This physical picture leads us t o
conclude that equilibria with inward Shafranov shift should be present for
poloidal rotation for which no equilibrium with outward shift can be found.
T h e last step we would like to complete is to find a reason why the size
Shafranov shift should decrease for increasing flows in the super-Alfvknic
regime. Indeed, it could seem that as the flow acts as a pressure term, increasing flow would produce an increasing inward shift, in a way symmetrical
to what happens for slow flows. Moreover, it could seem that t.he increasing
inward force would also require an increasing vertical field to balance the
inward shift, which would then move the separatrix closer to the plasma. A
careful investigation of Eqs. (4.18), (4.19), (4.26) and (4.28) shows however
that this physical intuition is not correct. The first point to consider is that
in the presence of flow, the ratio u / p plays the role that would pertain t o
the pressure in the static case, as described in Refs. [46] and [47]. In other
words, we can observe that the pressure term of the static case is replaced by
the ratio between thermodynamic pressure and "centrifugal pressure". This
modified "pressure" term has moreover the opposite sign with respect to t,he
static case in the super-Alfvknic regime. T h e effect of what just said can be
outlined as follows.
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1. If the plasma is in the super-Alfvknic regime the pressure term will
have an opposite effect with respect to the static case. This is because
the centrifugal force produced by the rotation exceeds the actual pressure.
2. If the plasma rotation is increased while keeping the pressure constant, the ratio of the two will decrease, therefore giving a smaller
contribution t o the equilibrium from the modified pressure term.
This last point is precisely the missing ingredient that was required to complete the picture. Given an equilibrium with inverted Shafranov shift, two
forces are competing in defining the shape of the equilibrium: the pressure,
which will try to increase the size of the shift, and the flow, which will try
to reduce the shift. This is also the reason why a static equilibrium with inverted Shafranov shift cannot exist, and why an equilibrium with vanishing
pressure and fast flow would reduce to the cylindrical limit, with vanishing
shift.
The same reasoning points out why the separatrix should move away from
the plasma for increasing flows. If the pressure is dominating the equilibrium
(for - u / p close t o unity) the plasma will experience a large net inward force,
requiring a large vertical field to compensate. This will produce a separatrix
close to the plasma. If the flow becomes dominant however, the pressure will
not be able t o produce a large shift, and this will reduce the net inward force
on the plasma, therefore requiring a smaller vertical field, which in turn will
produce a separatrix farther away from the plasma.
As a final comment to this section, it is worth remembering that equilib
ria with poloidal flow are damped in tokamaks, but since the damping rate
decreases with increasing velocity, equilibria with fast poloidal rotation are
much more likely to exist on time scales of interest than equilibria with slow
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rotation, if a sufficiently high velocity can be generated in the plasma. It
would however seem preferable to identify a method to reduce, if not completely eliminate, poloidal viscosity in equilibria with high poloidal rotation.
In the next section, it is shown that this can be done with an appropriate
choice of the free functions of Q.

4.5

Quasi-omnigenous and omnigenous
equilibria with fast poloidal flow

In the previous section, a new class of equilibria has been introduced, which
requires a poloidal velocity larger than the poloidal Alfvkn speed in all
plasma. Such high velocities are for the time being likely out of the reach
of experiments. It is nevertheless interesting to verify what would be the
requirements for making those equilibria accessible to experiments, once the
necessary velocities could be obtained.
As already observed in section 4.4, the main objection that can be raised
about this class of equilibria is the high poloidal viscosity induced by trapped
particles of tokamak plasmas, which could seemingly prevent the achievement
of fast poloidal flows. It has already been mentioned in section 4.4 that
poloidal damping has been showed t o decrease as the inverse of the square
velocity for fast rotations. The poloidal viscosity will however be always
present, as long as there is magnetic pumping driving it in the plasma. The
physical mechanism of magnetic pumping is well known [49], depending on
the presence of trapped particles and collisions. As a trapped particle moves
along a magnetic field line in the direction of increasing IBI, it will decrease its
parallel velocity because of the adiabatic invariance of the magnetic moment
p = ui/2B2, and it will eventually turn around and start moving in the

opposite direction with respect to the rest of the plasma. Collisions between
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particles moving in opposite directions along the field lines will produce a
net loss of momentum, and a corresponding heating of the plasma. It is clear
that the drive for the pumping is the variation of the magnetic field strength
along the magnetic surfaces, or, in other words, the fact that the magnetic
field strength is not a function of

a

only. There exists however a class of

equilibria, called " o m n i g e n ~ u s ~in~ ,which the surfaces of constant (BI are
exactly aligned with the surfaces of constant poloidal magnetic flux 9, i.e.

IB ( = 1 B I ( a ). In a pioneering work by Palumbo [50], it was shown that high
,B equilibria can reach such condition for static plasma. An extension of the
solution of Palumbo was later given by Bishop and Taylor [51],which showed
that isodynamic magnetic surface configurations also have the property to
correspond to more than one plasma equilibrium. In later works, see e.g.
[52], it was more strongly emphasized that omnigenous equilibria in closed
systems require lBI to vanish on the magnetic axis in order t o exist. Different
is the situation in open field configurations, such as magnetic mirrors, which
are however not relevant to the present discussion.
The possibility of obtaining omnigenous equilibria in the presence of
macroscopic flow has been investigated in the past by Tasso and Throumoulopoulos [53], which ruled out the possibility of omnigenous equilibria
for non field-aligned flow in incompressible plasmas with an analytical work.
It is important to stress that omnigenous equilibria are not relevant to
tokamak experiments, because of the properties of their magnetic field configuration. As briefly discussed in section 1.5.1, a finite toroidal component of
the magnetic field is in general required in tokamaks to stabilize kink modes.
In omnigenous equilibria the toroidal field vanishes on axis, making these
equilibria inherently unstable to kink perturbations. It is moreover known
that the safety factor q defined in equation (1.29) has t o be larger than unity
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in all plasma to avoid unstable perturbations (sawteeth). In omnigenous
equilibria both components (toroidal and poloidal) of the magnetic field vanish on axis, but in such a way that the safety factor also vanishes on axis [51].
For that reason, omnigenous equilibria are unstable to internal kink modes.

A couple of points look a t this stage worth mentioning:
1. No numerical solutiorl has been attempted to support the existence (or
non-existence) of omnigenous equilibria in the presence of macroscopic
plasma flow. Even in the static case, numerical results supporting the
theory of high @ omnigenous equilibria is scarce (see e.g. [54]).
2. Even if omnigenous equilibria with flow could not be generated, the
existence of "quasi-omnigenous" equilibria (in which the relative variation 6 ( B ( / ( Balong
(
a magnetic surface is small, say of the order
of a few %) would still greatly reduce the poloidal viscosity due to
magnetic pumping, which scales as
The investigation of onlnigenous and quasi-omnigenous equilibria in the
presence of high poloidal rotation is the object of the present section. In
particular, in section 4.5.1 a new class of equilibria is introduced, characterized by a weak variation of the magnetic field strength along the field lines.
In section 4.5.2 the solution of [53] is revisited, and numerical results are
included to support the theory.

4.5.1

Quasi-omnigenous equilibria with fast poloidal
flow

In order to derive a quasi-omnigenous condition for tokamak equilibria in the
presence of super-Alfvknic poloidal rotation, a careful consideration of the
equilibrium problem is required. It seems therefore worthwhile to investigate
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the existence of quasi-omnigenous equilibria, in which I BI is a function of

*

up to some small correction, to be quantified in the following. The elements
that will be retained in the following analysis are essentially the Bernoulli
equation (2.16) and the GS equation (2.19), with the addition of the equation
for B, (2.15). No additional equation is introduced at this point to impose
omnigeneity, which will follow from the equation ordering. The inverse aspect
ratio c is chosen as the small expansion parameter. The magnetic field scaling
is defined as Bp/B,

-

6:

and B, is required to be B,(*) + 0 ( c 2 ) , from which

immediately follows I B J = 1 BI(*)

+ O(c2). For the ordering of the terms in

the Bernoulli and GS equations, it is more convenient to rewrite the equations
as in [26], namely:

where Me(*) and M,(*)

-

are respectively the poloidal and toroidal quasi-

sonic Mach numbers, X(*, 2) is defined by p(R, z ) = D(*)/X, R

R/&

and ,07 r rpoP(*)/Bi(9). Under the same token, Eq. (2.15) is also rewritten in terms of the free functions in [26], as

The ordering used to solve equations (4.36)-(4.38) is then defined as follows. As the present work is focused on equilibria with high poloidal flow,
the free function Me(*) is ordered to be Me(*)

-

I/&.

For convenience,

-
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Me(*)

-

M,(*),
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with 6M(*) -- I/&.

It is also

convenient to define the ordering for the poloidal AlfvBnic Mach number as
1 - M;, -- 1. Since MAP can be written as M j p

XP,Mi, this implies

=

XP, -- E. As in [26], X is assumed to be of order 1, and therefore

P,

- -

-

E.

In

order t o work with variables of order 1, and also t o make the ordering explicit,

-

we define "hatted variables of order 1, namely M~
and

&

&114,,, 6~

&(6M)

P(Q)/[cB$], where Bv is the vacuum field. Finally, for the sake

of compactness in the following calculation, we also define:

In order to have JB(= IB((*) up to corrections of order c2, it is now
necessary to solve equation (4.38) for B, up to order
B,

E.

B, is then written as

-- Bye(*) + EB,~(*), with BP1 - BPO AS X explicitly appears in equa-

tion (4.38), it will be also necessary to contemporaneously solve Bernoulli
equation (4.36) for X . In the same fashion as done for B,, X is expanded
in powers of

E

as X

TV

Xo

+ ex1, again with X1 -- Xo. It is important to

emphasize that even though B, is required to be a function of Q only up to
corrections of order c2, a similar requirement does not hold for X . Indeed,
it is precisely the fact that X is not a function of

* only that will allow to

cancel out the %-dependentc correction in B,. In this sense, compressibility
is an essential element in our analysis.
Before proceeding with the solution of the equilibrium problem, it seems
worthwhile to stress which are the unknowns that need to be determined, and
what equations are available. The unknowns are essentially the free functions
of

* in the equilibrium problem in the presence of flow, namely Me(*),

Ad, (q),
P(*), D(*)and Bo(*),and the density p, which is expressed though
the auxiliary variable X . The hatt,ed variables M ~ 6~
,
and

,& are used
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instead of P, Me, M,, but is obviously trivial to obtain the last three from
the previous ones. The equations used to determine the 6 unknowns are
the definition of B, (4.38), Bernoulli equation (4.36), and the GS equation
(4.37), all of which will be solved order by order in an

t

expansion.

The solution of the first 2 orders of equation (4.38) is trivial, and can be
written as:

Equation (4.41) is a constraint equation for the omnigeneity, which can be
cast in a more convenient form using the solution of the Bernoulli equation.
The Bernoulli equation is also straightforward t o solve up to order

E,

and the

solution can be written explicitly as:

It should not come as a surprise that the Bernoulli equation has more than
one solution, as it is well known in the literature that it can have up to
4 solutions, 2 of which are sub-Alfvknic, and 2 super-Alfvknic. The choice
of the "right" solution for Xo does also depend on the explicit solution for
A and C (see below equation (4.47)), and its discussion is postponed until
those solutions will have been determined. Using equation (4.43), the quasiomnigeneity condition can be cast in its final form: which reads:
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From equations (4.41) and (4.43) it is also possible t o write the explicit
definition of K(*):

The equations written so far are all that is needed in order t o assure omnigeneity in the first 2 orders in

t.

What is still left to solve for is the

equilibrium, which can be determined with a customary t-expansion of the

GS equation, with the only difference from the usual (static) theory that the
flow terms also need to be taken into account. Order O of the GS equation
is trivial, and it reduces to:

This eliminates Bo(Q) from the system, leaving the only unknowns A&,

6k

and ,!&. From equations (4.39), (4.42) and (4.46) it is also possible t o explicitly determine A and C as:

The f signs in equations (4.47) and (4.42) determine a total of 4 possible
different values for Xo. In order to determine which Xo value to choose, the
following requirements need t o be met:
1. Xo has t o be positive, and of order 1;

2. X o C (representing M i , to lowest order in c) also has t o be positive,
and

21
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Direct calculations shows that usually at most one of the solutions meets
both requirements. In the case that more than one does, the solution that
gives Xo and XoC closest to 1 is chosen.
The analysis can now be completed by solving the first order of the GS
equation

6

expansion. In order to do this, three different terms must be

separately set to 0, namely the sum of the terms proportional to 6 cos(8), the
sum of the terms proportional to aR/a+, and the sum of the 9 derivative
terms. The first of these (6 cos(8) terms) is automatically satisfied, while the
other two (in that order) give the equations:

with a -- 1 being a free parameter, controlling the actual values that ,bv will
be allowed to assume. Equat.ions (4.44), (4.48) and (4.49) are 3 equations
in the 3 unknowns

Me, 6~

and

,&. At

this stage, there is in principle

nothing that guarantees that the system has an infinite set of acceptable
solutions, which will be required in order to build an equilibrium with nonconstant properties. Luckily enough, direct calculation shows that such an
infinite set exists, and points, i.e. triplets of values (Me,b ~ , & ) ,satisfying
the equations can be easily computed with a standard solver for non-linear
algebraic equations for any given value of a. Some numerical results are
presented in Fig. 4.15 for a = 0.75. "Hatted variables
plotted as functions of

Me and

b~ are

&, Xo is included as well for illustration purposes.

Before the results so far obtained can be used as input for a numerical
solution of the equilibrium problem, two more elements must be taken into
account. First, as the GS equation has only be solved up to first order in
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Fig. 4.15: Free functions M~ and b~ and Bernoulli equation solution X o
as functions of &

E,

the poloidal magnetic flux 9 has not explicitly appeared anywhere in the

solution. This is due t o the fact that MAP has been assumed to be of order
1. The immediately recognizable effect of this is that, given a set of values

( M O , b ~/&), satisfying equations (4.44), (4.48) and (4.49), such a set can be
parametrized as a curve function of 9 in the ( M O , 6
words, one of t h e free functions M ~6~
, and

~&I) , space. In other

6~can be actually assigned as

a free function of 9 , while t h e other two will be automatically determined.
In the following it is found convenient to assign & ( 9 ) ,and therefore P ( 9 ) .
Second, looking back a t equation (4.15), it can be noticed that one free
has so far
function that has been introduced a t that point, namely BV2(9),
neither appeared nor be assigned. Indeed, the O-th order term of B, has t o
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be constant (see Eq. (4.46)), while the first order term balances the pressure
(Eq. (4.49)), exactly as in equation (4.15). This drives to the conclusion that
BP2(+) is still a free function of \ZI, which will prove crucial in determining
the actual equilibrium.
One last consideration seems at this point useful, which can be introduced
considering Fig. 4.15. The figure shows numerical results for a reasonable,
consistent with the ordering, range of values of

&.

reasonable values, even though for larger values of

MQ,

b~ and Xo also have

6~they appear to stretch

beyond the proper limit of validity of our solution, if the expansion parameter
e, which has so far been left unspecified, is assumed to have a realistic value.

This naturally raises the question, whether the solution can be extended
beyond its strict range of validity, and with what consequences. In particular,
one would desire to obtain a solution with vanishing plasma pressure at the
edge, in order to be able to assign realistic profiles to the free functions of

+.

It should however be intuitive that the present solution, regardless of

the ordering for

P, cannot hold for vanishing plasma pressure. The reason

is actually in the magnetic field ordering. Again, as the poloidal field is
ordered t,o be B,

-

EB~
it ,will not appear in IBI up to order e2. The vacuum

toroidal field, to which the plasma field reconnects at the edge, is however
proportional to 1/R, i.e. it will have variations of order

E

from the inboard t,o

the outboard side. As those variations cannot be compensated in IBI neither
by the plasma, which has vanishing pressure, nor by the poloidal field, which
is scaled to be small, it follows that a quasi-omnigenous solution like the one
under examination cannot be extended to vanishing plasma pressure. This
is indeed verified by the numerical solution of the system of equations (4.44),
(4.48) and (4.49), as the numerical solver fails for values of

& smaller than

roughly 1.5 - 2cr, regardless of a. Still concerning plasma pressure, and the
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possibility of obtaining equilibria with small, even if not vanishing, pressure
at the plasma edge, another element, which could be counterintuitive, must
still be considered, i.e. the fact that the actual plasma pressure is given
by p

=

P ( ! P ) / X 7 . Observing again Fig. 4.15, it can be noticed that X o

varies faster than

& This allows to conclude that a solution with pressure

increasing from the plasma edge to the center will have decreasing P(!P)
from the edge to the center, if all free functions are assigned according to the
quasi-omnigenous solution presented in here.

-density
pressure

1

1

Fig. 4.16: Density and pressure line-cuts in a quasi-omnigenous equilibrium

This can be easily verified by solving an equilibrium with the code FIJOW.
For the sake of illustration, we start by considering an equilibrium, in which
the free function P ( @ ) is assigned to be increasing from the edge to the
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magnetic axis, as it would in an usual static equilibrium. The input data is
derived from the numerical solution presented in Fig. 4.15, with 2.4 < fiv <

3. For convenience, the free function D ( @ ) is assigned t o be a constant,
D ( @ )= 1, and the magnetic permeability is set to be po = 1. All other free
functions are derived from the solution of equations (4.44), (4.48) and (4.49).
The only exception t o this is the free function Bo (quasi-toroidal magnetic
field), which is determined t o order t by the analytical solution, but for which
a degree of freedom is still present, namely in the choice of BV2.BV2is simply
assigned as a linear function of $, decreasing from the edge t o the center,
namely Bv2 = -2@/@c. The plasma cross section is assigned t o be circular,
with a minor radius a = 1, and

t =

115. The numerical results obtained

with the code are shown in Figure 4.16 for the pressure and the density
p. As expected, both physical quantities show a "hollow" profile, with a

minimum in the plasma center. As the lowest order solution of the Bernoulli
equation Xo is about constant, the variations of p and p are essentially due
to the next order solution X 1 . Since X 1 has a term proportional t o cos(8),
as shown in equation (4.43), both p and p will naturally present a variation
from the inboard t o the outboard side. It is easy t o check the accuracy of
our solution for the density, by comparing the solution of the code with the
analytical one. The comparison is satisfactory, showing an almost perfect
match between the two solutions (not shown).
What is more interesting is however t o verify whether the equilibrium
is truly quasi-omnigenous, as our solution prescribed. Moreover, it seems
worthwhile t o check if the magnetic field strength variation 6 ( B ( / I B (really
scales like t2,and compare it t o the same variation for an equilibrium with a
different input, not sat.isfying Eqs. (4.44), (4.48) and (4.49). In order t o do
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this, it is first necessary to devise a tool to estimate 6(BJ/I
BI from the code
output.
Before proceeding with this, it seems appropriate to remind the reader
that FLOW is a Cartesian code. What that means is that the calculated
equilibrium will be given in the code output as a sequence of values for q
and J B ((along will all other relevant physical quantities) on a set of points
equally spaced in the physical space, and not as values of lBJas a function
of @ and some poloidal angle, as it would be the case for a code written
in magnetic coordinates. As a result, values of IB( on a closed, constant
Q' magnetic surface will not be immediately available. Some additional tool

must therefore be derived to obtain a solid evaluation of the value of 6(B1/1B1
as a function of

+ throughout the plasma.

A short consideration allow to

realize that the problem under consideration can be related to a problem
of measurements, in which we can consider @ to be the "input" of some
measurement instrument, and IB( to be the "output" of the instrument, or,
in other words, the "measured value". It is then straightforward to reduce
the problem to well known techniques. Some care must however still be used.
The reason for this is that what is relevant to the problem at hand is not
something similar to a "standard deviation" of a measurement instrument,
but rather a "maximum deviation", as it is the latter that determines the
amount of magnetic pumping on a given flux surface for a trapped particle.
Following the indications of the previous considerations, a simple tool has
been devised to obtain a simple conservative evaluation of 61BI/JB(as a
function of @. The @ axis has been divided in a number of intervals (100,
unless otherwise noted). In each interval 1 BJhas been assumed to be a linear
function of Xk. The two points farthest away from the linear function (one
on each side, i.e. one "below" and one "above" the function) in the interval
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have been used to compute the total blBl in the interval, while (BI in the
interval has been simply defined as the average I B (.

-

I

-

- -Ornn.
- - - sol.
I

--------I

I

-- ---

Fig. 4.17: Variation 61Bl/ 1 B( for a quasi-omnigenous equilibrium (dashed
line), and a corresponding static equilibrium (solid line)

The estimation of 61BI/(BI obtained with the diagnostic just described
is shown in Figure 4.17 for two equilibria. The first one (dashed line) is the
quasi-omnigenous equilibrium described above, while the second one corresponds to a static equilibrium obtained with the same input free functions,
except for the flow, which has been set to 0. On the x axis of the picture is
the magnetic flux q ,normalized to its maximum value, with 0 corresponding
to the plasma edge, and 1 to the magnetic axis. It is clearly visible in the picture that the quasi-omnigenous solution has a much lower variation than the
corresponding static equilibrium. It can also be observed that the maximum
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variation in the st.atic equilibrium is close to 40%, i.e. 26, as expected. For
the quasi-omnigenous equilibrium, a deviation of the order of
is expected, and the figure shows that the deviation is

- 1/e2

4%

5 5% in the larger

part of the plasma. [Naturally, increasing the aspect ratio will further lower
6(BI/JBI, as it has been verified by running the code with the same input and
E =

1/10. The result of this run confirms t,hat 6 ( B ( / J B Iis indeed decreasing

more than linearly with

E

(not shown).]

As rnentioned before, it is more interesting to calculate equilibria, in which
the plasma pressure and density have profiles decreasing from the plasma
center t o the edge. Even though, for the reasons explained in the present
section, it is not possible to extend our solution to vanishing pressures, it
is however possible to obtain lower pressures, by assigning an input with
increasing X as one moves away from the plasma center. This can simply
be done by selecting a larger interval

< @" < P",

for generating

the code input. In doing so, one should remember that our solution is not
valid for large X, or large

Ah,. This could mean that the quasi-omnigenous

properties of the plasma could only hold in the center of the computational
region, where the analytical solution assumptions are satisfied. In a sense,
this is not dissimilar from what we would expect in an experiment, if a
plasma with the properties here described could be obtained. Indeed, in an
experiment pressure and density will eventually have to go to 0, and the
equilibrium will have to assume some different characteristics, in which we
are at present not interested. It is easy to imagine that our free functions can
be prolonged in some way to obtain vanishing pressure at the edge, obviously
violating t.he quasi-omnigeneity condition near the edge. As we are focusing
our attentmionon quasi-omnigenous regions, we will therefore limit t,he plasma
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region to have an input obtained from equations (4.44), (4.48) and (4.49),
and decreasing pressure moving away from the magnetic axis.
In order to obtain such equilibrium, we solve equations (4.44), (4.48) and
(4.49) for a: = 2.75 and 5 < fiv < 25, and use the resulting free functions as
input for the code. In order to extend the region of quasi-omnigeneity, we
assign &(Q), and therefore P(Q) to decrease rapidly a t the plasma edge, and
vary slowly in the plasma center. With the exception of the free functions,
which are obtained from the analytical solution, everything else is left as in
the previous equilibrium, namely D ( Q ) = 1, a = 1, l& = 5. This will also
allow to directly compare the results of the present run with those of the
previous one, and to get an insight of how "robust" our theory is, i.e. of how
strict the

E

ordering needs to be in order for the quasi-omnigenous condition

to hold.
The numerical results obtained for such equilibrium are presented in Figures 4.18 t o 4.20. In Figure 4.18, a line cut for density and pressure is
presented in arbitrary units. As it might have been expected from the previous disc:ussion, both profiles are peaked in the plasma center and decreasing
toward the edge, even though for both quantities the minimum values are of
the same order as the maximum values. What is more interesting to verify
is however the magnetic field variation 61BI/JB(. This is shown in Figure
4.19, where IBJ is plotted versus Q (top half of the picture), and 6 ) B J I I B is
J
plotted versus a normalized Q, Q/Qc, with Q/Qc

=

1 corresponding to the

magnetic axis. The bottom half of the figure shows a clear quasi-omnigenous
character, as the deviation 61Bl/l BI is again of order

-

c2, as in the previous

"flat-profile" equilibrium. From the field strength represented on the top half
of the picture, it can also be seen that I BI seems to satisfy the requirements
of the quasi-omnigenous solution, being about constant (as prescribed by
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Fig. 4.18: Density and pressure line-cuts in a quasi-omnigenous equilibrium
with peaked profiles

equation (4.40) for BPo),and monotonically decreasing as a function of 9
toward the plasma center. I t is once again worth stressing that the magnetic
field variation blBJ/JBI
in this equilibrium is much smaller than what would
be observed in a static equilibrium, where blB(/(RIwould be approximately
equal to 2~ = 40% a t the plasma edge, about four times larger than the one
obtained in the present equilibrium.
Before concluding that the numerical equilibrium satisfies all the requirements of the analytical solution, it is appropriate to perform one more check.
In the ordering introduced at the beginning of the section, it was required
that B, be of order

E

compared to B,.

As JB,( has a minimum on the
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Fig. 4.19: IB( and bJBI/IBI vs. 9 for a quasi-omnigenous equilibrium with
peaked profiles. On the x axis, the top half of the picture reports
9, the bottom half the normalized 9 1 9 , .

magnetic axis, and B, is required to be a constant to lower order in

E,

the

minimum in IBI could be due to the variation of the poloidal, instead of the
toroidal, component of the field, if the ordering for the fields was not strictly
respected. As shown in Figure 4.20, this is however not the case. In the picture, line cuts of IBI and IBpI are plotted versus the major radius R. From
the picture, it is easy to recognize that both IBJ and (BPI have a minimum
on the magnetic axis, but that the poloidal field is much smaller than the
total field. This allows to conclude that the field ordering is respected, and
that the fact that IBI is a function of 9 only up to correction of order c2 is
due to the shape of B,, which has been obtained from the analytical solution
expressed by equations (4.44), (4.48) and (4.49).
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Fig. 4.20: Total and poloidal field line-cuts in a quasi-omnigenous equilibrium with peaked profiles

One more comment seems appropriate about figure 4.20. A close examination of the figure allows to recognize that the poloidal field is actually
much smaller than the toroidal field. Direct calculation shows that the ratio

I BPI/B,

is of the order of a few percent (-- 2 - 3% in the largest part of the

plasma). A similar calculation for the equilibrium in figures 4.16-4.17 shows

- 10% more consistent with the ordering defined at
the beginning of this section, IBpJ/B,By computing the same ratio
a ratio of the order of

E.

for different equilibria, it is easy to conclude that the reason for the different magnitude of the poloidal field is in the level of the rotation, as higher
poloidal flows correspond to lower poloidal fields, and the

E

ordering for the
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poloidal field is respected only if the flow ordering is strictly respected as well.
What that means is that as the flow increases the poloidal field becomes less
and less important for the plasma confinement, which is instead realized by
the balance of centrifugal force and toroidal field. In conclusion, for very 'high
poloidal rotations quasi-omnigenous equilibria require small plasma currents;
if these equilibria could be realized in experiment that would be one more
attractive feature of this class of equilibria.

4.5.2

Fully-omnigenous equilibria with flow

As a natural conclusion of the discussion of equilibria with super-Alfvknic
poloidal flow, it is appropriate to consider fully omnigenous equilibria in the
presence of macroscopic flow. As mentioned before, this class of equilibria has
already been treated in Ref. [53],even though only in the frame of incompressible theory. The derivation required to describe these equilibria is relatively
straightforward, and will only be very briefly summarized in here. The first
issue that should be considered in the analysis of compressible omnigenous
equilibria with flow is how compressible equilibria differ from incompressible
ones, i.e. what are the consequences of the incompressibility assumption. In
order to address this, it is sufficient to recall that omnigenous equilibria require the flow to be field-aligned, regardless of the flow regime. If the same
requirement is assigned while considering fully compressible equilibria, the
Bernoulli equation clearly reduces to:

I t is evident by inspection of equation (4.50) that if the magnetic field
strength B is a function of \II only, then all quantities in the equation only
depend of q. As a result, the solution of equation (4.50) for the density p
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will also depend on 9 only. This immediately implies that V . v' = 0, which
is the iricompressibility condition. As a general result, it is therefore possible
t o conclude that omnigenous equilibria in the presence of macroscopic flow
are ipso facto incompressible. This then allows to use the theory of Ref.
[53], and immediately apply it t o the problem at hand, namely compressible
omnigenous equilibria in the presence of macroscopic flow.
Without going into too much detail about the derivation of the equilibrium equations, it will just be noted that such derivation is closely related
t o the more general one contained in chapter 2, the only differences being
the fixed choice of y = 1 and the assumptions of incompressibility and omnigeneity, i.e. p = p(9)

, lBJ

-

IB((+). In Ref. [53] the authors first derive

a modified Bernoulli-Grad-Shafranov system by imposing incompressibility
(that is a trivial simplification of eqs. (2.16) and (2.19a))) then impose omnigeneit,~.T h e last condition allows t o reduce the equilibrium problem to a
set of 3 ODES in the single variable 9, given in the omnigenous case by:

with:
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where s = R2 and the other symbols retain their usual meanings. It should
be noted that in this case both the plasma pressure and the poloidal Alfvbnic
Mach number are exact functions of
contains 6 free functions of

+ only. The previous set of equations

+, only 5 of which are independent, because MAP

can be trivially eliminated as

It is interesting to notice that no assumptions on the flow regime are included
in this formulation of the equilibrium problem. Equations (4.51) to (4.53)
are therefore valid for super-Alfvknic as well as for sub-Alfvknic poloidal
flow. Solutions in both regimes have been obtained both with the analytical
theory and the code FLOW; in the present section, only a super-Alfvknic
solution will be shown. It seems also appropriate to emphasize at this point
that the solution for omnigenous equilibria obtained by solving the system
of equations (4.51) to (4.53) contained in [53] is a complete exact solution
of the equilibrium problem. In other words, if an equilibrium is assigned
t o be omnigenous, nothing more needs to be solved for by an equilibrium
code. The numerical solution of the equilibrium with omnigenous input will
however represent a robust test of the code, in addition to offering further
insight in the physics of omnigenous equilibria, and is for this reason worth
pursuing.
In order to obtain a numerical solution of a fully omnigenous equilibrium
no changes whatsoever are required in the code, but it is only necessary to
derive an appropriate shape for the free functions of

+, satisfying the

om-

nigeneity requirement. That can be done by solving numerically the omnigenous equilibrium problem given by equations (4.51) to (4.53), and then
use the result of such calculation to define a numerical input for each free
function. The procedure just outlined has been used to compute the equi-
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librium described in the following, and represented in Figs. 4.21 to 4.23. As
the omnigenous problem allows for the choice of 2 free functions, a pressure profile linear in

has been selected. It should be stressed that the

free function assigned in this case is the physical pressure p(*) and not the
quasi-pressure P ( Q j assigned in the rest of this work. The other free function that has been assigned is g ( $ ) , which has no clear physical meaning,
and that has been chosen in order to obtain reasonable MAP profiles, with

MAP > 1. In particular, in the case presented here, g has been assigned in
order to obtain a roughly constant MAP. Another interesting point to ob-

Fig. 4.21: Magnetic surface shapes for an omnigenous equilibrium as a function of R and z

serve is that the system of equations (4.51j t o (4.53) also assigns the shape
of each magnetic surface. This last property occurs as a solvability condition
for the system. That means that the plasma boundary will be determined
by an arbitrarily chosen magnetic surface, the shape of which will however
not be arbitrary, but determined by the solution of the problem itself. As

4. Tokamak equilibria with voloidal flow

112

Fig. 4.22: IBI and P (normalized to the vacuum field) vs. R in a superAlfvknic equilibrium

the numerical solution with the code FLOW also requires a definition of the
plasma shape, that will also be determined from the solution of the model
of Ref. [53], and assigned to the code as numerical input, since the shapes of
the magnetic surfaces will in general not be simple analytical curves. Figure

4.21 shows the shape of a few selected magnetic surfaces for the equilibrium
under consideration. The outermost surface extends t o the geometric axis of
the system The surface represented with circular symbols has been chosen
as plasma boundary.
The result of the calculation is an equilibrium that matches very well the
one obtained from the solution of the omnigenous system of equations. Some
numerical noise is only present at the plasma boundary, due to the low-order
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boundary conditions used because of the non-analytical shape of the plasma,
and next to the magnetic axis, where the magnetic field vanishes (as shown
in Fig. 4.22). The variation 61BI/IB( (not shown) is about constant and
of the order of the numerical noise for equilibria computed with numerical
input, around 2% for the present case, excluding the magnetic axis (where
the variation diverges for numerical reasons) and the boundary. It should
also be remembered that several numerical errors are present in the case
under consideration, as the input for the code is derived with an approximate
numerical solution of a system of ODES, the input is interpolated numerically
t o build the free functions and free function derivatives used by the code, and
finally the variation 6 J B I / ( B Jis as well computed with a postprocessor using
a low-order interpolation subroutine. It should also be noted that equilibria
with even lower 61B(/JB(have been obtained with simpler inputs, e.g. static
omnigenous equilibria.
The result of the computation shows a vanishing magnetic field on the
magnetic axis, as shown in Fig. 4.22 and a linear profile of pressure. Both
quantities in Fig. 4.22 have been normalized to the vacuum field Bv, more
exactly defined as the value of the magnetic field on the outermost magnetic
surface in the plasma. Fig. 4.22 also shows that the plasma pressure does
not vanish a t the edge. This has been assigned purely for convenience in
the numerical solution of the omnigenous system. As a last verification of
the numerical solution, the poloidal Alfvknic Mach number MAP is shown in
figure 4.23. The figure shows the expected roughly constant value for MAP,
with MAP> 1. The presence of some numerical noise close to the magnetic
axis is also apparent in the figure.
As a conclusion to the present sect.ion, it can be safely stated that the
test for the code against an analytical solution with super-Alfvknic poloidal
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Fig. 4.23: A h , vs. R in a super-Alfvknic omnigenous equilibrium

flow has given satisfactory results. It is once again worth t o stress that
the omnigenous solution in the presence of flow of Ref. 1531 does not seem
realizable in experiments, due to its inherent poor stability properties. The
fact that the safety factor is required to vanish on the magnetic axis by the
solution of the omnigenous equations, and that the magnetic field strength
also has t o vanish on the magnetic axis, are not compatible with normal
tokamak operation regimes. The internal kink instability that develops due
t o the zero safety factor on the magnetic axis would possibly not result in
the disruption of the plasma, but it would force the plasma to rearrange to a
different equilibrium condition, which would have a safety factor larger than
unity on the axis, and therefore would not satisfy the omnigenous equations.
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In addition to that, the fact that the plasma shape is also determined by the
solution of the omnigenous equations does not allow the control of the plasma
shape, which is commonly used in tokamaks to stabilize external modes.

4.6

Conclusions

In the present chapter, the code FLOW has been used to investigate the
effects of finite poloidal flow on tokamak equilibria. Equilibria with poloidal
velocity of the order of the poloidal sound speed C,, have been examined first.
In particular, the analytic results of Ref. [26] have been confirmed, indicating
that radial discontinuities develop when the poloidal velocity profile varies
from subsonic to supersonic with respect to the poloidal sound speed. FLOW
shows that the solvability of the Bernoulli equation imposes a restriction on
the admissible values of the poloidal Mach number at any poloidal location
with the exception of 6' = T . Indeed, the flow profile can smoothly vary from
subsonic t o supersonic only in the inboard portion of the plasma column
at 0

= .rr

while it requires a finite "jump" at any other poloidal location.

The resulting equilibrium profiles of pressure, density and velocity exhibit
a pedestal structure with a discontinuity at the transonic surface where the
flow varies from "well subsonic" to "well supersonic".
The equilibrium problem of a magnetized plasma rotating with a poloidal
velocity exceeding the poloidal Alfvkn speed has been analyzed next, with
both analytical and numerical tools. Two main peculiar features have been
identified for this class of equilibria. 1) the Shafranov shift is directed inward
instead of outward, as it would happen in a static case. 2) the separatrix is
positioned in the outboard section of the vacuum chamber, instead of being
in the inboard one, as it would happen in a static case.
Numerical results obtained with the code FLOW have been shown to
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agree both qualitatively and quantitatively with the predictions of theory, in
the limit of validity of the simplified theory derived in the present chapter
for super-Alfvknic equilibria. A physical explanation of the super-Alfvknic
equilibrium characteristics has also been given, by observing that with very
high poloidal rotations the centrifugal force produced by the flow dominates
the equilibrium dynamics, balancing the pressure forces.
Equilibria with poloidal flow are damped in tokamaks, but since the
damping rate decreases with increasing velocity, equilibria with fast poloidal
rotation are much more likely t o exist on time scales of interest than equilibria with slow rotation, if a sufficiently high velocity can be generated in the
plasma. Additional considerations on poloidal viscosity in tokamaks have
been given in section 4.5.
In that section it has been shown that the surprising features showed by
tokamak equilibria in the presence of poloidal flow in excess of the poloidal
Alfvkn speed could in fact be studied in future experiments in appropriate
conditions. If a drive for poloidal rotation capable of reaching super-Alfvknic
poloidal flow was built in an experiment, it should be possible to reach a
steady state with high rotation, but not requiring a large drive. In order
t o do that, the free functions in the central part of the plasma should be
assigned following the results of the present chapter. By doing that, the
magnetic field strength variations along any field line would be enforced to
be of the order of the square of the inverse aspect ratio, E times smaller than
in a normal tokamak plasma. The reduction of such variation would also
reduce the magnetic pumping in the plasma, and thus the poloidal viscosity.
In principle, it could even be possible to assign the free functions of 9
in such a way that the magnetic field strength be an exact function of the
magnetic poloidal flux. In order to do that, it would however be necessary
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to have an equilibrium with vanishing magnetic field on the magnetic axis,
which is not realistic for tokamaks. Omnigenous equilibria have moreover a
vanishing safety factor on the magnetic axis, property which is not shared
by quasi-omnigenous equilibria. Fully-omnigenous equilibria are for these
reasons inherently unstable to kink perturbations, and therefore unlikely to
be relevant for experiments. The exact solution corresponding to the aforementioned case has in any case proved useful, since it has been used to verify
the accuracy of the code FLOW in solving equilibria with high poloidal rotation, very different from static equilibria. The calculation of omnigenous
equilibria with super-Alfvknic poloidal rotation has been successfully performed with FLOW, thus strengthening our confidence in the correctness of
the code.
As for experimental evidence of the results described in the present chapter, the poloidal velocities required to exceed the poloidal Alfvhn speed are
not yet within the reach of present experiments. It is however possible that
a future application of fast rotating equilibria could be found in the Electric
Tokamak, which is expected to have supersonic poloidal rotation. It is therefore possible that even faster rotations, of the order of the ones described in
the present work, could develop in that experiment. Poloidal velocities of
the order of the poloidal sound speed are instead within the reach of existing experiments. The occurrence in experiments of the transonic equilibria
described in the present chapter has not yet been investigated, and it seems
an interesting topic of research for the future.
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5. TOKAMAK STABILITY IN THE

PRESENCE OF MACROSCOPIC
FLOW
5.1

Introduction

Since the beginning of the development of toroidal devices for magnetic confined fusion, the issue of macroscopic stability has been of central importance.
Indeed, in order for magnetic confinement devices to be a viable source of energy, it will be necessary to routinely achieve and stably confine high pressure
and temperat,ure plasma conditions. This does in turn require a thorough
understanding of the behavior of plasmas in such extreme conditions, in order
t o develop the ability t o control instabilities that could arise in the plasma,
and therefore impair the device performance. Since plasma pressure drives
instabilities in magnetized plasmas, the stability issue becomes particularly
important for high-pressure devices, such as the spherical torus and the advanced tokamak. The stability analysis is complicated by the fact that such
high-pressure plasmas are typically rotating with relatively fast velocities.
An extensive literature already exists for both the analytical and the numerical approach to the stability problem for present day tokamaks in the
absence of macroscopic plasma flow.
In the last generation of tokamak experiments plasma rotation is routinely observed in a large number of devices, such as the Electric Tokamak
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(ET) [32], the Joint European Torus (JET) [33], DIII-D [9], the National
Spherical Tokamak Experiment (NSTX) [14] and Alcator C-MOD [15]. The
presence of macroscopic plasma flow immediately opens a new set of issues
in the study of tokamak plasma stability. First, the formulation of the stability problem is influenced by t h e presence of plasma flow, making the usual
"static" formulations inadequate to the task. It is important to observe that
plasma flow could in principle be introduced as a perturbation t o the static
stability problem. This approach is however only satisfactory in the limit of
very slow flow (v << C,), and becomes questionable a t best in the presence
of flow of the order of the characteristic velocities of the system, such as the
sound speed C,, the Alfvkn speed VA,or even the much slower poloidal sound
speed C,,

=

CsBp/B, where Bp is the poloidal component of the magnetic

field. It should also be considered that large velocities (or velocity gradients)
could act as drives for instabilities that are not present in the static case,
such a s the well known Kelvin-Helmholtz instability. One additional point
that should be of the foremost importance when studying tokamak plasma
stability, is that the equilibrium itself is strongly modified by the presence
of flow, even experiencing qualitative modifications if the flow is sufficiently
large (see e.g. [27], [33.] and the discussion in chapters 2 t o 4). It is intuitive
that the stability problem cannot be correctly examined if the equilibrium
itself is not solved self-consistently.
Even though some analytic work has been done on the stability of tokamak plasma in the presence of macroscopic flow, it is clear that the solution
of the complete problem can only be obtained with numerical tools. This is
clearly also due to the fact that even the equilibrium can only be calculated
with numerical tools. It will also be apparent in the following that, even if an
exact equilibrium solution could be found, t h e complication of the stability
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problem would make it impossible to find exact solutions for the growth rate
and shape of unstable modes. The analytical part of this chapter will therefore be focused on the derivation of a formulation of the stability problem
well suited for numerical implementation.
The present chapter is organized as follows. In section 5.2 two bW formulations are derived for the stability problem. In section 5.3 the numerical
implementation of the eigenvalue problem is presented. Benchmark problems
in slab and cylindrical geometry are discussed in section 5.4 and 5.5 respectively. An application to a tokamak relevant case is described in section

5.6.

5.2

Formulation

It has been known for a long time [55] that the eigenvalue-stability problem
for axisymmetric plasmas in the presence of macroscopic flow cannot be
formulated in terms of self-adjoint operators. This lack of inherent symmetry
greatly complicates the numerical solution of the problem, since in general
the eigenvalues of a non-Hermitian operator will be complex, and that will
require to handle a more numerical-intense problem. An additional difficulty
in the formulation of the problem is in the fact that the system will in general
reduce t o a generalized eigenvalue problem. It is well known that the static,
self-adjoint problem can be written as

where

K(G and F(<) are the kinetic and potential

energy operators, re-+

spectively, w is the mode frequency (eigenvalue of the problem) and ( is
the plasma displacement. In the presence of macroscopic flow, the stability
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problem assumes instead the form 1551

with

~ ( fbeing
)

a non-Hermitian operator dependent on the plasma flow.

Since equation (5.2) is a higher order generalized eigenvalue problem, the
first step for the solution is to rewrite it in a first-order fashion. That is
usually done in eigenvalue theory by defining an additional variable, such as
e.g. v'- wf.By the use of a definition of this kind, a second order eigenvalue
problem is transformed into a first order problem of double dimension. It
is more convenient to solve a larger first order problem, since methods for
the solution of this class of problems are much more established. This kind
of approach is routinely used e.g. in structural mechanics problems, such as
the analysis of damped vibrating systems, which are described by equations
of the kind (AX2

+ BX + C)x = 0.

Those are commonly solved by defining

an eigenvector of higher dimension, such as v = [Ax,xIT. Under the same
token, in the present work the eigenvalue problem will be reduced to a first
order problem in the variables <and u', to be defined in the following. The
derivation was first carried out by J . Freidberg [56] and is briefly summarized
in t,he present section.
For this problem, it is appropriate to define the variable:

where G(F) is the plasma (macroscopic) equilibrium velocity, and ii is the
convective derivative of

< The previous definition holds because the sta-

bility problem is analyzed using a normal mode formulation, by which all
derivatives with respect to time are replaced by the eigenvalue -iw. The
energy principle is derived starting from the plasma linearized equation of
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motion, i.e.

where

f is the plasma current density, 6 the magnetic field, p

the plasma

density, p the plasma pressure, and the subscript 1 refers to the first order terms in the srnall expansion parameter

After some straightforward

algebra, it is found:

The force operator is linearized as:

where

=V

x

is the perturbed magnetic field, y is the adiabatic

index and the pressure term has been linearized by using the equation of
state
p / p 7 = const.

(5.7)

Here and in the following, the vacuum magnetic permeability po has been
set equal to 1 for ease of writing. By defining

equation (5.4) reduces to:

Equations (5.3) and (5.9) constitute the system of equations that will be
solved numerically t o obtain the eigenvalue w (mode frequency) and the
eigenstate

f.

Naturally, unstable modes correspond to S[w] > 0. In the
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same way as for the well-known static case, the energy principle can be
formulated starting from Eqs. (5.3) and (5.9) in different forms. T h e most
appropriate form for the problem a t hand will essentially depend on the
numerical approach. In particular, a form will be chosen, which allows for an
easy numerical implementation, and efficient performance of the numerical
solver. The details of the numerical implementation are discussed in the next
section. In the present section two equivalent formulations will be described,
which are both derived by dotting eqs. (5.3) and (5.9) with a test function
?j, and integrating the resulting equations over all plasma volume. Equation
(5.3) immediately reduces to:

It is notable that equation (5.10) contains both Hermitian and anti-Hermitian
terms.

A much more lengthy calculation is required to cast equation (5.9) to
either of its final forms. The first of such forms is derived by decomposing
the plasma displacement {in a field aligned and a perpendicular component,

f=

+ fL, with 6 = B I I B Ibeing the magnetic field unit vector.

After a

lengthy but straightforward calculation, by repeatedly using the equilibrium
plasma properties V - @ = 0 , V . (pv') = 0 and v'. .iz = 0 (where .iz is the unit
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vector normal to the plasma surface), equation (5.9) can be written as:

where Z = i . V6 is the magnetic field curvature. It is important to observe
that equation (5.11) again contains only one non-Hermitian term, which is
anti-Hermitian, and remarkably identical to the anti-Hermitian term in equation (5.10), once ?is replaced with i i . The formulation of equation (5.11) is
useful for the theoretical understanding of the stability properties of flowing
plasmas. Indeed, it is apparent that the integral in equation (5.1 1) containing
the instability drives is identical to the energy principle for static plasmas
[57], with the addition of two terms depending on the plasma flow, which
are written last for clarity in equation (5.11). The last integral in equation
(5.11), containing the perturbed pressure and magnetic field, is a surface
term, depending on the perturbation a t the plasma edge. Since the present
work is focused on internal modes, the surface term is identically vanishing,
and will not be carried over in the following.
The formulation of Eq. (5.11) is useful for the physical insight it gives on
the stability problem, but it is not very convenient for implementation in a
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numerical solver. It is easy to see the reasons for this. First of all, the integral
has a large number of terms, fact that makes the formulation inherently
error-prone. The need to compute a large number of terms in the matrixbuilding step will also require a longer calculation, therefore slowing down
the code (even though the largest amount of computational time is normally
spent in solving the eigenvalue problem). Moreover, the integral depends on

cli

quantit,ies such as fl, and it', which are not immediately available from the
solution of the equilibrium. The use of formulation (5.11) would then require
additional post-processing, which could also add numerical inaccuracies to
the fina.1 results of the stability code. For all these reasons, it would be
preferable to be able to rewrite Eq. (5.11) in a more compact form. Luckily,
such a form can be found, and is summarized in the following. As shown by
Reidberg [56], in order to derive such alternative formulation, Eq. (5.9) is
written as:
-iwpii = $a

+ p ( G - V)'f-

pi7 - Vii

(5.12)

Equation (5.12) is then dotted with a test function i j and integrated over all
plasma .volume. By again repeatedly using the equilibrium plasma properties

V .2

==

0 and V . (pi?) = 0, after another lengthy but straightforward

derivation, equation (5.12) is cast in its final form:
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Once again, the surface integral vanishes for internal modes, and has only
been included for the sake of completeness. It is interesting to observe that
the equilibrium velocity does not appear explicitly in the Hermitian part
of this formulation of the energy principle, but is only present in the antiHermitian terms of eqs. (5.10) and (5.13). Naturally, the effects of plasma
flow are still self-consistently included in this formulation as well, even though
it is not immediately apparent how they could be able to drive or stabilize
instabilities. Equation (5.13) is the final form of the energy principle, which
allows t o rewrite equation (5.2) as:

T h e implementation of equation (5.14) in the numerical solver is described
in the next section.

5.3

Numerical implementation of the
eigenvalue problem

The formulation described in the previous section constitutes an integraldifferential eigenproblem for the eigenvector

{c,GIT and the eigenvalue

w.

Naturally this problem cannot be solved exactly in the general case, and
even approximate analytical solutions, which will be used in the following
to benchmark the code, are few and far between. It is then necessary to
obtain accurate numerical solutions of the problem for cases of interest. A
quick consideration of equations (5.10) and (5.13) allows to recognize that
the integral nature of the formulation will make it well-suited for a numerical
implementation based on an integral method. The most developed of such
methods is undoubtedly the finite elements method [58]. Indeed, almost
all linear stability codes (PEST [16], ERATO [18], KINX [19], CASTOR
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[20], G A T 0 [21], NOVA [22], MARS [23]) commonly used by the scientific
community are based on some form of the finite element method. It is worth
stressing that of all the existing codes only MARS includes to some extent
the effects of macroscopic flow in the implementation. MARS is however
limited to purely toroidal flow, and to the best of our knowledge the flow is
not self-consistently included in the equilibrium.
At any rate, the existence of a vast literature based on different formulations of the energy principle emphasizes the importance of a careful choice of
the most appropriate form of the equations to be solved and of the method
of solution. One obvious issue is the choice of the system of coordinates
used to represent the unknowns. It is intuitive that the set of coordinates
proper to the physical system should take into account the presence of a
magnetic field, which introduces a preferential direction in the system itself.
It is however also well known that the use of magnetic coordinates greatly
complicates both the formulation and the implementation of the problem. In
addition to this, it should be observed that the greatest benefits from the use
of magnetic coordinates occur for the study of localized instabilities. Since
the present work is focused on macroscopic internal-kink modes, a system of
Cartesian coordinates has been used in the implementation of the code FLOS
(FLOW Stability code). In order to retain the possibility of using different
system of coordinates in the future, the code has however been developed in
a modular way. If coordinates other than Cartesian are deemed necessary
in the future, their inclusion will require only relatively minor modifications
of the program. Indeed, even though such modificat.ions are not planned for
the near future, they have by no means been excluded for later versions of
the code.
Additional choices that need to be made in order to implement equations
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(5.10) and (5.13) in a finite elements code are more closely related with the
basic concept of finite elements, and are discussed in the following. In a finite
elements representation, any unknown quantity Q is written as:
Q(i) =

C~jh(i)

(5.15)

j

where

q5j

is any of the so-called "shape functions" or "interpolation func-

tions", through which the unknown is defined, and the sum is extended over
all shape functions. In the most intuitive finite elements formulation each
shape function is equal t o 1 in one grid point, and equal t o 0 in all other grid
points. It is then clear that the value of the unknown Q a t a generic grid
point i will be equal to the coefficient Qi of the only non-zero shape function

q5i in the point i. Shape functions satisfying this property are some times
referred to as Lagrange interpolation functions.
Based on the grid points positioned in the physical domain, the system is
divided in sub-domains of simple geometry, i.e. quadrangular of triangular
sub-domains or elements in the case here presented. For each shape a reference element is then defined. "Mapped" shape functions are defined once and
for all on reference elements and shape functions in the physical space are expressed through the mapped ones by using a transformation of coordinates.
As for any other numerical method (e.g. finite differences), it is intuitive that
a better representation of the eigenfunctions, and a more accurate evaluation of the eigenvalues will be obtained by a mesh refinement, which results
in a larger eigensystem. Differently from the finite difference method, two
separate methods of refinement exist for the finite elements method, namely
the h-refinement and the prefinement methods. The first one consists in
increasing the number of elements, and therefore the number of grid points,
keeping constant the shape functions on the reference element. An alternative approach is to increase the order of the interpolation functions. This can
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be done by increasing the number of grid points per element, or by utilizing the sc~calledHermite interpolation functions. In Hermite interpolation,
not only the value of t,he unknown, but also the values of its derivatives is
interpolated in the grid points. An example of the lowest possible order of
Hermite shape functions in a 1-D element extending from x = 0 to x = 1 is
shown in figure 5.1. The shape function labeled L is a linear shape function,

Fig. 5.1: Shape functions in a 1-D element.

while H I and H2 are Hermitian cubic functions. H I is equal to 1 in x = 0,
and to 0 in x = 1, and its first derivative is 0 a t both element extremes. H z
is equal to 0 a t both element extremes, and its first derivative is equal to
1 in x = 0, and to 0 in x = 1. Obviously other shape functions are built
by symmetry, exchanging the two extremes of the element. Hermitian shape
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functions in more than one direction are built in the same way, but derivatives with respect to the second coordinate are also included. In general [59],
a C1 (continuous up to and including first derivative) representation of an
unknown ( in two-dimensional square reference elements with coordinates x
an z is given by using in each of the geometrical nodes of the elements the
degrees of freedom:
(i = {(i;

azCi; a.z(i;

(5.16)

az.z(i}

Direct calculations have shown that Hermitian cubic shape functions are
preferable in all cases of interest for our applications. Linear shape functions
are still used for debugging and code development, and in boundary elements,
as explained in the following. The code has been devised in order t o make
simple the inclusion of other shape functions, if that becomes necessary in
the future. Indeed, the inclusion of different shape functions seems to be the
most reasonable way to remove spectral pollution, which is briefly discussed
later on.
Since the finite elements method is an integral method, some care must
be taken in computing numerical integration of the quantities in equations
(5.10) and (5.13). In each integral, the unknowns

f and ii are replaced with

their interpolations in the shape of equation (5.15). Integrands are built
by replacing i j with

{p,2jT,with the * superscript

indicating complex

conjugates, and integrals are computed numerically using the well-known
Gauss formula:

where the sum is extended to an arbitrarily chosen number of points, and
the weights wk and the location of the integration points

6 are chosen to

maximize the accuracy of the integration for polynomial functions. Direct
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testing has shown that normally a third order integration method is sufficiently accurate for the problems considered in the present work.
The next issue that needs to be considered in the implementation of
the energy principle is the representation of the physical domain. Tokamak
plasmas have curved boundaries, which are in general not well represented by
uniform Cartesian grids, unless the number of grid points becomes very high.
The complexity and the computational cost of the eigenvalue problem do not

Fig. 5.2: Grid settings for a circular boundary in a 12x12 points grid:
Equally spaced grid (right) and modified grid (left). Because of
symmetry, only one quadrant is shown.
allow to indefinitely increase the grid resolution. In order to obtain reasonable
approximations of the exact eigenvalues and eigenfunctions in an acceptable
time, it would be preferable to be able to accurately represent the plasma
shape with a small number of elements. This can be obtained by using the
procedure illustrated in figure 5.2. The code starts by generating a grid with
uniform spacings in the z and z directions (those are naturally allowed to be
different if the cross section of the plasma is elongated) and assuming that all
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elements are quadrangular. Boundary elements are identified next, for which
one or more of the element nodes are external to the cross section boundary.
Elements containing only one internal node are transformed t o triangular
elements (right plot in figure 5.2). Finally, all remaining external nodes are
moved t o the boundary along one of the coordinates (the coordinate requiring
the minimum displacement for each grid point is selected), resulting in the
grid shown in the left part of figure 5.2. All remaining external nodes and
elements are discarded. This method allows a very good representation of the
physical domain, as summarized in table 5.1. It is found convenient t o map

N
4
6
8
10
12
16
20
30
40
50
60
70
80
90
100

Area Ratio
0.895289296800163
0.972547114684396
0.983333555545336
0.990041917335583
0.993497816291113
0.996442189185565
0.997770743278087
0.999022595289017
0.999457297169655
0.999653577944509
0.999760162040348
0.999823780868908
0.999865065799943
0.999893244653012
0.999913383208379

Table 5.1: Ratio between the mapped and exact area of a circular plasma
using a grid with triangular and quadrangular elements.
physical elements into reference elements by using only linear shape functions.
This approach has been judged advantageous also for mapping numerical
equilibria into FLOS, as discussed later in this section. In this sense, the
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implementation is a t the same time isoparametric (in the boundary elements)
and sub-parametric (in the internal elements). Another algorithm for grid
generation similar t o the previous one has been also implemented, which only
uses quadrangular elements. That is done by moving t o the boundary both
internal and external nodes next t o the boundary, thus eliminating triangular
elements. As shown in figure 5.3, that results in a distorted grid next to the
boundary. Some of the boundary nodes have been highlighted to clarify the

Fig. 5.3: Grid settings for a circular boundary in a 12x12 points grid:
Equally spaced grid (left) and modified grid (right). Because of
symmetry, only one quadrant is shown.
image. Even though the grid deformation produces numerical noise close
to the boundary, this grid shape has proved to be less noisy than the grid
containing triangular elements, and has for that reason been used for most
of the results presented in the following sections. Preliminary convergence
studies have however proved that the two grids give similar results, both for
eigenvalues and eigenvectors, excluding the level of noise at the plasma edge.
In order to complete the implementation of the eigenvalue problem, it is
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still necessary to include the boundary conditions for the eigenvector {f,6)".
For the time being, the code FLOS is only used to study internal modes;
therefore the component of the displacement <normal t o the boundary must
vanish a t the boundary. If a velocity component is present a t the boundary, the boundary condition for ii is more complicated as it depends on the
equilibrium velocity. For the first implementation of the code we are interested in the effect of plasma flow on internal modes, and therefore assume
for simplicity that the equilibrium velocity vanishes a t the boundary. The
boundary condition for ii is then simply that its normal component t o the
boundary must vanish on the boundary. The boundary conditions are then
simply summarized as:
+

4

Jn = un = 0

(5.18)

Thanks to the grid generation algorithm, elements adjacent to the boundary
always have nodes exactly lying on the boundary. For that reason, equation
(5.18) is directly forced into the matrix of coefficients. That is done by

writing

where 8 is the angle measured around the geometric center of the physical domain and r ( B ) is the local distance between the boundary and the geometric
center of the plasma if the boundary is not circular.
One last remark is necessary concerning the boundary elements if triangular elements are used. It has already been mentioned that cubic-Hermitian
elements have shown the best convergence properties among the ones that
have been tried. It is however notable that cubic-Hermitian elements of triangular geometry require degrees of freedom different from the ones used
in quadrangular elements. In particular, mixed derivatives are not needed
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in the geometrical nodes, and an additional node should be added at the
geometrical center of the triangle in order to obtain a complete set of shape
functions [60]. Although in principle this would be possible, at the expenses
of increased bookkeeping and increased matrix complexity, in practice it is
found that linear elements are sufficiently accurate next to the plasma edge.
For that reason, linear elements are used in the boundary elements; in particular, in order to keep the method of implementation of the integral problem
uniform next to the boundary, linear elements are used for both triangular
and quadrangular boundary elements.
Once the matrix representation of the eigenvalue problem has been built,
it is possible to compute the eigenvalues, which in the case of interest are
the growth and oscillation rates of the plasma unstable modes. It seems
appropriate to briefly consider the size of the matrices that correspond to
reasonable approximations of the problem. If cubic Hermitian shape functions are used, 24 unknowns are required at each grid point (4 degrees of
freedom times 3 component of the unknown for each of (and 5). Neglecting
the different (linear) approximation near the boundary, for a 10 x 10 grid this
would correspond to a matrix size of 2400 square. With the use of present day
computational tools, system much larger than this cannot be easily solved
completely; it is therefore necessary to use methods appropriate to compute
a finite number of eigenvalues if finer resolutions are to be used. It is also
worthwhile to observe that the total number of matrix non-zero entries per
row will not change as the number of grid points increases. In particular,
matrix F in equation (5.14) has a maximum of 108 non-zero entries per row,
while matrix K has a maximum of 36. Each matrix will then become more
and more sparse as the resolution is increased. This makes also convenient
the use of a sparse-matrix storage format during the numerical solution of
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the eigenproblem. The numerical libraries PETSc [61] and SLEPc [62] are
well suited to tackle the numerical problem.
In general, the numerical solution of an eigenvalue-stability problem will
proceed as follows:
1. A low-resolution solution (normally up to 12 x 12 points) is calculated,
using a full solver, computing the complete spectrum of the matrices.
This solution is normally obtained using the commercial library IMSL.
2. The solution is then refined by running the code with increasing number of grid points, and only solving the eigenproblem for a single
eigenvalue, using the low-resolution result as a guess. These calculations are performed using either MATLAB or SLEPc solvers. If
a low-resolution solution cannot be obtained, the first calculation is
performed on a grid of moderate resolution (normally 16 x 16) for a
limited number of eigenvalues (-- 10 to a 100); for this calculations
MATLAB is found to be more efficient.

3. The process is repeated until the resolution is judged sufficient. At
the moment, grids with more than 40 x 40 points have not be used,
since computational times become prohibitive. For grid sizes larger
than

N

18 x 18 the SLEPc solver is the only viable option.

As for the details of the numerical solutions, the MATLAB solver uses a
standard ARPACK [63] algorithm. SLEPc does instead allow for several
options. Preliminary studies have shown that the most reliable and efficient
approach is to use subspace iterations with a direct LU solver, combined with
a "shift-and-invert" spectral transformation.
It is appropriate to emphasize t.he level of discretization accuracy that
can be reached with the code. Since the eigenmodes are represented every-
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where away from the boundary with cubic-Hermitian shape functions, the
discretization is more accurate than it could seem only considering the number of grid points. Since 16 shape functions are required to define the unknown over a cubic-Hermitian element, it is intuitive that 16 values of the
unknown would be required to unequivocally define the unknown over the
element. On a two-dimensional grid of n x n points, this corresponds to

(3n- 2) (3n- 2 ) independent unknown values. In this sense, cubic-Hermitian
elements on a grid with 40 x 40 points will be equivalent to Lagrangian elements on a grid with 118 x 118 points, but with the additional accuracy
that first derivative continuity is also imposed through the element boundaries. In that respect, all code outputs that are shown in the present work
are considerably under-sampled, being only represented at the grid points of
the Hermitian elements.
One problem that affects the current implementation of the code is the
presence of spectral pollution [64]. Spectral pollution consists in a numerical
destabilization of the continuous spectrum, in particular sound waves and
Alfvkn waves. The issue is discussed in detail in reference [64], and various
methods have been proposed in the literature for removing the problem. The
issue has not yet been addressed in FLOS, and its examination is deferred to
future versions of the code. For the time being, it is just reminded that
spectral pollution destabilizes stable modes, but does not strongly affect
unstable modes. Its effect on the code will then just be of creating a large
number of non-physical unstable modes, among which it can be cumbersome
to distinguish physical ones; convergence of physical modes is however not
compromised.
The final topic that needs to be addressed in the present section is the connection between the equilibrium code FLOW and the stability code FLOS.

5. Tokamak stability in the presence of macroscopic flow

138

In order to study the stability of equilibria in the presence of macroscopic
flow, an input is required containing an accurate equilibrium calculation.
Even though slow rotations in general do not greatly affect the equilibrium,
a self-consistent stability calculation needs an equilibrium calculation, which
is itself self-consistent. To that effect, the code FLOW is the perfect instrument to create such equilibria, since it allows for arbitrary poloidal as
well as toroidal equilibrium flow. In order to obtain a sufficient accuracy
in the equilibrium, very fine grids are used in the equilibrium calculations,
normally of 1024 x 1024 points (the multi-grid solution algorithm in FLOW
requires the number of grid points to be a power of 2). The equilibrium is
then directly interpolated into the quadrature points of each element. Interpolation is performed using routines contained in the commercial library
IMSL. With this approach results are clearly more accurate than using the
shape functions of the finite-element representation. In this step, the fact
that both codes are written in Cartesian coordinates is advantageous, allowing for direct interpolation without the need of an additional transformation
to magnetic coordinates. Two different problems have been identified in the
interpolation process. First, the second derivatives contained in the tensor
term in equation (5.13) will not be as accurate as the equilibrium. This is intuitive, since the equilibrium calculation is performed using a finite-difference
algorithm, which does not assure the same convergence rate for equilibrium
quantities and their derivatives. Terms containing derivatives or the magnetic field are particularly affected, since accuracy decreases with increasing
order of derivation, and the poloidal component of the magnetic field itself is
computed as a derivative of the equilibrium poloidal magnetic flux

+. A bet-

ter approximation of the tensor terms is computed by using the equilibrium
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momentum equation and writing:

This allows to only compute derivatives along the field lines, and not across
them. Direct calculation shows indeed that better approximation of the tensor term is obtained by using the right-hand side of equation (5.20) than its
left-hand side. The second problem arises next to the boundary, where data
from the equilibrium calculation stop. By using a direct interpolation next
the boundary, points outside the boundary will automatically be used by the
interpolation subroutines to compute derivatives, thus producing incorrect
results. Various solutions have been attempted for this problem. First, the
equilibrium calculation results have been extrapolated outside the boundary,
but this did not prove satisfactory. High-order one-side derivation formulas
have then been introduced in the boundary elements; this however proved
rather cumbersome, without greatly improving the results. It was finally
concluded that the most accurate solution is to extend the equilibrium calculation beyond t.he plasma boundary. By running the equilibrium code FLOW
in fixed-boundary mode, this corresponds to assigning as plasma boundary
for the stability calculation a magnetic surface internal to the plasma boundary in the equilibrium calculation. This is preferable to running the code in
free-boundary mode, since in that case surface currents could arise, producing
large derivatives of the magnetic field at the plasma edge, which would again
be difficult to accurately reproduce. In order to obtain reasonable inputs,
all free functions required for the equilibrium calculation are assigned to be
rather flat at t,he equilibrium plasma edge, thus making all computed quantities at the stability boundary very close to those corresponding t o the actual
(equilibrium) plasma-vacuum interface. It should be observed that this approach will make the plasma boundary a magnetic surface of arbitrary shape.
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The shape of the (stability) plasma edge is therefore interpolated from the
equilibrium calculation of the magnetic poloidal flux 8 , and assigned to the
stability code as an input quantity. This does not pose any problem to the
grid generation, as both grid-generation algorithms (with and without triangular elements) have been implemented for arbitrary-shape plasmas. Since in
toroidal geometry magnetic surfaces inside the plasma are not left-right symmetric even if the plasma boundary is, this could naturally result in different
grid deformations on the two sides of the plasma (inboard and outboard of
the magnetic axis), which could result in different convergence properties on
the two sides.

5.4

Benchmark problems in slab geometry

In order to verify that the code formulation and implementation are correct,
benchmark problems have been studied. The simplest of such problems are
written in slab geometry. Depending on the equilibrium and on the flow
profile, the basic instabilities that develop in a one-dimensional equilibrium
by effect of two-dimensional perturbations are the so-called Rayleigh-Taylor
(RT) [65], 1661 and Kelvin-Helmholtz (KH) [67], [68] instabilities. The first
one occurs whenever an equilibrium with non-constant density has a density
gradient opposed t o the direction of gravity, while the second one develops
when a velocity gradient is present in a fluid. Two simple analytical solutions
have been derived for code benchmarking.
The RT instability is considered first. Choosing a two-dimensional system of Cartesian coordinates (x, z) and assigning a gravity field -ge,,
equilibrium profiles are assigned as:

the
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The only derived equilibrium quantity is naturally the pressure:

For convenience the stability problem is considered in a box of vertical size

H. In this case, if incompressibility is assumed for a perturbation f(x, z ; t ) =
((z)eikz-iwt , it is trivial to show that the growth rate is given by:

where n is the mode number, which represents the number of convection
cells along the z direction. Equation (5.23) gives both the unstable (purely
growing) and stable (purely damped) roots. A preliminary two-dimensional
version of the code has been benchmarked against equation (5.23) using
different equilibrium scale lengths and magnetic field intensities. To obtain
some indications about the convergence properties of the different elements
needed for the final version of the code, results have been computed using
purely linear or purely cubic-Hermitian finite elements. Some results are
presented in figure 5.4 for an equilibrium configuration with g = 5, po = 1,

Bo = 0.3, H

=

1 and L = 0.5. In order to enforce incompressibility, the ratio

of specific heats y has been set to 10 times the physical value (5013 instead of
513). For this calculations, a uniform grid has been used, with N being the
number of points in each of the directions (a, z ) . It is apparent in the picture
that the Hermitian elements converge to the right solution very quickly, with
only 5 grid points (i.e. 20 elements) being necessary to obtain the correct
growth rate within a few percents. Linear elements converge instead very
slowly, requiring more than 20 points to simply identify the presence of the
instability. It should be mentioned a t this stage that other elements have been
tried for this benchmark problem, namely complete quadratic-Lagrangian
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Fig. 5.4: Code convergence properties as a function of the number of grid
points for linear (top) and cubic-Hermitian (bottom) elements
and "serendipity" quadratic-Lagrangian elements. Neither of those proved
satisfactory, particularly if compared t o the cubic-Hermitian elements, and
therefore they were not retained in later versions of the code. Equation (5.23)
can be trivially generalized to include the effect of a constant velocity U in the

x direction. Since a constant velocity does not excite the KH instability, the
only unstable modes will still be RT modes, and the effect of the equilibrium
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velocity will simply be a Doppler shift of the growth rate:

The convergence of the code with respect t o the solution of equation (5.24)
has been again tested for linear and cubic-Hermitian elements. This calculation has been performed with Bo = 0.1, U = 0.5, while all other equilibrium
properties are left as in the previous case. Results of the benchmark are
shown in figure 5.5 for real and imaginary part of the eigenvalue. Once
again, Hermitian elements perform very well, for both real and imaginary
part of the eigenvalue. It is remarkable that linear elements converge extremely fast to the right real (oscillatory) part of w once the eigenmode has
been identified, even though the growth rate convergence is not satisfactory.
Numerical and analytical eigenmodes have been compared, showing excellent
agreement when the eigenvalues are also in good agreement, regardless of the
type of finite elements used in the calculation.
The next verification of the code is performed using an analytical solution
of the KH instability. The simplest solution for the KH instability requires a
sharp boundary between plasma regions with different flow velocities. Even
though the KH instability also develops in the absence of density gradient
and gravitational field, both non-constant density profiles and gravity have
been included in the system; magnetic field instead is not considered for
the time being. Since both instability drives are present, the problem under
consideration is a RT/KH mixed instability. Assuming again incompressible
perturbations, a solution for t,he growth rate is trivially computed as:

where the suffixes 1 and 2 refer to quantities on the different sides of the
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Fig. 5.5: Code convergence properties for real (squares) and imaginary (diamonds) part of w as a function of the number of grid points for
cubic-Hermitian (top) and linear (bottom) elements
interface, U is the plasma velocity (constant in each region), and

The problem just formulated is a challenging problem for the code, because
the code implementation does not allow for discontinuities in the equilibrium
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(which would require additional surface integrals). An approximation of the
analytical solution can be obtained by replacing discontinuities with sharp
but diffuse profiles, such as:
1
P(z) = 5 [(PI + PZ)+ (PI - pz) tanh

(:)I

and similar for the velocity, where it has been assumed that the interface is
on the plane z = 0. L is the equilibrium scale length, which is assumed equal
for density and velocity. In order to represent a steep transition between the
two asymptotic values of the equilibrium quantities, a scale length is chosen,
which is small compared to the vertical dimension of the system. To correctly
model the equilibrium in the stability code, the mesh is refined close to the
interface in the z direction, while the mesh step in the x direction is assigned
to be constant. The result of equation (5.25) is recovered with this model in
the limits kL

+0

and L / H

-+

0, where H is the vertical dimension of the

system. The preliminary version of the code has been tested for this problem,
choosing the equilibrium parameters: pl = 1, p:! = 3,

H

=

U1

=

-U2

= 1

and

1 (this problem has again been studied using non-dimensional units

for convenience). Using a grid of 11 x 29 points (respectively in the x and
z direction), the eigenvalue has been computed for different values of kL.
Due to the poor convergence properties of the linear elements, only cubicHermitian elements have been used for this calculation. The results are shown
in figure 5.6. Even though the code does not reach the exact eigenvalue even
for the smallest scale length used in this study, the approximation clearly
becomes better with reducing the equilibrium scale length, again showing
the good convergence properties of the code.
A generalization of equation (5.25) is found in [69]. In that work, the
authors study the effect of sheared flow and sheared magnetic field on the RT
instability. A simple derivation allows to write the growth rate as (following
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Hermitian: sharp-boundary KH

Fig. 5.6: Code convergence properties for real (square) and imaginary (diamonds) part of w as a function of kL using cubic-Hermitian element,~
ref. [69] not,ation):

where y is the mode growth rate, and the other symbols are defined as:
VA

=

B:+B!
P+

with

VA

+ P-

;

6=

I

U2 u

'

A ~ P+
=
P+

- P-

+ P-

(5.29)

being a reduced Alfv6n speed, b a measure of the shear and AT the

Atwood number. The code has been benchmarked against equation (5.28)
for different values of the various physical quantities. For this calculation,
the full version of the code has been used. The full version uses complex
matrices to allow for Fourier analysis in the toroidal (y) direction, which
is used in three-dimensional calculations. Complex matrices require larger
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memory allocation that real matrices, making the code less efficient to run
for problems that do not require Fourier analysis. Only one result relative
to the benchmark against the results of [69] is included in the present work
and presented in figure 5.7, showing the analytical and numerical growth
rates computed with constant AT and v~ . The numerical results have been

Fig. 5.7: Comparison between analytical and numerical results for a
RT/KH instability in the presence of sheared magnetic field for
varying levels of the flow shear
obtained using a grid of 11 x 25 points, with grid refinement close to the
interface. The sharp boundary has been again approximated in the fashion
of equation (5.27), with k L = 0.6 and L / H = 0.15. The numerical results
are in good agreement with the prediction of theory, and the agreement
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decreases for increasing shear. This is not surprising, and it is simply due t o
the fact that the diffuse profile model approximation of the sharpboundary
equilibrium becomes worse as the shear increases.

5.5

Benchmark problems in cylindrical
geometry

After considering simple benchmarks problems in slab geometry, it is interesting to check the behavior of the code in the analysis of more tokamak-relevant
instabilities, such as the "m = 1" internal kink. Since it is not possible to
write an exact solution for the internal kink instability in toroidal geometry,
some other benchmark problem needs to be defined. A relevant test problem
is the internal kink instability in cylindrical geometry. It is also not possible
t o write an exact solution for this simpler problem, which can however be
reduced to a single second order ordinary differential equation (ODE) in the
radial component of the displacement. That can then be solved numerically
with a commercial solver for ODES, such as the software package Mathematica. In order t o do that, it is first necessary to compute a solution for the
equilibrium problem. In the case of the general screw pinch, few analytical
solutions exist for very specific shapes of the magnetic field components and
pressure. A more general numerical solution is derived next, allowing for
generic profiles of the arbitrary functions.
From elementary equilibrium considerations, the equilibrium problem for
a cylinder of magnetized static plasma is written as:

where cylindrical coordinates (r, 0, z ) have been used, p is the plasma pressure
and B =

dm

is the total magnetic field. Three functions need to be
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determined in equation (5.30), namely the pressure p and the two components
of the magnetic field, B, (axial component) and Be (poloidal component).
Two of them can t,hen be freely assigned, while the third one is left as the
unknown of the problem. A short manipulation of equation (5.30) allows to
assign the most physically relevant quantities in the equation for the problem
under consideration, i.e. the plasma pressure and the safety factor q, which
in cylindrical geometry is defined as:

where 27rL is the length of the cylinder. The wave number k of the internal
kink instability in the a direction is defined as a function of L as k = n / L . L
is assigned arbitrarily and has no effect on the equilibrium, but is of capital
importance in the stability analysis. By equation (5.31), the two component
of the magnetic field can be expressed through:

It is convenient to choose Be as unknown of the problem, expressing it
through an auxiliary function a, defined as:

Since the poloidal component of the field vanishes on the axis, and is proportional t o the radius close to the axis, this definition allows to assign a finite
value on the axis as boundary condition for equation (5.30). Assigning a(0) is
equivalent to assigning B,(O), by (5.32). Equation (5.30) is cast in a dimensionless form, replacing r with r / a (a being the radius of the plasma column),
p with

6 -- ~ ( r ) / p ( O )q, with

q

-- q(r)/q(O) and a with ti = cr(r)/cr(O). After

dividing the equation by cr(O), and defining for convenience:
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equation (5.30) is cast in its final form:

Equation (5.35) is easily solved with the Mathematica package for arbitrary
profiles of the free functions q ( r ) and p ( r ) ; the resulting equilibrium is then
tabulated and used as input for the code FLOS.
In order to verify the correct behavior of the code for this instability, it
is also necessary to solve the stability problem with an independent source.
Defining the perturbation < a s

and choosing m = 1 and defining k as k = 1/L, as mentioned before, it
is possible t o reduce the stability problem t o a single ODE in the radial
component of the displacement

The derivation is rather lengthy, and since

it is found in textbooks [70] is omitted for brevity. For completeness, only
the resulting equation is reproduced:

where:

and

m
F=kB,+-Bo
r

m
G=-B,-kBe
r

m2
ki=k2+r2

(5.40)
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and the radial component of the displacement has simply been denoted with
for brevity. Equation (5.37) has been solved numerically for different equilibrium profiles and confronted to the results of FLOS. A convergence study
for a particular case is represented in figure 5.8. On the x axis is the number
of grid points in each direction (equal in both direct.ions), while on the y axis
is the relative difference between the eigenvalue computed by FLOS and the
exact eigenvalue. The error rapidly decreases with increasing the number
of points, and is of the order of a few % for a number of grid points larger
than about 30. It is just noted that FLOS converges to the right eigenvalue
approaching it from smaller values (in absolute value). In other words, with
decreasing resolutions the code identifies the internal kink to be less and less
unstable. The same behavior was found in the benchmark problems in slab
geometry. It should be pointed out that for modes very close to marginal
stability fine resolutions will be required to identify the instability, thus making the code not very well suited for weakly unstable modes. For benchmark
problems of the kind described in this section, in all considered test cases it
has at any rate been observed that the relative error in the eigenvalue for a
grid resolution of 32 x 32 points is between 1% and 3%.
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Fig. 5.8: Code convergence properties as a function of the number of grid
points using cubic-Hermitian elements for an internal kink in cylindrical geometry.
The generalization of equation (5.37) is far from trivial, and is not present
in the literature. One easy extension is obtained for purely toroidal flow. It
is trivial to show that in the presence of purely toroidal flow equation (5.37)
is left unchanged, if only w is replaced with
Ij

w - kv,.

(5.47)

It is notable that in cylindrical geometry axial flow does not influence t,he
equilibrium, which is therefore still described by equation (5.35). The simplest test is performed by assigning a constant equilibrium velocity. In that
case, growth rates will not be affected by the flow, but the eigenvalue will
also acquire a real (oscillatory) part, corresponding to a Doppler shift of the
frequency. For constant velocity the Doppler shift can be computed exact,ly,
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and is given by:
%[w] = kvz

A quick test is sufficient to verify the correct behavior of the code in this
case. To do that, an equilibrium has been generated after equation (5.35),
and FLOS has been run with and without flow with different resolutions.
For each of the grids used in the test, the growth rates were identical with or
without flow, and the oscillatory part of w in the case with flow was always
identical to the prediction of equation (5.48) (up to numerical precision).

A more interesting test is performed including flow shear in the velocity
profile. In that case, the effect of the flow will not only be a rigid shift of the
instability, corresponding to a Doppler shift of the eigenvalue. The actual
real part of w will depend on the interaction between the mode and the flow,
and will be influenced by the flow profile. The presence of flow shear will
moreover have an effect on the growth rate. In general, flow shear is a drive
for instability, as observed in detail in slab geometry in the previous section.
It is however also possible for the flow to have a stabilizing effect, if the shear
is such that it will "tear apart" the mode, not allowing the plasma to be
displaced in the way corresponding to the fastest possible growth. In order
t o evaluate the effect of sheared flow on the instability, a direct calculation is
required. Fortunately this is still possible in the fashion of equation (5.37),
as modified by equation (5.47). This is again done using the Mathematica
package, assigning a parabolic profile for the axial velocity, with maximum on
the axis. The computed eigenvalue has a growth rate slightly (-- 3%) larger
than the one of the static case, and the mode frequency is -- 80% of the
maximum value of kv,. This results constitutes a robust test for FLOS, in
particular because no assumptions have been made on the size of the velocity.
For the test case used to benchmark the code, a value of v,(r = 0) has been
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Frequency Convergence

Growth Rate Convergence

Fig. 5.9: Code convergence properties as a function of the number of grid
points using cubic-Hermitian elements for an internal kink in cylindrical geometry with sheared axial rotation.
chosen corresponding t o a sonic Mach number of about 12% at r

= 0,

and an

Alfvkn Mach number of about .06. The result of the benchmark is shown in
figure 5.9. On the top part of the figure is the percentage relative error in the
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real part of w (normalized to the exact value computed with Mathematica).
The error is small for all resolutions, becoming less than 1%if 20 or more
grid point are used in each direction. The convergence in the growth rate is
shown in the lower part of the figure, again presenting a percentage relative
error as a function of the number of points in each direction. The growth
rate computed by FLOS approaches the exact one for increasing resolution,
reaching an error of less than 4% if the usual "final" resolution of the code,
32 x 32 points is used. In this case, the error is presented in modulus and
sign, showing that the numerical eigenvalue approaches the exact one from
below, that is from smaller (in modulus) values.

5.6

NSTX-like internal kink with purely
toroidal flow

After benchmarking the code FLOS against exact and numerical solutions
in slab and cylindrical geometry, the code has been used to study the effect
of toroidal rotation on a realistic NSTX-like equilibrium unstable to internal
kink. The National Spherical Torus Experiment [14] has strong toroidal
rotation, and therefore represents a good test case for the code. In order
to study he effect of flow on the internal kink, a set of free functions has
been generated for a static equilibrium giving a safety factor profile ranging
from about 0.75 on the magnetic axis t o more than 4 at the edge. It is
worthwhile to spend a few words on the equilibrium. Since the code FLOS
requires an input calculated from the equilibrium code FLOW, the safety
factor profile cannot be used as an input free function. That is because
FLOW uses p ( 9 ) and F ( 9 ) as input free functions in the static case, and no
option for using q(9) has been implemented, yet. It is however possible to
define the input free functions starting from a cylindrical equilibrium, as is
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briefly described in the following. The cylindrical case has been described in
the previous section, where it has been shown that all equilibrium properties
are determined by solving equation (5.35) after two free functions of r, in
this case q and p, have been assigned. Remembering the definition of the
magnetic poloidal flux Q from equation (1.15), it is possible to compute
numerically Q(r), once equation (5.35) has been solved; in computing Q it
only needs to be remembered that R is a constant in the cylindrical case.
Once Q has been computed, p(r) and B,(r) can be converted in p(Q) and
F ( Q ) = RB,(r(Q)). The q profile in the resulting toroidal equilibrium will
be close to the profile assigned in the cylindrical case, if the free functions are
assigned in a way that satisfies the low-,O tokamak ordering. In particular,
it needs t o be ,O

5

t2, where 6

is the usual inverse aspect ratio,

t =

a/R.

Since the aspect ratio for NSTX is very close to unity, this procedure allows
to generate equilibria with high$, which are realistic for the experiment. In
particular, in the equilibrium used in the rest of this section a parabolic (in
r ) pressure profile has been assigned, with a central ,O of ,Oo = 0.58t2 .v 27%.
In the toroidal case, this corresponds to a toroidal ,O of about 18%, where
the toroidal beta is defined as ,Ot = 2p0 < p > /Bc, with < p > being the
average plasma pressure and Bv the vacuum toroidal field.
After generating the toroidal equilibrium following the procedure just
summarized, it is appropriate to verify the q profile, in order to confirm that
the safety factor is ranging from a value smaller than 1 t o a value larger than
2 . The first requirement is necessary for the internal kink to be unstable,

while it is unrealistic to assume q at the edge smaller than 2 in a tokamak,
due to stability requirements against external kinks. In order to compute
q(Q), a dedicated diagnostic has been developed using the software package
Mathematica. Using the built-in interpolation routines of the package, an
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(computed by FLOW). A

series of curves {R(d), z(d)), with d being an angle-like arbitrary parameter,
is then built, each of them representing a curve of constant Q in the (R, z)
plane. The value of q on each of such magnetic surfaces can then be computed
by numerically integrating the definition of q:

where

x is an angular coordinate measured along the magnetic surface. This

Fig. 5.10: Safety factor profile versus the major radius of the plasma in the
outboard part of the system. The magnetic axis is at R = 1.04,
the plasma boundary at R = 1.5.

method for computing q(Q) fails close to the plasma boundary, due t o a p
proximations of the interpolating routines. For that reason, it is not possible
to accurately compute the edge value of the safety factor; this is however
not a big drawback, since what matters for the present case are once again
the position of the q

=

1 surface and the fact that q edge inust be larger
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than 2. It should also be pointed out that the numerical integration only
works on a curve of finite length; what that means is that the value of safety
factor on axis (go) cannot be computed exactly, but needs to be extrapolated
from values at a finite, even if small, distance from the magnetic axis. For
the equilibrium under consideration, it is found that qo is about 0.75, while
the edge value is larger than 4. The safety factor profile is shown in figure
5.10 as a function of the major radius of the plasma along the midplane in
the outboard part of the plasma column. The profile does not extend to
the plasma edge nor to the magnetic axis for the reasons explained before.
It is notable that the q profile very closely follows the profile assigned for
the cylindrical equilibrium (not shown) close to the plasma center, while the
two move apart next to the edge. This is clearly consistent with the usual
high-aspect-ratio tokamak expansion.
FLOS is then used to study the internal kink in the equilibrium just described. The code is first used t o determine the unstable root in the static
equilibrium. The result of such calculation is shown in figure 5.11. In the
figure, the displacement f i n the (R, z ) plane is shown, with the length of the
arrows corresponding to the size of the displacement. The mode corresponds
to a rigid shift of the central part of the plasma column, as expected for an
internal kink. More precisely, the shift is correctly limited to the region of
the plasma inside the q = 1 surface, and is clearly vanishing at the edge. As
shown in the figure, the plasma boundary has been assumed to be elliptical
for simplicity, with the geometry closely resembling the geometry of NSTX,
except for the triangularity. The figure has been generated with a grid resolution of 32 x 32 points. As explained in detail in section 5.3, this resolution
would be roughly equivalent. t o a resolution of 94 x 94 points if linear elements were used, with the additional feature of the continuity of all first
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Fig. 5.11: Eigenmode for an internal kink in an NSTX-like static equilibrium.

derivatives in the computational domain. More refined grids have been used
to verify the code convergence, but the computational time required by the
present version of the code for resolutions higher that 32 x 32 points makes
preferable to limit the calculation to this resolution, which will be assumed
in the following as "standard7'resolution. The same number of points will be
used in the following for a set of equilibria with varying levels of flow. As for
the computed growth rate in the static case, the eigenvalue for the standard
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grid is about 1.3% of the Alfvkn frequency. Since the purpose of the present

Fig. 5.12: Growth rate for static (circles) and with flow (squares) equilibria
as a function of the number of grid points. Values are normalized
to the 32 x 32 static growth rate.
discussion is the study of the growth rate relative variation as a function of
the flow, as long as the same resolution is used for all cases, the standard grid
is sufficient, and the static eigenvalue will be used as a reference value for the
cases with flow. Since the code converges to unstable roots from the stable
side of the spectrum, it could be possible that the eigenvalues shown later
in the present section were not yet converged values, and therefore that they
would not allow to draw any conclusion on the effect of flow on the internal
kink mode. The issue is analyzed in figure 5.12, which shows the convergence
of the eigenvalue for the static case (circles) and for the case with the highest
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rigid toroidal rotation (squares) considered in the following. Eigenvalues in
the figure are normalized to the static eigenvalue obtained with a grid of
32 x 32 points. Both curves show a convergent trend, with the variation in
the eigenvalue as a function of the number of points decreasing with higher
resolutions. It is notable that the two curves never intersect, confirming that
the qualitative effect of rotation is the same for all resolutions. In particular,
no unstable root was found by the code at the lowest resolution considered in
this study (24 x 24 points) for the case with toroidal rotation (lower curve).
It should be stressed once more that the reason for this is that the convergence of the code is from the stable side of the spectrum. For that reason, it
will also not be possible to follow the effect of flow all the way to marginal
stability, since the code will be able to identify the root only as long as it is
sufficiently unstable.
The effect of rigid rotation is studied first. It is in general accepted that
pure, rigid toroidal rotation has a stabilizing effect on the internal kink. This
has been shown in the literature [lo], [ll]using approximate analytical calculations based on large aspect ratio, low beta expansion. In the literature, it
is generally found that the internal kink is completely stabilized for rotations
satisfying a relation like

-

R ~ M ~

(5.50)

where R is the rotation frequency of the plasma, M the sonic Mach number, yo the growth rate in the absence of flow, and the numerical coefficients
differ slightly depending on the author [lo], [ l l ] . The derivations however
heavily rely on large aspect ratio expansions, which are not justified for an
experiment with an aspect ratio as tight as NSTX. It is then interesting to
verify the effect of rigid rotation on the case under consideration with numerical tools. Since the current implementation of FLOS requires vanishing
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flow a t the plasma edge, it is not possible to solve the eigenvalue problem if
the plasma rotation is perfectly rigid, extending up to the plasma boundary.
Since the internal kink is localized well inside the plasma, the flow profile
a t the edge is however not relevant t o the stabilization effect predicted by
the theory. For that reason, the plasma rotation frequency R(@) is assigned
t o be constant for @ larger than a value arbitrarily chosen, R(@) = 0 close
t o the boundary, with the transition between the two regions modeled with
the usual hyperbolic tangent, in a way similar t o equation (5.27). Some care

Rigid Rotation

Fig. 5.13: Growth rate variation as a function of rigid toroidal rotation
(values normalized to the static growth rate).
must be taken in selecting the value of @ at which the transition occurs.
Specifically, it is necessary t o include plasma rotat.ion in all regions where
it affects the internal kink. It is easy to conclude t,hat a rotation extending
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beyond the q = 2 surface will affect the internal kink in the same way as a
rigid rotation would, because the mode vanishes for q larger than 2. That
is because in toroidal geometry the m = 1 and m = 2 modes are coupled
by effect of the geometry. Considering now figure 5.13, it is clear that rigid
toroidal rotation has a st.abilizing effect in the equilibrium under consideration, and the stabilization increases with increasing rotation, reaching a

-- 30% reduction with the highest rotation considered, corresponding to a
sonic Mach number of 0.325 on the magnetic axis. The shape of the curve
in figure 5.13 seems in qualitative agreement with the results of [lo], which
predicts a roughly quadratic dependence of the growth rate on the plasma
rotation frequency R. A detailed comparison is clearly not possible for the
present case, due to the tight aspect ratio of NSTX. It should be stressed
once more that the choice of free functions, and therefore of rotation profile,
corresponds to a rigid rotation, which does not translate in a constant MV.
Indeed, since the pressure profile is decreasing from the center to the edge,
the M , profile is increasing from the center to the edge (up to the discontinuity in R), reaching values about two times larger than the value on axis in a
considerable part of the plasma. On one hand, a rotation so strong in a large
part of the plasma produces a large centrifugal force, which corresponds to
an effective pressure increase. This is also due to the fact that for simplicity
a flat profile has been assigned to the free function D ( 9 ) determining the
density profile (see chapter 2 and in particular Table 2.1 for the description of
the input of the code FLOW). By effect of this centrifugal force, equilibrium
limits are reached for high values of R , and an equilibrium cannot be found
for rotations much larger than the ones considered in figure 5.13. On the
other hand, such profiles for the sonic Mach number are clearly unphysical.
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For this reason, it is clearly more interesting to examine the effect of sheared
rotation on the internal kink.
In order to do that, a quadratic (in @) profile is assigned to the quasitoroidal sonic Mach number. This has been observed to give a profile for

R(@) close to a profile obtained from experimental data. The velocity is again
assigned to be 0 in the outermost part of the plasma. All other equilibrium
characteristics (geometry and free functions) are left unvaried with respect
to the static equilibrium. The results of the calculation are summarized in

Sheared Rotation

Fig. 5.14: Growth rate variation as a function of sheared toroidal rotation
(values normalized to the static growth rate).
figure 5.14, where the growth rate normalized to the static growth rat.e is
shown as a function of the sonic Mach number on the magnetic axis. The
results shown in figure 5.14 are somewhat surprising, since various authors
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[lo], [71], [72], [73] agree that toroidal flow shear has a stabilizing effect on
the internal kink. It is however also known that toroidal flow shear can have
a destabilizing effect on plasma equilibria (through the physical mechanism

of the Kelvin-Helmholtz instability), in particular on interchange modes [74]
and even on internal kinks [75]. It should be mentioned that the competing
(stabilizing and destabilizing) effects of sheared toroidal rotation have also
been recognized in the analysis of quasi-interchange modes in Ref. [76], where
it has been observed that which effect is stronger depends on the parameters
of the plasma.
It is useful t o consider the effects of sheared toroidal rotation in a simplified case, in order t o gain some insight on the problem. In a cylindrical case
like the one used for the benchmark problems in section 5.5, it is possible t o
solve numerically the simpler equation (5.37), as modified by equation (5.47).
By considering an axial flow profile with constant shear (i.e. v, = vor), the
results presented in figure 5.15 have been obtained. For this calculation, the
usual equilibrium profiles used in section 5.5 have been considered, with a
rational surface a t r

=

0.5. Figure 5.15 shows that the growth rate is in-

creasing with increasing shear. Moreover, the curve in figure 5.15 remains
unvaried if the shear is inverted by assigning v, = vo(l - r ) . These results
suggest that toroidal flow shear should actually be destabilizing, at least in
the cylindrical case. An additional confirmation of the destabilizing effect
of flow can be obtained by assuming incompressible perturbation, and modifying the classical internal kink cylindrical solution of Ref. [8] to include
sheared toroidal rotation. In that case the equation determining the shape
and growth rate of the m

where 5 e w - kU and

=

1 mode reduces to:

6 = U(r)&

is the equilibrium axial velocity. T h e
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Fig. 5.15: Growth rate relative variation as a function of sheared axial rot,ation (values in percentage normalized to the static growth rate
and the Alfv6n velocity).
Alfv6n frequency

WA

has been defined as kllVA,where VA is the Alfv6n ve-

locity, and g is the instability drive, which is unchanged with respect to the
static case, and is described in detail in [8] and [77]. By further assuming
small velocity and velocity shear, (with respect to the appropriate quantities,
that is kU

<< WA

and kU'

<<

IwXI), an approximate solution is determined

for the growth rate y:

where all quantities are computed a,t the rational surface, customary indi-
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cated with the subscript s. This should be compared with the static result:
'Yo

*

JTs
g d.
P ~ I U ~ I ~

It is clear that the flow shear appears in two competing terms in equation
(5.52), one stabilizing (in the denominator) and one destabilizing (in the
numerator). Whether the net effect of sheared axial flow is stabilizing or
destabilizing is determined by the ratio:

In particular, flow shear is stabilizing if the ratio is larger than unity, destabilizing if the ratio is smaller than unity. It is notable that the result of
stabilizing flow shear in [lo] has been obtained assuming small magnetic
shear at the q

=

1 surface, that is that lwLl be small, and also assuming that

the rational surface q

=

1 be close to the magnetic axis (r,

<<

a , a is the

minor radius of the plasma). For the considered equilibrium profiles, it is
found by direct calculation that lwhl is actually large at the q = 1 surface,
making the assumption of [IO] not appropriate for the present case. Moreover, the assigned profile for the safety factor has a rational surface q = l a t
r = a/2, which does not satisfy the assumption of rs/a << 1. An approximate

evaluation of the ratio in equation (5.54) using the form for g given in [8]
gives indeed a ratio smaller than unity, thus predicting a destabilizing effect
of flow shear. The direct calculation presented in figure 5.15 confirnis that
in the large magnetic shear case under study flow shear is destabilizing. It
is also notable that in the considered limit of small flow equation (5.52) also
confirms that the effect does not depend on the shear sign.
It is clear that a more detailed analysis will be required to correctly
include the effect of toroidal geometry in the growth rate variation due to
the effect of sheared flow given by equation (5.52). Since the equilibrium
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profiles used for the toroidal calculation were derived from the cylindrical
solution used to generate figure 5.15, it seems reasonable that sheared toroidal
rotation should be linearly destabilizing for the internal kink instability also
in the toroidal case, at least to lowest order in the inverse aspect ratio c . A
more comprehensive study of the topic will be required to critically evaluate
the apparently disaccording results of the literature; a close comparison with
experiments is also desirable in order to gain a deeper understanding of the
issue.

5.7

Conclusions

In the present chapter, the general problem of plasma stability in the presence
of arbitrary macroscopic flow has been discussed. A compact formulation of
the energy principle has been used to obtain numerical solutions for the
stability problems. All numerical solutions have been obtained with the
newly implemented code FLOS. Since the numerical solution of the problem
requires high resolutions, numerical libraries have been used to solve the
generalized eigenvalue problem, to which the energy principle is reduced by
the numerical approximation. Several benchmark cases have been examined,
showing the effect of plasma flow on the stability of a plasma slab, and
reproducing the characteristics of internal kink instabilities in cylindrical
geometry. All benchmarks have shown good convergence properties for the
code. A case more relevant t o tokamak applications has been examined last.
In particular, an NSTX-like equilibrium has been used to study the effect of
rigid and sheared toroidal rotation on the internal kink instability. In general,
rigid rotation is found to be weakly stabilizing, in qualitative agreement wit,h
theoretical results. Sheared toroidal rotation has instead been found to be
destabilizing in the case considered, even though it does not seem possible to
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draw general conclusions on the effect of flow shear. For the time being, FLOS
is only able to study tokamak internal modes. External modes, in particular
the so-called Resistive Wall Mode, are discussed in the next chapter.
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6. ,O LIMITS OF HIGH-P

TOKAMAKS IN THE
PRESENCE OF
DIFFERENTIALLY ROTATING
WALLS
6.1

Introduction

One of the major constraints for the high-0, advanced-mode operation of
future tokamak

/

burning plasma experiments is the stability of the plasma

against magnetohydrodynamic (MHD) modes. MHD instabilities are typically divided into two categories: the internal and external modes. Internal
modes such as the internal kink and the ballooning modes have eigenfunctions that are confined within the plasma column and vanish at the plasma
edge. Such modes do affect tokamak performance but rarely lead t o the
disruption of the discharge. On the contrary, the eigenfunctions of external
modes extend t o the plasma edge leading to the distortion of the plasma surface. Typically, external modes do not saturate and their nonlinear evolution
causes the plasma column to come in contact with the surrounding vacuum
chamber, thus leading to the premature termination of the discharge. In a
tokamak plasma, external modes are driven by the finite plasma pressure and
set the so-called

0 limits for the safe operation

of the discharges. The pres-
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ence of surrounding metal vacuum chamber improves the operational

limits

of a tokamak. If the vacuum shell is assumed to be superconducting, the
limits

P

(Pwall)for the onset of the external modes are significantly larger than

without a wall

In a fusion reactor, the plasma

(Pn,-,,ll).

is proportional

to the fusion power density thus suggesting that plasma operation above the

0 limits would greatly enhance the attractiveness of a fusion reactor.
The most severe limitation to the maximum achievable P is set by the

no-wall

so-called n

=

1 external kink, a global mode with toroidal wave number

n = 1 driven by the total plasma pressure. In presence of a superconducting

wall, the onset of the n = 1 external kink occurs at a reasonably large value
of

DWal1. However, the vacuum shell is made of copper

has a finite resistivity 7,.

or stainless steel and

Because of the finite wall resistivity, the n

external kink is not completely stabilized for

P < PWal1. Instead,

=

1

a residual

instability with a relatively small growth rate persists at low betas in the
range

Pno-wall

<P <

Pwall.

Such an instability is typically known as the

Resistive Wall Mode (RWM), and its growth rate is proportional to the
inverse wall magnetic diffi~siontime (which depends on the wall resistivity).
Since typical values of the RWM growth time varies from several milliseconds
for thin stainless steel shells to seconds for thick copper shells, it follows that
the RWM poses a serious treat to the steady state operation of a tokamak
plasma. For values of

P

below the no-wall limit

P < ~no-,,,ll,

the RWM is

stable as the plasma stability properties are independent of the wall, while for

p > PWallthe external kink is unstable even with a superconducting wall and
the RWM is irrelevant. Therefore, the RWM stability is only important in the

P
p

range

Pn,-,,ll

< P < PWal1and the RWM suppression would increase the

limits from /3n0-,,1, to

PWall. It

is important to emphasize that the RWM

does not change the st.ability limit imposed by the ideal external kink mode,
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but only reduces the growth rate. Since RWM growth rates are smaller,
this opens however the possibility of an active intervention to control the
instability. One stabilization method proposed for the RWM was therefore
active feedback (see e.g. [78]),which requires complex external coils to detect
and suppress the instability. However, it has also been observed in several
experiments (e.g. [9]) that the plasma is free of RWMs when it rotates at
sufficiently large velocities. Even though the physical mechanisms responsible
for such a stabilization could be diverse, it is intuitive that if the mode
eigenfunction is forced to rotate with respect to the wall, the mode magnetic
signal would appear oscillatory in the wall frame of reference. It is well
known that if the oscillation frequency is sufficiently large, then the mode
magnetic flux cannot diffuse through the wall, which therefore behaves as a
superconductor. Thus the RWM could be unstable when the mode is locked
t o the wall without any relative rotation between mode and wall. Therefore,
one could conclude that the RWM could be suppressed by making the wall
rotate while the mode is locked to the stationary plasma. This is not so
because the mode is not locked to the plasma but relatively free t o rotate
with respect to the stationary plasma. However, if the wall is split into two
differentially rotating shells, then the mode cannot be simultaneously locked
t o both walls.
The idea of differentially rotating walls was first proposed in [28] after
the concept of liquid lithium wall was introduced [79]. Liquid lithium walls
have been originally investigated for their exceptional heat removal characteristics as fusion reactor first wall. The latest liquid wall design is based on
two lithium streams propagating in opposite directions and flowing over a
rigid stationary stainless steel plat.e, as schematically shown in Fig. 6.1. The
relative motion of the streams and the rigid plate make the first wall operate
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Fig. 6.1: Two stream flow pattern
as an effective system of differentially rotating walls. Since the RWM cannot
simultaneously lock to all the walls, it will be suppressed when the relative
wall rotation is sufficiently large.
In this work, we will consider the effect of different differentially rotating
wall configurations. We first consider the effect a single poloidally rotating
wall and observe that a weak stabilization is also present without differential
rotation. Then we investigate the effects of two differentially rotating walls
with uniform rotation. Such a configuration has been used to build the first
experiment on RWM stabilization by differentially rotating walls at the University of Wisconsin. Then, we focus our attention to the reactor relevant
two-stream configuration and calculate the critical stream velocity required
for stabilization. The theoretical analysis is carried out for a toroidal plasma
described by the sharp boundary model of 1801 yielding an algebraic dispersion relation for the mode growth rate. The flowing liquid metal is assumed
to behave like a moving rigid shell, without any surface perturbation. This
can be justified considering that the high rotation velocities involved in the
process will create large centrifugal forces, which will in turn keep the metal
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attached t o the solid wall. For this same reason, no vacuum gap will be
considered between the two walls in the following calculation, although its
presence would just constitute a trivial generalization of the theory presented
in here, without any added complication.
In the present work, the effect of static, 1-stream and 2-streams flowing
walls, with and without the presence of a second wall, will be investigated
in the framework of ideal MHD. Results are presented with realistic plasmawall conditions as function of wall position and rotation angular velocity. The
2-stream configuration is shown t o be able to stabilize a realistic plasma configuration with wall speed of the order of 20 - 30 mls, reasonably achievable
in an experiment.

6.2

Equilibrium

The equilibrium is described following the analysis of [ ~ C I ] . The system is
constituted by an ideal toroidal plasma of circular cross section, and two
resistive walls are present outside the plasma (Fig. 6.2). A vacuum gap
between the two walls has been included in the model and in preliminary
calculations. Since in the cases of physical interest such gap is not present,
its effect are neglected in the results discussed in the present chapter. All
equilibrium quantities in the plasma are computed from the Grad-Shafranov
equation. The equation is solved using an expansion in the (small) inverse
aspect ratio

E.

Only 0th order terms are considered in the solution. The

plasma is divided in two different regions, and a separate solution is needed
for each of them. The innermost region ( r < d, with r being the distance
from the geometric axis) is carrying a constant current density Jo. In the
outer region (d < r < a , with a being the minor radius of the plasma) the
current drops to 0, while the plasma pressure is constant in both regions.
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For convenience, the two regions will be labeled "C" (central region) and

"En (edge region) in the following. The details of the solution are described
in [80]. For the central region, the only results relevant to the rest of this
work are the safety factor q and the magnetic shear s:

where Bo is the magnetic field on the magnetic axis and

& is the major

radius of the plasma on the magnetic axis.

c

b

d
0
d
a
Fig. 6.2: The plasma model
a

b

c

In the edge region the poloidal component of the magnetic field is also
needed. That and the other relevant quantities can be immediately determined after solving the GS cquation. The required bou~idarycondition is the
continuity of the magnetic field in r = d. It is also assumed that no current
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The calculation yields:

where q, is the value of q on the plasma edge.

Fig. 6.3: q profile
It is worthwhile to emphasize that the safety factor is constant in the inner
region and has a parabolic behavior in the edge region (Fig 6.3). Imposing
the continuity of the total (plasma

+ magnetic field) pressure in r = a , the
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poloidal field in the vacuum can be determined as

where

and the subscript "V" denotes quantities in the vacuum region. Here po is
the (constant) value of the pressure inside the plasma column.

F is the usual free function of the poloidal magnetic flux @ F(@)
= B+R,
while D is a constant that can be determined from the physical parameters
of the plasma through the following relations:

where

q, and qv are the safety factor on the plasma and on the vacuum side of the
plasma-vacuum interface, and K ( x ) is the elliptic integral of the second kind.
If (q,(a)), q, and

PIEare assigned, (6.5) is an equation

for the constant

H, and therefore for D, which will be solved numerically in the remainder of
this work.

6.3

Stability

The system is divided in 4 different physical regions, namely the plasma (1),
the vacuum regions (2), the rigid wall (3) and the flowing wall (4). The
appropriate set of linearized equations must be solved in each region.
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The plasma

Following again the analysis of [80], we will focus on modes with n = 1, i.e.
modes with toroidal wave number equal to 1/R, with R being the major
radius of the plasma. For the sake of simplicity, the perturbation in the
plasma is assumed to be incompressible, i.e. D .

= 0,

where

is the plasma

displacement. The incompressibility condition allows to express the plasma
displacement in terms of a stream-function

0:

The perturbed momentum equation can then be written as:

Using

and

0 =, - ~ t C~ ~ ( ~ ) ~ ( i m e - i n v )

(6.10)

m

for any perturbed quantity Q,the 0 component of the momentum equation
(6.8) can be reduced t o an equation for the perturbed magnetic flux only. It

can now be observed that for each poloidal mode number m the plasma is
divided in 3 regions by the presence of rational surfaces in the edge region
of the plasma. A rational surface is defined by the equation q(r,(,))

=

m l n , with rs(,) being the radius of the rational surface relative to the mth

harmonic. Equation (6.8) rnust then be solved separately in each region. The
required solutions are analogous to those of [80]. Since plasma rotation is not
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included in the model, and it can be safely assumed that the real frequency of
the mode is much smaller than the Alfv6n frequency (w, << wA), the results
of [80] can be simplified for the case considered in this work. Namely, it is
not necessary t o retain the resonance with the modes (m + 1) and (m - 1) a t
their rational surfaces. The solutions for

6 in the three regions are therefore

as follows:
for r < d

r

for d < r < r,
+ Qzm (:) -Im'
for
< <a
am= Glm (-)ar lml + dim (i)
-Irn'
Here qm,vim, vZm,
qlm,4 Z m are unknown coefficients.
4m

=

Vlrn(;)

Iml

T,

(6.11)

T

The matching conditions, namely continuity of the plasma displacement
and of the total pressure in r = dl and continuity of the plasma displacement
and resonant layer jump condition in r = r,, can now b e used to connect the
solutions:

[[#

-

$1

+
m =0
iIqmlJ = 0
A[G;] = -$m
r

for

T

= r,

s

where A reduces t o A = - . r r / i
X

for r = d

in the considered ideal plasma limit, with

-iwrA, and where r~ is the Alfvknic time.
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The vacuum

In the vacuum regions the perturbed magnetic filed satisfies Maxwell's equations, namely:

Using the small aspect ratio expansion, the solution can be written, as shown
in standard

where I,,

as:

Km are the modified Bessel functions of order m, and the prime

denotes derivations with respect to the radius r (NOT to the argument of
the functions). c1,2,5,6,gmare unknown coefficients.

6.3.3

The resistive rigid wall

The solution in the resistive wall region is trivial, and again contained in
standard

The magnetic field B satisfies the equation:

where X 2 = iw/D2 is the eigenvalue of the equation, with D2 being the
magnetic diffusivity in the wall and where x = r - c is the local radial
co0rdinat.e. The thickness b2 of the wall is assumed to be much smaller than
the radius c, therefore the effect of the curvature can be neglected, and the
radial coordinate can be assumed to be locally Cartesian.
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Solution of (G.17) is trivial, and can be written as:

c7,urnare again unknown coefficients.

6.3.4

The flowing wall

The solution in the flowing wall has been carried out in [29], and will only
be shortly summarized in here.
The induction equation can be written as:

where q1 is the magnetic conductivity of the wall.
Assuming the velocity to be a rigid rotation in the poloidal direction,

v = R(8)r, the radial component of (6.19) reduces to:

The angular velocity R(8) is assumed t o be a step function, i.e. R(8) = Ro
if 0 < 8 <

.ir,

R(8) = -Ro otherwise. It is then convenient to express the

angular velocity as a Fourier series:

where am = -i/.irm if m is odd, am = 0 otherwise.
Writing the perturbed magnetic field in the form of (6.10), i.e.
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with b, being unknown coefficients, and substituting everything back into

(6.20), the eigenvalue equation for X can be written as:

where D l

-

-iwb,

=

(-2Ro)

C imb,-,b, + D l X ~ b r n

(6.23)

V

q l / p O is the magnetic diffusivity of the flowing wall. Equation

(6.23) can be written in a more compact form introducing a tensor G and an
auxiliary eigenvalue A, given by:

A

-

+

7r

(X2D1 iw) 2Ro
Using definition (6.24) and (6.25), equation (6.23) is finally reduced t o the
simple form:

~6 = ~6

(6.26)

The advantage of the form (6.26) is that the problem has been reduced to
a standard eigenvalue problem, which can be now tackled with standard
methods. In particular, equation (6.26) will be solved numerically. The
dimension of the tensor G is determined by the truncation limits in the sums
over m in the Fourier series expansions. If the sums are truncated for Mmin <

m < M,,,

the dimension of the system will be equal t o (M,,,

-

M,,,

+ 1).

Direct calculation [29] shows that the eigenvalues of the equation are all
independent if M

-- (M,,,

- Mmi,)

is even. In the following, M will always

be assumed to be even, by means of an appropriate choice of M,,

and Mmi,.

Once a solution of (6.26) has been obtained, (6.25) can then be inverted in
order to solve for A, obtaining two roots of opposite sign for each value of A.
Using this, (6.22) can be cast in its final form:
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is the mth component of the lth eigenvector of (6.26).

It is worthwhile to notice at this point that this expansion has been derived assuming that the flow is in the inward-outward direction. An outwardinward flow can obviously be imposed by choosing a negative value for the
constant Ro. A similar expansion could clearly be derived for an arbitrary
angle of injection of the fluid. This does not however seem necessary, because
by simple physical arguments this flow pattern is expected to be the most
efficient in stabilizing the resistive wall mode.
The solution for the perturbed magnetic field can now be matched at
each boundary between consecutive regions.

6.3.5

Matching conditions and dispersion relation

At the plasma-vacuum boundary, the perturbation must satisfy [80] the continuity of the total pressure and of the radial component of the magnetic
field, which are imposed by:

where the subscript V indicates again the vacuum region, while the subscript

n indicates the direction normal to the plasma surface. The total pressure
at the boundary on the plasma side can easily be obtained from the 8 and cp
components of the momentum equation:

where
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After substituting (6.30) in (6.28), a straightforward manipulation leads
to the following relation between the solutions in the vacuum and in the
plasma region:

where

v is the perturbed

magnetic potential in the vacuum,

Bv = VV. All

quant,ities in (6.33) are evaluated at the plasma boundary, r = a. Equation
(6.29) can be expressed in terms of

v as well:

where

The other required boundary conditions are the matching conditions at the
2 wall-vacuum interfaces. Those are given by the standard conditions r e p
resenting the continuity of the normal and tangential components of the
magnetic field:

The set of equations (6.12), (6.13)) (6.33)) (6.34)) (6.36)) (6.37) constitute a
complete set of equations for the unknown coefficients. It is however possible to reduce the dimension of the result,ing system eliminating the variables
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V I , ~%,7,8,grn
~,
through simple algebraic manipulations. The remain-

ing equations are therefore a set of homogeneous equations in the unknowns
( ~ ~ , C ~ , C ~ , CA ~non-trivial
,C~,C~
solution
)~
for that system can only be obtained if the determinant of the matrix of the coefficients of the equations
vanishes:
Det[(6.33), (6.34), (6.36): (6.37)] = 0

(6.38)

Equation (6.38) constitutes the dispersion relation for the mode complex
frequency w.

6.4

Results and discussion

In the following paragraphs, stability results for several flow patterns will
be presented. Namely, stabilization velocity and rotation frequency will be
computed and referred t o in several cases. They will be defined as the minimum flow velocity or rotation frequency that gives a negative growth rate.
Although a more accurate definition (i.e. velocity and frequency corresponding to marginal stability) could be used, this one is sufficient for the purpose
of this work. Moreover, computations with varying flow velocity have been
performed solving the dispersion relation for a series of values of the velocity,
with the typical increment being -0.25 m/s. In other words, the approximation given by this definition will be negligible in the considered cases.
In the following paragraphs, the set of relevant parameters of the system
will be the one reported in table 6.1, unless otherwise noted. Here and in the
following, all lengths are expressed in meters, and all times are expressed in
seconds. The parameters of table 6.1 represent a realistic case, corresponding
t o an ITER-like system.
As for the number of harmonics used in the numerical solution of the
dispersion relation, a preliminary convergence study has been performed with
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Table 6.1: the physical characteristics of the system
a single static wall (discussed in the next paragraph). The results show that
a number of 12 harmonics is sufficient for our purposes.
For the present study, the wave most unstable mode corresponds t o the
first mode whose rational surface lies outside the plasma. If the parameters of
table 6.1 are used, the predominant mode of the unstable wave will therefore
be m=3. In order t o have a roughly symmetric number of harmonics around
the dominant one, in the following Mmi, = -4, Mm,, = 8 will be used.
This also assures that the eigenvalues of the flowing wall solution are all
independent.
Direct calculation moreover shows that the mode m=O does not need
t o be retained, because it does not affect the result of the solution of the
dispersion relation [80], [82]. This is also true for the 2-stream flow pattern.

6.4.1

P limits in the presence of a single static wall

The effect of a single, non-rotating wall on the stability properties of a toroidal plasma column has been widely studied in the past [82], [80], and will be
only very briefly summarized here. As shown in [82], the n=l external kink
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in the plasma. Taking

the limit of the safety factor going to infinity, the curve represented in Fig.
6.4 is obtained. In the limit bla >> 1 (out of the scale of Fig. 6.4), a critical
value of

P / E2~ 0.2097 is found.

Fig. 6.4: P limit versus wall position for JMmi,l
= 6 (solid curve)
and ( M,;, 1 = M,,
Here only the first wall is present, and

= M,,,

~ , 1=

=5

(dashed curve)

0.1. In agreement with the

results of [go], a minimum in the wall distance for marginal stability as a
function of

p/t

is observed. The comparison between the results obtained

with a total of 10 and 12 harmonics is also shown, and the difference between the two curves is negligible. A preliminary study, including up to 30
harmonics showed that no appreciable variation in the results is obtained if
more than 12 harmonics are included.
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limits in the presence of a single, 1-stream
rotating wall

The presence of a single, 1-stream rotating wall can somewhat improve the
stability properties of a toroidal plasma column. The reason for this can
be easily understood using a simple physical picture of the behavior of the
system in the presence of a rotating wall. As explained before, the unstable
resistive wall mode will have a dominant Fourier component corresponding
to the lowest harmonic with a rational surface outside the plasma. The most
unstable mode number will depend on the value of q, on the vacuum side,
being m

=

3 for the parameters in table 6.1.

Static Wall
Flowing Wall

Fig. 6.5: Stability margin improvement
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In a cylinder the most unstable mode will lock to the rotation of the
wall, and will therefore be unaffected, i.e. not stabilized, by the rotation of
the wall. T h e same still happens in toroidal geometry. All other modes
will however b e damped by t h e rotation of the wall, in both cylindrical and
toroidal geometry. Since in the toroidal case all modes are coupled in the
plasma through the pressure term (see (6.33)), the most unstable one will be
damped as well, precisely by means of the coupling. I t must be emphasized
that this effect is purely toroidal, because in the cylindrical case only one
Fourier component of the field is not trivial, while in the toroidal case the
Fourier decomposition extends to infinity. Although this effect is of order

p,

it can produce a sensible improvement of the stability margin, of order

-20% if t h e rotation is fast enough (Fig 6.5). Fig. 6.5 has been obtained
with a wall angular velocity equal to 80 s-' for both walls. In this case,
the numerical values of the limits for

PIE are PIE= 0.0355 (static wall) and

PIE= 0.0437 (rotating wall).
T h e physical picture just described can be verified observing Fig. 6.6. In
the figure the attenuation of the modes 1 to 4 through the wall is shown as a
function of the angular velocity of the wall rotation. Here the most unstable
mode is m=3, and attenuation is defined as the ratio between the absolute
value of the eigenfunction after and before the wall. It is clear that all modes
but m=3 are more and more damped with increasing velocity. Growth rate
and mode rotation are also shown. In this case the mode is not stabilized
even for very large rotations, but the real part of the frequency is exactly
equal to 3 times the angular velocity of the wall, this corresponding to the
locking of the mode m=3 to the wall.

6. Resistive Wall Modes in the ~ r e s e n c eof rotatine: walls

190

Q-P-

Fig. 6.6: T h e m = 3 character of the eigenmode

6.4.3 ,B limits in the presence of 2 1-stream rotating
walls
If two differentially rotating walls are present around the plasma, there will
be a further improvement of t h e stability properties of t h e plasma. This
will however only be true if t h e difference in rotation frequency between the
walls is large enough. Rotation frequency will be defined t o be large when
RT,

> m,small when

OT,

2

1 . Here and in t h e following R is the

rotation angular velocity of the rotating wall. Even slower rotation velocities
do not have an appreciable effect, and will therefore not be considered.
If the frequency difference is small, i.e. of order 1 / ~ , , the stabilization effect will also be small. Physically, t h e effect of slow rotation can be described
as follows. T h e mode will either lock t o one wall, or assume a velocity some-

where in between the velocities of the two walls. Since t h e difference between
t h e rotation of t h e mode and the rotation of both walls will be small, there
will b e no strong skin effect in either wall, a t least for t h e most unstable
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mode. T h e damping of the other modes will be larger, but again not very
large, because the differential velocity is still of order

117,

for any mode.

In conclusion, a slow differential rotation will cause a small damping for all
modes, with the minimum damping occurring for the most unstable mode.
The stability margin will therefore be at best only slightly improved with
respect t o the case of static walls.
A strong skin effect will occur only if the difference of rotation frequencies
is large. As discussed in the literature 1281, the differential rotation will produce a strong skin effect if its frequency is at least of order

m/~
. In ,
this

case, there will be a strong damping of all modes, with the minimum damping again occurring for the most unstable mode. As for the real frequency of

beWepelbn

Fig. 6.7: Stability margin improvement for 2 differentially rot,ating walls
the mode, it will be such that it minimizes the total attenuation through the
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walls for the most unstable mode. If the walls were identical, this will clearly
lead to w, = mR/2, where m is the mode number of the most unstable mode
and R is the angular velocity of the wall. In the general case, the mode will

.
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Fig. 6.8: Eigenfunctions for the 2-walls case, in arbitrary units
rotate with a velocity somewhere in between the velocities of the two walls,
and the exact value of w, will be a function of the walls resistive time (Eq. 13
of [28]). The effect of slow and fast rotation are shown in Fig 6.7, and compared t o the stability properties of the 1-wall case of the previous paragraph.
The marginal stability values of

PIEare PIE= 0.0355 for slow rotation

and

PIE= 0.0496 for fast rotation. It is interesting to notice that a slow rotation
with two walls is less effective than a fast rotation of a single wall, because
it lacks the strong skin effect on the modes different from m=3. As shown
in the picture, in this case the presence of a slow rotating wall and a static
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one does not improve the stability of the system at all. The rotation angular
velocity in the two curves is 5 s-' and 80 s-', corresponding to Rrw 2/ 1 and

Rrw 21 15.

1 stream

Fig. 6.9: Marginal stability for 1- and 2-stream rotation in the presence of
a second, static wall
The physics of the magnetic field damping can be further clarified by
the analysis of the shape of the mode eigenfunctions. In Fig. 6.8, the eigenfunction of the mode is plotted on the plasma edge (stars), on the inside of
the first wall (dash-dotted line, labeled "in"), between first and second wall
(dashed line, labeled "mid"), and outside the walls (solid line, labeled "out").
In the picture the growth rate is large and negative, and R

2.

1000 s-', in

order to enhance the field attenuation through the walls. Here and in the
following only the even component of the eigenfunctions is plotted. As ex-
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pected, the perturbation has the ballooning and m=3 characters predicted
by the theory. T h e attenuation of t h e eigenfunction increases through the
two walls. The phase shift, due t o t h e wall rotation, can also be noticed.

A more useful way t o address t h e numerical problem is to compute the
flow velocity required for stability as a function of plasma pressure, i.e. of

PIC.The marginal stability curve for this flow pattern

is shown in Fig. 6.9.

In the figure, numerical results for t h e case with a two-stream flow pattern,
discussed later in section 6.4.5, are also shown. Here and there the second
wall is always non-rotating, and the velocity reported on the y axis of the
picture is the rotation velocity of t h e first wall.

6.4.4

P limits in the presence of

1 2-stream rotating

wall
In t h e case of a 2-stream rotating wall, the most unstable mode cannot lock
on the wall, but a t most only on half of it. This is because the wall itself
is rotating not as a rigid body, but as the sum of two separate bodies. T h e
unstable wave will then have to choose the behavior t h a t gives the lowest
attenuation through the wall. Depending on t h e case, t h a t could be either
no rotation, or a rotation with w, = m R , as in paragraph 6.4.2. T h e first
case will allow the mode t o see t h e complete wall as a rotating medium with
angular velocity magnitude equal t o fl. The second one corresponds t o the
so-called stream locked mode (SLM). In this case, half of the wall will appear
as static, while the other half will appear as rotating with angular velocity

magnitude equal t o 2 0 . T h e mode will then be able to extend t o infinity
through half of t h e wall, and will be strongly damped through the other half.
SLMs are usually observed when t h e system is close t,o marginal stability, and
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=

2

*

effectively extend the unstable region [29]. This same effect is also present
in cylindrical geometry.
The effect of a single, 2-stream rotating wall will then be stabilizing,
but not very strong. Moreover, increasing the angular velocity indefinitely
will not improve the stability of the system (Fig 6.10) after a "saturation"
rotation has been reached. This is analogous to the behavior shown in Fig.
6.6 for the 1-stream case. This happens because the effect of rotation will
saturate for a rotation strong enough to make half of the wall effect.ively
superconducting.
Simulations results show that the mode does not actually retain a singleharmonic aspect, but turns out to be a superimposition of more harmonics of
the same order of magnitude. This is immediately shown by the real part of
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for any integer m. For

a typical m=3 case, modal analysis shows that the strongest components of
the perturbation are m=2 and m=3. The superimposition of the computed
harmonics gives a strong asymmetry in the magnetic field after the wall, as
shown in Fig. 6.11. In this case, the magnitude of the magnetic field in the
upper section of the torus is larger than the magnitude in the lower section.
As in the previous figure 6.8, the magnitude of the magnetic field after the
wall (solid line) is strongly reduced with respect to the field before the wall
(symbols). Here the same data as in Fig. 6.10 are used, and R = 50 s-'. The
non single-harmonic character of the eigenfunction is also clear.
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Fig. 6.11: The magnetic field B, a t the plasma edge and outside the wall
in arbitrary units
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,d limits in the presence of 1 2-stream rotating
wall and a static wall

After addressing the stabilization physics in the previous cases, is now easy
to understand the effect of two walls, one of them with a 2-stream rotation on
the stability of the plasma. As in the previous paragraph, the most unstablc
mode will be able to lock at most on half of the first wall. The presence
of a second wall will however damp the perturbation of all modes that are
rotating wit'h respect t,o the second wall itself. As a result, it is natural t o
expect a large enhancement of the stability properties of the system if the
2-stream flow pattern is used. Simulations confirm the prediction based on
theoret'ical analysis, as shown in Fig. 6.9.
As for the shape of the eigenfunctions, for marginal stability the result
represented in Fig. 6.12, is analogous to the one shown in Fig. 6.11. The
magnitude of the magnetic field after the wall is however further reduced.
Here symbols correspond to the field at the plasma edge, dashed line to the
field at the inner edge of the first wall, and solid line to the field after the
walls.

6.4.6 ,d limits with a simplified approach
Although the results presented so far are comprehensive of all relevant cases,
they require the solution of the linearized differential equations for stability
in a large number of regions. Particularly for the 2-streams case, this can
be complicated and time consuming. It seems therefore useful to develop
a different, sirripler tool in order to get at least an approximation of the

limits in the presence of a single rotating wall.
The simplest case is obviously the 1-stream flow pattern. As discussed
in section 6.4.2, the presence of a single, fast-rotating wall is stabilizing all
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Fig. 6.12: Eigenfunctions for the 2-stream, 2-walls case, in arbitrary units
modes, except the most unstable one. Using the standard parameters of
table 6.1, this is again the mode m=3. A simple set of boundary conditions
at r = b that can be used to simulate this effect is the following:

i.e. continuity of the m=3 component of the field, while all other components
of the radial field are blocked a t the wall. It is useful to emphasize that
in this case the only regions where it is necessary to solve for the fields are
the plasma, the inner and the outer vacuum. Moreover, in the outer vacuum
region only the m=3 component of the field will be necessary. For this reason,
the set of equations (6.39) is a complete set. The code used to solve the
stability problem has been modified after equation (6.39), and the numerical
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Fig. 6.13: 1-stream stability
results for the growth rate as a function of

P I E have been

compared t o the

results obtained with the full code. Before proceding with the comparison,
it is still necessary to notice that here there is no actual rotation, either in
the wall or in the plasma. This means that plasma inertia will have no effect
on the ,B limit. Therefore inertial terms in the plasma solution of paragraph
6.3.1 must be neglected in order t o perform a proper comparison. Namely,
it will be set:

-

.=m =

rm= o

(6.40)

With an angular velocity of 8 . lo4 for both walls, a limit of
is obtained. With the simplified approach, the limit is

DIE = 0.0395

PIE = 0.0394,

very

close t o the previous one, as also shown in Fig. 6.13. The limit with inertia
included in the equations is also reproduced for reference purposes. It must
still be emphasized that the simplified approach, labeled "approximate" in
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the picture, does not compute growth rates correctly, so it is only useful to
determine the

6.5

limit.

Conclusions

In the present chapter, the ideal-plasma resistive-wall mode has been analyzed. The mode, generated by the presence of a resistive wall, has been
shown to be affected by the presence of a second wall, in relative rotation
with respect to the first one. In the case of a simple, rigid-body rotation of
the wall, high velocities have been shown t o be required in order to stabilize
the mode. A more efficient rotation pattern has also been analyzed, in which
the first rigid wall is replaced by a 2-streams flowing wall. In the presence
of a second stationary wall, this has been shown to be able to stabilize the

RWM for rotation velocities much slower than the 1-stream case.
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7. CONCLUSIONS
The object of the present work has been the study of equilibrium and stability
properties of tokamak plasmas in the presence of macroscopic flow. All results
have been confirmed by numerical solutions of the appropriate (equilibrium
or stability) equations.
It has been shown that the presence of macroscopic plasma flow can produce quantitative and qualitative changes in the equilibrium characteristics
of tokamak plasmas. Purely toroidal rotation only has a quantitative effect,
producing an outward shift of the plasma column due to centrifugal effects.
The effects of poloidal flow are instead more remarkable, producing striking
qualitative changes. Equilibria with poloidal flow have been studied in chapter 4. First, the theory of [26] has been verified with a numerical solution,
showing that the only possible transonic equilibria present discontinuities in
the equilibrium properties at the sonic surface. In particular, this means that
strong flow shear will be present at the sonic surface, where the poloidal flow
velocity is discontinuous, jumping from well-subsonic to well-supersonic values in most of the plasma. Since the poloidal sound speed Csp= C s B p / Bis
small at the plasma edge, these equilibria do not require large flows to exist.
Another qualitative modification in the equilibrium occurs when the poloidal
flow is faster than the poloidal Alfvhn speed. In that case; the Slia,franov shift
is inverted, with the plasma shifting inward instead of outward, a s is the case
for static and slow-flowing equilibria. The reason for this surprising behavior
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is in the balance between pressure forces and the centrifugal forces due to the
fast rotation. An additional property of these equilibria is t o have a separatrix in the outer vacuum region if a vertical field is used to keep the plasma in
balance, instead of having it in the inner vacuum region, as would be the case
for static or slow-flowing equilibria. Since the rotation velocities required by
these equilibria are very high, some consideration has been devoted to the issue of poloidal viscosity, which is the main obstacle to fast poloidal rotations
in tokamaks. A new class of quasi-omnigenous equilibria has been derived
in the last part of chapter 4. It has been shown that an appropriate choice
of the shape of the flow can reduce the variations of JBI on each magnetic
surface, thus decreasing the drive for magnetic pumping and thus poloidal
viscosity. An important characteristic of this class of equilibria is that quasiomnigeneity does not require the magnetic field and the,kink safety factor to
vanish on axis, as is the case for fully-omnigenous equilibria. Even though
the rotation velocities required to obtain quasi-omnigeneity are still out of
reach for present experiments, it is however possible that quasi-omnigenous
equilibria could be explored in future experiments.
The issue of stability is considered in the following two chapters. In particular, both internal and external modes were examined. First, chapter 5
describes the implementation and benchmarks of the stability code FLOS,
and its first applications. FLOS is a rather unique code, in the fact that it
allows arbitrary flow t o be included in the stability calculation. This unique
feature can be fully taken advantage of only if the input also self-consistently
includes plasma flow. For that reason, an interface has been developed between the equilibrium code FLOW and the stability code FLOS. The study
of plasma instabilities in the presence of flow will likely occupy the scientific
community for many years t o come. The development of the code FLOS will
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hopefully help in this process. In the present work, numerical results have
been obtained for NSTX-like equilibria in the presence of rigid or sheared
toroidal rotation. For the time being, FLOS is only able to describe internal
modes in tokamak plasmas. External modes, in particular Resistive Wall
Modes, have been instead analyzed using a simplified model. I t is already
known from theory and experiments that plasma rotation has a stabilizing
effect on the RWM. The final chapter of the thesis deals instead with a different method of plasma stabilization, this time depending on the wall rotation,
instead of on the plasma flow. It has been shown that the two-stream flow
pattern is very efficient in stabilizing the RWM using realistic, ITER-like,
parameters. In particular, it has been shown that wall velocities well within
the range of operation of future experiments are sufficient t o stabilize the

RWM.
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