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ABSTRACT

Several important problems in inertial confinement fusion (ICF) were addressed in this

thesis which relate to charged particle deposition in ICF. The first topic is related to the

effect of alpha particle deposition (from the DT fusion reaction) on the hot spot and how

its significance can be inferred from experiments. The second topic relates to the effect of

preheat (from energetic electrons generated by complicated laser plasma interactions) on

the hydrodynamics of cryogenic DT-layered implosions conducted on the OMEGA facility.

It is important to quantify progress in ICF experiments by connecting experimentally

measureable hot spot parameters to physically meaningful metrics which can assess prox-

imity toward ignition and other alpha-heating milestones. In this thesis, we have developed

a comprehensive theory of alpha-heating, burning plasmas, and ignition for inertially con-

fined plasmas. We quantified the alpha-heating level needed to initiate a self-sustaining

propagating burn wave into the shell (ignition). We have also quantified the alpha-heating

level needed to claim that a “burning plasma” has been achieved (when the hot spot has

been primarily heated by alpha-particles instead of compression PdV work). This work

was accomplished using a large ensemble of 1D and 2D simulations and by developing

analytical models to understand and interpret these results.

Also of significant importance is the issue of hot electron preheat which has been a

longstanding issue in the direct drive fusion community. Hot electrons generated from

laser plasma instabilities degrade performance of implosions by preheating the DT fuel,

resulting in early decompression and lower areal densities and pressures at stagnation. In

this thesis, we developed a technique to measure the preheat of the inner unablated DT layer

for cryogenic DT-layered implosions on OMEGA. We have also estimated the degradation

in areal density and performance resulting from this preheat. This is the first analysis to

estimate preheat with this level of precision.



xxii

CONTRIBUTORS AND FUNDING SOURCES

This work was supervised by a dissertation committee consisting of Professor Riccardo

Betti (advisor) of the Department of Mechanical Engineering, Professor Gilbert Collins of

the Department of Mechanical Engineering, Professor Andree Maximov of the Department

of Mechanical Engineering, Professor Valeri Goncharov of the Department of Mechanical

Engineering, and Professor Pierre-Alexandre Gourdain of the Department of Physics and

Astronomy. Graduate study was supported by the Department of Mechanical Engineering

at the University of Rochester, and a dissertation research Horton Fellowship.

This material is based upon work supported by the Department of Energy National Nu-

clear Security Administration under Award Number DE-NA0001944 and DE-NA0003856,

the University of Rochester, and the New York State Energy Research and Development

Authority. Partial supported was provided by DOE Office of Fusion Energy Sciences grant

DE-SC0014318.

This report was prepared as an account of work sponsored by an agency of the U.S.

Government. Neither the U.S. Government nor any agency thereof, nor any of their em-

ployees, makes any warranty, express or implied, or assumes any legal liability or responsi-

bility for the accuracy, completeness, or usefulness of any information, apparatus, product,

or process disclosed, or represents that its use would not infringe privately owned rights.

Reference herein to any specific commercial product, process, or service by trade name,

trademark, manufacturer, or otherwise does not necessarily constitute or imply its endorse-

ment, recommendation, or favoring by the U.S. Government or any agency thereof. The

views and opinions of authors expressed herein do not necessarily state or reflect those of

the U.S. Government or any agency thereof.



xxiii

LIST OF TABLES

3.1 Ignition metrics for high-foot implosions . . . . . . . . . . . . . . . . . . . 84

3.2 Inferred yield amplifications . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.3 Inferred Qhs
α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.4 Inferred Qtot
α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.1 Fusion yields required for ignition for targets typical of current ignition
experiments on the NIF . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

6.1 All CH implosion data (high intensity) . . . . . . . . . . . . . . . . . . . . 182

6.2 All CH implosion data (high intensity) . . . . . . . . . . . . . . . . . . . . 182

6.3 All CH implosion data (low intensity) . . . . . . . . . . . . . . . . . . . . 183

6.4 Implosion data with non CH payloads (high intensity) . . . . . . . . . . . . 184

6.5 Implosion data with non CH payloads (high intensity) . . . . . . . . . . . . 185

6.6 Implosion data with non CH payloads (low intensity) . . . . . . . . . . . . 186

6.7 Implosion data with non CH payloads (low intensity) . . . . . . . . . . . . 187

6.8 Areal density degradations for α ≈ 4 implosions on OMEGA . . . . . . . . 193

B.1 Summary of instability thresholds for different parametric instabilities. . . . 343



xxiv

LIST OF FIGURES

2.1 The pressure from Eq. 2.10 as a function of the hot-spot volume. The blue
regions represents the condition χnoα < 1, where the pressure decays as
the volume expands since the alpha-heating is not enough to overcome ex-
pansion losses. For χnoα = 1, the alpha-heating is exactly balanced by the
expansion losses and the pressure remains constant. The red region, where
χnoα > 1, represents the ignited region where the pressure increases with-
out bound since the alpha-heating rate is larger than the plasma-expansion
rate. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25,
012703 (2018) , with the permission of AIP Publishing. . . . . . . . . . . 13

2.2 Illustration of the compressible-shell model. During the deceleration phase,
the shell is divided into two parts by the position of the return shock at
r = Rk. The shocked shell has been impulsivley decelerated by the shock
and compresses the hot-spot like a piston. The unshocked part is unaware of
the hot-spot pressure and free falls inward at the initial implosion velocity
Vi. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing. . . . . . . . . . . . . . . . 20

2.3 The simple adiabatic thin-shell model from Eqs. (2.29) and (C.81) with
ε0 = 100. The radius is normalized to its initial value, the pressure is nor-
malized to its stagnation value, and τ̂ is the time normalized to the bang
time. The hot-spot pressure increases adiabatically as the thin shell con-
verges inward. Reproduced from A. R. Christopherson et al, Phys. Plasmas
25, 012703 (2018) , with the permission of AIP Publishing. . . . . . . . . 22

2.4 The initial parameter ε0 represents the ratio of shell kinetic energy to hot-
spot internal energy at the beginning of the deceleration phase. It varies
between 20 and 100 for an ensemble of simulations. Reproduced from
A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) , with the
permission of AIP Publishing. . . . . . . . . . . . . . . . . . . . . . . . . 24



xxv

2.5 The hot-spot Mach number, as used in the analytic model, computed for
a large ensemble of ICF targets as a function of the yield enhancement
caused by alpha-heating. The Mach number is less than 10 % for most
implosions except for the higher adiabat α ∼ 4 to 5 implosions that have
Mach2 ∼ 10% to 15% . Reproduced from A. R. Christopherson et al,
Phys. Plasmas 25, 012703 (2018) , with the permission of AIP Publishing. 28

2.6 The fraction of alpha-particle energy deposited within the hot-spot mass
until bang time plotted as a function of the yield amplification for the 1-
D simulation ensemble. These results indicate that nearly 100% of alphas
are deposited in the hot-spot mass at bang time. The highest adiabat target
(α ∼ 5) has the smallest hot-spot areal density and still absorbs more than
80% of alphas. Reproduced from A. R. Christopherson et al, Phys. Plasmas
25, 012703 (2018) , with the permission of AIP Publishing. . . . . . . . . 32

2.7 The fraction of radiation reabsorbed in the global hot-spot energy balance
lies between 50% and 100%. The highest-adiabat (lowest hot-spot areal
density) implosions have more leakage of radiation compared to higher
areal-density ensembles. Reproduced from A. R. Christopherson et al,
Phys. Plasmas 25, 012703 (2018) , with the permission of AIP Publish-
ing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.8 Typical values of the radiation parameter (1 − θrad,tot)β lie between 0.1
and 0.4 in ICF targets. Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 012703 (2018) , with the permission of AIP Publishing. . . . . 36

2.9 The fraction of absorbed radiation deposited into the ablated mass lies be-
tween 0.1 and 0.5. Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 012703 (2018) , with the permission of AIP Publishing. . . . . 38

2.10 The fraction of alpha particles which contribute to mass ablation is gener-
ally less than 10 %. Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 012703 (2018) , with the permission of AIP Publishing. . . . . 39

2.11 The initial aspect ratio of the simulation ensemble indicates values ofR0/∆0

between 2 and 5. Reproduced from A. R. Christopherson et al, Phys. Plas-
mas 25, 012703 (2018) , with the permission of AIP Publishing. . . . . . . 42



xxvi

2.12 The shell trajectories from the compressible-shell model Eqs [79–83] with-
out alpha-heating (γα = 0) are shown as dashed lines, with actual simula-
tion calculations shown in solid lines. The time t is the difference between
the simulation time and the time of peak kinetic energy. Around τ ∼ 2, the
jump in radius is caused by the stagnation shock hitting the shell. (a) com-
parison of the analytic model with an α ∼ 0.5 implosion which achieves an
implosion velocity of 307 km/s, shell kinetic energy of 12 kJ,A0 = 3.6, and
ε0 = 85. (b) An α ∼ 4 implosion with Vi = 524 km/s, a kinetic energy of
18 kJ, ε0 = 38, and A0 = 3.8. Reproduced from A. R. Christopherson et al,
Phys. Plasmas 25, 012703 (2018) , with the permission of AIP Publishing. 46

2.13 The blue curve is the solution to Eqs. [79–83] with alpha-heating (γα =
14.3, Yamp = 9.7), while the red curve is the solution with γα = 0. The
solutions are compared in (a), where the hot-spot energy is plotted as a
function of time, and (b) where the hot-spot radius is plotted as a function of
time. These solutions are obtained using A0 = 4 and ε0 = 60. Reproduced
from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) , with
the permission of AIP Publishing. . . . . . . . . . . . . . . . . . . . . . . 49

2.14 The hot-spot emission and absorption profiles as a function of radius for
an example simulation. The blue curve represents the frequency-integrated
emissivity jrad, while the solid red represents the net radiative power jnet.
The dashed curves are the results from the LILAC simulation at bang time,
while the solid curves represent the analytic solution from Eq. (2.82).
Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing. . . . . . . . . . . . . . . . 52

2.15 The fraction of radiation leaving the hot-spot as a function of the hot-spot
radius. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25,
012703 (2018) , with the permission of AIP Publishing. . . . . . . . . . . . 52

3.1 The fractional alpha-heating parameter fα is well correlated with the cen-
tral value of the Lawson parameter p0τ/Sα,0 for fα ≤ 1.4 (which corre-
sponds to yield amplifications <10 of interest here). Reproduced from A.
R. Christopherson et al, Phys. Plasmas 25, 072704 (2018) , with the per-
mission of AIP Publishing. . . . . . . . . . . . . . . . . . . . . . . . . . . 58



xxvii

3.2 The ratio µp/
√
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CHAPTER 1

INTRODUCTION

Nuclear fusion is the process whereby two atoms are combined together to form a heavier

daughter nucleus. This is the process that powers the sun via nucleosynthesis and a large

effort is underway throughout the world to create a self-sustaining nuclear fusion reactor

on Earth. The nuclear fusion reaction of interest for laboratory fusion is the reaction be-

tween deuterium (D) and tritium (T). This reaction has the largest probability of fusion at

laboratory conditions since Hydrogen is the lowest charged ion in the periodic table and

because a nuclear resonance exists for the D + T reaction near a plasma temperature of

∼ 65keV . The reaction is given by

D + T = n(14.1MeV ) + α(3.56MeV ) (1.1)

where n denotes neutron and α is a Helium alpha particle. For sufficiently dense plasmas,

the alpha particle redeposits its energy via charged particle collisions with electrons and

ions. The slowing down of alpha particles within the plasma and the subsequent modi-

fications in hydrodynamics resulting from this heating will be a reoccurring topic in this

thesis.

Since nuclear fusion requires two positively charged ions to overcome their Coulombic

repulsion, nuclear fusion is only possible in states of matter with very large temperatures of

several millions of degrees. One way to create such extreme conditions of matter is to heat a

tiny sphere of fuel with a laser. In laser driven inertial confinement fusion (ICF), a spherical

capsule of deuterium and tritium (DT) is driven to high velocities by direct irradiation of

laser energy (direct drive) or an x-ray bath of an irradiated hohlraum (indirect drive) [1, 2,
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3]. In the acceleration phase of the implosion, the radiation is absorbed by the outer shell

surface and as a result of the outward expansion of the heated material, the rest of the shell

implodes inward and is accelerated to velocities of∼ 300− 500 km/s. Laser driven inertial

fusion implosions often consist of a cryogenic DT layer which is encapsulated by a higher

Z ablator which serves to enhance the energy coupled to the shell. At stagnation, the final

fuel assembly consists of a low-density (30 -100 g/cc), high-temperature (5 -10 keV) core

-the hot spot- surrounded by a dense (300 -1000 g/cc), cold (200 - 500 eV) fuel layer - the

compressed shell. Such plasma conditions are sufficient for initiating DT thermonuclear

fusion when a deuteron and triton fuse to produce a 14.1 MeV neutron and a 3.56 MeV

alpha particle. The alpha particle primarily deposits energy in the plasma by colliding

primarily with electrons, raising the hot spot temperature and further increasing the fusion

reaction rate. This positive feedback cycle is called “alpha heating” and ignition is a direct

consequence of the resulting thermal instability. A summary of the status of all laser fusion

schemes and their fusion performance can be found in Ref. [4].

There are currently two large laser facilities in the United States that routinely implode

shells layered with cryogenic DT ice. The National Ignition Facility (NIF [5]) delivers 2

MJ of laser energy into a hohlraum which converts laser energy into x-rays irradiating the

capsule. Progress toward ignition in NIF experiments is described in Refs [6, 7, 8, 9, 10, 11,

12, 13]. The OMEGA laser facility [14] directly irradiates about 28 kJ of laser energy onto

a DT layered capsule. Since the OMEGA facility cannot deliver enough laser energy on

target to achieve ignition, the performance of OMEGA implosions is assessed by scaling

the experimental results to NIF energies using the theory of hydrodynamic equivalence

described in Ref [15]. Progress toward hydro-equivalent ignition is detailed in Refs [16,

17, 18, 19, 20].

In inertial fusion experiments, it is extremely important to develop the ability to quantify

alpha-heating levels in experiments. This work involves an analysis of experimental hot
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spot data and how it can be used to make conclusions about the impact of alpha-heating on

the final fuel assembly. This was first done during the National Ignition Campaign when a

large simulation ensemble was used to relate the yield amplification due to alpha-heating

(neutron yield with alpha transport on divided by the yield with alpha transport turned off)

to the experimentally measurable parameter ITFX which depends on the measured neutron

yield and down-scattered neutron ratio [6]. This allowed the yield amplification to be

inferred from experiments once the ITFX was calculated and was a significant development

since the yield amplification is a measure of how much alpha-heating has boosted the fusion

yield output.

In Ref. [21], a simulation ensemble was used to relate the yield amplification to the

measurable parameter χα ∼ ITFX1/3 and the burning plasma parameter Qhs
α which was

introduced to assess the relative contribution of alpha-heating compared to the input PdV

work delivered to the hot spot. The milestone Qhs
α > 1 implies that the hot spot has

received more energy from alpha particle deposition than it has from PdV compression and

it is called the “burning plasma regime”. It has since been identified by Livermore as an

important milestone for implosions to achieve on the path toward ignition [13].

In chapters 2-5, we build off the work done by Betti and Christopherson in Reference

[21]. Chapter 2 describes a comprehensive alpha-heating model which fundamentally de-

scribes the relationship between yield amplification, the burning plasma parameter Qhs
α ,

and the experimentally measurable χα. This model is similar to the one derived in Ref.

[21] but it includes more accurate initial conditions (based on numerical simulations). It

also quantifies, for the first time, the amount of radiation and alpha particle energy which is

reabsorbed into the hot spot due to mass ablation of shell material. An important result was

the discovery that nearly 100 % of the alpha particles were absorbed by the hot spot. This

happens because even though some alpha particles do instantaneously leave the hot spot,

they deposit their energy within a thin layer in the dense shell which is eventually ablated
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back into the hot spot. This work was published in Physics of Plasmas and was featured as

an “editor’s pick” [22].

Chapter 3 presents an ensemble of numerical simulations which also relate χα,Qhs
α , and

the yield amplification to each other. This 1D simulation ensemble is generated by igniting

a variety of implosions (with different adiabats, shell kinetic energies, and implosion veloc-

ities) and degrading them by reducing the implosion velocity. This ensemble also covers a

more diverse range of targets compared to the ensemble presented in Ref. [21]. In particu-

lar, higher adiabat implosions are considered which, for a given value of χα, produce less

yield amplification in comparison with lower adiabat implosions. A new yield amplifica-

tion formula was presented to correct for this. This work also introduces a new parameter

fα which is the ratio of deposited alpha particle energy to the hot spot’s internal energy

at peak neutron production. For 1D like implosions, fα can be theoretically inferred from

experimental observables. It was also found that fα is better correlated to both Qhs
α and the

yield amplification compared with χα. This work was published in Physics of Plasmas to

compliment our first paper [23].

Chapter 4 explores the question of what it means for an implosion to have “ignited”.

In inertial fusion, ignition occurs when alpha-heating generates a thermal instability which

launches a propagating burn wave into the shell. The question of how much alpha-heating

is needed to ignite a capsule had not been answered until this dissertation. Previous defini-

tions of ignition relied on unphysical scenarios such as (i.e. target gain=1) or on analytic

models which did not properly capture the evolution of the thermal instability nor the pen-

etration of a propagating burn wave into the shell. In this chapter, we present modifications

of the analytic alpha-heating model which include the full fusion reactivity (rather than a

power law fit), fuel burn up, and finite Mach number corrections (which allows the hot

spot’s penetration into the shell to be properly calculated). This model agrees qualitatively

with the 1D simulation ensemble which shows that fα is a unique function of the yield
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amplification until fα ∼ 1.4 and yield amplification ∼ 15 − 20. For larger alpha-heating

levels, the unique relationship breaks down as a consequence of burn propagation. We

define ignition as this transition from the “alpha-heating regime”’ into the “burn propaga-

tion”’ regime. This work was published as a Rapid Communications in the journal Physical

Review E [24] and a longer and more comprehensive description of this model was recently

published in Physics of Plasmas [25].

In chapter 5, we finally address the questions of how alpha-heating theory is impacted

by the presence of asymmetries in the implosion. A 2D simulation ensemble was generated

which calculated the evolution of the hot spot and shell with single modes perturbations ap-

plied to the inner shell’s surface. Yield over cleans (defined as the no-alpha yield divided

by the no-alpha 1D yield) between 30 % and 100 % were considered for this ensemble. We

found that the presence of asymmetries can result in significant leakage of alpha particles

out of the hot spot and into the surrounding cold low density regions. The hot spot’s La-

grangian surface was back calculated to quantify the fraction of deposited alpha particles.

When the fraction of deposited alpha particles is included in the definition of fα, we found

that the definition of ignition (with respect to the yield amplification - fα curve) was valid in

the presence of asymmetries. However, since the absorbed fraction of alpha particles can-

not be inferred in an experiment, fα cannot be determined from an experiment which has

been degraded by asymmetries. We found that the yield amplification - χα relationship was

still valid in the presence of asymmetries. Although the transition from alpha-heating to

burn propagation is less clear from this plot, its robustness to asymmetries provide a better

measure for proximity toward ignition in experiments. From this work, we conclude that

χα > 2 − 2.5 is the most practical way to quantify the achievement of ignition in inertial

fusion experiments. Lastly, we used the 2D simulation ensemble to verify that the burning

plasma parameter Qhs
α can still be accurately related to χα. These simulation results were

also published in Refs [24] and [25].
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The main topic of this dissertation (chapters 2-5) concerns the theory of alpha heating

and its effect on the hydrodynamics of inertially confined plasmas, the definition of alpha-

heating milestones, and the development of methods for quantifying progress in inertial

fusion experiments. This work has been (and will continue to be) used to set the goals for

the broader inertial fusion program. In addition to this work, we also tackled the problem

of quantifying hot electron preheat in direct drive ICF experiments on OMEGA. Preheat

occurs when energetic particles or photons deposit their energy into the shell prematurely

before it has fully compressed. This is detrimental to implosions since the performance

metric χα ∼ ρR2/3 where ρR is the final areal density of the compressed fuel. Achieving

large areal densities requires the target to implode on a low entropy since ρR ∼ α−4/5

where α = Pshell/PFermi = Pshell/(2.2ρ
5/3
shell) is the shell’s initial entropy [26]. The shell’s

entropy is set by the initial shocks launched by the laser and if no preheat is present, then

it remains constant within the shell until the deceleration phase begins when the hot spot

launches a strong shock into the shell. It follows that quantifying hot electron preheat is

extremely important for assessing the viability of direct drive inertial fusion.

When the laser energy is being absorbed in the corona, it can excite plasma waves

through parametric instabilities. These plasma waves can then accelerate thermal electrons

(with velocities near the wave’s phase velocity) to large energies. Energetic (“hot”) elec-

trons are detrimental to the performance of ICF implosions if they slow down in the dense

fuel before it has fully compressed. Chapter 6 focuses on this topic which involves deter-

mining the preheat energy from experiments as well as estimating the performance degra-

dation due to this preheat. The presence of hot electrons in ICF implosions on OMEGA is

routinely measured by the hard x-rays they emit as they slow down in the plasma. In this

thesis, we developed a technique to infer the preheat energy into the DT layer by measuring

the difference in hard x-ray signals between the DT-layered implosion and an ablator-only

capsule imploded with the same pulse shape. Since both implosions have the same coronal
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conditions and the same hot electron source, the difference in hard x-ray signal is propor-

tional to the DT preheat energy. These experiments are the first to infer the hot electron

deposition profile within the dense fuel and this work has already influenced several ex-

perimental campaigns on the NIF designed to assess the effects of preheat at larger plasma

scale lengths. This work is currently described in two manuscripts which are in preparation.

One will be submitted to Physical Review Letters. Another manuscript will be submitted

to Physics of Plasmas which allows for a more detailed description of the analysis.

Finally, we also provide a detailed appendix with background material for the interested

reader. This appendix includes a discussion of the physics of nuclear fusion, laser plasma

interactions, inertial confinement fusion, and the history of the inertial fusion program in

the United States.
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CHAPTER 2

A COMPREHENSIVE ALPHA-HEATING MODEL FOR THE DECELERATION

PHASE

In this work, the physics of alpha-heating in sub-ignited implosions through a time-dependent

semi-analytic model of the hot-spot and compressible imploding shell. Alpha-heating pri-

marily occurs during the deceleration phase of ICF implosions which occurs when the

hot-spot pressure exceeds the shell pressure and a strong stagnation shock is launched into

the shell. The physics of hot-spot formation in the deceleration phase has been compre-

hensively analyzed in Refs. [27, 28, 29, 30]. These models solve the fluid equations in

the hot-spot and the stagnated shell to obtain the final hot-spot pressure, temperature, ra-

dius, and shocked-shell trajectory. In this work, we derive a compressible-shell model

similar to Refs [29, 28, 27, 21] but more comprehensive of the hot spot physics for the

purpose of studying the physics of alpha-heating in the deceleration phase. In this model,

we show a detailed derivation of the hot-spot and shell properties based on the Mach2

expansion parameter in the hot-spot. We also use a comprehensive ensemble of radiation–

hydrodynamic simulations from the code LILAC [31] to derive realistic initial conditions

for the onset of the deceleration phase, as well as to determine the fraction of deposited al-

pha energy and the reabsorbed bremsstrahlung radiation. The calculation of realistic initial

conditiosn is new and hadn’t been considered in significant detail before this work. It will

be shown later that the hot-spot, stagnation shock, and outer shell trajectories calculated

from the compressible-shell model are in good agreement with radiation–hydrodynamic

simulations. This model will then be used to understand and develop alpha-heating metrics

in the next chapter. In particular, it will be shown that the model is in good agreement with
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alpha-heating curves that connect experimental observables to alpha-heating metrics.

We first begin this chapter with a brief description of the underlying physics of alpha-

heating. We start with a very simple model where the compression and alpha-heating

phases have been separated. We then move onto the more realistic and comprehensive

model [22].

2.1 Basic physics of alpha heating and ignition

We first consider the plasma of the central hot-spot heated and compressed by the surround-

ing imploding shell. Although radiation losses are an important part of the energy balance,

we neglect them in this simple model since the intention here is to illustrate, in the simplest

possible way, the relation between different alpha-heating metrics. For simplicity, we also

separate the compression phase up to stagnation from the alpha-heating phase and make

the simplifying assumption that alpha-heating is only relevant starting from the stagnation

conditions that are achieved from pure hydrodynamic compression. For this reason, the ini-

tial stagnation hot-spot pressure is denoted with Pnoα to indicate that such a pressure was

produced by the spherical compression without the contribution from alpha-heating. This

simplification is used here only to provide an overview of the alpha-heating metrics. In a

real implosion, alpha-heating and PdV work are simultaneously supplied to the hot-spot

plasma until stagnation, after which the hot-spot loses energy because of volume expan-

sion. With this in mind, a simple version of the hot-spot energy conservation equation

describing the alpha-heating process occuring soon after stagnation can be written as

3

2

d(PhsVhs)

dt
=

1

4
n2 〈σv〉 εαVhs − Phs

dVhs
dt

, (2.1)

where Vhs is the hot-spot volume, Phs is the hot-spot pressure, 〈σv〉 is the fusion reactivity,

n = Phs/2T is the total (D+T) ion density, T is the hot-spot temperature, and εα = 3.5
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MeV is the alpha-particle birth energy. This equation simply balances the change in hot-

spot energy with the alpha-heating (first term on right-hand side) and the expansion losses

(second term on right-hand side). As done in Refs. [27, 28, 29, 30], the subsonic approxi-

mation is used where the hot-spot’s kinetic energy is neglected with respect to the internal

energy. It is also assumed here that the thermal conduction heat losses are recycled back

into the hot-spot, as was argued in Ref. [30]. Therefore, the main source of energy loss is

the expansion of the shell under the hot-spot pressure that occurs over an inertial confine-

ment time τE . For a thin shell (where shell thickness << hot-spot radius), τE is determined

by balancing the hot-spot force with the shell deceleration:

4πphsR
2
hs = Mshell

d2Rhs

dt2
, (2.2)

where Mshell is the stagnated shell mass and Phs, Rhs are the hot-spot pressure and radius

(the latter equal to the shell radius for a thin shell). As described in Ref.[32], the confine-

ment time can therefore be estimated from the shell inertia as follows:

τE ≈
1

2

√
Mshell/(4πPhsRhs). (2.3)

For an adiabatic expansion in the absence of alpha-heating, the radius is a weak function of

the pressure (Rhs ∼ P
1/5
hs for an ideal gas with three degrees of freedom). In the presence

of alpha-heating, the pressure changes even more rapidly with respect to the radius than

in the adiabatic case. Therefore, to avoid introducing a new equation for the radius, we

neglect the dependence of τE on Rhs and assume that the hot-spot volume increases over a

characteristic time scale τE such that

dVhs
dt
≈ 3

5

Vhs
τE

. (2.4)
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The factor of 3/5 is used to normalize the equation in such a way that in the absence of

alpha-heating, the hot-spot pressure decays over a time scale τE (dphs/dt = −phs/τE). It

follows that the hot-spot pressure is the only time-varying quantity in the simplified hot-

spot energy equation:
3

2

dPhs
dt

=
P 2
hs

16

〈σv〉
T 2

εα −
3

2

Phs
τE

, (2.5)

where τE ∼ 1/
√
Phs. In this simple model, the fusion reactivity is taken to follow a

quadratic dependence on temperature (〈σv〉 ∼ T 2) typical of fusion plasmas above 6 keV

and up to 20 keV. Those temperatures are higher than the typical temperatures of 4 to 7

keV achieved from hydrodynamic compression in current ICF ignition designs. We use this

assumption only in this simple model so that a separate equation is not needed to compute

the temperature. Therefore, the hot-spot energy equation depends only on the pressure and

can be written in the following dimensionless form:

dP̂

dt̂
= P̂ 2χnoα − P̂ 3/2 (2.6)

where the dimensionless variables are defined as P̂ = Phs/Pnoα, t̂ = t/τnoα, and the

dimensionless parameter χnoα is

χnoα ≡ Pnoατnoα/Sα (2.7)

where Sα = 24T 2/ 〈σv〉 εα is a constant for 〈σv〉 ∼ T 2. Note that χnoα is a normalized

form of the well-known Lawson parameter nTτ ∼ Pτ and that the confinement times from

Eq. 2.3 with and without alphas are related by the simple relation τE = τα = τnoα/
√
P̂

[33, 34, 35, 32, 36].

For the initial condition P̂ (0) = 1, the solution of Eq. 2.6 is P̂ (t̂) = 1 if χnoα = 1. If

χnoα < 1, then dP̂ /dt̂ < 0 and the pressure decays. If χnoα > 1, then dP̂ /dt̂ > 0 and the
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pressure increases in time without bound. It is for this reason that χnoα = 1 is called the

“ignition condition”.

Using the initial condition P̂ (0) = 1, the solution of Eq. 2.6 can be written in the

following implicit form:

1√
P̂
− 1 + χnoα log

(
P̂−1/2 − χnoα

1− χnoα

)
=
t̂

2
. (2.8)

By setting P̂ =∞, Eq. 2.8 exhibits an explosive singularity at t̂ = t̂sing given by

t̂sing = 2

[
χnoα log

(
χnoα

χnoα − 1

)
− 1

]
. (2.9)

The volume expansion V̂ = V/Vnoα is determined by integrating Eq. 2.4 after substituting

dt̂ = dP̂ /(χnoαP̂
2 − P̂ 3/2) from Eq. 2.6. This leads to

V̂ = P̂ (V̂ )−3/5

χnoα
√
P̂ (V̂ )− 1

χnoα − 1

6/5

. (2.10)

The solution of the model is plotted in Fig. 2.1, where the blue region denotes the sub-

ignited alpha-heating state and the red region denotes the state of an ignited plasma. The

condition χnoα = 1 can be used to define the ignition condition for the thermal runaway

process. For χnoα < 1 (sub-ignited hot-spot), the alpha-heating is not intense enough to

lead to the ignition of the hot-spot but it can significantly contribute to the energetics of the

hot-spot, leading to an amplification of the fusion output. This sub-ignited state is typically

called the alpha-heating regime. The level of alpha-heating is evaluated by determining

the amplification of the fusion yield caused by the alpha energy deposition Yα with respect

to the pure compression yield without alpha deposition Ynoα.

In the absence of alpha deposition, the solution of Eq. 2.6 leads to the pressure decay
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Figure 2.1: The pressure from Eq. 2.10 as a function of the hot-spot volume. The blue re-
gions represents the condition χnoα < 1, where the pressure decays as the volume expands
since the alpha-heating is not enough to overcome expansion losses. For χnoα = 1, the
alpha-heating is exactly balanced by the expansion losses and the pressure remains con-
stant. The red region, where χnoα > 1, represents the ignited region where the pressure
increases without bound since the alpha-heating rate is larger than the plasma-expansion
rate. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) , with
the permission of AIP Publishing.
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P̂ = (1+ t̂/2)−2. This corresponds to a volume expansion of V̂ = (1+ t̂/2)6/5. The fusion

yield can be easily calculated by integrating the fusion rate in time leading to

Ynoα =

∫ (
P 2
hs 〈σv〉Vhs

16T 2

)
dt =

5

3

PnoαVnoα
εα

χnoα. (2.11)

Calculating the yield with alphas is a bit more complicated because the solution with alpha-

heating cannot be expressed as an analytic function of time. One way is to use the expres-

sion for dt from Eq. 2.6 to evaluate the integral in Eq. 2.11 as follows:

I(χnoα) =

∫ 0

1

P̂ 2V̂ (P̂ )
dP̂

χnoαP̂ 2 − P̂ 3/2
. (2.12)

This integral is evaluated numerically as a function of χnoα. A good approximation to this

function is I(χnoα) ≈ 10
9

(1− χnoα)−1.1.

Retaining the alpha-heating contribution, Eq. 2.6 for the pressure can be used to com-

pute the neutron yield that can be written in the following form:

Yα =
3

2

PnoαVnoα
εα

χnoαI(χnoα). (2.13)

By taking the ratio of Eq. 2.13 and 2.11, the yield amplification caused by alpha-heating

(Ŷamp ≡ Yα/Ynoα) depends exclusively on the no-alpha Lawson parameter

Ŷamp =
I(χnoα)

I(0)
≈ (1− χnoα)−1.1 (2.14)

and becomes infinite as χnoα approaches unity. This is the reason χnoα is a useful ignition

metric. In an experiment where alpha-heating is prominent, it is necessary to compute

χnoα to assess progress toward ignition. It is straightforward to realize that the Lawson

parameter as defined in Eq. 2.7 can be easily related to measurable parameters, including
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the areal density ρ∆, the neutron yield Ynoα, the hot-spot radius Rnoα, and the shell mass

Mshell. In the case of a compressible-shell ICF implosion, the stagnated shell mass at peak

neutron production should be used since this is the mass that provides inertial confinement

to the hot-spot. This requires elimination of the variables Phs, τE , and Rnoα. We start by

substituting the confinement time from Eq. 2.3 into Eq. 2.7 to obtain

χnoα =
P

1/2
noα

Sα

M
1/2
shell√

16πRnoα

. (2.15)

Substituting the confinement time from Eq. 2.3 into Eq. 2.11 for the neutron yield Ynoα

results in the following expression for the no-alpha pressure:

Pnoα =

(
9

5
√
π
εαSα

)2/3
Y

2/3
noα

M
1/3
shellR

5/3
noα

. (2.16)

The Lawson parameter χnoα can then be rewritten in terms of Mshell, Ynoα, and Rnoα:

χnoα =

(
9

320

εα
π2S2

α

MshellYnoα
R4
noα

)1/3

. (2.17)

In the thin shell limit, the shell mass can be written as Mshell ≈ 4πR2
noα(ρ∆)sh where

(ρ∆)sh is the areal density of the shell. This relation can then be used to eliminate Rnoα

from χnoα as follows:

χnoα =

(
9

20

εα
S2
α

)1/3
Y

1/3
noα

M
1/3
shell

(ρ∆)
2/3
sh . (2.18)

It follows that the primary objective of inertial confinement fusion implosions is to

achieve conditions which maximize the parameter χnoα by achieving large areal densities

and yield-to-stagnated mass ratios. The following sections will detail how such large stag-

nation conditions can be achieved by analyzing the physics of laser driven ablation fronts,
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the acceleration of shells by the ablatively driven rocket effect, and the scaling of stagnated

hot spot parameters with capsule design parameters.

We note that the form of χnoα derived in Eq. 2.18 has an extra temperature dependence

Sα ∼ T 2/ 〈σv〉 which is not present in the formulation derived in Refs [35, 21]. In Ref.

[35], a large ensemble of 1D and 2D hydrodynamic simulations of inertial confinement

fusion targets was performed and the target gain was correlated with χnoα. Each implosion

had two companian simulations: one with alpha transport on and one with alpha transport

off. The target gain is calculated from the simulation with alpha transport on while χnoα

is evaluated with alpha transport off since it is designed to assess the performance of ICF

capsules due ot pure hydrodynamic compression. The powers of the coefficients in χnoα

were tuned for the purpose of achieving the best correlation. This resulted in the following

form of χnoα:

χnoα = (ρ∆)0.61
g/cm2

(
0.12 · Y ield16

Mstag,mg

)0.34

(2.19)

where ρ∆ is the neutron-averaged fuel areal density, Mstag is the stagnated mass at the time

of peak neutron production, and Y ield16 is the neutron yield in units of 1016 neutrons. We

note that
χnoα

Pnoατnoα/Sα
∼ S2/3

α , (2.20)

where we have neglected the very weak differences in power law fits for the neutron yield,

areal density, and stagnated mass. The reason why χnoα lacks a dependency on Sα ∼

T 2/ 〈σv〉 is related to how the fusion reactivity scales with temperature. Large values

of Pnoατnoα/Sα can be achieved via large areal densities at lower temperatures, or via

high temperatures at lower areal densities. The lower temperature implosions scale more

strongly with the fusion reactivity (i.e. 〈σv〉 ∼ T ν with ν larger) compared to higher

temperature implosions. This results in more positive feedback from alpha heating and

thus, larger yield amplifications. This explains why χnoα required an additional temperature
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dependence which approximately cancels with S2/3
α when the coefficients were tuned with

simulations to determine the best correlation of fusion gain with χnoα.

2.2 Implosion simulation database

In a typical laser fusion target, a shell of cryogenic DT is accelerated inward by direct illu-

mination (direct drive) or by laser-induced xrays (indirect drive). Once the driver turns off,

the acceleration phase ends, and the shell coasts inward at the implosion velocity. Mean-

while, the initial shocks induced by the driver heat up the central gas. The shocks converge

in the center, travel outward, and are reflected at the inner shell surface. The central gas

pressure also increases due to PdV compression from the shell. Both the compression and

the shock reflection processes occur until the gas pressure exceeds the inner shell pres-

sure, at which point a strong shock is launched into the shell. This marks the beginning of

the deceleration phase where the shocked shell is decelerated by the high pressure of the

central low-density region (denoted by the hot-spot). The remainder of the shell does not

contribute to the hot-spot stagnation physics because it is free-falling inward. It is during

this phase that the shell delivers most of the PdV work to the hot-spot. The physics of the

acceleration phase determines the shell’s kinetic energy, aspect ratio, and shell mass at the

beginning of the deceleration phase. Apart from these initial conditions, the physics of hot-

spot formation and alpha-heating is independent of how the target is driven. The physics

of alpha-heating is therefore the same for direct-drive and indirect-drive implosions.

The results from the analytic model of the deceleration phase will be compared to a

1-D direct-drive simulation ensemble of 13 targets using the hydrocode LILAC [31], which

include 3D ray tracing, flux-limited thermal transport, multi-group alpha transport, multi-

group radiation transport, astrophysical opacity tables, and SESAME [37] equation-of-state

tables. All of the implosions are driven with a laser driver of wavelength λL = 0.35µm.
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The maximum shell kinetic energy in the 1-D LILAC simulation ensemble varies from

1 kJ to 80 kJ, so a wide variety of target sizes are incorporated into the ensemble. The

DT shell adiabat varies between 0.5 and 5, where the adiabat for a fully ionized plasma

is defined as α = 2.2p/ρ5/3 for p being the shell pressure in Mbar and ρ being the shell

density in g/cm3 [26]. Its value is quoted as the minimum adiabat at the inner shell surface

at the shock breakout time. It can be less than unity when the DT is not fully ionized,

which happens for weak initial shocks. Some of the targets are designed using the adiabat-

shaping technique, which shapes the entropy profile to be minimum on the inner shell

surface and maximum on the outer shell surface [38, 39]. Other designs in the ensemble

do not use adiabat shaping and have a flat adiabat profile. The implosion velocity in the

ensemble varies between 200 km/s and 600 km/s. The in-flight quantities can affect the

alpha-heating curves by changing the initial conditions for the deceleration phase, such as

the shell’s aspect ratio, kinetic energy, temperature, and radius.

The relevant parameter for measuring the impact of alpha-heating in these simulations

is the yield amplification. It is calculated by running two simulations: one with alpha

deposition on and the other with alpha deposition off. The solution without alpha deposition

does not include the effect of alpha-heating on the implosion. The simulated neutron yield,

from the no-alpha and with-alpha simulations, are denoted as Ynoα and Yα respectively.

The database is obtained by designing targets with a yield amplification of approximately

10. These implosions are then degraded by a variety of mechanisms including implosion

velocity reduction, entropy degradation, and convergence ratio reduction (via increasing

initial inner gas density).
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2.3 One dimensional dynamic hot-spot and shell model

The 1D compressible-shell model described here is similar to the models from Refs, [27,

28, 29], which consider only the deceleration phase of the implosion. The shell is initially

free-falling inward at the implosion velocity Vi with an inner radius R0. The hot-spot’s

central pressure and temperature are very small relative to their stagnation values. At time

t = t0, a strong shock is launched into the shell. For t > t0, the shell is divided into two

parts: the shocked shell and the free-falling shell. Figure 2.2 describes the system near the

time of peak neutron production when approximately half of the shell has been stagnated.

The shocked portion of the shell has been decelerated by the large hot-spot pressure and

transfers its kinetic energy into PdV work of the hot-spot. The free-falling shell is not

affected by the hot-spot pressure force. In this work, we do not consider multidimensional

effects, which can significantly complicate the picture.

The governing equations for the hot-spot, shocked shell, and free-fall shell consist of

the conservation of mass, momentum, and energy. These equations are given by

∂ρ

∂t
+

1

r2

∂

∂r

(
r2ρU

)
= 0, (2.21)

ρ
∂U

∂t
+ ρU

∂U

∂r
+
∂p

∂r
= 0, (2.22)

∂ε

∂t
+

1

r2

∂

∂r

[
r2U (p+ ε)− r2κ

∂T

∂r

]
+Wrad −Wα = 0. (2.23)

Here, ρ, U, and p denote the fluid density, velocity, and pressure respectively, and ε =

3p/2+ρU2/2 is the plasma internal energy. The termsWrad andWα, respectively, represent

the radiation losses and the alpha-heating rate. The parameter κ denotes the plasma thermal

conductivity. The radiation, alpha-heating, and thermal conduction terms all depend on
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Figure 2.2: Illustration of the compressible-shell model. During the deceleration phase,
the shell is divided into two parts by the position of the return shock at r = Rk. The
shocked shell has been impulsivley decelerated by the shock and compresses the hot-spot
like a piston. The unshocked part is unaware of the hot-spot pressure and free falls inward
at the initial implosion velocity Vi. Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 012703 (2018) , with the permission of AIP Publishing.
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temperature T , which is governed from the ideal equation of state

p = 2
ρ

mi

T, (2.24)

where mi is the ion mass and it has been assumed that the plasma (1) contains only hy-

drogen (Z = 1), (2) is fully ionized, and (3) is in thermodynamic equilibrium such that the

electron and ion temperatures are equal. Equations (2.21) and (2.22) can be combined to

yield a simpler form of the momentum equation:

∂(ρU)

∂t
+

1

r2

∂

∂r

(
r2ρU2 + r2p

)
=

2p

r
. (2.25)

Across some interface η(t), the terms within the gradients must be continuous to avoid

singularities in the solutions. Letting w ≡ U − η̇, it follows that the jump conditions are

[ρw]η
+

η− = 0 (2.26)[
p+ ρw2

]η+
η−

= 0 (2.27)[
5pw

2
+
ρw3

2
− κ∂T

∂r
+ Frad − Fα

]η+
η−

= 0. (2.28)

Here, Frad and Fα refer to the energy flux across a boundary from radiation and al-

phas, respectively. The strategy in this model is to integrate each fluid equation over the

regional boundaries under the assumption of certain pressure, temperature, velocity, and

density profiles within each region. Jump conditions at each boundary are used to connect

the solutions. The free-fall conditions are well known so the Rankine-Hugoniot jump con-

ditions are sufficient to determine the post-shock density, pressure, and shock velocity. The

shocked shell’s fluid velocity is determined by assuming a linear velocity profile in the shell

and determining the inner shell velocity gradient from entropy conservation in the shocked
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Figure 2.3: The simple adiabatic thin-shell model from Eqs. (2.29) and (C.81) with ε0 =
100. The radius is normalized to its initial value, the pressure is normalized to its stagnation
value, and τ̂ is the time normalized to the bang time. The hot-spot pressure increases
adiabatically as the thin shell converges inward. Reproduced from A. R. Christopherson et
al, Phys. Plasmas 25, 012703 (2018) , with the permission of AIP Publishing.

shell. The integrated mass and momentum equations within the shell are then used to de-

termine the shocked-shell mass Mss and the mass-averaged shocked shell velocity 〈Uss〉.

Jump conditions connect the shocked-shell solution to the hot-spot variables, which are

also then solved from the fluid equations.

The normalizing factors in the solution are determined from the stagnation values of the

simplest model for hot-spot dynamics, where the thin shell is incompressible and the hot-

spot is compressed adiabatically (no radiation losses nor alpha-heating). For an adiabatic

index of 5/3, it follows that

Phs(t)R(t)5 = Phs(0)R(0)5, (2.29)

where Phs denotes the hot-spot central pressure andR(t) denotes the hot-spot radius. In the
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limit of an infinite aspect ratio (shell thickness << shell radius), all of the shell’s kinetic

energy is transferred to internal energy at stagnation. It follows that

1

2
MshV

2
i = 2πPsR

3
s (2.30)

where Msh is the unablated shell mass, Vi is the implosion velocity, Ps is the stagnation

pressure, and Rs is the stagnation hot-spot radius. Letting

ε0 ≡
1
2
MshV

2
i

2πPhs(0)R(0)3
(2.31)

denote the ratio of shell’s kinetic energy to the initial hot-spot’s internal energy, it can be

easily shown that the initial conditions are R(0)/Rs = ε
1/2
0 and Phs(0)/Ps = ε

−5/2
0 . Since

ε0 >> 1, this means that the hot-spot pressure is much smaller than its stagnation value

and the hot-spot radius is much larger than its stagnation value, as expected. The thin-

shell adiabatic model from Ref.[34] is summarized by the energy conservation equation

P̂ R̂5 = 1 and shell Newton’s law P̂ R̂2 = d2R̂/dτ 2, where the hot-spot central pressure

Phs and radius R are normalized to the adiabatic stagnation values Ps and Rs, respectively,

such that P̂ ≡ Phs/Ps and R̂ ≡ R/Rs. The normalized time τ = Vit/Rs. A simple

example of this solution is shown in Fig.C.8 where the radius and pressure are plotted as

a function of time for ε0 = 100. In that figure, τ̂ = τ/τbang is the time normalized to the

bang time τbang = Rt/Vi =
√
ε0.

Typical values of ε0 at the beginning of the deceleration phase range between 20 and

100, as indicated by the 1-D LILAC simulation ensemble in Fig. 2.4. In the simulations,

the hot-spot boundary is defined as the radius at which the density is equal to the average

of the maximum shell density and the central hot-spot density. The deceleration phase time

here is defined as the time at which the system has achieved its peak kinetic energy. Since
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Figure 2.4: The initial parameter ε0 represents the ratio of shell kinetic energy to hot-spot
internal energy at the beginning of the deceleration phase. It varies between 20 and 100 for
an ensemble of simulations. Reproduced from A. R. Christopherson et al, Phys. Plasmas
25, 012703 (2018) , with the permission of AIP Publishing.

inward kinetic energy is what matters in this system, the outer shell surface is defined as

where the velocity is zero. Therefore, all of the inward kinetic energy is accounted for in

the calculation of ε0, which is estimated by taking the ratio of the shell’s kinetic energy to

the hot-spot internal energy at the deceleration phase time.

The hot-spot temperature can also be determined from the hot-spot mass conservation

equation from Ref [34]:
d

dτ

[
P̂ R̂3

T̂

]
= T̂ 5/2R̂ (2.32)

Equation (2.32) balances the change in hot-spot mass with the mass flow into the hot-

spot from thermal conduction–driven ablation off the inner shell surface. The heat flux is

calculated from the energy conservation jump condition at the hot-spot - cold shell interface

using the Spitzer model κ = κ0T
5/2[40] for thermal conductivity, where κ0 ≈ 3.7 · 1069

m−1s−1J−5/2 for lnΛ ≈ 5 and T is in Joules. The hot-spot central temperature T0 is
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normalized to T∗, which is chosen to make the hot-spot mass conservation equation dimen-

sionless such that T̂ = T0/T∗. In particular, the normalizing factor is given by

T∗ =

[
35µ1ViPsRs

8κ0

]2/7

, (2.33)

where µ1 =
∫ 1

0
T̃ (r̂)−1r̂2dr̂ ≈ 0.51 represents the dependence of the hot-spot mass on the

integrand
∫
ρdV for a temperature profile of the form T̃ (r̂) = (1− r̂2)2/7. This calculation

will be described later in the derivation of the hot-spot mass-conservation equation. An

initial hot-spot central temperature of T̂ (0) = ε
−1/2
0 is chosen because it gaurantees that

the stagnation temperature will be independent of the initial temperature for ε0 → ∞, as

argued in Ref [34].

The compressible model will be solved using dimensionless variables normalized to the

stagnation pressure Ps, radius Rs, and temperature T∗ from this simple adiabatic model.

The shocked-shell mass Mss and velocity Uss are respectively normalized to the shell mass

Msh and the implosion velocity Vi. The shock position Rk is normalized to the stagnation

radius Rs of the simple adiabatic model.

2.3.1 Hot-spot pressure

The hot-spot velocity profile is assumed to vary linearly with radius. The velocity must

vanish at the center and approach the hot-spot convergence rate at the hot-spot boundary.

A reasonable estimate for the spatial profile is therefore

Uhs(r, t) ≡
r

R

dR

dt
. (2.34)

To solve for pressure, we use the ideal-gas equation of state ρ = pmi/(2T ) and

Ths(r, t) = T0(t)T̃ (r̂), where r̂ = r/R and T̃ is the temperature profile within the hot-
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spot given by

T̃ (r̂) = (1− r̂2)2/7, (2.35)

where r̂ ≡ r/R, T (r, t) = T0(t)T̃ (r̂), and T0(t) is the hot-spot central temperature. This

temperature profile is a good fit to the self-similar solution from Betti et al. in Ref [30] and

it gives rise to a finite heat flux at the hot-spot boundary when the thermal conductivity κ ∼

T 5/2. Using the hot-spot velocity profile from Eq. (2.34) in the momentum conservation

equation [Eq. (2.22)] gives the following result:

∂Phs
∂r

= −ρhs
( r
R

) d2R

dt2
. (2.36)

Using the ideal equation of state Phs = 2ρhsThs/mi, Eq. (2.36) can be rewritten in terms

of dimensionless parameters as follows:

∂Phs
Phs

= − mi

2Ths

r

R

d2R

dt2
dr = −miV

2
i

2T∗T̂
R̂
d2R̂

dτ 2

r̂dr̂

T̃ (r̂)
, (2.37)

where r̂ = r/R, R̂ = R/Rs, T̃ = T/T0 denotes the spatial temperature profile, and

T̂ = T0/T∗ denotes the normalized central hot-spot temperature. It is clear that the right-

hand side scales like Mach2 and is therefore small. By definition, the hot-spot’s Mach

number is equal to the implosion velocity over the sound speed:

Mach2 ≡ 3miV
2
i

10Ts
≈ 3miV

2
i

8T∗
, (2.38)

where Ts ≈ 0.8T∗ is calculated by solving the adiabatic thin-shell model with ε0 →∞. It

follows that Eq. (2.37) can be rewritten as

∂Phs
Phs

= −4

3
Mach2C(τ)

r̂dr̂

T̃ (r̂)
. (2.39)
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where C(τ) ≡ R̂T̂−1d2R̂/dτ 2. Because ε0 is calculated for these implosions, Ps, Rs, and

T∗ can also be estimated from the adiabatic thin-shell model. These variables are then

used to determine the Mach2 term for each target. In Fig.2.5, it is evident that Mach2 lies

between 0.03 and 0.1 and can be neglected. In this limit, the pressure is isobaric and p̃ ≈ 1

for Phs = P0(t)p̃(r̂).

The Mach2 values from the simulations are calculated exactly from Eq. (2.38). If ε0 is

known, then the stagnation quantities such as Ps and Rs can be estimated from the initial

Phs(0) and R(0). The normalization temperature is calculated from Eq. (2.33), where the

implosion velocity is calculated at the beginning of the deceleration phase when the return

shock begins to propagate in the shell. The total inward kinetic energy in the shell, KE0,

and the mass encompassed by this region Msh are computed and the implosion velocity is

then defined as Vi =
√

2KE0/Msh. This is the definition of the implosion velocity that

gives the correct shell kinetic energy, when V 2
i is multiplied by Msh/2.

2.3.2 Shocked-shell velocity

In the thin-shell model, the hot-spot and shell radius overlap and the shock trajectory is

given exactly by the hot-spot radius. In the thick shell model, the hot-spot trajectory de-

pends on the motion of the shock through the shell. The velocity is not constant in the shell

as the stagnation shock propagates through. In this model the shock trajectory is deter-

mined by specifying the fluid velocity at the shock front. This is accomplished by Taylor

expanding the shocked-shell velocity Uss about the hot-spot radius

Uss(r, t) ≈ Uss(R, t) +
∂U

∂r

∣∣∣∣
r=R

(r −R), (2.40)
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Figure 2.5: The hot-spot Mach number, as used in the analytic model, computed for a
large ensemble of ICF targets as a function of the yield enhancement caused by alpha-
heating. The Mach number is less than 10 % for most implosions except for the higher
adiabat α ∼ 4 to 5 implosions that have Mach2 ∼ 10% to 15% . Reproduced from A.
R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) , with the permission of AIP
Publishing.

where Uss(R, t) = dR/dt − Va ≈ dR/dt. As done in Refs. [27, 28, 29], the velocity

derivative is determined from the entropy conservation equation in the shell:

∂

∂t

[
p

ργs

]
+ U

∂

∂r

[
p

ργs

]
= 0. (2.41)

Here, the energy-conservation equation has simply been rewritten under the assumption

that alpha-particle deposition and radiation heating from the hot-spot are negligible in the

shell. For sub-ignited implosions, this is a good approximation since most of the alpha

energy and radiated energy are deposited within the hot-spot (as will be shown later in this

paper). The parameter γs is the adiabatic exponent in the shell. To compute the velocity
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derivative, the entropy conservation equation can be more conveniently rewritten as

∂p

∂t
+ U

∂p

∂r
+ γsp

1

r2

∂

∂r

[
r2U

]
= 0. (2.42)

The velocity derivative is therefore

∂U

∂r
=
−2U

r
− 1

γs

1

p

∂p

∂t
− 1

γs

U

p

∂p

∂r
. (2.43)

This derivative can be evaluated by setting Pss(R, t) ≈ Phs(R, t). This follows by con-

sidering the subsonic momentum jump condition about the hot-spot boundary: [p]R
+

R− =

[ρ(U − dR/dt)2]
R+

R− ≈ 0 in the subsonic approximation. Evaluating about the hot-spot

boundary, the velocity derivative becomes

Rs

Vi

∂U

∂r

∣∣∣∣
r=R

= − 1

γs

1

P̂

dP̂

dτ
− 2

R̂

dR̂

dτ
. (2.44)

2.3.3 Shock position in shell

In their most general form, the Rankine–Hugoniot conditions calculate the post-shock ve-

locity U2, density ρ2, and sound speed Cs2 = (p2γs/ρ2)1/2 in terms of the unshocked

velocity U1, density ρ1, sound speed Cs1, and shock strength z = (p2 − p1)/p1. The

Rankine–Hugoniot relations can be written as

dRk/dt− U1

Cs1
=

[
1 +

γs + 1

2γs
z

]1/2

, (2.45)

U2 − U1

Cs1
=

z

γs

[
1 +

γs + 1

2γs
z

]−1/2

, (2.46)

ρ2

ρ1

=
2γs + (γs + 1)z

2γs + (γs − 1)z
(2.47)
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Here, γs is the adiabatic index of the shell and Rk is the return shock trajectory. Note that

for the inertially confined system described here, region 2 denotes the shocked shell while

region 1 denotes the free-falling shell. In the limit of a strong shock, the shock pressure

is much larger than the unshocked pressure z >> 1. Combining Eqs. (2.45) and (2.46)

in this limit yields the relation between the shock position, free-fall velocity, and shocked-

shell velocity:

dRk

dt
=
γs + 1

2
Uss(Rk, t)−

γs − 1

2
Uff (Rk, t), (2.48)

where Rk is the shock position and Uff denotes the velocity in the free falling (unshocked)

shell. The strong shock limit of Eq. (2.47) yields

ρss(Rk, t) =
γs + 1

γs − 1
ρff (Rk, t), (2.49)

where ρff denotes the free-falling velocity and Pss denotes the shocked-shell pressure.

Finally, Eq. (2.45) gives a relation for the shocked shell pressure in terms of Rk, ρff , and

Uff :

Pss(Rk, t) =
2

γs + 1
ρff (Rk, t)

[
dRk

dt
− Uff (Rk, t)

]2

. (2.50)

2.3.4 Hot-spot energy

The energy conservation in the hot-spot is given by

∂

∂t

[
p

γ − 1
+
ρU2

2

]
+∇ ·

[
U

(
γp

γ − 1
+
ρU2

2

)]
= ∇ · κ∇T + θtotα ndntεα 〈σv〉 − (1− θtotrad)∇ · F, (2.51)
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where ρ, T,U, and p, respectively, denote the hot-spot density, temperature, velocity, and

pressure. Here γ = 5/3 is the adiabatic index of an ideal gas. The first term on the

right-hand side represents heat transport caused by thermal conduction with κ = κ0T
5/2 as

the Spitzer thermal conductivity. The second term represents heating from alpha-particle

deposition in the plasma, where the fraction of alpha-particles absorbed in the hot-spot is

denoted by θtotα , nd and nt denote the number density of deuterons and tritons, respectively,

〈σv〉 is the fusion reactivity, and εα= 3.5 MeV is the energy of each alpha particle. Here,

〈σv〉 ≡ CαT
3.7 where Cα ≈ 3.3 · 10−26m3s−1keV −3.7 between 2 < T < 9 keV with 20%

accuracy [32, 41].

In this model, we assume that the alphas do not leave the global energy balance (θtotα =

1). This assumption was first argued by Atzeni and Caruso in [42]. The alphas that are

not directly absorbed by the neutron-producing regions of the hot-spot are recycled in via

mass ablation of the inner shell surface since alphas have a short range in the dense shell.

This was verified through calculating the absorbed fraction of alpha particles directly from

a 1-D LILAC simulation ensemble. In simulations, the hot-spot mass at bang time (time of

peak neutron production) and the alpha energy deposited into this Lagrangian mass up to

bang time is computed. The position of this Lagrangian mass RL(t) is defined such that for

all time

Mhs(t) = Mhs(tbang) ≡
∫ RL(t)

0

4πρr2dr. (2.52)

At bang time, RL is defined as the trajectory where the density is one half of the sum of the

peak density and the central hot-spot density {ρ(RL) ≡ 0.5 [ρmax + ρ(0)]}. The fraction of

alpha particles absorbed in the hot spot energy balance is then calculated by dividing the

energy deposited into the hot-spot mass by the total number of alphas deposited in the entire

simulation. The total alpha energy deposited into the hot-spot by bang time is considered
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Figure 2.6: The fraction of alpha-particle energy deposited within the hot-spot mass until
bang time plotted as a function of the yield amplification for the 1-D simulation ensemble.
These results indicate that nearly 100% of alphas are deposited in the hot-spot mass at
bang time. The highest adiabat target (α ∼ 5) has the smallest hot-spot areal density and
still absorbs more than 80% of alphas. Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 012703 (2018) , with the permission of AIP Publishing.

in this calculation as follows:

θtotα =

∫ tbang
0

∫ RL(t)

0
jabsorbedα 4πr2drdt∫ tbang

0

∫ RL(t)

0
jemittedα 4πr2drdt

, (2.53)

where jabsorbedα is the alpha energy absorbed per unit volume per unit time and jemittedα is

the alpha energy emitted per unit volume per unit time. Slight differences between jemittedα

and εαndnt 〈σv〉 will occur due to the fact that it takes the alphas a finite amount of time to

be stopped after they are born. In Fig. 2.6, the θtotα calculations are presented as a function

of the yield amplification. It is evident in this figure that between 95% and 100 % of the

alpha particles are deposited into the hot-spot mass; therefore, we take θtotα = 1.

Assuming there is an even mixture of deuterons and tritons, we can write ndnt = n2
i /4

where ni is the ion number density. This can be related to both pressure and temperature
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from the ideal-gas equation of state ni = p/2T . Notice that in the equation of state,

we assumed ne ≈ ni and Te ≈ Ti where ne is the electron number density, Te is the

electron temperature, and Ti is the ion temperature. At typical hot-spot temperatures and

densities, it is safe to assume that the plasma is fully ionized and that the electron and ion

temperatures are equilibriated. The last term represents radiation losses from the hot-spot,

where 1 − θtotrad is the fraction that escapes and F is the total radiation flux. The radiation

flux is evaluated using the classical formula for bremsstrahlung emissivity j ∼ n2
i

√
T and

F (r) = r−2
∫ r

0
j(r)r2dr where j = CbrP

2
hsT

−3/2 and Cbr ≈ 1.3 · 10−29 mJ5/2s−1N−2

where the gaunt factor from Refs. [43, 44] are used and the pressure is in N , T is in

joules, and j is in W/m3 [40]. The parameter θtotrad is the fraction of radiation reabsorbed

in the hot-spot at bang time. Similar to the way θtotα was calculated, θtotrad is computed by

calculating the total amount of radiation absorbed by the fixed hot-spot mass boundary up

to bang time and dividing by the total amount of radiation that has been emitted by the

hot-spot as follows:

θtotrad =

∫ tbang
0

∫ RL(t)

0
jabsorbedrad 4πr2drdt∫ tbang

0

∫ RL(t)

0
jemittedrad 4πr2, drdt

(2.54)

where jabsorbedrad is the total radiation energy absorbed per unit volume per unit time and

jemittedrad is the radiation energy emitted per unit volume per unit time. In Fig. 2.7, it is

evident that θtotrad lies between 0.6 and 1. It is important to note that θtotrad includes the radia-

tion escaping through the hot-spot boundary and absorbed within a thin layer of the dense

shell. Such a thin shell is subsequently ablated, thus recycling the absorbed radiation en-

ergy into the hot-spot. In Appendix A, radiation deposition within the hot-spot is analyzed

by obtaining an analytic solution to the radiation transport equation in local thermodynamic

equilibrium. The intention of this calculation is to show that the hot-spot is optically thin

near the center of the hot spot, but it becomes increasingly opaque near the boundary.

Integrating Eq. (2.51) in radial coordinates over the entire hot-spot volume, we arrive
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Figure 2.7: The fraction of radiation reabsorbed in the global hot-spot energy balance lies
between 50% and 100%. The highest-adiabat (lowest hot-spot areal density) implosions
have more leakage of radiation compared to higher areal-density ensembles. Reproduced
from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) , with the permission of
AIP Publishing.

at

d

dt

[(
3

2
Phs

)
4πR3

3

]
−
[
4πR2Pss

5

2

(
dR

dt
− Uss

)]
r=R

+[
4πR2Pss

dR

dt

]
r=R

= 4πR3P
2
hsεαT

1.7
0 C0

16
−

4πR3 (1− θtotrad)CbrP 2
hs

T
3/2
0

µ0, (2.55)

whereC0 ≡ Cα
∫ 1

0
T̃ 1.7x2dx ≈ 6.56·10−27m3keV −3.7s−1 and µ0 ≡

∫ 1

0
T̃−3/2x2dx ≈ 0.67.

Here, we have neglected the hot-spot kinetic energy since the flow is subsonic in the limit

of small Mach2. Following the analysis from Refs [29, 30, 28, 27], the leakage of energy

caused by thermal conduction outside the hot-spot boundary was also neglected since the

temperature and therefore the thermal conductivity in the cold shell are negligible. The

term Pss(R, t) ≈ Phs(R, t), as previously shown from the velocity derivative derivation.
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The second term on the left-hand side will also be neglected since dR/dt − Uss(R, t) =

Va ∼Mach2Vi.

Now by dividing the energy equation by 2πPsViR
2
s , we arrive at the final equation for

the hot-spot energy:

d

dτ

[
P̂ R̂3

]
= −2P̂ R̂2dR̂

dτ
+ γαP̂

2T̂ 1.7R̂3

− (1− θtotrad)βP̂ 2R̂3T̂−3/2. (2.56)

Here γα = C0εαPsRsT
1.7
∗ /(8Vi) and β = 2Cbrµ0PsRs/(ViT

3/2
∗ ) are proportional to the

ratio of alpha energy and radiation energy to the hot-spot internal energy (from the thin-

shell adiabatic model). In Eq. (2.56), the left-hand side represents the total hot-spot internal

energy. The first term on the right-hand side is the PdV work delivered to the hot-spot

resulting from compression. The second term is the energy gain from alphas, and the third

term on the right-hand side represents the radiation losses. Typical values of (1 − θtotrad)β

range between 0.1 and 0.4, as seen in Fig. 2.8. Similar to how Mach2 is calculated,

β is calculated by computing ε0 from the simulation ensemble at the beginning of the

deceleration phase and estimating Ps, Rs, Vi, and T∗ needed to calculate β.

2.3.5 Hot-spot mass

The hot-spot temperature is governed by the ablation process at the hot-spot - shell in-

terface. Thermal conduction, radiation, and alpha particles can heat up the shell’s inner

surface and ablate material back in, thereby reducing the hot-spot temperature. This pro-

cess is described by the mass conservation in the hot-spot:

d

dt

∫ R

0

4πr2ρ(r, t)dr = 4πR2ṁ, (2.57)
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Figure 2.8: Typical values of the radiation parameter (1 − θrad,tot)β lie between 0.1 and
0.4 in ICF targets. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing.

where ṁ = ρss(R, t)Va is the hot-spot mass ablation rate. This quantity is determined

by heating of the shell boundary caused thermal conduction, alpha particle heating, and

radiation heating [45]. The simplest way to calculate the mass ablation rate is to adopt

a zeroth-order model for the hot-spot where the temperature, pressure, and density are

constant in space. Then a sharp boundary model can be applied to determine the mass

ablation rate. The subsonic jump condition at the hot-spot interface is given by

0 =

[
5pw

2
− κ0T

5/2∂T

∂r
+ rradFrad + rαFα

]R+

R−
(2.58)

where w = dR/dt − U(R, t), Frad and Fα denote the radiation and alpha-particle fluxes

leaving the hot-spot, and rrad and rα denote the remaining fraction of the radiation that
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exists at the boundaries. Here

rrad =


θablradθ

tot
rad + 1− θtotrad r < R

1− θtotrad r > R

(2.59)

where θtotrad is the amount of radiation absorbed in the hot-spot mass and θablrad is the fraction

of reabsorbed radiation energy, which contributes to mass ablation of the hot-spot. For

r > R, some fraction 1 − θtotrad of the radiation escapes the global energy balance of the

hot-spot. For r < R, a fraction θablrad of the reabsorbed radiation has been recycled back into

the hot-spot caused by mass ablation. The flux at r = R− is the sum of the flux leaving the

hot-spot, 1 − θtotrad, and the flux that is reabsorbed due to ablation, θablradθ
tot
rad. The parameter

θablrad is computed exactly in the LILAC simulations by considering how much radiation is

deposited in the mass that is ablated into the hot-spot between the onset of the deceleration

phase and bang time. The hot-spot radius Rhs(t) is defined at each time as the trajectory7

where the density is one half of the sum of the maximum density and the central hot-spot

density. The radiation absorbed between the hot-spot radius and the final bang time mass

is then computed at each time step. The parameter θablrad is then calculated as the radiated

energy deposited into this ablated mass divided by the total amount of radiation that has

been absorbed by the hot-spot mass at bang time:

θablrad =

∫ tbang
0

∫ RL(t)

Rhs(t)
jabsorbedrad 4πr2drdt∫ tbang

0

∫ RL(t)

0
jabsorbedrad 4πr2drdt

. (2.60)

In Fig. 2.9, the parameter θablrad as computed from the 1-D simulation ensemble is plotted

as a function of the yield amplification. Approximately 10 % to 50 % of the reabsorbed

radiation is recycled back into the hot-spot from ablation. This is consistent with the results

from Ref. [45].
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Figure 2.9: The fraction of absorbed radiation deposited into the ablated mass lies between
0.1 and 0.5. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018)
, with the permission of AIP Publishing.

For alpha particles,

rα =


θablα r < R

0 r > R

(2.61)

where θablα denotes the fraction of absorbed alpha particles that are recycled back into the

hot-spot due to mass ablation. For r > R, there are no alpha particles leaving the global

energy balance, as was shown in Fig. 2.6. In Fig.2.10, the fraction of alpha particles which

contribute to hot-spot mass ablation θablα is plotted as a function of the yield amplification.

The fraction of absorbed alphas is computed in the same fashion as θablrad, where the number

of alphas deposited into the unablated mass is divided by the total number of alpha particles

absorbed into the hot-spot mass at bang time:

θablα =

∫ tbang
0

∫ RL(t)

0
jabsorbedα 4πr2drdt∫ tbang

0

∫ RL(t)

0
jabsorbedα 4πr2drdt

, (2.62)
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Figure 2.10: The fraction of alpha particles which contribute to mass ablation is generally
less than 10 %. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing.

This number is less than 0.1 for most of the targets, which suggests that the hot-spot has

absorbed most of the alphas before they arrive at the inner shell boundary.

The alpha-particle flux can be written by integrating the alpha power over volume and

dividing by surface area:

Fα(R, τ) =
1

R2

∫ Ra

0

ndntεα 〈σv〉 r2dr

=
RP 2

0 T
1.7
0 εαCα
16

∫ 1

0

x2T̃ (x)1.7dx. (2.63)

The integral C0 ≡ Cα
∫ 1

0
x2T̃ 1.7dx is used to simplify the expression. Likewise, the radia-

tion particle flux is written as

Frad(R, τ) =
1

R2

∫ R

0

Cbrp
2T−3/2r2dr =

CbrP
2
0R

T
3/2
0

µ0, (2.64)

where µ0 ≡
∫ 1

0
T̃−3/2x2dx. The jump in alpha-particle flux is simply [rαFα]R

+

R− = −θablα Fα(R, τ)
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and the jump in radiation flux is [rαFrad]
R+

R− = −θablradθradFrad(R, τ). The jump in heat flux

is approximately
[
κ0T

5/2∂T/∂r
]R+

R−
≈ −κ0T

7/2
0 4/7 since the temperature in the shell is

much smaller than the temperature in the hot-spot and T̃ 5/2 ∂T̃ /∂r̂
∣∣∣
r̂=1

= 4/7.

Using the ideal gas equation of state, the term [5pw/2]R
+

R− = −5ṁ [T ]R
+

R− /mi, wheremi

is the ion mass, ṁ = ρss(R, t)Va = ρhs(R, t)Vblowoff is the hot-spot mass ablation rate, Va

is the ablation velocity (velocity at which ablaton front penetrates the shell), and Vblowoff

is the blowoff velocity (velocity at which ablated material is ejected into the hot-spot). The

jump in temperature in this term is a Mach2 correction that will not be included in this

model. Therefore, [
5pw

2

]R+

R−
≈ 5

ṁ

mi

Ths(R, t) ≈ 5
ṁ

mi

T0(t), (2.65)

where a zeroth-order model is being adopted for this term to avoid the singularity in tem-

perature. This is the limit of infinite thermal conduction, where the temperature profile in

the hot-spot is flat and the ablation-front thickness goes to zero. It follows that the mass

ablation rate from the energy equation jump condition becomes

ṁ =
mi

5

{
−κ0T

5/2
0

R

4

7
+ θablα

RP 2
hsεαC0T

0.7
0

16

+θablradθ
tot
rad

Cbrµ0RP
2
hs

T
5/2
0

}
. (2.66)

The hot-spot mass is calculated by integrating the density over the volumeMhs =
∫ R

0
4πρr2dr,

where ρ = mip/2T . Defining µ1 ≡
∫ 1

0
x2T̃−1dx ≈ 0.51, the dimensionless hot-spot mass

conservation equation is

d

dτ

[
P̂ R̂3

T̂

]
= T̂ 5/2R̂ +

θablα

5µ1

γαP̂
2R̂3T̂ 0.7

+ θablrad

θtotrad
5µ1

β
P̂ 2R̂3

T̂ 5/2
, (2.67)
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where T∗ = [35µ1ViPsRs/(8κ0)]2/7 .

2.3.6 Shocked-shell mass

The equation governing the shocked-shell mass is obtained from a straightforward integra-

tion of mass conservation from the hot-spot boundary to the shock position:

dMss

dt
= 4πρff (Rk, t)R

2
k

(
dRk

dt
− Uff (Rk, t)

)
+ 4πρss(R, t)R

2

(
Uss(R, t)−

dR

dt

)
. (2.68)

This equation essentially balances the change in shocked mass with the mass flow in

and out of its boundaries. The first term is the increase in mass resulting from shock

propagation through the shell, while the second term represents the decrease in shell mass

caused by ablation from thermal conduction, alpha-heating, and radiation heating. Notice

that Uss(R, t) − dR/dt = −Va. In the limit Va << Vi, the mass ablated off of the inner

shell surface can be neglected. In dimensionless form, Eq. (4.46) becomes

dM̂ss

dτ
= ρ̂ff (R̂k, τ)R̂2

k

[
dR̂k

dτ
− Ûff (R̂k, τ)

]
. (2.69)

Here, the shocked-shell mass is normalized to the shell mass such that M̂ss = Mss/Msh.

The shell density ρff = [Msh/(4πR
3
s)]ρ̂ff and the velocities are normalized to the implo-

sion velocity. The density in the free-falling shell is evaluated by using a parabolic density

profile in the free-falling shell of the form

ρff (r, t) =
3Msh

2πr2

(r −Rinner)(Router − r)
(Router −Rinner)3

, (2.70)

where Router is the outer free-fall trajectory and Rinner is the inner free-fall trajectory. The
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Figure 2.11: The initial aspect ratio of the simulation ensemble indicates values of R0/∆0

between 2 and 5. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing.

density of the free-falling shell increases as the shell converges since Mff ∼ R2
innerρff .

From entropy conservation, pff ∼ ρ
5/3
ff implies that the shell transfers kinetic energy into

internal energy. We neglect this effect for simplicity here. The free-fall shell is unaware of

the large hot-spot pressure and simply implodes inward at the implosion velocity Vi with

an initial thickness ∆0. This introduces a new dimensionless parameter into the system:

A0 = R0/∆0, which is the initial aspect ratio at the beginning of the deceleration phase.

The 1-D simulation ensemble indicates that A0 varies roughly between 2 and 5, as shown

in Fig. 2.11. The aspect ratio is calculated at the time of peak kinetic energy. The shell

thickness is the difference between the hot-spot radius and the position where the shell

density reduces to half of its peak value.

The velocity profile in the free-falling shell is not constant since the shell will expand

outward because of the absence of applied pressure after the laser turns off. If the difference

between the inner and outer surface velocity is given by ∆V , then Rinner(t) = R0 − Vint
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and Router(t) = R0 + ∆0− (Vin−∆V )t, where Vin is the velocity of the inner free-falling

shell surface. Assuming the velocity profile in the free-falling shell is linear, we have

Uff (r, t) = −Vin + ∆V
r −Rinner(t)

Router(t)−Rinner(t)
. (2.71)

The velocity Vin is then chosen in such a way thatMshV
2
i /2 = 1

2

∫ Router
Rinner

4πr2ρff (r, t)Uff (r, t)
2dr.

This equation is satisfied if the following condition is met:

Vin =
1

2

[
∆V +

√
20V 2

i − (∆V )2

√
5

]
. (2.72)

The hydro profiles from Eqs. (2.70) and (2.71) can then be used in Eq. (2.69) to solve

for the shocked-shell mass.

2.3.7 Shocked shell momentum balance

Integrating the momentum conservation equation from the inner shell surface R+ up to the

shock position in the free-fall shell R+
k , we find a general expression for the shocked shell

momentum:

d

dt

(
Mss 〈Uss〉

4π

)
= Pss(R, t)R

2 − pff (Rk, t)R
2
k

+ 2

∫ Rk

R

prdr + ρff (Rk, t)R
2
kUff (Rk, t)

(
dRk

dt
− Uff (Rk, t)

)
+ ρss(R, t)R

2Uss(R, t)

(
Uss(R, t)−

dR

dt

)
. (2.73)

Here, Mss ≡
∫ Rk
R

4πρr2dr is the shocked shell mass and 〈Uss〉 ≡
∫ Rk
R

4πρUssr
2dr/Mss

denotes the mass-averaged shocked shell velocity. The first two terms on the right-hand side

represent the pressure forces acting on the shocked shell from the hot-spot and the free-fall

shell. In the strong shock limit, the free-fall pressure is negligible with respect to the shell
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pressure. The third term is integrating the pressure force throughout the shell length. It

arises in spherical geometry and accounts for the fact that pressure affects the momentum

balance through pressure gradients and not through increases in surface area. The last

two terms represent the flow of momentum in and out of the shocked-shell surface. The

last term represents momentum flowing out of the shell boundary caused by mass ablation

from hot-spot thermal conduction, radiation, and alpha-heating. The second to last term

is the increase in momentum resulting from the increase in shocked shell mass. The last

term is negligible since it represents the change in shell momentum due to mass flow across

the hot-spot boundary. It is smaller than the momentum flow through the shock front by a

factor of roughly Va/Vi, and is therefore another Mach2 effect. This term represents the

rocket effect of hot-spot ablation on the shell.

To calculate the hot-spot trajectory from Eq. (4.48), hydro profiles for the shocked-shell

density and velocity should be used. For simplicity here, the mass-averaged shocked-shell

velocity is estimated by taking the average between the velocity at the hot-spot and at the

shock front:

〈Uss〉 ≈
1

2
[Uss(R, t) + Uss(Rk, t)]

=
dR

dt
− 1

2
(Rk −R)

(
1

γs

1

p

dp

dt
+

2

R

dR

dt

)
.

where the velocity derivative from Eq. (2.44) was used to estimate the outer-edge velocity.

The pressure profile in the shocked shell is assumed to be linear with radius.

Pss(r, t) = Phs(R, t) + [Pss(Rk, t)− Phs(R, t)]
r −R
Rk −R

. (2.74)
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In dimensionless form, the shell’s momentum conservation equation then reduces to

d

dτ

(
M̂ss 〈Ûss〉

)
= P̂ R̂2 + 2

∫ R̂k

R̂

P̂ssr̂dr̂

+ ρ̂ff (R̂k, τ)R̂2
kÛff (R̂k, τ)

[
dR̂k

dτ
− Ûff (R̂k, τ)

]
, (2.75)

where P̂ss = Pss/Ps is normalized to the hot-spot adiabatic stagnation pressure.

2.3.8 Solution of the model

The alpha-heating model is summarized by the following five equations for the hot-spot

radius R̂, pressure P̂ , temperature T̂ , shock position R̂k, and shocked-shell mass M̂ss:

dR̂k

dτ
=
γs + 1

2
Ûss(R̂k, τ)− γs − 1

2
Ûff (R̂k, τ), (2.76)

d

dτ

[
P̂ R̂3

]
= −2P̂ R̂2dR̂

dτ
+ γαP̂

2T̂ 1.7R̂3 − (1− θtotrad)βP̂ 2R̂3T̂−3/2, (2.77)

d

dτ

[
P̂ R̂3

T̂

]
= T̂ 5/2R̂ +

θablα

5µ1

γαP̂
2R̂3T̂ 0.7 + θablrad

θtotrad
5µ1

β
P̂ 2R̂3

T̂ 5/2
, (2.78)

d

dτ

(
M̂ss 〈Ûss〉

)
= P̂ R̂2 + 2

∫ R̂k

R̂

P̂ssr̂dr̂

+ ρ̂ff (R̂k, τ)R̂2
kÛff (R̂k, τ)

[
dR̂k

dτ
− Ûff (R̂k, τ)

]
, (2.79)

dM̂ss

dτ
= ρ̂ff (R̂k, τ)R̂2

k

[
dR̂k

dτ
− Ûff (R̂k, τ)

]
. (2.80)

The initial conditions are P̂ (0) = ε
−5/2
0 , T̂ (0) = ε

1/2
0 , R̂(0) = ε

1/2
0 , R̂k(0) = 1.05R̂(0), M̂ss(0) =

0, and R̂′(0) = −1. Eqs. [79–83] are solved numerically using γα = 0, β = 0.3, γs =

5/3, θtotrad = 0.2, θablrad = 0.4,∆V̂ = 0.5, and θablα = 0.0 to obtain the hot-spot pressure, vol-

ume, temperature, and yield without the effect of alpha-heating. Choosing ∆V̂ = 0.5 gives

rise to a shocked-shell mass of∼0.6 at bang time, consistent with the stagnated mass from
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Figure 2.12: The shell trajectories from the compressible-shell model Eqs [79–83] without
alpha-heating (γα = 0) are shown as dashed lines, with actual simulation calculations
shown in solid lines. The time t is the difference between the simulation time and the time
of peak kinetic energy. Around τ ∼ 2, the jump in radius is caused by the stagnation shock
hitting the shell. (a) comparison of the analytic model with an α ∼ 0.5 implosion which
achieves an implosion velocity of 307 km/s, shell kinetic energy of 12 kJ, A0 = 3.6, and
ε0 = 85. (b) An α ∼ 4 implosion with Vi = 524 km/s, a kinetic energy of 18 kJ, ε0 = 38,
and A0 = 3.8. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703
(2018) , with the permission of AIP Publishing.
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no-alpha simulations. The no-alpha solution is shown in Fig. 2.12 where smooth shocked-

shell and hot-spot trajectories are shown. When the return shock reaches the outer shell

surface, both R̂k and R̂ move at a constant velocity dR̂k/dτ = V̂in−∆V̂ . In Fig. 2.12, the

analytic solution without alpha-heating is compared two 1-D LILAC simulations of two dif-

ferent implosions, using the ε0 and A0 calculated from the simulation. The shock trajectory

is defined where the pressure gradient is maximized, the outer surface as the Lagrangian

trajectory where density drops to 1/e of its maximum value at the time of peak kinetic

energy, and the hot-spot radius as the Lagrangian trajectory where the density is one-half

of the difference between the peak density and the central density. Excellent agreement

between the two solutions is observed until the shock breaks out of the outer shell surface.

After this point, the shell rapidly decompresses and a rarefaction wave is launched into the

shell. For simplicity, this effect is not captured by the analytic model.

alpha-heating from the compressible-shell model is then studied by increasing the pa-

rameter γα. As the alpha-heating parameter γα increases, several modifications to the hy-

drodynamics occur, which are illustrated in Fig. 2.13. In Fig. 2.13(a), the hot-spot en-

ergy is plotted as a function of time with and without alpha-heating. The solution with

alpha-heating achieves a total yield amplification of 9.7 (at γα = 14.4), and it follows the

no-alpha solution until a critical time after which the hot-spot energy increases because

alpha-heating. The bang time (time of peak neutron production) is τ = 7.4 for the no-alpha

solution and τ = 8.8 for the with-alpha solution, in agreement with the times of peak hot-

spot energy. This happens because the alpha-heating power increases the hot-spot energy

after stagnation.

In Fig. 2.13(b), the hot-spot radius with and without alpha-heating is plotted as a func-

tion of time. In this figure, it is evident that the implosion with alpha-heating stagnates

earlier and at a larger hot-spot radius. This occurs because the increase in hot-spot pressure

caused by alpha-heating increases the deceleration force experienced by the shell, leading
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to an earlier stagnation. The larger hot-spot pressure also drives a more rapid expansion of

the hot-spot after stagnation compared to the no-alpha implosion. Also, the bang time is

delayed with respect to stagnation since alpha-heating increases the hot-spot energy dur-

ing the expansion phase. At large levels of alpha-heating, the pdV work delivered to the

hot-spot at bang time is negligible compared to the alpha energy. It is for this reason

that the stagnation PdV work is used in the definition of the burning-plasma parameter

Qhs
α = 0.5Eα/pdVstag from Ref [21]. The PdV work delivered at stagnation is the max-

imum energy delivered to the hot-spot from pure hydrodynamic compression. However,

we still retain half of the total alpha energy in Qhs
α since bang time is the time when the

alpha-heating rate is maximized.

When γα exceeds some critical value γc, the alpha-heating dominates the hot-spot en-

ergy balance and a singularity in the pressure is observed. Similar to the simple tran-

sient model from Eq. (2.6), the hot-spot energy continues to increase without bound

when the alpha-heating is sufficiently dominant in the power balance. This critical value

of γα can depend on β, A0, ε0, and the hot-spot temperature, which dictates the scaling

of the fusion reactivity with temperature (i.e., 〈σv〉 ∼ T ν). This allows one to define

χnoα ≡ γα/γc(β,A0, ε0, ν), where χnoα > 1 implies ignition.

2.4 Conclusions

In summary, we have presented a simple one-dimensional semi-analytical model of the

compressible shell during the deceleration phase for the purpose of studying the effects

of alpha-heating on implosion hydrodynamics. This model includes the physics of shell

expansion, alpha-heating, radiation transport, and realistic initial conditions derived from

the results of detailed radiation–hydrodynamic simulations to correctly capture the physics

of alpha and radiation deposition in the hot-spot and inner shell layer. In particular, we
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Figure 2.13: The blue curve is the solution to Eqs. [79–83] with alpha-heating (γα = 14.3,
Yamp = 9.7), while the red curve is the solution with γα = 0. The solutions are compared
in (a), where the hot-spot energy is plotted as a function of time, and (b) where the hot-spot
radius is plotted as a function of time. These solutions are obtained using A0 = 4 and
ε0 = 60. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) ,
with the permission of AIP Publishing.
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find that most of the alpha energy (∼90%) is deposited directly inside the hot-spot, while

a small fraction (∼10%) drives mass ablation off the inner shell surface and its energy

is recycled back into the hot-spot. Of the bremsstrahlung radiation emission, ∼ 40% is

deposited in the hot-spot, ∼40% is recycled back in the hot-spot by ablation off the shell

and∼20% leaves the hot-spot. The solution of the analytic model is in very good agreement

with radiation–hydrodynamic simulations of direct-drive implosions. The application of

this analytic model to the analysis of alpha-heating metrics will be the subject of the next

chapter.

2.5 Appendix A

It has been commonly assumed in many ICF models that the hot-spot is optically thin to

the bremsstrahlung xrays it emits [46, 34]. Here we present analytic calculations that show

that the hot-spot is optically thick near the boundary. We first begin by considering an

implosion that achieves hot-spot conditions of 320 Gbar, a 31 µm hot-spot radius, and

a 4.2-keV neutron-averaged hot-spot temperature. The simulated fraction of reabsorbed

radiation computed using the technique described in Section IV-D is ∼28 %.

The absorption of radiation by the hot-spot is checked analytically here by solving the

steady-state radiative transport equation in radial coordinates:

1

r2

∂

∂r
(r2Fν) = εν − κνFν , (2.81)

where Fν is the radially directed radiation flux (power per area per frequency) under the

assumption of an isotropically emitting source, εν is the bremsstrahlung emissivity (emitted

power per unit volume per unit frequency), and κν is the opacity (inverse mean free path for

a photon of frequency ν). In this equation, we have assumed the radiation field is varying

slowly in time and that scattering effects may be neglected. The general solution to this
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equation is

Fν(r, ν) =
e−τ(r,ν)

r2

∫ r

0

eτ(r′,ν)εν(r
′, ν, t)r′2dr′, (2.82)

where τ is the optical depth given by

τ(r, ν) =

∫ r

0

κν(r
′′, ν)dr′′, (2.83)

and the emissivity is given by

εν = Cbrnenigff (ν, T )
e−hν/T√

T
, (2.84)

whereCbr = 6.84·1035 in CGS units, ne is the electron number density, ni is the ion number

density, T is the electron temperature, and gff is the gaunt factor that accounts for quantum

mechanical effects calculated from Ref [47]. In local thermodynamic equilibrium, εν =

κνBν(T ), where Bν(T ) = 2hν3c−2(ehν/T − 1)−1 is the Planckian black body spectrum.

Using the hydrodynamic profiles for density and temperature at bang time from the

simulation, this model can be used to calculate the emission and absorption of radiation

within the hot-spot. The hot-spot–radiated power density is simply given by

jrad(r) =

∫ ∞
0

ενdν. (2.85)

The net radiation power density is then given by

jnet(r) = jrad −
∫ ∞

0

κνFνdν. (2.86)

In Fig. 2.14, both jrad and jnet are plotted as a function of radius. They are compared

with the results from LILAC simulations which utilize astrophysical opacity tables. In

this figure, it is evident that this simple model overestimates the emissivity in the dense
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Figure 2.14: The hot-spot emission and absorption profiles as a function of radius for an
example simulation. The blue curve represents the frequency-integrated emissivity jrad,
while the solid red represents the net radiative power jnet. The dashed curves are the
results from the LILAC simulation at bang time, while the solid curves represent the analytic
solution from Eq. (2.82). Reproduced from A. R. Christopherson et al, Phys. Plasmas 25,
012703 (2018) , with the permission of AIP Publishing.

Figure 2.15: The fraction of radiation leaving the hot-spot as a function of the hot-spot
radius. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 012703 (2018) ,
with the permission of AIP Publishing.
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shell. Although there are quantitative differences between this simple model and the exact

calculation, it is clear that most of the emission and absorption occur near the edge of the

hot-spot where the mass density is highest.

The radiation flux leaving through a surface 4πr2 can be computed as a function of

radius. This is accomplished by integrating the net radiated power over the volume of the

sphere it encloses and dividing by the total emission from this sphere:

θrad(r) ≡
∫ r

0
4πr′2jnet(r

′)dr′∫ r
0

4πr′2jrad(r′)dr′
. (2.87)

In Fig. 2.15, the fraction of leaked radiation is plotted as a function of radius. It is

clear that the fraction of reabsorbed radiation is sensitive to the definition of the hot-spot

boundary. The important thing to note is that most of the radiation is not reabsorbed in

the middle of the hot-spot. Many of the emitted photons are reabsorbed, however, near the

shell boundary where the temperature is low and the density is high. It is for this reason

that the fraction of radiation escaping the hot-spot energy balance is of the order of∼ 30%.
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CHAPTER 3

1D THEORY OF ALPHA HEATING AND BURNING PLASMAS FOR

INERTIALLY CONFINED PLASMAS

“Science is what we do to keep us from lying to ourselves.”

Richard Feynman

At present, the National Ignition Facility (NIF) has imploded capsules that have demon-

strated significant levels of alpha-heating [9, 48, 49, 8]. Similar alpha-heating levels have

also been inferred from OMEGA implosions extrapolated up to 1.9 MJ [16, 19]. These

alpha-heating levels are quantified by the yield amplification due to alpha-heating which

is defined as Yamp= yieldα/yieldnoα where yieldα is the fusion yield with alpha deposi-

tion and yieldnoα is the yield without alpha deposition. The yield amplification was first

introduced in Ref [6] where, from a large database of 1-D and 2-D simulations of NIF im-

plosions, it was shown to be well correlated with the experimentally measurable ignition

threshold factor ITFx [36] (calculated from simulations with alpha-heating) given by

ITFx ≈
(
yield13−15MeV

4× 1015

)(
DSR

0.067

)2.1

, (3.1)

where yield13−15MeV is the primary neutron yield between 13 and 15 MeV (yield ≈

yield13−15MeV · exp[4DSR]) and the down-scatter ratio DSR represents the number of

downscattered neutrons in the 10 to 12 MeV energy range normalized with the primary

yield [50]. The DSR is roughly proportional to the areal density (DSR ' ρRg/cm2/21)

[51]. These yield-amplification curves were generated specifically for and only applica-

ble to the National Ignition Campaign (NIC) point-design indirect-drive target [52] using
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an ensemble of over 2000 HYDRA simulations. The simulations achieved 1-D yields near

20 MJ and were degraded through a variety of failure mechanisms, including high and

low-mode distortions, implosion velocity reduction, and entropy degradation.

This alpha-heating analysis was generalized in Ref. [21] over a wide range of direct-

drive targets with driver energies ranging from 30 kJ to 2 MJ of laser energy. In that work,

the yield amplification was shown to be well correlated with a similar metric χα defined by

χα ≈ (ρR)0.61

(
0.24yield16

Munablated
DT

)0.34

, (3.2)

where yield16 is the total neutron yield in units of 1016 neutrons, ρR is the neutron-averaged

areal density in g/cm2, and Munablated
DT is the unablated DT mass in mg. In the case where

the DT mass is 0.18 mg (for a NIF-like target), ITFx ≈ χ2.9
α .

The parameter χnoα was originally introduced in Ref. [34] to represent the ignition

condition when the hot spot becomes thermally unstable. The primary insight was that hy-

drodynamic conditions before the hot spot begins deceleration determine whether or not the

hot spot ignites. This parameter can be written in terms of stagnation quantities from sim-

ulations which don’t include modifications to the hydrodynamics caused by alpha-heating

(hence the noα subscript). It was shown in Refs [35], [21], and [32] that χnoα = 1 corre-

sponds to a rapid increase in fusion yield output. Similarly, the ITFX was developed in Ref.

[36] in such a way that ITFXnoα = 1 corresponded to a target gain of unity for NIF low

foot implosions [52]. However, since the parameters χnoα and ITFXnoα cannot directly

be inferred from experiments with alpha-heating, it is useful to develop metrics which do

include modifications to hydrodynamics from alpha-heating. The parameter ITFXα was

therefore introduced in Ref [6] to relate ITFXnoα and yield amplification to an experimen-

tally measurable parameter. The same analysis for χα was done in Ref. [21].

In this chapter, we focus on with-alpha Lawson alpha-heating metrics that can be used
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to determine alpha-heating levels in experiments. In particular, we develop a new measur-

able alpha-heating metric fα = Eα/2Ehs as the fractional alpha energy, which directly

compares the alpha energy deposited in the hot spot at bang time, (Eα/2), to the internal

energy of the hot spot, Ehs. In this definition, Eα is the total alpha energy produced and

the factor 1/2 is used since approximately half of the alphas have deposited their energy at

bang time. Here, we will show from a large 1-D simulation database of implosions that fα

is equivalent to the Lawson parameter in the center of the hot spot when the neutron burn-

width is taken as the confinement time. We will also show that it is measurable from ex-

periments and is better correlated with the yield enhancement resulting from alpha-heating

than χα.

Additionally, we analyze and develop two more alpha-heating metrics to characterize

the onset of the burning-plasma regime: Qhs
α = 1

2
Eα/PdVhs and Qtot

α = 1
2
Eα/PdVtot

where Eα is the total alpha energy produced, PdVhs is the total energy delivered to the

hot spot from PdV work, and PdVtot is the total PdV work delivered to both the hot spot

and the stagnated shell. These metrics were initially defined in Ref [21] to characterize a

burning plasma as a state where the alpha heating is the dominant heating mechanism and

they represent two intermediate milestones on the path to ignition and energy gains. In Ref

[21], both of the burning-plasma metrics were shown to be reasonably correlated with a

large 1D ensemble of implosions. The main idea in that work was to calculate the yield

amplification from χα and then to use a Yamp − Qα plot to determine Qhs
α and Qtot

α . Here,

we show that Qhs
α can be determined analytically from fα and that it is more accurate to

determine Qhs
α and Qtot

α from fα as opposed to the yield amplification.

The analysis presented here is intended to study sub-ignited implosions in the alpha-

heating regime with yield amplifications less than 10. This paper is organized as follows:

Section I describes alpha-heating metrics such as fα and χα and how they can be inferred

from experiments to determine the yield amplification, Section II presents theory and cal-
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culations for Qhs
α and Qtot

α from fα, and Section III presents an alpha-heating analysis for

recent high performing NIF implosions. The alpha-heating curves presented in this work

will be generated using the same 1-D LILAC [31] simulation database described in Ref.

[22] which consists of implosions with adiabats ranging from 1 to 6, implosion velocities

between 200 km/s and 600 km/s, and shell kinetic energies between 1 kJ and 80 kJ. The

compressible alpha-heating model from Ref [22] will also be compared to the simulation

results presented in this work here.

3.1 Analysis of measurable alpha-heating metrics

3.1.1 Definition of fα

The Lawson criterion for ignition requires the alpha-heating rate to exceed the energy loss

rate [33]. A very simple model for ignition was described by a model in Ref. [22] which

calculated the evolution of the pressure and volume from a pre-compressed plasma assem-

bly. In this simple 1-D system without radiation, ignition occurs when the initial alpha

-heating rate exceeds the energy loss rate:

pτ

Sα
≡ εαnDnT 〈σv〉

3
2
p/τ

> 1, (3.3)

where nD and nT are the deuterium and tritium number densities which are related to

pressure p and temperature T via the ideal gas equation of state nD = nT = p/(4T )

for a n equimolar ratio of deuterium to tritium. Also, τ is the plasma confinement time;

Sα = 24T 2/ 〈σv〉 εα where εα = 3.5 MeV is the energy of an alpha particle, and 〈σv〉 is

the fusion reactivity, which depends uniquely on temperature T (assuming the electron and

ion temperatures are equal). For a stationary plasma, pτ/Sα > 1 at time t=0 would yield a

solution where the pressure grows without bound [22].
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Figure 3.1: The fractional alpha-heating parameter fα is well correlated with the central
value of the Lawson parameter p0τ/Sα,0 for fα ≤ 1.4 (which corresponds to yield amplifi-
cations <10 of interest here). Reproduced from A. R. Christopherson et al, Phys. Plasmas
25, 072704 (2018) , with the permission of AIP Publishing.

The condition pτ > Sα is an oversimplification of the ignition threshold for the case

of a non-stationary plasma such as an imploding ICF capsule. It has been shown that a

better definition of ignition involves metrics that do not include modifications to the hy-

drodynamics from alpha-heating (i.e., χnoα and ITFxnoα). The Lawson parameter with

alphas does not represent ignition in the same context that the no-alpha Lawson parameter

does since the no-alpha parameter describes the conditions resulting from pure hydrody-

namic compression that are needed to induce ignition and large energy gains. However, the

Lawson parameter with alphas is still a valid metric to assess the yield amplification from

alpha heating; more importantly, it can be inferred directly from experiments and therefore

can be used to assess alpha-heating levels in the hot spot. In this paper, we focus on the

Lawson parameter with alphas and how it can be used to determine alpha-heating levels in

experiments.

In an ICF plasma, if we take τ to denote the neutron burn-width, Vhs = 4πR3
hs/3 to
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denote the hot-spot volume, p0 to denote the central hot-spot pressure, 〈σv〉0 to denote the

central fusion reactivity, and T0 to denote the central hot-spot temperature, then one can

show that the fractional alpha-energy parameter fα and the Lawson parameter are directly

related to each other. We first start with the definition of fα as the alpha energy deposited

in the hot spot up to bang time, Eα, divided by the internal energy:

fα ≡
Eα/2
3
2
pVhs

≈ 1

2

τεα
∫∞

0
4πr2drnDnT 〈σv〉

3
2

∫ Rhs
0

4πr2p
, (3.4)

where we have assumed that yield ≈ Ẏ τ , where Ẏ is the total neutron production rate at

bang time (when neutron production rate is maximized). Following the analysis of Ref.

[22], we also assume that all of the alphas are deposited into the hot-spot mass before

bang time. The factor 1/2 represents the fact that approximately 1/2 of the produced alpha

particles have deposited their energy before bang time (assuming the total alpha-production

rate is symmetric about bang time).

If we use the ideal-gas equation of state [nDnT = p2/(16T 2)] and let p̃ ≡ p/p0, T̃ =

T/T0, 〈σ̃v〉 = 〈σv〉 / 〈σv〉0, and x = r/Rhs, then fα can be written as

fα =
1

2

p0τ

Sα,0

µα
µp
, (3.5)

where Sα,0 = 24T 2
0 / 〈σv〉0 εα and µα is a profile factor given by

µα ≡ 3

∫ ∞
0

x2dx
p̃2

T̃ 2
〈σ̃v〉 (3.6)

and µp by

µp ≡ 3

∫ 1

0

x2dxp̃. (3.7)

The subscript “0” indicates the central value of r=0. For sub-ignited hot spots in general,
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the hot spot is isobaric and p̃ ≈ 1. It is important to note, however, that the quantity p̃

throughout the domain (0 < x < 1) does depend on the definition of hot-spot radius.

It follows that fα is sensitive to the definition of the hot-spot boundary. Here, we find

that fα is best correlated with p0τ/Sα,0 when the neutron R17 is used. The neutron R17

is defined as the point where nDnT 〈σv〉 drops to 17% of its central value, which also

happens to be an experimentally measurable parameter. This correlation is demonstrated

in Fig. 3.1, where fα is plotted as a function of p0τ/Sα,0 from a 1-D LILAC simulation

ensemble using the fusion reactivity 〈σv〉 from Bosch and Hale [41]. Both fα and p0τ/Sα,0

are calculated in simulations that include the effect of alpha-heating on the hydrodynamics.

The excellent correlation in Fig. 3.1 demonstrates that the parameter µp does not vary

much from simulation to simulation when the neutron R17 is used as the definition of the

hot-spot radius. This result is important because it implies that in 1D, spatial profiles will

not play a significant role in understanding how fα relates to other alpha-heating metrics

(for example, yield amplification and Qhs
α ) when the neutron R17 is used in the definition

of the hot spot boundary.

3.1.2 Inferring fα experimentally

In ICF experiments on the NIF and OMEGA, the hot-spot conditions are diagnosed by

looking at the neutrons and x-rays emitted by the hot spot as it converges. The total neutron

yield is directly measured by the neutron-time-of-flight (nTOF) detectors [53, 54]. The

neutron spectrum is peaked at 14.1 MeV, with some spread caused by thermal broadening,

thereby allowing this instrument to also measure a neutron-averaged ion temperature [55].

Furthermore, an estimate of the shell areal density (ρR) can be obtained by looking at

the down-scattered ratio of neutrons in the spectrum [56, 51]. On OMEGA, the neutron-

production time is measured from the neutron temporal diagnostic (NTD) [57], while on

NIF, an x-ray burn-width is obtained from the hot-spot x-ray emission as a function of time
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Figure 3.2: The ratio µp/
√
ỹ represents a profile factor which connects the vol-

ume averaged pressure 〈p〉 to the experimentally measureable pressure given by√
16 · Y ield · T 2

ion/(τVhs 〈σv〉 (Tion)). Reproduced from A. R. Christopherson et al, Phys.
Plasmas 25, 072704 (2018) , with the permission of AIP Publishing.

[58, 59]. Hot-spot self-emission images provide estimates of the hot spot’s size [60] [61].

When analyzing NIF implosions, we will calculate the hot-spot volume using the 17%

contour of the nuclear images obtained on the NIF [62]. It follows that the available hot-

spot observables are the neutron yield, neutron-averaged ion temperature Tion, the neutron

(or x-ray) burn width τburn, the shell areal density ρR (or DSR), and the hot-spot radius

Rhs. A useful alpha-heating metric should be derived from these quantities.

In the calculation of fα, the neutron yield and the hot spot volume are directly mea-

surable observables. The hot spot pressure is not and must be inferred from experimental

measurements. Here, we adopt the method described in Ref. [63] by writing the neutron

yield in terms of hot spot parameters as

yield = τ
p2

0

16T 2
0

〈σv〉0 Vhsµα, (3.8)

where µα is the profile factor given in Eq. (3.6). Since the central hot-spot temperature T0 is
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not measurable but the neutron-averaged temperature Ti is, we rewrite the central pressure

p0 as

p0 =

√
16 · Y ield · T 2

i

τVhs 〈σv〉 (Ti)ỹ
, (3.9)

where 〈σv〉 (Ti) is the fusion reactivity evaluated at T = Ti and ỹ is a factor that accounts

for the spatial alpha-heating profile µα and for differences between T0 and Ti given by

ỹ = µα

(
Ti
T0

)2 〈σv〉0
〈σv〉 (Ti)

. (3.10)

To evaluate fα, it is important to determine the volume-averaged pressure 〈p〉 = p0µp. For

an isobaric hot spot, 〈p〉 = p0; however, higher-adiabat implosions are driven to higher

velocities than low adiabat implosions to achieve the same alpha heating conditions. This

implies that higher-adiabat implosions can be non-isobaric because of higher Mach num-

bers in the hot spot (where Mach2 ∼ V 2
imp/T where T ∼ V

5/4
imp). The ratio T0/Ti will also

depend on the Mach number and temperature since

Ti ≈
∫∞

0
T 〈σv〉

T 2 p
2r2dr∫∞

0
〈σv〉
T 2 p2r2dr

. (3.11)

It is therefore expected that the factor µp/
√
ỹ, which converts the measurable pressure into

the volume-averaged pressure, is well correlated with the hot-spot temperature. In Fig.

3.2, the ratio µp/
√
ỹ is plotted as a function of the neutron-averaged ion temperature. The

formula is valid for Ti < 10 keV and is approximated by µp/
√
ỹ ≈ 0.83 + 0.026 Ti where

Ti is in keV. It follows that an approximate formula for inferring the volume-averaged

pressure from an experiment can be approximated by

〈p〉approx ≈

√
16 · Y ield · T 2

i

τVhs 〈σv〉 (Ti)
(0.83 + 0.026Ti) . (3.12)
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Figure 3.3: The exact calculation of fα is compared to fα calculated using the approximate
expression for pressure given by Eq. (5.1). The good agreement indicates that Eq. (5.1) is
a valid 1D method for calculating the energy-averaged pressure for a volume enclosed by
the neutron R17 contour. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25,
072704 (2018) , with the permission of AIP Publishing.

In Fig. 3.3, fα is calculated using the approximate formula for pressure in Eq. (5.1)

(fα approximate) is compared to the exact calculation obtained by integrating the hot-spot

internal energy up to the hot-spot radius defined by neutron R17. The good agreement

shown in Fig. 3.3 demonstrates that Eq. (5.1) is an accurate formula for approximating fα

using measurable quantities.

3.1.3 Relation between fα and χα

As was found in Ref [22], the Lawson parameter can also be related to Sα,0 = 24 T 2
0 / 〈σv〉0 εα,

the shell areal density ρ∆, the stagnating mass Mstag (shocked mass at bang time, which

has been decelerated by the hot-spot pressure), and the neutron yield as

fα ∼ S
−2/3
α,0 yield1/3M

−1/3
stag (ρ∆)2/3. (3.13)
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This scaling is derived by letting yield ∼ p2R3
hsτ/Sα,0 and the neutron burn-width τburn ∼

τE , where τE is the energy confinement time from balancing the hot-spot force with the

shell inertia:

τE =

√
Mstag

4πpRhs

. (3.14)

The other critical assumption made here is that Mstag ∼ (ρ∆)R2
hs, where ρ∆ is the

shell areal density and ∆ is the shell thickness. Here, we also use ρR to denote the neutron-

averaged areal density since this is related to the measured DSR. This introduces the addi-

tional assumption that the majority of the areal density comes from the shell. This breaks

down for higher-adiabat (α > 4) implosions where the hot-spot mass is comparable to the

shell mass.

The scaling given by Eq. (3.13) forms the main basis behind the original derivation of

χα, which is given by

χα ≡ (ρR)0.61

(
0.12yield16

Mstag

)0.34

. (3.15)

Since the stagnated mass cannot be measured in an experiment, it was reasoned in Ref.

[21] that the stagnated mass can be approximated with half the unablated mass (Mstag ≈

0.5MDT ). It should be noted, however, that calculating the unablated mass will require

different methods for different fusion schemes. In direct-drive experiments, the unablated

mass consists entirely of DT. In particular, the plastic (CH) ablator thickness for OMEGA

cryogenic experiments is chosen to optimize the target drive so that laser absorption occurs

in the corona while the ablation front is located in the DT [18]. When the laser driver turns

off, a significant portion of the DT has already been ablated in a direct-drive target and the

unablated mass should be estimated from post-shot integrated simulations. In indirect drive,

a large ablator thickness is needed to (1) shield the DT from radiation preheat by high-

energy x-rays and (2) account for the higher mass ablation rate in indirect drive resulting

from the x-ray drive. It is for these reasons that DT is never ablated in indirect-drive
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implosions on the NIF and a significant amount of the unablated mass remaining comes

from the ablator. For indirect-drive implosions, the initial DT mass can be used in the

formula to approximate the stagnating mass (Mstag ≈ MDT ) since the neutron-averaged

down-scatter ratio depends primarily on neutrons scattering from the cold DT shell. It is

for this reason that we choose to use the stagnated mass rather than the unablated mass in

the χα calculations presented here.

It is also important to note that the dependence of χα on Sα,0 is neglected in the defi-

nition of χα. The reason for this can be traced back to the original definition of what χnoα

represented as an ignition metric from Refs [35, 32]. The Lawson parameter χnoα is com-

puted using hydrodynamic quantities that do not include the effect of alpha-heating and

is intended to measure target performance as a result of pure hydrodynamic compression.

The Sα,0 dependence was found to be negligible when the powers and coefficients of χnoα

were tuned to recover χnoα = 1 as denoting that the target gain is equal to one-half of its

maximum gain. As was mentioned in Ref. [22], reactivity scaling with temperature, radi-

ation losses, and initial conditions are among some of the physics that can affect the way

that yield amplification varies with the no-alpha Lawson parameter.

In Fig. 3.4, χα is compared to fα. For small alpha-heating levels, the two metrics

are very similar. Near fα ∼ 1, some of the higher-adiabat implosions deviate from the

correlation because of the breakdown in the Mstag ∼ (ρ∆)R2 scaling for the α > 4 im-

plosions. This specifically happens because in the derivation of χα, the hot spot radius Rhs

is written in terms of the stagnated mass Mstag and neutron-averaged areal density ρR as

R2
hs ∼ Mstag/ρR. This scaling requires the shell to retain the majority of the areal density

and mass. Thus, this approximation is not valid for these higher adiabat implosions where

the hot spot areal density becomes comparable to the entire areal density as a result of the

reduced convergence.

Consequently, for fα < 1, both metrics are reasonably correlated, and we expect that
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Figure 3.4: The alpha-heating parameter fα is plotted against χα from Eq. (3.15). The
metrics are well correlated up to fα ∼ 1, where higher adiabat implosions α ∼ 4 to 5
start to deviate. The black curve is the best fit given by Eq. (3.16). Reproduced from A.
R. Christopherson et al, Phys. Plasmas 25, 072704 (2018) , with the permission of AIP
Publishing.

both be useful for assessing alpha-heating levels. A least squares fit between the two pa-

rameters, which is accurate to 12 % for χα < 1.5, is given by

fα ≈ 0.72χ1.28
α . (3.16)

As discussed in Sec. I, another useful metric for assessing the yield enhancement is the

ITFX [36], which is defined as

ITFX ≈
(
yield13−15MeV

4× 1015

)(
DSR

0.067

)2.1

, (3.17)

where theDSR ≈ ρR(g/cm2)/20 is the down scattered ratio of neutrons and yield13−15MeV

is the primary neutron yield between 13 and 15 MeV (yield ≈ yield13−15MeV /exp[4DSR]).

This metric is designed such that ITFX > 1 (without alpha deposition) implies that the



67

Figure 3.5: (a) The yield amplification, which is shown to vary uniquely with fα. (b) The
yield amplification plotted as a function of χα, which is approximately a unique function
of the yield amplification for yield amplifications of less than 4. The solid green circles
are the results from the 1-D LILAC simulation database, the black curves are the analytic
model, and the red curves are the best fits to the simulation ensemble given from Eqs (3.18)
and (3.21). Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 072704 (2018)
, with the permission of AIP Publishing.

neutron yield has exceeded 1 MJ. This is valid for a particular NIF target with a DT mass of

0.18 mg. It can easily be generalized to other energy-scale implosions by normalizing the

metric with the stagnated shell mass since the ignition parameter cubed χ3 ∼ yield·DSR1.8

is very similar to the ITFX for NIF-like implosions. It is trivial to show that χ3 is in excel-

lent agreement with the ITFX when its definition is modified such that the yield is normal-

ized to the stagnated mass. In Fig. 9 of Ref [6], it was shown that the Generalized Lawson

Criterion (GLC) ∼ fα was correlated with ITFX0.45, which is in approximate agreement

with these results since ITFX1/3 ∼ χα.

3.2 Yield amplification curves and comparisons with compressible shell model

In this section, we describe how the yield amplification resulting from alpha-heating can be

related to fα and χα and how it compares with the compressible shell model described in

the last chapter and in Ref. [22]. Alpha-heating curves from this analytic model are shown
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in Fig. 3.5. In this figure, the yield amplification is plotted as a function of the measurable

parameters χα and fα, where fα is computed by taking Eα = 3.56 MeV · yieldα and

Ehs = 1.5 pVhs where pressure p is calculated from Eq. (5.1) and Vhs is the hot-spot

volume using the neutron R17 as the hot-spot radius. Since fα and χα are both measurable,

Fig. 3.5 is a good tool for inferring yield amplification in experiments with significant

alpha-heating. The 1-D simulation ensemble is also shown to be in good agreement with

the compressible shell model. The details of how alpha-heating metrics are computed

from the analytic model are given in Appendix A. A good fit to the relation between yield

amplification and fα is given by

yieldα
yieldnoα

≈ exp (1.7f 1.25
α ). (3.18)

The uncertainty in this fit is approximately 7% and represents the standard deviation in the

fractional difference between the data and the fit.

Figure 3.5(b) has yield amplification versus χα from Eq. (3.15). Several targets are

associated with smaller yield amplifications at a given value of χα; these are high adiabat

points α > 4 for which the approximationMstag ∼ (ρR)R2 is inaccurate. This is the reason

why fα is better correlated with the yield amplification. Two curves were fitted to this data;

one corresponding to the highest yield amplification target and the other to the lowest yield

amplification target in this curve. The highest yield amplification target is described by an

α ∼ 1, Vimp ∼ 275km/s, and shell kinetic energy of ∼ 73 kJ at peak velocity at a yield

amplification of 16, which is then degraded by changing the peak intensity. A least squares

fit to the yield amplification for this implosion is given by

(
yieldα
yieldnoα

)
+

= exp
(
1.22χ1.57

α

)
. (3.19)
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The lowest yield amplification implosion is described by an α ∼ 6, Vimp ∼ 577 km/s, and

shell kinetic energy of ∼ 17 kJ at peak velocity at a yield amplification of 10, which is

then degraded by increasing the foot of the laser pulse. This curve is given by

(
yieldα
yieldnoα

)
−

= exp
(
1.07χ1.16

α

)
. (3.20)

Eqs. (3.19) and (3.20) represent the upper and lower bounds of the data in Fig. 3.5

(b). The upper bound represents a slow low-adiabat implosion while the lower bound

represents a fast high-adiabat implosion. As a result of the skewness in this data set toward

lower-adiabat implosions, we do not take the least sqaures fit as the yield amplification. We

instead take the average of the two bounds and estimate the yield amplification as follows:

yieldα
yieldno−α

≈ 1

2

[(
yieldα
yieldnoα

)
−

+

(
yieldα
yieldnoα

)
+

]
. (3.21)

This formula is accurate to 10 %. This is roughly consistent with the results from Ref.

[21], which also contained 2D DRACO points [64]. Those simulations degraded a 1.8-

MJ ignition target by imposing single mode (` = 2, 4, 6, 8) perturbations onto the target’s

outer surface until the yield was degraded to approximately 20% of the 1-D yield without

alphas. In addition, the relation ITFX ∼ χ2.9
α guarantees that the results of Fig. 3.5

are in agreement with a large HYDRA indirect drive simulation database with over 2000

simulations of NIF-like implosions since it was shown in Fig. 16 of Ref. [6] that the yield

amplification was strongly correlated with ITFX with and without alphas. One can also

calculate the yield amplification from this plot by using the ITFX, which is approximately

yieldα
yieldno−α

≈ exp

([
ITFX

1.07

]0.465
)
. (3.22)

For the NIC database used in Ref. [6], this formula is valid to 10% for yield amplifications
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less than 20 [6]. This fit is valid only for NIF-scale targets (0.18 mg DT mass), since the

mass dependence is not included in the definition of ITFX .

It is important to note that the results of these 1-D calculations indicate that fα is a more-

accurate method for inferring yield amplification in comparison with χα, which breaks

down for high-adiabat implosions. As discussed in the previous section, these higher adia-

bat (α > 4 implosions are characterized by a hot spot areal density which is comparable to

the shell areal density. This breaks down the assumption R2
hs ∼ Mstag/ρR which is used

in the derivation of χα. This causes the breakdown seen in Fig. 3.4.

It is also interesting to note that in Fig. 18 of Ref [6], the yield amplification was shown

to vary uniquely for the ITFX, while it had significant spread for the GLC (which is propor-

tional to fα). This is in contrast to the findings here. The database presented here is purely

1-D, but it includes a variety of energies, adiabats, and implosion velocities. The database

from Ref [6] was comprised of a low-adiabat NIC point design but was degraded with 2-D

perturbations. This suggests that fα may be the better 1-D metric, but needs corrections

to account for the effects of nonuniformities on hot-spot formation. Another practical con-

sideration of fα is the fact that it is computed from four experimental observables, which

means that the error bars for this metric can be quite high. For this reason, both metrics are

equally useful for studying alpha-heating.

3.3 Burning-plasma metrics

3.3.1 First burning-plasma regime

In Ref [21], the parameter Qα was introduced as an intermediate milestone before ignition

because it determines when the dominant heating source in the plasma is coming from

alpha-heating. The hot-spot energy is provided by the PdV work supplied to it by the

converging shell. Therefore, the external power input is Ẇext = 4πpR2dR/dt, where R is
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the hot-spot radius and p is the hot-spot pressure. It follows that in order to define Qα in

ICF, one needs to compare the alpha-heating energy to the input work delivered to the hot

spot. In this paper, we define Qhs
α as follows:

Qhs
α =

∫ tbang
0

Pαdt

−
∫ tstag

0
4πpR2 dR

dt
dt

=
1
2
Eα

PdV hs
stag

, (3.23)

where Pα = εα
∫ R

0
nDnT 〈σv〉 4πr2dr is the alpha-heating rate in the hot spot, Eα is the

total amount of alpha energy produced, tstag is the stagnation time when the hot-spot radius

is minimized, and tbang is the time of peak neutron production. The neutron-production rate

is typically symmetric about bang time, so it is reasonable to assume that half of the alphas

have been deposited at bang time, as was done for fα.

The alpha-heating parameter fα is evaluated using quantities at bang time since these

can be directly inferred from experiments. The pdV work delivered to the hot spot at stag-

nation, however, is used in the definition of Qhs
α because it represents the total maximum

work delivered to the hot spot. For low values of yield amplification, tbang ≈ tstag. At

higher values of yield amplification, however, the large hot-spot pressure drives the rapid

expansion of the hot spot. After stagnation, the pressure continues to increase due to alpha-

heating, thus increasing the neutron production rate. It follows that bang time occurs after

stagnation while the hot spot is expanding. If this time gap is sufficiently large, the com-

pression work up until bang time can become small or even negative. Therefore, the work

delivered to the hot spot up until stagnation is a better representation of the external energy

input.

It is important to realize, however, that some relationship between the PdV work deliv-

ered to the hot spot at stagnation and bang time must be made in order to relate Qhs
α to fα

from energy conservation. It is for this reason that the relationship between Qhs
α and Qhs,bt

α

(which uses hot spot PdV work at bang time) will be explored here.
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For accurate energy conservation, we first compute the PdV work using the hot-spot

mass at bang time with the boundary defined where the neutron production rate nDnT 〈σv〉

drops to 17% of its central value. The position of this Lagrangian mass Rhs(t) is defined

such that for all time

Mhs(t) = Mhs(tbang) ≡
∫ Rhs(t)

0

4πρr2dr. (3.24)

For this reason, the hot-spot trajectory Rhs(t) encloses a constant amount of hot-spot

mass. Tracking the Lagrangian mass of the system is advantageous for this calculation

because the PdV work done on the hot spot up to stagnation can be computed exactly from

the simulation. The Qhs
α presented here is slightly different from the calculations in Ref

[21], in which the authors defined the hot-spot radius as 1/2 of the maximum density for

all time during the deceleration phase. This is a good estimate of the PdV work due to

compression, but it is not exact enough to use in an energy balance. We also prefer to use

the neutronR17 to define the hot-spot radius because this is a parameter that can be inferred

directly from experiments.

The stagnation PdV work done on the hot spot is then calculated exactly as

PdVstag =

∫ Rhs(tstag)

Rhs(0)

−4πp[Rhs(t)]Rhs(t)
2dRhs, (3.25)

where Rhs(0) is the initial hot-spot radius enclosing the Lagrangian bang-time mass at the

start of the simulation.

In Fig. 3.6, Qhs,bt
α computed using the bang-time PdV work is compared to Qhs

α com-

puted using the stagnation PdV work. For Qhs
α < 1, it is reasonable to approximate

PdVstag ≈ PdVbt. For larger values of Qhs
α , it appears that both definitions of Qhs

α have

a one-to-one correlation. This implies that the energy balance at bang time can be used
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Figure 3.6: The burning-plasma parameter Qhs,bt
α computed using PdVbt plotted as a func-

tion of Qhs
α computed with PdVstag. The black curve is the compressible shell model,

which is in good agreement with the simulations. Reproduced from A. R. Christopherson
et al, Phys. Plasmas 25, 072704 (2018) , with the permission of AIP Publishing.

to relate Qhs
α and fα, even though the input work is integrated up to stagnation. It is also

interesting to note that the compressible shell model follows the same trend as the results

of radiation-hydrodynamic simulations in Fig. 3.6, although the Qhs
α predicted by the ana-

lytic model is slightly less than the simulated values. The details of how the PdV work is

calculated from the model are given in Appendix A.

Although we consider only 1-D implosions here, the one-to-one correlation between

Qhs
α and Qhs,bt

α is also important in the context of assessing the behavior of distorted im-

plosions where the stagnation time may not be well defined. For Qhs
α < 1, we can assume

PdVstag ≈ PdVbt, which is a well-defined quantity in multi-dimensional implosions where

stagnation is incomplete. This implies that differences between the stagnation and bang-

time PdV work should not affect the calculation of Qhs
α for implosions that are not yet in

the burning-plasma regime.

The PdV work at bang time can be inferred from the hot-spot energy balance as fol-
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Figure 3.7: The ratio of the alpha energy deposited in the hot spot to the radiated energy
out at bang time plotted as a function of the neutron-averaged temperature (with alphas).
The black curve is the best fit given by Eq. (3.28). Reproduced from A. R. Christopherson
et al, Phys. Plasmas 25, 072704 (2018) , with the permission of AIP Publishing.

Figure 3.8: (a) The burning-plasma parameter, which is an approximately unique function
of the experimentally measureable f ∗α given in Eq. (3.31). The solid green circles are the
results from the 1D LILAC simulation database, the black curves are the analytic model,
and the red curves are the best fits to the simulation ensemble given by Eqs. (3.30) and
(3.32). (b) The burning-plasma parameter as a function of the yield amplification. The
blue points are targets implosions with Vimp < 300 km/s, the black points are targets with
Vimp > 400 km/s, and the green points have 300 < Vimp < 400 km/s, which are more rep-
resentative of high-foot implosions conducted on the NIF. It is more accurate to infer Qhs

α

from plot (a) as a result of radiaiton losses causing a large spread in the yield amplification
- Qhs

α plot. Reproduced from A. R. Christopherson et al, Phys. Plasmas 25, 072704 (2018)
, with the permission of AIP Publishing.
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lows:

PdVbt ≈ (Ehs + Erad,bt − Eα,dep,bt) , (3.26)

where Ehs is the hot-spot internal energy at bang time, Erad is the total amount of radi-

ated energy leaving the global hot-spot energy balance up to bang time, and Eα,dep,bt =

0.5εαyield is the total energy deposited into the hot spot by alpha particles up to bang time.

Note here that we have assumed (1) that most of the alphas are absorbed in the hot spot, (2)

that thermal conduction losses are recycled back into the hot spot by ablation [30], and (3)

that the hot spot’s kinetic energy is negligible. This equation can be rearranged to obtain a

formula relating Qhs,bt
α as a function of fα and the radiation losses:

Qhs,bt
α ≈

[(
fα

1 + Erad,bt/Ehs

)−1

− 1

]−1

. (3.27)

The parameter Erad,bt/Ehs = 2fαErad,bt/Eα where Erad,bt/Eα is an approximate func-

tion of temperature since they both scale with density squared, volume, and confinement

time (Erad,bt ∼ n2
√
TR3 for free free emission). Equation (3.27) is very important because

it demonstrates that Qhs,bt
α (and consequently Qhs

α ) can be directly related to fα and a cor-

rection related to radiation losses. In the limit of no radiation losses, Qhs,bt
α = fα/(1− fα)

becomes singular at fα = 1. This is the limit where the alpha energy deposited exceeds the

hot spot’s internal energy so PdVbt becomes negative to satisfy the energy balance. This is

one consequence of alpha-driven expansion (although PdVstag will always be finite).

In Fig. 3.7, the ratio of the energy radiated out of the hot spot at bang time over the

deposited alpha energy at bang time is plotted as a function of the neutron-averaged tem-

perature. The radiated energy is computed by integrating the net radiation loss out of the

Lagrangian hot-spot mass up until bang time. A portion of the spread is related to the fact

that different hot spots reabsorb different amounts of radiation, as was shown in Ref [22].
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The ∼ 20% best fit to this curve is given by

(
Erad,bt
0.5Eα

)
≈
(

Ti
4.08keV

)−2.7

. (3.28)

It follows that the term Erad,bt/Ehs can then be evaluated as

Erad,bt
Ehs

≈ fα

(
Ti

4.08keV

)−2.7

. (3.29)

In Fig. 3.8, the burning-plasma parameter Qhs
α is plotted as a function of the parameter

fα/(1 +Erad,bt/Ehs), where Eq. (3.29) is used to evaluate Erad,bt/Ehs, and fα = Eα/2Ehs

where Eq. (5.1) is used to estimate the pressure. The analytic model (described in Appendix

A) is in reasonable agreement with the calculations.

The analytic model deviates from the 1-D simulations for Qhs
α > 2. This deviation

happens simply because of differences between Qhs,bt
α and Qhs

α . Accurate to 11%, a good

polynomial fit to the curve in Fig. 3.8 is given by

Qhs
fit ≈ 1.28(f ∗α)− 3.25(f ∗α)2 + 10.11(f ∗α)3 − 4.14(f ∗α)4, (3.30)

where

f ∗α ≡
fα

1 + Erad,bt/Ehs
. (3.31)

This method for inferring Qhs
α is significantly more accurate than the method from Ref.

[21]. In that work, the yield amplification was first inferred from the yield amplification

χα curve and Qhs
α was then inferred from the yield amplification Qhs

α curve (see Fig. 3 of

Ref [21]). Although this method is technically correct, it introduces a significant amount

of uncertainty into the analysis. The best fit to the yield amplification Qhs
α curve is given
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by
Y ieldα
Y ieldnoα

≈ 1 + 3Qhs
α (3.32)

with a 17 % uncertainty (using the same method as for yield amplification and χα). It is

very important to note that the database from Ref. [21] included implosions with implosion

velocities between 300 and 400 km/s and adiabats between 1 and 3. The calculations here

encompass a much larger range with velocities between 200 and 600 km/s, and adiabats

between 1 and 6. This ends up creating more spread in the yield amplification - Qhs
α curve,

as seen in Fig. 3.8. Given that the yield amplification is an approximately unique function

of fα, it follows that this spread is caused by the Erad,bt/Ehs term that is needed to relate

Qhs
α to fα.

3.3.2 Second burning-plasma regime

As argued in Ref. [21], the hot-spot PdV work is not the only input work of interest

for alpha-heating; the compressed stagnated shell also matters since it provides inertial

confinement to the hot spot. Since the shell transfers its kinetic energy into internal energy

of both the hot spot and the shocked shell, we therefore define the second burning-plasma

metric Qtot
α to be

Qtot
α =

0.5Eα
PdVtot

, (3.33)

where PdVtot denotes the total PdV work delivered to the stagnated core. We can take

PdVtot to be evaluated at bang time since the PdV work delivered to the shocked shell

continues to increase after stagnation. The surface of the core Rk(tbang) is defined at bang

time as the stagnation shock position (where the pressure gradient is minimized). As a

function of time, Rk(t) is defined to keep a constant Lagrangian mass so that

Mcore(t) = Mcore(tbang) ≡
∫ Rk(t)

0

4πρr2dr. (3.34)
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The total PdV work is then exactly given by

PdVtot =

∫ Rk(tbang)

Rk(t0)

4πp[Rk(t)]Rk(t)
2dRk. (3.35)

In Ref. [21], the PdV work was estimated from the energy balance as the difference in

kinetic energy between the time of peak kinetic energy and at bang time. Here, we use the

exact PdV work from Eq. (3.35) in the calculation of Qtot
α .

It is also worth commenting on the difference between the total PdV work calculated

here and what was calculated in Hurricane et al in Ref [9]. The authors considered the

total PdV work delivered to the DT fuel, which was estimated from the energy balance

for DT using Eq. (3.36). The volume of the DT shell was estimated from knowing the

DT fuel mass, the hot spot radius, and the DT areal density. The radiation losses were

estimated using a similar formula to Eq. (3.28) to determine the hot-spot radiation losses

and a filtered x-ray spectrum to determine the shell’s optical depth. This is one method

which can be used for inferring PdVtot work from experiments. In this paper, we calculate

the total PdV work by relating it to fα, which is first done by also considering energy

conservation in the stagnated core at bang time:

Ebt
core ≈ PdVtot +

Eα
2
− Erad,core, (3.36)

where Erad,core is the radiated energy leaving the core at bang time. Using Eq. (3.36), the

parameter Qtot
α can be related to fα as follows:

Qtot
α ≈

1

1− Erad,core/PdVtot

[
1

fα

Ebt
core

Ehs
− 1

]−1

. (3.37)

It follows that Qtot
α depends uniquely on fα, Erad,core/PdVtot, and the ratio Ehs/Ebt

core,

which is essentially the partition of energy between the hot spot and the shocked shell.
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Note here that Erad,core is expressed as a ratio with respect to the PdV work instead of the

alpha-deposited energy. The radiation losses from the core are calculated in a different way

than the hot-spot radiation losses, due to the fact the Erad,core/Eα is not a unique function

of temperature. Attenuation of hot-spot radiation by the shell depends on many factors,

including the hot-spot temperature, shell temperature, shell areal density, and shell density.

In general, implosions with low temperatures and high areal densities reabsorb the most

radiation. For this data set, we find the correlation between Erad,core/PdVtot and the ion

temperature Ti to be the best way to account for radiation losses. This is reflected in Fig.

3.9, where the ratio of energy radiated out to the input work to the core is highest for the

highest-temperature implosions. Accurate to ∼ 24%, the best fit is given by

Erad,core
PdVtot

≈
(

Ti
11.18keV

)3.11

. (3.38)

The other parameter of interest is the ratio Ehs/Ecore. In the limit of a completely

isobaric hot spot and core, the ratio Ehs/Ecore can be geometrically related to the ratio of

volumes:
Ehs
Ebt
core

≈
[
1 +

1

As

]−3

, (3.39)

where As is the stagnation aspect ratio given by As = Rhs/(Rk − Rhs) at bang time.

From Ref [65], the aspect ratio scales with implosion velocity Vimp and shell adiabat α as

follows:

As ∼ V 0.96
imp /α

0.19. (3.40)

The aspect ratio can be written in terms of the neutron-averaged areal density ρR and the

neutron-averaged ion temperature Ti by using the two following relations at stagnation
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Figure 3.9: The ratio of radiated energy from the core to the input work delivered to the
core is well correlated with the neutron-averaged ion temperature. The black curve is the
best fit given by Eq. (3.38). Reproduced from A. R. Christopherson et al, Phys. Plasmas
25, 072704 (2018) , with the permission of AIP Publishing.

Figure 3.10: The energy partition between the hot spot and core is well correlated to
TiρR

−0.3. The black curve is the best fit given by Eq. (3.44). Reproduced from A. R.
Christopherson et al, Phys. Plasmas 25, 072704 (2018) , with the permission of AIP Pub-
lishing.
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Figure 3.11: (a) The parameter Qtot
α as a function of its approximate value, given by

Eq. (3.45). The red curve in this figure is the y=x line to guide the eye. (b) the yield
amplification vsQtot

α , where it is evident that differences in Ehs/Ecore and Erad,core/PdVtot
are responsible for the large amount of spread. The blue points are targets implosions with
Vimp < 300 km/s, the black points are targets with Vimp > 400 km/s, and the green points
have 300 < Vimp < 400 km/s, which are more representative of high-foot implosions
conducted on the NIF. The black curve in (b) is the analytic compressible shell mode and
the red curve is the best fit from Eq. (3.46). Reproduced from A. R. Christopherson et al,
Phys. Plasmas 25, 072704 (2018) , with the permission of AIP Publishing.

[65]:

ρR ∼ V 0.06
imp E

0.33
L /α0.54, (3.41)

Ti ∼ V 1.25
imp E

0.07
L /α0.15, (3.42)

where EL is the maximum shell kinetic energy. Eqs. [47-49] can be combined to obtain

the following relation for the stagnation aspect ratio at bang time:

As ∼ ρR0.04T 0.74
i /E0.09

L . (3.43)

From Eq. (3.43), it is evident that the stagnation aspect ratio primarily depends on the

ion temperature and has a weak dependence on the energy and areal density. In Fig. 3.10,

the energy ratio Ehs/Ecore is plotted as a function of TiρR−0.3, which gives the best corre-
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lation. Here, we take Ehs to denote the hot-spot internal energy, since that is approximately

inferred from experiments. The kinetic energy is included in Ecore, however, to obtain bet-

ter energy conservation. Including the kinetic energy in the core is part of the reason why

the scaling doesn’t exactly follow the theory which predicts negligible dependence on areal

density. From Fig. 3.10, it is evident that low-adiabat implosions with high areal densities

and low temperatures tend to invest the most energy into compressing the dense shell. The

best fitting formula for the energy ratio, accurate to about 9%, is given by

Ehs
Ecore

=

(
TiρR

−0.3 − 1.89

22.5

)0.51

, (3.44)

where Ti is the neutron-averaged ion temperature in keV and ρR is the neutron-averaged

shell areal density in g/cm2. Although a square root power law fit is an a good fit for this

curve, this formula is only valid for temperatures larger than 2 keV. Temperatures less than

2 keV are not of much concern since it is unlikely that significant alpha-heating would

occur at such temperatures.

In Fig. 3.11 (a), the parameter Qtot
α is compared to the approximate formula derived

from the energy balance. This approximate formula predicts Qtot
α with an accuracy of 14%

and is given by

Qtot,∗
α ≡

[
fα(Ehs/Ecore) (1− Erad,core/PdVtot)

1− 1.17fα(Ehs/Ecore)

]
, (3.45)

where Erad,core/PdVtot and Ehs/Ecore are computed using the formulae from Eqs. (3.38)

and (3.44), respectively. The factor 1.17 represents the factor that gives the best fit to the

curve. This factor is necessary since the fraction of alphas emitted before bang time at

low levels of alpha-heating can be as high as 10-20% larger than 0.50. It also represents

some differences resulting from variations in the Ehs/Ecore which is the main source of
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uncertainty in the calculation of Qtot
α . Equation (3.45) is the main tool that can be used to

infer Qtot
α from an experiment exhibiting significant levels of alpha-heating.

In Fig. 3.11(b), the burning-plasma parameter Qtot
α is plotted as a function of the yield

amplification. A lot of spread is observed, and the second burning-plasma regime ofQtot
α =

1 could theoretically occur for yield amplifications between 4 and 15. In particular, the best

fit is given by
Y ieldα
Y ieldnoα

≈ 1 + 8.1Qtot
α . (3.46)

The uncertainty in this fit is approximately 36 %. This large uncertainty is the reason why

the second burning-plasma parameter should be assessed using the method described in Eq.

(3.45) which accounts for radiation losses and the energy partition between the hot spot and

core, rather than from the yield amplification as was done in Ref. [21]. Figure 3.11(b) also

compares the simulations with the analytic compressible shell model, which are in good

agreement.

To conclude this section, we have developed two intermediate alpha-heating metrics

that can be inferred from experiments: Qhs
α and Qtot

α . These metrics quantify how alpha-

heating levels compare to the input energy into the hot spot and the entire stagnated core.

Both of the metrics can be inferred from experiments using measurements of the ion tem-

perature, areal density, neutron yield, neutron hot-spot radius, and neutron burn-width.

The onset of the first burning-plasma regime occurs when Qhs
α = 1, which implies that

the alpha heating at bang time has exceeded the total input work delivered to the hot spot.

The onset of the first burning-plasma regime requires fα/(1 + Erad,bt/Ehs) > 0.54 or

fα >

[
1.85−

(
Ti

4.08keV

)−2.7
]−1

. (3.47)

This condition roughly corresponds to yield amplifications between 3 and 5. A second
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Table 3.1: Ignition metrics for high-foot implosions

Shot number χα from Eq. (3.15) fα from Eqs. (4.53)
and (5.1)

ITFx from Eq.
(4.12)

131119 0.56±0.03 0.43±0.09 0.31±0.05

140120 0.69±0.02 0.62±0.12 0.58±0.06

140304 0.65±0.03 0.61±0.13 0.49±0.06

140311 0.61±0.02 0.47±0.10 0.43±0.05

140520 0.71±0.02 0.78±0.19 0.67±0.07

Table 3.2: Inferred yield amplifications

Shot number χα analysis from Eq.
(3.21)

fα analysis from Eq.
(3.18)

ITFx analysis from
Eq. (3.22)

131119 1.68±0.21 1.82±0.29 1.76±0.19

140120 1.98±0.25 2.55±0.60 2.12±0.22

140304 1.88±0.24 2.52±0.65 2.00±0.22

140311 1.79±0.22 1.94±0.37 1.92±0.20

140520 2.05±0.25 3.45±1.32 2.24±0.24
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burning-plasma regime was defined as Qtot
α = 1, which, in the limit of small radiation

losses, requires the alpha energy produced at bang time to exceed the total input work to the

stagnated core. This second burning-plasma regime corresponds to a wide range of yield

amplifications, implying that yield amplification is not an accurate method for inferring

Qtot
α . From Fig. 3.11, the condition for the second burning-plasma regime is given by

fα >

(
22.5

TiρR−0.3 − 1.89

)0.51(
1.17

2− (Ti/11.18)3.11

)
, (3.48)

where Ti is the neutron-averaged ion temperature in keV and ρR is the neutron-averaged

areal density in g/cm2.

It is important to note here that the results quantitatively depend on radiation-hydrodynamic

simulations and that improvements in radiation opacity tables or in alpha transport can

quantitatively affect the analysis here. However, the qualitative method of inferring the

burning-plasma parameters from energy conservation is still valid. We also do not consider

the effects of multidimensional implosions, which can affect the energy balance if flows in

the hot spot and shell are significant. Such effects are extremely important to consider and

will be the subject of a forthcoming publication.

3.4 Burning-plasma regimes in high-foot implosions

In recent years on the NIF, the high-foot campaign has imploded capsules (α ∼ 2.2 to

2.7 and Vimp ∼ 320 to 370 km/s), where alpha-heating has become an important contribu-

tion to the hot-spot energy balance [9, 49, 8]. The best-performing high-foot experiments

published to date are described in Ref [8], where it was found that capsules imploded in

depleted uranium (DU) hohlraums performed better than traditional gold hohlraums caused

by improved shape control and a higher hohlraum x-ray output (consequently a higher im-

plosion velocity). For the alpha-heating analysis presented in this paper, these are the most
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interesting experiments to analyze. We also stress that the theory presented here is intended

for the analysis of implosions that have demonstrated significant alpha heating. These met-

rics are not designed to be used for highly distorted implosions as were observed in the

low foot implosions on the NIF. OMEGA implosions extrapolated to the NIF also require

a separate analysis because they require alpha heating levels to be inferred from no-alpha

quantities. This analysis is better described in Refs [21, 16, 15].

1 In Table 3.1, ignition metrics with alpha deposition are calculated for NIF implosions

from Ref. [8]. The error bars include uncertainties in the measurements of the neutron-

averaged ion temperature, yield, x-ray burn-width, hot-spot size, and DSR from Ref [8]. In

the calculation of fα, we compute the hot-spot volume from the neutron images, assume

the x-ray burn represents the neutron burn-width within the error bars, and take the mini-

mum NTOF temperature for Ti (to minimize uncertainty due to hot spot flows). From Table

3.1, it is evident that 140120, 140304, and 140520 are the highest performers, regardless of

which metric is used. Implosions 131119 and 140311 were imploded with Au hohlraums,

while 140120, 140304, and 140520 were imploded with DU hohlraums. For each calcu-

lated metric, 140520 has the largest value. This indicates that the metrics are successful in

evaluating the relative performance between experiments. It is also worth noting that the

error bars for fα are larger since they are computed from four experimental observables

while χα and ITFx are computed from two experimental observables.

In Table 3.2, the yield amplification computed from each metric is tabulated. Within the

error bars, the yield amplifications from each analysis are in general agreement with each

other. These numbers are also consistent with what is found in Refs [46] and [21]. Shot

140520 achieves an average yield amplification of approximately 2.5. This implies that

the pressure and temperature amplification in the hot spot resulting from alpha deposition

have at least doubled the neutron yield. Given the unique relation between χα and ITFX

(ITFX ∼ χ3
α for NIF-like targets), the good agreement between the ITFX and χα analysis
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Table 3.3: Inferred Qhs
α

Shot number fα analysis from Eq.
(3.30) and Eq. (3.28)

fα,2 analysis from Eq.
(3.52)

fα,1 analysis

131119 0.39±0.10 0.28 ±0.04 0.30±0.06

140120 0.68±0.21 0.37 ±0.06 0.42±0.09

140304 0.81±0.30 0.38 ±0.06 0.43±0.09

140311 0.48±0.16 0.34 ±0.05 0.36±0.07

140520 1.13±0.47 0.41 ±0.07 0.49±0.11

Table 3.4: Inferred Qtot
α

Shot number fα analysis from Eq. (3.45) and
Eqs. (3.38) and (3.44)

fα,1 analysis

131119 0.22±0.06 0.17±0.04

140120 0.37±0.11 0.24±0.05

140304 0.45±0.16 0.26±0.06

140311 0.27±0.08 0.22±0.04

140520 0.58±0.24 0.24±0.06
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is also an important result since both curves are generated from two independent calcula-

tions from two independent codes. It is worth noting that although the metrics agree within

the error bars, the yield amplification calculated for N140120 from the χα analysis here

is slightly smaller than the number from Ref. [21]. which predicted a yield amplification

of 2.5. In that work 1/2 of the DT mass was used to approximate the stagnation mass for

the NIF implosions. Here, we take the total DT mass as the stagnating mass since those

implosions do not ablate into the DT.

One obvious thing worth mentioning is that fα systematically gives larger alpha-heating

levels than χα (although not above the error bars). This can be a result of many factors, in-

cluding -2D modifications to alpha-heating levels, nTOF detectors measuring temperatures

higher than the neutron-averaged temperatures (due to flows in the hot spot), measuring

burn-widths that are too long, etc. However, it is worth noting that if we assume the real

ion temperature is 500 eV less than the measured value, then the maximum degradation

in the yield amplification inferred from fα is 10%. Therefore, this effect alone cannot

completely explain the discrepancy.

One hypothesis is that when an intermediate mode is dominant in the hot spot, alphas

may be depositing their energy into the cold bubbles instead of the neutron-producing re-

gion. This is an effect that could explain how one could obtain a lower-yield amplification

than the 1-D predicted yield amplification for the same calculated fα. In Fig. 18 of Ref

[6], it was found that the ITFx correlated better with the yield amplification than the GLC

(which is proportional to fα) when the NIC point design target was degraded with a variety

of perturbations.

Another possibility is that uncertainties in the measurements could give rise to a larger-

than-expected fα. It should be noted that fα is calculated from the neutron-averaged tem-

perature Ti, the neutron burn-width τ , and the hot-spot radius R. Assuming that 〈σv〉 ∼
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T 3.7, the parameter fα scales as

fα ∼
Y ield1/2T 0.85

i τ 1/2

R3/2
. (3.49)

Consequently, the parameter fα will be over predicted if the true hot-spot volume is larger

than what is inferred from the neutron image, the measured burn-width is too long, or the

measure temperature is too high.

To avoid overestimating Qhs
α and Qtot

α in this paper, we attempt to make two modifica-

tions to fα as follows: Modification (1) is to assume that the fα analysis gives higher yield

amplifications as a result of faulty measurements. In this case, we use Eq. (3.16) to obtain

fα,1 ≡ 0.72χ1.28
α , (3.50)

which is accurate to within 14% for χα < 1.5 (see Fig. 3.4). Modification (2) is to assume

that fα is calculated correctly from the experiments but the alpha particles leak out of the

hot spot because of mid-mode effects. Assuming that the yield amplification is uniquely

correlated with θαfα, where θα is the fraction of alpha particles deposited into the neutron-

producing hot spot, the parameter θα is chosen such that

fα,2 ≡ θαfα ≡ 0.72χ1.28
α ; (3.51)

note that fα,2 = fα,1. The only difference is that fα,1 is calculated by assuming that the

measurements are too high, while fα,2 is calculated by assuming that the alphas are leaking

out of the hot spot. When a significant fraction of alpha particles are leaked from the hot

spot, the burning-plasma parameter is then estimated as

Qhs
α ≈ Qhs

fit

[
θαfα

1 + fα(Ti/4.08)−2.7

]
, (3.52)
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where Qhs
α (x) is the function described in Eq. (3.30). Note here that we have modified

Qhs
α = 0.5Eα/PdVstag to include the fraction of absorbed alphas in this definition. This

is the right modification ot make because the purpose of Qhs
α is to determine when alpha

heating in the hot spot is the dominant source of energy input into the plasma.

In Table 3.3, the hot-spot burning-plasma parameter is plotted using all three meth-

ods. While the three methods disagree, as expected, they consistently predict implo-

sion N140520 to have the highest Qhs
α . The original fα analysis yields the best results

as a consequence of the alpha-deposited energy to hot-spot energy ratio being the high-

est. It even predicts implosion N140520 to have entered the first burning-plasma regime

(Qhs
α = 1.13±0.47). The fα,2 analysis gives the most conservative result (Qhs

α = 0.41±0.07

for N140520) when we assume fα must be consistent with χα experimentally.

Since the fraction of absorbed alphas would not make a significant difference in the

relation between Qtot
α and fα, we only compute Qtot

α using fα and fα,1. These results

are shown in Table 3.4, where the original fα analysis predicts N140520 to have Qtot
α =

0.58± 0.24 while the fα,1 analysis predicts Qtot
α = 0.24± 0.06.

3.5 Conclusions

A comprehensive 1D analysis of alpha-heating metrics was carried out using the results of

numerical simulations and an analytic model of the deceleration phase. The simulations

in this database encompass a wide range of implosions with adiabats between 1 and 6,

implosion velocities between 200 km/s and 600 km/s, and shell kinetic energies between

1 kJ and 80 kJ. A new experimentally measurable metric fα = Eα/2Ehs was developed

to provide a new method for inferring yield amplification, Qhs
α , and Qtot

α from experiments

in a more-accurate and physically intuitive way than simply using χα as was done in Ref.

[21]. We show that the parameter fα is directly proportional to the Lawson parameter
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p0τ/Sα,0 evaluated in the center of the hot spot when the neutron R17 is used as the hot-

spot radius. We also demonstrate that this parameter can be inferred from experimental

observables with good accuracy and derive a small correction to account for differences in

spatial production of alpha particles.

The relation between fα and χα is investigated. Although they have different scalings

with temperature, we found that χα and fα can be uniquely related to each other for small

alpha-heating levels. Around χα ∼ 1.3, the scaling breaks down as a result of the Mstag ∼

(ρR)R2 relation breaking down for higher-adiabat implosions where Mstag is the stagnated

DT mass, ρR is the shell areal density, and R is the hot-spot radius at bang time.

Yield amplification curves are derived for both of the metrics fα and χα. The yield

amplification is nearly uniquely correlated with fα, while the χα - yield amplification curve

experiences more spread. This indicates that the yield amplification - fα relation is more

robust to 1-D differences among implosions (i.e., adiabat, in-flight aspect ratio, energy,

etc.). Nevertheless, both metrics are practically useful for assessing yield amplification

because fα tends to have a larger experimental uncertainty associated with the calculation.

We also show here that the results of the 1-D simulations are in good agreement with the

compressible shell model from [22].

Two intermediate alpha-heating metrics before the onset of ignition have also been

developed to assess progress of sub-ignited direct-drive and indirect drive inertial confine-

ment fusion implosions. These metrics are called Qhs
α and Qtot

α . Both of them compare

the alpha energy produced at bang time to the input delivered to the hot spot and stagnated

core, respectively. Alpha-heating curves from a large simulation ensemble were generated

to relate Qhs
α and Qtot

α to fα from simple energy conservation relations.

An analysis of yield amplification and alpha-heating metrics for the five NIF implo-

sions described in Ref. [8] indicates that NIF implosion N140520 is the best-performing

implosion, according to both fα and χα. The yield amplification predicted by fα is, how-
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ever, always larger than the yield amplification predicted by χα. Since the theory presented

here is only valid for 1-D-like implosions, it is possible that an intermediate mode could be

present that results in alpha particles leaking out of the neutron-producing hot spot into the

bubbles. This would cause less yield amplification for the same fα. This effect will be in-

vestigated in a forthcoming publication. Another hypothesis is that the yield amplification

- fα theory is valid in three dimensions, but the experimentally measured ion temperatures,

burn-widths, and/or hot-spot volumes are overestimated, thereby resulting in a calculated

fα that is too large. Both of these hypotheses were investigated in this work and their effects

on the burning-plasma parameters were discussed. According to the most conservative χα

and fα,1 analyses presented here, the best performing high-foot implosion from Ref. [8]

has achieved Yamp ≈ 2.05± 0.25, Qtot
α ≈ 0.24± 0.06, and Qhs

α ≈ 0.41± 0.07.

It is important to note that good alpha heating metrics should accurately indicate per-

formance even when the implosion is affected by asymmetries. Asymmetries may modify

these alpha heating curves by affecting the interpretation of the hot spot confinement time

from the shell, alpha particle deposition in the hot spot, and the calculation of hot spot pres-

sure among other effects. The effects of 2D perturbations on these alpha heating curves will

be the subject of a forthcoming chapter.

3.6 Appendix A

From the analytic model, fα is also calculated from the neutron R17 instead of the hot-

spot radius Rhs representing the hot spot and shell interface. This also equates to a more-

accurate comparison with the experiment. The neutron R17 is computed analytically by

assuming the pressure isobaric and the temperature profile scales like T̃ = [1 − (r/R)2]ω

where ω = 2/7. Assuming that ν denotes the reactivity scaling with temperature, we find
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that the neutron-production rate T̃ ν drops to 17% of its central value at the following point

x17 ≡
R17

R
=
√

1− (0.17)1/(ων). (3.53)

For ω = 2/7 and ν = 3.7, x17 ' 0.9. Using this definition of the hot-spot radius, fα is

computed from the analytic model as follows:

fα =
1

2
γα

∫
p̂2
αT̂

1.7
α R̂3

αdτ

p̂αR̂3
αx

3
17

. (3.54)

The with-alpha Lawson parameter is calculated from the no-alpha Lawson parameter

χnoα using the yield, mass, and temperature scalings from Eq. (3.15):

χα = χnoαŶ
0.34
amp ρR

0.61
ampM

−0.34
stag,amp (3.55)

where Ŷamp is the yield amplification and ρRamp is the neutron-averaged areal density

amplification. For consistency, we refer to (ρR)α/(ρR)noα = (ρR)amp, although it is

important to note that the areal density with alpha-heating will be less than the no-alpha

areal density as a result of the larger hot-spot radius (ρR)α < (ρR)noα. Therefore, the

areal density is not amplified, but we retain the notation (ρR)amp for simplicity. From the

analytic model, the yield amplification is given by

Ŷamp =

∫
p̂2
αT̂

1.7
α R̂3

αdτ∫
p̂2
noαT̂

1.7
noαR̂

3
noαdτ

. (3.56)

The areal density ρR = ρRSS + ρRff is the sum of the shocked shell and the freel-fall

areal density. In dimensionless form, the areal density is normalized to ρ̂R = ρR( Rs
4πMsh

).

The shocked shell’s areal density is estimated by assuming a constant density profile in the
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shocked shell. Analytically, this implies that

ρ̂RSS ≈
1

3

M̂ss

R̂3
k − R̂3

(R̂k − R̂). (3.57)

On the other hand, the free-fall areal density is obtained by directly integrating the density

through the free-fall shell,

ρ̂Rff =

∫ R̂out

R̂k

ρ̂ffdr, (3.58)

where ρff is the free-falling density profile from Ref [22]. The amplification in the neutron-

averaged areal density is given by

ρRamp = Ŷ −1
amp

∫
ρ̂Rαp̂

2
αT̂

1.7
α R̂3

αdτ∫
ρ̂Rnoαp̂

2
noαT̂

1.7
noαR̂

3
noαdτ

. (3.59)

The first burning-plasma parameter Qhs
α = 0.5Eα/PdVstag is computed exactly by fol-

lowing the position of the hot spot radius as follows:

Qhs
α =

γα
4

∫
p̂2R̂3T̂ 1.7dτ

−x3
17

∫ τstag
0

p̂R̂2 dR̂
dτ
dτ
, (3.60)

where τstag is the stagnation time, which satisfies dR̂/dτ = 0. Likewise,Qhs,bt
α is computed

by integrating the denominator up to τbt, when p̂2T̂ 1.7R̂3 is maximized.

To estimate the radiation losses, fα is calculated from Eq. (3.54) and Erad,bt/Ehs is

calculated by
Erad,bt
Ehs

= fα
(1− θrad,tot)β

∫ τbt
0
p̂2R̂2T̂−1.5dτ

γα
∫ τbt

0
p̂2T̂−2R̂3dτ

, (3.61)

where θrad,tot is the fraction of radiative losses recycled into the hot spot.

As for the second burning-plasma parameter Qtot
α , the total PdV work is taken to be the

difference between the initial shell energy and the free-fall energy at bang time since energy

conservation in the shell is not directly calculated in the analytic model. The pressure in



95

the free-falling shell is neglected so the total energy in the free-falling shell is the kinetic

energy. The internal energy in the shell at the beginning of the deceleration phase is also

negligible. The hot-spot kinetic energy is also neglected with respect to the shell’s kinetic

energy since it is a Mach2 correction. Therefore, the total PdV work from the analytic

model is estimated as

PdVtot ≈
1

2
MshV

2
imp −

∫ Rout(tbang)

Rk(tbang)

4πr2 1

2
ρff (r, t)Uff (r, t)

2dr, (3.62)

where ρff is the free-fall density profile, Uff (r, t) is the free-falling velocity, Rk is the

shock position, and Rout is the outer radius enclosing the free-fall shell. Using hydro

profiles from Ref [22], Qtot
α is given by

Qtot
α =

γα
2

1

1−
∫ R̂out(t̂bang)

R̂k(t̂bang)
r̂2ρ̂ff (r̂, τ)Ûff (r̂, τ)2dr̂

. (3.63)
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CHAPTER 4

1D THEORY OF IGNITION AND BURN PROPAGATION FOR INERTIALLY

CONFINED PLASMAS

“Anybody with a minimum knowledge of fusion physics (except perhaps Reviewer B)

understands that Target Gain=1 has no relation to the physics of burning plasmas and it is

not a measure of the onset of the thermonuclear instability. ”

Riccardo Betti

Defining ignition in a physical way for inertially confined plasmas is still an unresolved

problem, as there is no long-standing and accepted definition in the ICF community. In

laser fusion, “ignition” has been associated with the creation of a laboratory plasma that

produces fusion energy output exceeding the laser energy input. This is the definition of

ignition that was originally adopted in 1997 by the National Research Council report [66].

While demonstrating “Gain=1” has important implications for fusion energy, this definition

of ignition is not rooted in the burning plasma physics of DT fuel. In ICF, ignition instead

identifies the transition from alpha heating of the hot spot to thermonuclear burn of the shell.

In the alpha heating phase of an implosion, thermal conduction losses and alpha deposition

into the inner shell layer ablate a moderate amount of shell material into the hot spot. When

the alpha heating rate exceeds a certain threshold, a deflagration wave penetrates rapidly

into the shell until all of the fuel is heated to ignition temperatures. Since large gains in

ICF are obtained by burning into the cold and dense shell (where most of the fuel mass is

located), ignition should identify the transition from alpha heating of the hot spot to burn

propagation into the shell.

The purpose of this work is to analyze the physics of ignition and burn propagation
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using the analytic model of the deceleration phase described in Ref. [22]. In Ref. [24], ra-

diation hydrodynamic simulations were used to define ignition as the point when the alpha

energy deposition into the hot spot is 40 % larger than the hot spot internal energy and the

yield amplification due to alpha heating is approximately 15-25 x. This point indicates the

onset of burn propagation into the shell. We will develop here an analytic model which is

in good agreement with the results of these radiation hydrodynamic simulation and further

explore changes in hot spot properties as alpha heating levels increase enough to initiate a

propagating burn waves. This chapter is organized as follows: Section I reviews previous

ignition studies in inertial fusion over the last six decades, Section II describes an analytic

model of the deceleration phase of ICF implosions that includes the effects of burn propa-

gation, Section III focuses on the application of this model to explain the results of radiation

hydrodynamic simulations, and Section IV presents a discussion of how the physics of burn

propagation is modified in the presence of asymmetries.

4.1 History of ignition criterion

The first form of the ignition criterion was described in J. D. Lawson’s 1957 paper[33]

where he showed that for a fusion reactor to be self sustaining, the alpha heating rate in the

plasma must balance the energy loss rate. This leads to a condition of the form

Pτ >
24T 2

εα 〈σv〉
, (4.1)

where P is the plasma pressure, τ is the confinement time of the plasma, T is the plasma

temperature, 〈σv〉 is the fusion reactivity (which is a function of temperature), and εα =

3.56 MeV is the alpha particle birth energy. The primary insight here was that ignition

required a laboratory plasma to be confined for enough time at a high enough pressure and

temperature.
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In 1972, Nuckolls published the seminal Nature paper detailing how thermonuclear fu-

sion can be achieved in the laboratory by compressing DT fuel with lasers [1]. In addition

to initiating an experimentally driven laser fusion program at LLNL[67], this work initi-

ated extensive theoretical and computational studies on the physics of alpha heating and

ignition. Several follow-up papers from LLNL reported on simple estimates for the driver

conditions required to achieve significant fuel burnup using LASNEX in combination with

analytical estimates, where the fusion yield was estimated by a simple computation of how

many reactions occur in a homogeneous sphere before its decompression from an inward

propagating rarefaction wave [68, 69, 70]. A review of LLNL’s early computational work

on alpha heating in DT spheres is also presented in Ref. [48]. Bare DT spheres with vary-

ing areal densities and temperatures were simulated, and the temperature required to yield

10 MJ/mg of fusion yield was plotted as a function of the areal density. This curve was

denoted as the “Meldner” curve and was used at LLNL during the 1980s as an approximate

ignition condition for the hot spot. In Ref. [71], R. Kidder considered the topic of ignition

by equating the change in the hot spot’s pressure with the pressure increase due to alpha

heating:
dP

dt
= aP 2, (4.2)

where a = εα 〈σv〉 /24T 2, 〈σv〉 is the fusion reactivity, T is the plasma temperature, and

εα = 3.56MeV is the energy carried by each alpha particle. If the fusion reactivity is as-

sumed to vary quadratically with temperature, then a is constant and the solution is given

by P (t) = P (0)/[1 − aP (0)t]. Ignition was defined by considering the conditions that

caused the pressure to diverge to infinity [which happens when tig = 1/aP (0)]. Of course,

this singularity is not physical in real implosions, which eventually disassemble. The au-

thors also considered the definition of ignition for radiation-hydrodynamic simulations. For

a non-igniting implosion after stagnation, the hot-spot temperature drops as the assembly
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decompresses. However, when a large enough ablation pressure was applied to the capsule,

the temperature continued to increase even while the density was decreasing. Therefore,

Kidder speculated that ignition corresponded to this bifurcation with respect to the rela-

tionship between the central temperature and the central density.

The physics of alpha-driven thermal instabilities was also investigated at Sandia, where

a simple analytical model was used to determine the temperature and areal density required

to ignite a pellet[72]. Ignition in that work was defined by considering the conditions

when the alpha-heating rate exceeded all losses for a homogeneous prestagnated plasma

for which the energy balance is given by

0 = Pα − Pradiation − Pconduction − Pexpansion, (4.3)

where the first term represents the rate at which alpha particle deposition heats up the

plasma in units of W/cm3. It can be written in terms of the density and temperature as

Pα = Cαρ
2 〈σv〉 where Cα is a constant and 〈σv〉 is the fusion reactivity, which is a unique

function of the plasma’s temperature T . The radiation term can be written as Pradiation =

Cbrρ
2
√
T , the thermal conduction term as Pconduction = CcondT

7/2/R2, and the expansion

loss term as Pexpansion = 2πPR3/τ = Cexρ
√
T/R where we have used τ = R/Cs ∼

R/
√
T to represent the plasma disassembly time, where cs is the sound speed in addition

to the ideal equation of state P ∼ ρT to relate the plasma’s pressure to its density and

temperature. It follows that the resulting ignition condition depends primarily on the areal

density ρR and temperature T as follows:

0 = Cα(ρR)2 〈σv〉 − Cbr(ρR)2
√
T − CcondT 7/2 − Cex(ρR)

√
T . (4.4)

The implication of this equation is that for each value of the plasma temperature, there is
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a critical areal density that must be exceeded in order for the plasma’s energy to increase.

This result was consistent with numerical calculations, which suggested that areal density

and temperature were the primary variables playing a role in determining which plasmas

would ignite.

A large computational effort was launched by the Los Alamos group which began de-

veloping radiation hydrodynamic codes including alpha transport, radiation transport, and

laser energy deposition. In 1973, Clarke et al published an article describing simulation

results which predicted that the irradiation of DT capsule by CO2 lasers could result in

large fusion gains [73]. This was followed by a comprehensive paper by G. S. Fraley in

1974 which outlined detailed numerical calculations of alpha transport in DT spheres with

important formulae for alpha particle ranges [74]. A review of early computational work

on alpha heating in DT spheres is also presented in Ref. [48]. Bare DT spheres with vary-

ing areal densities and temperatures were simulated and the temperature required to yield

10 MJ/mg of fusion yield was plotted as a function of the areal density. This curve was

denoted as the “Meldner” curve and it was used extensively at Livermore during the 1980s

as an approximate ignition condition for the hot spot. Such a definition of ignition does not

account for inertial tamping of a dense shell surrounding the hot spot.

Many analytic studies on the physics of ignition and alpha heating were also published

during this time period. Early studies of propagating burn waves demonstrated the exis-

tence of analytic solutions of alpha particle driven detonation waves in DT spheres [75,

76]. A detonation occurs when a high pressure shock is supported by fusion reactions be-

hind the shock front. This condition requires the temperature behind the shock front to be

large enough to initiate significant alpha deposition to support the shock pressure. How-

ever, such conditions are not relevant, however, for inertially confined plasmas where the

final assembly at bang time consists of a low-density hot spot confined by a high density

shocked shell propagating through unablated free-falling material. A rebound shock propa-
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gates through the shell and the shocked shell plasma is further adiabatically compressed by

the central pressure before ignition occurs. This directly implies that in inertially confined

plasmas, propagating burn waves are initially launched as deflagration waves triggered by

thermal conduction and alpha particle driven heat flow through the burn front at the hot

spot - shocked shell interface. Detonation waves can only occur at sufficiently large alpha

heating levels after the subsonic approximation has broken down as a result of the alpha

heating, resulting in a large pressure gradient at the ablation front.

Many studies of alpha particle driven deflagration waves followed after this. Krokhin

and Rozanov derived an important formula relating the fraction of escaped alpha particles

in a DT sphere η to the ratio τ ≡ R/` where ` is the alpha particle range and R is the

hot spot radius [77]. Their analysis assumes the alpha particles primarily slow down via

collisions with electrons which is valid for temperatures less than 40 keV [78]. The formula

is given by

η =


1
4τ
− 1

160τ3
if τ > 1/2

1− 3τ
2
− 4τ2

5
if τ < 1/2

(4.5)

This result was important because it implied the existence of a self-regulating behavior of

a burning hot spot. This was illustrated in a 1974 review paper by Brueckner and Jorna

from KMS fusion [78] who described a homogeneous hot spot tamped by a cold shell and

considered the process whereby alpha deposition of the shell inner layer from an ignited

hot spot drives a burn front into the shell. If the alpha particle range is given by ` ∼ T
3/2
e /ρ

where Te is the electron temperature and ρ is the mass density [2, 3], then the hot spot

is self regulating. If the hot spot radius is smaller than the alpha particle range, then the

alpha particles act to increase the areal density via mass ablation of the inner shell/hot spot

layer. If the hot spot radius is too large, then alpha deposition into the hot spot increases

the temperature until the alpha particle range is comparable to the radius again. Brueckner
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and Jorna used this behavior to set R = ` and derived the burn wave velocity and estimated

that the burn wave becomes supersonic (i.e. a detonation wave) at hot spot temperatures of

approximately 15 keV.

To explore the physics of burn wave propagation via thermal conduction and alpha

driven ablation, Gus’kov et al [79] derived a self similar solution to solve the burn problem

exactly for a hot spot confined by an infinitely large cold and dense tamper for two cases:

(1) is the case of a burn wave initiated primarily by alpha particle driven ablation of the

shell, and (2) is the case of a burn wave driven by thermal conduction. However, they could

not find a similarity solution accounting for heat fluxes driven by both processes at the

same time. In Ref. [80], researchers at the University of Illinois also studied the relative

impacts of thermal conduction and alpha driven ablation on burn propagation. Both groups

found that at each temperature, there is a critical value of hot spot areal density above

which alpha driven ablation dominates over thermal conduction for the hot spot heating

rate. The Illinois group extended this study further by analyzing how uncertainties in the

alpha stopping power dE/dx could affect the relative importance of thermal conduction

and alpha driven ablation in the propagation of the burn wave. If dE/dx is large, then the

alphas are deposited locally and more self heating of the hot spot occurs while ablation of

the inner shell layer is dominated by thermal conduction. A modest increase in the alpha

particle range can be beneficial since it increases the burn wave velocity. However, if the

range is too long, then the reduction in hot spot heating can quench the ignition process.

Perhaps the most comprehensive analysis of the physics of burn wave propagation to

date is detailed in a 1984 paper by Atzeni and Caruso in Ref. [42]. In this work, a set of

differential equations were derived to describe the evolution of a homogeneous hot spot sur-

rounded by an infinite amount of cold tamping material which are both initially in pressure

equilibrium. The hot spot energy conservation equation included alpha particle heating,

hydrodynamic expansion losses, and radiation. The mass conservation equation included
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thermal conduction and alpha particle driven ablation of the inner tamper layer. Although

these equations were not solved exactly, their initial and asymptotic behaviors were ana-

lyzed to obtain a physics understanding of burn wave propagation. The effect of hot spot

self regulation to the alpha particle range was quantified asymptotically such that η, the

fraction of alpha particles leaving the hot spot and stopping in the inner shell layer, asymp-

totes to 3/5. It was then found that the self heating condition only depends on the hot spot

areal density ρR and temperature T . In the absence of hydrodynamic expansion, a self

heating condition was derived for this system to determine the initial conditions that result

in dT/d(ρR) > 0. The authors then derived an ignition criterion for the case where hy-

drodynamic expansion is accounted for and a deflagration burn wave is launched into the

tamper. Ignition was defined as the criterion that the set of ordinary differential equations

must satisfy to yield a solution where the hot spot temperature increases with the radius of

the burn wave (i.e. dT/dR > 0). Such a study was useful for understanding the underlying

physics of burn propagation in the context of a hot spot penetrating into the surrounding

cold fuel. Nevertheless, a comprehensive theory of burn propagation should account for

spatial variations of hydrodynamic quantities, the finite shell mass, as well as the time

dependent problem of an imploding shell which stagnates and then expands.

Apart from the self similar solution of Gus’kov in Ref. [79], most ignition criterion

had been derived under the assumptions of a homogeneous hot spot. A new approach to

the ignition problem was taken by the Los Alamos group in Ref. [81]. In that work, a

DT sphere with a fixed wall temperature with radiation and thermal conduction losses was

considered. The hydrodynamic condition corresponding to dT/dt = 0 was solved and a

critical temperature profile was numerically determined. The authors defined ignition as

the unstable profile where a positive change in temperature caused a positive feedback on

temperature (ignition) while a negative change in temperature cause a negative feedback

on temperature (burn quenching). This work was important since it considered ignition in
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non-homogeneous hot spots with all relevant physical mechanisms included (radiation and

thermal conduction losses).

This analysis was improved by Kishony, Waxman, and Shvarts in a 1997 paper [82]

who also considered stable and unstable solutions to the ignition problem. In this work,

they were able to find an exact self-similar solution to the hydrodynamic equations in-

cluding radiation losses, thermal conduction losses, and single group alpha diffusion. This

solution required the conditions that (1) the tamper’s density decreases like 1/r, (2) the

central temperature T0(t) is constant, (3) the central density ρ0(t) is inversely proportional

to the hot spot size R(t), (4) the central alpha particle density n0(t) also varies inversely

proportional toR(t), and (5) the expansion of the hot spot radius is constant (d2R/dt2 = 0).

Similar to the analysis of Atzeni and Caruso in Ref. [42], the ignition condition was pro-

vided in terms of the hot spot areal density ρR and temperature T and an ignition line in

ρR and T space was derived. The results from the self-similar solution were shown to be

in good agreement with a simple 0-D model of a homogeneous hot spot where ignition was

defined by the power balance

Pα = Pconduction + Pexpansion + Pradiation (4.6)

where Pα is the hot spot alpha deposition rate, Pconduction is the rate at which energy is lost

due to thermal conduction, Pexpansion is the rate at which energy is lost due to hydrodynamic

expansion, and Pradiation is the rate at which energy is lost due to radiation emission. The

ignition line predicted by this power balance was in good qualitative agreement with the

exact self-similar solutions. This was illustrated by plotting the areal density required for

ignition as a function of the hot spot temperature which is minimized around 15 keV. At

low values of temperature (the “left branch”), ignition requires the hot spot to achieve large

areal densities to overcome radiation losses. At temperatures larger than 15 keV (the “right
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branch”), hydrodynamic expansion losses increase the areal density required for ignition.

It was found that the self-similar solution was unstable in the left branch but stable in the

right branch. Although this was an interesting exercise for determining how the ρR and

T conditions affect ignition defined as a steady state power balance, such a scenario is not

representative of time-dependent implosions. For example, the condition dR/dt = const

cannot be satisfied throughout an implosion where the shell is being constantly decelerated.

In Ref [30], the Rochester group developed an analytic theory to describe the entire

deceleration phase of the implosion. Up until then, most theories of hot spot evolution

separated the stagnation phase of the implosion from the alpha heating phase. They also

did not account for the balance of forces between the hot spot and shell. This force balance

was considered in Atzeni and Caruso’s 1984 paper. However, they assumed that an infinite

amount of shell mass was surrounding the hot spot (i.e. burn propagation time is much

faster than hydrodynamic disassembly time) [42]. They furthermore only describe the hot

spot evolution after the stagnation phase.

In Betti’s 2001 paper [30], a self similar solution to the problem of a thin shell with

mass Msh imploding inward at an implosion velocity Vi decelerated by a hot spot with

initial pressure Phs(0) and radius Rhs(0) was described. An exact solution for the case

of an adiabatic hot spot (in the absense of alpha heating and radiation losses) was found.

Thermal conduction was considered as a mechanism to ablate mass into the hot spot, but

not as an energy loss to the global hot spot energy balance. If the hot spot is assumed to

be subsonic such that the Mach number is low, then the hot spot pressure profile is flat

and the evolution of the hot spot and shell can be described by the energy and momentum
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conservation equations:

Phs(t)Rhs(t)
3γ = Phs(0)Rhs(0)3γ (4.7)

Msh
d2Rhs(t)

dt2
= 4πPhs(t)Rhs(t)

2 (4.8)

where γ = 5/3 for an ideal gas, Phs is the hot spot pressure, and Rhs is the hot spot radius.

The initial condition for the hot spot velocity is that dRhs/dt = −Vi. This problem has an

exact solution given by

Rhs(t)

Rhs(0)
=

√
1− 2

(
tVi

Rhs(0)

)
+

(
tVi

Rhs(0)

)2(
1 +

1

ε0

)
. (4.9)

where ε0 >> 1 is the ratio of the shell kinetic energy to the initial hot spot internal en-

ergy. When the alpha deposition term is included in the energy conservation equation, the

problem is solved numerically. The authors considered the simple case where 〈σv〉 ∼ T 2
hs

to avoid introducing another equation for temperature. When the alpha heating level is in-

creased enough, a singularity in the pressure is observed. The authors then defined ignition

as the conditions corresponding to this singularity.

In Refs. [29, 27, 28], the problem of a hot spot confined by a compressible shell was

considered. The shell is separated by the return shock which is the material that crossed

the shock front and is slowed down by the hot spot pressure. The free-falling shell is the

unshocked material imploding inward at the implosion velocity Vi. Although the hot spot

profiles are still self-similar, the position of the shock propagating through a finite thickness

shell cannot be described in such a way. A proper description of the compressible shell is

important since in the incompressible shell model, all of the in-flight shell kinetic energy

is converted into hot spot internal energy at stagnation (i.e. 1/2MshV
2
i = 3/2PsVs where

Ps and Vs are the hot spot pressure and volume at stagnation). The compressible shell
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model, on the other hand, accounts for the fact that the free-falling shell mass does not

transfer its kinetic energy to the hot spot. In Ref. [83], alpha particle transport was added

to the compressible shell model and an ignition condition was derived using the constraint

of increasing hot spot energy (i.e. dEhs/dt > 0) after stagnation when the hot spot radius

is minimized. Such a definition of ignition is not accurate because it only indicates self

heating after stagnation and does not determine the onset of a propagating thermonuclear

burn wave into the shell.

Similar models have also been adopted at Lawrence Livermore National Lab. In Ref.

[84], a compressible shell model was described for the purpose of inferring hot spot topol-

ogy from experimentally measured x-ray images. In this work, ignition was defined as the

condition under which the second derivative of hot spot temperature was larger than zero.

A large ensemble of simulations also showed that this condition can be related to a large

increase in fusion yield in radiation hydrodynamic simulations. Similar to the condition

dEhs/dt > 0, this condition is indicative of self heating but not of burn propagation.

In the context of assessing progress toward ignition in experiments, an effort in defining

an ignition metric was undertaken before and during the National Ignition Campaign (NIC)

[6]. One such effort was initiated by the Rochester group in Ref. [34] where alpha heating

and radiation losses were added to the thin shell model. Two dimensionless parameters

then arose in the energy conservation equation: one was denoted γα and it represented the

alpha heating rate normalized to the expansion loss rate, and the other was denoted β which

represented the radiative loss rate normalized to the expansion loss rate. For each value of

β, a critical value of γα leads to a singular condition. The singular solution arose from

the power law approximation for the fusion reactivity (i.e.〈σv〉 ∼ T 3−4), the lack of proper

mass conservation in the shell (leading to a singular hot spot mass), and the lack of an equa-

tion for fuel depletion. The ignition condition was then defined as χnoα = γα/γc(β) where

γc(β) is the critical value of γα above which a singularity is observed for a given value
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of β. The ignition condition χ contains the subscript noα because it represents hot spot

conditions achieved purely by hydrodynamic compression and is evaluated without modi-

fications from hydrodynamics resulting from apha-heating. The parameter χnoα was then

related the stagnation temperature and shell areal density because both of these parameters

can be measured in experiments.

A 2-D/3-D analysis was then applied to χnoα to test the metric for robustness to asym-

metries in the hot spot [35, 32]. In this work, a clean volume analysis, as introduced in

Ref. [85], was used to determine the sensitivity of the onset of ignition to the yield over

clean (YOC) = yield with perturbations/ yield without perturbations. The radiation hydro-

dynamics codes LILAC [31] and DRACO [64] were then used to determine the power law

of YOC that gave the best prediction of the ignition cliff. Several simulations of ignited

targets were systemically perturbed to create a curve of the gain versus χnoα. The parame-

ter χnoα = 1 corresponded to the points when the target gain was 1/2 of its maximum gain.

Such an analysis led to the following expression for χnoα:

χnoα = (ρR)0.8
noα

(
Tnoα

4.7keV

)1.7

Y OC0.5
noα, (4.10)

where (ρR)noα is the neutron averaged areal density in g/cm2 and Tnoα is the neutron

averaged ion temperature in keV . All quantities are evaluated from simulations without

alpha heating since χnoα is intended to represent the conditions due to pure hydrodynamic

compression that are needed to achieve ignition. Since the YOC cannot be determined from

an experiment, it was also shown in Ref. [32] that the YOC dependence is very weak when

Eq. (4.10) is rewritten in terms of the neutron yield and stagnated mass as follows:

χnoα = (ρR)0.61
noα

(
0.12Y16(noα)

Mstag,mg

)0.34

(4.11)
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where Mstag,mg is the stagnated DT mass in mg at bang time (time of peak neutron produc-

tion) and Y16(noα) is the neutron yield evaluated in units of 1016 neutrons.

A similar metric was developed by LLNL and denoted the experimental Ignition Thresh-

old Factor or ITFX [36]. The ITFXnoα was obtained from a fit to HYDRA simulations

of the indirect-drive ignition point design target [52]. Similar to χnoα, the ITFX was first

developed based on no − α properties and the LLNL group was able to relate the ITFX

to experimental observables as follows:

ITFX ≈
(
Y ield13−15MeV

4 · 1015

)(
DSR

0.067

)2.1

, (4.12)

where Y ield13−15MeV is the primary neutron yield between 13 and 15 MeV (Y ield ≈

Y ield13−15MeV · exp[4DSR]) and the DSR represents the number of downscattered neu-

trons in the 10-12 MeV energy-range normalized with the primary yield [50]. The DSR

is roughly proportional to the areal density (DSR ' ρRg/cm2/19) [51]. The ITFXnoα

was normalized to equal unity when the simulations showed a fusion yield of 1 MJ in sim-

ulations. Although the ITFX was specifically developed for the NIC target with a DT

mass of 180µg, it can be generalized to different energy scales if it is normalized to the

stagnating mass ITFX ∼ DSR2YN/M
DT
stag to resemble Eq. (4.11).

Despite efforts undertaken to define ignition metrics, there are still significant problems

with using both χnoα and ITFXnoα as ignition metrics. The first problem is that these met-

rics do not clearly indicate the onset of ignition. Both metrics have been tuned with sim-

ulations to predict the “ignition cliff” as a point when the fusion yield output is increasing

rapidly. Such a definiton of ignition does not uniquely represent the onset of a propagat-

ing deflagration wave into the cold fuel. The second problem is that these metrics are not

measureable in ignition relevant experiments where alpha heating plays a significant role

in the hydrodynamics. Thus, χnoα and ITFXnoα cannot be identified from experiments
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that exhibit alpha heating. The metric χnoα is more convenient in the context of assessing

progress in OMEGA implosions since the hydrodynamics are not significantly modified by

alpha heating [15].

The issue of how to infer ITFXnoα from ignition experiments was addressed in the

National Ignition Campaign (NIC) review paper in 2014 [6]. In that work, the authors

studied the behavior of the metric ITFX using an ensemble of over 2000 HYDRA sim-

ulations of the NIC point-design indirect drive target [52]. The simulations achieved 1-D

yields near 20 MJ and were degraded through a variety of failure mechanisms, including

low-mode distortions, implosion velocity reduction, and entropy degradation. Since the

parameter ITFXnoα cannot be directly inferred from experiments with alpha-heating, the

authors developed the metric ITFXα which includes modifications to hydrodynamics from

alpha-heating and related it to the yield amplification due to alpha-heating. The yield am-

plification is given by the ratio of fusion yield output from a simulation that includes alpha

transport to the fusion yield output from a simulation that doesn’t include alpha transport

and is a measure of the effect alpha heating has on the enhancement of the fusion yield. It

was shown that for implosions characteristic of the “low foot” campaign on the NIF, the

yield amplification varies as an approximately unique function of ITFXα. For low values

of alpha heating, ITFXα can be approximately related to ITFXnoα. However, the yield

amplification rises sharply as ITFXnoα approaches unity which implies that ITFXnoα

cannot be inferred from experiments near the ignition cliff. A similar analysis was carried

out in Ref. [48] where it was shown that with-alpha metrics can be approximately related

to no-alpha metrics. This was done for a limited simulation ensemble, however.

The Rochester group also adopted “with-alpha” metrics to assess alpha heating levels

in implosions [21, 23]. In this work, the yield amplification due to alpha heating was

related to the measurable parameter χα using both an analytic model and a large ensemble

of simulations with a variety of laser energies, implosion velocities, and adiabats. The
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Figure 4.1: The no-alpha Lawson parameter χα is plotted against the with-alpha Lawson
parameter χnoα. Ignition defined as χnoα = 1 is represented as the black dashed line which
is satisfied for a wide range of χα values. Reproduced from A. R. Christopherson et al,
Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.

parameter χα is more general than ITFXα because it is applicable to implosions with

different fuel masses. However, there is no single value of χα that can be used to assess

the onset of ignition. This problem is further illustrated in Figure 4.1 where the with-alpha

Lawson parameter χα is plotted against χnoα which are both evaluated using Equation

(4.11) for a 1-D LILAC [31] simulation ensemble. The simulation ensemble shown here

uses a similar database as Refs. [23, 24]. It contains implosion velocities between 200 km/s

and 600 km/s, laser energies between 30 kJ and 10 MJ, and adiabats between 1 and 6 where

the adiabat is given for DT by α = P/2.2ρ5/3, with the shell pressure P in megabars and the

plasma density in g/cm3 [26]. The 1-D database was generated by creating many ignited

implosions with a variety of different target gains and then degrading them by reducing the

implosion velocity or increasing the adiabat.

In Fig. 4.1, the black dashed line represents the χnoα = 1 ignition condition, which

corresponds to a wide variety of χα values. This implies that χnoα cannot be inferred from
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χα near the ignition point. Furthermore, in Figure 4.2, it is evident that χnoα = 1 doesn’t

correspond to a unique alpha heating level. In fact, the condition χnoα = 1 for some

targets corresponds to maximum gain around a yield enhancement of a thousand folds,

while other targets are still in the alpha-heating regime at yield amplifications < 10. This is

not surprising since the ignition condition χnoα = 1 was originally developed to determine

a monotonic increase in fusion yield output. It follows that this ignition condition alone

cannot uniquely identify the onset of burn propagation.

A similar figure was made by the LLNL group in Ref. [86] where the ITFX was

modified to include the DT fuel mass. Near ITFXnoα ∼ 1, a much clearer separation in

the yield amplification curves was observed for several different experimental campaigns

on the NIF (Figure 41 (a) of that work). Although we do not observe this behavior in

the simulation ensemble presented here, it is likely that Lindl et al found a clearer transi-

tion because the simulation ensemble presented in this work covers a more diverse set of

implosions with respect to adiabat, laser energy, and implosion velocity.

Finally, another important metric worth mentioning is the ignition condition derived

by B Cheng in 2014 by setting the thermonuclear burn time to be less than the hot spot

disassembly time [87]. The hot spot was treated as a prestagnated plasma sphere with a

disassembly time of τ ∼ Rhs/Cs and the ignition condition was reformulated in terms

of the hot spot areal density and temperature. In Ref. [88], the analysis was generalized

to arbitrary hot spot shapes by setting τ ∼ Rmin/Cs where Rmin is the minimum hot spot

radius of the distorted plasma. While this choice of disassembly time leads to a conservative

estimate of the conditions required to initiate self-heating, the hot spot disassembly time is

more accurately described by balancing the hot spot force against the shell momentum, as

this confinement time accounts for the time dependent implosion dynamics. Furthermore,

while this condition certainly indicates the presence of significant self-heating, it does not

uniquely identify the onset of a propagating burn as a valid indicator of ignition.
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Figure 4.2: The no-alpha Lawson parameter χα is plotted against the yield amplifica-
tion due to alpha heating. The “ignition” point, χnoα = 1, occurs for implosions that are
both in the burn propagation phase and in the alpha heating regime. Reproduced from A.
R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.

Thus far, although a precise ignition condition still has not been established, one in-

termediate alpha-heating goal on the route to ignition has been identified. The “burning

plasma parameter” was introduced in Refs. [21, 22, 23] and given by Qhs
α ≡ Eα/PdVstag

where Eα is the alpha energy deposited in the hot spot before bang time (when neutron

production is maximized) and PdVstag is the total pdV work delivered to the hot spot be-

fore stagnation. When Qhs
α > 1, alpha heating is the dominant mechanism heating the hot

spot. The achievement of the burning plasma regime is an important milestone for ICF

experiments. Betti et al in Ref [21] found that the burning plasma parameter can be related

to the yield amplification and a burning plasma can be claimed when yield amplifications

larger than 3.5 are observed in experiments. It was found in Ref. [23], however, that in

a 1D system where most of the alpha particles are absorbed in the hot spot, it is more

accurate to infer Qhs
α by relating it to fα = Eα/Ehs where Ehs is the hot spot internal en-

ergy at bang time. The validity of relating the burning plasma parameter to experimentally
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measurable parameters in the presence of asymmetries has not been investigated yet. The

burning plasma parameter was also studied by Hurricane et al in Refs [89, 13] where it was

related to the hot spot areal density and temperature and is now used routinely to quantify

performance on the NIF.

Although Qhs
α > 1 represents an intermediate goal for sub-ignited implosion experi-

ments to achieve on the path to ignition, defining what ignition is and how it can be inferred

in ICF experiments is still an important question that needs to be answered. The definition

“Gain”=1 represents the fusion energy “breakeven” but it is not a physically valid ignition

metric. Simple definitions, such as the alpha heating rate exceeding the energy loss rate,

are not accurate because of the transient character of ICF implosions. In Ref. [24] it was

shown that ignition can be defined as the transition from alpha heating by the hot spot to

propagating burn in the shell and that such a transition occurs at fusion yield amplifications

between 15 and 25. This is shown by plotting the yield amplification as a function of the

fractional alpha energy fα for a large simulation ensemble. In the alpha-heating phase,

the yield amplification varies uniquely with fα until burn propagation begins and the fuel

temperature and areal density determine the maximum achievable yield amplification from

propagating burn in the shell. Figure 4.3 shows the yield amplification as a function of fα

defined as

fα ≡
1

2

θαεα · Y ield
Ehs

, (4.13)

where εα = 3.56MeV is the alpha particle birth energy, Y ield is the total neutron yield

(hence εα · Y ield is the total alpha-particle energy), θα is the fraction of alpha particles

deposited into the hot spot, and Ehs is the hot spot internal energy at bang time. The

factor 1/2 accounts for the fact that approximately one half of the total alpha energy is

deposited before bang time. Lindl et al in Ref [86] also explored this parameter although

they correlated the yield amplification with εα ·Y ield/Ehs, choosing to not include the 1/2
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factor. Nevertheless, they also observed a separation of curves around a yield amplification

of 20-30.

The purpose of this manuscript is to develop an analytic model to better understand

the physics of burn propagation in inertially confined plasmas when fα > 1.4. The new

model builds upon previous models [34, 35, 22, 32, 21, 90] that define the onset of ignition

through a singularity in the solution. The singularity is primarily caused by (1) the power

law approximation for the fusion reactivity, (2) the lack of a fuel depletion model, and (3)

the approximation that hot spot ablation has a negligible impact on the shell mass. Alpha

heating levels are controlled in those models by changing the alpha heating coefficient γα in

the energy conservation equation until the solution exhibits a thermal instability (pressure

and temperature become singular) which is deemed as “ignition”. Although those models

can adequately capture the physics of hot spot alpha heating, they fail to properly capture

thermonuclear burn into the shell. This happens for several reasons: (1) the models assume

the fusion reactivity scales as a power law of temperature (i.e. 〈σv〉 ∼ T 3.7 ) when in reality,

the reactivity is maximized around∼ 67 keV [41], (2) the models do not include the physics

of fuel depletion, and (3) the models do not include the physics of shell burn up occurring as

a result of hot spot ablation into the shell. The models also assume instantaneous slowing

down of the alpha particles which can become comparable to the confinement time for

an ignited target. A proper description of the burn wave problem must account for the

penetration of the ablation front into the shell and the fuel disassembly after the stagnation

shock breaks out of the shell. A model that describes this process is described in the

following section.
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Figure 4.3: The yield amplification is plotted as a function of fα. It is evident that in
the alpha-heating regime, the yield amplification varies as a unique function of fα. In
the burn propagation regime, the curves separate and the maximum yield amplification is
likely determined by other implosion parameters (i.e. the areal density). Reproduced from
A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.

4.2 Burn propagation model for inertial confinement fusion

A semi-analytic model of the hot spot and compressible shell is presented here to better

understand the underlying physics of burn propagation. The analytic alpha-heating model

of Ref [22] is extended to include relevant physics for burn propagation and is based on

the previous work from Refs. [22, 28, 83, 29, 30, 27, 21]. It describes a shell of mass

Msh and thickness ∆0, which is imploding inward at the implosion velocity Vi. At time

t = t0, a strong shock is launched into the shell. For t > t0, the shell is divided into two

parts: (1) the highly compressed shocked shell, and (2) the unshocked free-falling shell,

which pushes against the hot spot pressure and implodes inward at the implosion velocity

Vi. The model solves for the hot spot pressure P , temperature T , radius R, shock position

Rk, and the shocked shell mass Mss by solving mass, momentum, and energy conservation

equations in the hot spot and shell as done in Ref. [22].
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To properly describe the physics of burn propagation, we made modifications to the

analytic model of Ref. [22] as follows: (1) corrections due to hot spot ablation of shell

material are included in the mass conservation equations; (2) an equation for fuel depletion

due to the fusion burn is added; (3) an equation for the alpha slowing-down is added; and

(4) the power-law approximation for the fusion reactivity 〈σv〉 is replaced with the fusion

reactivity of Bosch and Hale [41].

The hot spot will be primarily described using the subsonic approximation whereby

the Mach number is small. This approximation greatly simplifies the set of equations that

need to be solved and leads to the conclusions that the pressure profile is flat and that the

hot spot kinetic energy is much smaller than the hot spot internal energy throughout the

deceleration phase. However, there are a few Mach2 corrections that need to be included

to describe burn propagation properly to avoid a singularity in the solution (as was observed

in Refs. [22, 21, 34]). The most important one relates to the relative contribution of the

hot spot mass to the shocked shell mass. The subsonic approximation implies that ablation

of shocked shell mass into the hot spot can be neglected in the mass conservation equation

for the shocked shell. While this effect is negligible in sub-ignited implosions, it becomes

important in the burn propagation phase when the shell mass begins contributing to neutron

production.

It is important to also consider the behavior of the system after the stagnation shock

breaks out of the shell’s outer surface. When the shock breaks out of the shell, the outer

surface should contract as the radius expands to conserve mass and entropy within the shell.

Here we allow the shell outer surface to propagate at the same speed as the hot spot radius

for convenience. This assumption allows us to avoid calculating the relaxation of the hot

spot when the radius is equal to the outer shell boundary (i.e. when all of the shell mass

has ablated into the hot spot). This likely will lead to inaccurate estimates of the final gain.

However, the primary focus of this analytic model is to understand the physics of the tran-
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sition to burn propagation occurring between yield amplifications of 15-25. As shown later,

this analytic model recovers all the qualitative features observed in radiation hydrodynamic

simulations. We also find that the solutions with yield amplifications between 15 and 25

have (tbreakout − tbang)/τburn << 1 which indicates that uncertainties in the disassembly

time likely won’t affect the yield amplification significantly near ignition. An analysis of

the final gain will be conducted using the 1D simulation ensemble of implosions.

It is also important to note that once the shock breaks out, a rarefaction wave quickly

travels through the relatively thin and dense shell. However, its propagation time into the

hot spot is expected to be longer than the actual disassembly time and it can be neglected.

Initial conditions are governed by the parameter ε0 = 1/2MshV
2
imp/[3/2p(0)V (0)] >>

1 which represents the ratio of the shell kinetic energy to the initial hot spot internal energy.

A comprehensive derivation of this model and the initial conditions are provided inChapter

2 and Ref. [22]. In this chapter, we only state the integrated equations with the corrections

that are necessary to describe burn propagation.

Ablation velocity corrections

To properly account for the effect of the shell losing mass due to ablation into the hot spot

and the increase in hot spot energy due to ablation, it is important to determine the ablation

velocity Va which is the speed at which the ablation front driven by the hot spot heat losses

penetrates into the shell. Mass conservation about the hot spot boundary R implies that the

hot spot mass ablation rate ṁ is given by:

ṁ ≡ ρss(R, t)Va, (4.14)

where ρss denotes the shocked shell density. The ablation velocity can be determined from

Va = ṁ/ρss(R, t). This can be rewritten in terms of the hot spot mass Mhs by using
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4πR2ṁ = dMhs/dt, giving the following result:

Va =
1

ρss(R, t)

1

4πR2

dMhs

dt
(4.15)

where

ρss(R, t) =
1

R2

[
Mss

2π(Rk −R)
−R2

kρss(Rk)

]
(4.16)

where the Rankine Hugoniot relation gives ρss(Rk) ≈ 4ρff (Rk) in the strong shock limit.

In normalized units, we write ρ̂ss = 4πR3
sρss/Msh to normalize the mass conservation

equations. This yields the following equation for ρ̂ss:

ρ̂ss(R̂, t̂) =
1

R̂2

[
2M̂ss

R̂k − R̂
− R̂2

kρ̂ss(R̂k, t̂)

]
. (4.17)

The ablation velocity, normalized to the implosion velocity Vi, is then given by

Va
Vi

=
1

2
µ1mi

V 2
i

T∗

1

ρ̂ss(R̂)R̂2

d

dτ

[
P̂ R̂3

T̂

]
(4.18)

The constant in front is proportional to the Mach number squared which is defined as the

implosion velocity over the sound speed for the adiabatic model:

Mach2 ≡ V 2
i

5ps/(3ρs)
=

3miV
2
i

10Ts
≈ 3miV

2
i

8T∗
, (4.19)

where we’ve used T∗ ≈ 0.8Ts which is obtained by solving the thin shell adiabatic model.

It follows that the ablation velocity can be written in terms of the Mach number as follows:

V̂a ≡
Va
Vi

=
4

3
µ1Mach2 1

ρ̂ss(R̂, τ)R̂2

d

dt̂

[
P̂ R̂3

T̂

]
. (4.20)
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Equation for alpha slowing down

The pressure enhancement resulting from alpha heating causes the shell to expand faster.

This means that the energy confinement time τE decreases as the hot spot ignites, as shown

by the formula

τE ∼
√

Mstag

PhsRhs

(4.21)

where Mstag is the stagnated mass, Phs is the hot spot pressure, and Rhs is the hot spot

radius. One consequence of the decrease in confinement with alpha heating is that the alpha

slowing down time becomes comparable to the disassembly time in the burn propagation

phase. This means that the finite alpha slowing down time must be accounted for in an

analytic description of burn propagation.

The alpha particle slowing down time can be included by first considering how alpha

particles lose kinetic energy according to the formula

dυ2
α

dt
= − υ

2
α

ταe
(4.22)

where ταe is the alpha particle slowing down time due to collisions with plasma electrons

and υα is the alpha particle velocity. The solution to this equation is

υα(t, t0)2 = υ2
α,0e

−
∫ t
t0

dt′
ταe(t′) (4.23)

where υα,0 is the alpha particle birth energy. This implies that the energy deposited by this

alpha particle to the plasma at time t is given by mα/2(υ2
α,0 − υα(t, t0)2) and the energy

deposition rate to the plasma at time t from alpha particles born at time t0 is given by

Pα(t, t0) = Sα(t0)

(
1− e−

∫ t
t0

dt′
ταe(t′)

)
(4.24)
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where Sα(t0) is the alpha energy production rate at time t0. For simplicity, we assume that

the alpha particles have deposited their energy locally and that the slowing down time does

not vary with space. The effects of alpha particle transport will be discussed later. The next

step is to determine the total alpha energy deposited at time t from all alpha particles born

before that time.

Edep(t) ≡
∫ t

0

Sα(t0)

(
1− e−

∫ t
t0

dt′
ταe(t′)

)
dt0 (4.25)

It follows that the alpha energy deposition rate at time t is

Pα(t) ≡ d

dt

∫ t

0

Sα(t0)

(
1− e−

∫ t
t0

dt′
ταe(t′)

)
dt0

=
e
−

∫ t
0

dt′
ταe(t′)

ταe(t)

∫ t

0

Sα(t0)e
∫ t0
0

dt′
ταe(t′)

dt0dt0, (4.26)

leading to
dPα
dt

=
Sα
ταe
− Pα
ταe

[
1 +

dταe
dt

]
. (4.27)

In dimensionless form, this becomes

dP̂α

dt̂
=
Ŝα
τ̂α
− P̂α
τ̂α

[
1 +

dτ̂α

dt̂

]
(4.28)

where both the source term Sα and the alpha deposition term Pα are normalized to 2πPsR
2
sVi

to make the energy conservation equation dimensionless and τ̂α = ταeVi/Rs. We now note

that the alpha particle slowing down time in ps is given by [2] :

ταe '
42T

3/2
e

ρ log Λαe

, (4.29)

where log Λαe is the Coulomb Logarithm, ρ is the plasma density in g/cm2, and Te is the

electron temperature in keV. Technically, ταe should be evaluated along the path of the
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alpha particle but we neglect spatial variations in the alpha particle range for simplicity. In

dimensionless units, we can write the slowing down time as

τ̂α = τ0Mach2 T̂
5/2

P̂
(4.30)

where we use τ0 ≈ 0.02 which is small enough to give an almost immediate alpha depo-

sition during the alpha heating phase. Note that the alpha slowing down time compared to

the implosion time is negligible in the subsonic limit (Mach2 << 0). It follows that the

effect of finite alpha slowing down time is another important Mach2 effect to include in

the burn propagation model. A more comprehensive discussion of this will be provided in

the following sections of this paper.

The source term Sα can be easily derived by integrating over the fusion production rate:

Sα = εα

∫ R

0

nDnT 〈σv〉4πr2dr (4.31)

where εα = 3.5 MeV is the alpha particle birth energy. We assume that all alpha particles

are absorbed in the hot spot, as was found in Ref. [22] for 1D implosions. We can then write

nDnT = (1−φ)2n2 where φ = nα/(nα+nD+nT ) = nα/n is the fraction of alpha particles

in the fuel. The ideal equation of state is then written as P = (ne + n)T = 2nT (1 + φ/2)

where full ionization requires ne = nD + nT + 2nα = (1 + φ)n. Eq. (4.31) can then be

simplified as follows:

Sα = εα4πR3

(
1− φ

1 + φ/2

)2

P 2
0

〈σv〉0
16T 2

0

µα(T0) (4.32)

where we have assumed a 50-50 partitioning of D and T in the fuel and the spatial integrand

µα(T0) is given by

µα(T0) ≡ 1

〈σv〉0

∫ 1

0

〈σv〉 (T0T̃ (x))

T̃ (x)2
x2dx (4.33)
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where x ≡ r/Rhs.

Evaluating this integral properly requires the exact dimensional temperature to be known.

It is for this reason that in solving this system of equations, we also assign a value for

T∗ since T0 = T∗T̂ . In dimensionless form, using the convention that P̂ = Phs/Ps,

R̂ = R/Rs, and T̂ = T/T∗, we find that

Ŝα = γα

(
1− φ

1 + φ/2

)2

P̂ 2R̂3µα(T∗T̂ )
〈σ̂v〉
T̂ 2

(4.34)

where

〈σ̂v〉 ≡ 〈σv〉0
〈σv〉∗

(4.35)

with 〈σv〉∗ representing the fusion reactivity evaluated at T = T∗ and γα is the dimen-

sionless parameter which approximately normalizes the alpha heating rate to the plasma

expansion rate. It is given by

γα =
εα4πR3

sP
2
s 〈σv〉∗ /(16T 2

∗ )

2πPsR2
sVi

=
εαRsPs 〈σv〉∗

8ViT 2
∗

. (4.36)

Equation for fuel burn up

In the alpha heating phase, the burn up fraction can be neglected. This effect becomes

important in the burn propagation phase when the thermal instability causes fusion yield

enhancements >> 1. To determine the burn up rate correctly, it is important to note that

the rate at which fusion reactions occur is equal to the rate at which alpha particles are

introduced into the hot spot:

dNα

dt
=

∫
nDnT 〈σv〉dVhs. (4.37)
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where Nα is the total number of alpha particles present in the hot spot. We define with φ

the fraction of alpha particles in the hot spot:

φ ≡ Nα

ND +NT +Nα

=
Nα

N
, (4.38)

where Nα,ND, NT are respectively the number of alpha particles, deuterons and tritons in

the hot spot. Using this formulation, the burnup equation for φ can be written as:

d(φN)

dt
=

∫
(1− φ)2n

2

4
〈σv〉 dVhs (4.39)

In dimensionless form, this becomes

d

dt̂

[
φ

1 + φ/2

P̂ R̂3

T̂

]
=

T∗
εαµ1

Ŝα (4.40)

Energy conservation

We first begin with the hot spot energy conservation equation obtained by integrating over

the hot spot up to the outer boundary where the temperature is much smaller than its central

value:

d

dt

[(
3

2
Phs

)
4πR3

3

]
−
[
4πR2Pss

5

2

(
dR

dt
− Uss

)]
r=R

+[
4πR2Pss

dR

dt

]
r=R

= Pα − Prad, (4.41)

where Pα is the rate at which alpha particles deposit energy into the hot spot, Phs is the hot

spot pressure, R is the hot spot radius, Pss is the shocked shell pressure, Uss is the shocked

shell velocity, and Prad is the rate at which energy is radiated from the hot spot which is
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given by

Prad = (1− θrad)Cbr
(

1 + φ

(1 + φ/2)2

)
P 2T−3/2R3 (4.42)

where θrad ≈ 0.2 is the fraction of emitted radiation reabsorbed in the hot spot and Cbr

is a constant. The parameter θrad was calculated in Ref. [22] by tracking the Lagrangian

trajectory of the hot spot and calculating the ratio of absorbed to emitted radiative energy.

Note that the term dR/dt − Uss = Va is the ablation velocity (penetration velocity of hot

spot ablation front into the shell). Now by dividing the energy equation by 2πpsViR
2
s , we

obtain the final equation for the hot-spot energy:

d

dt̂

[
P̂ R̂3

]
= −2P̂ R̂2dR̂

dτ
+ P̂α

− (1− θtotrad)β
(

1 + φ

(1 + φ/2)2

)
P̂ 2R̂3T̂−3/2. (4.43)

where P̂α = Pα/(2πPsR
2
sVi) is the alpha heating rate normalized to the expansion loss

rate. The parameter β arises as a dimensionless number representing the radiated power

normalized to the expansion loss rate. Detailed radiation hydrodynamic simulations indi-

cated that β ≈ 0.3 was a good fit to simulation data [22]. Here, we neglect the Mach2

corrections to the energy conservation equation to avoid evaluating the shocked shell den-

sity at the hot spot boundary. The Mach2 corrections for kinetic energy and energy flux

also do not qualitatively change the physics of the transition to burn propagation.

Shocked shell position

The position of the shocked shell is given by the Rankine Hugoniot conditions. A detailed

derivation is presented in Ref. [22]. Here we only state the equation for the position of the
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shock Rk in the strong shock limit:

dRk

dt
=

4

3
Uss(Rk, t)−

1

3
Uff (Rk, t). (4.44)

which in dimensionless form comes out to

dR̂k

dt̂
=

4

3
Ûss(R̂k, t̂)−

1

3
Ûff (R̂k, t̂) (4.45)

where Ûss = Uss/Vi = dR̂/dt̂ and Ûff = Uff/Vi. They are determined from equations

(2.40) and (2.71) evaluated at the shock position Rk.

Shocked-shell mass

The equation governing the shocked-shell mass is obtained from a straightforward integra-

tion of mass conservation from the hot-spot boundary to the shock position:

dMss

dt
= 4πρff (Rk, t)R

2
k

(
dRk

dt
− Uff (Rk, t)

)
+ 4πρss(R, t)R

2

(
Uss(R, t)−

dR

dt

)
. (4.46)

In dimensionless form, Eq. (4.46) takes the form

dM̂ss

dt̂
= ρ̂ff (R̂k, t̂)R̂

2
k

[
dR̂k

dt̂
− Ûff (R̂k, t̂)

]

− ρ̂ss(R̂, t̂)R̂2V̂a (4.47)
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Shocked-shell momentum

The shocked shell momentum equation is given by

d

dt

(
Mss 〈Uss〉

4π

)
= Pss(R, t)R

2

− Pff (Rk, t)R
2
k + 2

∫ Rk

R

Pssrdr

+ ρff (Rk, t)R
2
kUff (Rk, t)

(
dRk

dt
− Uff (Rk, t)

)
+ ρss(R, t)R

2Uss(R, t)

(
Uss(R, t)−

dR

dt

)
. (4.48)

Here, Mss ≡
∫ Rk
R

4πρr2dr is the shocked shell mass and 〈Uss〉 ≡
∫ Rk
R

4πρUssr
2dr/Mss

denotes the mass-averaged shocked shell velocity. It is approximately evaluated as the

average of dR/dt and Uss(Rk, t). The free fall pressure Pff is also neglected here since

we assume the shock at r = Rk is a strong shock. In dimensionless form, this equation

becomes:

d

dt̂

(
M̂ss 〈Ûss〉

)
= P̂ R̂2 + 2

∫ R̂k

R̂

P̂ssr̂dr̂

+ ρ̂ff (R̂k, t̂)R̂
2
kÛff (R̂k, t̂)

[
dR̂k

dt̂
− Ûff (R̂k, t̂)

]

+ ρ̂ss(R̂, t̂)R̂
2dR̂

dt̂
V̂a (4.49)

where the Mach2 here represents the rocket effect on the shell by hot spot driven ablation.

We let Uss(R, t) ≈ dR/dt because we neglect corrections of order Mach4.

Hot spot mass

The hot-spot temperature is governed by the ablation process at the hot-spot - shell inter-

face. Thermal conduction, radiation, and alpha particles heat up the shell’s inner surface
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and ablate material into the hot spot, thereby reducing its temperature. This process is

described by the mass conservation in the hot-spot:

d

dt

∫ R

0

4πr2ρ(r, t)dr = 4πR2ṁ, (4.50)

where ṁ = ρss(R, t)Va is the hot-spot mass ablation rate derived by conserving energy at

the hot spot boundary:

ṁ =
mi

5

{
−4

7

κ0T
5/2
0

R
+ θablα

Pα
4πT0R2

+θablradθ
tot
rad

Cbrµ0Rp
2
hs

T
5/2
0

}
. (4.51)

Details of the derivation of Eq. (4.51) are provided in Ref. [22]. The final dimensionless

equation for mass conservation in the hot spot is thus given by

d

dt̂

[
p̂R̂3

T̂

]
= T̂ 5/2R̂ +

θablα

5µ1

P̂α

T̂
+ θablrad

θtotrad
5µ1

β
P̂ 2R̂3

T̂ 5/2
(4.52)

where the total fraction of absorbed radiation causing ablation of shell material into the

hot spot θablrad = 0.4 [22]. Since calculating exactly the fraction of absorbed radiation is

cumbersome, an average absorbed energy was determined from the time integrated fraction

of radiated energy deposited into the ablated mass into the hot spot in Ref [22]. In that

work, the ablation of shell inner material by alpha particles was neglected since it resulted

in a singularity in hot spot mass for large alpha heating levels. Since the hot spot mass is

being properly conserved in this model, we allow θablα ≈ 0.1 which is consistent with the

calculations presented in Ref. [22].



129

Figure 4.4: In (a) and (b), the hot spot, shocked shell, and outer shell trajectories are
plotted as a function of time. (a) is the solution without alpha heating which consists of a
simple stagnating hot spot, a free-falling outer shell surface, and a shock which propagates
consistently through the shell. (b) is the solution during the burn propagation regime where
the shell is clearly stagnating earlier before rapidly exploding outward. Reproduced from
A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.
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Figure 4.5: In (a) and (b), the hot spot, shocked shell, and free-falling shell masses are
plotted as a function of time. (a) is the solution without alpha heating which consists of
a monotonically increasing shocked shell mass until the shock breakout time, after which
the shocked shell mass decreases very slowly as a result of ablation into the hot spot. (b)
is the solution with alpha heating, where bootstrap heating of the hot spot has resulted in
a large mass ablation rate of shell material into the hot spot. The hot spot mass quickly
rises until nearly all of the fuel mass is contained within the hot spot. Reproduced from
A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.
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4.2.1 Solution of the model

Equations (4.28), (4.40), (4.20), (4.43), (4.45), (4.47), (4.49), and (4.52) are combined to

solve for the hot spot alpha deposition rate P̂α, the fuel burnup fraction φ, the hot spot

pressure P̂ , the hot spot radius R̂, the hot spot temperature T̂ , the ablation velocity into the

shell V̂a, the shocked shell mass M̂ss and the stagnation shock position R̂k.

The initial conditions are primarily written in terms of ε0 = 35 and A0 = 1.5 as was

done in Ref. [22]. The hot spot radius is initially free-falling at the implosion velocity

such that dR̂/dτ = −1 initially. The outer shell position is given by R̂k = R̂(0) + 1/A0

where A0 = ∆0/R0 is the initial aspect ratio. It is trivial to show that the rest of the initial

conditions can be expressed as follows:

T̂ (0) = ε
−1/2
0 R̂(0) = ε

1/2
0

P̂ (0) = ε
−5/2
0 R̂k(0) = R̂(0)

φ(0) = 0 P̂α(0) = Ŝα(0)

A Runge Kutta scheme is used to solve this system of equations with the given ini-

tial conditions. We consider different families of implosions with Mach numbers ranging

from 0.05 to 0.10 and the adiabatic stagnation temperature T∗ ranging from 10 keV to 25

keV. Implosions are ignited by increasing the parameter γα. The “no-alpha” calculation

corresponds to the γα = 0 case.

For a case with T∗ = 20 keV and Mach2 = 0.10, the hot spot and shell trajectories are

shown in Fig. 4.4. The with-alpha hot spot stagnates earlier and disassembles faster than

the no-alpha case due to the increase in hot spot pressure. This also translates into faster

stagnation shock propagation rate. The with-alpha solution here is in the burn propagation

regime with a yield amplification of 45 folds. The partitioning of mass between the hot spot,
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shocked shell, and free-falling shell is shown in Fig. 4.5. It is clear that sinceMhs/Msh is of

Mach2 order, it is always small for implosions without alpha heating. Ignited implosions

must include the effect of mass ablation of the shell however, to prevent alpha-heating from

causing a singularity in the hot spot mass.

4.3 Transition from alpha-heating to burn propagation

4.3.1 Yield amplification - fα curve

In Ref. [23], the parameter fα was introduced as the ratio of the alpha energy deposited

into the hot spot to the hot spot internal energy at bang time:

fα =
θαεαY ield

2Ehs
, (4.53)

where θα is the fraction of deposited alpha particles which have slowed down in the hot

spot before bang time, εα = 3.5 MeV is the alpha particle energy, Y ield is the neutron

yield, and Ehs is the hot spot internal energy at bang time (when neutron production rate

is maximized). The factor 2 in the denominator accounts for the fact that approximately

50% of the total number of produced alpha particles in an implosion have been generated

before bang time (assuming a symmetric neutron production rate). We define the hot spot

boundary as the point when the neutron production rate drops to 17% of its peak value.

The fraction of absorbed alpha particles is calculated by back tracking this Lagrangian cell

in time and determining the ratio of alpha particles deposited in the hot spot to the total

amount of energy deposited in the simulation domain:

θα ≡
∫ tbang

0
Wα,hs(t)dt∫ tbang

0
Wα,tot(t)dt

, (4.54)
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Figure 4.6: The yield amplification is plotted as a function of fα defined in three different
ways for LILAC simulations. (a) is the definition of fα adopted in Ref [24]. (b) calculates
fα similar to the parameter in (a) except the factor 1/2 is replaced with the exact fraction
of alpha particles emitted before bang time Fbt, and (c) takes into account the finite alpha
slowing down time and uses an exact calculation of alpha energy deposition into the hot
spot before bang time. Reproduced from A. R. Christopherson et al, Phys. Plasmas 27,
052708 (2020), with the permission of AIP Publishing.
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Figure 4.7: The yield amplification plotted as a function of fα for the analytic model. (a)
is the definition of fα adopted in Ref [24]. (b) calculates fα similar to the parameter in (a)
except the factor 1/2 is replaced with the exact fraction of alpha particles emitted before
bang time Fbt, and (c) takes into account the finite alpha slowing down time and uses an
exact calculation of alpha energy deposition into the hot spot before bang time. Reproduced
from A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of
AIP Publishing.
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where tbang is the bang time when the neutron production rate is maximized,Wα,hs(t) is the

alpha deposition rate into the Lagrangian hot spot mass at time t, and Wα,tot(t) is the total

alpha deposition rate in the entire simulation domain at time t. This is an exact calculation

of the fraction of deposited alpha particles in the presence of ablation of shell material into

the hot spot. It was shown in Ref. [22] that nearly all of alpha particles have been absorbed

into the hot spot near bang time via this calculation.

In 1D implosions, Eq. (4.53) is a good approximation when the slowing down time is

much less than the burn width. However, in the burn propagation phase, the burn width be-

comes smaller while the alpha deposition time simultaneously increases. This is illustrated

in Figure 4.6 where the yield amplification is plotted as a function of fα for the LILAC

simulation ensemble with fα defined in two different ways: (a) is fα given by equation

(4.53) and (b) is fα∗ evaluated by integrating the alpha energy deposited into the hot spot

up until bang time (Eα,absorbed,bt) in a Lagrangian hot spot mass:

fα∗ =

∫ tbang
0

Wα,hs(t)dt

Ehs
, (4.55)

and (c) is fα calculated by replacing 1/2 with the exact fraction of alpha particles emit-

ted before bang time (Fbt). Note that the main difference between fα and fα∗ is that fα∗

accounts for the finite alpha slowing time. This can be understood more clearly by consid-

ering the ratio of fα∗ to fα :

fα∗
fα

=

∫ tbang
0

Wα,tot(t)dt

εα · Y ield/2
(4.56)

which essentially represents the ratio of emitted alpha particles which have slowed down

before bang time.

Several important conclusions from Fig. 4.6. In Fig. 4.6 (b), fα is computed exactly
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by integrating the energy deposited into the hot spot by alpha particles up until bang time

(Eα,absorbed,bt) in a Lagrangian hot spot mass. If the alpha particle slowing down time was

infinitely small, then fα∗ would be identical to fα. Nevertheless, the non-monotonic nature

of this curve implies that in the burn propagation regime, the alpha slowing down time is

comparable to the DT fuel confinement time. This conclusion follows from the observation

that yield amplification continues to increase with fα when the fraction of slowed down

alpha particles is not taken into account. It is important to note, however, that the yield

amplification is still a unique function of Eα,absorbed,bt/Ehs until the transition point around

fα ∼ 1.4. It follows that the definition of ignition occurring at yield amplifications between

15 and 25 is valid even in the presence of a finite alpha slowing down time. Since fα from

Eq. (4.53) is the easiest to infer from experiments, we will continue to adopt this definition

for the remainder of this paper.

In Fig. 4.7, the yield amplification is plotted against fα from the solution of the analytic

model for values of T∗ ∈ (10, 25) keV and Mach2 ∈ (0.05, 0.1). The alpha heating curves

are then generated by increasing γα until the target is well within the burn propagation

phase. Here, we calculate the yield amplification where the fusion yield from the model is

given by

Ŷ =

∫
(

1− φ
1 + φ/2

)2P̂ 2 〈σ̂v〉 R̂3µα(T∗T̂ )/T̂ 2dt̂. (4.57)

The alpha heating parameter fα is then given by

fα =
γα
2

Ŷ

P̂ (t̂b)R̂(t̂b)3x3
17

(4.58)

where t̂b is the bang time at the neutron production rate and x17 = R17/R is the point

where the fusion reactivity drops to 17% of its central value. It is calculated by solving the
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Figure 4.8: The yield amplification plotted as a function of fα = 0.5θαEα/Ehs using
Sn alpha transport (black) is compared with alpha heating curves generated with a 0.5 ×
multiplier on the alpha particle range (red) and a 2 × multiplier on the alpha particle range
(blue). Reproduced from A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020),
with the permission of AIP Publishing.

equation
〈σv〉
T 2

= 0.17
〈σv〉0
T 2

0

(4.59)

at bang time where T = T∗T̂ (t̂b)T̃ (r̂). In Fig. 4.7(b), fα is computed by integrating the

exact alpha deposition rate P̂α up until bang time and then dividing by P̂ (t̂b)R̂(t̂b)
3x3

17.

In the comparison of the analytic model with the LILAC results, it is clear that the

model qualitatively describes the transition to burn propagation which includes fα depend-

ing uniquely on yield amplification until ignition when the curves separate. The model also

recovers the breakdown in monotonicity between fα and yield amplification when the exact

absorbed alpha particle energy is used in the definition of fα.

4.3.2 Effect of the alpha particle range

The effect of alpha particle transport was studied by simulating three of the targets in the

LILAC database with multipliers on the alpha particle range. We chose to do this for a
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slow target with adiabat ∼1 (highest yield amplification target in the database), a mid-gain

α ∼ 2 implosion, and the lowest gain α ∼ 5 implosion. The results are plotted in Fig.

4.8 where it is evident that the smaller the alpha particle range is, the larger the achievable

maximum yield amplification is. The yield amplification is still a unique function of fα

and the ignition point is preserved at fα ' 1.4 for the three different alpha particle range

multipliers. Note that increasing the alpha particle range leads to a reduction in the yield

amplification at which the α ∼ 5 implosion enters the burn propagation regime. This likely

happens because when the alpha particle range is increased, the alpha slowing down time

also increases. Since the α ∼ 5 implosion has the shortest confinement time, this implosion

is unable to stop enough of the alpha particles in time to generate a yield amplification of

∼ 15 at fα ∼ 1.4. Furthermore, such implosions have the lowest hot spot areal densities

and exhibit sharp reductions in alpha deposition for larger alpha particle ranges (i.e. less

alpha particles are slowing down in the highest temperature regions of the hot spot).

4.3.3 Burn profile shift

Another interesting feature of the onset of burn propagation concerns the burn profile in

the hot spot at bang time. This can be studied by examining how fα compares to its central

value at r=0: fα,0 = P0τ/2Sα,0 where Sα,0 = 24T 2
0 /εα 〈σv〉0. Here, P0, T0, and 〈σv〉0

denote the central hot spot pressure, temperature, and fusion reactivity evaluated at bang

time, and τburn is the FWHM of the neutron production rate. Note that P0τburn/2Sα,0 is

related to fα via the following relation:

fα = θαfα,0
µα
µp
, (4.60)
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Figure 4.9: The alpha heating parameter fα is compared with its central value fα,0. A
one-to-one correlation is expected in the alpha heating phase when the hot spot hydro pro-
files are expected to be self similar. In the burn propagation regime, the similarity breaks
down and the neutron production rate becomes more dependent on the central temperature.
Reproduced from A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the
permission of AIP Publishing.
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where µα is a factor depending only on spatial profiles given by

µα ≡
T 2

0

P 2
0 〈σv〉0 Vhs

∫
P 2 〈σv〉

T 2
dVhs

=
T 2

0

P 2
0 〈σv〉0

∫ 1

0

3P 2 〈σv〉
T 2

r̂2dr̂ (4.61)

where r̂ = r/Rhs and Vhs = 4πR3
hs/3 is the hot spot volume. Here, the ideal gas equation

of state is used in the hot spot P = 2nT with n representing the ion number density for a

50-50 DT plasma. The fusion production rate n2 〈σv〉 is proportional to P 2 〈σv〉 /T 2 and

is spatially dependent only on the temperature for a flat pressure (isobaric) profile.

The factor µp = 1 for a perfectly isobaric configuration and is given by

µp = 3

∫ 1

0

P

P0

r̂2dr̂. (4.62)

In the analytic model, we assume µp = 1. However, this factor can change during the burn

propagation phase as a result of the pressure gradient arising from rapid expansion of the

hot spot.

Figure 4.9 shows a tight correlation between fα and fα,0 up to the ignition point where

fα ∼ 1.4 and a distinct maximum in fα,0 occurs. In the alpha heating phase, the macro-

scopic alpha heating parameter fα is coupled to the microscopic parameter fα,0, indicating

that the neutron production rate is self similar in the hot spot. At the ignition point, the

central hot spot temperature corresponding to the maximum value of fα,0 in Fig. 4.9 varies

between 10 and 17 keV in our database. This is not surprising, considering that Sα is mini-

mized around 14 keV. It follows that as a result of the runaway amplification in temperature,

an important feature of the onset of burn propagation is that the central temperature reaches

the value of∼ 14 keV, corresponding to the minimum value of Sα,0. Consequently, the peak

of the fusion reaction rate shifts towards the denser regions (i.e. the shell) indicating that
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alpha heating, with respect to power losses, is becoming more dominant in the shell than it

is in the low density hot spot.

This critical point is also consistent with the ignition condition fα ≈ 1.4 since if

we write fα = Eα/2/(pdV + Eα/2 − Erad/2) and neglect the contribution from the

PdV work at the ignition point (since alpha heating is dominant and the shell is expand-

ing at bang time), then fα can be related to temperature as fα ≈ (1 − Erad/Eα)−1 ≈

(1 − (T/4.08)−2.7)−1 where the approximate formula for radiation losses derived in Ref.

[23] was used. The LILAC simulations here show that the neutron averaged temperature

is approximately ∼ 63% of the central ion temperature at bang time. If the central tem-

perature at bang time varies between 10 and 17 keV at ignition, then the neutron averaged

temperature will vary between 6 and 11 keV. This implies that the fα at ignition should vary

between 1.1 and 1.5, consistent with what is observed in simulations. We thus conclude

that ignition at fα ∼ 1.4 is consistent with the temperature about the minimum of Sα,0.

Fuel burn up fraction

In the burn propagation phase, the yield amplification no longer depends exclusively on

fα. This leads to the question of what causes certain implosions to achieve lower yield

amplifications than other implosions at the same value of fα.

In the simulation ensemble presented in this work, many of the points represent im-

plosions of different laser energies, adiabats, and implosion velocities. To understand

what is limiting the final yield amplification, it is important to consider how the fuel burn

up depends on areal density and temperature. Here we consider two burn up fractions:

(1) is Φhs = Y ield/Nhs where Nhs is the number of atoms in the hot spot, and (2) is

Φtot = Y ield/NDT where NDT is the total number of DT atoms in the hot spot and the
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shell. The hot spot burn up fraction can easily be written as

Φhs ∼
n2

0 〈σv〉0 Vhsτburn
n0Vhs

∼ n0 〈σv〉0 τburn, (4.63)

where n0 is the central ion number density and Vhs is the hot spot volume both evaluated at

bang time. Here we neglect the fuel burnup fraction as a small effect and are only interested

in the zeroth order scalings. Likewise, the total burnup fraction can be written as

Φtot = Φhs
Mhs

Mtot

, (4.64)

where Mhs is the hot spot mass at bang time and Mtot is the total unablated DT mass at

bang time. Of course, in the limit that Mhs = Mtot, the total burn up fraction should

approach the hot spot burn up fraction. This is verified in Fig. 4.10 where n0 〈σv〉0 τburn is

compared with Φhs (red points) and Φtot (blue points). Evidently, the total burn up fraction

is much smaller than the hot spot burn up fraction in the alpha heating phase where the hot

spot mass is much smaller than the shell mass. In the burn propagation regime (near a hot

spot burn up fraction of ∼ 0.02, the hot spot mass increases rapidly and the total burn up

fraction begins to approach the hot spot burn up fraction. This value of the burn up fraction

is consistent with the fα = 1.4 definition of ignition at a central temperature of 15keV

since the hot spot burn up fraction can also be written as

Φhs =
2T0

εαµ1

fα. (4.65)

If instead of using the neutron burn width, one writes the disassembly time of an ignited

plasma as τ = R/Cs where Cs is the hot spot sound speed, then the hot spot burn up
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Figure 4.10: The hot spot burn up fraction (red) and the total burn up fraction (blue) are
plotted against the parameter n0τ 〈σv〉0. At a hot spot burn up fraction of around 0.02, the
hot spot and total burn up fractions approach each other. This is due to the fact that the
hot spot mass approaches the total mass in the burn propagation phase. Reproduced from
A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.

Figure 4.11: The hot spot burn up fraction (red points) and the total burn up fraction (blue
points) are plotted against the parameter ρR/Hb ∼ ρR 〈σv〉 /

√
T . In the burn propagation

phase, both Φhs and Φtot approach the expected scaling of Φ with ρR/Hb. Reproduced
from A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of
AIP Publishing.
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fraction becomes

Φhs ∼ ρ0R
〈σv〉0√
T0

, (4.66)

where ρ0 is the central hot spot mass density at bang time. This case is presented in Figure

4.11. At large alpha heating levels, both Φhs and Φtot appear to be well correlated with

ρR/HB where ρR is the areal density of the hot spot (defined by the neutronR17 boundary)

and HB ∼
√
T0/ 〈σv〉0. We do not expect this formula to work at low alpha heating levels

where tamping by the shell must be included in the confinement time.

The result presented in Fig. 4.11 implies that the fuel areal density plays a dominant role

in determining the neutron yield in the burn propagation phase. High adiabat implosions,

compared to lower adiabat implosions at the same value of fα, will be limited in yield

amplification because of the strong dependence of fuel burn up on the areal density in the

burn propagation phase.

4.3.4 Transition out of the subsonic regime

The onset of burn propagation necessarily requires the subsonic approximation to break

down. This is because burn propagation requires Mhs ∼ Mtot while at the same time,

Mhs ∼Mach2Mtot. Reference [91] also reported on a significant increase in the hot spot’s

Mach number during the ignition process. Several observations near the ignition point

indicate the onset of burn propagation:

1. The alpha slowing down time becomes comparable to the disassembly time.

2. The hot spot mass is significantly amplified.

3. The hot spot acquires a significant amount of kinetic energy.

The effect of finite alpha slowing down has already been described in Fig. 4.6. If fα

is defined using the exact alpha particle energy deposited into the hot spot, then fα is no

longer a monotonically increasing function of the yield amplification as a result of the finite
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Figure 4.12: The amplification in hot spot mass at bang time is plotted as a function of fα.
A large amplification is observed after the ignition point around fα ∼ 1.4, indicating the
onset of a runaway deflagration wave into the shell. Reproduced from A. R. Christopherson
et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.

Figure 4.13: The alpha heating parameter fα is plotted against fα defined by considering
the contribution of kinetic energy in the hot spot energy. Reproduced from A. R. Christo-
pherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.
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alpha slowing down time. This is an effect that can only happen as the hot spot transitions

out of the subsonic regime.

Another important signature of burn propagation (as well as a transition out of the

subsonic regime) concerns the rapid increase in hot spot mass. In the alpha heating phase,

one should not expect the amplification in hot spot mass to vary uniquely with fα since

different hot spots with different Mach numbers are expected to undergo different mass

ablation rates. However, around the ignition point, one would expect the implosions to be

characterized by a rapid increase in hot spot mass. This is verified in Fig. 4.12 where the hot

spot mass amplification is plotted as a function of fα. As expected, a rapid amplification in

the hot spot mass is observed after fα ∼ 1.4. This signifies that the fα ∼ 1.4 point is indeed

associated with the increase in neutron producing mass that characterizes the propagation

of a deflagration wave into the shell.

Assessing the relative importance of hot spot kinetic energy is another indicator of the

transition out of the subsonic regime after ignition. This is demonstrated in Fig. 4.13 where

fα defined using the hot spot internal energy is plotted against fα defined using the total

hot spot energy (including the kinetic energy contribution). It is evident in this figure that

after the ignition point, the two values of fα diverge as a result of the increase in kinetic

energy.

4.4 Fusion yield output required for ignition

The next step is to determine the fusion output required to achieve ignition. We start from

the simple consideration that near the ignition point, rather small changes to the implosion

hydrodynamic performance result into significant variations in the alpha heating levels and

fusion yields. This occurs because of the thermal runaway triggered by the ignition process

when the alpha energy is deposited. Therefore, if we consider noα properties, such as the
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“theoretical” fusion yield in the absence of alpha deposition Ynoα, their magnitude does not

vary significantly as the ignition point is crossed. One can think of noα properties [32]

as slowly varying with respect to the fast varying with − α properties. It follows that the

ignition conditions in terms of noα properties occurs in the neighborhood of χnoα ∼ 1

where χnoα is derived from the Lawson criterion in Refs [34, 22, 92] and can be written as

χnoα = (ρR)0.61

(
0.12Y ield16

Mstag

)0.34

, (4.67)

where Mstag is the stagnated DT mass in mg, ρR is the neutron averaged fuel areal density

in g/cm2, and Y ield16 is the neutron yield in units of 1016 neutrons. All quantities are

evaluated without accounting for alpha heating. Equation (4.67) can be used to infer the

noα yield near ignition by setting χnoα ≈ 1. Since, as shown earlier, the yield amplification

corresponding to the ignition point fα = 1.4 is about 20, we can determine the fusion

energy yield required for ignition as Yign ≈ 20Mstagχ
3
noα/(0.12(ρR)1.8). To account for

the variations in χ3
noα near the ignition point, we adjust the coefficients to fit the simulation

results. Accurate to approximately 15%, this leads to the following formula for the fusion

yield required for ignition:

Yign(MJ) ≈
(
Mstag(mg)

0.21

)0.81(
1

ρR(g/cm2)

)2.61

. (4.68)

Since the areal density and stagnating mass do not include the effect of alpha heating,

Eq. (4.68) can be used to estimate the fusion yield required for ignition in current indirect

drive NIF implosions whose areal density is little affected by alpha heating. In such im-

plosions, the areal density varies from 0.5 g/cm2 to 1.3 g/cm2. The required fusion yield

output needed for ignition is tabulated in Table 1 for several different values of areal density

and stagnated mass characteristic of current ICF campaigns on the NIF [11, 12, 7, 8]. Note
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Table 4.1: Fusion yields required for ignition for targets typical of current ignition experi-
ments on the NIF

DT mass Shell areal density Required fusion yield

0.1 mg 0.6 g/cm2 2.1 MJ

0.1 mg 0.9 g/cm2 0.7 MJ

0.1 mg 1.2 g/cm2 0.3 MJ

0.2 mg 0.6 g/cm2 3.6 MJ

0.2 mg 0.9 g/cm2 1.3 MJ

0.2 mg 1.2 g/cm2 0.6 MJ

that the fusion yield required for ignition increases sharply at lower areal densities. While

low-convergence low-ρR implosions are more predictable and have demonstrated higher

yields through higher implosion velocities, their poor confinement and low convergence

sharply increase the fusion yield requirements for ignition.

4.5 Conclusions

A comprehensive study of the physics of burn propagation and ignition in inertially con-

fined plasmas has been presented in this work. Although the physics of thermonuclear

instabilities in the hot spot has been extensively studied over the last 50 years, an ignition

condition based on the onset of burn propagation into the surrounding shell had not been

identified yet. Since large energy gains in inertial fusion require rapid ablation of shell

material into the hot spot, the correct definition of ignition should identify the point when

alpha heating and thermal conduction driven ablation causes the hot spot mass to become

comparable to the DT shell mass. Because the ratio of hot spot mass to shell mass varies

like Mach2 (where Mach is the hot spot Mach number), the transition to burn propagation

requires the hot spot to transition out of the subsonic regime where finite Mach number
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effects can no longer be neglected in the description of hot spot and shell dynamics. In this

work, we describe a semi-analytic model which captures the transition to burn propagation

and showed that it is in good qualitative agreement with radiation hydrodynamic simula-

tions. Using an ensemble of 1D simulations, several important effects during the transition

from “alpha heating” to “burn propagation phase” are identified: (1) the enhancement in

fusion yield output due to alpha heating no longer depends uniquely on the parameter fα =

alpha energy deposited/ hot spot energy at bang time, (2) is that the fusion production pro-

file shifts so that neutron production is weighted toward the hot spot edge instead of the hot

spot center, (3) the fuel burn up fraction scales as expected with the hot spot areal density

and temperature, and (4) the hot spot transitions out of the subsonic regime - resulting in a

significant amplification of the hot spot mass, kinetic energy, and alpha slowing down time

near the ignition point.

Ignition is defined as this transition to burn propagation and it occurs at fα ∼ 1.4, yield

amplifications between 15 and 25, and at hot spot burnup fractions of approximately∼ 2%.

We also showed calculations where the alpha particle range was halved and doubled and

that this definition of ignition is not sensitive to the alpha transport model used to generate

these alpha heating curves.
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CHAPTER 5

MODIFICATIONS TO ALPHA-HEATING, BURNING PLASMA, AND IGNITION

THEORY IN THE PRESENCE OF IMPLOSION NONUNIFORMITIES

5.1 Impact of asymmetries on the definition of ignition

To conclusively assess whether or not ignition has been achieved, it is important to (1) relate

ignition metrics with experimental observables and (2) show that the metrics are robust to

2D and 3D asymmetries. The parameter fα can be inferred from experimental observables

by setting the total alpha energy to Eα = εα ·Y ield and relating the pressure to the neutron

yield, ion temperature Ti, hot spot volume Vhs, and burn duration (or confinement time) τ

as described in Ref. [63]:

〈P 〉approx ≈

√
16 · Y ield · T 2

i

τVhs 〈σv〉
. (5.1)

We then define fα,approx as

fα,approx ≡ θ
0.5Eα

1.5 〈P 〉approx Vhs
≈ 0.31Eα
〈P 〉approx Vhs

, (5.2)

where θ = 0.93 gives the best least squares fit for fα ≤ 1.4. It was shown in Ref. [24] that

this formula works well for the 1D simulation ensemble. The next step is to consider how

the definition of ignition is modified by the presence of asymmetries which inevitably exist

in real implosions. In particular, it was shown in Ref. [24], that if the fraction of absorbed

alpha particles is correctly accounted for, then the yield amplification - fα relation should

be universal up until the ignition point. Here we present 2D DRACO [64] simulations of
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Figure 5.1: (a) the solid line is the hot spot boundary at bang time defined by the neutron
R17 contour. The solid line in (b) is the Lagrangian hot spot boundary at the time of peak
kinetic energy which conserves the hot spot mass at bang time. The shaded areas are the
density contours in g/cc. Reproduced from A. R. Christopherson et al, Phys. Plasmas 27,
052708 (2020), with the permission of AIP Publishing.
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two different targets which achieve burn propagation in 1D, and then are systemically de-

graded by single modes 2, 4, 6, 8, and 10. These modes are initially applied to the inner

shell surface of the implosions and the yield amplifications are systemically degraded as

the perturbation amplitudes are increased. The DRACO simulations are ran using sector

ray-trace, flux-limited thermal transport, multi-group alpha transport, multi-group radia-

tion transport, astrophysical opacity tables, and SESAME [37] equation-of-state tables. A

straight-line angular Monte Carlo transport algorithm is used to transport the alpha particles

[93]. In Fig. 5.2, the yield amplification is plotted as a function of fα where θα is replaced

with 0.93. This is done because θα presently cannot be inferred from experiments (while

Ehs can as demonstrated in Refs. [23, 24]). It is evident that 1D LILAC simulations show

no sensitivity to whether or not the fraction of absorbed alpha particles is accounted for.

This is the same conclusion that was reached in Ref. [22]. In Ref. [24], it was found that

low modes with yield over cleans above 50 % satisfied the curves as 1D simulations with

reasonable accuracy. However, it is evident that mid mode implosions (` ∈ (6, 10)) deviate

significantly from the trend. This is occurring because the alpha particles are leaking out

of the neutron producing hot spot and into the surrounding cold bubbles.

To properly account for the alpha particles leaking out of the hot spot, one can track

how many alpha particles have deposited their energy into the Lagrangian hot spot mass

integrated up until bang time. In 1D Lagrangian simulations, this calculation is trivial be-

cause it involves finding the Lagrangian cell defining the hot spot radius at bang time, and

back tracking the location of this cell in time. In asymmetric hot spots, this is accomplished

by defining the hot spot surface at bang time (here we look for the contour of the neutron

production rate nDnT 〈σv〉 at 17% of its maximum value), and then calculating the La-

grangian trajectories of each point along the boundary by allowing the boundary to move

with the fluid (solving d~ri/dt = ~ui for each point i along the boundary). An example of

the back-tracked hot spot radius is provided in Fig. 5.1 where the density contour is plotted
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Figure 5.2: The yield amplification is plotted against fα where the fraction of absorbed al-
phas θα is replaced with 0.93. Reproduced from A. R. Christopherson et al, Phys. Plasmas
27, 052708 (2020), with the permission of AIP Publishing.

for an implosion with a yield amplification of 12 and a yield over clean of 0.5 as a result

of a single mode 10 perturbation. Fig. 5.1(a) shows the hot spot density contours at bang

time. It is evident here that the hot spot boundary is surrounded by cold bubbles which do

not contribute significantly to neutron production. In Fig. 5.1(b), the Lagrangian hot spot

boundary at the time of peak shell kinetic energy is plotted. The hot spot boundary includes

some of the shell material which eventually become spikes and are ablated into the hot spot.

More importantly, however, the hot spot mass is significantly reduced as a result of the mid

mode perturbation (as was also found in Ref. [94]). It follows that alpha particle deposition

outside of the hot spot boundary will not contribute to the hot spot energy balance at bang

time and thus won’t contribute to significant yield enhancements due to alpha heating.

Similar to the calculation for a 1D hot spot, the fraction of alpha particles absorbed into
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Figure 5.3: The yield amplification is plotted as a function of fα for the ensemble of 1-D
LILAC [31] simulations (turquoise points). In the alpha-heating regime (fα < 1.4), the
yield amplification depends uniquely on fα regardless of the target mass, areal density, and
temperature. After fα = 1.4, shell mass and burnup fraction determine the maximum fu-
sion yield. The yellow, red, green, and dark blue points respectively represent 2-D DRACO
[64] single mode simulations of modes 2, 4, 6, and 10. The purple points are multi-mode
simulations perturbed by modes 2 and 4. Reproduced from A. R. Christopherson et al,
Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.
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the hot spot is calculated as

θα ≡
∫ tbang

0
Wα,hs(t)dt∫ tbang

0
Wα,tot(t)dt

, (5.3)

where tbang is the bang time when the neutron production rate is maximized, Wα,hs(t) is

the alpha deposition rate into the Lagrangian hot spot mass at time t, and Wα,tot(t) is the

total alpha deposition rate in the entire simulation domain at time t. In Fig. 5.3, the yield

amplification is plotted as a function of fα where the exact fraction of alpha particles is

included. It is clear that the definition of ignition (fα = 1.4) is valid in the presence of

asymmetries provided that the fraction of absorbed alpha particles is correctly accounted

for. Although Fig. 5.3 validates the physics of ignition in the presence of asymmetries, it is

important to note that θα cannot be easily inferred in ICF experiments. It is thus worthwhile

to try quantifying proximity toward ignition using other potential metrics.

5.1.1 Comparison of fα with other metrics

Apart from fα, another commonly used alpha heating metric is χα which depends on the

areal density and yield as follows:

χα ≡ (ρR)0.61

(
0.12Y ield16

Mstag,mg

)0.34

(5.4)

where Mstag is the total stagnated fuel mass at bang time, ρR is the neutron averaged

fuel areal density (including the hot spot and shell), and Y ield16 is the neutron yield in

units of 1016 neutrons. In Fig. 5.4(a), the yield amplification is plotted as a function of χα.

While there is evidently an alpha-heating phase and a burn propagation phase, the transition

between the two is not as clear from this figure as it is from the fα - yield amplification

curve. Nevertheless, an upper bound on the χα value that is needed to claim that ignition
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has occured can be inferred from this relationship. Here, we find that a yield amplification

of 15 will require at least χα > 2− 2.5.

It was already shown in Refs [21, 23] that the yield amplification is also correlated with

χα. Particularly in Ref. [23] in particular, fα was plotted against χα and they were shown

to be well correlated in the alpha-heating phase. However, higher adiabat targets on the

curve deviated from fα because of the breakdown in the relation Mstag ∼ (ρR)R2. Higher

adiabat targets tend to have higher Mach numbers which results in the hot spot contributing

a significant fraction of the stagnated mass and areal density. On top of that, the aspect

ratio is usually lower - implying that Vshell ∼ ∆R2 breaks down. It is for these reasons that

χα doesn’t exhibit as pronounced of a transition at ignition as fα does.

One important property to consider about χα is that it was designed to be robust to

asymmetries (see Refs [35] and [32]) where a clean volume analysis was utilized to derive

a version of χnoα which could be used to assess progress toward the ignition cliff in the

presence of asymmetries. A thin shell model of the shell and hot spot was developed and

the penetration of the spike amplitude ∆R was estimated via the classic Rayleigh Taylor

growth rate (without ablation). The “clean” radius was defined as Rclean = Rhs − ∆R.

Only hot spot material with r < Rclean was allowed to produce fusion reactions. The yield

over clean (YOC) was varied by changing the amplitude of the initial seed perturbation. At

a given YOC, the parameter γα was then increased until a singularity in the solution was

observed at γα = γc where γc will increase as the YOC decreases. The ignition parameter

χnoα was then defined as χnoα ≡ γα/γc(Y OC). Since the parameter γα can be related to

the shell areal density and temperature, χnoα was found to depend exclusively on the shell

areal density, temperature, and YOC. The power law coefficients were tuned with 1D and

2D simulations to yield χnoα = 1 when the target gain fell to one half of the maximum

gain. The ignition parameter χnoα was then reformulated in terms of the stagnated mass,

yield, and areal density which resulted in a very weak dependence of χnoα on the YOC
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Figure 5.4: The yield amplification plotted as a function of χα from Eq. (5.4) which
doesn’t show as distinct as a transition in comparison to fα. However, χα > 2− 2.5 could
represent an upper bound on the χα needed for ignition. Reproduced from A. R. Christo-
pherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.

(and hence, the formula given in Eq. (5.4)). The robustness of χ has been validated already

in Ref. [21] where the yield amplification was shown to be robust to χnoα in the presence

of asymmetries. This conclusion was also reached by the LLNL group in Ref. [6] where

it was found that the metric ITFX ∼ χ3
α was much more robust to asymmetries than

the GLC ∼ fα for a simulation ensemble with low mode perturbations. It follows that the

parameter χα is expected to be less sensitive to asymmetries and, therefore, to uncertainties

in θα.

One important point worth noting, however, is that the angularly averaged areal density

was used in the 2D simulations of Ref. [21]. A more accurate way to evaluate χα is to

calculate the down scattered ratio of neutrons between 10 and 12 MeV which is how the

areal density is inferred in ICF experiments [50]. This is the approach that was adopted in

Ref. [6] to evaluate ITFX . In this work, we post-process DRACO simulations using the
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neutron transport code IRIS3D described in Ref. [95]. We position three detectors in the

simulations to measure the DSR: one at the equator, one at the pole, and another one at a 45

degree angle between the pole and equator. In the formula for χα, we use the average DSR

from all three detectors. The areal density is then inferred from the DSR via the relation

(DSR ' ρRg/cm2/19) [51]. In Fig. 5.5, the yield amplification is plotted as a function of

χα for both 1D LILAC and 2D DRACO simulations. It is evident that the yield amplifica-

tion is nearly a unique function of χα even in the presence of asymmetries. As a result, we

conclude that in the alpha heating phase, it is more accurate to experimentally infer yield

amplification using χα instead of fα. This also resolves the discrepancies observed in the

analysis of High Foot implosions in Ref. [23] in which the fα analysis consistently over-

estimated the yield amplification with respect to the χα analysis. This is further illustrated

in Fig. 5.6 where fα is plotted against χα. A valid relationship between fα and χα is given

by

fα ≈ 0.62χ1.5
α . (5.5)

It is important to note that this relationship is slightly different than the formula from Ref

[23] because fα from Ref. [23] was not including the absorbed fraction of alpha particles in

its definition. Overall, fα as a metric is intuitive to understand since it is simply representing

how energy deposition from alpha particles compares with the hot spot internal energy.

However, it can only be inferred experimentally for 1D-like implosions (low modes with

Y OC > 0.5). It follows that χα is the more practical metric which should be used to assess

proximity toward ignition in experiments as a result of its robustness to asymmetries.

5.2 Effect of asymmetries on the burning plasma condition

Now that calculations of θα are available for 2D simulations, the next step is to evaluate the

feasibility of inferring the burning plasma parameter Qhs
α from experiments which is given
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Figure 5.5: The yield amplification is plotted as a function of χα for both 1D LILAC
and 2D DRACO. Reproduced from A. R. Christopherson et al, Phys. Plasmas 27, 052708
(2020), with the permission of AIP Publishing.

Figure 5.6: The parameter fα can be directly related to χα in 1D and 2D. The black curve
represents the best fit line given by Eq. (5.5). Reproduced from A. R. Christopherson et al,
Phys. Plasmas 27, 052708 (2020), with the permission of AIP Publishing.
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Figure 5.7: The relationship between the experimentally measurable metric χα and the
burning plasma parameter Qhs

α is valid in the presence of asymmetries. Reproduced from
A. R. Christopherson et al, Phys. Plasmas 27, 052708 (2020), with the permission of AIP
Publishing.

by

Qhs
α ≡

0.5θαεαY ield

PdVstag
(5.6)

where PdVstag is the maximum amount of PdV work delivered to the hot spot. The burning

plasma parameter was originally introduced in Ref [21] and related to the yield amplifica-

tion. In Ref [23], it was found that Qhs
α can be directly related to fα from energy balance

considerations. However, it will be difficult to infer Qhs
α from fα if the fraction of absorbed

alpha particles is not known. Furthermore, the validity of relating Qhs
α to χα and fα has

not been verified for multidimensional implosions because of difficulties in computing the

delivered input work to a distorted hot spot surface. The PdV work W can be computed

exactly in 2D simulations using the same Lagrangian hot spot surface which was used to

determine the absorbed fraction of alpha particles. The rate at which work is done on the



161

hot spot is then given by
dW

dt
= −

∫
P~u · ~ndS, (5.7)

where dS is a surface area element of the hot spot boundary, P and ~u are the pressure

and fluid velocity evaluated at the boundary, and ~n is the normal vector to the surface. In

both 1D and 2D implosions, the stagnation point is defined when d W/dt=0. This is done

because the purpose of the burning plasma parameter is to compare the deposited alpha

particle energy with the maximum amount of work that has been delivered to the fusion

producing hot spot. When Qhs
α > 1, one can conclude that the hot spot gained more energy

from alpha heating than it did from PdV compression.

In 1D the maximum work delivered to the hot spot is determined by the stagnation point

when dR/dt=0 and by integrating the PdV work rate by backtracking the Lagrangian hot

spot cell. These calculations are more difficult in multi-dimensional simulations which is

why the theory of how the burning plasma parameter relates to the Lawson parameter in

the presence of asymmetries has not been understood yet. In Fig. 5.7, we present the first

calculations of the burning plasma parameter Qhs
α as a function of χα for both 1D LILAC

and 2D DRACO simulations. A good fit to this curve (for Qhs
α ) is approximately given by

Qhs
α ≈

( χα
1.14

)2.6

. (5.8)

Eq. (5.8) enables the assessment of the proximity to the burning plasma regime through the

inference of χα in experiments. This criterion is valid in multi-dimensions and indicates

that χα ≈ 1.1 is a burning plasma threshold.
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5.3 Conclusions

In addition to fα, ignition can also be identified (albeit with less accuracy) from χα as

χα > 2 − 2.5 although the yield amplification - χα curve does not exhibit as clear of a

transition as the fα - yield amplification curve does. The fα parameter needs to include

the fraction of absorbed alpha particles in its definition. While the hot spot absorbed alpha

particle fraction θα varies little in 1D implosions due to ablation of shell material recycling

alpha particle energy back into the hot spot, it can be very small for perturbed implosions

when alpha particles leak into the surrounding cold bubbles. We show that this definition of

ignition is valid in the presence of asymmetries when the absorbed alpha particle fraction

is included in the definition of fα. We furthermore show that both the yield amplification

and the burning plasma parameter Qhs
α can be uniquely related to χα which is not sensitive

to the presence of asymmetries.
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CHAPTER 6

DIRECT MEASUREMENTS OF HOT ELECTRON PREHEAT IN INERTIALLY

CONFINED PLASMAS

” I don’t like hot electrons. They are charged and energetic and irritating and they get

everywhere.”

Anakin Skywalker

Although the bulk of this thesis has focused on the effect of alpha-particle heating on

hot spot and shell dynamics thus far, we are going to switch gears in this chapter and focus

on direct drive experiments and the effects of hot electron preheat. As was extensively dis-

cussed in previous sections, the alpha-heating parameter χα ∼ ρR0.61 which implies that

the achievement of large areal densities is of critical importance for improving implosion

performance. This relies on the ability to implode the shell inward on a low adiabat with-

out any decompression due to preheat by energetic particles or radiation. Understanding

and quantifying preheat has been identified as a critical issue for laser direct drive fusion

[96, 97, 17, 98]. One of the leading sources of shell preheat in direct-drive implosions

arises from hot electrons generated from laser-plasma instabilities [99]. In direct drive

experiments on OMEGA [14], the primary instability is the Two-Plasmon-Decay (TPD)

instability which occurs when an incident electromagnetic wave decays into two electron

plasma waves, each with half the original laser frequency [100, 101]. Energy conservation

requires this process to occur near the quarter critical surface at 0.2nc < n < 0.25nc where

nc is the critical electron density at which the plasma frequency equals the laser frequency.

Understanding and measuring the plasma conditions driving the TPD instability has been

an active field of theoretical and experimental research over the past several decades [102,
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103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115]. Plasma wave interactions

with the coronal plasma (such as Landau damping for example) can accelerate electrons to

high energies which then deposit their energy into the cryogenic DT fuel, thus raising the

entropy and degrading the final hot spot areal density. The dependence of the absolute TPD

threshold on coronal plasma conditions at the quarter critical density is given by

η =
I14Lµm
233TkeV

, (6.1)

where I14 is the laser intensity in units of 1014W/cm2, TkeV is the electron temperature in

keV , and Lµm is the density gradient scale length in units of µm. It follows that mitigating

TPD requires an upper bound on the tolerable laser intensity and density scale length plus

a lower bound on the electron temperature at quarter critical. The dependence of η on the

density scale length is particularly important because it implies that direct drive implosions

conducted with more energetic laser facilities (like the NIF) are expected to have larger

TPD gains as a result of the larger density gradient scale length.

The presence of hot electrons in direct drive experiments on NIF and OMEGA are mea-

sured by the bremsstrahlung x-ray radiation they emit as they slow down in the plasma [116,

117]. Refs [118, 119] reported on cryogenic D2 layered experiments on OMEGA where

the hard x-ray signal was strongly correlated with the areal density, indicating that hot elec-

tron preheat was playing an important role in limiting the performance. It was shown in

Refs [120, 121] that ∼ 200 mg/cm2 of areal density could be achieved by mitigating hot

electrons. This was accomplished by increasing the ablator thickness from 5µm of CH to

10µm of CH, thus preventing the D2 from intersecting with the quarter critical surface.

Maintaining the quarter critical surface in the higher Z ablator is beneficial since it causes

the intensity at quarter critical to decrease as a result of increased inverse bremsstrahlung

absorption. The quarter critical temperature is also expected to be higher for higher Z ma-
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terials for these same reasons. It follows that redesigning the target to ensure that quarter

critical never intersected the DT improved the compression. In Ref. [18], DT cryo experi-

ments with ∼ 8µm ablators were reported which achieved areal densities of ∼ 80% of the

1D predictions.

In parallel with the cryogenic program on OMEGA, many experiments were conducted

for the purpose of quantifying hot electron production. In Ref. [122], planar experiments

measured the excitation of K-alpha photons by hot electrons slowing down in Vanadium.

One spectrometer was placed in front of the target and the other was placed behind the

target. The authors were then able to deduce the total hot electron energy and temperature

from the amount of detected K-alpha photons in both spectrometers. Ref [123] reported

on spherical implosion experiments and a formula relating the hard x-ray signal from CH

implosions to the total hot electron energy. The hard x-ray detector was then calibrated by

imploding a Molybdenum ball coated with an outer CH layer and the hot electron energy

was inferred from a multi-group electron transport code which quantified how much hot

electron energy was needed to produce the measured K-alpha signal. This calibration was

eventually updated in 2016 when the hard x-ray detector was absolutely calibrated using

known radioactive sources [124]. In addition to measuring the hard x-ray energy, it is also

equally important to know the temperature of the hot electrons Thot in order to determine

the hot electron energy. This can be estimated by fitting a spectrum to spectral data of

the form dErad/dE = E
Thot

e−E/Thot where E is the photon energy. These are measured

from the hard x-ray spectrum using the four channel hard x-ray detector (HXRD)[116] and

the nine channel hard x-ray image plate diagnostic (HXIP) [125, 126] on OMEGA and

the filter-fluorescer x-ray diagnostic on the NIF [117]. At present, OMEGA experiments

indicate a laser to electron conversion efficiency of ∼ 0.2% [124] while recent polar direct

drive experiments on the NIF [5] have measured a conversion efficiency as high as ∼ 3%

due to Stimulated Raman Scattering (SRS) [127, 128]. Detailed experiments are underway
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to compare hot electron preheat in polar drive implosions on OMEGA with NIF.

Despite progress toward characterizing the hot electron source in experiments, it is

very important to note that in cryogenic implosions, hard x-rays are emitted from electrons

slowing down in both the DT and the CH. Measuring the hard x-ray signal is therefore

insufficient for quantifying preheat in cryogenic implosions: a hot electron transport model

is needed in order to determine how many electrons slow down in the dense DT and what is

the areal density degradation resulting from this preheat [129]. Hot electron transport was

investigated in Ref. [130] by comparing differences in emitted hard x-rays between an all

CH solid target and a Cu sphere over-coated with CH. Monte Carlo simulations of electron

transport indicated that the electron source needed to be widely divergent in order to explain

the results. Attempts to measure the divergence angle more directly are described in Ref.

[131] where a CH shell of a fixed diameter enclosing a Molybdenum sphere with varying

diameters was irradiated at a peak intensity of ∼ 1.1 · 1015W/cm2 on OMEGA. Both

the hard x-ray and the K-alpha signals from the Mo sphere were found to scale with D2

where D is the diameter of the Mo sphere, indicating that the hot electron source is widely

divergent or isotropic. The authors estimated that for a wide divergence angle of electrons,

that approximately 1/4 of the electrons intersect with the imploding shell. Although the

transport measurements from Ref. [131] indicate a divergent and isotropic electron source,

more information is needed to quantify energy deposition into the dense DT. For one, even

if the source is divergent, the size of the divergence angle is unknown. The presence of

large (∼ MG) self generated magnetic fields in the corona will also certainly complicate

the transport of electrons [132]. There is also still the question of whether or not the hot

electrons reflux back into the target due to their interactions with the plasma sheath in the

corona. It follows that a more direct measurement of hot electron transport is still needed

to assess the viability of direct drive designs.

In this work, we describe the first direct inferrence of hot electron preheat and its role in
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degrading areal density. To assess performance degradation, it is necessary to measure the

hard x-rays emitted from electrons slowing down in DT. This is accomplished by imploding

ablator-only targets with the same mass of the layered target. The two targets are imploded

with the same pulse shape to produce the same coronal conditions and thus, the same hot

electron source. It then follows that the difference in hard x-ray signals between the ablator-

only and DT-layered implosion is related to the amount of energy the hot electrons have

deposited into the DT fuel. We carry out this analysis for the experiments described in Ref.

[19] and find that approximately 13± 5 J of preheat are deposited into the DT layer.

While this method determines how much energy the electrons have deposited into all

of the DT, the areal density degradation primarily depends on how many electrons have de-

posited their energy into the stagnated DT mass. The stagnated mass represents the mass at

bang time (time of peak neutron production rate) which has been shocked by the stagnation

shock. During the acceleration phase of an implosion (while the laser is still on), the shell

experiences a large ablation pressure at its outer surface and is accelerated inward to large

velocities. The deceleration phase begins when the hot spot pressure exceeds the shell’s

pressure and launches a strong shock into the shell. The shocked mass is important to con-

sider since this represents the part of the shell which is highly compressed and contributes

the most to the areal density of the fuel.

This issue motivated the need for a new experimental platform which replaced DT with

a higher Z payload to measure the spatial distribution of preheat within the fuel. Two

shot days were conducted on the OMEGA laser facility where the thickness of the inner

payload was varied and the difference in hard x-ray signal between the doped implosion

and the ablator-only implosion was determined as a function of the payload thickness. The

experiments revealed an approximately uniform distribution of preheat energy throughout

the payload. This implies that the preheat energy deposited into the stagnated DT can be

inferred by taking the product of the total DT preheat energy and the stagnated mass ratio.
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For the experiments in Ref. [19], this corresponded to 5± 2J into the stagnated DT with a

corresponding areal density degradation of approximately ∼ 15%.

This chapter is organized into sections as follows: Section II describes the theory used

to infer the preheat energy, Section III describes experiments conducted on OMEGA to

measure preheat, Section IV describes the analysis to quantify energy deposition within

the payload mass, and Section V discusses the implications of these measurements for

cryogenic implosions on OMEGA.

6.1 Analysis of hard x-rays

On OMEGA, the hard x-rays are primarily diagnosed from the four channel Hard X-Ray

Detector (HXRD) [116]. The instrument consists of four fast scintillators coupled to fast

micro-channel plate - photomultiplier tubes (MCP-PMT). The four channels are filtered to

pass x-rays above 20 keV, 40 keV, 60 keV, and 80 keV. The first channel (which measured

x-rays above 20 keV), uses a plastic scintillator with a bi alkali photo cathode. The other

three channels use a BaF scintillator with a CsTe photo cathode. The signals from all

four channels are recorded on oscilloscopes. Channel 1 isn’t used for hard x-ray detection

due to its increased sensitivity to thermal plasma emission. The primary channel used for

quantifying hot electron preheat is channel 2 since it contains the largest signal.

Recently, the hard x-ray detector was calibrated by a Ba133 gamma source in Ref. [124].

The charge incident on the photomultiplier tube in pC is related to nJ of deposited energy

by the calibration factor

Cα = (30± 6)pC/nJ. (6.2)

The charge HXRD in pC can then be related to the total radiated energy Erad via the

formula
HXRD

Erad
= Cα

Ω

4π

∫ ∞
0

F (hν)
e−hν/Thot

Thot
dhν, (6.3)
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Figure 6.1: The hard x-ray response function for channel two plotted as a function of
photon energy for channel 2 (red), channel 3 (blue), and channel 4 (black).

Figure 6.2: The hard x-ray calibration factor (PMT charge to mJ of hard x-rays) is plotted
as a function of the hot electron temperature Thot.
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Figure 6.3: On the left, the targets for cryo shot 77064 and warm shot 77062 are shown.
On the left, the laser pulse is plotted as a function of time and overlapped with the temporal
hard x-ray signals from channel 2 of the hard x-ray detector (HXRD). The fact that the
cryogenic implosion shows a small hard x-ray signal is indicative of electrons slowing
down in the DT ice.

where hν is the photon energy, Thot is the supra-thermal electron temperature, and F (hν)

is the transmission function for channels 2, 3, and 4 which were determined from detailed

Monte Carlo simulations of photon transport in Ref. [133] and are plotted in Fig. 6.1.

The hard x-ray conversion from pC of charge to mJ of hard x-rays for channel 2 is plotted

as a function of the hot electron temperature in Fig. 6.2. In light of the dependence of

the calibration factor on temperature, it is evident that good temperature measurements are

important for quantifying the hot electron energy. The hot electron temperature Thot is

determined via a χ2 fit to an exponential spectrum to the three hard x-ray channels. The

process of determining the hot electron temperature is described in greater detail in Refs.

[116] and [134].

6.1.1 DT Preheat formula

In Ref. [19], OMEGA cryogenic implosions which achieved ∼50 Gbar of pressure were

described. These implosions were driven on an adiabat of ∼ 4 with ∼ 26 kJ of laser

energy and a peak intensity of ∼ 9 · 1014W/cm2. The experiments utilized smoothing by

spectral dispersion [135], polarization rotators [136], and phase plates [137]. In Fig. 6.3,
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the cryogenic target 77064, all CH target 77062, laser pulse shape, and the deconvolved

hard x-ray signals are shown. The instrument response function of the hard x-ray detector

is assumed to be an exponential function with a 1.2 ns decay time which gives a good fit to

the falling edge of the raw HXRD trace. The green line is the hard x-ray signal for all CH

implosion 77062 and the blue line is the signal for DT layered implosion 77064. Assuming

that the number of electrons accelerated by TPD is the same in both implosions, then the

difference in the hard x-ray signal is the result of electrons slowing down in the DT. It is

also important to note the n-gamma feature in the hard x-ray signal of the cryo implosion.

Because the n-gamma peak obscures information regarding the tail of the hard x-ray signal,

there is often significant uncertainty in the hard x-ray signal for the cryogenic implosion.

The red curve represents the cryo hard x-ray signal where this peak has been subtracted.

To assess possible differences in TPD activity between the cryo and all-CH target,

LILAC [31] simulations with non-local electron transport [138], cross beam energy trans-

fer [139], and first principles equation of state tables [140] were conducted to analyze any

differences in coronal conditions which could arise. The plasma conditions at the quarter

critical surface are of most interest to understand TPD generation. In particular, the TPD

parameter η from Eq. (C.7) is compared for both implosions in Fig. 6.4 where LILAC

simulations of the threshold parameter η and the quarter critical position are shown. The

good agreement between the two simulations suggests that it is reasonable to assume that

the TPD source is the same.

In addition to analyzing the simulated quarter critical conditions, another way to verify

the hot electron source is the same between the layered and ablator-only implosions is to

analyze the scattered light spectrum around half the original laser frequency [112]. Emis-

sion near the half omega is caused by many processes: plasma wave to photon conversion,

Thomson scattering of the incident laser light off of electron plasma waves, absolute SRS,

and inverse parametric decay, to name a few. While 1/2 harmonic emission is not directly
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Figure 6.4: LILAC simulations of the cryogenic implosions 77064 and all CH implosion
77062 show that the plasma conditions at quarter critical are nearly the same.

Figure 6.5: The xray spectrum around the half harmonic frequency is plotted as a function
of time for the all CH and the CH(Cu) implosions. On the right, they are compared by
integrating the spectrum and plotting as a function of time. The good agreement suggests
that the TPD activity is the same for both experiments.
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relatable to the amount of electron plasma waves generated by TPD, it can still provide

a useful test of whether or not there are differences in the TPD between the layered and

ablator-only implosion. The 1/2 harmonic emission is routinely measured from the scat-

tered light diagnostic described in Ref [141].

Here we present experimental evidence which indicates that the half omega signals are

similar between all-CH and ablator only implosions. Implosions with buried layers of Cu

doped CH payloads of varying thicknesses were conducted to study hot electron transport

and the relevant comparison of the 1/2 omega signal is shown in Fig. 6.5. It is evident

that the the half omega signal for CH(Cu) shots 82058/82060 (with high Z Cu doped CH

payloads) are in good agreement with the signal observed for the ablator-only shot 82056,

thus validating the primary assumption that the hot electron source is the same between the

layered and ablator-only implosions.

Given that the hot electron source between the ablator-only and layered implosion are

the same (when irradiated by the same pulse), one can use the difference in observed hard

x-ray signals to infer hot electron preheat in the inner layer. Assuming that the total number

of hot electronsEtot is the same between both implosions, one can write the total hard x-ray

energies emitted from both implosions as

Ehxr
rad,cryo = ECH

(
Erad
Elost

)
CH

+ EDT

(
Erad
Elost

)
DT

(6.4)

Ehxr
rad,allCH = (EDT + ECH)

(
Erad
Elost

)
CH

, (6.5)

where EDT is the hot electron energy deposited into DT, ECH is the hot electron energy

deposited into the CH corona, Ehxr
rad,cryo is the total energy radiated by hot electrons in the

DT-layered experiment, and Ehxr
rad,allCH is the total energy radiated by hot electrons in the

all-CH experiment. We note here that Etot = EDT + ECH . The parameters Erad/Elost

represent the amount of hard x-rays emitted per unit energy deposited into a given mate-
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rial by hot electrons. For a given material, the parameter Erad/Elost can be estimated by

integrating the radiative stopping power over the electron stopping power:

Erad
Elost

=

∫∞
0
dE0f(E0)

∫ E0

0
dE dErad/ds

dEcoll/ds∫∞
0
f(E0)E0dE0

, (6.6)

where f(E0) is the electron energy distribution function, E0 is the initial electron energy,

dErad/ds is the amount of radiation energy emitted per distance ds traversed by an electron,

and dEcoll/ds is the amount of energy an electron loses in collisions per unit distance ds.

The electron stopping power formula derived by A. Solodov [142] is used here since it

accurately accounts for the loss of energy due to both binary collisions and plasma wave

excitations:

dEcoll
ds

= −2πr2
0mec

2ne
β2

{
log

[(
E

~ωp

)2
(γ + 1)

2γ2

]
+ 1

+
1

8

(
γ − 1

γ

)2

−
(

2γ − 1

γ2

)
log 2

}
, (6.7)

where e is the electron charge, β = v/c is the electron velocity normalized to the speed of

light, γ = 1/
√

1− β2, me is the electron mass, r0 = e2/(mec
2) is the classical electron

radius, ne is the electron density, E is the electron energy, ~ is Planck’s constant, and

ωp =
√

4πnee2/me is the electron plasma frequency. The radiative stopping power is

calculated using the bremsstrahlung cross sections from Ref [143]. The radiative stopping

power for an electron stopping in a Hydrogen plasmas is estimated by

1

ρH

dEH
rad

ds
= 9.49 · 10−4 + 2.55 · 10−3E + 1.68 · 10−3E2, (6.8)

where E is the electron energy in MeV, ρH is the Hydrogen mass density in g/cm3, and

dErad/ds is the radiation emitted per unit length in units of MeV/cm. Likewise, the radia-
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tive stopping power for Carbon is given by

1

ρC

dEC
rad

ds
= 3.05 · 10−3 + 3.80 · 10−3E + 3.78 · 10−3E2, (6.9)

where ρC is the Carbon mass density. Note that the Carbon radiation emission rate is larger

than Hydrogen by a factor of 〈Z2〉. For a CH ablator, the radiative stopping power is

dECH
rad

ds
=
dEH

rad

ds
+
dEC

rad

ds
. (6.10)

Assuming that electron distribution function is Maxwellian

f(E0) =
2E

1/2
0

π1/2T
3/2
hot

e−E0/Thot , (6.11)

the radiative powerErad/Elost is an approximately unique function of the measured hard x-

ray temperature Thot. Here we neglect the weak dependence on the plasma electron density

from the Coulomb logarithm in Eq. (B.96) which causes the radiative power to be slightly

different for electrons stopping in the CH corona versus the CH payload. We primarily

justify this assumption by observing that large magnetic fields likely trap the electrons near

the high density region of the corona near the conduction zone. Furthermore, the lack of

a tail-like feature in the all-CH hard x-ray signal from Fig. 6.3 indicates that the electrons

slow down quickly (as opposed to weak energy loss in the low density region of the corona).

Calculations of the parameter Erad/Elost are displayed in Fig. 6.6 where Erad/Elost is

plotted as a function of the hot electron temperature for both DT and CH. An electron

density of ∼ 5 · 1023cm−3 is used in the Coulomb logarithm for these formulae. Note that

the radiative power scales with the atomic number Z like Erad/Elost ∼ 〈Z2〉 / 〈Z〉 which

implies that hard x-ray emission from an electron slowing down in the dense CH payload

will be five times larger than the emission from an electron slowing down in DT.
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Figure 6.6: The radiative power as a function of the hot electron temperature for DT (blue)
and CH (red).

If we subtract Eq. (6.4) from Eq. (6.5) and rearrange it to solve for EDT , then we find

that

EDT ≈
Ehsr
rad,allCH − Ehsr

rad,cryo(
Erad
Elost

)
DT
−
(
Erad
Elost

)
CH

. (6.12)

We emphasize here that Eq. (6.12) is valid regardless of the transport physics of the hot

electrons, provided that both experiments have the same hot electron source. The validity

of Eq. (6.12) was tested by comparison with LILAC simulations of companion layered

and ablator-only implosions which included supra-thermal electron transport. In LILAC,

a fraction of laser energy at quarter critical is dumped into supra-thermal electrons with a

Maxwellian energy distribution and a prescribed hot electron temperature Thot and a source

divergence angle. They travel in straight lines, slowing down according to Eq. (B.96)

emitting radiation using radiative powers from NIST tables [143]. Electron transport in the

corona is accounted for by imposing an electrostatic sheath at the last boundary cell which

reflects electrons at random angles. A more comprehensive description of this model is

provided in Ref [129]. Modeling electron transport in the corona is likely the biggest

uncertainty in the code. It is well known that the fastest electrons can leave the target and

form an electrostatic sheath [144] although the location of this sheath and its interaction
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Figure 6.7: The hot electron energy deposited into the payload is plotted as a function of
the estimate from the preheat formula for the LILAC simulation ensemble presented here.
The gray points are simulations of DT-layered implosions while the colored points have
replaced the DT payload with Copper-doped CH layers. The good agreement is indicative
of the validity of preheat formula presented in Eq. (6.12).

with the electrons isn’t well known. Furthermore, the large magnetic fields (of megagauss

order) will certainly complicate the hot electron transport picture and trap the electrons

near the target. Nevertheless, we will use this hot electron transport model to show that the

preheat formula is valid regardless of how the electrons are transported.

In Fig. 6.7, the preheat formula is tested using LILAC simulation ensemble and the

simulated difference in hard x-ray signals is compared to the LILAC calculations of en-

ergy deposition into a DT layer. The electrons are initialized at a temperature of 59 keV

and the hot electron production rate is specified to be consistent with the experimentally

measured hard x-ray rate. In LILAC, there are three parameters which are used to change

the electron transport (and thus the preheat energy): (1) is the total energy deposited into

the electrons, (2) is divergence half angle at which the electrons are initialized, and (3) is

the electron stopping power in the corona. The latter is varied by imposing a density floor

in both the collisional stopping power and the radiative stopping power. In the simulation

ensemble, the electron production rate is initialized temporally in time via a two slope fit

to the measured rise of the hard x-ray signal.
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Figure 6.8: The simulated degradation in areal density for 77064 as a function of energy
deposited into the DT (red) and energy deposited into the stagnated DT (blue). It is evident
that the degradation in ρR primarily is governed by energy deposition into the stagnated
DT.

In the LILAC simulations the parameter Erad/Elost is calculated by taking the ratio

of hard x-ray emission from a layer and dividing by the energy deposited into that layer

by hot electrons. The good agreement of the preheat formula with the energy deposition

into the payload from LILAC is indicative that the difference in hard x-ray signals between

two implosions with the same pulse shape and ablator material and different payloads is

proportional to the energy deposited into the payload. In addition to assessing the viability

of the preheat formula for DT layered implosions, we also replace the DT layer with high Z

Cu doped materials to demonstrate the formula is valid regardless of the payload material

(so long as the correct radiative power is taken into account).

6.1.2 Dependence of fuel areal density on preheat energy

It is important to note that Eq. (6.12) only determines the energy deposited into all of DT.

However, energy deposition into the stagnated DT is what degrades the areal density and it
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is the parameter of most interest. This is shown in Figure 6.9 where the degradation in areal

density is plotted as a function of the hot electron preheat energy for 77064. The red points

represent the preheat energy deposited into all of the DT while the blue points represent

the preheat energy into the stagnated DT mass at bang time. It is evident that the areal

density degradation is better correlated with the preheat energy deposited into the shocked

DT mass. Therefore, an understanding of how preheat degrades performance requires a

model for how preheat varies within the dense fuel layer.

The next step is to relate the stagnated DT preheat energy to the areal density degra-

dation for different adiabats. We determine this relationship by considering that the final

areal density depends on in-flight shell conditions like ρR ∼ α−4/5[145] and assuming that

preheat acts to decompress the shell by raising the adiabat. The preheat energy Hp causes

a change in shell internal energy which is given by

Hp = ∆(
3

2
PshVsh) = ∆(

3

2
PshVsh) =

3

2
PshVsh

∆Tsh
Tsh

, (6.13)

which is the formula derived in Refs. [119, 118]. Here, Psh is the volume averaged shell

pressure, Vsh is the relevant shell volume, and ∆Tsh is the change in shell temperature as a

result of the preheat. Note that we had used the ideal equation of state to relate PshVsh ∼

MshTsh where Msh is the shell mass which is conserved. It thus follows that the areal

density degradation depends primarily on the ratio of preheat energy to temperature as

follows:
ρR

(ρR)nohots
=

(
1 +

Hp

1.5PshVsh

)−4/3

, (6.14)

In Figure 6.9, the degradation in areal density is plotted as a function of the hot electron

preheat energy normalized to the stagnated shell’s internal energy. The stagnated shell is

defined at bang time as the point when the pressure gradient is maximized. The internal
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Figure 6.9: The areal density degradation is plotted as a function of the preheat energy into
the stagnated shell normalized to the stagnated shell’s internal energy before deceleration
for a large ensemble of simulations with preheat energies ranging from 0-100 Joules and
design adiabats between 2 and 5.5. The red curve is the best fit formula provided in Eq.
(6.15).

energy is calculated by back-tracking the stagnated shell’s Lagrangian mass in time where

the peak shell kinetic energy is maximized. The red curve in Fig. 6.9 is the best fit to the

data with a ∼ 5% standard deviation given by:

ρR

(ρR)nohots
≈

(
1

1 + 1.16Estag
IEsh

)4/3

, (6.15)

where we have allowed the coefficient in front of the preheat energy to vary since the

correct time to define the shell’s internal energy is a bit subjective. We note that the scaling

ρR ∼ α−4/5 is different from the scaling relation adopted in Ref. [119]. A derivation and

justification of this scaling relation is provided in Appendix C.

Since the inference of Estagnated from EDT requires a model for how hot electron trans-

port varies in the fuel mass, it was necessary to conduct hot electron transport experiments

using warm targets replacing DT ice with a payload of Cu-doped plastic. The thickness of

the inner payload was varied to measure how hot electron deposition varied with payload

mass. The objective was to derive a model that reproduces the measured hard x-ray signal
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Figure 6.10: Schematic of the targets and pulse shapes utilized in the experiments (targets
not drawn to scale).

from hot electrons and apply it to DT layered implosions to infer the energy deposition

into the stagnated mass. Payload thicknesses of 2 µm, 2.9 µm, 3.9 µm, and 5.5 µm were

used and the CH thickness was adjusted to keep the implosions approximately mass equiv-

alent to the all-CH targets. Mass equivalence must be approximately satisfied to ensure

that the quarter critical positions are in the same place and that the hot electron source does

not change between the all-CH and the Cu-doped implosions. The pair of targets in Fig.

6.10 has similar features to the targets shown in Fig. 6.7. In both cases, the difference in

the measured hard x-ray signal is proportional to the hot electron energy deposited in the

payload (CH(Cu) or DT).

6.2 Experimental setup and results

The objective of the warm target experiments presented here was to the measure the hot

electron deposition profile into the payload, derive a model that matches the experimental

observables, and apply this model to DT layered implosions to determine the areal density

degradation resulting from hot electron preheat. In these experiments we replace the DT
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Table 6.1: All CH implosion data (high intensity)

Shot number 77062 77689 82056 82057

Laser energy (kJ) 26.52 26.11 26.40 26.23

Peak laser inten-
sity (W/cm2)

9.80 · 1014 9.86 · 1014 9.14 · 1014 8.90 · 1014

Outer diameter
(µm)

875.4±2.0 879.0±2.0 901.4±2.0 904.2±2.0

Shell thickness
(µm)

17.6±0.3 17.9±0.3 19.7±0.3 19.6±0.3

HXRD2 (pC) 311±6 314±6 301±5 269±5

HXRD3 (pC) 95±2 93±2 104±3 87±3

HXRD4 (pC) 69±1 68±1 73±3 61±5

HXRD Thot
(keV )

63±8 60±7 73±10 66±12

HXIP Thot (keV ) N/A N/A N/A N/A

Al coating? yes yes yes no

Table 6.2: All CH implosion data (high intensity)

Shot number 92681 92687

Laser energy (kJ) 25.93 25.79

Peak laser intensity (W/cm2) 9.21 · 1014 9.21 · 1014

Outer diameter (µm) 896.6±2.0 903.2±2.0

Shell thickness (µm) 19.7±0.3 19.5±0.3

HXRD2 (pC) 328±7 313±7

HXRD3 (pC) 81±2 74±4

HXRD4 (pC) 60±1 59±2

HXRD Thot (keV ) 49±7 48±8

HXIP Thot (keV ) 44 40

Al coating? yes yes
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Table 6.3: All CH implosion data (low intensity)

Shot number 82052 82064

Laser energy (kJ) 22.66 22.69

Peak laser intensity
(W/cm2)

7.71 · 1014 7.69 · 1014

Outer diameter (µm) 876.8±2.0) 887.4±2.0

Shell thickness (µm) 19.8±0.3 21.7±0.3

HXRD2 (pC) 108±3 88±2

HXRD3 (pC) 37±1 27±1

HXRD4 (pC) 24±3 15±1

HXRD Thot (keV ) 69±17 55±9

HXIP Thot (keV ) N/A N/A

Al coating? yes no

layer with Cu-doped CH payloads of varying thicknesses (payload here denoting the inner

most shell layer). The thickness of the doped payloads varied between 2 µm and 5.5 µm

and the CH thickness was adjusted to keep the implosions approximately mass equivalent

to the all CH targets. Mass equivalence must be approximately satisfied to ensure that the

quarter critical positions are in the same place and thus, ensuring that the hot electron source

it the same between the all-CH and the Cu-doped implosions. The targets are fabricated

by depositing each layer over a mandrel via physical vapor deposition [146, 147]. The

copper dopant fraction is controlled and measured using x-ray fluorescence and target layer

thicknesses are measured using white light interferometry. The mandrel is then vaporized,

leaving an empty shell which is then placed in a chamber filled with deuterium gas which

diffuses into the vacancy. If gas fill is desired in the target, then a thin layer of Aluminum is

sputtered over the target’s surface to ensure the D2 gas doesn’t diffuse out before the shot

occurs. All-CH implosions with and without Aluminum were conducted to test the effect
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Table 6.4: Implosion data with non CH payloads (high intensity)

Shot number 82058 82059 82060

Laser energy (kJ) 26.52 26.30 26.60

Peak laser intensity
(W/cm2)

9.09 · 1014 8.99 · 1014 9.02 · 1014

Outer diameter
(µm)

903.0±2.0 905.0±2.0 901.6±2.0

CH thickness (µm) 15.0±0.3 15.0±0.3 11.7±0.3

CH(Cu) thickness
(µm)

2.9±0.3 2.9±0.3 5.5±0.3

Cu dopant fraction
(%)

4.3±0.5 4.3±0.5 4.3±0.5

HXRD2 (pC) 453±10 432±7 575±12

HXRD3 (pC) 159±3 146±3 213±3 )

HXRD4 (pC) 113±3 106±3 154±3

Etot in J 44±5 44±5 44±5

EAl in J 5±1 5±1 5±1
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Table 6.5: Implosion data with non CH payloads (high intensity)

Shot number 92682 92684 92685 92686

Laser energy
(kJ)

26.27 25.57 26.08 25.65

Peak laser
intensity
(W/cm2)

9.19 · 1014 8.64 · 1014 8.77 · 1014 8.98 · 1014

Outer diameter
(µm)

900.4±2.0 920.0±2.0 919.6±2.0 906.4±2.0

CH thickness
(µm)

13.2±0.3 16.4±0.3 16.2±0.3 13.2±0.3

CH(Cu) thick-
ness (µm)

3.9±0.3 2.0±0.3 2.0±0.3 3.9±0.3

Cu dopant frac-
tion (%)

5.2±0.5 4.6±0.5 4.6±0.5 5.2±0.5

HXRD2 (pC) 643±11 398±8 452±10 558±11

HXRD3 (pC) 176±3 103±3 116±5 148±3

HXRD4 (pC) 135±3 74±3 87±3 114±3

Etot in J 44±5 44±5 44±5 44±5

EAl in J 5±1 5±1 5±1 5±1
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Table 6.6: Implosion data with non CH payloads (low intensity)

Shot number 82054 82055 84609

Laser energy (kJ) 22.81 22.82 21.85

Peak laser intensity
(W/cm2)

7.32 · 1014 7.24 · 1014 7.16 · 1014

Outer diameter
(µm)

907.6±2.0 912.6±2.0 910.4±2.0

CH thickness (µm) 11.7±0.3 14.8±0.3 14.7±0.3

CH(Cu) thickness
(µm)

5.5±0.3 2.9±0.3 2.9±0.3)

Cu dopant fraction
(%)

4.3±0.5 4.3±0.5 4.3±0.5

HXRD2 (pC) 240±5 178±3 171±3

HXRD3 (pC) 76±1 53±1 43±1

HXRD4 (pC) 50±1 35±1 29±1

Etot in J 14±4 14±4 14±4

EAl in J 2±1 2±1 2±1
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Table 6.7: Implosion data with non CH payloads (low intensity)

Shot number 92689 92690 92693

Laser energy (kJ) 22.15 22.50 22.46

Peak laser intensity
(W/cm2)

7.17 · 1014 7.11 · 1014 7.32 · 1014

Outer diameter
(µm)

909.4±2.0 919.6±2.0 910.4±2.0

CH thickness (µm) 13.2±0.3 16.2±0.3 13.2±0.3

CH(Cu) thickness
(µm)

3.9±0.3 2.0±0.3 3.9±0.3

Cu dopant fraction
(%)

5.2±0.5 4.6±0.5 5.2±0.5

HXRD2 (pC) 203±5 149±7 228±5

HXRD3 (pC) 46±3 32±2 53±2

HXRD4 (pC) 31±1 23±1 36±1

Etot in J 14±4 14±4 14±4

EAl in J 2±1 2±1 2±1
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of electron slowing down in Aluminum has on the hard x-ray signal. A detailed analysis of

how the Aluminum is accounted for is described in Appendix B.

These experiments utilized the same triple picket pulse shapes from Ref. [19] which

attained a peak intensity of 9 · 1014W/cm2 and a laser energy of 26 kJ. Another pulse with

a slightly lower intensity of 7 · 1014W/cm2 was also used in these experiments. The targets

and pulse shapes are shown in Fig. 6.10. The higher intensity pulse shape was designed

to repeat shots 77062 and 77064. In Tables 6.1, 6.2, and 6.3, the target dimensions, laser

energies, laser intensities, hard x-ray signals, and measured hot electron temperatures are

detailed for the warm all CH implosions. The uncertainty in hard x-ray signals are esti-

mated via Monte Carlo simulations of the noise applied to the signal. The noise is modeled

via a simple oscillation with a 140 ps period which is the average distance between peaks

observed in the noise. The amplitude of the noise is randomly sampled from a Gaussian

with a standard deviation equal to the standard deviation of the noise from the y=0 axis. It

is evident that the uncertainty due to noise is generally less than 5% and is often around

2%.

The channel 2 hard x-ray signal is repeatable for the all CH implosions. However,

channels 3 and 4 vary stochastically, leading to different hot electron temperatures (which

varies between 48 keV and 73 keV). The hot electron temperature Thot is determined via

a χ2 minimization method described in Ref. [134]. In the analysis of the data presented

here, we use the Thot inferred from the all CH implosions to avoid the complication of

interpreting hard x-ray spectra emitted by electrons slowing down in multiple materials.

In the post shot analysis of these experiments, we infer Thot = 60 ± 4 keV and

Etot = 44 ± 5 Joules for the high intensity implosions and Thot = 62 ± 10 keV and

Etot = 14± 4 Joules for the low intensity implosions. The hot electron temperature Thot is

obtained by averaging the spectral fits to the all-CH repeats. The energy dumped into hot

electrons is calculated from the all-CH implosions without the Aluminum overcoat using
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Eq. (6.18). The error bars reported here for Etot account for noise in the hard x-ray sig-

nals and variations in the hot electron temperatures. We do not apply the 20% calibration

error until the final preheat assessment since this uncertainty is systematic. In addition to

the HXRD detector, measurements of the time integrated spectrum were also obtained by

the Hard X-ray Image Plate (HXIP) diagnostic described in Refs [126, 125]. The HXIP

diagnostic contains 9 channels of image plates with different filters on them and is another

measure of the time integrated spectrum. Although this data isn’t available for earlier ex-

periments, the inferred temperature is in good approximate agreement (10 ∼ %) with the

HXRD detector.

Tables 6.4, 6.5, 6.6, and 6.7 detail the results of the Cu-doped implosions. The measured

hard x-ray signals in these implosions is larger than the all CH counterparts since the higher

Z Cu-doped payload emits more hard x-rays than the CH payloads do. The Copper dopant

fraction varies between 4.3% and 5.2% (hence why the hard x-ray emission doesn’t always

increase monotonically with the payload thickness). Several repeat experiments were also

conducted which have demionstrated a repeatability of the hard x-ray signal to within ∼

10% accuracy.

6.3 Preheat Analysis

In this section, we derive a hot electron transport model that is consistent the data from the

Cu doped experiments and can be used to estimate the preheat energy deposited into the

unablated DT (and hence the areal density degradation due to preheat) in cryogenic implo-

sions. Therefore, it is important to build a model for how the electron energy deposition

varies with the payload mass. Since the electron source is isotropic (and with relatively

long mean free paths), we hypothesize that the energy deposition should be uniform with

respect to mass. This implies that for a given hot electron energy source Etot , de/dm is
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a constant where de is a differential amount of preheat energy deposited into a differential

amount of mass dm:

K ≡ 1

Etot

de

dm
(6.16)

where K is a constant. It follows that the energy deposited into the payload Ep is given by

Ep = KEtotMp (6.17)

where Mp is the payload mass. The total hot electron source energy Etot is estimated via

the following formula:

Etot =
EHXR,allCH(
EHXR
Elost

)
CH

. (6.18)

It follows that the energy deposited into the payload is given by KEtotMp where Mp is the

CH(Cu) payload mass. We then vary K to minimize χ2 for the hard x-ray signals which

are modeled as follows:

HXRDp = EtotKMp

(
EHXR
Elost

)
CH(Cu)

+ Etot(1−KMp)

(
EHXR
Elost

)
CH

(6.19)

Note that Eq. (6.19) only depends on the ratios of radiative powers and thus is not sensitive

to variations in the hot electron temperature. The value of K which best matches the data

is determined via the following χ2 minimization procedure:

χ2 =

∑
i [HXRDp −HXRDi]

2∑
i σ

2
i + σ2

p

(6.20)

where the error bars σp include uncertainties in the Copper dopant fraction, the payload

thickness, and noise in the hard x-ray signals. The errors are propagated using a linear

analysis. Since we are fitting the model to 8 different hard x-ray signals (the repeats are



191

Figure 6.11: The hard x-ray predictions from the simple model are in good agreement
with the data.

averaged together), we can estimate the confidence level by assuming a χ2 distribution

with 7 degrees of freedom. The 68% confidence interval is then given by χ2
min + 10.7. The

minimum χ2
min ≈ 12.4 corresponds to a P-value of 0.09. In Fig. 6.11, the experimental

hard x-ray signals (in pC) are plotted as a function of the predictions by the model. The

good agreement is indicative that a uniform deposition model can be applied to DT-layered

implosion data to infer the energy deposition into the unablated payload. If we remove the

payloads with 5.5 µm CH(Cu) (as a result of Cu mixing into the corona (see Appendix A)),

then the chi squared test with 5 degrees of freedom yields a P-value of 0.04, indicating a

more significant result.

6.4 Analysis of α ∼ 4 DT-layered implosions

The correct form of the DT preheat formula must include the effect of x-rays emitted by

electrons colliding with Al plasma (which is detailed in Appendix B). Here he show the re-

sults of the DT preheat curve in Fig. 6.12. The conversion between the measured hard x-ray



192

Figure 6.12: For a DT payload and a CH ablator, the conversion from difference in hard
x-ray signal (in pC) to energy deposited in the DT in Joules is plotted as a function of the
hot electron temperature - illustrating the importance of good temperature and Aluminum
measurements. The black curve assumes no energy deposition into the Aluminum and the
Red curve has 11 % of energy deposited into Aluminum for 77064 (Cryo hard x-ray ≈ 198
pC).

difference in pC to energy in Joules is plotted as a function of the hot electron temperature

Thot in keV. The sensitivity of the calibration factor on the hot electron temperature illus-

trates the importance of making good measurements of hard x-ray spectrum. The effects of

Aluminum absorbing electrons is also illustrated in this figure where the inferred preheat

nearly halves when∼ 11 % of electrons deposit their energy into Aluminum. Of course, the

red curve is specific to cryo shot 77064 where the hard x-ray signal is 198pC since the Alu-

minum corrections depends not only on fAl, but also on the ratioEhxr
rad,allCH,withAl/E

hxr
rad,cryo.

It follows that Eq. (6.28) in the Appendix represents the general formula which should be

used to evaluate preheat in specific experiments.

Following the results from these experiments, we conclude that the DT preheat formula

can be used to quantify hot electron deposition into the DT for a cryo experiment and that

the energy deposition into the unablated DT Eunablated can be determined via a uniform

deposition model:

Eunablated ≈
Munablated

MDT

EDT , (6.21)

where Munablated is the unablated DT mass and MDT is the total DT mass.
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Table 6.8: Areal density degradations for α ≈ 4 implosions on OMEGA

Shot number 77064 91380 85784 75009

EDT (J) 13.0± 4.8 48.1± 11.5 21.5± 7.1 14.8± 6.1

Estag (J) 4.9± 2.1 15.0± 4.7 7.5± 2.5 5.3± 2.2

IEsh (J) 43.0 48.1 43.1 37.1

ρRexp ( mg
cm2 ) 201± 17 120± 9 154± 13 161± 14

ρR1D ( mg
cm2 ) 225 191 186 231

ρR1D,hots ( mg
cm2 ) 190± 16 129± 15 156± 13 188± 18

The next step here is to evaluate the preheat energy and areal density degradation for

77064 (on which these experiments were based). The DT preheat formula shown in Fig.

6.12 indicates that approximately 13± 5 Joules of energy were deposited into the DT. We

can estimate the unablated mass fraction from 1D simulations which is approximately 0.38

for 77064. This leads to a preheat energy of 5 ± 2 Joules into the unablated DT which

corresponds to (ρR)/(ρR)nohots ≈ 85 ± 7% from Fig. 6.9. This takes the areal density in

1D simulations from 225mg/cm2 to 190 ± 16mg/cm2 which is close to the experimental

value of 201±17mg/cm2 from the average of magnetic recoil spectrometer (MRS) [51] and

neutron time of flight (NTOF) [148] measurements. The preheat analysis for several α ∼ 4

implosions is shown in Table IV. Areal density degradations of 10 − 20% are consistently

observed and the simulated areal densities are in good agreement with the experimental

results when hot electron preheat is included.

6.5 Conclusions

We have developed a technique to directly measure hot electron preheat in cryogenic im-

plosions on OMEGA for the first time. This is accomplished by imploding a DT-layered

and an all-CH target with the same pulse shape because the difference in hard x-ray sig-
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Figure 6.13: X-ray pinhole camera images of the all CH and Cu-doped implosions for the
higher intensity implosions. The payload with 5.5 µm of CH(Cu) is the only experiment
to show signs of mixing. The feature in the lower right corner is the stalk. The right
plot displays the line outs confirming that the 5.5 µm payload indeed is showing brighter
emission.

nals emitted by supra-thermal electrons slowing down in the plasma is proportional to the

electron energy deposited into the DT. We also report on hot electron transport experiments

conducted with varying thicknesses of Cu-doped CH payloads and find that the hot elec-

tron energy deposition varies proportionately with the payload mass. We use these results

to determine the hot electron energy deposited into the unablated DT for 77064 and find

an areal density degradation of ∼ 15% which is consistent with experimental observations

with respect to 1D. The technique reported here can be used to assess preheat for a wide

variety of implosions in the future which have companion all-CH implosions. An ongoing

effort is presently dedicated to applying the statistical analysis from Ref. [20] to predict

all-CH target hard x-ray signals for the purpose of quantifying preheat effects for all cryo

experiments. An experimental campaign is also underway on the NIF to measure preheat

and assess the validity of direct drive designs at larger scales.

The authors thank Prof. D. Shvarts for many useful discussions.

6.6 Appendix A: pinhole camera images

In the acceleration phase of DT-layered implosions, the DT-CH interface is Rayleigh Taylor

stable since the CH ablator has a higher density than the DT. However, the CH(Cu) payload
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is ∼ 50% denser than the CH which destabilizes this interface. It follows that some mixing

of CH(Cu) material into the corona is expected. This is shown in Fig. 6.13 where X-ray

pinhole camera images [149] collect coronal emission between 2 keV and 7 keV for the

different payload thicknesses. It is evident that the 2.9 µm payload thickness shows no

signatures of mix. The 5.5 µm payload shows extra emission - indicating that some of the

payload material is ablated and mixed into the corona. This effect is important to bear in

mind when analyzing how energy deposition varies with payload mass since the goal of

these experiments is to understand how energy deposition depends on the unablated mass.

6.7 Appendix B: The effect of Aluminum coatings on the hard x-ray analysis

6.7.1 The DT preheat formula (including Aluminum)

Although the simplicity of Eq. (6.12) is appealing, there is one other important effect

which must be considered: the thin 0.1 µm layer of Aluminum surrounding the all CH

target which serves as a permeation barrier to prevent D2 gas from diffusing out of the CH

shell before the shot occurs [146]. It’s important to consider the Aluminum coating since

some of the hard x-rays could come from hot electrons slowing down in the Aluminum.

When the effect of Aluminum is accounted for, the preheat formula turns into

EDT =
Ehxr
rad,allCH,withAl − Ehxr

rad,cryo(
Erad
Elost

)
CH
−
(
Erad
Elost

)
DT

− EAl


(
Erad
Elost

)
Al
−
(
Erad
Elost

)
CH(

Erad
Elost

)
CH
−
(
Erad
Elost

)
DT

 . (6.22)

where EAl is the energy deposited into the Aluminum layer. It follows that the energy

deposited into the DT depends not only on the difference in hard x-ray signals, but also

on the amount of hard x-rays emitted from the Aluminum layer. It is therefore important

to quantify the effect of Aluminum when assessing hot electron preheat. Shots with and

without Aluminum will be presented later in this section and a similar formula to Eq. (6.12)
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can be used to quantify the energy lost to Aluminum ions:

EAl =
Ehxr
rad,allCH,withAl − Ehxr

rad,allCH,noAl(
Erad
Elost

)
Al
−
(
Erad
Elost

)
CH

. (6.23)

Therefore, if additional measurement of the hard x-ray signal from an all CH implosion

without the Aluminum are conducted, then the fraction of electron energy dumped into the

Aluminum can be estimated. For a 60 keV temperature source, the mean radiative powers

are estimated from the LILAC simulation ensemble shown in Fig. 6.7 where we have

(
Erad
Elost

)
Al

≈ 1.23mJ/J(
Erad
Elost

)
CH

≈ 0.48mJ/J(
Erad
Elost

)
DT

≈ 0.09mJ/J

where we estimate the aluminum radiative power as
(
Erad
Elost

)
Al
≈ ZAl/ZCH

(
Erad
Elost

)
CH
≈

13/5.1
(
Erad
Elost

)
CH

. It follows that it is clearly important to conduct experimental measure-

ments of the fraction of hot electron energy deposited into the Aluminum layer in order to

quantify the Aluminum correction to the DT preheat formula.

6.7.2 The χ2 analysis of experimental data (including Aluminum)

It is important to note that in Tables 6.1 and 6.3, the targets with the Aluminum over-coating

emit significantly more hard x-rays than the targets without the Aluminum coating. This

indicates that approximately∼ 11% of the energy converted into electrons slow down in the

Aluminum which is significant enough that it must be accounted for in the preheat formula

according to Eq. (6.22). The energy deposited into Aluminum is determined from Eq.

(6.23) and the total hot electron energy Etot is determined from the all-CH target without
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Aluminum as follows:

Etot =
Ehxr
rad,AllCH,noAl(
Erad
Elost

)
CH

=
HXRDAllCH,noAl(
Erad
Elost

)
CH

C(Thot)
(6.24)

where C(Thot) is the hard x-ray calibration factor (from mJ of x-rays to pC of charge shown

in Fig. 6.2). The parameterHXRDAllCH,noAl represents the hard x-ray signal in pC for the

ablator-only experiment without an outer Aluminum layer. The hard x-ray signal for the

all CH implosions HXRDAllCH,withAl is obtained by averaging over shots 77062, 77689,

82056, 92681, and 92687 for the high intensity implosions and is given by 82052 for the

low intensity implosions. We then vary K to minimize χ2 for the hard x-ray signals which

are modeled as follows:

HXRDi = EtotKMp

(
Erad
Elost

)
p

C(Thot) + EAl

(
Erad
Elost

)
Al

C(Thot)

+ (Etot − EAl −KMp)

(
Erad
Elost

)
CH

C(Thot)

= HXRDAllCH,noAl

(
1

ZAl
ZCH
− 1

+KMP

[
Zp
ZCH

− 1

])
+
HXRDAllCH,withAl

1− ZCH
ZAl

(6.25)

where Eqs. (6.24) and (6.23) have been used to simplify the expression for HXRDi,

ZAl/ZCH = 13/5.1 is the ratio of radiative powers between Aluminum and CH, and

Zp/ZCH is the ratio of radiative powers between the Cu doped payload and CH and is

a function of the Copper dopant fraction, taking Z ≡ 〈Z2〉 / 〈Z〉. The parameter HXRDi

represents the experimentally averaged hard x-ray signal for data point i.
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6.7.3 Analysis of DT-layered implosions including the effect of Aluminum

We can use the results from the all-CH experiments to determine the fraction of energy

dumped into Aluminum as follows:

fAl ≡
EAl
Etot

=

HXRDallCH,withAl
HXRDallCH,noAl

− 1

ZAl
ZCH
− 1

. (6.26)

Since many cryo shots often have all-CH companion shots with sputtered-coated Alu-

minum, it is useful to have a formula for estimating the energy deposited in hot electrons

Etot from all-CH implosions with Aluminum coatings:

Etot =
Ehxr
rad,allCH,withAl(

Erad
Elost

)
CH

[
1 + fAl

(
ZAl
ZCH

− 1

)]−1

(6.27)

The inferred fAl for the high intensity pulse shapes is fAl ≈ 0.11 ± 0.02. Now that the

effect of Aluminum has been estimated, it is trivial to apply the correction to the DT preheat

formula:

EDT =
Ehxr
rad,allCH,withAl − Ehxr

rad,cryo(
Erad
Elost

)
CH
−
(
Erad
Elost

)
DT

(6.28)

−

 fAl

[
ZAl
ZCH
− 1
]

1 + fAl

[
ZAl
ZCH
− 1
]
 Ehxr

rad,AllCH,withAl(
Erad
Elost

)
CH
−
(
Erad
Elost

)
DT

.

6.8 Appendix C: scaling of areal density with adiabat

Here we derive a simple scaling of the fuel’s areal density with the shell’s adiabat. We

follow the analysis of Ref. [145] and first consider the shell conditions at shock breakout

time when the initial shocks have broken out of the shell. This is the time of the implosion

when the laser power has reached its peak and the shell aspect ratio A is at its maximum.
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At this time, we define ∆0, R0, ρa, and Pa as the shell thickness, inner radius, density, and

pressure at this time. The initial (and peak) aspect ratio is given by A0 = R0/∆0 >> 1 and

it represents the most important dimensionless number in the analysis of an implosions.

Its relation to the shell’s adiabat α, peak implosion velocity Vi, and ablation pressure Pa

is determined by equating the peak shell’s kinetic energy with the PdV work done by the

laser:
1

2
MshV

2
i = 4πPa(R

3
0 −R3

final) ≈ 4πPaR
3
0, (6.29)

where the shell’s mass Msh ∼ ρa∆0R
2
0. It follows that

A0 ∼
V 2
i

Pa/ρa
∼Mach2 ∼ V 2

i

P
2/5
a α3/5

, (6.30)

where we’ve used α ∼ Pa/ρ
3/5
a to write the in-flight shell’s density with respect to its

adiabat. The next step is to analyze how the areal density amplifies as the shell converges.

We first analyze how the initial shell expansion time tex = ∆/Cs compares to the implosion

time ti = R/Vi where Cs ∼
√
Psh/ρsh is the shell’s sound speed:

tex
ti

=
∆

R

Vi
Cs

=
Mach

A
∼
√
A0

A
. (6.31)

Since at shock breakout time, A0 ≈ Mach2, we have tex/ti ∼ 1/
√
A0 << 1. It follows

that the shell expands much faster than the shell implodes. This implies that the pressure

and density relax to constant values. Thus, if the density is constant, then mass conservation

of the shell requires its thickness to increase like 1/R2. It follows that

∆ = ∆0

(
R0

R

)2

ρ = ρa A = A0

(
R

R0

)3

. (6.32)
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The acceleration phase ends when the shell expansion time is of the order of the implosion

time, or A∗ =
√
A0 which implies R∗ = R0A

−1/6
0 and ∆∗ = ∆0A

1/3
0 . The coasting phase

then begins and we assume the shell thickness is constant here since information is not

propagating quickly through the shell anymore. Thus, to conserve shell mass, the density

must now increase like 1/R2. It follows that

∆ = ∆0A
1/3
0 ρ = ρaA

−1/3
0

(
R0

R

)2

A = A
2/3
0

(
R

R0

)
. (6.33)

Void closure occurs when the aspect ratio is of the order unity, or Avc ∼ 1 or Rvc ∼

R0A
−2/3
0 . The void closure density is ρvc = ρaA0. During the deceleration phase, the

stagnation shock which travels through the shell amplifies the shell density by a factor of

4 at most. For mass conservation, the shell thickness is reduced by the same amount. It

follows that the stagnation areal density ρstag∆stag is the same as the void closure areal

density ρvc∆vc. Therefore, we can write the stagnation areal density as

ρstag∆stag = ρa∆0A
4/3
0 ∼ E

1/3
k V

2/3
i P

2/15
a

α4/5
, (6.34)

where we have used Ek ∼MshV
2
i ∼ PaR

3
0 to represent the shell’s kinetic energy.

In Ref. [119], the areal density scaling with adiabat was derived in a slightly different

way. In that work, the same void closure scaling was used (∆vc = ∆0A
1/3
0 ,ρvc = ρaA0),

but the amplification in areal density during stagnation was calculated differently. The

stagnation thickness ∆stag ∼ Rstag = R0A
−2/3
0 is the same result used to derive Eq. (6.34).

However, ρstag is determined from energy conservation:

ρstag ∼
Pstag
V 2
i

, (6.35)

where Pstag = βPvc where β is the ratio of the shocked pressure to the unshocked pressure
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Figure 6.14: The areal density degradation is plotted as a function of the adiabat increase
due to hot electron preheat for a large ensemble of simulations with preheat energies rang-
ing from 0-100 Joules and design adiabats between 2 and 5.5. The blue curve represents
the scaling ρR ∼ α−4/5 while the red curve represents the scaling ρR ∼ α−3/5.

in the shell. We note that the shell pressure is constant in the acceleration phase, just like

the density. In the coasting phase, adiabat must be preserved which leads to the scaling

Pvc = Pa(R∗/Rvc)
10/3 ∼ PaA

−5/9
0 (R0/Rvc)

10/3 ∼ PaA
5/3
0 . We therefore have for the

stagnation density

ρstag ∼
Pa
V 2
i

A
5/3
0 . (6.36)

This leads to the following scaling for the stagnation areal density:

ρstag∆stag ∼
βE

1/3
k P

4/15
a

α3/5
. (6.37)

We note that the parameter β technically should also depend on A0 although the exact

form isn’t clear. Since the deceleration phase really begins when the central hot spot pres-

sure exceeds the shell pressure, an accurate calculation of the parameter β would require a

model for the evolution of vapor pressure in the central gaseous region as it is being shock

heated. Such a theory would require an extremely detailed analysis which is beyond the
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scope of the present work. For now, we simply assume that β ∼ 1.

In Figure 6.14, the reduction in areal density is plotted as a function of the increase in

the mass-averaged adiabat due to preheat. The shell adiabat here is defined at the time of

peak kinetic energy. Both of the areal density scalings provided in Equations (6.34) and

(6.37) are shown. It is evident that ρR ∼ α−4/5 is a better fit to the data, thus justifying our

formula (Eq. (6.15)) of the areal density degradation with preheat energy.
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CHAPTER 7

CONCLUSIONS

Since the two topics are a bit different, we present two sections here to summarize the

conclusions from this thesis with regards to both alpha-heating and ignition theory and the

quantification of hot electron preheat.

7.1 Alpha-heating metrics and theory of burning plasmas and ignition

In this thesis, we have developed a comprehensive theory describing the impact of alpha

particle deposition in the hot spot. Using a detailed semi-analytic model and a large ensem-

ble of 1D and 2D radiation hydrodynamic simulations, we have identified the alpha-heating

levels required to create a “burning plasma”(when alpha particle deposition into the hot

spot has exceed the input compression work) and a “propagating burn wave”(when alpha

heating initiates a propagating deflagration wave into the shell). We furthermore show that

progress toward these alpha-heating milestones can be inferred from the experimentally

measurable parameter χα given by:

χα = (ρR)0.61
g/cm2

(
0.12Y ield16

Mstag,mg

)0.34

, (7.1)

where Mstag is the stagnated shell mass, ρR is the neutron-averaged areal density (which

is measured from the ratio of down-scattered neutrons), and Y ield16 is the neutron yield

in units of 1016 neutrons. We have shown that the onset of the first burning plasma regime

requires

χα > 1.14, (7.2)
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and that the onset of burn propagation requires

χα > 2.5. (7.3)

Therefore, equations (7.2) and (7.3) may be used to set the goals of the broader inertial

fusion program.

7.2 Hot electron preheat measurements

Hot electrons generated from laser plasma instabilities degrade performance of implosions

by preheating the DT fuel, resulting in early decompression and lower areal densities and

pressures at stagnation. We show here that the hot electron energy deposition in the DT fuel

can be inferred by comparison of the hard x-ray signals between a DT-layered implosion

and its mass equivalent ablator-only implosion. Using high Z dopants in CH payloads

of varying thicknesses, we also determine the hot electron energy deposition profile in the

payload. Our analysis of these experiments indicated that the hot electron energy deposition

was approximately uniform throughout the payload’s mass.

These were the first measurements to directly probe the effect of preheat on perfor-

mance degradation. We have determined that preheat causes a 15-20% degradation in areal

density for DT-layered implosions at an adiabat of∼ 4. The technique reported here can be

used to assess preheat for a wide variety of implosions in the future which have compan-

ion ablator-only implosions. An experimental campaign is now underway on the National

Ignition Facility to measure preheat and assess the viability of direct drive designs at larger

scales.
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In this thesis, there are two somewhat separate topics which are explored. One theme

relates to the effect of alpha particle heating from the D-T fusion reaction on the hydro-

dynamics of inertially confined plasmas, the development of alpha-heating goals to assess

progress, and the inference of alpha-heating levels from experimental observables. The

other theme is more specific to direct-drive inertial confinement fusion (ICF) and involves

the quantification of fuel preheat from energetic electrons which are created from laser-

plasma instabilities. I am attempting here to unify this thesis via a comprehensive discus-

sion of the physics of plasmas, nuclear fusion, hydrodynamics related to laser-driven com-

pression, and charged particle deposition. I first begin with a discussion of nuclear fusion

physics. In the next section, I present a discussion about the physics of plasmas and derive

the set of equations which will be used throughout this thesis. A comprehensive discus-

sion of charged particle collisions and their energy deposition in plasmas is also presented.

I additionally describe the interactions of plasma with electromagnetic radiation includ-

ing the excitation of parametric instabilities and the absorption of electromagnetic energy

via inverse bremsstrahlung heating. The next section then describes the basic physics of

laser-driven ablation fronts and the rocket-like acceleration of ICF targets via the expansion

of the outer heated layer. The response of the implosion to the laser’s wavelength, pulse

shape, and intensity is also described in detail. We then present a comprehensive history

of the inertial confinement program in the United States. The following section then dis-

cusses the current status of laser driven ICF for both direct-drive and indirect-drive fusion

and emphasizes the challenges of designing implosions which are capable of achieving the

Lawson criterion. I end this Appendix with a discussion about the history of how the nu-

clear weapons program evolved into the current stockpile stewardship program which now

funds most of the ICF research in the United States
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APPENDIX A

BASIC PHYSICS OF NUCLEAR ENERGY

“ In the middle of difficulty lies opportunity.”

Albert Einstein

The atom is the smallest unit of matter that constitutes a chemical element and it is com-

posed of a positively charged nucleus surrounded by electron orbitals which are organized

into quantum states obeying the Pauli Exclusion Principal [150]. We begin this appendix

with a brief discussion of the nucleus contained within the atom which was first discovered

by Ernest Rutherford, Hans Geiger, and Ernest Marsden in their famous 1911 experiment

where they analyzed the scattering of alpha particles (positively charged Helium nuclei) off

of gold foils. The original purpose of the experiment was to test J. J. Thomson’s “plum pud-

ding” model [151] of the atom whereby the atom was hypothesized to be a blob of positive

charge encapsulating the electrons. If such a model of the atom was correct, then the alpha

particles should pass through the gold foil undeflected. However, the experiment showed

significant deflections of the alpha particles - indicating the existence of concentrated areas

of positive charge within the atom [152]. Rutherford then concluded that positively charged

particles called “protons” existed within the nucleus.

The next important questions regarded the structure of the nucleus, whether it contained

particles other than protons, and how it was possible for a small concentration of charges

to bind together. In 1932, James Chadwick (one of Rutherford’s students) designed a series

of experiments to prove the existence of a neutral particle within the nucleus called the

“neutron” and was awarded the Nobel prize in physics in 1935 for this discovery [153].

Months after Chadwick’s findings, Werner Heisenberg and Dmitri Ivanenko began to pro-
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pose proton-neutron models for the nucleus and theories of nuclear exchange forces which

were stronger than electromagnetic repulsion to explain how the nucleus bound together

in the presence of strong electrostatic repulsion forces [154]. In 1934, Hideki Yukawa

proposed on a screened Coulomb nuclear potential which would explain the attraction ex-

perience by the nucleons at short ranges and the repulsion at larger ranges [155]. Today, the

“strong interaction” is considered to be one of the four known fundamental interactions of

the Standard Model [156](in addition to the weak interaction, electromagnetism, and grav-

ity) and it is responsible for the attractive force experienced among nucleons. The study of

it is part of the field of Quantum Chromodynamics.

A.1 Nuclear reaction kinematics and binding energy

The behavior of nuclear reactions can be understood by analyzing the difference between

endothermic and exothermic reactions. If we let Q denote the activation energy for a given

nuclear reaction, then we say the reaction is “exothermic” if Q > 0 and that the reaction

is “endothermic” if Q < 0. The term “exothermic” implies that energy has been released

after the reaction takes place (often in the form of photons or kinetic energy in the reactant

products). We first consider an arbitrary nuclear reaction of the form

a+X → Y + b (A.1)

where particle X is the “target” while particle a is the “projectile”. Particles b and Y are

the reactant products with b generally denoting the lighter one. Using Einstein’s famous

equation E = mc2 to quantify the rest energy contained in a unit of mass, we can write

energy conservation as

mac
2 +mXc

2 + Ta + Tx = mbc
2 +mY c

2 + Tb + Ty (A.2)
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where Ta, TX , Tb, and TY represent the kinetic energies of each particle. Since Q is defined

as the energy required to activate a reaction, it can be written as

Q ≡ [Tb + Ty]− [Ta + TX ] = ([ma +mX ]− [mb +mY ])c2. (A.3)

Therefore, Q represents the difference in kinetic energy between the products and the re-

actants and it is also equivalent to the mass deficit. It is clear that Q > 0 implies that the

products have more energy than the reactants. Thus, for the purposes of nuclear energy

production, exothermic reactions are of the most interest. It is also important to note that

the Q-value can be related to the nuclear binding energy BE which is the energy required

to completely disassemble a nucleus with Z positively charged protons and N neutrally

charged neutrons. It is defined as

BE = (Nmn + Zmp) c
2 −mc2. (A.4)

wheremn is the mass of a neutron, mp is the mass of a proton, c is the speed of light, andm

is the composite mass of the nucleus. When the nucleus is assembled together, the particles

each lose a little bit of mass to conserve energy. Now if the total number of protons and

neutrons is conserved, then Q can be expressed as a function of the difference in binding

energies as

Q = [BEY +BEb]− [BEX +BEa]. (A.5)

Therefore, exothermic nuclear reactions require the binding energy of the products to be

larger than the binding energy of the reactants. The binding energy of a nucleus can be

expressed as a function of the number of protons Z and neutrons N by using both the “Liq-

uid Drop Model”[157] and the “Nuclear Shell Model”[158] to assess how the electrostatic

potential, nuclear strong force, and quantum mechanical potential states scale with N and
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Z. The “Liquid Drop Model” essentially treats the nucleus like an incompressible fluid

with surface tension. The “Nuclear Shell Model” uses the Pauli exclusion principle that no

two identical fermions can occupy the same quantum state. This implies that protons and

neutrons organize themselves into quantum states for energy and momentum characterized

by the principle, azimuthal, magnetic, and spin quantum numbers.

A semi-empirical formula for the binding energy of a nucleus (in MeV) is given by

[159]:

BE(Z,A) ≈ 15.5A− 16.8A2/3 − 0.72Z(Z − 1)

A1/3
− 23(N − Z)2

A
+ δ(A,Z), (A.6)

where A = N + Z is the atomic mass number of the nucleus. The first term represents the

binding energy of the strong nuclear force. If the nuclear force was sufficiently long range,

then the total number of interactions would be A(A − 1)/2 ∼ A2. However, the nuclear

force has a short enough range that the nucleons only experience the strong force from their

neighbors. It follows that the binding energy per enclosed nucleon is roughly constant and

that the total binding energy is thus proportional to the number of nucleons A. We also note

that the radius of the nucleus R scales with A as R ∼ A1/3 which inplies that the nuclear

force binding energy scales like the nuclear volume. The second term accounts for the

reduction in the nuclear force binding energy since the surface nucleons only experience

the nuclear force in one direction. This term is proportional to the surface area R2 ∼ A2/3.

The third term represents the electrostatic potential energy. We note that the potential

energy to disassemble two bonded charges (i.e. the work required to move a chargeQ away

from another Q)) is proportional to Q2/R ∼ Q2/A1/3. For Z charges in the nucleus, there

will be Z(Z − 1) Coulombic interactions. Thus the total electrostatic potential term scales

like Z(Z − 1)/A1/3.

The term with (N − Z) is the asymmetry term which arises from the Nuclear Shell
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Model and predicts that for the same atomic number, the most stable nucleus has the same

number of protons as it does neutrons. An intuitive way to think about this is to imagine

two nuclear configurations both of which have have an atomic mass number of 16: (1)

has 8 protons and 8 neutrons and (2) has 6 protons and 10 neutrons. Configuration (2)

will be less stable since the excess neutrons are occupying higher energy orbital states.

Configuration (1) is therefore the more stable state since it minimizes the potential energy

for the same number of nucleons. Note that this term vanishes when N = Z and also

decreases with mass number since as the total number of particles increases, the relative

effect of an asymmetry on the composite nucleus should decrease as well.

The last term is the parity term. Similar to the manner in which electrons with different

spin number tend to pair up in their orbitals, stable nuclei also tend to favor configurations

with no net spin in the orbitals. This happens because two fermions with the same quantum

numbers and different spin will have overlapping wave functions (and will thus experience

greater strong interactions). Thus, δ(A,Z) is 0 if A is odd, δ > 0 if A, N, and Z are even,

and δ < 0 is A is even while N and Z are odd:

δ(A,Z) = 34
(−1)Z [1 + (−1)A]

2A3/4
=


34
A3/4 , if N, Z, and A are even

0 if A is odd

−34
A3/4 if N, Z are odd and A is even

(A.7)

It follows that δ represents an attractive force when everything is even, a repulsive force

when N and Z are both odd, and no net force when A is odd (since the repulsion force from

the odd fermion balances with the attractive force from the even fermion). The dependence

of this term on A−4/3 is complicated to derive but is related to spin-spin interactions and

the desire for the magnetic poles to anti-align with each other.

The exact binding energy per nucleon is shown in Fig. A.1. We note that the binding
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Figure A.1: The nuclear binding energy curve.

energy per nucleon increases until is maximized at Iron and then drops. Initially, the ad-

dition of neutrons and protons to the Hydrogen nucleus increases the binding energy as a

result of the strong force attraction between the fermions. After a sufficiently large num-

ber of nucleons have been added, however, the binding energy decreases as a result of the

increased Coulombic repulsion among the protons. The figure is also labeled to indicate

that nuclear reactions on the left-hand side of the binding energy curve are exothermic for

nuclear “fusion” (the process whereby two nuclei combine together to form a composite

nucleus) while nuclei on the right hand side are exothermic for nuclear “fission” (the pro-

cess whereby a heavy nucleus decays into two (or more) separate nuclei). The reason for

this is because the most stable nuclei are the ones with the most binding energy per nucleon

and exothermic reactions require the binding energy of the daughter nucleus to be larger

than the parent nucleus.

Nuclear fission has been used to generate electricity in the laboratory for almost a cen-

tury because room temperature interactions between neutrons and heavy fissile nuclei are

sufficient for initiating energy producing fission reactions. The main reason why ther-
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monuclear ignition is difficult to achieve in the laboratory is because the large Coulombic

repulsive force between nuclei must be overcome before fusion occurs, thus requiring the

generation of extremely high temperature states of matter. Unsurprisingly, the element of

interest for creating thermonuclear fusion in the laboratory is Hydrogen since it has the

lowest charge and Coulombic barrier. In the following subsections we will discuss how

nuclear reaction cross sections and reaction rates are quantified.

A.2 Quantum tunneling and barrier penetration

Nuclear fusion is difficult to achieve primarily because of the Coulomb potential barrier

which must be overcome first, a diagram of which is presented in Fig. A.2. If we consider

fusion between two Hydrogen atoms, then the electrostatic potential energy (in CGS units)

can be estimated as

VC(Rn) =
e2

Rn

∼ 1 MeV (A.8)

whereRn ≈ (1fm)A1/3 is an approximate expression for the nuclear radius. It follows that

nuclear fusion should not be possible in plasmas with ∼ keV temperatures (temperature

here denoting the mean kinetic energy of the particles within the plasma). However, fusion

is observed to happen in the solar core (which has temperatures of a few keV ). In fact,

stellar nucleosynthesis in the sun is responsible for the creation of most of the elements in

the solar system. So how is it possible that fusion reactions occur at such low temperatures?

This question is answered by applying quantum mechanics to describe the phenomena

of “barrier penetration”. It has been known since Young’s double slit experiment [160] that

particles exhibit perplexing wave-particle duality characteristics. The experiment directed

a coherent light source at a screen with two slits cut into it. After the slit was a screen which

detected where the light was depositing its energy. Young measured a diffraction pattern

on the screen - indicating that light behaves as a wave. The Davission-Germer experiment
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Figure A.2: Diagram of the nuclear potential well experience by a nucleus.

in the 1920s confirmed the same behavior when a beam of electrons was used [161].

In 1926, Erwin Schrödinger published his famous equation for describing the evolution

of a quantum particle’s wave function ψ [162]. The wave function ψ essentially represents

the probability distribution function of finding the particle at a given point in space and

time. It is normalized to 1 when integrated over all space (i.e.
∫
ψψ∗d3~x = 1 where

ψ∗ is the complex conjugate). We use here the time independent Schrödinger equation to

describe the standing wave function of a particle which is experiencing the potential well

shown in Fig. A.2:
−~2

2m
∇2ψ + [V (~x)− E]ψ = 0 (A.9)

where E is the total energy in the system, V (~x) is the potential, ~ is the reduced Planck

constant, and m is the particle’s mass. A simple schematic of quantum tunneling through a

constant potential well is sketched in Fig. A.3 for the case of a simple particle wave of the

form ψincident = Aeikx which is incident on the potential well. The boundary conditions for

the different regions require continuity of the wave functions and their derivatives. For the
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Figure A.3: Schematic of quantum tunneling through a simple potential well.

case where the potential is larger than the energy (the case of interest for nuclear fusion),

the solutions in regions 1 and 3 are simple waves (ψ1 = Aeikx + Be−ikx and ψ3 = Feikx)

where A,B, and F are constants which are determined by the interfacial conditions at the

regional boundaries. We note that in region 1, the term Be−ikx represents the reflected

wave and that in region 3, there is only one transmitted wave traveling right which explains

the lack of a e−ikx term. In region 2 (where there is potential), the solution is not oscillatory

and it takes the form ψ2 = Ce−βx +Deβx where β2 = 2m(U0 − E)/~2. The transmission

probability is given by the ratio of the transmitted amplitude to the incident amplitude:

T ≡ (F/A)∗(F/A) where the ∗ denotes the complex conjugate. For a potential well of the

form V = −U0, z ∈ (−R,R) and V = 0 everywhere else, the transmission coefficient is

T =

[
1 +

U2
0

4E(E − U0)
sin2(2βR)

]−1

(A.10)

where β =
√

2m(E − U0)/~2. It is important to note that T = 1 when 2βR is a multiple

of π. For nuclei with energy level structures corresponding to a wide variety of different

potentials, this gives rise to “nuclear resonances” and oscillatory transmission probabilities

for processes like neutron capture when the incident particle energies is equal to a specific
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bound state transition energy. Resonances also occur in nuclear fusion but the evaluation

of the resonant energies for scattered states is quite mathematically involved [163].

For the specific case of nuclear fusion, the goal is to calculate the probability of pen-

etration through the Coulomb barrier (which is also given by the ratio of the transmitted

amplitude to the incident amplitude). One estimate of this comes from George Gamow’s

WKB solution to Eq. (A.9) for the wavefunction ψ and the transmission probability T for

an arbitrary Coulombic potential well of the form V (x) [164]. His final calculation for the

transmission probability is given by:

T ≈ exp

(
−2

∫ x2

x1

√
2µ

~2
[V (x)− E]dx

)
= exp

(
−
√
Eg
E

)
(A.11)

where x1 and x2 are the classical turning points for particles 1 and 2 (i.e. the point when

energy = potential energy and they turn around) and Eg = 2µc2(παZ1Z2)2 is the Gamow

energy where µ = m1m2/(m1 + m2) is the reduced mass of the system, α is the fine

structure constant, c is the speed of light, Z1 and Z2 are the atomic numbers of each particle,

and E is the center of mass energy. The next step is to then calculate the rate at which

thermonuclear reactions occur for a given plasma of a given temperature and density.

A.3 Nuclear cross sections and reactivity

The probability of a given reaction occurring between two particles with specific charges,

masses, and energies is often described by what is called a “cross section”. The cross

section of a reaction can be thought of as an effective cross-sectional area presented by

a particle to an incident beam. To illustrate this concept further, we consider the simple

system depicted in Fig. A.4 where a projectile particle 1 is incident on a slab of particles

of type 2. For a slab with a cross-sectional area A and a length d`, the probability that one

particle 1 will interact with any particle 2 in the slab is given by N2σ/A = n2σd` where
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Figure A.4: Schematic of the scattering problem.

N2 = n2 · A · d` is the total number of particles in the thin slab.

The cross section for nuclear fusion can be approximately parametrized as

σ ≈ σgeometry ×R(E)× T (E) ≈ S(E)

E
exp

(
−
√
Eg
E

)
(A.12)

where T (E) is the Gamow factor for quantum tunneling, σgeometry ∼ λ2 ∼ 1/E where

λ is the de-Brogli wavelength (a characteristic particle scale length), and R(E) is a factor

accounting for the electrostatic and nuclear physics of the reaction. The parameter S(E)

is called the astrophysical “S-factor” which is commonly quoted in literature for cross-

section parametrization. The S factor varies more weakly with energy compared to the

transmission probability. Here we will focus on evaluating the cross sections for nuclear

reactions between Hydrogen isotopes. The reactions of interest are:

2
1D + 3

1T = 4
2He(3.5MeV ) + 1

0n(14.1MeV ) (A.13)

2
1D + 2

1D = 3
1T (1MeV ) + 1

1H (3MeV ) (A.14)

2
1D + 2

1D = 3
2He(0.8MeV ) + 1

0n(2.5MeV ) (A.15)

3
1T + 3

1T = 4
2He + 2 1

0n + 11.3MeV (A.16)
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where the notation b
aX is used to describe isotopes where X denotes the name of the par-

ticle, b is the mass number, and a is the charge number. Note that all of these reactions

conserve charge and mass numbers. We also note that because the number of reactant

products is 3 for the Tritium-Tritium fusion, energy and momentum conservation do not

uniquely determine the energy of each reactant product. Since these reactions all experi-

ence the same Coulombic barrier, one would think that the cross sections for these reactions

would be comparable with differences arising as a result of the strong force increasing with

nucleon size. However, the cross section for DT is observed to be many orders of magni-

tude larger than both D-D and T-T fusion as a result of a broad resonance near ∼ 65 keV

for the formation of an unstable 5
2He nucleus with an excited state energy of 16.7 MeV [41,

163, 165]. Thus, the DT nuclear reaction cross section is the fuel of choice for thermonu-

clear fusion due to its large cross section for the energies of interest. In the cross section

formula, the resonance is taken into account via the astrophysical S-factor S(E). Bosch

and Hale in Ref. [41] present on parametrizations of of S(E) which are in good agree-

ment with experimental measurements for D-T and D-D nuclear fusion. The reaction cross

section σ is plotted as a function of the center of mass energy for D-T and D-D nuclear

fusion reactions in Fig. A.5. The cross section unit mb denotes milibarns where1 barn =

10−24cm2.

The next step is to evaluate the fusion reaction rate in a plasma with a specified density

and temperature. We first describe what is called the plasma distribution function f(~v, ~x, t)

defined by

f(~v, ~x, t)d3~vd3~x = number of particles at time t and position d3~x about ~x

traveling with velocity d3~v about ~v .

The distribution function is normalized so that
∫
fd3~v = n(~x, t) where n is the number
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Figure A.5: The cross section as a function of energy is plotted for both DD and DT fusion
reactions.

density. For a plasma in thermodynamic equilibrium, this distribution function is given by

the Maxwellian distribution:

f(υ)d3υ =
( m

2πT

)3/2

exp

(
−mυ

2

2T

)
d3υ (A.17)

where υ = |~v|, m is the particle mass, and T is the average kinetic energy given by

T ≡ mυp
2

(A.18)

where υp is the velocity at which the distribution function is maximized (i.e. when df/dυ =

0). We note that

fD(~vD)fT (~vT )σ(|~vD − ~vT |)|~vD − ~vT |d3~vDd
3~v3
T = the number of DT fusion reactions

per unit volume occurring for deuterons with velocities d3~vD about ~vD and

for tritons with velocities d3~vT about ~vT at position ~x and time t,
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Figure A.6: The DT fusion reactivity plotted as a function of the plasma temperature in
keV.

where fD and fT represent the distribution functions for deuterons and tritons, respectively.

Integrating over the distribution functions then yields the total fusion reaction rate per unit

volume:

nDnT 〈σv〉 ≡
∫
d3~vD

∫
d3~vTfD(~vD)fT (~vT )σ(|~vD − ~vT |)|~vD − ~vT |. (A.19)

The parameter 〈σv〉 is the fusion reactivity and it is a function of the deuteron and

triton temperatures (which we assume here to be the same). The DT fusion reactivity

was parametrized by Bosch and Hale in Ref. [41] and it is plotted in Fig. A.6 where

it is evidently maximized near ∼ 66 keV. We note that the range of typical inertial fusion

experiments is around∼ 5 keV. It follows that if the DT fusion reaction rate is large enough

that a significant number of alpha particles slow down and heat up the hot spot, then the

increase in temperature due to alpha heating will further increase the fusion reactivity to

generate even more alpha particles - thus initiating a positive thermal instability. This
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process is denoted as “alpha-heating” and “ignition” is a direct consequence of it. The

consequences of alpha-heating will be a reoccurring theme throughout this thesis.



253

APPENDIX B

PLASMA PHYSICS

”Are you telling me laser fusion involves real plasma physics? Well then it will never

work.”

Edward Teller

Since nuclear fusion requires extremely large temperatures, it can only occur in plasma-

like states of matter. Before we discuss the physics of how inertial confinement works, it

is important to first establish a basic framework of what plasmas are and how they absorb

and emit electromagnetic radiation.

B.1 Definition of a plasma

Although the exact definition is a bit subjective and up to interpretation, a plasma is loosely

defined as a quasi-neutral collection of charges particles with the capacity for collective

motion [166]. It is often referred to as the fourth state of matter and commonly arises when

a gas has been ionized to the point where many of the electrons have been liberated from

their bound states. There are four criterion which determine whether a state of matter is a

plasma or not:

1. The plasma is approximately quasi-neutral (so the number of electrons is equal to

the number of ions multiplied by their charge state).

2. The electron plasma frequency (the characteristic frequency at which electrons os-

cillate in a plasma) is much larger than the electron - neutral particle collision frequency

(guaranteeing that electromagnetic and electrostatic processes dominate over gas kinetics).

3. The Debye length λD (a characteristic length at which the plasma screens out
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charges) is much smaller than the size of the plasma (bulk plasma interactions matter more

than what occurs at the boundary).

4. There are many particles in a Debye sphere (neλ3
d >> 1 where ne is the electron

density).

To be more quantitative, condition 1 essentially requires Zne ≈ ni where Z is the

net ion charge. Condition 2 requires ωp >> νei where ωp is the characteristic electron

oscillation frequency (will be derived later this section when plasma waves are discussed),

and νei is the neutral particle collision frequency. The last two conditions constrain the

Debye length λD to be less than the system length while also being large enough that

enough particles are contained in a Debye sphere to shield out charges. The Debye length

screening effect can be easily understood by considering an infinite and steady plasma with

electron number density ne and temperature Te and a background neutralizing ion density

of n0. If a charge q is placed at ~r = 0, then Poisson’s equation for electrostatic potential φ

yields

~∇2φ = −4πqδ(~r) + 4πe(ne − n0) (B.1)

where δ represents the Dirac delta function. The goal here is to analyze how the electron

density and electrostatic potential respond to this charge. The electrostatic force causes a

gradient in the pressure which is described by:

−∇pe = −Te~∇ne = ene ~E = −ene~∇φ (B.2)

where we have used the isothermal assumption ~∇Te = 0 and the ideal equation of state

pe = neTe. This equation is solved exactly by

ne = n0exp

(
eφ

Te

)
. (B.3)
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In the limit eφ/Te << 1, we can write ne ≈ n0 (1 + eφ/Te) and Poisson’s equation be-

comes

~∇2φ− φ

λ2
D

= −4πδ(~r) (B.4)

where λD =
√
Te/4πn0e2. The potential then decays exponentially in space like

φ =
q

r
exp

(
− r

λD

)
. (B.5)

The Debye length is important since it represents when the potential has decayed by one

e-folding. It is also an important length scale when considering collisional processes in

plasmas since it imposes a lower bound on how close two particles can get.

B.2 Coulomb collisions

In this thesis, a common theme which will be explored regards the deposition of charged

particles in inertially confined plasmas. Typically, when charged particles interact with

other particles, one wants to know the angle at which they are scattered and how much

energy is transferred during the collision.

One of the simplest models used to described charged particles interactions is the

Rutherford scattering model where a charged particle in the laboratory frame is approached

by another charged particle. We denote “particle 1”’ as the incident particle and “particle

2”’ as the particle at rest. A diagram of the setup is illustrated in Figure B.1 where particle

1 approaches particle 2 at an angle θ. From Coulomb’s law, the force on particle 1 from

particle 2 ~F12 is given by

~F12 = keq1q2
~r1 − ~r2

|~r1 − ~r2|3
(B.6)

where ke = 1 in CGS units, q1 is the charge of particle 1, q2 is the charge of particle 2, ~r)1
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Figure B.1: Setup of the scattering problem in the laboratory frame..

is the position of particle 1, and ~r2 is the position of particle 2. Likewise, ~F21 = −~F12 is the

force on particle 2 from particle 1 via Newton’s third law. Newton’s second law dictates

that the particles accelerate and decelerate based on the force imposed onto them:

m1~̈r1 = ~F12 (B.7)

m2~̈r2 = ~F21, (B.8)

where m1 and m2 are the masses of particles 1 and 2, respectively. If we write ~r = ~r1 − ~r2

to denote the distance between the two particles, then we can subtract Eq. B.8 from B.7 to

get

~̈r =

(
1

m1

+
1

m2

)
~F12. (B.9)

Note that in the limit of no recoil for particle 2, ~r2 = 0 and thus, ~r = ~r1 for all time. Now
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we can define the reduced mass µ as

µ ≡
(

1

m1

+
1

m2

)−1

(B.10)

and write the equation of motion as

µ~̈r = q1q2
r̂

r2
, (B.11)

where we have taken k2 = 1 which is true in CGS units, and have define r̂ = ~r/r to

denote the unit vector for the position of particle 1 with respect to particle 2 where r is

the magnitude of ~r. Eq. B.11 has both an angular component θ̂ and a radial component r̂

which can be studied. We note that in Cartesian coordinates, r̂ = cos(θ)x̂ + sin(θ)ŷ and

θ̂ = −sin(θ)x̂+ cos(θ)ŷ. One can easily show from these relations that the acceleration of

the inter-particle distance is given by

~̈r = (r̈ − rθ̇2)r̂ + (rθ̈ + 2ṙθ̇)θ̂. (B.12)

Since ~F12 has no angular component, Eq. B.11 suggests that the θ̂ component of ~̈r must

vanish. This leads to the condition

h ≡ θ̇r2 = const (B.13)

which conserves angular momentum. The initial conditions at the beginning of the problem

are ry = b, ṙx = ṙcos(θ) − rθ̇sin(θ) = −u0, and ṙy = ṙsin(θ) + rθ̇cos(θ) = 0 where ry

and rx are the y and x components of the ~r vector. These conditions lead to the following

relation for h:

h = u0b. (B.14)
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Now the radial part of Eq. B.11 can be written as

q1q2

µh2
= −u− d2u

dθ2
(B.15)

where u = 1/r. Eq. B.15 is known as the “Binet equation” for a central electrostatic force

and its general solution here is given by:

u(θ) = A · cos (θ − θ0)− q1q2

µh2
(B.16)

The initial condition requires u to approach 0 as θ approaches π (i.e. when r goes to

infinity). This leads to the solution

u(θ) =
q1q2

µh2

[
cos(θ − θ0)

cos(π − θ0)
− 1

]
. (B.17)

The angle θ0 is then determined by the condition that sin(θ)/u(θ) approaches b as θ ap-

proaches π:

tan(π − θ0) =
µu2

0b

q1q2

. (B.18)

Now we can calculate the scattering angle Θ between the two particles by considering the

asymptotic behavior of this solution as u→ 0 again. This occurs when

cos(Θ− θ0) = cos(π − θ0). (B.19)

Noting that cos(x) = cos(−x), one can thus write π + Θ = 2θ0 to arrive at

tan

(
Θ

2

)
=

q1q2

µu2
0b
. (B.20)

The scattering angle Θ from Eq. can vary between −Π and Π since tan(Θ/2) is a
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monotonically increasing function for 0 < Θ < π. It is important to note that when the

impact parameter is large (i.e. b → ∞), the scattering angle approaches zero. This is not

surprising because this is the limit where the electrostatic force experienced by particle 1

is the smallest. As b approaches 0, the deflection angle approaches π (a complete back-

scatter). It is also important to note that as the initial velocity u0 increases, the scattering

angle decreases. This implies that lower energy particles are more likely to be deflected.

The largest deflection angle is observed when Θ = π/2. Since tan(π/4) = 1, we can

define b90 to be the impact parameter corresponding to the maximum deflection angle:

b90 ≡
q1q2

µu2
0

. (B.21)

The next step is to substitute Equations (B.21) and (B.18) into (B.17) to solve for the

trajectory of particle 1:

r(θ) =
b2

b90

[
cos(θ − θ0)

cos(π − θ0)
− 1

]−1

=
b2

b90

√1 +

(
b

b90

)2

cos(θ − θ0)− 1

−1

. (B.22)

Note that Θ represents the scattering angle from particle 2’s frame of reference. In

order to properly understand energy and momentum transfer, it is necessary to determine

the scattering angles in the lab frame of reference. The mathematically easiest way to

calculate these angles is to solve this problem in the center of mass frame of reference

where Θ actually describes the angle of particle 1 with respect to both the x-axis and to

particle 2 since the particles trajectories are parallel..

In the center of mass frame, we define the central coordinate ~R as follows:

0 = m1(~r1 − ~R) +m1(~r2 − ~R). (B.23)
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Figure B.2: Setup of the scattering problem in the center of mass frame.

This also implies that the total momentum is zero:

0 = m1(~̇r1 − ~̇R) +m2(~̇r2 − ~̇R) (B.24)

In this frame of reference, the particle velocities are thus opposite to each other (which

is convenient for evaluating the final scattering angles). A schematic of this symmetry is

presented in Fig. B.2 where ~u1,c = ~̇r1 − ~̇R and ~u2,c = ~̇r2 − ~̇R. The center of mass velocity

can be written as

~̇R =
m1~v1 +m2~v2

m1 +m2

. (B.25)

In the laboratory frame, the total energy is given by

Klab =
1

2
m1u

2
0 =

1

2
m1v

2
1 +

1

2
m2v

2
2. (B.26)
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In the center of mass frame, it comes out to

Kcm =
1

2
m1|~v1 − ~̇R|2 +

1

2
m1|~v2 − ~̇R|2 =

1

2
µv2 (B.27)

where ~v = ~v1 − ~v2. This directly implies that in the center of mass frame, the velocity

difference v is constant. Since initially, in the laboratory frame, we know that ~v = u0x̂, it

follows that v2 = u2
0 for all time and thus,

Kcm =
1

2
µu2

0. (B.28)

Since the magnitude of ~v is constant for all time, it follows that the final velocity difference

~vf after the collision is given by

~vf,cm = u0cos(Θ)x̂+ u0sin(Θ)ŷ. (B.29)

The next step is to convert back into the laboratory frame to determine the scattering angles

Θ1,lab and Θ2,lab. We can determine the final velocities in the laboratory frame via the

translations ~v1f = ~v1f,cm − ~̇R and ~v2f = ~v2f,cm − ~̇R. Using the identities ~v = ~v1f − ~v2f =

~v1f,cm − ~v2f,cm and 0 = m1~v1f +m2~v2f , we arrive at

~v1f =
m2

m1 +m2

~vf,cm + ~̇R (B.30)

~v2f =
−m1

m1 +m2

~vf,cm + ~̇R. (B.31)

The center of mass velocity ~̇R is constant since Newton’s third law requires m1r̈1 =



262

−m1r̈2. It follows that we can write the center of mass velocity as

~̇R =
m1

m1 +m2

u0x̂. (B.32)

Thus

~v1f = u0

([
m2

m1 +m2

cos(Θ) +
m1

m1 +m2

]
x̂+

m2

m1 +m2

sin(Θ)ŷ

)
. (B.33)

~v2f = u0

([
−m1

m1 +m2

cos(Θ) +
m1

m1 +m2

]
x̂− m1

m1 +m2

sin(Θ)ŷ

)
. (B.34)

In the laboratory frame, the scattering angle of particles 1 and 2 are then given by

cot(Θ1) = cot(Θ) +
m1

m2

csc(Θ) (B.35)

cot(Θ2) = cot(Θ)− csc(Θ). (B.36)

Notice that in the limit where m1 << m2, we have Θ ≈ Θ1. This is expected because this

is the limit of no recoil. We can also estimate the momentum loss per particle per collision

as

m1∆~v1 = u0µ [(cos(Θ)− 1) x̂+ sin(Θ)ŷ] (B.37)

m2∆~v2 = −u0µ [(cos(Θ)− 1) x̂+ sin(Θ)ŷ] . (B.38)

Now it is time to estimate the change in kinetic energy after the reaction for particle 1 which
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is given by ∆KE = m1(u2
0 − v2

1f ):

∆KE =
2µ2

m2

u2
0sin

2

(
Θ

2

)
(B.39)

where we can use tan(Θ/2) = b90/b to write sin(Θ/2) = b90/
√
b2 + b2

90 to give

∆KE =
2µ2

m2

u2
0

(
1

1 + ( b
b90

)2

)
. (B.40)

Eq. (B.40) can be written in terms of the incident particle mass m1 and the mass ratio

m1/m2 as follows:

∆KE = 2m1u
2
0

(m1/m2)

(1 +m1/m2)2

(
1

1 + ( b
b90

)2

)
=

4(m1/m2)

(1 +m1/m2)2

(
E1

1 + ( b
b90

)2

)
. (B.41)

where we’ve written the initial kinetic energy as E1 = m1u
2
0/2. The most important thing

to note about Eq. (B.41) is that for a given E1, the energy transfer is maximized when

m1 = m2. In the limit that b << b90 and m1 = m2, the initial particle has lost all of its

energy from this one collision. However, it is important to note that the limit b << b90

also corresponds to a complete back-scatter. In the small angle scattering limit (b >>

b90), the kinetic energy transfer is simply given by the ratio (b90/b)
2. Eq. (B.41) also

has important implications for plasmas. In particular is the fact that the energy loss per

collision is larger for particles of the same mass. This implies that for a plasma which

is not in thermodynamic equilibrium, the electrons will primarily equilibriate with other

electrons and ions will equilibriate with other ions.

The next step is to derive the differential cross section for this Coulombic interaction.

As discussed in the nuclear physics section, a cross-section is an effective area of interaction

which corresponds to a specific outcome. One can also think of nsσ as the number of
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collisions occurring per unit path length. This area can be expressed as

dσ = 2πbdb. (B.42)

The desired expression of interest is dσ/dΩ which represents the differential scattering

cross-sectional area per unit solid angle. This will be important later when we try to solve

the Fokker Planck equation. We note that the solid angle can be written with respect to the

scattering angle as dΩ = 2πsinΘdΘ. Therefore,

dσ

dΩ
=
dσ

dΘ

dΘ

dΩ
=

1

2πsinΘ

dσ

dΘ
=

b

sinΘ

db

dΘ
. (B.43)

Recalling Eq. (B.2) where b = b90/tan(Θ/2), we then have for the final formula for the

differential scattering cross section:

dσ

dΩ
=

b2
90

4sin2(Θ/2)
(B.44)

B.2.1 Charged particle stopping powers in a material

Now let us consider the energy lost by a particle with charge q1, mass m1, and impact

parameter b slowing down in a plasma. If the plasma has a density n2 = number of atoms

of type 2 per unit volume (as shown in Fig. A.4), then one can write for the number of

encounters

number of encounters in d` = (n2d` · 2πbdb), (B.45)

where the factor 2πbdb represents the area corresponding to encounters happening with

impact parameters between b and b + db. It follows that the energy loss in d` is given by
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multiplying Eq. B.45 with B.40:

energy loss in d` = dK = (n2d` · 2πbdb)∆KE, (B.46)

where K = m1v
2
1/2. It follows that the kinetic energy loss with respect to the distance

traveled is then given by

dK

d`
= 4πn2

µ2u2
0

m2

∫ bmax

bmin

(
b

1 + ( b
b90

)2

)
db. (B.47)

We can assume that b > λD collisions do not occur because the plasma screens itself in

this limit. Thus we can set bmax = λD. In theory, the minimum impact parameter should

be given by the de Broglie limit for completeness. However, if we neglect large angle

collisions, then we can set bmin = b90. In this limit, b90 << b so we have

dK

d`
≈ 4πn2

µ2u2
0

m2

∫ λD

b90

(
b2

90

b

)
db = 4πn2

µ2u2
0

m2

b2
90ln

(
λD
b90

)
. (B.48)

Of course, this formula is only valid when the ratio b90 << λD. Recalling that λD =√
Te/(4πnee2) and b90 ∼ 1/(µu2

0) from Eq. B.21, we can write the Coulomb Logarithm

parameter λD/b90 as follows:

Λ ≡ λD
b90

=
e2

q1q2

(
µv2

0

Te

)
8πneλ

3
D. (B.49)

If one is interested in the slowing down of particles in a plasma where µu2
0 ∼ Te, then it is

clear that λD/b90 >> 1 because neλD >> 1 per the plasma approximation which requires

the plasma to exhibit Debye screening of charges. It follows that the large angle collisions

are negligible among particles in a plasma. However, in inertially confined plasmas, we

often have the case of very energetic particles stopping into the plasma (i.e. 3.5 MeV alpha
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particles and∼ 60 keV electrons). In this regime, µu2
0 >> Te which implies that λD/b90 ∼

1. In this regime, the integrand from Eq. B.47 needs to considered more carefully. We also

note that for the case of charged particles slowing down in Fermi-degenerate plasmas, that

b90 should be replaced with the de Broglie wavelength in the Coulomb logarithm. In this

case, lnΛ can be written as

Λ ≡ λD
λdb

=
λDµu0

h
. (B.50)

where h is the Planck constant. We note that the stopping power can also be rewritten as

dK

d`
≈ 4πn2

q2
1q

2
2

m2u2
0

lnΛ. (B.51)

B.2.2 Charged particle collision frequencies

There are two types of collision frequencies which we will consider in this section. The

first type is the “energy loss” collision frequency. It represents the rate at which parti-

cles lose their energy and is useful for calculating equilibration times (time it takes for

thermal equilibrium to occur when temperatures are the same). We will also consider the

momentum loss collision frequency which represents the rate at which particles lose their

velocities within a specified direction. The momentum loss collision frequency is often

used to calculate plasma properties like conductivity, viscosity, and diffusion.

The energy loss collision frequency can be written as νE = K−1dK/dt where dt =

d`/v where v is the particle’s velocity. Thus, the energy loss collision frequency for particle

1 slowing down with particles of type 2 is given by

νE ≡
v1

K

dK

d`
= 8πn2v1

µ2

m2m1

b2
90lnΛ = 8πn2

q2
1q

2
2

m1m2v3
1

lnΛ. (B.52)

The momentum loss collision frequency is given by νp = p−1
x dpx/dt where we consider
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the x̂ momentum since particle 1 initially has all of its momentum in this direction. The

change in momentum of particle 1 was given by

∆px = −v1µ(1− cos Θ) ≈ −v1µ
Θ2

2
= −v1µ

2b2
90

b2
, (B.53)

where we have taken the small angle approximation. Analogous to the derivation of the

energy stopping power, we can write

x momentum loss in d` = dpx = (n2d` · 2πbdb)∆px, (B.54)

and write the momentum “stopping power” as

dpx
d`
≈ n2v1µ

∫ λD

b90

2b2
90

b2
2πbdb = 4πn2v1µb

2
90lnΛ = 4πn2

q2
1q

2
2

µv3
1

lnΛ. (B.55)

Therefore, the momentum collision frequency is given by:

νp ≡
v1

px

px
d`

= 4πn2
q2

1q
2
2

µm1v3
1

lnΛ. (B.56)

We note that the two collision times are related to each other via

νE
νp

=
2µ

m2

=
2m1

m1 +m2

. (B.57)

Thus if m1 >> m2, then particle 1 loses energy at the same time scale it loses its mo-

mentum. If m1 << m2, then particle 1 loses energy on a much slower time scale than it

loses momentum. The next step is to average these collision frequencies over the plasma
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distribution functions. We define the Maxwellian-averaged momentum change as

−dp
dt

=

∫
d3v2

∫
d3v1µ(v1 − v2)|v1 − v2|4πb2

90 ln Λ12f1(v1)f2(v2), (B.58)

where b90 is given by

b90 =
q1q2

µ|v1 − v2|2
(B.59)

and f1 and f2 are represented by drifting Maxwellian distribution functions:

f1(v1) = n1

(
m1

2πT1

)3/2

exp

(
−m1(v1 − vd1)2

2T1

)
(B.60)

f2(v2) = n2

(
m2

2πT2

)3/2

exp

(
−m2(v2 − vd2)2

2T2

)
. (B.61)

We let T1 = T2 = T and substitute Eq. (B.60) into Eq. (B.58) to solve for the momentum

along the direction of v2 − v1:

−dp
dt

=
2

3
√

2π
q2

1q
2
2

4π

µv3
rt

lnΛ12n1n2vd (B.62)

where vd = vd1 − vd2. We now write ν12 ≡ p−1dp/dt to arrive at

ν12 =
2

3
√

2π
n2q

2
1q

2
2

4π
√
µ

T 3/2m1

lnΛ12. (B.63)

Letting qi = Ze, we can thus use Eq. (B.63) to estimate the Maxwellian averaged momen-
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tum collision frequencies as:

ν̄p,ee =
2

3
√

2π
nee

4 4π

T
3/2
e

√
2me

lnΛee (B.64)

ν̄p,ei =
2

3
√

2π
niZ

2e4 4π

T
3/2
e
√
me

lnΛei '
√

2Z2ν̄p,ee (B.65)

ν̄p,ii =
2

3
√

2π
niZ

4e4 4π

T
3/2
i

√
2mi

lnΛii ' Z4T
3/2
e

T
3/2
i

√
me√
mi

ν̄p,ee (B.66)

ν̄p,ie =
2

3
√

2π
neZ

2e4 4π
√
me

T
3/2
e mi

lnΛie '
√

2Z2me

mi

ν̄p,ee (B.67)

With respect to momentum loss, the electron-ion collision frequency is the highest. For

Te = Ti, next in line is the electron-electron collision frequency (which is still roughly

comparable for Hydrogen ions). Then the ion-ion collision frequency is third largest and

the ion-electron collision frequency is last. Unsurprisingly, the electrons exchange energy

on a faster time scale as a result of their much lower masses and larger velocities (compared

to ions). The ions exchange momentum with each other before they do with electrons since

momentum transfer in a collision is maximized when the masses are equal. Momentum

loss of ions due to collisions with electrons happens on the slowest time scale, which is

unsurprising. Electron-ion collisions primarily transfer momentum to the electrons since

ions are nearly stationary compared with the electrons.

To understand energy transfer within species in a plasma, we can apply Eq. (B.57) to
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also write the energy exchange collision frequencies as

ν̄E,ee =
2

3
√

2π
nee

4 4π

T
3/2
e

√
2me

lnΛee (B.68)

ν̄E,ei =
4

3
√

2π
niZ

2e4 4π
√
me

T
3/2
e mi

lnΛei ' 2
√

2
me

mi

Z2ν̄E,ee (B.69)

ν̄E,ii =
2

3
√

2π
niZ

4e4 4π

T
3/2
i

√
2mi

lnΛii ' Z4T
3/2
e

T
3/2
i

√
me√
mi

ν̄E,ee (B.70)

ν̄E,ie =
4

3
√

2π
neZ

2e4 4π
√
me

T
3/2
e mi

lnΛie ' 2
√

2
me

mi

Z2ν̄E,ee (B.71)

From the energy exchange collision frequencies, it follows that the electrons exchange

energy with each other first, then the ions exchange energy, and then the electrons and

ions exchange energy at the same rate (as expected). In inertially confined plasmas, it

is often assumed that the electrons and ions have equilibriated with each other while the

electrons and ions have different temperatures. For processes like thermal conduction and

collisional absorption of electromagnetic radiation, we primarily consider the collisions

between electrons and ions to be of most interest.

B.2.3 Alpha particle slowing down in ICF plasmas

Here we consider the case of an alpha particle slowing down in a DT plasma. The stopping

power is the sum of the stopping power due to collisions with plasma electrons and ions:

(
dK

d`

)
α

=

(
dK

d`

)
e

+

(
dK

d`

)
DT

. (B.72)

We will show here that alpha particle collisions with electrons are more dominant for the

plasma conditions of interest. We first consider the alpha stopping power with respect to
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the ions which is given by:

(
dK

d`

)
DT

=
4πZ2

αe
4ne

mDTu2
α

lnΛDT (B.73)

where Zα = 2 and uα are the atomic number and incident velocity of the alpha particle and

we have assumed nD ≈ nT ≈ ne/2. Likewise, the stopping power due to alpha particles

colliding with plasma electrons is given by

(
dK

d`

)
e

≈ 4πZ2
αe

4ne
meu2

α

lnΛeg(vα/ve) (B.74)

We note that in reality, the velocity of the electrons is comparable to the velocity of the

alpha particles which implies that the stopping power formula should account for the fact

that some electrons are actually traveling faster than some of the alpha particles. The factor

g accounts for this and it depends on the alpha particle velocity vα and the electron thermal

velocity ve [2]. A recent and detailed derivation of this correction is also provided in Ref.

[167] where g is written as

g

(
vα
ve

)
≡ 1

2

me

µe
να

∫ ∞
0

f(ve)h

(
vα
ve

)
dve, (B.75)

where f(ve) is the electron velocity distribution function and h(ve) is a weighting factor

given by

h

(
vα
ve

)
=


2
vα

(
1− µ

mα

)
, if vα ≥ ve

−2µ
vemα

if vα < ve

(B.76)
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In the limit Te >>1 keV and vα << vth,e where vth,e =
√
Te/(2me), the function g for a

Maxwellian distribution function can be written in the simple form:

g

(
vα
ve

)
≈ 4

3
√
π

(
vα
ve,th

)3

. (B.77)

The next step is to determine reasonable estimates for the Coulomb logarithms. The

Coulomb logarithm for alpha-electron collisions is given by taking the quantum limit for

the impact parameter:

lnΛe = ln

(
µeveλD
h

)
≈ 7.1− 0.5ln(ne) + ln(Te), (B.78)

where ne is the electron number density in 1021cm−3 and Te is the electron temperature in

keV. For the ions, the Coulomb logarithm is also determined by taking the quantum limit:

lnΛDT = ln

(
µDTvDTλD

h

)
≈ 10.94 + 0.5ln

(
εαTDT
ne

)
. (B.79)

It follows that the ratio of the electron stopping power to the ion stopping power can be

written as
(dK/d`)e

(dK/d`)DT
=
mDT

me

g

(
vα
ve

)
lnΛe

lnΛDT

(B.80)

Clearly, Eq. (B.80) suggests that the electrons will absorb more energy as a result of the

large ion-to-electron mass ratio. The important takeaway here is that alpha particle depo-

sition to the ions is not very important until plasma temperatures of ∼ 20 keV have been

achieved (which makes g large enough to become comparable with me/mDT ).

The next steps are to determine the alpha particle range in a plasma (and its comparison

to typical hot spot radius) and the alpha particle slowing down time. The alpha particle
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energy deposition is complete when

∫ εα

3Te/2

dK =

∫
dK

d`
d` =

4πZ2
αe

4

memDTv2
α

lnΛe

∫
ρg

(
vα
ve

)
d` (B.81)

where ρ is the DT mass density. The term
∫
ρdx is often denoted as ρλ. Therefore, the

areal density needed to slow down an alpha particle is given by

ρR > ρλ =
memDTv

2
α

4πZ2
αe

4lnΛeG(Te)

∫ εα

3Te/2

dK. (B.82)

where

G(Te) ≡

∫
ρg
(
vα
ve

)
d`∫

ρd`
∼ T−3/2

e . (B.83)

In a homogenous plasma, it is straightforward to estimate ρλ:

ρλ ≈ 0.107 · T 3/2
e

lnΛe

. (B.84)

where Te is in keV and ρλ is in g/cm2 [2]. Eq. (B.84) clearly demonstrates that an ICF hot

spot needs at least ∼ 0.3g/cm2 to stop alpha particles at a temperature of ∼ 5keV .

The alpha particle energy slowing down time is defined as

τα ≡
(

1

K

dK

dt

)−1

(B.85)

where the parameter dK/dt can be assessed by writing d` = vαdt which implies

dK

dt
=
dK

d`
vα =

4πZ2
αe

4ne
mevα

lnΛeg(vα/ve). (B.86)

Therefore, by writing K = mαv
2
α/2, the alpha particle slowing down time can be written
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as

τα =
mαmev

3
α

8πZ2
αe

4nelnΛeg(vα/ve)
≈ 42T

3/2
e

ρlnΛe

(B.87)

where τα is in ps, ρ is in g/cm3, and Te is in keV. The collision frequency is defined as

1/τα:

να =
1

τα
≈ ρlnΛe

42T
3/2
e

. (B.88)

B.2.4 Energetic electron slowing down in ICF plasmas

The case of interest here is the slowing down of energetic electrons with energies∼ 60keV

with thermal plasma ions and electrons ∼ 1keV (as is often the case in ICF). The full rela-

tivistic derivation for the slowing down of energetic electrons in a plasma is well described

in Ref. [142]. A relativistic quantum mechanical expression (using the first Born approx-

imation to solve the Schrödinger equation) for the differential scattering cross sections for

electrons slowing down with electrons and ions was used [168, 169]:

(
dσ

dΩ

)
ei

=
Z2

4

(
r0

γβ2

)2
1− β2 sin2(Θ/2)

sin2(Θ/2)
(B.89)(

dσ

dΩ

)
ee

=

(
r0

γβ2

)2

2(γ + 1)

[
4

sin4(θ∗)
− 3

sin2(Θ∗)
+

(γ − 1)2

4γ2

(
1 +

4

sin2(Θ∗)

)]
,

(B.90)

where Z = ne/ni is the atomic number of the ions within the plasma, Θ is the scattering

angle in the laboratory frame, Θ∗ is the scattering angle in the center of mass frame, β =

u0/c, γ = 1/
√

1− β2, and r0 = e2/(mec
2) is the classical electron radius. The cross

sections can be represented in a simpler form using the variable ε = ∆E/E where ∆E

is the change in kinetic energy due to the collision and E = mc2(γ − 1) is the electron’s
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initial energy:

dσ

dε
=

(
dσ

dε

)
ee

=
2πr2

0

(γ − 1)β2

[
1

ε2
+

1

(1− ε)2
+

(
γ − 1

γ

)2

− 2γ − 1

γ2ε(1− ε)

]
, (B.91)

where we are neglecting energy transfer to the ions (sine, as previously discussed, energy

transfer between electrons and ions occurs on a much slower time scale). The next step is

to integrate over the impact factors to derive a stopping power due to binary collisions:

(
dK

d`

)
b

= −neE
∫ 1/2

εmin

ε
dσ

dε
dε

= −2πr2
0mec

2ne
β2

{
log

(
m2
ec

2(γ − 1)λ2
D

2~2

)
+ 1 +

1

8

(
γ − 1

γ

)2

−
(

2γ − 1

γ2

)
log 2

}
,

(B.92)

where the upper integrand limit of 1/2 is chosen to ensure that the electron’s final energy

(1 + ε) always exceeds the projectile’s final energy (−ε) which occurs once the incident

particle has thermalized with the plasma. This is also equivalent to setting the minimal

impact factor to bmin = b90. The lower limit εmin is calculated using the quantum theory

of diffraction. Classically, the lower limit would be chosen to be the energy shift ∆ε which

coincides with an impact parameter being equal to the Debye length. Here, a quantum

limit is chosen for which the minimal momentum shift is determined by the uncertainty

principle. We only state the final result which is

εmin =

(
λeeDb
λD

)2

, (B.93)
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where λD is the plasma Debye length and λeeDb is the electron’s de Broglie wavelength which

is evaluated in the center-of-mass frame:

λeeDb =
~

mc
√

2(γ − 1)
. (B.94)

The next step is to consider electron energy loss due to the excitation of plasma waves. For

large impact parameter collisions with b > λD, the plasma will respond to the electric field

of the incident particle. The energy loss due to the excitation of electric field oscillations in

the plasma, as derived in Ref. [170], is calculated by using Maxwell’s equations to solve

for the response of a dielectric medium with permittivity ε to the movement of a point

charge within a medium. The energy loss due to these plasma oscillations is computed by

integrating the j · E heating rate through the medium. Here we state the final expression

which is given by (
dK

d`

)
pw

= −2πr2
0mec

2ne
β2

log

(
βc

ωpλD

)2

, (B.95)

where ωp =
√

4πnee2/me is the electron plasma frequency. The total stopping power is

then given by the sum of the contributions due to binary collisions and electron plasma

wave excitations:

dK

d`
= −2πr2

0mec
2ne

β2

{
log

[(
E

~ωp

)2
(γ + 1)

2γ2

]
+1+

1

8

(
γ − 1

γ

)2

−
(

2γ − 1

γ2

)
log 2

}
,

(B.96)

where e is the electron charge, β = v/c is the electron velocity normalized to the speed of

light, γ = 1/
√

1− β2, me is the electron mass, r0 = e2/(mec
2) is the classical electron

radius, ne is the electron density, E is the electron energy, ~ is Planck’s constant, and

ωp =
√

4πnee2/me is the electron plasma frequency. In the nonrelativistic limit of interest
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Figure B.3: The areal density required to completely stop an energetic electron is plotted
as a function of energy for the case of (a) a 100 eV plasma and (b) a 1 g/cc plasma.

(γ ≈ 1), Eq. (B.96) reduces to

dK

d`
= −4πnee

4

mev2

{
log

(
E√
2~ωp

)
+

1

2

}
. (B.97)

The next step is to quantify the plasma areal density required to stop an energetic elec-

tron. We note that dK/d` calculates the loss of energy along the path of the electron. We

let 〈cos θ〉 denote the average cosine as a result of side scattering so that

dK

dr
=

1

〈cos θ〉
dK

d`
, (B.98)

where dK/dr represents the stopping power in the radial direction. The cosine is calculated

by considering the average change in momentum as the electron slows down in the plasma

and an estimate of it is provided in Ref. [142]. The average range is then given by

ρλ =

∫ 3Te/2

E0

〈cos θ〉 ρ
(
dK

d`

)−1

dE. (B.99)

The range required to stop an electron is plotted in Fig. B.3 for different values of density

and temperature. It is important to note that ρλ depends on density and temperature through

the Coulomb logarithm which explains the weak dependence. We note that electrons with
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Figure B.4: The electron slowing down time is plotted as a function of electron energy for
a variety of different plasma electron densities.

∼ 50keV of energy only require areal densities of∼ 4mg/cm2 to slow down, which is less

than the typical in-flight areal density of an imploding capsule.

We can also estimate the electron’s slowing down time as

τe =
E

v

(
dK

d`

)−1

=
me

2

(
dK

d`

)−1

. (B.100)

Calculations of the alpha particle slowing down time are shown in Fig. B.4. Electrons

deposit their energy on a much faster time scale than the implosion. It is for this reason that

a ”tail” like feature is not observed in the hard x-ray signal for implosions on OMEGA.

B.2.5 Hard x-ray emission from energetic electrons

When a charged particle is accelerated or decelerated as a result of some force doing work

on it, the electromagnetic field around the particle becomes distorted, resulting in the emis-

sion of electromagnetic waves. In this section, we will solve the problem of how much

energy is radiated from a charged particle slowing down as a result of a Coulomb collision

and with a trajectory given by Eq. (B.22). We follow the derivations presented in Refs

[171, 170].
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Lienard-Weichart Potentials

We first begin by writing down Maxwell’s equations:

∇ ·E = 4πρ ∇ ·B = 0 (B.101)

∇×E = −1

c

∂B

∂t
∇×B =

1

c

(
4πJ +

∂E

∂t

)
(B.102)

where ρ here denotes the charge density and J represents the charge current. Here, we will

solve Maxwell’s equations using the magnetic potential A and electric potential φ defined

as

B = ∇×A E = −∇φ− 1

c

∂A

∂t
. (B.103)

We note that ∇ ·B = 0 is satisfied for any analytic vector field A since ∇ · (∇×A) = 0

is always true. We also note that Faraday’s law is satisfied with the chosen form for the

electric field’s potential. Thus, the two remaining equations of interest are Gauss’s law and

Ampere’s law:

4πρ = −∇2φ− 1

c
∇ · ∂A

∂t
(B.104)

4π

c
J = ∇× (∇×A) +

1

c

∂

∂t

[
∇φ+

1

c

∂A

∂t

]
(B.105)

Ampere’s law can be simplified using the vector identity∇× (∇×A) = ∇(∇·A)−∇2A

leading to the following form:

4π

c
J =

[
−∇2 +

1

c2

∂2

∂t2

]
A +

1

c

∂

∂t
∇φ+∇(∇ ·A). (B.106)

The next step is to define a Gauge system that will allow us to simplify these equations

and in particular, to separate φ and A to be separated. We note that the magnetic field
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potential A could also be written as A′ = A+∇f and still solve Maxwell’s equations since

∇×∇f = 0 for any arbitrary scalar field f . With the addition of this scalar component to

A, we must also modify the electric potential φ′ = φ+ g where the scalar field g conserves

electric field to yield

E = −∇φ− 1

c

∂A

∂t
= −∇(φ+ g)− 1

c

∂

∂t
(A +∇f). (B.107)

The electric field is only conserved for g = −(1/c)∂f/∂t. The next step is to wisely choose

a value of f to simplify the system. Using A′ and φ′ in place of A and φ now, we note that

wave equations for A and φ emerge if we let

−∇ ·A′ = 1

c

∂φ′

∂t
. (B.108)

Compared to the original values of A and φ, this would imply

[
∇2 +

1

c2

∂2

∂t2

]
f = −∇ ·A− 1

c

∂φ

∂t
. (B.109)

Since A, φ, and f are all analytic functions, Eq. (B.109) is a valid solution for f . We can

now (without any loss of generality), return to our original notation and use the following

Lorentz gauge:

−∇ ·A =
1

c

∂φ

∂t
, (B.110)

and thus derive the following inhomogeneous wave equations for A and φ:

4πρ =

[
−∇2 +

1

c2

∂2

∂t2

]
φ (B.111)

4π

c
J =

[
−∇2 +

1

c2

∂2

∂t2

]
A. (B.112)
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The next step is to solve these inhomogeneous wave equations using a Green’s function

approach which first determines the solution to the equation for an impulsive charge and

current distribution. The Green’s function solves the following equation

[
−∇2 +

1

c2

∂2

∂t2

]
G(x,x′, t, t′) = 4πδ(x− x′)δ(t− t′). (B.113)

The next step is to take a Fourier transform to remove the temporal derivative in this equa-

tion. In this case, we define

Ĝ(x,x′, ω, t′) =

∫ ∞
−∞

eiωtG(x,x′, t, t′)dt. (B.114)

The Fourier transformed equation then becomes

[
−∇2 +

ω2

c2

]
Ĝ = 4πδ(x− x′)eiωt

′
. (B.115)

As a result of the spherical symmetry implied by the delta function on the right hand side,

Ĝ must depend on x− x′ and we can use spherical coordinates centered about x′. Letting

R = x − x′, and k = ω/c (the dispersion for an electromagnetic wave) we determine the

Green’s function by taking the nontrivial solution to the homogeneous equation:

−1

R

d2

dR2
(RĜ) + k2Ĝ = 0 (B.116)

which has the solution

Ĝ =
AeikR

R
+
Be−ikR

R
. (B.117)

The next step is to consider the limit as kR→ 0:

Ĝ→ A+B

R
. (B.118)
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We also know that in the limit kR << 1, we can write our wave equation as

− 1

R2

∂

∂R

(
R2∂Ĝ

∂R

)
→ eiωt

′ δ(R)

R2
, (B.119)

where we have written δ(R) = δ(R)/(4πR2). This leads us to a solution of the form

∂Ĝ

∂R
→ eiωt

′

R
. (B.120)

Therefore, we have A+B = eiωt
′ and our solution for the Fourier transformed wave is

Ĝ(R,ω, t′) =
AeikR + (eiωt

′ − A)e−ikR

R
, (B.121)

where the specific choice ofAwill depend more on the context of the boundary value prob-

lem and its initial conditions. We note that the first term represents a spherically diverging

wave while the second term represents a converging wave. We now take the inverse Fourier

transform to arrive at

G(R, t, t′) =
1

2π

∫ ∞
−∞

e−iω(t−t′)

(
ÃeikR + (1− Ã)e−ikR

R

)
dω (B.122)

where Ã = Ae−iωt
′ does not depend on ω nor t′. It follows that the final solution is

G(x,x′, t, t′) =
Ãδ
(
t′ −

[
t− |x−x

′|
c

])
+ (1− Ã)δ

(
t′ −

[
t+ |x−x′|

c

])
|x− x′|

. (B.123)

The physical significance of this solution is that the electromagnetic fields at time t and

position x depend on the action from a source at an earlier time t′ = t − R/c and at a

distance R away from x. For the case of a decelerating point charge, we use the retarded

Green’s function which describes outwardly propagating spherical divergence waves. In
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this case, B̃ = 0 which implies Ã = 1. We thus have

G(x,x′, t, t′) =
δ
(
t′ −

[
t− |x−x

′|
c

])
|x− x′|

(B.124)

for the Green’s function which implies that the solutions for φ and A can finally be written

as

φ =

∫
d3x′

[ρ]t=tr
|x− x′|

A =
1

c

∫
d3x′

[J ]t=tr
|x− x′|

, (B.125)

where [ρ] and [J ] are evaluated at the retarded time tr = t− |x− x′|/c. We now consider

a point charge and current distribution described by

ρ = qδ(x− r(t)) J = qvδ(x− r(t)), (B.126)

where q is the charge of the particle and v = dr/dt is the particle’s velocity. The potential

functions are now given by

φ =
[ q

κR

]
t=tr

A =
q

c

[ v

κR

]
t=tr

(B.127)

where κ = 1 − R · v/(Rc) and R = x − r. It is very important to note that R and v

in Equations (B.127) are evaluated at the retarded time tr = t − |x − r(tr)|/c. Equations

(B.127) are known as the Lienard-Wiechert potentials and they are used to solve for the

evolution of electromagnetic fields as a result of point charges accelerating or decelerating

in space.

The evaluation of the electric field requires careful considerations of the derivative since

the retarded time tr also depends on time and space. Specifically, we can write

E = −dφ(x, tr(x, t))

dx
− 1

c

∂A(x, tr(x, t))

∂t
, (B.128)
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where we can write
dφ

dx
=
∂φ

∂x
+
∂φ

∂t

∂t

∂tr

dtr
dx

. (B.129)

We then need to calculate ∂tr/∂t and ∂tr/∂x where tr is given by:

tr(x, t) = t− 1

c

√
(x− r(tr) · x̂)2 + (y − r(tr) · ŷ)2 + (z − r(tr) · ẑ)2. (B.130)

After some algebra, it can be shown that the derivatives are then given by

∂tr
∂x

= − R

Rcκ

∂tr
∂t

=
1

κ
. (B.131)

It follows that∇φ can be written as

dφ

dx
=
∂φ

∂x
− R

Rc

∂φ

∂t
. (B.132)

After some lengthy algebra and calculus, we arrive at the final result for the electric field:

E = q

[
1

κ3R2

(
R̂− v

c

)(
1− v2

c2

)2

+
1

cκ3R
R̂×

{(
R̂− v

c

)
× v̇

c

}]
t=tr

. (B.133)

We note that the first term is the near field radiation term which scales as 1/R2. The second

term is the far field which scales as 1/R and is of more interest for the radiation calculations

we will consider in this section. We also note that in the nonrelativistic limit where v/c <<

1, the electric field reduces to the well known result from classical electrostatics E =

qR̂/R2. Likewise, the magnetic field B = ∇×A is calculated as:

B = q

[
1

κ2R2c
R̂× v

c

(
1− v2

c2
+

v̇ ·R
c2

)
+

1

κ2Rc2
R̂× v̇

c

]
t=tr

. (B.134)

We again point out that the first term represents the near field while the second term is the
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far-field. It is also trivial to show that

B = R̂×E. (B.135)

Poynting’s theorem

In this subsection, we consider conservation of energy for charges moving within electro-

magnetic fields. The work dW done on a particle experiencing the Lorentz force is given

by

dW = dr · q(E + v ×B). (B.136)

As a function of time, the rate at which work is done on a charge is then

dW

dt
= v · q(E + v ×B). (B.137)

We note that v · (v × B) = 0. It follows that magnetic fields do no work on charged

particles (a well known result). Letting J = qnv, this equation can be generalized to

dW

dt
=

∫
dV J ·E. (B.138)

We can then use Ampere’s law to relate the current density to the electric and magnetic

fields:

J =
c

4π
∇×B − 1

4π

∂E

∂t
. (B.139)

It follows that the energy conservation equation then becomes

dW

dt
=

∫
dV J ·E =

∫
dVE ·

(
c

4π
∇×B − 1

4π

∂E

∂t

)
. (B.140)
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We then use the vector identity E · (∇×B) = (∇×E) ·B −∇ · (E ×B) in addition to

Faraday’s Law∇×E = −(1/c)∂B/∂t to arrive at

∫
dV J ·E =

−1

4π

∫
dV

{
c∇ · (E ×B) + E · ∂E

∂t
+ B · ∂B

∂t

}
. (B.141)

Using the divergence theorem, we then arrive at the following expression relating the elec-

tromagnetic field’s energy density to the energy flux through the surface:

∫
dV

{
J ·E +

E

4π
· ∂E
∂t

+
B

4π
· ∂B
∂t

}
= − c

4π

∫
dS · (E ×B). (B.142)

The right hand side is the energy flux carried by the electromagnetic field and the vector

S ≡ c

4π
E ×B (B.143)

is known as the Poynting Vector.

Radiated frequency spectrum per unit solid angle

We now use the far field electric field (second term) from Equations (B.133) and (B.134)

to determine the Poynting vector:

S =
c

4π

[
E × (R̂×E)

]
t=tr

=
c

4π

[
E2R̂− (E · R̂)E

]
t=tr

. (B.144)

If we only consider the far field electric field, then the field is perpendicular to R̂ and

R̂ ·E = 0. The Poynting vector then simplifies to

S =
c

4π

[
E2R̂

]
t=tr

=
c

4π
q2

∣∣∣∣∣ 1

cκ3R
R̂×

{(
R̂− v

c

)
× v̇

c

} ∣∣∣∣∣
2

R̂


t=tr

. (B.145)
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The angular spectrum with respect to the solid angle Ω is then given by

dW

dΩ
=

∫ ∞
−∞

∣∣SR2
∣∣ dt =

∫ ∞
−∞
|A|2 dt, (B.146)

where we have defined

A(t) ≡
√

c

4π
RE =

√
q2

4πc

[
1

κ3
R̂×

{(
R̂− v

c

)
× v̇

c

}]
t=tr

. (B.147)

The next step is to determine the frequency spectrum in the far field. We use ω to denote

the photon frequency and consider the far field limit where R >> r can be approximated

as a constant. The Poynting vector in this limit can then be written as a Fourier transform:

Ã(ω) =
1√
2π

∫ ∞
−∞

A(t)eiωtdt A(t) =
1√
2π

∫ ∞
−∞

Ã(ω)e−iωtdω. (B.148)

We then apply Parseval’s theorem which states that

∫ ∞
−∞
|A(t)| dt = 2

∫ ∞
−∞

∣∣∣Ã(ω)
∣∣∣ dω, (B.149)

to arrive at
dW

dΩ
= 2

∫ ∞
−∞

∣∣∣Ã(ω)
∣∣∣2 dω. (B.150)

Differentiating with respect to ω, we arrive at our final result for the far field frequency

spectrum:

d2W

dΩdω
= 2

∣∣∣Ã(ω)
∣∣∣2 = 2

∣∣∣∣∣
√

q2

8π2c

∫ ∞
−∞

dteiωt
[

1

κ3
R̂×

{(
R̂− v

c

)
× v̇

c

}]
t=tr

∣∣∣∣∣
2

.

(B.151)

Eq. (B.151) is general for describing the far field frequency spectrum of any charged mov-

ing particle. We can also evaluate this integrand by integrating over the retarded time
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tr = t− R/c instead of t. We also approximate R̂ as a constant and write R ≈ x− r · R̂.

With this substitution, the integrand for Ã(ω) becomes

Ã(ω) =

√
q2

8π2c

∫ ∞
−∞

dtre
iω(tr+

x−r(tr)·R̂
c

)

[
1

κ2
R̂×

{(
R̂− v

c

)
× v̇

c

}]
, (B.152)

where we have used dt = dtr(1 − R̂ · v/c) which explains the 1/κ2 dependence. We

also note that the phase term eiωx/c can be dropped since it will not contribute to the final

integrand. The integrand can be further simplified by using the relation

R̂× [(R̂− v
c
)× v̇

c
]

(1− R̂ · v
c
)2

=
d

dt

[
R̂× (R̂× v

c
)

1− R̂ · v
c

]
. (B.153)

We can then integrate by parts to write the radiated power spectrum in the following general

form:
dW

dΩdω
=
q2ω2

4π2c

∣∣∣∣∣
∫ ∞
−∞

dtrR̂×
(
R̂× v

c

)
eiω(tr−R̂·r/c)

∣∣∣∣∣
2

. (B.154)

In the nonrelativistic limit of interest here, we can write tr ≈ t and neglect v/c with respect

to R̂. The power spectrum then reduces to the following simpler form:

dW

dΩdω
=

q2ω2

4π2c3

∣∣∣∣∣
∫ ∞
−∞

dteiωt|v̇|sinθ

∣∣∣∣∣
2

. (B.155)

where θ is the angle between v̇ and R̂. The evaluation of the integrand over solid angle

leads to ∫ 2π

0

dφ

∫ π

0

sin3θdθ =
8π

3
. (B.156)

We finally arrive at a simpler formula for the radiation spectrum of an accelerating (or

decelerating) charge:

dW

dω
=

8q2ω2

3πc3

∣∣∣∣∣
∫ ∞
−∞

dteiωt|v̇|

∣∣∣∣∣
2

. (B.157)
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Radiated energy from electrons slowing down via Coulomb collisions

The next step is to then apply the solution we derived in the previous section for the par-

ticle’s position and velocity to calculate this spsectrum. The radiation emitted by a single

electron colliding with a random assembly of ions with number density ni is given by

integrating over all possible impact parameters:

dP

dω
= niu0

∫ bmax

bmin

dW

dω
2πbdb (B.158)

where u0 is the particle’s initial velocity and we note that the integrand over the particle’s

acceleration depends exclusively on its initial impact parameter b. If one only desires to

compute the radiated energy per collision for a non-relativistic particle, then we can write

d2W

dΩdt
= |A|2 =

q2
1

4πc3
|v̇|2 sin2 θ, (B.159)

where dΩ = sin θdθdφ and the solid angle integrand is carried out between 0 < φ < 2π

and 0 < θ < π. Integrating over the solid angle finally leads us to “Larmor’s formula”:

dW

dt
=

2

3

q2
1

c3
|v̇|2. (B.160)

Thus, the total energy radiated in one collision is given by

Wrad =
2

3

q2
1

c3

∫ ∞
−∞

dt|v̇|2. (B.161)
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Here we express the particle’s position with respect to the azimuthal angle coordinate φ

while θ denotes the polar angle:

r(φ) =
b2

b90

1

εcos(φ− φ0)− 1
, (B.162)

where r is the separation distance between the two particles, b is the impact parameter, b90

is the impact parameter corresponding to a 90 degree deflection angle, the angle φ0 is given

by tan(π − φ0) = b
b90

, and ε is given by

ε =

√
b2 + b2

90

b90

=

√
1 +

(
b

b90

)2

. (B.163)

The position of the particle 1 (relative to particle 2) is simply given by

r = r(φ) (cos(φ)x̂ + sin(φ)ŷ) . (B.164)

The particle’s acceleration is easily computed by equating its momentum change to the

electrostatic force imposed on it:

v̇1 =
q1q2

m1

r

r3
=

µ

m1

b90u
2
0

r

r3
=

µ

m1

b3
90u

2
0

b4
[εcos(φ− φ0)− 1]2 (cos(φ)x̂ + sin(φ)ŷ) ,

(B.165)

where u0 is the particle’s initial velocity and µ is the reduced mass. We note that φ and t

are related from conservation of angular momentum as

dφ

dt
=

u0b

r(φ)2
. (B.166)
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The next step is to evaluate Eq. (B.160). Eq. (B.160) is then solved via the following

integral:

Wrad =
2

3

q2
1

c3
(b90u

2
0)2

(
µ

m1

)2 ∫ ∞
−∞

dt

r(φ)4
=

2

3

q2
1

c3

(b90u
2
0)2

u0b

∫ Θ

π

dφ

r(φ)2

=
2

3

q2
1

c3

b4
90u

3
0

b5

(
µ

m1

)2 ∫ Θ

π

dφ (εcos(φ− φ0)− 1)2

=
2

3

q2
1

c3

b4
90u

3
0

b5

(
µ

m1

)2 [
(φ0 − π)

(
2 + sec2(φ0)

)
− 3tan(φ0)

]
=

2

3

q2
1

c3

b4
90u

3
0

b5

(
µ

m1

)2
[

(atan

(
− b

b90

)
− π)

(
3 +

(
b

b90

)2
)

+ 3
b

b90

]
, (B.167)

where we have used φ0 = atan(−b/b90). This is the result obtained by Kramers in Ref.

[172]. Analogous to the calculation for the collisional stopping power, we can write the

radiative stopping power for particles slowing down in a plasma with number density n2 as

(
dK

d`

)
rad

= n2

∫ bmax

bmin

Wrad2πbdb

= 2πn2
2

3

q2
1

c3
u3

0b90

(
µ

m1

)2 ∫ bmax/b90

bmin/b90

x−4
[
(atan(−x)− π)(3 + x2) + 3x

]
dx,

(B.168)

where the integration variable x = b/b90. We point out that the minimum and maximum

impact factors used to calculative the radiative stopping power should also be consistent

with the limits used in the stopping power model (i.e. between b90 and λD, for example).

Nevertheless, while this is a suitable result for classical mechanics, we point out that the

more detailed cross sections from Ref. [143] are used in practice since this is fundamentally

a quantum mechanics problem. The purpose of this section was to highlight the physics and

methods used for calculating the radiated energy emitted from a charged particle slowing

down in a material.
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B.3 Fokker Planck description of plasmas

Plasmas are commonly described by their distribution functions f(v,x, t) defined by

f(v,x, t)d3vd3x = number of particles at time t and position d3x about x (B.169)

traveling with velocity d3v about v (B.170)

and their evolution is described by the equation

df

dt
=
∂f

∂t
+
dx

dt
· ∂f
∂x

+
dv

dt
· ∂f
∂v

=
∑(

∂f

∂t

)
c

(B.171)

where the right hand side represents changes to the distribution function resulting from

collisions and sums over all of the species in the plasma. We evaluate this by first consid-

ering the probability distribution function Ps(v,∆v) which describes the probability that a

particle of type s with velocity v at time t will change its velocity by ∆v. This distribution

function obeys the normalization condition

∫ ∞
−∞

Ps(v,∆v)d3(∆v) = 1 (B.172)

where v = |v|. The distribution function fs(x,v, t) represents the number of particles at

position x travelling at velocity v at time t. It can also be written by summing up how

many particles with velocities v −∆v undergo collisions which cause them to travel with

velocities d3∆v about v:

fs(x,v, t) =

∫ ∞
∞

fs(x,v −∆v, t−∆t)Ps(v −∆v,∆v)d3(∆v) (B.173)
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where we have assumed the plasma is dense enough that the particles don’t significantly

change their position while they undergo collisions. In the limit of small ∆v << v, we

can expand the integrand about ∆v as follows:

fs(x,v −∆v, t−∆t)Ps(v −∆v,∆v) ≈ fs(x,v, t)Ps(v,∆v)−∆tPs(v,∆v)
∂fs(x,v, t)

∂t

−∆v · ∂
∂v

(fs(x,v, t)Ps(v,∆v)) +
1

2
∆v∆v :

∂

∂v

∂

∂v
(fs(x,v, t)Ps(v,∆v)) (B.174)

where the symbol : denotes the scalar product for two tensors. Now when the integral is

carried out over ∆v, we find that

0 = −∆t

(
∂fs(x,v, t)

∂t

)
c

− ∂

∂v
· fs(x,v, t)

∫ ∞
−∞

d3(∆v)Ps(v,∆v)∆v

+
1

2

∂

∂v

∂

∂v
: fs(x,v, t)

∫ ∞
−∞

d3(∆v)Ps(v,∆v)∆v∆v. (B.175)

This equation can be rearranged to solve for the collision term:

(
∂fs(x,v, t)

∂t

)
c

= − ∂

∂v
·
[
fs(x,v, t)

〈
∆v

∆t

〉
s

]
+

1

2

∂

∂v

∂

∂v
:

[
fs(x,v, t)

〈
∆v∆v

∆t

〉
s

]
(B.176)

where 〈
∆v

∆t

〉
s

=
1

∆t

∫ ∞
−∞

d3(∆v)Ps(v,∆v)∆v (B.177)

and 〈
∆v∆v

∆t

〉
s

=
1

∆t

∫ ∞
−∞

d3(∆v)Ps(v,∆v)∆v∆v. (B.178)

Using F ≡ msdv/dt to describe the forces experienced by individual particles, we

now arrive at the well known Fokker-Planck equation for the evolution of a plasma species



294

s:

∂fs
∂t

+
dx

dt
· ∂fs
∂x

+
F

ms

· ∂fs
∂v

= − ∂

∂v
·
[
fs(x,v, t)

〈
∆v

∆t

〉
s

]
+

1

2

∂

∂v

∂

∂v
:

[
fs(x,v, t)

〈
∆v∆v

∆t

〉
s

]
(B.179)

B.3.1 Dynamical friction vector

The kernel Ps(v,∆v) in the collision operators can be evaluated by considering the differ-

ential scattering cross section from Eq. (B.44). We consider the scattering of particle s off

of particle of type s′ which scatters particle s from velocity v to a velocity v + ∆v. We

denote with V the relative velocity between particles before the collision (i.e. V = |v−v′|

where v′ is the velocity of particle type s′). The probability per unit time that particle swith

velocity v scatters off of particle s′ with velocities d3v′ about v′ and at angles dΩ about Ω

is given by:

d3(∆v)Ps(v,∆v)/∆t = |v − v′|dσss
′(|v − v′|,Θ)

dΩ
fs′(v

′)d3v′dΩ

= |v − v′| b2
90

4sin2(Θ/2)
fs′(v

′)d3v′sin(Θ)dΘdφ

=
q2
sq

2
s′

µ2
ss′ |v − v′|3

fs′(v
′)d3v′

sin(Θ)

4sin2(Θ/2)
dΘdφ (B.180)

where Θ is the scattering angle in the center of mass frame of reference. Thus the dynamical

friction vector can be written as

〈
∆v

∆t

〉
s

=
∑
s′

∫ ∞
−∞

d3v′
∫ Θmax

Θmin

dΘ

∫ 2π

0

dφ∆v
q2
sq

2
s′

µ2
ss′ |v − v′|3

fs′(v
′)

sin(Θ)

4sin2(Θ/2)
.

(B.181)

The next step is to relate the vector ∆v to ∆V = ∆v −∆v′ which is the difference in the

velocity differences. This is done out of convenience since v − v′ is the dominant variable



295

now. The total momentum change is zero which implies 0 = ms∆v + ms′∆v′. Thus, we

can write ∆v as:

∆v =
ms′

ms′ +ms

∆V =
µss′

ms

∆V . (B.182)

The next step is to relate ∆V to |v − v′|. Here we take v − v′ = |v − v′|ẑ where Θ

represents the azimuthal angle. We note again that |v − v′| represents the initial velocity

difference before the collision. Using spherical coordinates, the final velocity difference is

given by

∆V = |v − v′| {(−1 + cosΘ)ẑ + sin Θ cosφx̂+ sin Θ sinφŷ} . (B.183)

We note that when integrating over φ from 0 to 2π, the x̂ and ŷ contributions vanish.

Therefore, the ẑ = (v−v′)/|v−v′| component remains and the dynamical friction vector

becomes

〈
∆v

∆t

〉
s

=
∑
s′

2π
q2
sq

2
s′

µss′ms

∫ ∞
−∞

d3v′
v − v′

|v − v′|3
fs′(v

′)

∫ Θmax

Θmin

dΘ
sin(Θ)(cosΘ− 1)

4sin2(Θ/2)
.

(B.184)

The integral over Θ we define as

lnΛs ≡
1

2

∫ Θmax

Θmin

dΘ
sin(Θ)(cosΘ)− 1)

4sin2(Θ/2)
= ln

(
sinΘmax/2

sinΘmin/2

)
. (B.185)

We note from the Rutherford scattering formula derived in the previous sections that

sin2 Θ/2 =
b2

90

b2 + b2
90

, (B.186)
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where we have taken bmin = b90 since we have neglected the effect of large angle collisions.

Taking bmax = λD, it follows that ln Λs can be written as

lnΛs =
1

2
ln

(
b2

90 + λ2
D

2b2
90

)
≈ ln

(
λD
b90

)
= ln Λ, (B.187)

where we have taken the limit λD >> b90. We can now write the friction vector as:

〈
∆v

∆t

〉
s

= −
∑
s′

4πlnΛs
q2
sq

2
s′

µss′ms

∫ ∞
−∞

d3v′
v − v′

|v − v′|3
fs′(v

′), (B.188)

A more convenient representation is given by

〈
∆v

∆t

〉
s

=
∑
s′

Γss′
∂

∂v
Hs′(v). (B.189)

where

Γss′ = 4πlnΛ
q2
sq

2
s′

µss′ms

(B.190)

and Hs′(v) is denoted as the “Rosenbluth potential”:

Hs′(v) ≡
∫ ∞
−∞

d3v′
fs′(v

′)

|v − v′|
), (B.191)

which of course satisfies the identity

∂

∂v
Hs′(v) = −

∫ ∞
−∞

d3v′
v − v′

|v − v′|3
fs′(v

′). (B.192)

We note that if fs′(v′) is a spherically symmetric distribution function, then the dynamic

friction vector depends only on v so that f(v) = f(v). Eq. (B.189) represents the friction

force experienced by species s as a result of small angle Coulombic collisions with species

s′ and it acts to slow down fast particles.
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B.3.2 The diffusion tensor

The diffusion tensor is given by

〈
∆v∆v

∆t

〉
s

=
∑
s′

∫ ∞
−∞

d3v′
∫ Θmax

Θmin

dΘ

∫ 2π

0

dφ∆v∆v
q2
sq

2
s′

µ2
ss′|v − v′|3

fs′(v
′)

sin(Θ)

4sin2(Θ/2)
.

(B.193)

Similar to the manner in which the dynamical friction vector was evaluated, we can use Eq.

(B.183) and integrate over φ to arrive at the following tensor

∫ 2π

0

∆v∆vdφ =
µ2
ss′

m2
s

|v − v′|2
[
2π(cosΘ− 1)2ẑẑ + π sin2 Θ(x̂x̂+ ŷŷ)

]
. (B.194)

The diffusion tensor then becomes

〈
∆v∆v

∆t

〉
s

=
∑
s′

∫ ∞
−∞

d3v′
q2
sq

2
s′

µ2
ss′|v − v′|

µ2
ss′

m2
s

fs′(v
′) ¯̄T (B.195)

where the symbol ¯̄T is the following tensor:

¯̄T ≡
∫ Θmax

Θmin

dΘ
sin(Θ)

4sin2(Θ/2)

[
2π(cosΘ− 1)2ẑẑ + π sin2 Θ(x̂x̂+ ŷŷ)

]
. (B.196)

The individual components come out to

Tzz = 2π

∫ Θmax

Θmin

dΘ
sin(Θ)

4sin2(Θ/2)
(cosΘ− 1)2 =

π

2
[cosΘmin − cos Θmax] (B.197)

and

Txx = Tyy = π

∫ Θmax

Θmin

dΘ
sin(Θ)

4sin2(Θ/2)
sin2 Θ = 2π

[
lnΛs +

1

4
(cos Θmax − cos Θmin)

]
(B.198)
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We assume here that ln Λs >> 1 which implies the cosines can be neglected. It follows

that we now have

¯̄T ≈ 2π ln Λ(x̂x̂+ ŷŷ). (B.199)

Without loss of generality, we can express ¯̄T in terms of v − v′ as

¯̄T ≈ 2πΛs

(
¯̄1− (v − v′)(v − v′)

|v − v′|2

)
(B.200)

where ¯̄1 is the identity tensor. It follows that the diffusion tensor can be expressed as

〈
∆v∆v

∆t

〉
s

=
∑
s′

Γss′
µss′

ms

∫ ∞
−∞

d3v′
fs′(v

′)

|v − v′|

(
¯̄1− (v − v′)(v − v′)

|v − v′|2

)
. (B.201)

Using the identity

¯̄1− (v − v′)(v − v′)

|v − v′|2
= |v − v′| ∂

∂v

∂

∂v
|v − v′|, (B.202)

the diffusion tensor can also be written as

〈
∆v∆v

∆t

〉
s

=
∑
s′

Γss′
µss′

ms

∂

∂v

∂

∂v
Gs′(v), (B.203)

where Gs(v) is the second Rosenbluth potential given by

Gs(v) =

∫ ∞
−∞

d3v′fs′(v
′)|v − v′|. (B.204)

It follows that the right-hand-side of the Fokker Planck equation can be written as

δcfs
δt

=
∑
s′

Γss′

[
− ∂

∂v
·
(
fs
∂

∂v
Hs′

)
+

1

2

∂

∂v

∂

∂v
:

(
fs
∂

∂v

∂

∂v
Gs′

)]
. (B.205)
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B.3.3 Evaluation of the collision operator for electron-ion collisions

In this subsection, we will consider the simple case where the relatively immobile ion

species are described by a single velocity delta function:

fi(v) ≡ niδ(v). (B.206)

The assumption of relatively slow ions is valid since me << mi implies that even for the

same temperature, the ion velocity must be slower by a factor of
√
me/mi ∼ 0.02 for the

lightest element Hydrogen. We consider the evolution of the electron distribution function

as a result of collisions. Here the Rosenbluth potentials are given by

Hi(v) =
ni
v

(B.207)

Gi(v) = niv. (B.208)

This leaves us with the following expressions for the diffusion tensor and the dynamical

friction vector:

〈
∆v

∆t

〉
e

= −
∑
i

Γei
v

v3
(B.209)〈

∆v∆v

∆t

〉
e

= −
∑
i

Γei
µei
me

1

v

(
¯̄1− vv

v2

)
. (B.210)

We can then substitute these expressions into the Fokker Planck Equation from Eq. (B.205):

δcfe
δt

=
∑
i

niΓei

[
− ∂

∂v

(
−fev
v3

)
+

1

2

∂

∂v

∂

∂v
:

(
fe
v2 ¯̄1− vv

v3

)]
(B.211)

=
∑
i

niΓei
2

∂

∂v
·

(
v2 ¯̄1− vv

v3
· ∂fe
∂v

)
. (B.212)
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An extremely important result of Eq. (B.211) is that δcfe/δt = 0 is fe is an isotropic

function of velocity (i.e. fe = fe(v
2)). This implies that if a distribution function is

anisotropic, then collisions will act to make it isotropic after enough time. Thus, if the

electron-ion collision time is much smaller than the time scale at which the plasma evolves,

then one can conclude the distribution function is likely isotropic and neglect the collision

operator. We note that for a single species plasma, it is common to simply write

δcfe
δt

= A
∂

∂v
·

(
v2 ¯̄1− vv

v3
· ∂fe
∂v

)
. (B.213)

B.4 Moments of the Boltzmann equation

For particle species s, we can write the Boltzmann equation as

dfs
dt

=
∂fs
∂t

+
dx

dt
· ∂fs
∂x

+
dv

dt
· ∂fs
∂v

=
δcfs
∂t

(B.214)

The parameter dv/dt can be related to the force F that each particle experiences:

dv

dt
=

F

m
=

q

ms

E + g +
q

me

v ×B (B.215)

where E is the electric field, B is the magnetic field, and g is an accelerating force. The

Boltzmann equation then becomes

dfs
dt

=
∂fs
∂t

+ v · ∂fs
∂x

+
qE + qv ×B +msg

ms

· ∂fs
∂v

=
δcfs
∂t

. (B.216)

We note that when the right hand side of Eq. (B.216) is zero (a collision-less plasma), Eq.

(B.216) is called the “Vlasov equation”. In the limit of a plasma with no magnetic fields

acting on it, the gravitational and electrostatic potentials can be represented by the function
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∇Φ(x) = −qE − g. The solution to the Vlasov equation is then

f(x,v) = n0

(
m

2T (x)

)3/2

exp

(
−m(v − u(x))2/2 + qΦ(x)

T (x)

)
, (B.217)

where n0 and T0 are the density and temperature as x → ∞ and u is the average fluid ve-

locity. We note that n = n0exp(−eφ/T ) was the solution we found at the beginning of the

section for the density profile which arises from the placement of a small charge inside of

the plasma. This is the reason why many plasma are assumed to have initially Maxwellian

distribution functions for calculations where knowledge of the distribution function is es-

sential. In the derivations below, we will assume that both electron-electron and ion-ion

collision frequencies are sufficiently rapid that both of their distribution functions equilib-

riate to a Maxwellian. There are some cases where the plasma is described with a superpo-

sition of a Maxwellian distribution function and a small perturbed distribution function in

the direction of the temperature gradient.

Although the plasma distribution function represents a rather complete description of

the plasma, it is convenient to take moments of the distribution function and instead de-

scribe the average plasma density, temperature, pressure, and temperature as a function of

space and time. The first moment of the plasma distribution function is the number density

and it is given by

ns(x, t) ≡
∫ ∞
−∞

fs(x,v, t)d
3v. (B.218)

The second moment of the distribution function is the average fluid velocity u and it is

given by

ns(x, t)u(x, t) ≡
∫ ∞
−∞

fs(x,v, t)vd
3v. (B.219)

Note that if the plasma is at rest and has a symmetric distribution function, then u = 0.
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The next moment of the distribution function is the pressure tensor which is given by

¯̄P ≡ ms

∫ ∞
−∞

(v − u(x, t))(v − u(x, t))f(x,v, t)d3v. (B.220)

Note that the velocity v − u represents the velocity due to thermal motions within the

plasma (rather than bulk motion). If the distribution function is isotropic in velocity about

v = u, then the pressure can be written as

¯̄P = P ¯̄1 (B.221)

where ¯̄1 is the identity tensor. The final quantity of interest to define is the temperature

T (r, t) which we take here to denote the most probable kinetic energy of the particles

within the plasma. For example, if the distribution function has a maximum, then the

velocity corresponding to where dfs/dv = 0 is denoted as vp and the temperature would be

msv
2
p/2.

The next step is to integrate Eq. (B.214) over all velocities to determine equations for

ne,ue, Te, and ¯̄Pe, with different velocity weighting functions. We will first derive the

conservation equations for electrons and then we will consider ions. In the derivation of

these equations, we will make a few simplifying assumptions to avoid calculating large ten-

sors and for evaluating the collision operators. We allow this distribution function to have

an isotropic part (no dependence on angle) and an anisotropic component in the direction

of the temperature gradient. This is done by representing the distribution function as an

infinite sum of Legendre polynomials:

fe(v, cosθ) =
∞∑
`

α`(v)P`(cosθ) (B.222)
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where cosθ = vz/v and P` is the Legendre polynomial defined by the recursive formula

P`(x) =
1

2nn!

dn

dx2
(x2 − 1)n. (B.223)

This set of polynomials has the important property of orthogonality which means that∫ 1

−1
Pm(x)Pn(x)dx = 0 unless m = n. The coefficients in the expansion are given by

α`(v) =
2`+ 1

2

∫ 1

−1

fe(v, µ)P`(µ)dµ, (B.224)

where we have taken µ = cos θ. In the limit of small µ = cosθ, one can take the first two

Legendre polynomials given by P0(x) = 1 and P1(x) = x and write

fe(v, cosθ) ≈ f0(v) + f1(v)cosθ. (B.225)

We now turn our attention specifically to the electron distribution function (we will consider

the ions in a little bit). Using the collision operator from Eq. (B.213) we can write the

steady-state Boltzmann equation as

vz
∂

∂z
f +
−eE
m

∂f

∂vz
= A

∂

∂v
·

(
v2 ¯̄1− vv

v3
· ∂fe
∂v

)
, (B.226)

where we have assumed azimuthal symmetry (derivatives in x and y directions are ne-

glected) and we have also used the electron-ion collision operator derived in the previous

section. It is important to note that that the collision operator vanishes for f = f0(v) and

for f1(v)cosθ, it reduces to the simple form

δcfe
δt

= A
∂

∂v
·

(
v2 ¯̄1− vv

v3
· ∂fe
∂v

)
= −2A

v3
fe. (B.227)
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Neglecting terms of order cos2 θ or higher and noting that ẑ·v̂ = cosθ, Eq. (B.226) becomes

vcosθ
∂f0

∂z
+
−eE
me

cosθ
∂f0

∂v
= −2A

v3
f1cosθ. (B.228)

Therefore, we can solve for f1 with respect to f0:

f1(v) = − v
4

2A

(
∂f0

∂z
+
−eE
mev

∂f0

∂v

)
. (B.229)

Using the following Maxwellian distribution function

f0(v) = ne(z)

(
me

2πTe(z)

)3/2

exp

(
− mev

2

2Te(z)

)
, (B.230)

where we have neglected bulk fluid motion for the moment. We note that the density may

also depend on x and y, but that f1 only depends on gradients in the z direction. Moving

forward, we can write f1 as

f1(v) =
−v4

2A
f0(v)

[
1

ne

∂ne
∂z

+
1

Te

∂Te
∂z

(
mev

2

2Te
− 3

2

)
+
−eE
Te

]
(B.231)

This expression will be useful in the section when we derive thermal conductivity.

B.4.1 Zeroth moment (conservation of mass)

Coulombic collisions do not change the mass nor the number of particles. So when we

take the first momentum of the Boltzmann equation, we set the right hand side to zero. An

exception to this will be discussed later when we consider mass conservation for ions and

discuss thermonuclear fuel burn up (since the number of DT ions decreases when enough

fusion reactions have occurred). However, in this section, we need only to consider small

angle Coulombic interactions within the plasma.
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We take the first moment by operating on Eq. (B.214) with the integral
∫
d3v, yielding

the following equation for mass conservation

∫ ∞
−∞

d3v

[
∂fe
∂t

+ v · ∂fe
∂x

+
−eE − ev ×B +meg

me

∂fe
∂v

]
= 0. (B.232)

We note that ∂fe/∂vi is an odd function and integrates to zero for a symmetric distribution

function. We also note that forces act to change the energy and momentum of particles, but

not their mass nor their density. The final continuity equation is given by

∂ne
∂t

+
∂

∂x
· (neue) = 0. (B.233)

For ions, the mass conservation equation also takes the same form

∂ni
∂t

+
∂

∂x
· (niui) = 0. (B.234)

B.4.2 First moment (conservation of momentum)

We now the second moment by operating on Eq. (B.214) with the integral
∫
d3v, yielding

the following equation for momentum conservation:

∫ ∞
−∞

d3v

[
∂fe
∂t

+ v · ∂fe
∂x

+
−eE − ev ×B +meg

me

· ∂fe
∂v

]
v =

∫ ∞
−∞

d3v
δcfe
δt

v.

(B.235)

We denote with νei the collision frequency which represents a collisional drag force

imparted on electrons due to collisions with ions. This term is calculated by integrating the

momentum collision frequency convolved with the distribution functions (see Eq. B.58).
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With this in mind, the momentum conservation equation becomes

me
∂(neue)

∂t
+

∂

∂x
· (meneusue) +

∂

∂x
· ¯̄Pe − ne[−eE − eue ×B +meg] = meneνeiue,

(B.236)

where we have assumed that the distribution vanishes as v → ∞. Of course, we will take

the Maxwellian-averaged collision frequencies which presents one case where we assume

something about the distribution function. Applying the continuity equation (B.233) and a

considerable amount of mathematical manipulations, we arrive at

mene
∂ue
∂t

= ne[−eE − eue ×B +meg]− ∂

∂x
· ¯̄Pe +meneνeiue. (B.237)

In this thesis, we primarily deal with plasmas which are initially unmagnetized and thus

have isotropic unperturbed distribution functions. This implies that

∂

∂x
· ¯̄Pe =

∂

∂x
Pe. (B.238)

Therefore,

mene
∂ue
∂t

= ne[−eE − eue ×B +meg]− ∂Pe
∂x

+meneνeiue. (B.239)

We note that it is possible to include anisotropic components to the pressure tensor to derive

a viscosity term. However, this effect is not relevant for the topics presented in this thesis.

For the ions, we recall that νie = νeime/mi and write

mini
∂ui
∂t

= ni[ZeE + Zeui ×B +mig]− ∂Pi
∂x

+miniνieui. (B.240)
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B.4.3 Second moment (conservation of energy)∫ ∞
−∞

d3v

[
∂fe
∂t

+ v · ∂fe
∂x

+
−eE − ev ×B +meg

me

· ∂fe
∂v

]
vv =

∫ ∞
−∞

d3v
δcfe
δt

vv.

(B.241)

Here, we desire to understand energy transport for an isotropic distribution function. Thus,

we only focus on the trace and write

∫ ∞
−∞

d3v

[
∂fe
∂t

+ v · ∂fe
∂x

+
−eE − ev ×B +meg

me

· ∂fe
∂v

]
mev

2

2
=

∫ ∞
−∞

d3v
δcfe
δt

mev
2

2
.

(B.242)

We note here that ¯̄Pe =
∫
mefewwd3v where w = v − u. This implies that ww =

w2
xx̂x̂+ w2

y ŷŷ + w2
z ẑẑ = (w2/3)¯̄1 and that

∫ ∞
−∞

d3vmefew
2 = 3Pe. (B.243)

We can thus write Eq. (B.242) as

∂

∂t

[
3Pe
2

+
meneu

2
e

2

]
+
∂

∂x
·
[
ue

(
5Pe
2

+
meneu

2
e

2

)]
−(−eE+meg)·uene =

∫ ∞
−∞

d3v
δcfe
δt

mev
2

2
.

(B.244)

To evaluate the right hand side of Eq. (B.251), it is important to evaluate the collision

operator for electron-ion collisions which is zero for isotropic distribution functions. For

the electron energy conservation equation, this term eventually becomes the electron ther-

mal conduction term. The physical picture here describes a system where the electrons

and ions have already equilibriated with each other and the collision operator describes the

net transfer of energy from electrons to lower energy ions along the temperature gradient.

This temperature gradient is in the same direction as the electric field which arises from the

charge separation E = Eẑ. Thus, we allow the distribution function to have an isotropic

and a slightly anisotropic component in the direction of this electric field.
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We first calculate the electric field from the condition of charge neutrality as the elec-

trons conduct their energy through space. This implies that as some of the electrons are

conducting their energy toward lower temperature regions, lower energy electrons move

back in a counter-current for the purpose of maintaining charge neutrality. This requires

the net current charge J = Jẑ to be zero:

J = −e
∫
d3vvzf1(v)cosθ = −2πe

∫ ∞
0

dvf1(v)v3

∫ π

0

sinθcos2θdθ = e
4πe

3

∫ ∞
0

dvv3f1(v) = 0.

(B.245)

It follows that the following integrand must vanish:

(
1

ne

∂ne
∂z

+
qE

Te
− 3

2

1

Te

∂Te
∂z

)∫ ∞
0

v7f0(v)dv +
1

Te

∂Te
∂z

(
me

2Te

)∫ ∞
0

v9f0(v)dv = 0.

(B.246)

Solving for the electric field E, we find

−eE
Te

= − 1

ne

∂ne
∂z
− 5

2

1

Te

∂Te
∂z

, (B.247)

Thus, gradients in the density and temperature act to generate an electric field which drives

current. We can now substitute this electric field into Eq. (B.231) to solve for f1:

f1(v) = −−v
4
th

4A
f0(v)

1

Te

∂Te
∂z

(
v

vth

)4
[(

v

vth

)2

− 8

]
, (B.248)

where vth =
√
Te/me. We also note that Eq. (B.248) only depends on the temperature

gradient and the density gradient corrections have canceled out. The heat flux is calculated

by integrating over the anisotropic component of the distribution function f1 from Eq.

(B.248), giving:

q =

∫
d3v

mv2

2
vzf1(v)cosθ = κ

∂Te
∂z

, (B.249)
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which yields the following thermal conductivity coefficient κ given by

κe =

(
8

π

)3/2
T

5/2
e

Ze4
√
melnΛei

. (B.250)

This result is known as the “ Spitzer conductivity” and it enters the energy conservation

equation as

∂

∂t

[
3Pe
2

+
meneu

2
e

2

]
+
∂

∂x
·
[
ue

(
5Pe
2

+
meneu

2
e

2

)]
−(−eE+meg)·uene =

∂

∂x
·κe

∂Te
∂x

+Qe,

(B.251)

where Qe denotes other energy sinks and sources (i.e. large angle collisions, radiation

losses, radiation deposition, etc.). We note that the equation we derived for thermal con-

ductivity is only valid in the regime where the electron mean free path is much less than

the temperature gradient scale length. This happens to be the case near the ablation front of

inertially driven implosions, for which a non-local heat transport model is used [138]. For

simplicity, we do not consider non-local effects in this Appendix.

Likewise, energy conservation for the ions can be written as

∂

∂t

[
3Pi
2

+
miniu

2
i

2

]
+
∂

∂x
·
[
ui

(
5Pi
2

+
miniu

2
i

2

)]
−(ZeE+mig)·uini = Qi, (B.252)

Here we neglect ion thermal conduction since it is weaker compared to the electrons. One

can postulate that the thermal flux for electrons scales like 0.5Teneve and like 0.5Tinivi for

ions. Even for the same temperature and density, we know that ve/vi ∼
√
mi/me >> 1.

Thus, we expect the ion heat flux to be negligible compared to the electron’s heat flux.

An important note: the equations derived here aren’t entirely self-consistent, since the

correct thing to do is to evaluate the pressure tensor and include the f1 corrections in it.

However, we assume that f1 << f0 and neglect its corrections to the pressure tensor for
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simplicity.

On a final note, in the limit of no heat sources or sinks, no electromagnetic fields, and

no collisions, energy conservation (for both electrons and ions) may be written as

∂

∂t

(
P

n5/3

)
+ u · ∂

∂x

(
P

n5/3

)
= 0. (B.253)

This entropy conservation equation will prove itself to be extremely useful in the analysis

of an imploding shell.

B.4.4 Equation of state for closure

In taking three moments, we arrive at three equations and four unknowns (ns, Ts,us, Ps.

This system is closed by an “equation of state” (EOS). The most simple form of the EOS

is given by:

Ps =

∫
f0(v)d3v = nsTs, (B.254)

for a Maxwellian distribution function. This is the equation of state that we use to describe

the hot spot of inertially confined plasmas. For a cold plasma, the equation of state is P = 0

which also implies that entropy is conserved (i.e. p/nγ = const where γ is the adiabatic

index and equal to 5/3 for a plasma with three degrees of freedom). This equation of state

is appropriate for plasmas where the thermal velocity is much less than the phase velocity

of the wave. For warm dense plasma states (as arise when the DT ice is initially shocked),

the equation of state is more complicated since the de Broglie wavelength is of the order of

inter-particle separation distance. The measurement and calculation of equations of states

for such states of matter is an active area of research [140].
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B.4.5 Coupling between ions and electrons

The rate at which the electron energy changes (in the absence of external heat sources) is

given by

Hei = − d

dt

(
3

2
Pe

)
=

d

dt

(
3

2
Pi

)
(B.255)

where Pe is the electron pressure and Pi is the ion pressure. Using the ideal equation of

state, we can write Pe = neTe = niTi ≈ neTi via the plasma approximation. It follows that

we can define the equilibration collision frequency as

νE,ei ≡
1

Te − Ti
dTi
dt

=
−1

Te − Ti
dTe
dt
, (B.256)

and recall that

ν̄E,ei =
4

3
√

2π
niZ

2e4 4π
√
me

T
3/2
e mi

lnΛei. (B.257)

Thus the equilibration time is smallest for high density, low temperature plasmas.

B.4.6 The one-fluid description of a plasma

When phenomena like plasma waves and radiation interactions with plasmas are consid-

ered, it is very important to treat the electrons and ions separately. However, for analytic

models of inertially confined plasmas, it is often convenient to consolidate the electron and

ion fluids equations. This is done by letting

ρ ≡ mene +mini (B.258)

T ≡ Te = Ti (B.259)

P ≡ Pe + Pi = (ne + ni)T (B.260)

u ≡ ue = ui. (B.261)
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These conditions essentially require the electrons to move at the same speed as the ions and

for their temperatures to be equal. The pressure and densities are then described as the sum

of the two species.

B.5 Plasma waves

Now that a comprehensive derivation of the plasma equations has been derived, the next

step is to analyze waves in plasmas. Disturbances in the local plasma density can generate

waves throughout the plasma. These plasma waves can also interact with the incident laser

light, resulting in a significant amount of energy dumped into plasma waves (and their

acceleration of electrons to high energies). It is therefore important to understand what

plasma waves are and how they interact with the incident laser light.

A wave is fundamentally described by its frequency ω and its wave number k. In its

simplest description, one can describe a wave as

f(x, t) = eik·x−iωt + C.C. (B.262)

where C.C. is the complex conjugate (which is often not explicitly written for conve-

nience), k is the wave number which represents the direction in which the wave is propagat-

ing, and ω is the frequency of the wave. The frequency ω is a function of the wave number

k. This relationship is called the “dispersion relation” and it is calculated by analyzing the

perturbation of the plasma by the wave.

The velocity at which the wave packet (the actual modulation) propagates through the

plasma is called the “group velocity” and it is given by

vg ≡
dω

dk
. (B.263)



313

Another important quantity of interest is the “phase velocity” which represents the rate at

which the amplitude of a phase changes. This velocity is given by

vp =
ω

k
. (B.264)

In the subsections below, we will use Eq. (B.262) to describe the evolution of very

small perturbations in the plasma. Specifically, we will write

u = u0 + ũeik·x−iωt + C.C. (B.265)

n = n0 + ñeik·x−iωt + C.C. (B.266)

P = P0 + P̃ eik·x−iωt + C.C. (B.267)

where we assume that P̃ << P0, ñ << n0, and |ũ| << |u0|. Before the plasma is per-

turbed by the wave, we assume that u0, n0, and P0 satisfy the steady state fluid equations.

We then use the fluid equations and Maxwell’s equations to obtain the dispersion relation

assuming that the perturbations are small enough that we can neglect second order terms

(i.e. ñn0 >> ñ2 ≈ 0 ). Additionally, we will use the ideal equation of state P = nT to

close the fluid equations.

Another important thing to note is that for the perturbed quantities, the operators ∇→

k and ∂/∂t→ −iω. These simplifications are convenient since they act to transform partial

differential equations into algebraic equations. For convenience, we also state Maxwell’s
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equations here

∂

∂x
·E = 4π (Zeni − ene) (B.268)

∂

∂x
·B = 0 (B.269)

∂

∂x
×E = −1

c

∂B

∂t
(B.270)

∂

∂x
×B =

1

c

(
4π (Zeniui − eneue) +

∂E

∂t

)
. (B.271)

An interesting point worth noting is that Poisson’s equation states the divergence in the

electric field is proportionate to the difference between the electron and ion charges. Nor-

mally the plasma approximation is used which implies ne ≈ Zni which implies the electric

field divergence is zero. This is generally true for the quasi-neutral plasma. However, there

are a few cases where we are allowed to calculate the electric field from Poisson’s equation.

The first is the case when high frequency electron plasma oscillations are considered. This

process models the oscillation of electrons in response to a small displacement. Averaged

over time, the plasma is quasi-neutral everywhere. However, to determine the oscillation

frequency, one must use Poisson’s equation to quantify the electric field which arises from

the displacements and acts as a driving force for the oscillations. The second time Pois-

son’s equation is used is in the calculation of the evolution of the plasma in the presence

of a small charge. This was described at the beginning of the section when we defined the

Debye length and described how the plasma screens out charges placed inside of it.

B.5.1 Electron plasma waves

Here we consider the simple longitudinal oscillation of a plasma along the direction of an

electric field. The physical picture here is a displacement of electrons from their stationary

neutralizing background (the ions). The electric field then acts to restore the electrons to
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their original position. The electrons, however, overshoot as a result of their inertia. What

happens is the electrons oscillate back and forth with a characteristic frequency called the

“electron plasma frequency”. We will derive the dispersion relation for this process in this

section.

Here we assume the infinite plasma is initially at rest with a uniform density ne0 and

electron temperature Te. The ions are relatively immobile and stationary compared to the

electrons. We consider simple electrostatic oscillations and neglect magnetic fields. The

set of equations we use to describe these oscillations consist of Poisson’s equation (which

relates the electric field to the charge displacements), conservation of energy, conservation

of mass, and conservation of momentum:

0 =
∂

∂x
·E − 4π(Zeni − ene) (B.272)

0 =
∂

∂t

(
P

nγ

)
+ u · ∂

∂x
·
(
P

nγ

)
(B.273)

0 = mene

[
∂ue
∂t

+ ue ·
∂

∂x
ue

]
+
∂Pe
∂x

+ eneE (B.274)

0 =
∂ne
∂t

+
∂

∂x
· (neue). (B.275)

Note that we have introduce the parameter γ in the entropy conservation equation. In

the previous section where we derived the fluid equations, γ = 5/3 would have been

appropriate. We allow it to be arbitrary here, mostly to ensure the kinetic result is recovered



316

in the dispersion relation. Now in linearized form, these equations become

0 = ikẼ + 4πeñe (B.276)

0 = −iω P̃e
nγe

+ iωγPe
ñe

nγ+1
e

(B.277)

0 = −iωmeneṽe + ikP̃e + ene0Ẽ (B.278)

0 = −iωñe + ikne,oṽe (B.279)

where we have taken k = kẑ without loss of generality, defined ve ≡ ue · ẑ, and we have

neglected second order terms such as ñeṽe and ṽ2
e . A Taylor series expansion was used to

linearize the term P/nγ .

We now have four equations for the four unknowns ñe, ṽe, P̃e and Ẽ. There are two

solutions: (1) is that Ẽ = ñe = ṽe = 0 and (2) is the following dispersion relation:

ω2 = ω2
pe + γk2 Te

me

(B.280)

where ωpe is the electron plasma frequency given by

ωpe =

√
4πne0e2

me

, (B.281)

and we have used the ideal equation of state Pe = neTe. The plasma frequency is an

important characteristic frequency within the plasma. It represents the frequency at which

the electrons respond to electrostatic disturbances in the limit of no temperature.

Eq. (B.280) may also be rewritten in terms of the Deby Length given by λD =√
Te/(meω2

p). This yields the result

ω2 = ω2
pe

(
1 + γk2λ2

D

)
. (B.282)
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It is important to note that in the cold plasma limit of Te = 0, ω = ωp and there is no

dependence of ω on k. This represents a wave which propagates with a group velocity of 0

and a system where kλD << 1, implying the Debye wavelength is much smaller than the

wavelength of the perturbation. As will be shown in the section about Landau damping,

setting γ = 3 recovers the dispersion relation derived using kinetic theory.

B.5.2 Collisional damping of electron plasma waves

Here we derive the dispersion relation for an electron plasma wave for a plasma which is

collisional with respect to electron - ion interactions. The analysis is similar to the previous

derivation except we now add a term for electron-ion collisions:

0 =
∂

∂x
·E − 4π(Zeni − ene) (B.283)

0 = mene

[
∂ue
∂t

+ ue ·
∂

∂x
ue

]
+
∂Pe
∂x

+ eneE −meneueνei (B.284)

0 =
∂ne
∂t

+
∂

∂x
· (neue) (B.285)

In linearized form, these equations become

0 = ikẼ + 4πeñe (B.286)

0 = −iωmeneṽe + ikγTeñe + ene0Ẽ − ne0meṽeνei (B.287)

0 = −iωñe + ikne,oṽe (B.288)

where we have used P̃e = γTeñe. The dispersion relation becomes

ω2 = ω2
p + γ2k

2Te
me

+ iνeiω, (B.289)
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which can as be written as the following quadratic equation:

ω = i
νei
2
± 1

2

√
4ω2

p + 4γ2
k2Te
me

− ν2
ei. (B.290)

It follows that ω now has an imaginary part. This contributes to a damping of the plasma

wave since ei2νei = e−νei . As the wave propagates through the plasma, the accelerated

electrons transfer energy to the ions via Coulombic collisions. As the electrons transfer

their energy to these ions, the wave itself loses energy and its amplitude dampens.

B.5.3 Landau damping of electron plasma waves

Landau damping is a kinetic process that causes damping of plasma waves from particles

with velocities near the phase velocity (i.e. vz ≈ ω/k for k = kẑ). Particles with energies

slightly smaller than the phase velocity acquire energy from the wave while particles with

velocities slightly higher than the phase velocity lose energy from the wave. This is a

purely kinetic effect which cannot be described from fluid theory, since we are describing

electrons with specific energies within the distribution function.

We first begin with the unmagnetized Vlasov equation and Poisson’s equation:

0 =
∂f

∂t
+ v · ∂f

∂x
− e

me

· ∂f
∂v

(B.291)

0 =
∂

∂x
·E − 4π(Zeni − ene) (B.292)

we linearize the distribution function so that f = f0 + f1 and f1 = f̃(v)eikz−iωt + C.C..
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The linearized equations are then

0 = −iωf̃ + ikvzf̃ −
e

me

Ẽ
∂f0

∂vz
(B.293)

0 = ikẼ + 4πe

∫
f̃d3v, (B.294)

This system of equation is different from previous derivations in that we now have an

integral equation. We define with D(k, ω)

D(k, ω) ≡ 1−
ω2
p

k2

1

ne0

∫
∂f0/∂vz
vz − ω

k

d3v = 0. (B.295)

We note that the integrand in Eq. (B.295) contains a singularity where vz = ω/k which

creates an obvious problem. In 1946, Lev Landau was able to solve this problem success-

fully by instead considering f1 to be an initial value problem (rather than assuming that

f1(x,v, t) = f̃(v)eikz−iωt, f1 is written as f1(x,v, t) = f̃(v, t)eikz). In doing this, the

linearized Vlasov and Poisson’s equations become

0 =
∂f̃

∂t
+ ikvzf̃ −

e

me

Ẽ
∂f0

∂vz
(B.296)

0 = ikẼ + 4πe

∫
f̃d3v. (B.297)

The solution of f̃ may be solved by taking a Laplace transform of the equation defined by

F̃ (s,v) ≡
∫ ∞

0

f̃(v, t)e−stdt. (B.298)

An important property of the Laplace transform is the fact that the transform of ∂f̃/∂t can
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also be written in terms of F using integration by parts:

∫ ∞
0

∂f̃

∂t
e−stdt = −f̃(v, 0) + sF̃ (s,v). (B.299)

Denoting E(s) as the Laplace transform of Ẽ, the transformed linearized equations then

become

0 = −f̃(v, 0) + sF̃ (s,v) + ikvzF̃ (s,v)− e

me

E(s)
∂f0

∂vz
(B.300)

0 = ikE(s) + 4πe

∫
F̃ (s,v)d3v. (B.301)

Solving for F̃ (v, s) in terms of E(s), we find that

F̃ (v, s) =
1

s+ ikvz

(
f̃(v, 0) +

e

me

E(s)
∂f0

∂vz

)
, (B.302)

which then implies that the electric field is given by

E(s) =
−4πe

ikε(s, k)

∫
f̃(v, 0)

s+ ikvz
d3v (B.303)

where ε is the plasma dielectric function given by

ε(s, k) = 1 +
4πe2

mek

∫
∂f0/∂vz
is− kvz

d3v. (B.304)

Normally, the next step would be to evaluate the complicated integral shown above and

set it to 0 (note that it is equivalent to the dispersion relation from Eq. (B.295) with the

only difference being that s is a complex number while ω was not). However, as a result of

the singularity near s = ikvz, one must be careful. In order to solve this problem correctly,

we must consider the inverse Laplace transform which solves for Ẽ(t) and f̃(v, t). As an
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example, the electric field as a function of time is given by the Bromwich integral (which

is described in more detail in the following subsections):

Ẽ(t) =
1

2πi

∫ σ+i∞

σ−i∞
E(s)estds, (B.305)

where σ = Re(s) is the real number which is generally chosen to ensure it is larger than

the real part of all singularities. However, σ can be any real number along the axis, so long

as the contour is properly deformed to include the poles within it. This is demonstrated

in Figure B.5 where the deformation of the contour around the poles is shown as σ is

decreased.

The next step is to analytically continue f̃(v, 0) and ∂f0/∂vz into the domain where vz

has an imaginary component (Im(vz) 6= 0) so that the singularities are properly accounted

for. In figure B.5, the primary contour along Re(s) = σ satisfies σ < Re(−ivzk) =

Im(vz)k. This implies that when the integration over vz is carried out, the contour must

be deformed to ensure that the poles satisfy Im(vz) > σ/k. Since we have already cho-

sen a σ < 0, this directly implies that the integration contour is deformed to catch the

singularities located in the Im(vz) < 1 domain, as shown in Fig. B.6.

Without loss of generality, we can set s = −iω to define a frequency which is analogous

to the frequency from a Fourier Transform. We then write the plasma dielectric function as

ε(ω, k) = 1 +
4πe2

mek

∫
∂f0/∂vz
ω − kvz

d3v, (B.306)

and use the Maxwellain distribution function which, after being integrated over vx and vy

yields

f0 = ne0

(
me

2πTe

)1/2

e
mev

2
z

2Te . (B.307)

If we assume that Re(ω) >> Im(ω) (the weak damping limit), then the singularity nearly
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Figure B.5: The Bromwich contour evaluated along the real vz axis and analytically con-
tinued into the imaginary vz space.

Figure B.6: The Bromwich contour evaluated along the real vz axis and analytically con-
tinued into the imaginary vz space.
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lies on the real axis and we can separate the integral into its principal value and the pole

contribution:

∫ ∞
−∞

∂f0/∂vz
ω − kvz

dvz = P

∫ ∞
−∞

∂f0/∂vz
ω − kvz

dvz −
iπ

k

[
∂f0

∂vz

]
vz=ω/k

, (B.308)

where we’ve applied residue theory to evaluate a half-circle contour around the pole. The

principal value of the integral is given by

P

∫ ∞
−∞

∂f0/∂vz
ω − kvz

dvz = limε→0

(∫ ω
k
−ε

−∞

∂f0/∂vz
ω − kvz

dvz +

∫ ∞
ω
k

+ε

∂f0/∂vz
ω − kvz

dvz

)
. (B.309)

We can then take the limit kvz << ω which implies the singularity lies in a space where

f0 is small (so the integrant from vz = ω/k to ∞ can be neglected). One can also think

of this is a weak damping limit since the phase velocity of the wave (ω/k) is not located

at the velocity where ∂f0/∂vz is maximized. The integral may the be simplified into the

following expression:

P

∫ ∞
−∞

∂f0/∂vz
ω − kvz

dvz ≈
∫ ∞
−∞

∂f0/∂vz
ω

(
1 +

kvz
ω

+
k2v2

z

ω2

)
dvz, (B.310)

where we have replaced the denominator with a simpler Taylor series expansion. The final

expression for the plasma dielectric function is then

1−
ω2
p

ω2
− 3k2

Teω
2
p

meω4
− iπ

ω2
p

ne0k2

[
∂f0

∂vz

]
vz=ω/k

= 0. (B.311)

In the limit of weak damping (ν << ωr where ω = ωr + iν), we recover the dispersion

relation for electron plasma waves:

ωr ' ωp(1 + 3k2λ2
D), (B.312)
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Figure B.7: Simple illustration of how Landau damping can create a population of energetic
electrons in the distribution function.

where λD =
√
Te/(meω2

p) and kλD << 1 has been assumed. Likewise, equating the

imaginary parts yields

ν ≈ π

2

ω2
p

ne0k2

[
∂f0

∂vz

]
vz=ω/k

. (B.313)

For Maxwellian dsitribution function, we have

ν ≈ 1

2

√
π

2

ωp
(kλD)3

exp

(
−1

2(kλD)2
.

)
(B.314)

Landau damping is particularly important for laser plasma interactions which occur in the

corona of inertially confined plasmas. For one, Landau damping acts to stabilize the growth

of excited parametric instabilities (which will be discussed later). Second is that Landau

damping of electron plasma waves can generate populations of hot electrons. This can be

detrimental for ICF if these suprathermal electrons prematurely heat the fuel and decom-

press it. A schematic of the modification to the distribution function resulting from landau

damping is provided in Fig. B.7.

Cauchy’s residue theorem

An important result of complex analysis regards the ability to analytically evaluate inte-

grands which otherwise were not possible. The purpose of this subsection is to briefly



325

review some fundamental concepts about complex analysis and derive Cauchy’s integral

formula.

We first begin by defining the complex variable z = x+ iy where i =
√
−1. A function

f(z) is analytic about the point z0 if it can be represented as a power series

f(z) =
∞∑
n=0

an(z − z0)n (B.315)

with a non-zero radius of convergence (there exists someR > 0 such that for any |z−z0| <

R, the series converges to a finite value). Convergence of the series implies that within the

radius convergence, for any ε > 0, there exists N such that |
∑m

n=0 an(z− z0)n− f(z)| < ε

for any m > N .

A function f(z) which has such a power series representation also satisfies what are

called the “Cauchy Reimann equations”. This can be understood by writing f(z) as

f(z) = f(x+ iy) =
∞∑
n=0

an (x+ iy − (x0 + iy0))n (B.316)

which implies that the partial derivatives are given by

∂f

∂x
=
∞∑
n=1

ann (x+ iy − (x0 + iy0))n−1 , (B.317)

and
∂f

∂y
=
∞∑
n=1

anin (x+ iy − (x0 + iy0))n−1 . (B.318)

It is clear from Equations (B.317) and (B.318) that

∂f

∂y
= i

∂f

∂x
. (B.319)
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The next step is to separate f into its real and imaginary components as follows:

f(z) = f(x+ iy) = u(x, y) + iv(x, y), (B.320)

where u and v are real-valued functions. Eq. (B.319) then directly implies the following:

∂u

∂y
= −∂v

∂x

∂v

∂y
=
∂u

∂x
. (B.321)

Equations (B.321) are known as the Cauchy-Reimann equations of complex analysis and

they have important implications related to the evaluation of close loop integrands.

We denote γ(t) = x(t) + iy(t) to be an arbitrary continuous curve along the complex

plane. A continuous function is defined such that for every point c ∈ t, as t → c, the limit

of γ(t) is γ(c). More exactly, this means that for every ε > 0, there exists a δ > 0 such that

|t− c| < δ implies that |γ(t)− γ(c)| < ε.

Now since we have defined f(z) to be an analytic function, it is infinitely differentiable

and there exists a function U(x, y) such that u(x, y) = ∂U/∂x and v(x, y) = ∂U/∂y.

Along the path γ, one can think of f as representing the gradient of U in the complex plane

where f = ux̂+ ivŷ. The contour integral of f along γ can then be written as

∫
γ

fdz =

∫ b

a

f(γ(t))
dγ

dt
dt =

∫
γ

dU = U(γ(b))− U(γ(a)), (B.322)

where we have used the fundamental theorem of calculus. Now if γ is a closed curve

such that γ(b) = γ(a), then the line integral vanishes. Of course, this is assuming that the

function is analytic everywhere on γ and within the closed loop (via Stoke’s theorem). For

any analytic function f(z), we therefore can write

∮
γ

fdz = 0. (B.323)
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The next step is to determine the contour integrand around a function which contains a

singularity or “pole” within the contour. To accomplish this, we can more generally write

f(z) as a Laurent series by including negative powers of z:

f(z) =
∞∑

n=−∞

an(z − z0)n. (B.324)

If an = 0 for all n < 0, then f(z) is analytic within the radius of convergence. We are

primarily interested in the case of a function which contains a simple pole of order 1. The

simplest representation is the function f(z) = 1/z. If we choose a closed path γ which

forms a circle of radius R about the origin, then the contour integrand may be parametized

as ∮
γ

1

z
dz =

∫ 2π

0

1

Reiθ
iReiθdθ = 2πi, (B.325)

where we have switched to polar coordinates z = Reiθ and have used Euler’s identity that

eiθ = cos(θ) + i sin(θ). Thus, the integrand around a simple pole is finite. If we allow f(z)

to be an analytic function with no poles, and z0 to be a point enclosed within the closed

contour γ, then we can write

∮
γ

f(z)− f(z0)

z − z0

dz = 0, (B.326)

which can be rearranged to yield

∮
γ

f(z)

z − z0

dz = 2πif(z0) (B.327)

Equation (B.327) is known as “Cauchy’s integral formula” and it is an extremely important

result in complex analysis. Namely, it provides a formula for the evaluation of a contour

integrand around a simple pole (of order 1) which is path independent. More generally as
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a statement, if f(z) can be represented by a power series with a pole of order 1 (and none

higher), then the coefficient a−1 in the Laurent series is known as the “residue”. And a

simple integration around this pole can be written as

∮
γ

fdz = 2πia−1, (B.328)

where the residue a−1 is computed from the following limit:

a−1 = limz→z0(z − z0)f(z). (B.329)

The Bromwich formula for inverse Laplace transforms

In this subsection, we will discuss the Laplace transform and the formula used to invert it.

This is particularly relevant here because the evaluation of the inverse Laplace transforms

requires knowledge of complex analysis. The Laplace transform of a function f(t) which

is analytic in the domain t ≥ 0 is given by

F (s) ≡
∫ ∞

0

f(t)e−stdt =

∫ ∞
0

f(t)e−σte−iωtdt, (B.330)

where s = σ + iω is a complex variable. We also define with f̂ the Fourier transform:

f̂(ω) ≡ 1√
2π

∫ ∞
−∞

f(t)e−iωtdt, (B.331)

for which the inverse transform is simply given by

f(t) =
1√
2π

∫ ∞
−∞

f̂(ω)eiωtdω. (B.332)
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We can then define

φ(t) ≡ f(t)e−σtH(t), (B.333)

where H(t) is the heaviside step function which evaluates to 1 for t ≥ 0 and 0 for t < 0.

The Fourier transform of φ is given by

φ̂(ω) =
1√
2π

∫ ∞
0

f(t)e−σte−iωtdt =
1√
2π
F (σ + iω). (B.334)

Taking the inverse Fourier transform, we now have

φ(t) = f(t)e−σt =
1

2π

∫ ∞
−∞

F (σ + iω)eiωtdω. (B.335)

Therefore, the inversion formula for f(t) as a function of F (s) may be written as

f(t) =
1

2π

∫ ∞
−∞

F (σ + iω)eσt+iωtdω =
1

2πi

∫ σ+i∞

σ−i∞
F (σ + iω)eσt+iωtds, (B.336)

where we written ds = idω and modified the integration limits since s = σ + iω.

The next step is to choose the correct σ along which to evaluate this integral. A

schematic of the integration contour is illustrated in Figure B.5.3 which shows the inte-

grand at Re(s) = σ (the straight vertical line) extending from Im(s) = ω = −R to R

where R is an arbitrarily large number. By residue theorem, we know that

1

2πi

∫ σ+iR

σ−iR
F (s)estds+

1

2πi

∫
C

F (s)estds = −
∑

Res(F (s)), (B.337)

where the right hand side represents the sum of all residues contained within the closed

curve. The minus sign is there because the integration is being carried out counter-clockwise.

We recall that f(t) is only finite for t ≥ 0 and that it is zero for t < 0. The position of the

straight line segment σ must therefore be carefully chosen to ensure that all of the poles lie
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Figure B.8: Simple schematic of a contour integration for the inverse Laplace transform.

within the closed curve. Since F (s)est converges in the domain t → ∞ when s < 0, it is

important for σ to lie to the right of all singularities.

The next step is to show that the integral along the curve C converges to zero. We

parametize the contour C with z = σ + Reiθ where θ varies between π/2 and 3π/2. If

F (s)→ 0 as R→∞, then there exists an ε > 0 such that

∣∣∣∣∫
C

F (s)estds

∣∣∣∣ < ε

∫
C

|estds|, (B.338)

For s = σ + Reiθ = σ + Rcosθ + iRsinθ, we can write |est| = e(σ+Rcosθ)t. This implies

that

ε

∫
C

|estds| = εReσt
∫ 3π/2

π/2

eRtcosθdθ = 2εReσt
∫ π/2

0

e−Rtsinθdθ, (B.339)

where we have used the fact that cos(θ) is negative for π/2 < θ < 3π/2. The next step is
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to simplify the integral. This can be done by noting that sin(θ) > θ/(π/2). Therefore,

ε

∫
C

|estds| < 2εReσt
∫ π/2

0

e−Rt
2θ
π dθ =

επeσt

2t

(
1− e−Rt

)
. (B.340)

The term
(
1− e−Rt

)
clearly approaches zero as R → ∞. Therefore, we have proven that

the integral along the curve C converges to zero.

Therefore, we can write

f(t) =
1

2πi

∫ σ+iR

σ−iR
F (s)estds = −

∑
Res(F (s)). (B.341)

B.5.4 Ion acoustic waves

Another type of plasma wave is the sound wave which propagates at a phase velocity com-

parable to the thermal velocity of the ions. We consider a modulation in the ion number

density for which the electrons move with immediately with the ions but with less inertia

as a result of their smaller masses. The equations describing these waves are simply given

by

0 = mini

[
∂ui
∂t

+ ui ·
∂

∂x
ui

]
+
∂Pi
∂x
− ZeniE (B.342)

0 =
∂ni
∂t

+
∂

∂x
(niui) = 0 (B.343)

0 = mene

[
∂ue
∂t

+ ue ·
∂

∂x
ue

]
+
∂Pe
∂x

+ eneE (B.344)

0 =
∂

∂x
·E − 4πe(Zni − ne) (B.345)

If we neglect electron inertia sinceme << mi, then the termmene∂ue/∂t can be neglected.

We also write for the equations of state Pi = niTi and Pe = neTe. The linearized version
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of equations then become

0 = −iωmini,0ṽi + iγikTiñi − Zeni,0Ẽ (B.346)

0 = −iωñi + ikni0ṽi (B.347)

0 = ikγeTeñe + ene0Ẽ (B.348)

0 = ikẼ = 4πe(Zñi − ñe). (B.349)

The final dispersion relation is given by

ω2 = γik
2 Ti
mi

+ γek
2ZTe
mi

(
1

1 + k2λ2
D

)
, (B.350)

where λ2
d = Te/(4πne0e

2) is the Debye length. Ion acoustic waves are very closely related

to sound waves in fluids since Ti/mi is proportional to the ion sound speed.

B.5.5 Electromagnetic waves

We follow the derivations from Bill Kruer’s book about laser plasma interactions [173].

Here we will describe the propagation of an electromagnetic wave with electric and mag-

netic field vectors that are perpendicular to the direction of propagation k. We first begin

with Faraday and Ampere’s laws

∂

∂x
×E = −1

c

∂B

∂t
(B.351)

∂

∂x
×B =

1

c

(
4π (Zeniui − eneue) +

∂E

∂t

)
. (B.352)

These equations are solved by operating on Eq. (B.351) with ∂/∂t and on Eq. (B.352)
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with ∂/∂x×:

∂

∂x
× ∂

∂x
×E = −1

c

∂

∂x
× ∂B

∂t
(B.353)

∂

∂x
× ∂B

∂t
=

1

c

(
4π

∂

∂t
(Zeniui − eneue) +

∂2E

∂t2

)
. (B.354)

Assuming that k ·E = 0, we can use the vector identity∇×∇×E = ∇(∇·E)−∇2E =

−∇2E to arrive at the following wave equation for electric field:

∂

∂x
· ∂
∂x

E − 1

c2

∂2E

∂t2
=

4π

c2

∂

∂t
(Zeniui − eneue) . (B.355)

We then consider the response of a uniform plasma to this electromagnetic wave. Similar

to the electron plasma wave derivation, we consider a system where the electrons respond

quickly to the light frequency and oscillate up and down while the ions act as a neutral-

izing background. Noting that electromagnetic waves propagate near the speed of light,

we also take the nonrelativistic limit where vth =
√
Te/me << c. This implies that in

the momentum conservation equation, we may assume the electric fields are much more

dominant than pressure gradients as a result of charge separation:

0 = mene

[
∂ue
∂t

+ ue ·
∂

∂x
ue

]
+ eneE + eneue ×B (B.356)

0 =
∂ne
∂t

+
∂

∂x
· (neue) (B.357)

0 =
∂

∂x
· ∂
∂x

E − 1

c2

∂2E

∂t2
− 4π

c2

∂

∂t
(Zeniui − eneue) . (B.358)
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In linearized form, these equations become

0 = −iωmene0ṽe + ene0Ẽ (B.359)

0 = −iωñe + ikne,oṽe (B.360)

0 = −k2Ẽ +
ω2

c2
Ẽ − 4πe

c2
iωne0ṽe. (B.361)

The dispersion relation is given by

ω2 = c2k2 + ω2
pe. (B.362)

This result has important implications for inertial confinement fusion. Namely that

if ωpe > ω, then the wave number k becomes imaginary. It follows that waves cannot

propagate through plasmas with large enough plasma frequencies. The physics of this

is that the electron response time to an applied electric field is roughly 1/ωpe. So if the

plasma frequency is larger than the frequency of the incoming electromagnetic wave, then

the plasma is able to effectively screen out the electric field from the incoming light wave.

Recalling that the plasma frequency ωpe ∼
√
ne0, the critical electron density of a

plasma depends on the incoming wavelength of the light λ = 2πc/ω as

nc =
1.1 · 1021cm−3

λ2
µm

. (B.363)

For inertially confined plasmas of interest, nc ≈ 9 · 1021cm−3 for a wavelength of 0.35µm.

B.5.6 Collisional damping of light waves

As light waves propagate through the plasma, the wave can transfer energy and momen-

tum to the plasma via collisions. Neglecting the thermal plasma pressure (for the reason
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described above), we can represent this system as

0 = mene

[
∂ue
∂t

+ ue ·
∂

∂x
ue

]
+ eneE + eneue ×B −meneueνei (B.364)

0 =
∂ne
∂t

+
∂

∂x
· (neue) (B.365)

0 =
∂

∂x
· ∂
∂x

E − 1

c2

∂2E

∂t2
− 4π

c2

∂

∂t
(Zeniui − eneue) . (B.366)

In linearized form, these equations become

0 = −iωmene0ṽe + ene0Ẽ −mene0νeiṽe (B.367)

0 = −iωñe + ikne,oṽe (B.368)

0 = −k2Ẽ +
ω2

c2
Ẽ − 4πe

c2
iωne0ṽe. (B.369)

The dispersion relation for this system of equation reduces to

ω2 = c2k2 +
ω2
p

1− iνei
ω

. (B.370)

This dispersion relation now has a complex part. As was explained above, this implies the

amplitude of the wave will decrease as the wave propagates.

B.5.7 Collisional absorption of light waves by plasmas

In a collision-less plasma, the electrons oscillate up and down at the frequency ω2 = ω2
p +

c2k2 and once the light wave leaves the plasma, there has been no net transfer of energy. In a

collisional plasma, collisions act to damp the energy of electromagnetic waves propagating

in plasmas. This implies that the plasma itself is heated by the transfer of energy from

oscillating electrons into ions via collisions. This heating can be described via the term

J ·E in the energy conservation equation where J = −eneneu . The goal of this subsection
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is to calculate the energy transferred to electrons and ions from collisional absorption.

Collisional absorption is treated by considering the Fokker-Planck equation. The elec-

tric field is given by E = E0cos(ωt)ẑ and the distribution function by fe(v, θ, t) =

f0(v)+f1(v)cos(θ)cos(ωt) where f1 << f0. The derivation here is similar to the treatment

used to derive the Spitzer thermal conductivity. Here we neglect spatial gradients and we

allow the distribution to vary in time to oscillate with the electric field:

∂fe
∂t
− eE

me

· ∂fe
∂v

=
−2A

v3
f1(v) cos(θ) cos(ωt). (B.371)

If we only take terms which are order ∼ cos(θ), then we arrive at the following equation

−ωf1(v) sin(ωt)− eE0

me

cos(ωt)
∂f0

∂v
= −2A

v3
f1(v)cos(ωt). (B.372)

We can solve for f1 as follows:

f1(v) =
eE0

me

∂f0

∂v

[
2A

v3
− ωtan(ωt)

]
. (B.373)

The next step is to calculate the J ·E heating:

J ·E = −eE0cos(ωt)

∫
d3vf1(v)vcos2(θ) = −2πeE0cos(ωt)

∫
dvf1(v)v3cos2(θ).

(B.374)

Averaging over time and taking the limit νei << ω, this expression becomes

〈J ·E〉 =
4π

3
Amev

2
os

(
f0(0)

ne

)
, (B.375)

where vos = eE0/(meω). If the electrons equilibriate with each other faster than the rate at

which electron-ion collisions heat the plasma, then νeev2
e >> νeiv

2
os = Zνeev

2
os and f0 is a
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Maxwellian distribution function. In this case, we can write f0(0) as

(
f0(0)

ne

)
=

(
me

2πTe

)3/2

, (B.376)

It follows that that net heating rate is thus given by

〈J ·E〉 =
4π

3
Amev

2
os

(
me

2πTe

)3/2

. (B.377)

Given that the rate at which the electromagnetic wave loses energy is given by νE2
0/(8π),

we can set 〈J ·E〉 = νE2
0/(8π) and derive the following relation for the damping rate ν:

ν =
ω2
p

ω2

8πA

3

(
f0(0)

ne

)
. (B.378)

For a Maxwellian distribution function and A = 2πZe4ne/(m
2
e)lnΛei, ν comes out to

ν =
ω2
p

ω2

1

3(2π)3/2

Zω4
pm

3/2
e

neT
3/2
e

lnΛ = νei
ω2
p

ω2
. (B.379)

where the Coulomb logarithm is modified so that the new maximum impact factor is given

by ve/ω instead of the Debye length. If we instead take the limit Zv2
os/v

2
e >> 1, then we

cannot assume that electron-electron collisions equilibriate fast enough. In this limit, it is

not appropriate to assume an initially Maxwellian plasma. We must solve the Boltzmann

equation by equating the zeroth order ∂f0/∂t term with the cos2θ term:

∂f0

∂t
=
eE0

me

cos(ωt)
1

π

∫ π

0

1

v2

∂v2f1

∂v
cos2θdθ =

eE0

3me

cos(ωt)
1

v2

∂(v2f1)

∂v
, (B.380)

where we have clearly averaged over angle. The next step is to substitute Eq. (B.373) into

our expression for f0 to determine a self-consistent distribution function. We again take the
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limit of ν/ω << 1 and find a solution of the form

f0(v) ∼ 1

u3
exp

(
−1

5

[v
u

]5
)
, (B.381)

where the parameter u is given by

u =

(
5Av2

os

3t

)1/5

. (B.382)

The next question regards the plasma conditions under which one expects Zv2
os >> v2

e

and vice versa. We note that

Zv2
os

v2
e

=
Ze2E2

0

meω2Te
=

Ze2E2
0

meTe(c2k2 + ω2
p)
, (B.383)

where we have neglected the impact of collisional damping on the wave dispersion for a

moment (since we are taking the limit νei/ω << 1). We note that for a linearly polarized

wave, the electric field E0 depends on the laser intensity like E0 ∼
√
I . It follows that

Zv2
os

v2
e

∼ Ze2I

meTe(c2k2 + ω2
p)
. (B.384)

We recall that ω2
p ∼ ne0. It follows that the ratio Zv2

os/v
2
e decreases as the plasma density

and temperature increase. In the corona, this implies that near the high density ablation

front, one expects the distribution function is more likely to be a Maxwellian. Away from

the ablation front, where the plasma density and temperature are lower, one will expect the

distribution function to be a super-Gaussian of order 5, as derived in Eq. (B.381).

One final and last point: we note that the damping coefficient depends on f0(0) evalu-

ated at v = 0. The super-Gaussian distribution function has less particles at v = 0 than the

Maxwellian does. It follows there is less collisional heating when Zv2
os/v

2
e >> 1.
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B.5.8 Nonlinear ponderomotive force

Before we move discuss the parametric instabilities which occur in long scale length plas-

mas, it is very important to understand the nonlinear ponderomotive force since this is the

mechanism which couples the incident laser light with plasma waves. We first begin with

the equation of motion for an electron experiencing interactions from both an electric and

electromagnetic field:

me
dve
dt

= −e(E + v ×B). (B.385)

We write the particle position as r = r0 + δr where δr is the displacement of the particle

from its initial position. The electric and magnetic fields are written here with sines and

cosines instead of the convenient eik·r−iωt notation to better capture the nonlinear effects:

E = Es(r)cos(ωt) ≈ [Es(r0) + (δr · ∇)Es|r=r0 ]cos(ωt). (B.386)

The first order solutions for the particle’s acceleration, velocity, and trajectory can be writ-

ten as:

dv1

dt
= − e

me

Es(r0)cos(ωt) (B.387)

v1 =
dδr

dt
=
−e
meω

Es(r0)sin(ωt) (B.388)

δr =
e

meω2
Es(r0)cos(ωt). (B.389)

This trajectory represents the simple oscillation of a particle with zero time-averaged net

momentum. The next step is to solve for the second order corrections to derive the nonlinear

force. We use Faraday’s law∇×E = −∂B/∂t to write the magnetic field as

B1 =
−1

ω
∇×Es|r=r0sin(ωt). (B.390)
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Letting v2 denote the second order correction to the particle’s velocity, the second order

equation of motion then becomes

me
dv1

dt
=
−e
meω2

[
(Es · ∇)Escos

2(ωt)−Es × (∇×Es)sin
2(ωt)

]
r=r0

. (B.391)

Using the identity E×∇×E = ∇(E ·E)/2−E ·(∇)E and noting that when averaged over

time,
∫ 2π

0
sin2(τ)dτ =

∫ 2π

0
cos2(τ)dτ = 1/2 where τ = ωt, we write the time-averaged

nonlinear force as

FNL = me

∫ 2π

0

dv2

dτ
dτ = −1

4

e2

meω2
∇E2

s , (B.392)

where Es is evaluated at r = r0. The ponderomotive force density acting on an electron

plasma can then be written as

FNL = −1

2

ne0e
2

meω2
∇〈E2〉 = −

ω2
p

ω2

∇〈E2〉
2π

(B.393)

where we have written 〈E2〉 = E2
s/2 to represent the time-averaged electric field.

When an electromagnetic wave propagates through the plasma, the electrons oscillate

in the direction of the electric field E in their linear response. However, their orbits are also

distorted by the magnetic field when the nonlinear response is considered. The electrons

end up bunching near regions of small amplitude (where the electric field is small) which

creates the need for a force to counteract these differences in space charge. Thus, the

ponderomotive force depends on the gradient in the electric field. We note that this force

is also responsible for the “self-focusing” of light as it passes through optical materials.

Self-focusing can cause significant optical damage and it is the reason why spatial filters

are implemented before and after amplification of the laser beams used to drive inertial

fusion implosions.
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B.6 Parametric instabilities

The topic of plasma waves is important to cover because they often interact with the light

wave itself, absorb energy, and accelerate electrons to high temperatures. We have also

discussed the ponderomotive force and how it pushes electrons to regions of small electric

field amplitudes. We also discussed the damping of plasma waves from collisions and from

kinetic interactions which arise when the phase velocity is equal to the velocity of the elec-

tron. These discussion will serve to be useful now for understanding the conditions under

which parametric excitations are allowed to grow. In this section, we will describe the ex-

citation of parametric instabilities which occur when different plasma and electromagnetic

waves are coupled with each other (via the ponderomotive force), resulting in a subsequent

amplification in the resulting “daughter wave”. Typically, the plasma has a ”seed” wave

(such as an electron plasma wave (EPW) or ion acoustic wave (IAW)) which interacts with

the “pump” wave (the incident electromagnetic wave for the discussions of interest here).

These seed and the pump waves beat together to create an electric field structure with areas

of small electric field amplitudes. If the frequency and wave numbers of the electric field

modulations matches the frequency of the daughter wave (could be a plasma wave or elec-

tromagnetic wave), then a resonance occurs and the generation of the daughter waves can

grow exponentially.

A simple illustration of the decay of an electromagnetic wave into two electron plasma

waves (called “ two plasmon decay”) is provided in Figure B.9. The initial laser pump

wave propagates at some frequency ω0. Meanwhile, the background plasma density has

a seed wave oscillating at a frequency equal to ω1 = ω1/2 (which is consistent with a

plasma density at 1/4 of the critical density). The seed wave beats with the pump wave to

create create an electric field structure which also oscillates at ω2 ≈ ω1. The electrons then

bunch near the regions of small electric field as a result of the ponderomotive force. This
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Figure B.9: Simple illustration of two plasmon decay.
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Table B.1: Summary of instability thresholds for different parametric instabilities.

SRS EM wave→ EPW + EM wave (n < nc/4) I > 4·1017W/cm2

Lµmλµm

Absolute SRS EM wave→ EPW + EM wave (n ' nc/4 I > 5·1016W/cm2

L
4/3
µmλ

2/3
µm

SBS EM wave→ IAW + EM wave (n < nc) I > 7·1015W/cm2

Lµmλµm
TkeV

(
ω0

ωp

)2

TPD EM wave→ EPW + EPW (n ' nc/4) I > 5·1015W/cm2

Lµmλµm
TkeV

in itself creates another electron plasma wave (the daughter wave) which also propagates

at ω2 = ω1.

To conserve energy and momentum, the frequency and k vectors of the daughter, pump,

and seed waves must match each other:

ωpump = ωseed + ωdaughter (B.394)

kpump = kseed + kdaughter. (B.395)

An instability is classified as “absolute” when a perturbation grows exponentially in

time at a fixed location in space. The instability is “convective” if the instability grows

exponentially in time at a point which is moving within the plasma. The threshold occurs

when the instability growth rate exceeds the plasma damping rate (due to Landau damp-

ing or collisional damping), or γ >
√
νseedνdaughter where ν represents the damping rate

for the seed and daughter waves. A summary of the instability thresholds for different

laser plasma interaction (LPI) processes are described in Table B.1. Here we use EPW to

denote “Electron Plasma Wave”, IAW to denote “Ion Acoustic Wave”, “EM wave” to de-

note electromagnetic wave, SRS to denote “Stimulated Raman Scattering”, SBS to denote

“Stimulated Brillouin Scattering”, and TPD to denote “Two Plasmon Decay”.
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B.6.1 Two Plasmon Decay

Two plasmon decay (TPD) occurs when an incident light wave with frequency ω0 decays

into two electron plasma waves. The frequency and wave number matching conditions for

this process are

ω0 = 2ωEPW (B.396)

k0 = kEPW,1 + kEPW,2 (B.397)

We note that the condition ωp = ω0/2 implies that TPD must occur near the quarter-critical

surface since ω0 ∼
√
nc:

ω2
p =

4πnee
2

me

=
ω2

0

4
=

1

4

4πnce
2

me

. (B.398)

TPD activity is routinely measured on OMEGA by collecting emission near ω0/2 and

3ω0/2 and it is the dominant mechanism for generating hot electrons [112]. A schematic

of this process is shown in Fig. B.10. The maximum TPD growth rate occurs when the k

vector of the pump waves lies in the plane of polarization of the light wave.

The most complete calculation for the TPD absolute threshold is presented in a paper

by Simon et al in Ref. [101]. For TPD, the threshold depends on the laser intensity I ,

density gradient scale length L, and plasma temperature T as follows:

η =

(
I

5 · 1015W/cm2

)
Lµmλµm
TkeV

. (B.399)
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Figure B.10: A diagram of the wave vectors for the TPD instability. The Landau cutoff
represents the conditions when the the wave number is large enough for Landau damping
to suppress the instability. Reprinted from R. Craxton et al, Phys. Plasmas 22, 110501
(2015), with the permission of AIP Publishing.

B.6.2 Stimulated Raman Scattering instability

The stimulated Raman Scattering (SRS) instability occurs when the incident light wave

decays into an electron plasma wave and another lower frequency light wave. The intensity

threshold for initiating SRS is larger than it is for TPD. As such, SRS is normally not

observed in direct drive experiments on OMEGA [112]. However, SRS is expected to be

a concern for NIF experiments as a result of the larger density gradient scale length in the

corona (since larger targets come with larger density gradient scale lengths) [127].

B.6.3 Crossed Beam Energy Transfer

Crossed beam energy transfer (CBET) has been identified as a leading cause of anomalous

absorption for direct drive inertial fusion [174, 175] and it occurs when incoming laser light

transfers its energy to outgoing light waves. The incident light wave decays into a scattered
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light wave and an ion acoustic wave (traditional Stimulated Brillouin Scattering). These

ion acoustic waves then beat with the laser beams of outgoing waves and enhance their

energy. This is detrimental for direct drive inertial fusion since CBET directs laser energy

away from the target. The control and mitigation of CBET are active areas of research

for direct-drive inertial fusion [176, 177, 178, 179, 180, 181, 182] and CBET models are

routinely accounted for in ICF codes to account for the reduction in absorbed energy.

For indirect-drive inertial fusion, CBET is often used as a tool for controlling symmetry.

The inner and outer beams were engineered to have the capability of having different values

of wavelength. The wavelength separation between them ∆λ is often varied for the purpose

of controlling CBET to engineer a more symmetric implosion [183, 184].
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APPENDIX C

INERTIAL CONFINEMENT FUSION PHYSICS

“Solving equations analytically is how you understand things.”

Riccardo Betti

In laser driven inertial confinement fusion (ICF), a spherical capsule of deuterium and

tritium (DT) is driven to high velocities by direct irradiation of laser energy (direct drive)

or an x-ray bath of an irradiated hohlraum (indirect drive) [1, 2]. In the acceleration

phase of the implosion, the radiation is absorbed by the outer shell surface via inverse

bremsstrahlung absorption. As a result of the outward expansion of the heated material,

the rest of the shell implodes inward and is accelerated to velocities of ∼ 300− 500 km/s.

As the shell converges in the deceleration phase, it delivers PdV work to the inner low-

density central region — denoted as the “hot spot”. At stagnation, the final fuel assembly

consists of a low-density (30 -100 g/cc), high-temperature (5 -10 keV) core -the hot spot-

surrounded by a dense (300 -1000 g/cc), cold (200 - 500 eV) fuel layer - the compressed

shell. Such plasma conditions are sufficient for initiating DT thermonuclear fusion when a

deuteron and triton fuse to produce a 14.1 MeV neutron and a 3.56 MeV alpha particle.

The alpha particle primarily deposits energy in the plasma by colliding with electrons, rais-

ing the hot spot temperature and further increasing the fusion reaction rate. This positive

feedback cycle is called “alpha heating” and ignition is a direct consequence of the result-

ing thermal instability. The end goal is to create large energy gains from a burn wave that

propagates through the dense shell.

The purpose of this section is to describe the basic physics of laser driven inertial con-

finement fusion. We will first describe laser driven ablation fronts and analyze how the
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outward expansion of heated material causes the shell to implode inward via the rocket

effect. Then we describe the deceleration phase of the assembly when the central hot spot

pressure exceeds the shell’s pressure and launches a stagnating shock into the shell. We

then derive scaling relations to relate stagnation hot spot conditions to in-flight design pa-

rameters like the implosion velocity, shell kinetic energy, and the shell entropy. After, an

analysis of the Rayleigh Taylor instability will be conducted since it plays an important role

in the evolution of implosions in the presence of asymmetries. Finally, this section will be

concluded with a brief discussion of target design considerations for achieving proximity

toward ignition via compressing the shell as much as possible while also minimizing the

risk of feed through due to hydrodynamic instabilities.

I would like to thank Professor Riccardo Betti for lending me his lectures notes for a

class he teaches on inertial fusion which have certainly informed the discussions provided

here. The ICF book written by Stefano Atzeni was also extremely useful for this section.

C.1 Laser driven ablation fronts

We first analyze the simple problem of the laser depositing its energy at the critical surface

and the resulting density, temperature, and velocity profiles before and after the critical

surface. For densities less than the critical density (the underdense plasma), the laser light

propagates through the plasma, transferring energy via the inverse bremsstrahlung process

described in the previous section. After the critical density, the deposited energy is con-

ducted through what is called the “conduction zone”. The conduction zone is the region

between the critical surface and the actual ablation front (the edge of the unablated mass).

The conduction zone is modeled as a steady state process since the applied intensity is

constant at the critical surface. The underdense plasma, by contrast, is modeled as a self

similar plasma since it is expanding as a result of the laser heating. We follow the example
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Figure C.1: Sketch of a laser driven ablation front. Reprinted from W. M. Manheimer and
D. G. Colombant, Phys. Fluids 25, 1644 (1982), with the permission of AIP Publishing.

of Ref [185] and apply their analysis to spherical geometry.

In the conduction zone, we start with the steady state equations for conservation of

mass, momentum, and entropy in spherical geometry:

d

dr

(
r2ρU

)
= 0, (C.1)

d(pr2 + ρU2r2)

dr
= 0, (C.2)

d

dr

[
r2U (p+ ε)− r2κ

dT

dr

]
= 0. (C.3)

where ε = 3p/2 + ρU2/2. If we work in the reference frame where the critical surface

is at rest and consider steady state solutions, then the equations for mass and momentum

conservation can be written as

r2ρU = R2
cρcUc (C.4)
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r2ρU2 + r2 ρT

Amp

= R2
cρcU

2
c +R2

c

ρcTc
Amp

(C.5)

where we are using the ideal equation of state p = ρT/mi = ρT/(Amp) where mi is the

ion mass, A is the atomic number of the material, and mp is the proton mass. We note that

ρc, Uc, Tc represent the density, temperature, and velocity at the critical surface and Rc is

the critical surface position. If we define Uth ≡
√
T/mi, then we can combine Eqs. C.4

and C.5 to arrive at a quadratic equation for U which has the following solution:

U =
Uc +

U2
th,c

Uc
±
√(

Uc +
U2
th,c

Uc

)2

− 4U2
th

2
, (C.6)

where Uth,c =
√
Tc/mi is the thermal velocity at the critical surface. The density can then

be determined via

ρ =
R2
c

r2

ρcUc
U

. (C.7)

For the underdense plasma, we must solve the time dependent equations. We also assume

that the plasma is isothermal since energy is conducted quickly (large κ limit). This leads

to the following equations:
∂ρ

∂t
+

1

r2

∂(r2ρU)

∂r
= 0 (C.8)

ρ
∂U

∂t
+ ρU

∂U

∂r
+ U2

th,c

∂ρ

∂r
= 0 (C.9)

We look for self-similar solutions with the coordinate

ξ ≡ r −Rc

Uct
(C.10)

and let U = Ucw(ξ) and ρ = ρc(Rc/r)
2q(ξ). The mass and momentum conservation
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equations then turn into

(w − ξ)dq
dξ

+ q
dw

dξ
= 0 (C.11)

(w − ξ)qdw
dξ

+
1

M2

[
dq

dξ
− 2

ξ + φ
q

]
= 0 (C.12)

where M = Uc/Uth,c is the isothermal Mach number at the critical surface and φ =

Rc/(Uct) is a time dependent variable which arises in spherical geometry and breaks the

similarity. In the limit φ >> 1 (which is also the limit as t → 0), the solution in the

underdense plasma is given by

ρ = ρc

(
Rc

r

)2

exp (−ξ) = ρc

(
Rc

r

)2

exp

(
−r −Rc

tUc

)
(C.13)

U = Uc

(
ξ +

1

M2

)
= Uc

(
r −Rc

Uct
+

1

M2

)
, (C.14)

where x = 0 corresponds to the critical surface. It is clear that at the critical surface,

w(0)=1 which implies that M = 1 and thus,

Uc = Uth,c (C.15)

This will be shown to be very important later when we consider the scaling of ablation

pressure with laser intensity. For a practical spherical rocket, however, we must consider

the effects of finite φ and ξ. We search for solutions in the limit where the expansion time

is much larger than the critical surface movement time t << Rc/Ṙc and the limit ξ >> φ

(implying we are far away from the critical surface). In this limit, we can neglect the time

dependence of w and q on φ (i.e. ξdw/dξ >> φdw/dφ). The equation for the evolution of



352

Figure C.2: The self-similar solutions of the underdense plasma for different values of φ.
The black dashed line represents the solution for φ = ∞ which also represents the planar
limit.

w with ξ and φ is then given by combining Eqs. C.11 and C.12:

(
1

ξ − w
−M2(ξ − w)

)
dw

dξ
− 2

ξ + φ
= 0 (C.16)

where w(0) = 1 is the initial condition. Notice that for M = 1, the derivative dw/dξ =∞

at ξ = 0. Once the solution to w has been obtained, the density profile q can then be solved

via the numerical integral

q(ξ) = exp

(∫ ξ

0

−1

w(ξ)− ξ
dw

dξ
dξ

)
. (C.17)

In Fig. C.2 the velocity and density profiles in the underdense plasma are plotted as a

function of ξ for different values of φ. Note that we calculate the solution for small values

of ξ and that the region ξ >> φ implies we are looking at the solution very far away from

the corona, or where r −Rc >> Rc.

We now turn to energy conservation in the conduction zone and let I denote the laser

intensity. For simplicity in this model, we assume that all energy is deposited right at the

critical surface. Furthermore, we also solve for energy conservation in the limit of small

Mach numbers which is valid near the slab where the temperature and velocity are small.
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This is done to simplify the calculation of the temperature profile. In this limit, we can

neglect kinetic energy with respect to the internal energy which implies ε ≈ 3p/2 and

write energy conservation as

d

dr

[
r2 5

2
ρTU − r2κ0T

5/2dT

dr

]
= Ir2δ(r −Rc) (C.18)

where we are using the Spitzer conductivity κ = κ0T
5/2. In the conduction zone, the

plasma is overdense so there is no direct deposition of laser energy. The energy is instead

conducted via the κdT/dr term. Integration over r to obtain the flux terms, we can write

5

2
ρUT − κ0T

5/2∂T

∂r
= 0 (C.19)

where in the slab, dT/dr = 0 so the right hand side can be normalized to zero. The analytic

solution for the temperature profile is given by

T (r) = Tc

(
1 +

(
r −Rc

δ

)
Rc

r

)2/5

. (C.20)

where the conduction zone thickness δ is given by

δ =
4

25

κ0T
5/2
c

ρcUc
. (C.21)

The next step is to determine the scaling of the critical surface temperature with the laser

intensity I . We start by considering energy conservation in the whole system:

4πR2
cI =

d

dt
[KEshell + IEsh] +

d

dt

∫ ∞
Rc

(
1

2
ρU2 +

3

2
ρU2

th,c

)
4πr2dr, (C.22)

where KEsh are IEsh the kinetic and internal energies of the accelerating unablated shell.
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Of course, the conduction zone acts merely to conduct energy and is thus not a significant

source or sink of energy. For simplicity, we will neglect the energy transferred to the

unablated shell. It will be shown later in the next section that the energy transferred to the

corona is much larger than the energy transferred to the shell for the ablation pressures of

interest. The energy deposited into the expanded corona can be written as a function of φ:

Ecorona =

∫ ∞
Rc

(
1

2
ρU2 +

3

2
ρTc

)
4πr2dr =

4πR3
cρcTc

φ(t)

∫ ∞
0

q(ξ, φ)

(
3

2
+
w(ξ, φ)2

2

)
dξ

(C.23)

A good numerical fit to the integrand yields

Ecorona ≈
4πR3

cρcU
2
c

φ
(9.2− 1.9ln(φ)) . (C.24)

We also note that the self-similar solution in the corona was obtained under the assumption

that ξ >> φ. However, this assumption should not affect the integrand estimates signifi-

cantly since most of the energy is still contained in the region ξ >> 1 >> φ. Neglecting

again any time derivatives with respect to Rc, we finally have

dEcorona
dt

≈ 4πR2
cρcU

3
c (9.2− 1.9ln(φ)) ≈ 4πR2

cI, (C.25)

where we have neglected the dependence of ln(φ) on time. Neglecting the weak depen-

dence of dEcorona/dt on φ, we can now determine the scaling of the critical surface velocity

with the laser intensity:

Uc ∼
(
I

ρc

)1/3

∼ I1/3λ2/3Z1/3

A1/3
. (C.26)

where λ is the laser wavelength and we’ve used ρc ∼ A/(Zλ2) where λ is the laser wave-

length, A is the atomic mass number of the material being ablated, and Z is the ionic
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charge. It is also interesting to assess how the pressure at r − Rc = −δ depends on the

laser intensity since this will be the pressure experienced by the accelerating slab. We note

that the pressure is written as p = ρT , and that at x = −δ, the pressure converges to the

ablation pressure experienced by the shell:

pA = p(x = −δ) =
1

(1− δ/Rc)2

1 +

√
1−

(
δ/Rc

1− δ/Rc

)2/5
 ρcU

2
c . (C.27)

In the limit δ/Rc << 1, pA converges to 2ρcU
2
c . Using the result from Eq. C.26, we find

that the ablation pressure scales like

pA ∼ 2ρcU
2
c ∼ 2ρ1/3

c I2/3 ∼ I2/3λ−2/3

(
A

Z

)1/3

. (C.28)

This scaling is very important since it represents how laser energy is transferred to the

pressure applied to the shell. It requires the incoming laser to have a short wavelength and

high intensity. It also requires the material to have a low atomic number Z and a large

atomic mass mi. We can also solve for the mass ablation rate ṁ as

ṁ ∼ ρcUc ∼ ρ2/3
c I1/3 ∼ I1/3λ−4/3

(
A

Z

)2/3

. (C.29)

In Fig. C.3, we plot the calculated density, temperature, and velocity profiles at a spe-

cific time. The red solution represents the over dense plasma and the blue curves represent

the solutions in the underdense plasma. Of course, there is a singularity at x = −δ for den-

sity but this really corresponds to the case when the shell temperature drops to its Fermi-

degenerate value. It is also interesting to note that as the solution approaches x = −δ, the

Mach number goes to zero (thus validating the subsonic assumption used to calculate the

solution in the conduction zone).
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Figure C.3: The analytic solution to the problem of a laser depositing its energy at the
critical surface for δ/Rc = 0.1 in the limit φ >> 1. (a) shows the velocity normalized to the
critical velocity, (b) shows the density normalized to the critical surface density, (c) shows
the pressure normalized to the critical surface pressure, and (d) shows the temperature
normalized to the critical surface temperature. The solution for temperature does not vary
with φ since we assume the underdense corona is isothermal.
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Figure C.4: Example laser pulse shape.

The next step is to carefully consider how the energy is partitioned between the con-

duction zone, the underdense plasma, and the accelerated shell. This will be done in the

next section where we carefully analyze the implosion itself.

C.2 The shock timing phase of implosions

The different phases of an implosion with respect to the pulse shape are shown in Figure C.4

which is plotting the laser intensity as a function of time. The first phase of the implosion

is denoted here as the “shock timing phase” and the purpose is to launch the first shocks

into the shell to set the initial entropy before the shell accelerates inward. In inertial fusion,

the entropy is denoted as the “adiabat” and for a DT plasma [26] it is given by

α ≡ p

pFermi
=

p(Mbar)

2.2ρ(g/cc)5/3
(C.30)
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where pFermi is the Fermi pressure. The normalization of the adiabat is related to the

equation of state of the plasma. For relatively hot and low density plasmas (like the hot spot

of an igniting plasma), the equation of state can be evaluated by assuming a Maxwellian

distribution function for the plasma (which then resolves the closure problem). This leads

to the equation of state

p = pe + pi = neTe + niTi (C.31)

where pe, ne, Te represent the electron pressure, density and temperature and pe, ni, Ti rep-

resent the ion pressure, density, and temperature. However, the initially shocked plasma

is in a warm and dense state where the de Broglie wavelength is of the order of the inter-

particle distance. In this case, the equation of state is given by pe = 2.2ρ5/3 in the limit that

the plasma temperature is much less than the Fermi temperature. More accurate EOS cal-

culations using first principle quantum mechanical calculations are available in Ref. [140].

However, for simplicity, we will use Eq. C.30 to describe the adiabat for now.

In a gas or a plasma, the adiabat α is constant unless it is increased by an external

heat source (i.e. radiation, charged particle deposition) or by a shock. The plasma state

is described via the fluid equations of hydrodynamics in the absence of heat sources and

sinks:
∂ρ

∂t
+

1

r2

∂

∂r

(
r2ρU

)
= 0, (C.32)

ρ
∂U

∂t
+ ρU

∂U

∂r
+
∂p

∂r
= 0, (C.33)

∂ε

∂t
+

1

r2

∂

∂r

[
r2U (p+ ε)

]
= 0. (C.34)

Here, ρ, U, and p denote the fluid density, velocity, and pressure respectively, and ε =

3p/2 + ρU2/2 is the plasma internal energy. Across an arbitrary interface η(t), the terms
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within the gradients must be continuous to avoid singularities in the solutions. Letting

w ≡ U − η̇, it follows that the jump conditions are

[ρw]η
+

η− = 0 (C.35)

[
p+ ρw2

]η+
η−

= 0 (C.36)

[
pw

2
+
ρw3

2

]η+
η−

= 0. (C.37)

The unshocked plasma conditions p0, ρ0, and U0 = 0 are known and the shock pressure

psh is known since it is driven by the laser (psh = pfoot ∼ I
2/3
foot). The jump conditions

are thus used to determine the post shock velocity Ush, the post shock density ρsh, and the

shock velocity Ṙk. In the limit of a strong shock (psh >> p0), the Rankine - Hugoniot

relations are given by

ρsh ≈ 4ρ0 (C.38)

Ṙk ≈
√

4pfoot
3ρ0

(C.39)

Ush ≈
√

3pfoot
4ρ0

(C.40)

From these relations, we find that the adiabat of the DT target is thus given by

α =
pfoot(Mbar)

2.2(4ρ0(g/cc))5/3
. (C.41)

If the target is driven by a pulse shape as described in Fig. C.4, then the first shock is
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supported and the shell is compressed adiabatically during the rise. This leads to a constant

adiabat profile throughout the shell. At shock breakout time, the first shock has reached

the inner shell surface and the laser intensity has reached its maximum value. Entropy

conservation requires the shell density ρsb to increase with ablation pressure as follows:

ρsb = 4ρ0

(
pa
pfoot

)3/5

(C.42)

where pa ∼ I
2/3
max is the maximum ablation pressure achieved by the main pulse. Since the

shell mass is proportional to Msh ∼ R2
0∆ρ, it follows that the in flight aspect ratio (IFAR)

at shock breakout time can be written as

IFAR ≡ R

∆
= 4

R0

∆0

(
pa
pfoot

)3/5

. (C.43)

It will be shown in the following sections that both the IFAR and adiabat α play an impor-

tant role in governing the shell dynamics during the acceleration phase. The shell adiabat is

primarily controlled via the initial DT density and applied shock pressures while the IFAR

is controlled via the initial aspect ratio and the ratio of maximum ablation pressure to the

initial shock pressure.

After shock breakout time, the inner shell surface finally starts moving at the post shock

velocity as follows:

dR

dt
= Ush =

√
3pfoot
4ρ0

=
3√
5

(
pfoot
pa

)1/5√
5pa
3ρsb

, (C.44)

where we have written the post shock velocity as a function of the shell sound speed at this

time. The shell then proceeds to accelerate inward supported by the ablation pressure pa

applied to its outer surface.

With respect to the example pulse shape from Fig. C.4 used here, it should also be
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noted that it is common to employ a Gaussian “picket” instead of a foot. This is done to

shape the adiabat so it is maximized at the ablation surface and minimized at the inner shell

surface [39]. Many designs use this technique for additional stabilization of the ablative

Rayleigh Taylor instability while maintaining some of the compression benefits of low

adiabat implosions. The role of the adiabat in determining final stagnation conditions and

the stabilization of the Rayleigh Taylor instability will be discussed in a later.

C.3 The acceleration phase of implosions

After shock breakout time, the acceleration phase of the implosion can be studied by as-

sessing how the shell expansion timescale tex = ∆/Cs compares with the implosion time

ti = R/Vi where ∆ is the shell thickness, Cs is the shell sound speed, R is the shell inner

radius, and Vi is the maximum implosion velocity achieved at the end of the acceleration

phase. It follows that the time scales are related as follows:

tex
ti

=
∆

R

Vi
Cs
∼ Mach

A
(C.45)

where A = R/∆ is the shell aspect ratio. The aspect ratio and Mach number are related by

considering how PdV work from the laser transfers kinetic energy to the shell

ρsh∆R
2V 2

i ∼ paR
3 (C.46)

which leads to the scaling

Mach2 ∼ A. (C.47)

It follows that
tex
ti
∼ 1√

A
<< 1 (C.48)
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since the shell aspect ratio is large in the acceleration phase. This scaling directly implies

that the shock transit time within the shell is much shorter than the implosion time. So we

can assume that information is traveling quickly through the shell and Mach >> 1.

In the simplest model for shell dynamics in the acceleration phase, we follow the analy-

sis from Ref. [15] and consider a thin shell of constant mass which is accelerated inward by

an ablation pressure pa applied to its outer surface. We first start with the simple equations

for hydrodynamics:
∂ρ

∂t
+

1

r2

∂(r2ρU)

∂r
= 0 (C.49)

∂U

∂t
+ U

∂U

∂r
+

1

ρ

∂p

∂r
= 0 (C.50)

p

ρ5/3
= kα (C.51)

where k is a constant, α is the shell adiabat, and ρ, p, andU are the pressure, density, and

velocity in the shell. The velocity can be written as U(r, t) = Ṙ+u(r, t) whereR = Rc−δ

is the position of the ablation front, Ṙ ∼ Vi is the speed at which the shell is traveling, and

u ∼ ∆̇ is the shell expansion velocity. If information is traveling quickly through the

shell (as was shown in Eq. C.48), then the density relaxes to a constant value with respect

to time. Mass conservation then requires the thickness to expand as ∆ ∼ 1/R2 and it

follows that u ∼ ∆̇ ∼ −2∆Ṙ/R and u/Ṙ ∼ ∆/R << 1. Thus, we can let U(r, t) ≈ Ṙ

in these equations. The density being constant can also be shown by analyzing the mass

conservation equation as follows:

∂ρ

∂t
∼ Viρ

R
<<

1

r2

∂(ρUr2)

∂r
∼ Viρ

∆
∼ R

∆

∂ρ

∂t
. (C.52)

Note that from energy conservation, this also implies that the pressure relaxes to a constant
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profile within the shell to maintain a constant adiabat. Now before integrating the mass

conservation equation, it will be important to calculate the density profile within the shell.

This can be done from the momentum conservation equation given by

R̈ + Ṙ
∂u

∂r
+

1

ρ

∂p

∂r
= 0, (C.53)

which can be rewritten in the shell’s frame of reference as

u̇+ u
∂u

∂r
= −R̈− 1

ρ

∂p

∂r
(C.54)

where an accelerating force has been added to the right hand side to account for the force

experienced by the shell is it accelerates inward. Noting again that u ∼ ∆̇ ∼ −2∆Ṙ/R,

the left-hand side scales like

u̇+ u
∂u

∂r
∼ V 2

i

R2
∆ ∼ 1

A

V 2
i

R
. (C.55)

The right hand side terms scale as

R̈ ∼ V 2
i

R
(C.56)

and
1

ρ

∂p

∂r
∼ C2

s

∆
∼ A

Mach2

V 2
i

R
∼ V 2

i

R
, (C.57)

where we have used the scaling Mach2 ∼ V 2
i /C

2
s ∼ A. It follows that

ρR̈ ≈ −∂p
∂r
. (C.58)
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Figure C.5: Ablation front solution for different values of Pa/Pfoot which determine the
shell compression ratio ρa/ρc. The solution here uses δ/Rc = 0.01 and Ai = 10 as the
initial aspect ratio before the first shock travels through the shell.

Now using kα = p/ρ5/3, the general solution to this equation is given by

ρ(r) = ρa

[
1 +

2

5

ρaR̈

pa
(r −R)

]3/2

= ρa

[
1 +

r −R
∆

]3/2

, (C.59)

where ρa and pa are the density and pressure at the ablation front and we have defined the

shell thickness ∆ as:

∆ = −5

2

pa

R̈ρa
. (C.60)

Example profiles are shown in Fig. C.5 where the pressure, temperature, and density

of the in-flight shell and the conduction zone are plotted. Here we use ρsh = ρa(1 + (r −

Ra)/∆)3/2 and psh = pa(1 + (r − Ra)/∆)5/2 along with ρinitial/ρc ≈ 4. It is evident that

larger ratios of pa/pfoot result in highly compressed and dense shells. For a given laser

system, pa/pfoot is changed by varying pfoot (i.e. changing the adiabat).

The next step is to derive the equations for the shell massMsh and outer radiusR. Mass

conservation of the shell yields

dMsh

dt
= −4πR2ρa(U(R, t)− Ṙ) (C.61)
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where the mass ablation rate ṁ is given by

ṁ = ρa(U(R, t)− Ṙ) = ρcUc
R2
c

R2
= ρcUc

(
1

1− δ/Rc

)2

(C.62)

We take the limit δ << Rc and write

ṁ ≈ ρcUc ∼ ρ2/3
c I1/3 ∼ λ−4/3I2/3. (C.63)

The equation of motion for the shell is given by integrating the momentum conservation

from r = R−∆ to r = R:

d(MshṘ)

dt
= −4πpaR

2 + 8π

∫ R

R−∆

prdr + 4πR2ρaU(R, t)
(
Ṙ− U(R, t)

)
, (C.64)

where we have assumed the outer shell surface is subsonic (Mach number is very small

there consistent with the steady state solution in the conduction zone), and we have again

neglected the shell expansion velocity with respect to Ṙ. In the limit of a large aspect ratio

( A >> 1), the
∫
prdr term can also be neglected. We also write U(R, t) ≈ Ṙ since the

ablation velocity is much smaller than Ṙ. The equation of motion then becomes

MshR̈ = −4πpaR
2 − 4πR2ṁṘ− ṀshṘ = −4πpaR

2 (C.65)

Also, in the limit that δ << Rc, the ablation pressure can be written as Pa ≈ 2ρcTc ≈ 2ṁUc

as was shown in the previous section, the equation of motion can be written as

MshR̈ = 2UcṀsh (C.66)

We define the “exhaust velocity” as Vex = 2Uc and integrate Eq. C.66 to obtain an equation
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Figure C.6: (a) is the normalized shell radius and (b) is normalized shell mass for different
values of pa/pfoot.

for the shell velocity as a function of mass:

Ṙ = Ṙ(0) + Vexln

(
Msh(t)

Msh(0)

)
(C.67)

where Ṙ(0) is the initial shell speed which is given in Eq. C.44. We can write these

equations in dimensionless form as

dR̂

dτ
=

ξ0

M∗
+
Vex
Vi
ln
(
M̂
)

(C.68)

dM̂

dτ
= −3

2
R̂2 (C.69)

where M̂ = Msh(t)/Msh(0), R̂ = R(t)/R(t), τ = Vit/R(0),M∗ = Vi/Cs(0), Vi is the thin

implosion velocity for the case of perfect energy transfer (which also makes the equations

dimensionless). It is given by balancing the pdV work rate against the shell momentum:

V 2
i ≡

4πpaR(0)3/3

Msh(0)/2
=

8πpaR(0)3

3Msh(0)
= IFAR · Cs(0)2. (C.70)

It follows that M2
∗ = IFAR (as was shown in the previous section). Finally, ξ0 is given
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by

ξ0 =
3√
5

(
pfoot
pa

)1/5

. (C.71)

The initial conditions are R̂(0) = 1, M̂(0) = 1, and dR̂/dτ = −ξ0/M∗. The parameter

Vex/Vi can be determined as follows:

Vex
Vi

=
2Uc
Vi

=
2Uc√

IFAR · Cs(0)
(C.72)

where the sound speed C2
s ∼ pa/ρa ∼ 2pc · (ρc/ρa)/ρc ∼ 2Tc · (ρc/ρa). It follows that

Vex/Vi depends primarily on the ratio of the shell density to the critical density:

Vex
Vi

=

√
6

5 · IFAR
ρa
ρc

= 4

√
6

5 · IFAR

(
pa
pfoot

)3/5
ρi
ρc
, (C.73)

where ρi ≈ 0.25g/cc is the initial DT density of the shell and ρc ≈ 1g/cc is the critical

density for a CH ablator with λ = 0.35µm. At shock breakout time, we can also write the

aspect ratio with respect to the initial aspect ratio as

IFAR = 4
R(0)

∆i

(
pa
pfoot

)3/5

, (C.74)

where ∆i is the initial shell thickness before the initial shock is launched. Using Ai =

R(0)/∆i = 10 and pa/pfoot = 100, we solve Equations C.68 and C.69 until the acceler-

ation phase ends and the time it takes for information to travel through the shell becomes

comparable to the implosion time. This happens when

tex
ti

=
1√

IFAR

∆̂

R̂

dR̂

dτ
, (C.75)

where ∆̂ = M̂/R̂2. It follows that the dimensionless solution primarily depends on IFAR

and pa/pfoot. Solutions are plotted in Fig. C.6 for an initial aspect ratio of 10 and different
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Figure C.7: The hydrodynamic efficiency plotted as a function of the unablated mass frac-
tion. Indirectly driven targets are around ∼ 25% unablated mass fraction while direct drive
targets are near ∼ 55%.

values of pa/pfoot. Increasing the ratio pa/pfoot effectively lowers adiabat and increases

the in-flight density, thus enabling more shell compression to occur.

To conclude this section, the next step is to analyze the efficiency with which energy is

transferred to the shell. Notice that if we write the exhaust kinetic energy as 1/2(Msh(0)−

Msh(t))V
2
ex and take the limit Ṙ(0) << Ṙ(t), we can write the hydro-efficiency η as

η ≡ Msh(t)Ṙ(t)2/2

Msh(t)Ṙ(t)2/2 + (Msh(0)−Msh(t))V 2
ex/2

=

1 +

(
Msh(0)

Msh(t)
− 1

)
1

ln
(
Msh(t)
Msh(0)

)
−1

.

(C.76)

The hydrodynamic efficiency thus depends exclusively on the fraction of ablated mass.

It is plotted in Fig. C.7 where it is evidently maximized near Msh(t)/Msh(0) ≈ 0.2.

More accurate estimates would require one to use Eq. C.24 which includes the additional

corrections due to φ = Rc/(Uct). However, such an analysis is outside of the scope of this

thesis.
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C.4 The deceleration phase of implosions

Once the driver turns off, the acceleration phase ends, and the shell coasts inward at the

implosion velocity. Meanwhile, the initial shocks induced by the driver heat up the central

gas. The shocks converge in the center, travel outward, and are reflected at the inner shell

surface. The central gas pressure also increases due to PdV compression from the shell.

Both the compression and the shock reflection processes occur until the gas pressure ex-

ceeds the inner shell pressure, at which point a strong shock is launched into the shell. This

marks the beginning of the deceleration phase where the shocked shell is decelerated by the

high pressure of the central low-density region (denoted by the hot-spot). The remainder

of the shell does not contribute to the hot-spot stagnation physics because it is free-falling

inward. It is during this phase that the shell delivers most of the PdV work to the hot-spot.

The physics of the acceleration phase determines the shell’s kinetic energy, aspect ratio,

and shell mass at the beginning of the deceleration phase.

Here we derive a simple thin shell model for the deceleration phase for an adiabatic

hot spot which isn’t impact by alpha-heating nor by radiation losses. The solution follows

the paper of Ref. [30] and describes a self similar solution to the problem of a thin shell

with massMsh imploding inward at an implosion velocity Vi decelerated by a hot spot with

initial pressure Phs(0) and radius Rhs(0). The hot spot is assumed to be subsonic which

implies a flat pressure profile. An exact solution for the case of an adiabatic hot spot (in

the absence of alpha heating and radiation losses) was found. Thermal conduction was

considered as a mechanism to ablate mass into the hot spot, but not as an energy loss to

the global hot spot energy balance. If the hot spot is assumed to be subsonic such that the

Mach number is low, then the hot spot pressure profile is flat and the evolution of the hot



370

spot and shell can be described by the energy and momentum conservation equations:

Phs(t)Rhs(t)
3γ = Phs(0)Rhs(0)3γ (C.77)

Msh
d2Rhs(t)

dt2
= 4πPhs(t)Rhs(t)

2 (C.78)

where γ = 5/3 for an ideal gas, Phs is the hot spot pressure, and Rhs is the hot spot radius.

The initial condition for the hot spot velocity is that dRhs/dt = −Vi. This problem has an

exact solution given by

Rhs(t)

Rhs(0)
=

√
1− 2

(
tVi

Rhs(0)

)
+

(
tVi

Rhs(0)

)2(
1 +

1

ε0

)
. (C.79)

where ε0 >> 1 is the ratio of the shell kinetic energy to the initial hot spot internal energy

given by

ε0 ≡
1
2
MshV

2
i

2πPhs(0)R(0)3
(C.80)

In the limit of an infinite aspect ratio (shell thickness << shell radius), all of the shell’s

kinetic energy is transferred to internal energy at stagnation. It follows that

1

2
MshV

2
i = 2πPsR

3
s (C.81)

where Msh is the unablated shell mass, Vi is the implosion velocity, Ps is the stagnation

pressure, and Rs is the stagnation hot-spot radius. It can be easily shown that the initial

conditions are R(0)/Rs = ε
1/2
0 and Phs(0)/Ps = ε

−5/2
0 . Since ε0 >> 1, this means that the

hot-spot pressure is much smaller than its stagnation value and the hot-spot radius is much

larger than its stagnation value, as expected. A solution to this problem is depicted in Fig.

C.8 where both the pressure and radius are plotted as a function of time.
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Figure C.8: The simple adiabatic thin-shell model from Eqs. C.77 and C.78 with ε0 = 100.
The radius is normalized to its initial value, the pressure is normalized to its stagnation
value, and τ̂ is the time normalized to the bang time. The hot-spot pressure increases
adiabatically as the thin shell converges inward. Reproduced from A. R. Christopherson et
al, Phys. Plasmas 25, 012703 (2018) , with the permission of AIP Publishing.

The hot spot temperature can also be determined from the hot spot mass conservation

equation
dMhs

dt
= 4πR(t)2ṁhs (C.82)

where ṁhs is the thermal conduction driven mass ablation rate of shell material into the hot

spot. It is determined by considering the subsonic jump condition at the hot-spot interface:

0 =

[
5pw

2
− κ0T

5/2∂T

∂r

]R+

R−
(C.83)

where w = dR/dt − U(R, t). We can write p = 2ρT/mDT where mDT is the atomic

mass of the DT. We can then use dimensional analysis to determine the scaling of the mass

ablation rate with temperature as

ṁhs ∼
T 5/2

R
. (C.84)

We can then return back to the mass conservation equation and use dimensional analysis

to determine the scaling of temperature with other stagnation parameters. Here we take
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t ∼ R/Vi as the time scale of interest. This leaves us with

Ts ∼ (PsRsVi)
2/7. (C.85)

In Refs. [29, 27, 28], the problem of a hot spot confined by a compressible shell was

considered. The shell is separated by the return shock which is the material that crossed

the shock front and is slowed down by the hot spot pressure. The free-falling shell is the

unshocked material imploding inward at the implosion velocity Vi. Although the hot spot

profiles are still self-similar, the position of the shock propagating through a finite thickness

shell cannot be described in such a way. A proper description of the compressible shell is

important since in the incompressible shell model, all of the in-flight shell kinetic energy

is converted into hot spot internal energy at stagnation. The compressible shell model, on

the other hand, accounts for the fact that the free-falling shell mass does not transfer its

kinetic energy to the hot spot. A more detailed description of the compressible shell model

is provided in Chapter 2.

C.5 Scaling of stagnation conditions with design parameters

Here we derive scaling relations for how stagnation quantities depend on in-flight shell

quantities following the analaysis of Ref. [145] and we then compare the results to a 1-

D direct-drive simulation ensemble of 3 targets using the radiation hydrodynamics-code

LILAC [31], which include 3D ray tracing, flux-limited thermal transport, multi-group al-

pha transport, multi-group radiation transport, astrophysical opacity tables, and SESAME

[37] equation-of-state tables. These are purely hydrodynamic simulations and do not in-

clude modifications to the distribution functions which can fusion reactivities for large

values of the Knudsen number [186, 187]. All of the implosions are driven with a laser

driver of wavelength λL = 0.35µm. The DT shell adiabat varies between 2 and 5, where
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Figure C.9: Schematic of the pulse shapes and target which were simulated to test the
validity of the scaling relations in this section.

the adiabat for a fully ionized plasma is defined as α = 2.2p/ρ5/3 for p being the shell

pressure in Mbar and ρ being the shell density in g/cm3 [26]. Its value is quoted as the

minimum adiabat at the inner shell surface at the shock breakout time. A schematic of the

simulated designs is presented in Fig. C.9. The implosion velocity is changed by varying

the magnitude of the peak laser power.

The goal of this section is to determine how the final stagnation pressure, areal density,

and temperature scale with the implosion velocity, adiabat, ablation pressure, and shell

kinetic energy. We first divide the implosion up into several phases by comparing how

the shell expansion time tex ∼ ∆/Cs compares to the implosion time ti ∼ R/Vi in the

acceleration phase:
tex
ti

=
Mach

A
∼ 1√

IFAR
<< 1, (C.86)

implying that the shell pressure and density (and hence the Mach number) have relaxed to

constant values. Note that we have used the scaling Mach2
max ∼ IFAR which arises by

scaling the shell kinetic energy with PaR3
0. In this analysis, we determine how in-flight and
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stagnation quantities depend on the maximum shell Mach number given by

Mach2
max =

V 2
i

5Pa/3ρa
∼ V 2

i

P
2/5
a α3/5

, (C.87)

where α is the shell adiabat, Vi is the maximum implosion velocity achieved by the shell,

and Pa is the maximum applied ablation pressure. Using mass conservation, we then assess

how the aspect ratio A, Mach number Mach, shell density ρ, and shell thickness ∆ change

as the shell converges. Letting the subscript “sb” denote the shock breakout time, this leads

to the relations

ρ = ρsb Mach = Machmax ∆ = ∆sb

(
Rsb

R

)2

A = Mach2
max

(
Rsb

R

)3

(C.88)

where ∆sb = R0/Mach2
max and R0 = Rsb. We also note that

tex
ti

=
1

Machmax

(
R

R0

)3

. (C.89)

The coasting phase begins when the implosion time is of the order of the shell expansion

time. This implies that

tex
ti

=
Machmax

A∗
=

1

Machmax

(
R0

R∗

)3

= 1. (C.90)

This scaling directly implies thatR∗/R0 = Mach
−1/3
max andA∗ = Machmax. We note that in

this phase, the shell thickness is likely a constant since information needs time to propagate

as the shell converges. It follows that the density must increase like 1/R2 to conserve mass.

This furthermore implies that pressure must increase to conserve the adiabat α ∼ p/ρ5/3.
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We then arrive at the following scalings:

ρ = ρsb

(
R∗
R

)2

Mach = Machmax

(
R

R∗

)2/3

∆ = ∆∗ A =

(
R

∆∗

)
(C.91)

where ∆∗ = R∗/Machmax = R0 ·Mach
−4/3
max . Finally, near void closure (right before the

stagnation shock is launched), the aspect ratio is unity and Rvc = ∆vc = ∆∗. We can thus

derive the void closure conditions by writing Rvc/R∗ = ∆∗/R∗ = 1/A∗ = 1/Machmax.

This implies that

ρvc = ρsb ·Mach2
max Machvc = Mach1/3

max ∆vc = ∆∗ Avc = 1. (C.92)

Once the stagnation shock is launched into the shell, the shell is compression by a factor of

4 so that ρstag ≈ 4ρvc = 4ρsb ·Mach2
max. The stagnation pressure can then be determined

by noting that the hot spot energy scales with shell kinetic energy like PstagR3
stag ∼ Ek ∼

MshellV
2
i ∼ ρstagR

3
stagV

2
i . Note that we have neglected thick shell corrections which would

cause a breakdown in the scaling Mshell ∼ ρstagR
2
stag∆stag. This leads to the stagnation

pressure scaling of Pstag ∼ ρstagV
2
i . If we let PaR3

0 ∼ MshV
2
i , then the amplification in

pressure is given by:

Pstag ∼ Pa ·Mach4
max. (C.93)

Likewise, the stagnation radius Rstag, burn width τburn, and temperature Tstag scale as

Rstag ∼
(
Ek
Pstag

)1/3

∼ R0

Mach
4/3
max

, (C.94)

τburn ∼
Rstag

Vi
∼ R0

ViMach
4/3
max

, (C.95)
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Tstag ∼ (PstagRstagVi)
2/7 ∼ (PaR0Vi)

2/7Mach16/21
max , (C.96)

We note that the shell Mach number (and thus the IFAR) plays a dominant role in the de-

termination of the amplification in shell pressure and the final convergence ratio. The next

step is to derive the scalings of stagnation parameters with design parameters implosion

velocity, kinetic energy, ablation pressure, and in-flight adiabat).

Pstag ∼
P

1/5
a V 4

i

α6/5
. (C.97)

Likewise, the stagnation radius Rstag, burn width τburn, and temperature Tstag scale as

Rstag ∼
E

1/3
k α2/5

V
4/3
i P

1/15
a

, (C.98)

τburn ∼
Rstag

Vi
∼ E

1/3
k α2/5

V
7/3
i P

1/15
a

, (C.99)

Tstag ∼
P 0.04
a V 1.05

i E0.10
k

α0.23
, (C.100)

The validity of the scalings are tested in Fig. C.10. We replace Ek with MshV
2
i to also

account for changes in energy with peak power. The simulations presented here do not

include the effects of alpha heating since the goal is to consider how stagnation parameter

scale with hydrodynamic properties of the shell. The velocity in the simulations is com-

puted by first considering the time when the unablated shell kinetic energy is maximized.

Since inward kinetic energy is what matters in this system, the outer shell surface is defined

as where the velocity is zero. The total inward kinetic energy in the shell, KE0, and the

mass encompassed by this region Msh are computed and the implosion velocity is then de-
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Figure C.10: The analytic scaling relations from Eqs. C.97, C.98, C.99, and C.100 are
in good agreement with LILAC simulations where the implosion velocity is increased by
changing the peak laser power. (a) shows the scaling Pstag ∼ V 4

i , (b) shows Tstag ∼ V 1.25
i ,

(c) shows Rstag ∼ V
−2/3
i , and (d) shows τburn ∼ V

−5/3
i .

fined as Vi =
√

2KE0/Msh. This is the definition of the implosion velocity that gives the

correct shell kinetic energy, when V 2
i is multiplied by Msh/2. The hot spot pressures and

temperatures quoted here are the central values at r = 0 at bang time (when the neutron

production rate is maximized). The hot spot radius Rstag is defined at bang time as the

point when the neutron production rate ndnt 〈σv〉 has dropped to 17 % of its central value

at r=0. And the burn width is determined by fitting a Gaussian to the neutron production

rate and taking the Full Width at Half Maximum.

The good agreement of the simulations in Fig. C.10 with the theory presented in Eqs

C.97, C.98, C.99, and C.100 is important since it indicates the simple model effectively

describes the relation between stagnation conditions with design parameters. Note that

although the implosion velocity in this simulation ensemble is increased by changing the

peak ablation pressure, we have neglected to include the dependence of stagnation param-
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eters on the ablation pressure.

We can now determine how the ignition parameter χnoα and yield scale with in-flight

parameters. For now, we assume 〈σv〉 ∼ T 3 and write

Y ield ∼ nDnT 〈σv〉Vhsτburn ∼ P 2
stagTstagR

3
stagτburn ∼

E1.43
k P 0.17

a V 2.7
i

α1.03
, (C.101)

and

ρstagRstag ∼
Msh

R2
stag

∼ E
1/3
k P

2/15
a V

2/3
i

α4/5
. (C.102)

Thus, the ignition parameter χnoα may be written as:

χnoα ∼ (ρstagRstag)
0.61Y ield

0.34

M0.34
sh

∼ E0.35
k P 0.14

a V 2.01
i

α0.84
. (C.103)

It follows that larger values of yield and χnoα can be achieved by increasing the kinetic

energy Ek delivered to the shell, increasing the implosion velocity Vi, or by decreasing the

adiabat α. Of course, these scalings are valid for 1D spherical implosions. Practical ICF

experiments are 3D and are heavily influenced by the presences of seed asymmetries which

grow as a result of the Rayleigh Taylor instability. The theory of this instability is discussed

in the next section.

C.6 Rayleigh Taylor Instability

The Rayleigh Taylor Instability (RT) occurs in fluid when the pressure and density gradi-

ent oppose each other. It is of significant importance to inertial fusion implosions which

contain several unstable interfaces. In particular, the ablative RTI is important since the

ablation front of the outer shell surface is unstable during the acceleration phase and the

ablation front at the hot spot - shell interface is unstable in the deceleration phase. It is

thus important to quantify the growth rates of this instability and assess how the stabilizing
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mechanisms depend on target design parameters.

C.6.1 Classical RTI

We first assess the simple problem of a heavy fluid supported by a light fluid. A schematic

of the classical RTI is shown in Figure C.11 where a heavy fluid is supported by a light fluid

and the acceleration g is downward. For simplicity, we assume the flow is incompressible

so that the densities are constant and there’s no need to bring in an energy conservation

equation. The equilibrium solution varies only in the z direction and is described by the

following equations

~∇ · ~V0 =
∂V0

∂z
= 0 ~∇p0 =

∂p0

∂z
ẑ = −ρ0gẑ (C.104)

with the boundary conditions

[
~V0 · ẑ

]z=0+

z=0−
= 0 [p0]z=0+

z=0− = 0. (C.105)

Here we take the fluid to be initially at rest so U0 = 0. The pressure p0 is easily solved

with

p0(z) =

−ρLgz +K, if z < 0

−ρHgz +K, if z > 0
(C.106)

where K is an integration constant. The next step is to perturb the interface at z = 0 with

a modulation of the form

η(x, t) = 2η̃eγtcos(kx) = η̃eγt+ikx + C.C. (C.107)

where γ is the instability growth rate, k is the wave number, and C.C. is the complex conju-

gate. We work with complex numbers here for the purpose of simplifying the mathematics.
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Figure C.11: Simple schematic of the Classic Rayleigh-Taylor Instability.



381

Although the complex conjugate is technically present in all equations to cancel out the

imaginary part, we avoid writing it down for simplicity. The rest of the solution is then

perturbed as follows:

p(x, z, t) = p0(z) + p1(x, z, t) (C.108)

~V (x, z, t) = Vx1(x, z, t)x̂+ Vz1(x, z, t)ẑ (C.109)

where p1/p0 << 1 and we can write the perturbed variables as

p1(x, z, t) = p̃(z)eγt+ikx + C.C. (C.110)

Vx1(x, z, t) = Ṽx(z)eγt+ikx + C.C. (C.111)

Vz1(x, z, t) = Ṽz(z)eγt+ikx + C.C. (C.112)

The equations for mass and momentum conservation to describe the evolution of the per-

turbed properties are given by

0 = ~∇ · ~V (C.113)

0 = ρ0

(
∂Vx
∂t

+ (~V · ~∇)Vx

)
+
∂p

∂x
(C.114)

−ρ0g = ρ0

(
∂Vz
∂t

+ (~V · ~∇)Vz

)
+
∂p

∂z
(C.115)

We then linearize the equations to solve for Ṽx, Ṽz, p̃. Since these perturbations are very

small, we neglect all second order terms where perturbations are multiplied by other per-

turbations. Another simplification that can be used is ∂/∂t → γ and ∂/∂x → ik. This
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leaves us with

0 = ikṼx +
∂Ṽz
∂z

(C.116)

0 = ρ0γṼx + ikp̃ (C.117)

0 = ρ0γṼz +
∂p̃

∂z
. (C.118)

This leads to a second order differential equation for Ṽz:

k2Ṽz +
∂2Ṽz
∂z2

= 0 (C.119)

which is solved by

Ṽz(z) =

ṼzL(0)ekz, if z < η

ṼzH(0)e−kz, if z > η
(C.120)

where we’ve used the boundary condition that the velocity must vanish as z approached plus

or minus infinity. Solving for Ṽz at z = η requires knowledge of the boundary conditions.

The velocity divergence in the direction perpendicular to the interface must be finite, which

requires the velocity (in the direction perpendicular to η) to be continuous at z = η. It

follows that the relevant boundary condition is

[
~V · n̂

]η+
η−

= 0 (C.121)

where n̂ is the normal vector to η. It can be determined by parameterizing η as follows:

~η = xx̂+ η(x, t)ẑ, (C.122)
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which has a normal vector n̂ is perpendicular to the gradient and is given by

n̂ =
−∂η
∂x
x̂+ ẑ√

1 +
(
∂η
∂x

)2
=

ikηx̂+ ẑ√
1 + (ikη)2

= ikηx̂+ ẑ. (C.123)

Thus the boundary condition for velocity thus requires the Z velocities to be equal:

[Vz]
η+

η− = ṼzH(0)− ṼzL(0) = 0. (C.124)

The boundary η is a free surface which moves with the fluid. Thus,

dη

dt
= Vz1(x, η(x, t), t) =

∂η

∂t
+ Vx1

∂η

∂x
. (C.125)

Linearized, this implies that γη̃ = Ṽz(0). The next step is to relate p̃ to Ṽz (and hence η̃) as

follows:

p̃ =
iγρ0

k
Ṽx =

iγρ0

k

(
i

k

∂Ṽz
∂z

)
=


−γρL
k
~Vz,L if z < η

γρH
k
~Vz,H if z > η

(C.126)

The boundary condition at z = η requires the pressure to be continuous (since ~∇p cannot

be infinite). This yields

[p0 + p1]η
+

η− = 0 (C.127)

In linearized form, this becomes

−ρHgη̃ + p̃H(z = η) = −ρLgη̃ + p̃L(z = η) (C.128)

−ρHgη̃ +
γ2ρH
k

η̃ = −ρLgη̃ −
γ2ρL
k

η̃. (C.129)

Since η̃ is factored out of the equation, this leaves us with an expression for the growth rate
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γ as a function of the wave number k:

γ =

√(
ρH − ρL
ρH + ρl

)
kg =

√
Atkg (C.130)

where At is the “Atwood number”. In the limit ρh = ρL, At = 0 and there is no growth.

If ρH >> ρL, then the Atwood number asymptotes to unity. If ρL < ρH , then the Atwood

number becomes negative and the growth turns into oscillations as expected since this is

the limit where the heavy fluid is supporting the light fluid.

C.6.2 Ablative RTI

We start the analysis with the steady state energy conservation equation here and allow the

thermal conductivity to vary as an arbitrary power law of temperature:

~∇
[

Γ

Γ− 1
p~V − κ0T

ν ~∇T
]

= 0 (C.131)

If we allow z to denote the direction along which the flow propagates, then the energy

balance can be written as

0 =
d

dz

[
1

ρ̂
+

L0

ρ̂ν+2

dρ̂

dz

]
(C.132)

where ρ̂ = ρ/ρa is the density normalized to the ablation front, we’ve assume the pressure

is isobaric, and we’ve used the ideal equation of state pa = 2ρT/mi as well as the mass

conservation equation ρaVa = ρVz. The parameter L0 is a characteristic scale length which

was defined to make the equation dimensionless. It is proportional to the conduction zone

thickness and is given by

L0 =
γ − 1

Γ

κ0T
ν+1
a

pa
∼ δ. (C.133)

Instead of using the profiles shown in Fig. C.5, we will seek a solution where as ρ → ρa,
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the density derivative goes to zero and flattens out. Letting ẑ = z/L0, we integrate Eq.

C.132 to arrive at
dρ̂

dẑ
= ρ̂ν+1(ρ̂− 1). (C.134)

Eq. (C.134) is solved numerically with the initial condition that ρ̂(0) = (ν + 1)/(ν + 2)

where the gradient is maximized. Intuitively, this is also the point where Rayleigh Taylor

growth is expected to be the largest. We note that the minimum scale length at z = 0 is

larger than the conduction zone length and is given by

Lmin = L0
(ν + 1)ν+1

νν
. (C.135)

We now turn our attention to momentum conservation in the z direction:

ρVz
dVz
dz

= −dp
dz

+ ρg, (C.136)

where we note from mass conservation that Vz = ρaVa/ρ = Va/ρ̂. In dimensionless form,

the momentum conservation equation becomes

dp̂

dẑ
=

1

F
ρ̂+

1

ρ̂2

dρ̂

dẑ
=

1

F
ρ̂+ ρ̂ν−1(ρ̂− 1) (C.137)

where p̂ = p/(ρaV
2
a ) and F is the Froude number given by

F ≡ V 2
a

gL0

. (C.138)

When F >> 1, ablation is playing a more important role in the pressure profile than the

acceleration is. Likewise when F << 1, one expects that the thermal conductivity is

dominating the energy flux.

The pressure profile was solved numerically with the initial condition p̂(0) = 0.01.
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Figure C.12: (a) is the density profile for the steady state ablation model plotted for different
values of the conductivity exponent ν. (b) is the pressure profile with ν = 2.5 plotted for
different Froude numbers.

Solutions for ρ̂ and p̂ are plotted in Fig. C.12 for different values of ν and F . The larger the

Froude number is, the closer the peak of the pressure is to the ablation front. The result is

significant because the RTI instability requires the pressure and density gradients to oppose

each other (i.e. ∇p · ∇ρ < 0). It follows that larger Froude number ablation fronts are

expected to be more stable because the region where∇ρ · ∇p < 0 is reduced.

Several others have carried out a linearized analysis of the fluid equations to study the

stability of the ablative RTI for different Froude numbers [188, 189, 190, 191, 192, 193].

In Ref. [193], the dispersion was approximated in the following form:

γ =

α2(F, ν)
√

kg
1+kLmin

− β2(F, ν)Va, if F < Fc(ν)

α1(F, ν)
√
kg − β1(F, ν)Va, if F > Fc(ν)

(C.139)

where the coefficients α and β depend on the conductivity index ν and the Froude

number F . The variable Lmin is the minimum density gradient scale length and Fc is

some critical Froude number. The result that ablation stabilizes RTI is extremely important

because the ablation velocity increases with the design adiabat like

Va =
ṁ

ρa
∼ ṁ

(
α

Pa

)3/5

∼ α3/5

(
A

λ2Z

)7/15

. (C.140)
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Eq. (C.140) is extremely important because it implies that higher adiabat targets are ex-

pected to mitigate the growth of perturbations at the ablation front more than lower adiabat

targets. Both direct and indirect drive inertial fusion experiments of interest typically oper-

ate in the large Froude number regime. For direct-drive with a CH ablator, we can expect

α2 ≈ 0.97, β2 ≈ 1.5 while for indirect drive targets, we expect α2 ≈ 1, β2 ≈ 1 − 1.5

[2]. We note that the large Froude number limit is the appropriate way to describe abla-

tion fronts in the acceleration phase (as was done when we solved for the conduction zone

pressure, density, temperature, and velocity in the previous sections). This is because

F =
V 2
a

L0R̈a

=
V 2
a

L0

Msh

4πR2
apa

=
V 2
a

L0

Msh

8πR2
aρcV

2
c

=

(
ρc
ρa

)(
∆

3L0

)
. (C.141)

Numerically, the Froude number is ∼ 3 − 4. Although ρa/ρc >> 1, we also have the

competing effect that L0/∆ << 1. Thus our assumption that acceleration is negligible in

the conduction zone is approximately justified.

It is important to note that a considerable amount of experimental evidence has also con-

firmed the stabilization of RTI via ablation. The first measurements of RTI in laser driven

targets was published in Ref [194]. Ref. [195] describes the development of an experimen-

tal platform on Nova to measure RTI growth for indirect drive targets by radio-graphing

foils with pre-imposed perturbations with an x-ray backlighter. Refs [196, 197] reported

on Nova experiments where classical RTI was observed to grow faster than ablative RTI. In

the past two decades, numerous experiments on NIF and OMEGA have been conducted for

the purpose of measuring the growth of target modulations and comparing it with model

predictions [198, 199]. NIF experiments have also confirmed that higher adiabat targets

exhibit lower growth factors compared to lower adiabat targets [200]. A comprehensive

review of RTI experiments on the NIF to measure the growth of engineering imperfections

is provided in Ref. [201].
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APPENDIX D

ICF CAPSULE ENGINEERING

“All ideas are good ideas until proven otherwise.”

Mike Campbell

In general, the most important trade off in laser driven ICF target design (for both direct

and indirectly driven implosions) regards the benefits of low adiabat targets for achieving

high compression at the cost of larger Rayleigh-Taylor growth. The parameter χnoα which

measures proximity toward the ignition cliff (without alpha-heating) is given by:

χnoα ∼
E0.35
k P 0.14

a V 2.01
i

α0.84
, (D.1)

where Ek is the kinetic energy coupled to the shell, Pa is the applied ablation pressure, Vi

is the final implosion velocity, and α is the in-flight shell adiabat. However, we have also

recently observed that the ablation velocity which stabilizes the growth modulations scales

like

Va ∼ α3/5

(
A

λ2Z

)7/15

, (D.2)

where A is the atomic mass number of the material at the ablation front, Z is the atomic

number of that material, and λ is the wavelength of the radiation which is depositing its en-

ergy in the underdense corona. The important concept to note here is that low α implosions

are important for achieving large areal densities (and thus large values of χnoα) although

they also result in less ablative stabilization of modulations near the ablation front. Iner-

tial fusion experiments on both NIF and OMEGA consistently demonstrate better target

performance with increases in the adiabat (see References [18, 9]). This suggests that en-



389

hanced target stability is an important factor in determining the performance of practical

inertial fusion experiments. Ideally, the goal for both direct and indirect drive fusion is to

demonstrate enhanced performance of implosions driven on a low adiabat since large areal

densities are required for achieving significant fuel burn up and large fusion energy gains.

The most importance differences to highlight between direct and indirect drive regard

the energy coupling and the imposed imprinting modulations from the laser beam. Direct

drive ICF couples more energy to the target than indirect drive since it doesn’t expend

energy into heating up the hohlraum wall. However, an important aspect of direct-drive

engineering regards the mitigation of laser “imprint” which are small high mode non-

uniformities present in the laser beam. Indirect drive circumvents this problem by em-

ploying the hohlraum which smooths out the non-uniformities at the expense of reducing

the amount of energy coupled onto the target. Another important difference worth noting

is that indirect drive implosions are imploded inward via a spectrum of x-rays which heat

the sub-critical plasma. This results in a smoother ablation front compared to direct drive

since the critical surface of each x-ray energy occurs at a different point. Indirect drive also

enjoys a larger hydrodynamic efficiency since x-ray photons propagate to larger critical

densities than ultra-violet radiation.

Both schemes suffer from systematic low mode non-uniformities. These can occur

from offsets in the target chamber or from variations in the thickness of the DT ice. Target

supports within the vacuum chambers are also potential sources of degradation. Direct

drive implosions are mounted in the vacuum chamber via a stalk which produces an easily

observable feature in the x-ray framing camera [202, 203]. Indirect drive implosions are

mounted in the hohlraum with a thin tent which is also visible in x-ray images and has been

predicted to be a significant performance degradation source [204, 205, 206, 201]. Indirect

drive implosions also have a fill tube inserted into the capsule to fill the inner void with gas

before the implosion begins. Although the fill tube is necessary for supplying DT fuel to the
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capsules (the larger and doped ablators used at NIF don’t permeate DT gas as effectively as

direct drive OMEGA scale targets), it also introduces an additional perturbation which can

grow and break up the shell [207, 208, 209, 201]. The geometry of the laser irradiation can

also significantly impact the implosions. For direct-drive, the port geometry of the laser

system imposes mid-modes onto the capsule which can grow [210]. Indirect-drive suffers

from low-mode asymmetries in the radiation drive which occur because the hohlraum does

not re-emit radiation in a spherically symmetric way [211, 212, 213]. Both schemes also

require a uniform target surface with minimal defects.

In addition to asymmetries, both direct and indirect implosions must be engineered

to reduce anomalous absorption of laser energy due to laser plasma interactions (LPI).

For direct drive implosions, this requires the laser intensity to remain below an intensity

threshold to avoid exciting parametric instabilities which reduce the energy coupled and can

also generate populations of hot electrons which can preheat the fuel. This can also happen

in gas filled hohlraums for indirect drive implosions and sets a limit on the tolerable gas fill

pressure.

Laser driven inertial fusion schemes typically use a higher Z ablator material than DT.

Plastic CH is the most commonly used material although the potential use of different ab-

lator materials remains an active field of research [10, 214, 215, 216, 217]. The use of high

Z ablators is beneficial for increasing the efficiency of inverse bremsstrahlung absorption

which increases with the ablator’s atomic number Z. This can have an additional side bene-

fit of reducing. LPI thresholds by increasing the coronal temperature and reducing the laser

intensity at quarter critical Nevertheless, it is important to bear in mind from the previous

sections that the ablation pressure and mass ablation rate decrease as A/Z decreases where

A is the atomic mass number:

pA ∼ I2/3λ−2/3

(
A

Z

)1/3

ṁ ∼ I1/3λ−4/3

(
A

Z

)2/3

. (D.3)
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As was discussed in Ref. [18], DT exhibits a more optimal A/Z ratio compared with CH.

It follows that direct drive designs aim to optimize the hydrodynamic efficiency by main-

taining the higher Z CH ablator in the coronal absorption region while keeping the ablation

front in the DT. For indirect drive targets, the ablation front never penetrates into the DT

because higher Z material is needed to shield the DT fuel from preheat by energetic x-rays.

Specific details about the design of such implosions will be discussed in the following

sections.

D.1 Direct drive designs

Direct drive inertial fusion requires the laser driver to deliver high frequency photons uni-

formly onto the target and experimental research on it is primarily conducted with the

OMEGA laser facility which delivers approximately ∼ 26 kJ of laser energy in the UV

with a wavelength of 0.35µm [14]. A schematic of a typical target and laser pulse shape is

shown in Fig. D.1. A broad overview of the status of direct drive fusion is provided in Ref.

[218]. The OMEGA laser facility is not designed to ignite an implosion on its own. The

goal is to achieve “hydroequivalent ignition” which implies that an implosion scaled up to

∼ 2 MJ laser energies would achieve ignition [15]. The theory of hydrodynamic scaling

essentially predicts the final hot spot conditions of an implosion driven at larger energies

with the target adjusted to maintain the same in-flight aspect ratio, Mach number, and ratio

Va/Vi which implies the same Rayleigh-Taylor Instability (RTI) growth rate. The impact of

LPI and relative differences of modulations are often neglected in this theory. It is for this

reason that to compliment the direct drive program on OMEGA, the Laboratory for Laser

Energetics had also initiated a Polar Direct Drive (PDD) program on the NIF [98] for the

purpose of investigating the physics of LPI and RTI in direct drive for larger targets.

The presence of LPI imposes a large number of constraints on the designs of direct drive
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Figure D.1: Schematic of a typical target and pulse shape shot using the OMEGA laser
system. The pulse shape consists of three “pickets” which launch three shocks into the
shell which are designed to collide at the inner shell’s surface to minimized the entropy.
Reprinted with permission from S. P. Regan et al, Phys. Rev. Lett. 117, 025001 (2016).
Copyright 2016 by the American Physical Society.

targets, as the laser intensity is often designed to remain below ∼ 9 · 1014W/cm2 to avoid

exciting TPD. In addition to generating hot electrons which can preheat the target (one of

the main topics of this thesis), it has also been recently shown that TPD may be causing

∼ 1kJ of laser energy to be converted into electron plasma waves [219]. Furthermore, as

density gradient scale lengths increase with size, LPI thresholds decrease which implies

that LPI problems are expected to become worse. Measurements on the NIF have already

confirmed the presence of SRS and more coupling of the laser energy into hot electrons

[127, 128].

The effect of CBET is another important LPI consideration for direct drive implosions

since it absorbs a significant amount of laser energy [141]. Its effect on implosions can

be controlled by varying the target size Rtarget and the beam spot size Rbeam. However,

if the ratio of Rbeam/Rtarget is too small, then the benefits of mitigating CBET are over-

whelmed by the additional penalty in non-uniformities imposed by the beams. Likewise,

if Rbeam/Rtarget is too large, then the benefits of a smoother illumination are outweighed

by the reduction in absorption due to CBET and refractive losses. Thus, the proper choice

of Rbeam/Rtarget is a delicate balance between reduced losses and mid-mode perturbations.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.117.025001
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Schemes for “zooming” the laser beam (a time-varying beam focal spot) have also been

proposed for the purpose of mitigating CBET although they do not solve issues relating to

SRS or TPD [182].

It is well known that that adding energy bandwidth to the laser can suppress some

instabilities significantly if the bandwidth ∆ν exceeds the instability growth rate γ [99].

With this in mind, the impact of broadband lasers on laser plasma interactions is an active

field of research as a result of their potential to mitigate LPI problems [220, 221, 222, 223,

224, 225]. There is currently great interest in this research since the next generation driver

could likely be a broad bandwidth laser. Further details about the history and evolution of

the direct drive program are provided in the next chapter of this Appendix.

D.1.1 Shock ignition

Traditional direct drive fusion relies on the adiabat compression of a shell after the initial

entropy setting shocks have been released. However, shock ignition was proposed 13 years

ago to ignite slow implosions which achieve large areal densities as the expense of hot

spot temperatures which are too small to ignite the hot spot. The idea is to add an “ignitor

spike” near the end of the pulse shape (Figure D.2) [226]. This spike launches a strong

shock into the shell which heats the hot spot during the deceleration phase and creates a

non-isobaric pressure profile which enhances the hot spot’s confinement time. Since the

spike is launched at a very high intensity, a significant amount of its energy is expected to

be converted into hot electrons. If the electrons deposit their energy behind the shock front,

then they can enhance the shock pressure and the energy coupled into the hot spot. Thus,

the viability of shock ignition requires the areal density behind the shock front to be large

enough to stop the generated hot electrons.

Several shock ignition campaigns have been conducted on OMEGA to investigate the

viability of shock ignition [227, 228]. However, the areal density was found to be strongly
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Figure D.2: Schematic of a typical pulse shape for the shock ignition scheme. The main
difference with standard direct drive is the presence of a strong intensity spike at the end
which is designed to send a strong shock into the hot spot at the beginning of the deceler-
ation phase. Reprinted with permission from R. Betti et al, Phys. Rev. Lett. 98, 155001
(2007). Copyright 2007 by the American Physical Society..

correlated with the hot electron energy, indicating that the areal density of OMEGA im-

plosions was too small for the scheme to work. In Ref. [229], an important experimental

platform was developed for a proof of concept test. A solid ball of Titanium doped CH

was irradiated at a high intensity to produce a strong shock and the time at which the

shock converged in the center was measured from an x-ray framing camera. From post

shot simulations, this allowed the shock pressure to be determined and the authors found a

significant enhancement in the shock pressure due to hot electron preheat. This experiment

demonstrated the viability of shock ignition as a concept for larger scale targets. This is

especially highlighted in Ref. [230] which presents on spherical direct drive shock ignition

calculations for NIF-scale implosions.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.98.155001
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.98.155001
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Figure D.3: Schematic of a cone-in-shell fast ignition assembly. Reproduced from R. S.
Craxton et al, Phys. Plasmas 22, 110501 (2015), with the permission of AIP Publishing.

D.1.2 Fast ignition

The fast ignition scheme, similar to shock ignition, also separates the compression and

ignition phases [231, 232, 233, 234]. The idea is to compress a spherical shell of DT via

laser driven ablation to a low implosion velocity and to then couple a beam of electrons

or ions into the hot spot to ignite it. A schematic of one the most popular schemes is

shown in Fig. D.3 where a short pulse beam is focused into a gold cone and deposits its

energy near the tip which then generates a beam of electrons. Although it is a promising

concept for high gain ignition, the main issues are related to economically generating the

necessary electron or ion beam source which is capable of depositing its energy into the

high temperature portions of the hot spot. It is for this reason that it is not the dominant

mechanism being pursued in the United States at the moment.

D.2 Indirect drive design

Designing implosions for indirect drive illumination is complicated by the presence of a

cylindrical gold hohlraum surrounding the capsule (Fig. D.4). In indirect drive inertial
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Figure D.4: Schematic of the indirect drive capsule and hohlraum assembly. Reproduced
from J. D. Lindl et al, Phys. Plasmas 21, 020501 (2014), with the permission of AIP
Publishing.
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fusion, the laser deposits its energy near the hohlraum wall via inverse bremsstrahlung

absorption. The hohlraum wall then efficiently emits a blackbody spectrum of x-rays which

irradiate the capsule with an intensity given by j = σT 4
rad where σ is the Stefan-Boltzmann

constant and Trad is the radiation temperature. On the NIF, the 192 beams are arranged

into quads which are then grouped into the “inner” cones and the “outer” cones. The “cone

fraction” is defined as the ratio of inner cone power to the outer cone power. A cone fraction

of 33% represents the most optimal use of NIF energy since the inner cone contains 33%

of the beams. However, at the expense of a reduction in the total delivered energy, the cone

fraction has been adjusted in the past to drive a more symmetric implosion [235].

The pulse shape for for indirect drive implosions is similar to the direct-drive and it

begins with a feature called the “toe” which first blows over the hohlraum’s laser entrance

hole (LEH) window which prevents ice from forming over the LEH. The pulse shape then

sets the shell on a low adiabat before ramping up to its peak power, just like direct drive.

The main difference is that the hydrodynamics codes must carefully account for the re-

sponse of the hohlraum to do this correctly. Once the incident x-ray flux onto the capsule

has been determined, the x-rays are absorbed by the coronal plasma via bound-bound and

bound-free absorption[3].

The energy coupling energetics can be understood by equating the total production rate

of x-rays Prad to the x-ray loss and absorption rates [236]:

Prad = Pwall + Pcapsule + PLEH , (D.4)

where Pwall is the power deposited into the hohlraum wall, Pcapsule is the power absorbed

by the capsule, and PLEH is the power leaking out of the laser entrance holes. We note

that Prad = ηPL where PL is the incident laser power and η is the conversion efficiency of

the laser into x-rays. The parameter η ≈ 0.75 and depends on the detailed physics of the
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interaction of the laser light with the gold wall. Using the Stefan-Boltzmann law σT 4
rad to

represent the nominal x-ray flux within the hohlraum, we can write

Pwall = (1− αwall)AwallσT 4
rad (D.5)

Pcapsule = (1− αcapsule)AcapsuleσT 4
rad (D.6)

PLEH = ALEHσT
4
rad, (D.7)

where Awall, Acapsule, and ALEH represent the surface areas of the hohlraum wall, the cap-

sule, and the laser entrance holes respectively, and αwall and αcapsule represent the albedos

of the hohlraum wall and capsule. The albedo is the ratio of incident x-ray flux which is

re-emitted by a surface and typical values are αwall ∼ 0.95 for a gold hohlraum wall and

αcapsule ∼ 0.43 for an HDC ablator [237]. Combining Equations (D.4) and (D.5) together,

we arrive at the following expression for the hohlraum’s radiation temperature:

σT 4
rad =

ηPL
Awall

[
1− αwall +

1− αcapsule
CCR2

+ fLEH

]−1

, (D.8)

where FLEH = ALEH/Awall represents the relative contribution of the LEH surface area to

the wall and CCR ≡
√
Awall/Acapsule is the “case to capsule ratio” and a measure of the

relative size of the capsule within the hohlraum. The capsule flux in indirect drive σT 4
rad is

analogous to the laser intensity I from direct drive which determines the ablation pressure.

Unsurprisingly, Eq. (D.8) predicts large radiation temperatures for hohlraums irradiated

with larger laser powers, larger conversion efficiencies from laser light into x-rays, and

smaller hohlraums. It also predicts a decrease in radiation temperature with larger fLEH

(i.e. more LEH losses), smaller wall albedo αwall (i.e. more energy absorbed by the wall),

and smaller case to capsule ratios (i.e. more energy coupled to the capsule). The laser

system generally sets the limit on the maximum PL.
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Likewise, we can also estimate the energy coupling rate to the capsule as

Pcapsule ≈ AcapsuleσT
4
rad =

ηPL
CCR2

[
1− αwall +

1− αcapsule
CCR2

+ fLEH

]−1

. (D.9)

Eq. (D.9) implies that the CCR plays a dominant role in determining how much energy is

coupled to the capsule. As the CCR increases, Pcapsule decreases. This result is somewhat

intuitive since one wouldn’t expect a very small capsule within a large hohlraum to couple

very much energy. It follows that for a given laser power, the CCR dominates the energy

coupled to the target while the hohlraum surface area itself dominates the radiation temper-

ature of the hohlraum. It is important to note, however, that as the capsule size is increased

within a hohlraum, the mode 2 radiation drive asymmetry becomes harder to control. It

follows that the choice of CCR is a delicate balance between increasing the energy coupled

to the capsule and smoothing out radiation drive asymmetries. Of course, both Pcapsule and

Trad can also be degraded significantly if the LEH losses are too big. The design of LEH

hole sizes in hohlraums is often a trade off between minimizing x-ray losses while ensuring

that all of the beams propagate through the LEH before it closes.

Another design feature of important consideration for indirect drive regards the issue

of dealing with wall motion. After the initial pickets irradiate the hohlraum’s wall, a gold

plasma “bubble” expands outwards. Near the end of the pulse, this gold bubble can inhibit

the propagation of the inner beams, resulting in poor symmetry control and a loss of drive.

This problem can be resolved via the use of a low Z gas in the hohlraum such as Helium.

It is important for the gas to be low Z to minimize its absorption of laser energy. If the gas

fill pressure is large enough, it tamps the expansion of the bubble which solves the issue of

inhibited inner beam propagation. Nevertheless, too much gas fill can result in significant

LPI and anomalous absorption. Thus, the choice of gas fill density is a trade off between

tamping the gold bubble expansion and minimizing LPI.
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The capsules for indirect drive implosions exhibit some slight differences from direct

drive capsules. Indirectly driven implosions must be designed to avoid “burn through”

which occurs when the ablation front penetrates into the DT. This is important because the

DT fuel must be shielded from radiation preheat from M-band x-rays in the hohlraum. This

implies that after the acceleration phase has ended, there will still be a significant amount of

ablator mass remaining. The ablator mass near the DT is often doped with Silicon, Tung-

sten, or Germanium to enhance the absorption of M band x-rays. The burn through issue

also sets a practical limitation on the target’s size and thickness. For example, Equations

(D.9) and (D.8) imply that for a given CCR, one may obtain a larger hohlraum temperature

Trad simply by reducing the size of both the capsule and the hohlraum. However, if the

capsule size is too small, then burn through will become an issue unless additional mass is

added to the ablator (which will then cause a reduction in the implosion velocity). In the

next chapter of this appendix, we will describe the evolution of the indirect drive program

in greater detail.
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APPENDIX E

HISTORY OF THE UNITED STATES INERTIAL CONFINEMENT FUSION

PROGRAM

“If atomic bombs are to be added as new weapons to the arsenals of a warring world, or to

the arsenals of nations preparing for war, then the time will come when mankind will

curse the names of Los Alamos and of Hiroshima.”

J. Robert Oppenheimer

An important political consequence of the discovery of nuclear energy was the sub-

sequent engineering and development of powerful weapons capable of destroying entire

cities. In this section I attempt to provide a concise history of the field which includes a

description of the Manhattan Project, the development of the Hydrogen bomb, and how

present day nuclear energy programs evolved from these efforts. During the cold war, the

development and testing of thermonuclear warheads was a top priority of the national lab-

oratories in the United States. However, the labs also heavily researched the use nuclear

energy to create reactors for civilian use. Nuclear fission ended up being easier to exploit

since the fuel is capable of sustaining a chain reaction at room temperature. Nuclear fusion,

on the other hand, requires extremely high temperatures since the ions must first overcome

electrostatic repulsion before they fuse.

In this section, I draw heavily from several references which describe this history in

far greater detail. Richard Rhodes wrote two books about the development of the both

the fission and fusion bombs [238]. A detailed account of the history of Livermore Na-

tional Laboratory is described in a book written by Bruce Tarter who served as the lab’s

director between 1994 and 2002 [239]. John Nuckolls also wrote several useful internal
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lab reports while he was thinking about the best way to create thermonuclear explosions

in the laboratory [240]. The 1995 and 2002 review papers by John Lindl provide descrip-

tions of the history of the indirect drive program and what was learned from experiments

using the Nova laser at Livermore [241, 242]. Steve Craxton’s 2015 review paper serves

as a useful reference for the history of direct-drive fusion and provides context on how

different laser facilities around the world contributed to the understanding of laser-matter

interactions which have guided the designs of present day ICF drivers [17]. In 2011, during

its 40th year anniversary, Bob McCrory, who served as the director for the Laboratory for

Laser Energetics for almost 40 years, published an informative internal memo detailing the

history of the lab [243]. Mike Campbell, who led a number of the initial ICF experiments

at Livermore and eventually served as the associate director for lasers at Livermore, also

routinely gives presentations around the country about the history of ICF (with an empha-

sis on the laser-driven ICF program at Livermore) and his notes have also informed the

discussions that I am about to provide.

E.1 Nuclear weapons

E.1.1 The Manhattan project

Leo Szilard has often been denoted as the “father of the atomic bomb” as a result of his

work leading up to the second world war and the Manhattan project. In 1934, Leo Szilard

patented the idea of creating a nuclear reaction which released neutrons which would then

initiate more of the same nuclear reactions (a nuclear “chain reaction”) [244]. A few years

later, Otto Hahn, Fritz Strassmann, Lise Meitner, and Otto Frisch discovered that Uranium

atoms fissioned into Barium after bombardment with neutrons [245]. It was realized shortly

after that the specific isotope Uranium-235 is fissile when bombarded with a neutron, re-

leasing 202.5 MeV of energy per fission reaction. The specific reaction of interest is given
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by

235
92U + 1

0n = 141
56Ba+ 92

36Kr + 3 1
0n+ 203MeV. (E.1)

Since this reaction gives off three neutrons, the fission of 235
92U via bombardment of a neu-

tron made it a good candidate for a nuclear chain reaction. The scientific community

quickly concluded that nuclear fission could be used as an energy source for the devel-

opment of a powerful weapon. In 1939, Albert Einstein and Leo Szilard sent a letter to

President Franklin D. Roosevelt warning that Germany might develop the atomic bomb

and encouraging the U.S. to do the same. Leo Szilard was subsequently awarded funding

to pursue research on Uranium.

A team led by Enrico Fermi and Szilard at Columbia University began to work out

the requirements needed to create a critical mass (the mass needed for a sustained nuclear

chain reaction). They both believed that large quantities of 235
92U would be needed. Fermi

had already realized (due to his work in Rome) that a neutron “moderator” would also be

necessary to slow down the neutrons to increase the fission reaction cross section (since

lower energy neutrons are more likely to initiate fission reactions than high energy ones).

They chose graphite to be the moderator of choice. This subsequently resulted in the con-

struction of the “Chicago Pile” and the first demonstration of a nuclear chain reaction in

1942. The Chicago Pile experiments were led by Enrico Fermi and they used natural Ura-

nium which was moderated by graphite rods to control the reactivity of the pile. Around

the same time, Glenn Seaborg and Arthur Wahl at the University of California, Berkeley

discovered the element Plutonium [246]. The relevant isotope of interest is 239
94Pu which

undergoes the reaction

239
94Pu+ 1

0n = 134
54Xe+ 103

40Zr + 3 1
0n+ 208MeV. (E.2)
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After the Pearl Harbor attack in 1941, the Manhattan project was initiated to design

the first atomic bomb. Robert Oppenheimer was asked to lead a scientific team at the Los

Alamos site to begin designing concepts for the bomb. Many of the best scientific minds

including Albert Einstein, Leo Szilard, Enrico Fermi, Edward Teller, Hans Bethe, John

von Neumann, Stanislaw Ulam, Eugene Wigner, Arthur Compton, John Wheeler, Richard

Feynman, Ernest Lawrence, Glenn Seaborg, Harold Urey, among others were brought to-

gether for this project . Many sites were also constructed for the purpose of separating

isotopes for Uranium and Plutonium and producing other materials needed for the assem-

bly. For example, Uranium as mined contains approximately 99.3 % of 238
92U and 0.7 % of

235
92U . Thus, it is necessary to separate the isotopes to increase the concentration of 235

92U in

the sample to reduce the critical mass needed to create a chain reaction.

Within months after the project was initialized, the Los Alamos team came up with

two different designs which would be pursued. A gun-type weapon uses a gun to assem-

ble two sub-critical pieces of Uranium-235 to form a critical mass. Another design (the

“implosion type”) contained a pit of Plutonium-239 surrounded by explosives. As the ex-

plosives went off, the Pu-239 sphere converged to eventually create a supercritical mass.

Once a supercritical mass has been assembled, the resulting thermal instability creates a

powerful detonation wave. In May of 1945, the Nazis formally surrendered to the Allies

(although the war with Japan was still ongoing). The first nuclear test, called the “Trinity

test” occurred on July 16 for an implosion-type weapon and it was successful, yielding 22

kilotons of TNT. Several months later, “Little Boy”, a gun-type device, was dropped over

Hiroshima. Three days later, “Fat Man”, an implosion-type device, was dropped over Na-

gasaki. These bombings resulted in the deaths of ∼ 100, 000− 200, 000 civilians and they

effectively ended the war with Japan.

After the war, the United States Atomic Energy Commission (AEC) was formed to

oversea all nuclear weapons research in the United States. This led to the establishment
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of national labs which were responsible for the research, production, and development of

nuclear weapons. They eventually expanded to include research into the environmental

impacts of ionizing radiation, the design of nuclear reactors for energy production, nuclear

medicine, among other projects.

E.1.2 Development of the “Super”

Before the twentieth century, it was a complete mystery how the sun powered itself. After

Albert Einstein published his famous discovery that E = mc2, Arthur Eddington specu-

lated in his 1920 paper “The Internal Constitution of Stars” that perhaps fusion of light

elements into heavier elements was responsible for the generation of energy in the Sun

[247]. In 1928, George Gamow published his WKB approximation of the quantum tunnel-

ing effects [248] and in 1929, Atkinson and Houtermans published reaction rate calcula-

tions using Gamow’s tunneling factor which demonstrated a large nuclear fusion reaction

rate consistent with the predictions of Eddington [249]. In 1932, Mark Oliphant, while

working at Rutherford’s Cavendish laboratory, fired deuteron particles at various targets

and discovered the first experimental demonstration of nuclear fusion [250]. In 1939, Hans

Bethe worked out the theory of stellar nucleosynthesis of elements via nuclear fusion which

eventually resulted in a Nobel Prize [251].

Similar to the path nuclear fission took, it wasn’t long before scientists began thinking of

ways to develop an atomic bomb using nuclear fusion. In this case, Edward Teller is often

denoted as the “father of the Hydrogen bomb” since he was advocating for its development

as early as 1942. Although the fission of Plutonium-239 and Uranium-235 yields more

energy per reaction than D-T fusion, the energy released per unit mass is higher for nuclear

fusion. This implies that more energy can be released in a fusion bomb for the same

amount of mass compared to a fission bomb. The question of whether the “super” much

more powerful than the regular atomic bomb should be developed was a controversial one.
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There was certainly the moral argument of whether it is ethical to create a device capable of

genocide. On the other hand, the cold war was just beginning and both Ernest Lawrence and

Edward Teller argued that the Soviets would likely develop the weapon anyway and that the

United States should prioritize the research and development of the super. Edward Teller

left Los Alamos after the war since he was frustrated by the lack of support to develop the

super. In 1949, the Soviets detonated their first nuclear weapons test. Shortly after, Harry

Truman ordered a program for the development of the Hydrogen bomb and Teller returned

to Los Alamos.

At Los Alamos, Stanislaw Ulam and Teller came up with a design for the super (the

“Teller-Ulam design”). It consists of a “primary” fission-only bomb which is initiated in

the standard way. The radiation emitted from the fissile material then irradiates a cav-

ity (or “hohlraum”) which in turns reflects xrays onto a mass of thermonuclear fuel (the

“secondary”). A radiation driven implosion of the fuel (either liquid deuterium or Lithium

deuteride which produces tritium when irradiated with neutrons) then occurs which pro-

duces large source of neutrons via nuclear fusion reactions. These neutrons then “boost”’

the nuclear output of the fissile material. In 1952, the Ivy Mike test occurred in the Mar-

shall Islands which successfully released 10 megatons of TNT, nearly 500× the yield from

the Trinity test. In 1954, the Bravo test yielded 15 megatons of TNT and remains the

most powerful nuclear test to date conducted by the United States (the Soviets beat this

record eventually when they developed a multi-stage thermonuclear device which yielded

50 megatons of TNT in their 1961 Tsar Bomba test).

Both Edward Teller and Stanislaw Ulam likely contributed to fusion boosted multistage

designs, although there was significant controversy over where credit was due. Teller left

Los Alamos in 1952 when he wasn’t chosen to lead Hydrogen bomb development efforts.

The largest consequence of this was the founding of Lawrence Livermore National Lab by

Edward Teller and Ernest Lawrence for the purpose of creating a nuclear weapons labora-
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tory which would compete with Los Alamos. Although the first several nuclear tests failed,

Livermore quickly became an effective nuclear weapons lab which focused on high yield

to mass ratio thermonuclear warheads. An important success for the lab occurred in 1956

when they won a contract to develop submarine launched ballistic missiles (the Polaris pro-

gram) for the Navy. Livermore and Los Alamos would go on to compete for contracts to

develop nuclear weapons throughout the cold war.

E.1.3 Stockpile Stewardship

Throughout the cold war, both Lawrence Livermore National Lab and Los Alamos Na-

tional Lab continued to design and produce nuclear weapons for the US military. Near the

end of the cold war, the nuclear stockpiles of the US had grown to ∼ 23,000 warheads

and ∼40,000 for the USSR[252]. After the cold war ended in the early 1990s, there were

many questions about the continued role of nuclear weapons in society and by extension,

the future of the nuclear weapons laboratories. Furthermore, the U.S. signed the compre-

hensive test ban treaty in 1996 which established a complete ban on the testing of nuclear

explosives. It follows that the official US position is to remain a nuclear country with a

functioning stockpile that is committed to not testing the thermonuclear explosives. Thus

in the absence of nuclear testing, it is important to maintain and understand the reliability

of the nuclear stockpile.

Around this time, the assistant secretary for defense Vic Reis began advocating for

“stockpile stewardship” as a means of assessing the reliability of the aging nuclear stock-

pile without nuclear testing. Since this assessment depends on the ability to simulate and

model thermonuclear warhead performance as it ages, it follows that a primary mission of

stockpile stewardship is to develop strong supercomputing infrastructures at the laborato-

ries along with experimental devices with which scientists can use to test their models. If

their models can predict experimental outcomes for physics regimes relevant to conditions
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in nuclear warheads, then this provides additional confidence that the nuclear stockpile is

still reliable and functioning. The end result was the formation of the National Nuclear

Security Administration which is responsible for overseeing the U.S. nuclear stockpile. It

now funds many experimental facilities for testing explosives, neutron sources, etc. More

importantly for this thesis, it now funds many of the inertial confinement fusion programs

in the United States.

E.2 Laboratory nuclear fusion

In parallel with the Hydrogen bomb efforts, many physicists were also interested in the

problem of how to create a thermonuclear reactions in the laboratory. In 1955, a scientist

named John Lawson who worked at the Atomic Energy Research Establishment in the

United Kingdom published a paper describing the plasma requirements needed to create a

self-heating plasma [33]. The Lawson criterion requires the alpha-heating rate to exceed

the energy loss rate. The alpha heating rate is given by εαP 2 〈σv〉 /16T 2 (for equal amount

of deuterium and tritium in the plasma) while the energy loss rate by 3/2P/τ where P is

the plasma pressure, τ is the confinement time of the plasma, T is the plasma temperature,

εα = 3.5MeV is the alpha particle energy, and 〈σv〉 is the DT fusion reactivity. This leads

to a condition of the form:

Pτ >
24T 2

εα 〈σv〉
. (E.3)

Eq. (E.3) essentially states that in order to create a self-heating plasma, one must generate

a plasma with a large enough pressure P which is confined for enough time τ . Many initial

ideas for achieving nuclear fusion in the laboratory involved the use of magnetic fields

to confine the plasma for the times needed to satisfy the Lawson criterion. The tokamak

concept was conceived by Soviet scientists Igor Tamm and Andrei Sakharov in 1950, the

stellarator by Lyman Spitzer at Princeton in 1951, and the magnetic mirror concept by Dick
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Post from Livermore also in 1951. Today, the bulk of magnetic fusion research money is

spent on the International Test Experimental Reactor (ITER) which is a tokamak being

constructed in France. This is the largest scale fusion project in the world, with an cost of

∼ 20 billion dollars and with financial contributions from the European Union, India, Japan,

China, Russia, South Korea, and the United States. Once it is operational, it is expected

to achieve a burning plasma where the alpha heating rate of the plasma has exceeded the

power inputs. The status of magnetic fusion research is described in Ref. [253].

The other method for satisfying the Lawson criterion is via inertial confinement fusion

(the main approach of interest for this thesis). Compared to magnetic confinement fusion,

ICF aims to achieve higher pressures for lower confinement times. John Nuckolls at Liver-

more was thinking about what is the smallest fusion explosion which can produce energy

gains without the use of a fission primary as early as 1952. Nuckolls reports that he con-

sidered a variety of potential drivers, including pulsed power machines, charged particle

accelerators, plasma guns, and hypervelocity pellet guns which could heat up a hohlraum

which would then direct x-rays onto a Hydrogen capsule and ablatively accelerate it in-

ward to create a hot and dense plasma [240]. In 1960, Theodore Maiman invented the

laser which exhibits the important property that it can focus sizable amounts of energy into

small places [254]. Another scientist at Livermore named Ray Kidder then began working

on calculations of DT spheres irradiated with lasers (direct drive). Although this approach

had the advantage of increased energy coupling compared to indirect drive (where the laser

is shined into a hohlraum first), the indirect drive approach proved to be more robust to

the Rayleigh Taylor Instability which causes the capsule to break up in-flight. Livermore

also recruited George Zimmerman and Albert Thiessen to develop their code LASNEX

which is still used today to simulate ICF capsules [255]. In 1972, the group was eventually

able to declassify their work which was presented at the International Quantum Electron-

ics Conference in Montreal. In 1972, John Nuckolls published a Nature paper describing
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Figure E.1: (a) is a schematic of an indirect drive implosion where the laser is shined into
a gold cavity called a “hohlraum” which then reflects x-rays that drive the implosion. (b)
is a schematic of “direct drive” where the laser is directly shined onto the capsule. (c) is a
schematic of the pulsed power approach to fusion where a large current driven through a
cylindrical target creates a large azimuthal magnetic field which implodes the target inward.

their work on laser-driven ICF and their prediction that 1 kJ of laser light at 1 µm would

be sufficient to generate net energy gain[1]. The primary different mechanisms for inertial

confinement fusion are illustrated in Fig. E.1.

In the 1960s, significant advances were also made with respect to the understanding of

how laser energy is absorbed by plasmas. In particular, John Dawson at Princeton wrote

several groundbreaking papers about inverse bremsstrahlung absorption, the effect of laser

wavelength plasma heating, and estimations of the amount of laser heating necessary to

generate plasma temperatures of interest for ICF [256, 257, 258]. These developments

were eventually incorporated into radiation hydrodynamic codes used to simulate ICF im-

plosions. In 1972, Marshal Rosenbluth wrote an important paper describing the theory of

how parametric instabilities can be excited and absorb energy in laser produced plasmas

[100]. An extremely important result from this work was the prediction that the growth

rates could be suppressed via the use of smaller wavelength lasers. Anomalous absorption

mechanisms would eventually turn out to be extremely important problem for subsequent

laser-driven ICF experiments and many initial laser-heating experiments were also con-
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ducted to validate understanding of laser-plasma energy coupling mechanisms during this

era. These efforts are particularly summarized well in Steve Craxton’s review paper of

direct drive fusion [17] and in Mike Campbell’s 1992 review paper describing the laser

conditions (with respect to frequency, bandwidth, and coherence) needed to suppress them

[259].

Following the publication of Nuckolls paper, another important turning point for nu-

clear fusion research funding occurred after the oil crisis of 1973 when OPEC enforced an

oil embargo on countries supporting Israel during the Yom Kippur War, resulting in a dra-

matic (∼ 400%) increase in oil prices in the United States. A long term consequence of this

crisis was the formation of the Department of Energy and the establishment of a broader

research program in the US aimed at studying various energy technologies (coal, nuclear,

solar, wind, geothermal, etc). This also provided an important opportunity for the broader

ICF community to pursue funding to build large laser facilities. In particular, the main

players in pursuit of of building ICF facilities were KMS fusion, the Laboratory for Laser

Energetics, Sandia National Lab, Lawrence Livermore National Lab, Los Alamos National

Lab, and the Naval Research Laboratory. It is worth noting that I particularly emphasize

the history of the ICF programs at the Laboratory for Laser Energetics and Lawrence Liv-

ermore National Laboratory. This is mostly done because these are the laboratories which

today are routinely imploding DT targets and most of the experimental knowledge we have

today about laboratory thermonuclear explosions have come out of these programs. In the

subsections below, I first discuss the development of the laser to provide context for why

different ICF programs pursued different laser drivers. I then move on to the individual

contributions of each laboratory to the broader inertial fusion effort in the United States.
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Figure E.2: Simple schematic of the process of stimulated emission.

E.3 The development of the laser

The term laser stands for “light amplification by stimulated emission of radiation” and

it provides a source of coherent light (where all photons have approximately the same

wavelength and wave structure) for a variety of applications. Spontaneous emission occurs

when an electron in an excited state decays to a lower energy state, emitting a photon which

is equal to the difference in energy levels. Stimulated emission occurs when a photon of the

right energy interacts with an excited electron, thus causing it to decay to a lower energy

state. This concept is better illustrated in Fig. E.2 where an incident photon perturbs an

excited atom which then decays to a lower energy state by emitting a photon of the same

energy. This is extremely important because this is the mechanism by which coherent

photons are amplified.

The “lasing medium” is the material which is put into an excited state (it can be a

gas, solid, liquid, or plasma). Depending on the application, it is often chosen to produce

photons of a desired energy and/or for its capacity to store a certain amount of energy in
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a certain amount of time. An energy source (such as a flash lamp) is needed to pump the

lasing medium to put it in an excited state. When the number of particles in the excited

states exceeds the number of particles in the low-energy state, “population inversion” has

been achieved and the light signals are amplified. The gain medium is often located in

what is called an “optical cavity”. The most common types consist of two mirrors on two

sides of the gain medium (one of which is partially transparent). This allows the light

to reflect back and forth to further amplify the signal (thus creating a laser). If a pulsed

output is desired, then a technique called “Q-switching” is employed which introduces

some sort of loss inside the cavity to allow the excited state population to build up without

de-excitation. Once the pump energy stored in the medium has reached its maximum level,

the loss mechanism is introduced and a large number of photons can be released in a short

amount of time.

A gain medium which has achieved population inversion is called an “optical ampli-

fier” if it is not located inside of a resonating cavity. Inertial fusion drivers must use optical

amplifiers to obtain the (∼ TW) powers needed to drive the implosions. They also require

spatial filtering after each amplification stage to remove high frequency noise and mitigate

optical damage via self-focusing (a nonlinear effect which becomes important at high in-

tensities). Furthermore, it is common to employ a crystal which doubles or even triples the

frequency of the incident light. This is done because shorter wavelength drivers (compared

to longer wavelength ones) absorb more energy via inverse bremsstrahlung as a result of

their larger threshold for the excitation of parametric instabilities. As we will discuss in the

below sections, an important aspect about the history of ICF is that infrared lasers resulted

in the generation of hot electrons which preheated the target and poor absorption of the

laser light. Another important aspect of ICF driver engineering concerns the smoothing of

the laser beam and the reduction of its spatial and temporal coherence. This is also done for

the purpose of suppressing laser-plasma interactions and for direct-drive fusion, it is useful
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for reducing the imprinting of beam non-uniformities onto the target.

In a 1973 paper in Physics Today, John Nuckolls and the Livermore team considered

Neodymium-glass, CO2, Iodine, and Xenon lasers as potential drivers [260]. They first

considered Neodymium-glass lasers which produce 1.06 µm light (although at a low ef-

ficiency). Furthermore, optical frequency multipliers had already demonstrated success-

ful conversion to the second harmonic (0.53 µm) for this laser. The carbon-dioxide laser

was initially promising because gaseous lasing mediums are capable of generating higher

power pulses. Gas lasers also have an advantage over solid lasing mediums which experi-

ence thermodynamic expansion and need time to cool down after each shot (thus reducing

the repetition rate of the laser system). However, CO2 lasers produce 10.6 µm photons

which subject the laser-heated matter to anomalous absorption (since intensity thresholds

for exciting parametric instabilities increase as laser wavelength decreases) and lower abla-

tion pressures (since the critical density also decreases as the wavelength increases). Iodine

was also considered since it lases at 1.315 µm (similar to Neodymium-glass). However,

Nuckolls reports this design experienced parasitic oscillations as a result of the much higher

stimulated emission cross section and it was unknown how they could be controlled. Fi-

nally, he also considered Xenon which emits 1722 Angstrom photons though at the desired

flux levels of interest for ICF, this wavelength causes significant damage to transparent op-

tical materials. Nuckolls concluded at the end of the article that despite the low efficiency,

Neodymium glass offered the most advantages for near-term ICF experiments (although

it may not be the best candidate for a power plant). The University of Rochester would

also go on to build a Neodymium-glass laser while Los Alamos explored CO2 lasers and

methods for converting it to shorter wavelengths.
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E.4 Inertial fusion research at KMS fusion

Kip Seigal was a Physics professor at the University of Michigan before he went on to

found KMS industries in 1967. He worked closely with a theoretical physicist named

Keith Brueckner who advised the Atomic Energy Commission (AEC) on matters of nu-

clear fusion and learned about the laser fusion program in the Soviet Union. Seigal and

Brueckner decided to work together on a project to make laser-driven nuclear fusion a real-

ity and KMS fusion was founded in 1969. They experienced a lot of initial difficulties and

push back from the AEC since inertial fusion research was still classified at the time. Nev-

ertheless, they were able to move forward with the project under close supervision from

the AEC, no government funding, and no access to classified ICF information. They ended

up building a Neodymium-glass oscillator which was capable of delivering ∼50 Joules of

on-target laser energy within ∼300 ps [261].

In 1974, they finally demonstrated the first thermonuclear neutrons from laser-induced

compression by imploding a spherical DT gas filled glass target with a two-beam laser

system [262]. They cleverly used mirrors to redirect the two beams to create a uniform im-

plosion. A neutron yield of∼ 105 and a temperature of∼ 3 keV were measured. Brueckner

and Jorna also wrote a comprehensive and well known review paper that same year describ-

ing the physics of laser driven ICF and the engineering challenges that lay ahead [78].

An important event occurred in 1975 when the joint House-Senate Committee on Atomic

Energy hosted a hearing with speakers representing Los Alamos, Livermore, KMS fusion,

and the Laboratory for Laser Energetics (among others). Kip Seigal had a stroke and died

while giving his testimony. KMS Fusion was unable to recover after Seigal’s death and

they were unable to obtain funding contracts to continue their experiments. However, up

until the 1990s, they continued to produce and sell targets that other laboratories would use

in their laser matter experiments.
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E.5 Inertial fusion research at Lawrence Livermore National Laboratory

By the early 1970s, a theoretical effort had been established at Livermore to investigate

laser-driven ICF. However, the lab didn’t have the infrastructure nor the experimental ex-

pertise to build a laser and begin experiments. The goal was to build a 10 kJ laser which

would have the potential to ignite a capsule. In 1971, LLNL successfully recruited laser

expert John Emmett from the Naval Research Laboratory to assist with the development

of an experimental laser fusion program. Since laser-driven inertial confinement fusion

requires efficient transfer of energy from the laser to the plasma, it is unsurprising that

the next several decades of research at Livermore consisted of the study of laser plasma

interactions (LPI) and the driver conditions needed to control parametric instabilities and

to couple energy efficiently. Livermore decided to proceed with Neodymium doped glass

lasers because of the short wavelength benefits. The succession of lasers built at Livermore

during the 1970s is illustrated in Fig. E.3.

Over the course of a decade, developments in optics lead to improved damage thresh-

olds which allowed for even larger laser energies and intensities. Good overviews of these

projects are presented in Refs. [263, 67, 259, 264]. The first Neodymium glass laser (1.05

µm wavelength) ever built was called the “long path laser” and it delivered about 50 J of

energy in 10 ns. The next laser was the two-beam Janus laser which delivered ∼ 10 Joules

of energy at a power of approximately 0.5 TW without beam smoothing. Months after

KMS Fusion reported the first measurements of neutrons in 1974, Janus was able to create

neutrons via the irradiation of DT gas-filled shells (also known as “exploding pusher” tar-

gets) [265]. Cyclops was built after Janus and was a single beam prototype for what would

later become the 10 kJ Shiva laser. A chief difficulty in designing the next generation laser

lied in the creation of optical elements which could withstand the large intensities required

for laser driven fusion. At large enough intensities, the electric field of the beam modifies
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Figure E.3: Diagram representing the progressive succession of lasers at Livermore. All of
the lasers operated in the infrared (1.05 µm) except for Nova which could also produce light
at high efficiency at 525 µm and 350 µm when frequency converters were used. Retrieved
from J. Emmett, W. Krupke, and J. davis, IEEE J. Quantum Electron. 20, 591 (1984) c©
1984 IEEE.
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Figure E.4: The intensity threshold for optics damage is plotted as a function of time.
Retrieved from J. Emmett, W. Krupke, and J. davis, IEEE J. Quantum Electron. 20, 591
(1984) c© 1984 IEEE .

the refractive index of the material around it. A nonlinear effect is that the if the beam has

any non-uniformities in its intensity profile, they will self-focus and destroy the optic. The

failure of Cyclops as a laser demonstrated the need for spatial filtering throughout the sub-

sequent laser systems. In Fig. E.4, the intensity threshold for optics damage is plotted as

a function of time - illustrating the progress Livermore made during this time in producing

optics capable of supporting high power lasers.

The next laser to come online was Argus and it was the first Livermore laser to employ

“beam smoothing” via a spatial filter which focuses the beam down to a pinhole which

cuts out the high frequency noise (thus reducing optical damage via self-focusing). Argus

delivered approximately 1 kJ at 3 TW of power within two beams. Understanding laser-

plasma interactions (LPI) and energy coupling to the target was one of the main goals for

Argus. Nevertheless, very low fusion yields were observed and only ∼ 35% of the light

was absorbed in a Parylene disk as a result of Stimulated Brillouin Scattering (a parametric
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Figure E.5: The measured hot electron fluence as a function of the hard x-ray energy for
different wavelengths on Argus. Reprinted from W. Kruer, Phys. Fluids B 3, 2356 (1991),
with the permission of AIP Publishing.

instability whereby the laser light is absorbed by decaying into an ion acoustic wave and a

scattering light wave) [266]. A frequency conversion crystal was implemented to convert

the 1.06 µm light into its second harmonic at 0.52 µm and its third harmonic at 0.35 µm.

The potassium dihydrogen phosphate (KDP) crystals were limited in size at the time since

active research and development was still ongoing to develop larger crystals. This implied

that these experiments were limited in energy and intensity by the damage threshold for

the KDP optic. Nevertheless, Argus (at 100 J) was able to successfully demonstrate the

reduction in hot electrons as the wavelength decreased (as predicted by Rosenbluth)[263].

The outcome of these experiments is demonstrated in Fig. E.5 in which the the high energy

x-ray spectrum is measured for different incident wavelengths.

The 20-beam Shiva laser came into operation in 1978 which delivered 5-10 kJ of energy
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at a power of ∼10 TW. It successfully compressed liquid deuterium to 100 times its initial

density [267] and generated ∼ 1010 neutrons. Nevertheless, Shiva also suffered from low

energy absorption and a significant amount of hot electron preheat and the Department of

Energy recommended the cancellation of the proposed 100 kJ Nova laser facility. It was

saved by the demonstration of less hot electrons at shorter wavelengths (Fig. E.5) and by

redesigning the facility from a 250 kJ, 1.06 µm driver to a ∼ 40 kJ, 0.35 µm output. This

required substantial investment by the lab to grow KDP crystals large enough to tolerate the

fluences of Nova [67]. Although the 250 kJ 1.05 µm Nova design was originally intended

to achieve ignition, the purpose of the facility changed. The new purpose of Nova would

be to explore the physics of indirect drive targets and to develop a physics based case for a

larger ∼MJ laser facility which would be used to achieve high gains.

After Shiva, a Nova beamlet called “Novette” was implemented for the purposing of

testing the technology of the Nova design before construction. Novette successfully vali-

dated efficient frequency conversion with the KDP crystals and the reduction in hot elec-

trons at shorter wavelengths. The rest of the 19 beams of Nova were completed in 1984. As

soon as Nova began operating at the relevant intensities, the Neodymium doped glass am-

plifiers began to fracture. Although the amplifiers were predicted to be undamaged at the

operating fluences, it turned out that the laser light was absorbed by the Platinum that made

it into the glass during its production, thus damaging the surrounding glass. For the next

few years, Nova operated at less than 50 % of its designed fluence level while the program

worked on reducing the Platinum levels in the glass. After this problem was resolved, Nova

went on to become an extremely productive operating laser facility, firing several hundred

(and eventually ∼ 1,500) shots per year. Many important experiments were conducted on

Nova during this time which quantified hydrodynamic instability growth, hot electron pro-

duction, and the radiation temperature of hohlraums. A “Precision Nova” campaign was

implemented to control the pointing accuracy and the power and energy balance of the laser
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system. Nova also had “pulse-shaping” capabilities to control the adiabat and ramp up to 

peak power. This was particularly novel and important since previous laser systems be-

fore then had only used Gaussian pulses and had no mechanisms for controlling the fuel’s 

adiabat.

A comprehensive review of the Nova programs were presented in Ref. [242, 241]. A 

long-term goal of the ICF program at Livermore was the development of a ∼ 10 MJ laser, 

which the Department of Energy called the “Laboratory Microfusion Facility” (LMF). Ex-

periments from Nova would be used to assess the feasibility of building such a device. 

However, they would not be sufficient t o m ake t he c ase t hat i gnition would b e possible 

with a larger scale laser facility. During this time period, a series of underground nuclear 

tests called “Halite” or “Centurion” (depending on whether Livermore or Los Alamos was 

running the test) were conducted for proof-of-concept tests of ICF at large driver energies. 

The tests placed ICF capsules in experimental configurations near thermonuclear devices. 

The x-rays generated from these explosions would irradiate the capsule. Sufficient data 

waa captured from these underground nuclear tests which, in combination with the ICF 

pro-gram using Nova and LASNEX [255], were used to estimate the driver conditions 

needed to ignite a pellet in the laboratory and make a case for a several MJ scale laser 

facility.

As a result of the success of the Halite/Centurion program, Congress demanded that the 

National Academy of Sciences (NAS) conduct a review of LMF. In 1990, the NAS review 

concluded that the 10 MJ LMF facility was too ambitious and that a smaller scale laser 

between Nova and LMF should instead be considered. LASNEX calculations predicted 

that hohlraum temperatures of ∼ 300 eV and implosion velocities of ∼ 400 km/s would be 

necessary to ignite an implosion with a 1-2 MJ laser. Later that year, both the NAS and the 

DOE Fusion Policy Advisory Committee (FPAC) endorsed the goal of ignition contingent 

upon the successful completion of a series of Nova experiments which later became the
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Figure E.6: The experimentally measured radiation temperature is plotted as a function
of the peak laser power for a 1 ns pulse. The straight lines are estimations from the code
LASNEX [255]. Reprinted from Ref. J. D. Lindl et al, Phys. Plasmas 11, 339 (2004), with
the permission of AIP Publishing.

“Nova Technical Contract”. The purpose of this contract was to validate understanding

of hohlraum and laser plasma instability physics (HLP) and hydrodynamically equivalent

physics (HEP). The contract also required a “point design” target and pulse shape which

specified the hohlraum and capsule requirements for ignition. In the early 1990s, Nova

experiments demonstrated hohlraum temperatures of nearly 300 eV with less than 1% of the

laser energy converted into hot electrons [268]. Some of these measurements are presented

in Fig. E.6 where the measured radiation temperatures from soft x-ray diagnostics are

plotted as a function of the peak laser power in TW.

The program’s approach was to use LASNEX in combination with Nova experiments

to estimate how much target surface roughness and radiation drive asymmetries the implo-

sion could withstand for ignition scale designs. Nova was used to demonstrate the viabil-

ity of hohlraum designs with respect to mitigating LPI (and verifying the effects of beam

smoothing on it), generating the necessary radiation temperatures, and validating the ability
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of LASNEX to model the growth of perturbations at hydrodynamically unstable interfaces.

Important experimental platforms for measuring equation of state and shock velocities was

implemented on Nova [269]. The implementation of beam smoothing turned out to be

extremely effective on Nova when smoothing by spectral dispersion (SSD [135]) was im-

plemented to break down spatial coherence [270, 242]. Nova continued to be a productive

user facility for the weapons, ICF, and basic science programs until its dismantling in 1999

[264].

Progress in meeting the goals of the NTC led to the recommendation to proceed with the

design and construction of the 2 MJ National Ignition Facility (NIF). Nevertheless, the NAS

report (although positive) wasn’t enough to justify yet the cost of building the NIF. As the

United States ceased nuclear testing in the early 1990s, the stockpile stewardship program

(SSP) was emerging as a potential solution to the issue of how to assess the reliability

of the nuclear stockpile without nuclear testing. The answer was to develop experimental

facilities and supercomputing infrastructures to validate the codes which are used to predict

the performance of thermonuclear warheads. Funding was allocated for SSP in 1994 and

the DOE secretary of energy announced support for NIF later that year.

Analogous to the role Novette played in the construction of Nova, “NIF beamlet” was

built to demonstrate the necessary laser technology needed for the construction of NIF. This

required excellent precision with respect to beam pointing, pulse-shaping capabilities, the

ability to grow large KDP frequency tripling crystals, and the demonstration of multi-pass

amplifiers for compactness (instead of the single-pass amplifiers used on Nova). The proto-

type ended being very successful and it has since been sent to Sandia National Laboratories

where it is now used to preheat their fuel for their magnetized liner fusion experiments on

the Z machine [271].

The construction of NIF was completed in 2009. For an entire decade after the dis-

mantling of Nova (and before the construction of NIF), the ICF program spent the decade
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working on preparing for what eventually become the “National Ignition Campaign” (NIC).

The radiation hydrodynamics codes LASNEX and HYDRA were both extensively devel-

oped and used to come up with an ignition “point design”. The target manufacturing and

laser beam requirements to prevent failure of ignition were quantified in a detailed paper by

Steve Haan in Ref. [52]. The original NIC point design target consists of a DT ice capsule

over-coated with varying levels of doped CH ablator. The implosion is driven on an adiabat

of∼ 1.4, a laser energy of 1.35MJ , and an implosion velocity of∼ 370km/s. The varying

levels of dopant are strategically placed to prevent preheat of the DT fuel from the m-band

xrays emitted by the hohlraum wall. This design was predicted to achieve a fusion yield

output of ∼ 18MJ with an 85 % probability of ignition within three shots.

During the experimental NIC campaign, the ratio of D, T, and H was varied in the cryo-

genic fuel layers to ensure the DT fusion yield would be small enough to quench ignition.

This was done to ensure te safety and reliability of the NIF chamber and diagnostics (since

such a large fusion yield output would certainly destroy many instruments). A lot of work

had been undertaken the decade before to quantify the performance of ICF targets for these

“THD” implosions (i.e. how a given experimental result from THD would translate into

performance if a DT layer had been instead used). In addition to the DT layered implo-

sions, the NIC team conducted experiments with “re-emits” (which placed a high Z ball

inside the hohlraum to measure x-ray flux and absorption early in time [272]), “symcaps”

(warm plastic targets which were used to demonstrate that the peak radiation temperature

was achieved, to verify that the hot electron levels were acceptable, and for shape tun-

ing [273]), “Convergent Ablators” (which radiographed plastic implosions as a function of

time to quantify implosion velocity[274]), and “keyholes” (planar liquid deuterium targets

which verified proper shock timing to ensure the adiabat was correctly estimated [275]).

Nevertheless, the neutron yields of the THD experiments were extremely below ex-

pectations and the NIC team moved forward with the DT implosion experiments. Despite
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the efforts undertaken to make the point design (which eventually was termed “low foot”)

successful, the NIC failed to achieve ignition [6, 11]. As a result of this failure, the ICF pro-

gram changed its focus to higher adiabat, more hydrodynamically stable designs. In 2013, a

new implosion design called the “high foot” was implemented and demonstrated consider-

ably more success. By raising the “foot” of the pulse, they were able to increase the adiabat

which then led to increased ablative stabilization of the Rayleigh-Taylor and to increased

performance. These experiments also demonstrated the first signatures of “alpha-heating”

in the laboratory whereby alpha particle deposition boosted the neutron yield by a factor of

2. These experiments were initially reported by Omar Hurricane in a Nature article from

Ref. [9]. The next few years were met with some progress in terms of boosting the fusion

yield output via thinning the ablator [276, 277] and increasing the hohlraum’s albedo via

the introduction of depleted Uranium in the hohlraum wall [8]. Experiments using a hydro-

growth radiography (HGR) platform demonstrated the reduction Rayleigh Taylor growth

factors for the high-foot design in comparison with the low-foot design [200]. An “adiabat

shaping” campaign was also initialized to recover some of the compression from the low

foot design while maintaining the ablative stabilization benefits of the high foot [278].

Eventually, progressed leveled out as a result of difficulties in controlling the LPI in the

high gas-filled hohlraums where ∼ 10 − 20% back scatter was measured and the program

than began considering near-vacuum hohlraums as a means for mitigating LPI [279]. How-

ever, the challenge of such hohlraums is that there is no gas to tamp the expansion of the

ablated gold bubbles which can interfere with the expanding plasma and impact symmetry.

Thus, the implosions must be designed to implode before the gold bubble can damage the

implosion. This was accomplished via the adoption of “High Density Carbon” (HDC) ab-

lators which have twice the density of CH (thus reducing the shock transit time through the

shell). This allowed the distance between the picket and the main pulse to be reduced. The

campaign eventually achieved neutron yields of ∼ 1016 which were reported in Refs. [280,
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Figure E.7: Comparison of the different pulse shapes and progress levels of different im-
plosion campaigns. Reprinted from D. Casey et al, Phys. Plasmas 25, 056308 (2018), with
the permission of AIP Publishing.

7].

In 2016-2017, a team from Los Alamos led a campaign to investigate Beryllium as a po-

tential ablator for high gain implosions. Beryllium has the benefit of providing larger mass

ablation rates and ablation velocities compared to CH ablators. However, the fabrication of

Beryllium is quite involved and the surface roughness is larger than for other ablators. A

summary of the Beryllium campaigns is provided in Refs. [281, 282] where detailed stud-

ies of convergence and mix are described. Several studies from Livermore were conducted

to compare CH, HDC, and Be ablators [283, 10] which concluded that HDC was the most

promising ablator for the near future.

Another campaign which emerged during this time was the “big foot” campaign which

was designed to trade off 1D capsule performance (i.e. adiabat and shell compression) for

the purpose of simplifying the hohlraum. The hohlraum laser entrance holes (LEHs) were

increased to avoid problems related to the closure of the LEH before the energy has been
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delivered. The case to capsule ratio (CCR) was increased to ensure better symmetry. Both

of these design choices sacrificed energy coupling to the target in favor of predictability.

In the inner and outer cones, the beams within the quad were split up to reduce the local-

ized beam intensities at the hohlraum wall (thus reducing the growth of the gold bubble).

Finally, the pulse shape was designed to set the shell at a high adiabat and to accelerate

the shell to high velocities for the purpose of preventing the gold bubble material from

intersecting with the ablated CH surface (one of the main design criterion). This required

the first and second shocks to collide in the center of the shell (which is not optimum for

compression). Nevertheless, sacrificing 1D performance for hohlraum predictability paid

off and in 2018, the campaign achieved ∼ 2 · 1016 neutrons which remains today as the

record yield. A comprehensive summary of this campaign is provided in Refs. [284, 285].

The pulse shapes and performances of different NIF campaigns are compared with each

other for implosions conducted before 2018 in Fig. E.7.

The current status of the ICF research program at Livermore is discussed in Ref. [13].

A new campaign called “HYBRID” (High Yield Big Radius Implosion Designs) is under

consideration for which the goal is to increase the energy coupled to the capsule by de-

creasing the CCR (i.e. imploding larger targets for the same hohlraum size). The challenge

of this approach lies in the ability to control the capsule symmetry. Efforts are currently

underway to control symmetry by using ∆λ and CBET to tune the shape in cylindrical

hohlraums [286]. The other approach under consideration is the exploration of different

hohlraum geometries like the Rugby hohlraum [287], the I-Raum [288], and the Frustraum

[237].
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E.6 Inertial fusion research at the Laboratory for Laser Energetics

Moshe Lubin was the founder and first director of the Laboratory for Laser Energetics

(LLE) in Rochester NY. He joined the University of Rochester as a faculty member in the

department of Mechanical Engineering in 1965 and was interested in the physics of laser-

matter interactions at large intensities. In collaboration with other faculty members at the

University, he obtained grant funding to build ruby and glass lasers. Around the late 1960s,

Lubin and his colleagues began speculating about using lasers to create thermonuclear

fusion in the laboratory [289]. Lubin reportedly used to travel to Livermore where he

would engage in classified meetings with Kidder, Nuckolls, and Dawson. In the early

1970s, Lubin received funding from the University, New York State, and other private

companies for a new building (which eventually would become the LLE) for the purpose of

investigating laser-driven fusion. Of particular importance was the Laser Fusion Feasibility

Project (LFFP) which was a privately funded effort to investigate laser driven ICF research.

For a total pot of $ 35 million, Exxon, General Electric, and New York State were among

the contributors.

In 1971, the four-beam Neodymium-glass 1 kJ laser called “Delta” was completed

and used to investigate laser plasma interactions and hydrodynamic instabilities. The lab

also moved forward in developing important technology for cryogenic target cooling and

Neodymium doped phosphate glass amplifiers. In 1974, the AEC recommended federal

funding for a broad inertial fusion program in the United States. Their panel also concluded

that capsule gains (fusion energy out/input laser energy in) should exceed 75 and that high

gains would require several MJ of laser energy. In 1975, the LLE receive an interest-free

loan of $ 7.5 million from New York State to build a 24-beam Neodymium-glass laser for

LFFP. However, more funding would be needed for the project and the University couldn’t

provide the tens of millions of dollars that were needed. Moshe Lubin attended the same
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joint House-Senate hearing where Kip Seigal died. This turned out to be a significant event

since the original plan was for Lubin to testify after Seigal. If this had happened, it is very

possible that LLE never would have received funding since the committee immediately

adjourned after Seigal’s stroke. Nevertheless, the LLE received its requested funding and

construction for the 24 beam OMEGA laser began.

A new building began construction and the lab began developing prototypes beamlets

(such as the 1 beam GDL and the 6 beam ZETA). By then, it was already known that shorter

wavelength lasers produce larger hydrodynamic efficiencies [290, 263, 291]. A critical

objective for the lab was the development of efficient frequency conversion to bring the

wavelength down from 1µm to 0.35 µm. An optical frequency multiplier was successfully

implemented in the 1 beam GDL in 1977. A dedication ceremony occurred in October of

1978 which included the first ZETA shot of a DT-filled glass shell (which produced∼ 3·108

neutrons).

In 1980, The 24-beam OMEGA was completed which was capable of delivering ∼ 1.7

Joules of energy on target. In the same year, Steve Craxton patented an efficient frequency-

tripling device which would eventually be used on OMEGA, Nova, the OMEGA upgrade,

Japan’s GEKKO laser, the National Ignition Facility, and the French Laser Mega Joule. In

1985, the full frequency conversion of OMEGA was completed. This was a controversial

feat since the lab has to cut 20-25 % of its staff to fund the frequency conversion tech-

nology. Nevertheless, the demonstration of frequency conversion was a large success for

laser-driven ICF due to its ability to increase energy absorption and mitigate hot electron

generation (see Fig. E.8).

In the following decade, the lab pioneered many advances in plasma diagnostics, radi-

ation hydrodynamics codes, laser technology, target fabrication, and cryogenics. In 1986,

the National Academy of Sciences conducted a review of the inertial fusion program and

recommended that if LLE can compress a cryogenic target to a density of 100-200 times its
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Figure E.8: A rough sketch of how laser absorption varies with intensity for different laser
wavelengths [243]. This data is a compilation of data from laser facilities at LLE, LLNL,
and Ecole Polytechnique.
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Figure E.9: Images of the original coherent beam, the beam smoothed with DPP, and the
beam smoothed with DPP and SSD [243].

initial liquid density, then an OMEGA upgrade to 30 kJ would be justified. One important

element of this effort was the development of cryogenics since the triple point for deuterium

(at which it becomes solid) lies around 17 Kelvin. KMS fusion developed a “fast refreeze”

technique to form thin layers of DT (∼ 5 µm) inside ∼ 200-300 µm outer diameter DT-

filled glass shells [292]. The targets were positioned in the chamber using spider silk [293].

Simultaneously, distributed phase plates (DPP) were developed to smooth and shape the on-

target beam. The optics induced spatial incoherence also smoothed the resulting beam by

a factor of ∼ 6 [137]. In 1988, the lab published a paper in Nature which described their

achievement of compressing the fuel to 100-200 times its initial density [294]. In 1989, the

lab succeeded in the development and implementation of “Smoothing by Spectral Disper-

sion”. In 1993, the American Physical Society recognized collaborators from NRL, LLE,

and Osaka University with the Dawson Award for Excellence in Plasma Physics Research

for the development of beam-smoothing techniques which are today routinely used in all

ICF laser facilities. A schematic of the effects of these smoothing techniques on the laser

beam is demonstrated in Fig. E.9.

In 1989, an important National Academy of Sciences review was concluded for the

broader United States ICF program. The committee recommended funding upgrades to

implement Precision Nova at LLNL and a 60-beam 30 kJ upgrade for the OMEGA laser
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system at a cost of ∼ 60 million. The Department of Energy approved the upgrade in the

following year as part of its new stockpile stewardship program. The upgrade was com-

pleted in 1995 and OMEGA began conducting experiments in pursuit of direct drive ICF,

high energy density physics, indirect drive ICF, and laboratory astrophysics. Further up-

grades included muiti-dimensional SSD smoothing [295], distributed polarization rotators

(DPR) [136], pulse-shaping capability, and a new cryogenic target handling system [296]

which used a technique called “beta-layering” to create smooth ∼ 100 µm DT and D2

layers within a ∼ 5-10 µm plastic shell. An LLE computing facility was implemented to

support the development and use of radiation hydrodynamic codes used at LLE (such as

LILAC [31] and DRACO [64]). These codes were used to design the DT layered implo-

sions on OMEGA as well as direct drive designs for NIF-scale energies [297]. In 1996,

a neutron yield of 1.3 · 1014 neutrons was measured from the irradiation of glass shells

filled with DT gas [298]. Many important diagnostics were implemented, including x-ray

framing cameras to measure the shell’s position [299], charged particle spectrometers to

measured the compressed fuel’s areal density [300, 301], and neutron time of flight detec-

tors [54].

An important theoretical development was the ability to quantify the performance of

inertial fusion experiments and their proximity to ignition and high gains. In Ref. [34], an

ignition condition was derived which related the measured fuel areal density and tempera-

ture to a rapid increase in the fusion yield output:

χ ≡ (ρR)T 2.6
i /50 > 1, (E.4)

where ρR is the measured areal density in g/cm2 and Ti is the ion temperature in keV.

Another important element of the direct-drive program (which remains today) is to develop

the ability to estimate how current implosion on OMEGA with ∼ 30 kJ of energy would
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Figure E.10: x-ray image of an imploding OMEGA cryogenic target. The bright spots are
from the spider-silk which is supporting the target [243].

perform if they were scaled up to NIF-like energies at ∼ 2 MJ as a means of comparing

the direct-drive and indirect-drive approaches to ignition. The theory essentially scales the

target size should with energy to maintain the same on-target intensity and energy densities

in the shell and final hot spot. This results in the scaling

χNIF ≈ χΩ

(
2MJ

30kJ

)1/3

, (E.5)

thus implying that on Omega, χΩ ≈ 0.31 would yield “hydro-equivalent ignition”. This

theory would be later improved in 2010 by including the effects of asymmetries.

In 2000, the first cryogenic implosions of thick layered D2 targets occurred which

achieved neutron yields of 4 · 1010, compressed fuel areal densities of ∼ 100mg/cm2,

and temperatures of ∼ 2 − 3 keV (resulting in χΩ ∼ 0.007) [302]. In 2008, areal den-

sities in excess of 200 mg/cm2 were measured [303]. Cryogenic DT capability became

available in 2006 and it is well described in Ref. [296]. Spider silks were eventually re-
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Figure E.11: Schematic of the best performing OMEGA implosion to-date (90288) [305].

placed with stalks to improve target performance [202]. Refs [304, 18] report on a series of

DT-layered cryogenic experiments where the performance was studied as a function of the

shell’s initial entropy. Nevertheless, the codes are today not very predictive of experimental

outcomes. Recent progress in predicting future implosions was made recently by statistical

mapping experimental observables to 1D simulations. This led to a tripling of the fusion

yield which is described in Ref. [20]. The best performing implosion to date has achieved

ρR ≈ 160mg/cm2 and a neutron yield of 1.6 · 1014, leading to χΩ ≈ 0.18 (Figure E.11).

In parallel with the cryogenic program on Omega, a polar direct drive platform has

been established on the National Ignition Facility to investigate the physics of direct drive

at NIF-scale energies. The beam port geometry and SSD smoothing are worse at NIF than

they are for OMEGA (since indirect drive doesn’t require as much smoothing). This makes

it difficult to compare Omega and NIF-scale implosions. However, significant progress has

been made to quantify how anomalous absorption and hot electron generation change as

one scales from Omega to the NIF. One of the most important questions for direct drive

fusion right now is whether or not the money it will take to upgrade NIF for direct drive is

worth it. Achieving this goal will require more progress in the OMEGA cryogenic program

and improved understanding of how hot electron preheat and laser absorption change for
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direct-drive at NIF-scale energies. This is one of the reasons why it is so important to

quantify hot electron preheat in direct-drive experiments, one of the topics of this thesis.

E.7 Inertial fusion research at Naval Research Laboratory

The Naval Research Laboratory was the first government operated basic science laboratory

to open in the United States and it was advocated for by Thomas Edison in 1915 and be-

gan operation in 1923. Historically it has been responsible for several important inventions

and technologies related to radio wave transmissions, radar, and electronics. The lab be-

gan studying laser matter interactions as early as 1968 and they secured AEC funding to

pursue ICF research in 1972. They are particularly well known for several important de-

velopments in high power laser technology which include Nd-Glass-Disk-Laser Amplifiers

[306] and Induced Spatial Incoherence for the smoothing of laser beams [307]. In 1987,

they proposed to construct a Krypton Fluoride gas laser called “Nike” which provides 3-

5 kJ of light at 248 nm (compared to 351 nm from the frequency tripled diode-pumped

solid state lasers used at Livermore and Rochester)[308]. The NIKE laser finished con-

struction in 1995 and is still used today to assess the potential benefits of KrF drivers for

ICF which include zooming capabilities (laser beam profile shrinks as the target converges

[309]). Their research program has focused on studies of imprinting mitigation via beam

smoothing techniques[310], high Z coatings [311], as well as the ability to accelerate foils

to large ∼ 1, 000km/s velocities (in part a result of increased ablation pressure for the

same applied intensity) [312].

E.8 Inertial fusion research at Los Alamos

Los Alamos was interested in ICF as early as the 1960s. After Nuckolls published his

nature paper declassifying ICF research, Los Alamos followed suit and began publishing
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their simulation results which predicted large fusion gains by the irradiation of DT cap-

sules by CO2 lasers [73]. One particularly well known paper was written by G. S. Fraley in

1974 which described detailed calculations of alpha transport in DT spheres with important

formulae for alpha particle ranges (which are still used by ICF scientists today) [74]. An

important paper published by McCrory, Morse, and Malone describes how a “flux-limiter”

can be used to mimic the effects of non-local heat transport by decreasing the plasma ther-

mal conductivity for the purpose of better modeling experimental data [313].

Parallel to their computational efforts, Los Alamos pursued a carbon-dioxide laser pro-

gram. A two-beam 2 kJ CO2 laser named Gemini came online in 1977 and was used for

laser plasma interaction experiments [314]. This was followed up by the development of

a six-beam 10 kJ laser named Helios in 1983 [314]. These experiments reported on poor

coupling of the laser energy to the target [315]. Furthermore, the plasma waves excited by

the laser interacted with the ambient plasma to create populations of hot electrons which

heavily preheated the targets [316, 317]. Antares was a proposed 100 kJ CO2 laser facility

but the research program was canceled due to the problems caused by the long wavelength

radiation [318]. At the time, Livermore and Ecole Polytechnique had already demonstrated

the reduction in laser-plasma interactions at shorter wavelengths and the enhanced inverse

bremsstrahlung absorption [291]. Los Alamos then advocated to build a several MJ Kryp-

ton Fluoride Laser facility in the early 1990s. However, the money was instead awarded

to LLNL which had already demonstrated a more advanced laser fusion program [319].

Today, although they don’t have a user laser facility, the Los Alamos group is still involved

in experimental campaigns using the laser facilities in Rochester and Livermore as well as

the development of models to better understand experiments.
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E.9 Inertial fusion research at Sandia National Laboratory

Sandia National Laboratory is located in Albuquerque, New Mexico and was originally

founded for the purpose of assisting Los Alamos in the engineering and development of

nuclear weapons. Sandia became involved in nuclear fusion in 1971 by investigating the po-

tential of electron, proton, and Lithium ion beams to drive ICF implosions. For defense re-

lated reasons, Sandia also began constructing pulsed power devices which are a good source

of x-rays. In 1998, they published details about the “Z-machine” which creates a Z-pinch

by discharging energy from a capacitor bank through an array of Marx generators[320].

Z-pinches are generated by running an electrical current through the plasma which gen-

erates an azimuthal magnetic field which then pinches and compresses the plasma. Much

of the nuclear fusion research done with the Z-machine remains classified today. How-

ever in 2012, a scheme called “magnetized liner fusion” was declassified and published in

a Physical Review Letters article [321]. A large current (∼ 27 MA in 100 ns) is pulsed

through a cylindrical Beryllium liner which then implodes inward as a result of the large

magnetic field pressure. Using a laser called “Z beamlet”, the deuterium gas inside the

liner is preheated for the purpose of controlling the convergence ratio and for freezing in

the magnetic field lines (magnetic field lines will implode with the fluid and amplify if the

fluid is sufficiently conductive)[322, 323]. The current status of magnetized linear fusion

is described in Refs. [324, 325, 326].
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