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Abstract
Laser-Driven Flux Compression (LDFC) is a technique used to compress the magnetic field in Inertial Confinement Fusion (ICF) targets driven by a laser. The compressed field in the ICF target is beneficial to the target performance. Embedding a
magnetic field in a conventional ICF target reduces the heat loss if the central hot
spot becomes magnetized. Higher hot spot temperatures lower the requirements on
the implosion velocities, leading to larger shell masses and therefore higher energy
gains. For a typical hot spot density of ∼ 10 g/cc, and temperature of ∼ 5 keV,
a magnetic field B > 10 MG is required to magnetize the hot spot. Such a strong
magnetic field is difficult to be externally generated. Instead of providing the strong
magnetic field directly, a seed magnetic field much lower than the required field was
provided and compressed by the imploding shell. The field needs to be compressed
faster than its diffusion due to the finite resistivity of the fill gas and the shell. This
requires the gas in the target being ionized by the shock so that the flux is frozen in
the gas region and compressed by the imploding shell. In this thesis, theoretical models, numerical calculations, and basic experiments of flux compression in ICF targets
are investigated. A measurable Lawson criterion, developed as a metric to assess the
performance of an ICF target, is used to evaluate the benefits of suppressing the heat
conductivity. A simple model is used to describe the process of field compression by
shock waves during the shell implosion. The magnetohydrodynamics codes, LILACMHD and LILAC-MHD-SP, are used to simulate the field compression and the target
performance. The Magneto-Inertial-Fusion-Electrical-Discharge-System (MIFEDS),
the device providing the seed magnetic field, is described in detail. LDFC experiments
using the OMEGA laser at the Laboratory for Laser Energetics are presented. The
results include the first demonstration of ∼ 550−fold amplification of a 50 ∼ 60 kG

ix
seed field to a ∼ 30 MG compressed field using LDFC, and the first demonstration of 15% and 30% ion temperature and neutron yield enhancement by compressed
magnetic fields.
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1
Introduction

Recently, finding a new, clean energy source has become an important topic due to
concern over carbon emission and its effect on climate change. Nuclear fusion has
the potential to provide virtually unlimited, clean and carbon-free energy. There are
several fusion reactions of interest for nuclear fusion [1] .

D + T → α (3.5 MeV) + n (14.1 MeV)

(1.1)

D + D → T (1.01 MeV) + p (3.03 MeV)

(1.2)

D + D → 3 He (0.82 MeV) + n (2.45 MeV)

(1.3)

D + 3 He → α (3.6 MeV) + p (14.7 MeV)

(1.4)

where D and T are the hydrogen isotopes, deuterium and tritium. The first reaction
has the highest reaction rates and the second and the third reactions are equiprobable. To reach high fusion rates, high temperatures (& 10 keV ) are needed. At
this high temperature, deuterium and tritium are ionized and in the plasma state.
Two major approaches to confine such hot plasmas are Magnetic Confinement Fusion
(MCF) [2] and Inertial Confinement Fusion (ICF) [1] . In MCF, the charged particles are
forced to rotate around the magnetic field lines and with appropriate magnetic field
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configurations, the plasma may be confined. One of the examples is the Tokamak
(Toroidalnaya Kamera ee Magnetnaya Katushka) [3] , a device that uses a magnetic
field to confine the plasma in the shape of a torus. ICF, on the other hand, involves
no external means of confinement. A target is compressed by using high-power radiation, delivered by external drivers such as lasers or ion beams. High density in
the range of hundreds g/cc and high temperature in the 10 keV range are obtained
at peak compression. The fusion reaction starts from the highly compressed central
region and a burn wave propagates through the fuel before the target explodes. If successful, the output energy from the fusion reaction greatly exceeds the input energy
for heating the plasma in MCF or compressing the target in ICF.
In this thesis, we consider the ICF concept and improve it by adding a strong
magnetic field to provide thermal isolation of the compressed core [4] . This approach
is called the Magneto Inertial Fusion (MIF). As a result, we demonstrated for the first
time that magnetic fields can be amplified to large values in ICF implosions and that
ICF target performance improves by embedding the target with an external magnetic
field.

1.1

Inertial confinement fusion (ICF)

There are two different approaches to ICF using lasers: the direct-drive and the
indirect-drive concepts. As shown in Fig. 1.1, in direct-drive, the laser illuminates
the capsule outer surface directly. In indirect-drive, the capsule is placed in a high-z
cylindrical enclosure, called the Hohlraum, which is typically made of gold. The laser
energy is absorbed by the Hohlraum and converted into x-rays. The outer surface
of the capsule is heated either by the laser light in direct-drive or by the x-rays
in indirect-drive. The heated plasma from the shell outer surface ablates outward
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causing a reaction force on the remaining shell driving the implosion (rocket effect).
The indirect-drive method provides more uniform illumination on the target surface
while the direct-drive method provides better hydrodynamic efficiency of converting
the laser energy into shell kinetic energy. The National Ignition Facility (NIF) [5–7] at
Lawrence Livermore National Laboratory (LLNL) in California is the main facility
currently in use to test the indirect-drive concept. The OMEGA Laser Facility [8] at
Laboratory for Laser Energetics (LLE), University of Rochester is the premier facility
for direct-drive. The experiments in this thesis were all carried out on the OMEGA
laser.
Direct-drive target

Indirect-drive target

Capsule

Capsule

Laser beams

X rays

Laser
entrance
hole

Diagnostic hole
Hohlraum cylinder

Figure 1.1: Sketch of the
(right).

Key physics issues addressed
by experiments
on OMEGA
targets
and illumination
• Energy coupling
• Drive uniformity
• Hydrodynamic instabilities

for direct-drive (left) and indirect-drive

E6426bJ1

Shown in Fig. 1.2 [9] , the OMEGA facility is built on a concrete slab (67 m long,
29 m wide, and one story (4.9 m) high) which serves as an “optical table”. The latter
is split into two bays, one is the laser bay where the laser sits and the other one is the
target bay where the implosion experiments are performed. OMEGA has 60 beams
and can deliver up to 30 kJ laser energy with a 351 nm wavelength. The variance of
the beam-to-beam energy balance is 3% − 4%. With beams overlapping on target, it
provides 1% − 2% of illumination uniformity on target. Further, it has the capability
of providing various kinds of temporal pulse shape (laser power as a function of time).
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The pulse shape used in this thesis was a 1 ns square pulse. In the target chamber,
where the target sits at the center, there are many fixed diagnostics, such as xray pinhole cameras, neutron time-of-flight (nTOF) [10] detectors (they actually sit
outside the target chamber), etc., and flexible diagnostics installed using the ten-inch
manipulators (TIM) [9] . There are six TIMs that provide mechanical, vacuum, and
electrical/control support and positioning for any compatible instrument that needs
to be positioned near the center of the target chamber.
Laser bay
Shield wall

Target bay

Capacitor bays

TC2998tJ1

Concrete box beam
“optical table”

Figure 1.2: The OMEGA Laser Facility at the Laboratory for Laser Energetics (LLE), University of Rochester. The whole system is on a concrete slab that serves as a
“optical table”. The facility is divided into two bay areas by a shield wall. One
is the Laser bay that provides 60 laser beams and can deliver up to 30 kJ of
351 nm laser energy. The experiments are done in the target chamber in the
target bay.

In ICF [1;11] , a shell of cryogenic deuterium (D) and tritium (T) ice is imploded
at high velocities (∼ 2 − 4 × 107 cm/s ) and low entropy to achieve high central
temperatures and high areal densities (ρR, where ρ is density and R is distance
). During the implosion, the ICF target goes through four stages as shown in Fig.
1.3 [12] . (1) The outer surface of the target is heated by the high-power radiation
and ablates outward. (2) Laser “Ablation” drives the reaction force on the remaining
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Laser light shines
on the target

The target
is compressed

The target is ignited

The target
burns

5

~ 4 mm

U733J1

Figure 1.3: Four stages of an imploding target. (1) ablation (2) compression (3) ignition (4)
burn.

shell so that the shell is imploded (rocket effect) and the target is compressed. (3)
The pressure increases as the shell implodes. The shell finally is stopped by the
pressure at the center (stagnation condition). (4) The shell explodes outwards after
the burn wave starting from the center gas region propagates through the fuel. The
fuel assembly at stagnation consists of a relatively low density (∼ 30 − 100 g/cc ),
high temperature ( ∼ 3 − 8 keV ) core, which is called the hot spot, surrounded by
a dense ( ∼ 300 − 1000 g/cc ), cold ( ∼ 200 − 400 eV ) fuel layer (the compressed
shell ). When the alpha-particle heating of the hot spot exceeds all the energy losses,
the target is ignited. The ignition condition is given by the Lawson criterion [13;14]
obtained from the balance of the alpha-particle deposition and heat losses in the hot
spot [15] :
24 T 2
P τ > f (T ) =
Eα hσvi

(1.5)

where P and T are the hot spot pressure and temperature; τ is the confinement time;
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Eα = 3.5 MeV is the energy of the alpha particles produced in the D + T fusion
reaction; hσvi is the velocity averaged cross section of the reaction. Equation (1.5)
indicates that either the energy density, i.e. the pressure P , needs to be large enough;
or the confinement time τ needs to be long enough to achieve ignition. Although
the Lawson criterion is a metric to assess how an implosion experiment performs, P
and τ cannot be measured directly in a compressed ICF target. Instead, the areal
density (ρR), the ion temperature (Ti ) and the neutron yield (YN ) are the measurable
quantities. Therefore, the Lawson criterion will be rewritten in a form using those
measurable quantities in chapter 2.

1.2

Magneto inertial fusion (MIF)

The function f (T ) on the right hand side of Eq. (1.5) is a function of the hot
spot temperature. For D + T fusion reaction, f (T ) reaches a minimum around
15 − 20 keV . However, the typical hot spot temperature in conventional ICF ignition
targets is ∼ 5 keV, which is significantly lower than the minimum of f (T ). In
order to achieve ignition, one can either increase P τ , or reduce f (T ) by increasing
the temperature. The concept of thermal insulation in MCF [2;16] can be beneficial
to increase the temperature in an ICF target. By applying an external magnetic
field to an ICF target, one can reduce the heat conduction losses [4] and raise the
temperature thereby achieving ignition at lower values of P τ . In addition to reducing
the heat losses by adding a strong magnetic field in the target, confining the alphaparticle produced in the D + T fusion reaction can also help igniting the target.
We refer to this approach as Magneto Inertial Fusion (MIF). MIF is different from
Magnetized Target Fusion(MTF) [17–20] , which operates in an intermediate region of
parameter space closer to MCF. Instead, MIF operates in the parameter of ICF at high
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mass density and pressure. To estimate the needed magnetic field strength that can
suppress the heat conduction, we introduce the formalism developed by Braginskii [4]

1.2.1

Reduction of heat conductivity in strongly magnetized
plasmas

In plasmas, heat is mostly carried by energetic electrons on the tail of the distribution
function. At the same temperature, the ions are almost stationary compared to the
electrons and carry much less heat. The heat conductivity depends on electron collisions and can be characterized by the electron collision frequency νe . In the absence
of a magnetic field, the particle moves in a straight line between collisions. The energy propagates an average distance of the mean free path lmfp between each collision
(the dashed line in Fig. 1.4). When an external magnetic field exists, the particle
moves in a circular path about the field lines with Larmor radius RL (the solid line in
Fig. 1.4), which is called the gyro-motion. The particle no longer moves in a straight
line between collisions. Instead, it moves in a helix. If the magnetic field is large
enough so that the electron-cyclotron frequency ωce exceeds the collisional frequency
νe , i.e., ωce τe >> 1 where τe = νe−1 is the collisional time, RL is shorter than lmfp . In
other words, the distance between each collision is RL , not lmfp . Therefore, the energy
propagates in a shorter distance RL between each collision and the heat conduction
is reduced. Notice that this reduction only occurs in the direction perpendicular to
~ vanishes when the velocity of
the field lines because the Lorentz force F~ = q~v × B
the charge particle is parallel to the field lines.
To calculate the heat conductivity throughout this thesis, we will use the Braginskii formula [4] . The transfer of momentum from the ions to the electrons through
collisions can be expressed as the friction force Ru and the thermal force RT . The
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Figure 1.4: Charged particle trajectories with magnetic field (solid line) and without magnetic field (dashed line). Without magnetic fields, the trajectories between each
collision is a straight line while they are helix in the presence of fields.

friction force, which is proportional to ~ve , comes from the collisions of electrons with
ions which have zero mean velocity (v e 6= 0 but v i = 0). The thermal force given
below comes from the collisions when both mean velocity of electrons and ions are
zero (v e = v i = 0).
RT = −βkuT ∇k Te − β⊥uT ∇⊥ Te − βΛuT B̂ × ∇Te

βkuT

= ne β0

,

β⊥uT

(β10 χ2 + β00 )
= ne
∆

χ = ωe τ e

,

,

βΛuT

(1.6)

χ (β100 χ2 + β000 )
= ne
∆

∆ = χ4 + δ1 χ2 + δ0

where χ is the Hall parameter, ωe and τe are the electron cyclotron frequency and
the collisional time. The subscripts “k” and “⊥” correspond to the components in the
direction parallel and perpendicular to the magnetic field, respectively. The constants
β0 , β00 , β10 , β000 , β100 , δ0 , δ1 are given in Table(1.1). In the absence of a magnetic field,
the electrons coming from the right and from the left experience the friction force R+
and R− at any cross section. If the temperature is homogenous, the net force will be
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zero since R+ = R− . However, if there is a temperature gradient to the right, i.e. the
electrons coming from the right have higher velocity than those coming from the left,
i.e., R+ will be greater than R− , causing a net force to the left. If the magnetic field
is present, the electron velocity also changes direction due to the gyro-motion. The
term involving the transverse velocity is a function of the magnetic field and there is
an extra term (the third term on the right hand side of Eq. (1.6)) that is finite only
in the presence of a magnetic field.
The heat flux carried by the electrons can be described in the following way. First
consider the case without the magnetic field. If the electron mean velocity is finite
(v e 6= 0), the heat flux qu is carried by the electron velocity. On the other hand, if the
electron mean velocity is zero (v e = 0), there will be no heat flux at any cross section
if there is no temperature gradient. This is because the electron velocity coming from
the right side u+ is the same as the one from the left u− but with opposite direction.
Therefore, there is no net electron transport through the cross section, i.e., the heat
flux is zero. However, if there is a temperature gradient to the right, the heat flux
from the right, qu+ , carried by the electron with the velocity u+ will be larger than
the one from the left, qu− , with the electron velocity u− causing a net heat flux qT
to the left and proportional to |∇Te |. Similarly to the thermal force, if there is a
magnetic field, the electron velocity changes direction due to the gyro-motion causing
a heat flux propagating in the direction perpendicular to the temperature gradient.
The terms of the heat flux considered in this thesis are,

qTe = −κek ∇k Te − κe⊥ ∇⊥ Te

κek =

n e Te τ e
γ0
me

,

κe⊥ =

ne Te τe γ10 χ2 + γ00
me
∆

(1.7)

(1.8)
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∆ = χ4 + δ1 χ2 + δ0 .

The constants γ0 , γ00 , γ10 , γ000 , γ100 , δ0 , δ1 are given in Table(1.1). To fully suppress
the heat conductivity κ⊥ , the Hall parameter χ needs to be much greater than unity
(χ >>1). In this case, the electrons are magnetized.
z
β0 = β00 /δ0
γ0 = γ00 /δ0
δ0
δ1
β10
β00
β100
β000
γ10
γ00
γ100
γ000

1
0.7110
3.1616
3.7703
14.79
5.101
2.681
3/2
3.053
4.664
11.92
5/2
21.67

2
0.9052
4.890
1.0465
10.80
4.450
0.9473
3/2
1.784
3.957
5.118
5/2
15.37

3
1.016
6.064
0.5814
9.618
4.233
0.5905
3/2
1.442
3.721
3.525
5/2
13.53

4
1.090
6.920
0.4106
9.055
4.124
0.4478
3/2
1.285
3.604
2.841
5/2
12.65

→∞
1.521
12.471
0.0961
7.482
3.798
0.1461
3/2
0.877
3.25
1.20
5/2
10.23

Table 1.1: Constants for the Braginskii formula in Eq. (1.7).

Although the ion velocity is small compared to the electron velocity, the ions can
also conduct heat through the temperature gradient like the electrons. Therefore,
the heat flux due to the ion temperature gradient is included through the Braginskii
formula [4] .

qi = −κik ∇k Ti − κi⊥ ∇⊥ Ti

(1.9)

n i Ti τ i
mi
ni Ti τi 2χ2i + 2.645
κi⊥ =
mi
∆i
κi|| = 3.906

χi = ωi τi

,

∆i = χ4i + 2.70χ2i + 0.677

where ωi and τi are the ion cyclotron frequency and the collisional time. Note that
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χi << χ. In other words, if the ions are magnetized, the electrons will also be
magnetized.
As shown in Fig. 1.5 [21] , for a typical hot spot density of ∼ 10 g/cc, and temper-

B HMGL

ature of ∼ 5 keV, a magnetic field B > 10 MG is required to achieve ωe τe > 1.

20.0
10.0
5.0

Te=5keV
magnetized electrons

Ωce Τe >1

2.0
1.0
0.5

Ωce Τe <1

0.2
0.1

unmagnetized electrons

0.5

1.0

2.0

5.0 10.0 20.0

Ρ Hg cm-3 L
Figure 1.5: Hall parameter, χ = ωe τe in the hot spot where Te ∼ 5 keV and ρ ∼ 10 g/cc.
B > 10 MG is needed to magnetize the hot spot.

1.2.2

Laser driven magnetic flux compression (LDFC)

As indicated in subsection 1.2.1, a magnetic field of > 10 MG is needed to magnetize
the electrons (ωe τe > 1). Furthermore, if the alpha-particles can be partially or fully
confined in the hot spot through the gyro-motion around the magnetic field, the
alpha heating can be enhanced and the hot spot temperature can be increased. To
confine the alpha-particles, the Larmor radius of the alpha-particles must be smaller
than the hot spot radius Rh . For 3.5 MeV alpha-particles produced in the D + T
fusion reactions, their confinement within the hot spot radius of Rh ∼ 40 µm can be
achieved with a magnetic field exceeding ∼ 90 MG. Both the magnetic field required
for thermal insulation as well as the one required for alpha-particle confinement are
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so large that they cannot be externally applied. In this thesis, we consider flux
compression as a way to achieve tens of mega Gauss fields in ICF targets. Since
the gas fill of an ICF shell is quickly ionized by the shocks propagating through the
targets, the ionized gas becomes a good conductor and traps the magnetic flux. As
the shell implodes,
the density
well
the field are compressed to keep the flux
High magnetic
fieldas
can
beascreated
by compression
of a seed field
approximately
constant.
FSC
Seed B-field

Compression

B0

B

Conductor
r

r0

Figure 1.6: For flux compression, a seed magnetic
field is embedded and trapped in a conB r02 = Br2
ductor. The flux is compressed0 as
the conductor is compressed.
E19776

The principle of field compression is illustrated below. In ideal plasmas where
the resistivity vanishes, the plasma acts as a perfect conductor with currents flowing
unimpeded through the plasma to conserve the magnetic flux (frozen-in conditions
for the field lines). As shown in Fig. 1.6, by compressing the plasma (conductor),
the magnetic field is compressed to keep the enclosed flux constant. If a target can
be compressed by a factor of 23 in radius, the expected field can be compressed by a
factor of 232 ∼ 550 since the flux is Φ = πr2 B where r is the target radius. However,
in non-ideal plasmas, the flux can diffuse through the plasma. The compressibility of
a field is described by the Induction equation in the MHD model [22] .


~
∂B
~ −∇×
= ∇ × ~v × B
∂t



η
~
∇×B
µ0


(1.10)
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The equation shows that the magnetic field can be changed by convection (the first
term on the right hand side) or by diffusion (the second term). Whether the field
increases or not is determined by the competition between convection and diffusion.
The magnetic Reynolds number Rm , defined as the ratio between the flow speed and
the diffusion speed in Eq. (1.11), describes the strength of the compressibility.

Rm ≡

vplasma
v
v
∼
=
∇B
vdiffusion
Dη /l
Dη B

(1.11)

where Dη ≡ η/µ0 , B/∇B ∼ l is the scale length of the field and Dη ∇B/B represents
the diffusion speed. To compress the field, the flow speed needs to exceed the diffusion
speed so that the field is compressed before it diffuses, i.e., Rm > 1. If the plasma is in
the ideal-MHD regime, i.e., the plasma is super conductive, the resistivity η ≈ 0 and
the magnetic Reynolds number is infinity. In this ideal case, the field is frozen into the
plasma [22] and can be amplified by compressing the plasma as described previously.
In nonideal plasmas, the resistivity η is finite and a strong function of temperature
T [23] :
η ∝ Z lnΛ T −3/2

(1.12)

where Z is the atomic number, ln Λ is the Coulomb logarithm, which is a weak function
of the density and temperature. As the temperature increases, the resistivity drops,
the plasma becomes more conductive and closer to the ideal-MHD regime. Tens of
Mega-Gauss magnetic fields have been produced through field compression of a metal
liner driven by high explosives [24;25] or by pulsed power [17;26] . Typical ICF targets,
cryogenic [27] or at room temperature are too cold to trap the magnetic field. However,
after laser driven shocks propagate into the gas fill, the latter is heated to ∼ 1 keV
and its resistivity drops to ∼ 10−8 Ωm. The flux is partially or fully trapped by
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the ionized gas and it can be compressed by the surrounding imploding shell. This
approach is called Laser-Driven Magnetic Flux-Compression (LDFC).

2
Ignition Condition

In ICF, the target is ignited when the alpha-particle heating of the hot spot exceeds
all the energy losses. The ignition condition is given by the Lawson criterion [13;14]
obtained from the balance between alpha-particle deposition and heat losses in the
hot spot [15] :
P τ > f (T ) =

24 T 2
Eα hσvi

(2.1)

where P and T are the hot spot pressure and the temperature; τ is the confinement
time; Eα = 3.5 MeV is the energy of the alpha particles produced in the D + T fusion
reaction; hσvi is the velocity averaged cross section of the reaction. Equation (2.1)
indicates that either the energy density, i.e. the pressure P , needs to be large enough;
or the confinement time τ needs to be long enough to achieve ignition. Although
the Lawson criterion is a metric to assess how an implosion experiment performs, P
and τ cannot be directly measured in a compressed ICF target. Instead, the areal
density (ρR), the ion temperature (Ti ) and the neutron yield (YN ) are measurable
quantities from the compressed core. The Lawson criterion for a uniform implosion
(one-dimension) is rewritten in terms of measurable parameters in section 2.1. The
effects of target nonuniformities are included and the criterion extended to threedimensions (3D) in section 2.2 and 2.3. In section 2.4, the effects of an applied
15
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magnetic field are described and the benefits of magnetizing the targets are discussed.

2.1

1D measurable Lawson criterion

ICF targets go through four implosion phases [1] . (1) Acceleration phase - the shell is
accelerated inward by the laser-induced ablation of the outer layer of the shell. (2)
Coasting phase - the laser is off and the shell implodes with a constant speed. (3)
Deceleration phase - the pressure buildup in the low density region at the center of
the target slows down the imploding shell as the shell converges. (4) Stagnation the shell is stopped by the central pressure and the central hot spot forms. After
stagnation, the target disassembles and explodes outward.
The ignition model is derived from the conservation of the hot spot energy including the P dV work of the shell, the alpha-particle deposition, heat conduction, and
bremsstrahlung radiation [28] .
∂
∂t



P
γ−1



 

γP
θρ2
+ ∇ · ~v
= ∇ · (κ∇T ) +
hσvi Eα − ∇ · F~
γ−1
4m2i

(2.2)

where γ is the ratio of the specific heats or adiabatic index (γ = 5/3) and κ = κ0 T ν
is the Spitzer thermal conductivity with ν = 5/2 and κ0 = 3.7 × 1069 m−1 · s−1 · J−5/2
for ln Λ ≈ 5. hσvi is the fusion reaction rate and θ is the absorbed alpha-particle
fraction. F~ is the radiation flux depending on the bremsstrahlung emission and the
absorption process. The bremsstrahlung emission per volume is expressed in terms of
pressure and temperature [1] as j = C1 P 2 T −3/2 where C1 ≈ 3.88 × 10−29 Z 3 / (1 + Z)2
in m · J5/2 · sec−1 · N−2 , pressure P in N/m2 , temperature T in Joule, j in W/m3 ,
and Z is the atomic number. The temperature is high in the hot spot and drops
significantly near the interface of the hot spot and the cold shell. The region where
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the photons deposit their energy can be estimated using the mean free path (l) of
photons with energy hν in DT plasmas [1] ,
√
4

l (µm) ≈ 2.25 × 10

T (hν)3
.
ρ2

(2.3)

Here l is in µm, T and hν are in keV and ρ is in g/cm3 . Consider a hot spot with
temperature ∼ 5 keV and density ∼ 10 g/cm3 , a photon with energy below 5 keV has
a mean free path longer than 60 mm greatly exceeding the hot spot radius ∼ 40 µm.
The hot spot is hot and transparent to bremsstrahlung radiation. On the contrary,
for the compressed shell with temperature ∼ 200 eV, density ∼ 600 g/cm3 , the mean
free path of a photon with the same energy is ∼ 3.5 µm, which is much shorter than
the typical compressed shell thickness of ∼ 70 µm. The shell is cold and opaque
to bremsstrahlung radiation. Therefore, a significant fraction of the bremsstrahlung
radiation from the hot spot is absorbed in a thin layer of the shell near the hot spot
shell interface.
Similarly, the heat conduction κ ∝ T ν is small in the cold shell and the heat losses
are absorbed by a thin layer of the shell near the hot spot shell interface. Therefore,
the volume integral of Eq. (2.2) from the hot spot center to slightly outside the hot
spot radius Rh gives

dRh
2P 2 Rh3
d
P Rh3 = −2P Rh2
+
f (T )
dt
dt
(1 + z)2
ˆ
θEα 1 r̂2 hσvi
where f (T ) =
dr̂ .
4 0
T2

(2.4)

r̂ ≡ r/Rh is the radius normalized to the hot spot radius. The function f (T ) represents the alpha-particle heating. The fusion rate hσvi is proportional to T 3 in the
range of 3 < T < 8 keV. A self-similar solution of the hot spot temperature neglecting
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radiation losses leads to [29]
2/5

(1 − r̂2 )
T = T0
1 − 0.15r̂2

(2.5)

where T0 is the central temperature of the hot spot. Equation (2.5) shows T (r̂ = 1) →
0 at the boundary between the hot spot and the shell. Therefore, using the power
law of hσvi and the self-similar solution for the hot spot temperature [29] , f (T ) is
written as f (T ) = Eα C0 T0 / (4c3k ) where ck = 1.6 × 10−16 J/keV, Eα = 5.6 × 10−13 J,
and C0 ≈ 2.6 × 10−26 m3 · keV−3 · s−1 and T is in joules. Note that the heat conduction and the bremsstrahlung radiation vanish because the shell is opaque and
thermally nonconductive. The hot spot thermal energy only depends on the P dV
work on the shell and the alpha-particle deposition. The heat conduction losses and
the bremsstrahlung radiation are absorbed in the thin layer of the shell near the hot
spot shell interface and recycled back into the hot spot with the ablated material at
the inner shell surface. In other words, the energy losses through the heat conduction and the bremsstrahlung radiation return to the hot spot in the form of internal
energy and the compression work of the ablated plasma. The total energy remains
unchanged but the temperature decreases as the hot spot density rises. Therefore,
greater heat losses cause a lower temperature with higher density while the pressure
(P ∼ ρT ) is unaltered.
Similarly to the heat conduction and the bremsstrahlung radiation losses, the
alpha-particles leaving the hot spot are stopped by the dense shell in a narrow layer
near the hot spot shell interface [30] . The alpha-particles depositing their energy into
the layer causes ablation of the shell material back into the hot spot. Therefore, the
alpha-particle energy is also recycled back to the hot spot in the form of internal
energy. It follows that the absorbed alpha-particle fraction is close to unity, θ ≈ 1,
since most of the alpha-particle energy is retained within the hot spot.
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The hot spot temperature can be evaluated using mass conservation and the equation of state across the hot spot shell interface. The temperature as well as the hot
spot density depend on the mass ablation rate of the shell. The mass ablation rate
can be obtained by taking the integral across the hot spot shell interface.
5
6 κ0 T0ν µ0 C1 P 2 Rh
ṁa =
+
5/2
2A
5 Rh
T0

(2.6)

where ṁa is the mass ablation rate defined as ṁa = ρvb = AP vb /T, A = mi / (1 + Z),
´1
vb is the blow-off speed of the shell, and µ0 = 0 r̂2 T̂ −3/2 dr̂ ≈ 0.85. The second term
on the right-hand-side is obtained by the definition of radiation flux F = jtotal / (4πRh2 )
´R
where jtotal = 0 j4πr2 dr is the total bremsstrahlung emission from the hot spot.
´R
On the other hand, the total hot spot mass is expressed as Mhs = 0 h 4πρr2 dr =
´1
4πµ1 AP Rh3 /T0 where µ1 = 0 r̂2 T̂ −1 dr̂ ≈ 0.55. The mass conservation, dMhs /dt =
4πRh2 ṁa , yields
d
dt



P Rh3
T0


=

2µ0 C1 P 2 Rh3
12κ0
5/2
.
Rh T0 +
25µ1
5µ1 T05/2

(2.7)

Note that for a hot spot with temperature ∼ 5 keV, density ∼ 10 g/cm3 and radius
∼ 40 µm, the heat conduction losses (2 × 1027 s−1 ) are one order larger than the
bremsstrahlung emission (3 × 1026 s−1 ). Therefore, the bremsstrahlung emission (the
second term in Eq. (2.7))is neglected in the following derivation.
The last equation for the ignition model is the momentum conservation law of the
thin shell written as
Ms

d2 Rh
= 4πP Rh2
dt2

(2.8)

where Ms is the shell mass. Equations (2.4), (2.7), and (2.8) can be written in
no α
the dimensionless form using the following dimensionless variables R̂ = Rh /Rstag
,
no α
no α
no α
no α
P̂ = P/Pstag
, T̂ = T0 /T∗ , and τ = tvi /Rstag
where Rstag
and Pstag
are the radius and
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the pressure at stagnation without alpha-particle deposition and −vi is the implosion
velocity at the beginning of the deceleration phase. T∗ is given in Eq. (2.12) and is
proportional to the stagnation temperature without alpha-particle deposition. The
˙
shell velocity is defined as R˙h = vi R̂. Equations (2.4), (2.7), and (2.8) are rewritten
in dimensionless form using the above mentioned dimensionless variables leading to

dR̂
d 
+ γα P̂ 2 R̂3 T̂
P̂ R̂3 = −2P̂ R̂2
dτ
dτ
!
d P̂ R̂3
= R̂T̂ 5/2
dτ
T̂
d2 R̂
= P̂ R̂2
dτ 2

2/7
25µ1 no α no α
T∗ =
P
R vi
12κ0 stag stag
no α no α
Eα C0 Pstag
Rstag T∗
.
γα =
2(1 + z)2 c3k vi

(2.9)
(2.10)
(2.11)
(2.12)
(2.13)

In the absence of alpha-particle deposition, γα = 0 and Eqs. (2.9)-(2.11) can be
˙
solved with the condition R̂stag = P̂stag = 1, and R̂stag = 0. Writing Eq. (2.9) as


5
d P̂ R̂5 /dτ = 0 with γα = 0 yields that P̂ = R̂−5 P̂stag R̂stag
= R̂−5 . Substituting P̂
˙
into Eq. (2.11) and multiplying R̂ on both sides gives:
 
˙
1 dR̂2
1 dR̂
1 d
1
=
=−
.
2 dτ
2 dτ R̂2
R̂3 dτ

(2.14)

˙
Since R̂stag = 0 at stagnation, Eq. (2.14) can be integrated leading to the following
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solution for R̂,
1
1
˙
˙
R̂2 − R̂02 = −
+ 2
2
R̂
R̂0
p
∓ R̂2 − 1
dR̂
=
⇒
dτ
R̂

(2.15)
(2.16)

(− for implosion and + for explosion)
q
⇒R̂ = 1 + (τstag − τ )2
q
where
τstag = R̂02 − 1 .

(2.17)

Substituting Eq. (2.17) and P̂ = R̂−5 into Eq. (2.10) yields

d
dτ



1



R̂2 T̂

R̂2 T̂

=

5/2

R̂4

.

(2.18)


−1
Defining Φ̂ = R̂2 T̂
leads to the following solution,

7/2

Φ̂

=
=

7/2
Φ̂0

7/2
Φ̂0

7
+
2
7
+
2

ˆ

R̂

R̂0

ˆ

R̂

R̂0

dτ
R̂4
dR̂
.
˙
R̂4 R̂

(2.19)
(2.20)

The temperature without alpha-particle deposition can be obtained by substituting
Eq. (2.16) into Eq. (2.20).
When the alpha-particle deposition is included, the ignition condition is defined as
the critical value of the parameter γα in Eq. (2.13) that yields an explosive singular
solution for the pressure, radius, and temperature. This singular solution can be
found by numerically solving Eqs. (2.9)-(2.13) with appropriate initial conditions.
The initial conditions for the numerical calculation can be derived from the energy
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conservation equation without alpha-particle deposition since the hot spot thermal
energy at stagnation equals the shell kinetic energy, then
R02
1
2
3
3
Mshell vi = 2πRstag Pstag = 2πR0 P0 2 = 2πR03 P0 R̂02
2
Rstag
s
1
Mshell vi2
1/2
2
≡ 0
R̂0 =
3
2πR0 P0 R̂0

and

(2.21)
(2.22)

where 0 is the ratio between the initial kinetic energy to the initial thermal energy
in the gas. In Eq. (2.21) the no-alpha-partcle deposition relations P ∼ R−5 has been
used. For a typical ICF target, the initial kinetic energy is much greater than the
initial thermal energy leading to 0 >> 1. 0 = 105 was picked in the numerical calculation to find an asymptotic solution. Thus, the initial condition for the pressure is
−5/2

chosen as P̂0 ≈ R̂0−5 ≡ 0

. The initial condition for the temperature needs a special

treatment. For 0 >> 1, one should expect that the stagnation temperature is much
greater and does not depend on the initial temperature, i.e., T̂0 << T̂stag = 1. Therefore, one can estimate the initial temperature using Eq. (2.20) since alpha particles are
only produced near stagnation. To achieve stagnation temperatures that are indepen´1
˙
7/2
dent of the initial temperature, Eq. (2.20) requires that 7/2 R̂0 R̂−4 R̂−1 dR̂ >> Φ̂0 .
The integration can be estimated to be π/4 by using Eq. (2.16). The requirement on
T̂0 is therefore
7π
= 2.75 >>
8

1
R̂02 T̂0

!7/2
⇒ T̂0 >> −1
0 .

(2.23)
−1/2

Since T̂0 << 1, the condition in Eq. (2.23) can be satisfied by taking T̂0 = 0

. The

numerical solution of Eqs. (2.9)-(2.13) without alpha-particle deposition shows that
no−α
the temperature at stagnation Tstag
= 0.78T∗ confirming that T∗ is proportional to

stagnation temperature without alphas.
In the presence of alpha-particle deposition, the set of Eqs. (2.9)-(2.13) yield a

Normalized quantity
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Figure 2.1: The numerical solution that yields an explosive singularity for Eq. (2.9)-Eq.
(2.11) for γα = 1.12.

singular solution for the parameter γα exceeding the threshold factor 1.12. Figure
2.1 shows the singular solution for γα = 1.12 [28] . A useful expression of the ignition
conditions can be obtained by replacing Pstag Rstag in Eq. (2.12) and (2.13) using Eq.
2
. Note that this
(2.21) and the shell mass at stagnation with Mshell ≈ 4π(ρ∆)Rstag

expression of the mass comes from the thin shell approximation with ∆ << R where
∆ is the shell thickness at stagnation. A straightforward manipulation leads to
2/7
25µ1
3
T∗ =
(ρ∆)vi
12κ0
Eα C0 (ρ∆)vi T∗
γα =
.
2(1 + z)2 c3k


(2.24)
(2.25)

By eliminating vi and using the critical value of of γα = 1.12 for a singular solution
leads to the ignition condition.

no α
ρRtot



no α
Tmax
5.4

13/4
>1

(2.26)

no α
where ρRtot
≈ ρ∆no α is the total areal density (approximately equal to the shell
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areal density) in g/cm2 , and T no α is the peak hot spot temperature in keV.
If the effects of finite shell thickness are included, i.e., ∆ < R, only a fraction of
the shell kinetic energy transfers into the hot spot. The fraction is the ratio of the hot
−3

spot volume to the total volume, i.e., (1 + A−1 )

where A ≡ R/∆ is the aspect ratio.

2
Also, the shell mass becomes 4π(ρ∆)Rstag
Σ (A) where Σ (A) ≡ 1 + 1/A + 1/ (3A2 ).

Therefore, vi and (ρ∆) in Eq. (2.24) and (2.25) need to be replaced by vi (1 + A−1 )

−3/2

and (ρ∆)Σ (A) so that T∗ and γα for thick shells are defined as
"

25µ1
Σ (A)
T∗ =
(ρ∆)vi3
12κ0
(1 + A−1 )9/2
γα =

#2/7
(2.27)

Σ (A)
Eα C0 (ρ∆)vi T∗
.
3
2(1 + z)2 ck (1 + A−1 )3/2

(2.28)

For a typical ICF target, the stagnation aspect ratio is usually in the range 1 <
9/2

A < 4 [31] . In this range, Σ (A) / (1 + A−1 )
Σ (A) / (1 + A−1 )

9/2

can be approximated by the power law,
3/2

≈ 0.12A1.045 while Σ (A) / (1 + A−1 )

≈ 0.85. The stagnation

aspect ratio scales with the implosion velocity vi and adiabat α [32] as A ≈ 8.2 ×
9/2

10−6 vi0.96 /α0.19 yielding Σ (A) / (1 + A−1 )

≈ δ0 vi /α0.2 where δ0 = 5.7 × 10−7 s/m.

Therefore, the implosion velocity can be expressed as

vi =

12κ0
25µ1 δ0

1/4

7/8

α0.05

T∗

(ρ∆)1/4

.

(2.29)

The adiabat dependence is weak and can be neglected. As a result, substituting vi
into Eq. (2.28) and using the critical value of γα = 1.12 gives the ignition condition
for thick shells.
no α
ρRtot



no α
Tmax
4.4

5/2
>1

(2.30)

no α
where ρRtot
≈ ρ∆no α is the total areal density (approximately equal to the shell
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areal density) in g/cm2 , and T no α is the peak hot spot temperature in keV.

2.2

3D measurable Lawson criterion-Analytical model

The one-dimensional measurable Lawson criterion derived in the previous section
does not include the important effects of nonuniformities in both target and laser
illumination. An accurate ignition criterion needs to include the three-dimensional
(3D) effects caused by the implosion nonuniformity. Nonuniformities in the laser
and in the targets seed hydrodynamic instabilities causing large distortion of the
imploding shell. The growth of the nonuniformities is mainly driven by the RayleighTaylor instability (RTI) [33;34] . An additional measurable parameter is required to take
into account such 3D effects. We will use the Yield-Over-Clean (YOC), the ratio of
the measured neutron yield to the predicted 1D yield, as a measure of the level of
nonuniformities. A short introduction to the Rayleigh-Taylor instability is provided
in section 2.2.1. In section 2.2.2, an analytical model of the 3D measurable Lawson
criterion is derived.

2.2.1

Rayleigh-Taylor instability (RTI)

The Rayleigh-Taylor instability occurs when a heavier fluid (higher density) is superposed on top of a lighter fluid (lower density) while the gravity (acceleration) is
pointing downward from the heavy to the light fluid as shown in Fig. 2.2. Assuming
that the interface between the two fluids is a flat horizontal plane, an unstable equilibrium state can be achieved. Any small perturbation at the interface will grow in
amplitude. This is the classical Rayleigh-Taylor instability (RTI) [33;34] between two
fluids of different densities.
The evolution of the RTI is characterized by the linear and nonlinear phases.
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Figure 2.2: The interface of a heavy fluid supported by a light fluid is unstable to the
Rayleigh-Taylor instability. For a sinusoidal perturbation, λ is the wavelength,
L is the density gradient scale length, and η is the amplitude.

The simplest model of the RTI uses two fluids with constant density separated by
a sharp interface, i.e., the scale length L = 0 in Fig. 2.2. The fluids are assumed
to be incompressible giving ∇ · ~v = 0 and no mixing between two fluids. The fluid
momentum equation is written in the following form,

ρ

∂~v
+ ρ (~v · ∇) ~v = −∇P + ρ~g .
∂t

(2.31)

The equilibrium state is obtained by setting ~v = 0 and ∂/∂t = 0 leading to a linear
pressure profile

~v0 = 0

(2.32)

P0 = ρ1,2 gz + C0 ,

(2.33)

where C0 is the pressure at z = 0 and the subscripts 1, 2 denote the two fluids. For
small perturbations of the equilibrium, we linearize the momentum equation and look
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for normal mode solutions.

P = P0 + P̃ ≡ P0 + P̂ exp (γt)
~v = ~v0 + ṽ ≡ v̂ exp (γt)
⇒ρ1,2 γv̂1,2 = −∇P̂1,2

(2.34)

Note that the quadratic term of the perturbation (ṽ · ∇) ṽ is neglected based on the
linearization condition λ >> η̃ where λ is the perturbation wavelength of a single
sinusoidal period.
By defining the velocity potential Φ̂1,2 ≡ P̂1,2 / (ρ1,2 γ), the Laplace equation for
Φ̂1,2 , ∇2 Φ̂1,2 = 0 is obtained from Eq. (2.34) and the incompressible fluid condition
∇ · ~v = 0. Since the equilibrium condition only depends on ẑ, the equation can be
P
solved using Fourier decomposition in x̂, i.e., Φ̂1,2 = φ̂k eikx where k = 2π/λ. Note
k

that the x − y coordinate can be rotated without loss of generality. Therefore the
coordinate is chosen so that the k̂ vector of the perturbation is in x̂ direction. The
solution for vanishing perturbation at z → ±∞ of the Laplace equation using Fourier
decomposition is,

φ̂k 1 = Bk e−kz

(2.35)

φ̂k 2 = Ak ekz

(2.36)

v̂1 = Bk (kẑ − ikx̂) e−kz+ikx

(2.37)

v̂2 = −Ak (kẑ + ikx̂) ekz+ikx .

(2.38)

To find the solution, the boundary conditions on the interface that match two
solutions in two regions are needed. The equation of the interface can be written as
z̃ = η̃ (x, t) = η̂ (x) eγt using the normal mode solution. Taking the time derivative of
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Figure 2.3: Schematic of boundary condition at the interface of a heavy fluid supported by
a light fluid.

the equation leads to:

ṽz =

dz̃
∂ z̃ dx̃ ∂ z̃
=
+
dt
∂x dt
∂t

⇒v̂z (x, z̃) ≈ v̂z (x, 0) = γ η̂ (x) .

(2.39)
(2.40)

Note that x = x0 + x̃ is used where x0 is the position of each fluid element on the
interface without perturbation. The first term on the right-hand-side of Eq. (2.39)
is neglected because it is quadratic in the perturbation. Additionally, the velocity
normal to the interface is continuous across the interface, i.e., v̂n 1 = v̂n 2 . Writing v̂n
in terms of v̂z , v̂x , shown in Fig. 2.3, and η̂ and neglecting the quadratic perturbation
gives

v̂n = −v̂z cos θ + v̂x sin θ = cos θ (−v̂z + tan θvˆx )
∂ η̂
−v̂z + v̂x ∂x
=q
 ≈ −v̂z .
∂ η̂ 2
1 + ∂x

(2.41)

Therefore, the velocity in the ẑ direction on the boundary is continuous leading
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to
v̂z 1 (x, z̃) = v̂z 2 (x, z̃) .

(2.42)

The boundary condition for the pressure is given by requiring the continuity of the
pressure across the interface yielding

P1 (x, z = η̃, t) = P1 (x, z = η̃, t)
⇒P01 (z = η̃) + P̃1 = P02 (z = η̃) + P̃2
⇒P0 +

∂P0
∂z

η̂eγt + P̂1 eγt = P0 +
1

⇒ (ρ1 − ρ2 ) g η̂ = P̂2 − P̂1

∂P0
∂z

η̂eγt + P̂2 eγt
2

(from Eq. (2.33)) .

(2.43)

As a result, substituting Eqs. (2.35) - (2.38) into Eqs. (2.40), (2.42), (2.33), and
using the definition of the velocity potential P̂1,2 = ρ1,2 γ Φ̂1,2 = ρ1,2 γ φ̂1,2 eikx yields the
growth rate γ
r
γ=

p
ρ1 − ρ2
k |g| ≡ Ak |g| ,
ρ1 + ρ2

(2.44)

where A is the Atwood number defined as (ρ1 − ρ2 ) / (ρ1 + ρ2 ). In ICF targets, the
shell density is much greater than the gas density leading to A ∼ 1 since ρ1 >> ρ2 .
Note that only the positive root is kept since it’s the unstable mode with gravity ~g
in the −ẑ direction. The normal mode solutions are exponentially growing and only
valid in the linear regime.
The linearization of the equation is no longer valid and enters the nonlinear regime
when the amplitude of the perturbation becomes of the order of the perturbation
wavelength λ. The exponential growth of the initial perturbation saturates in this
regime. After saturation, sharp massive peaks (“spikes”) and shallow large area valleys (“bubbles”) are formed and their motions are quite different [1] . At sufficiently
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late times, the solution for the Rayleigh-Taylor instability can only be calculated numerically. Despite the complexity, an analytical solution (Layzer-type model) of the
vertex of the bubbles [35;36] and the spikes [36] can be obtained. In Layzer-type model,
the fluid is assumed to be inviscid, incompressible, and irrotational. The density
ratio between the heavy fluid to the light fluid is infinity giving the Atwood number
A ∼ 1. Since the flow is irrotational, i.e, ∇ ×~v = 0, the flow velocity ~v can be defined
by the velocity potential Φ such that ~v = −∇Φ. Additionally, ∇~v = 0 from the
incompressible condition leads to the Laplace equation for the velocity potential:

∇2 Φ = 0 .

(2.45)

The momentum equation can also be written using the velocity potential leading to
the Bernoulli’s equation.
∂Φ v 2
+
− gz = C (t)
∂t
2

(2.46)

where C (t) is an arbitrary time-dependent gauge function. Further, the interface
equation is defined as S = z − η = 0 where z = η (x, t) is the position of the interface
at time t. Since the interface moves with the fluid, the total time derivative of S is
equal to zero leading to

or

dS
∂S
=
+ ~v · ∇S = 0
dt
∂t
dη
∂η
∂η
=
+ vx
− vz = 0 .
dt
∂t
∂x

(2.47)
(2.48)

The approximation of the velocity potential that fits the Laplace equation (Eq. (2.45))
in the Lazyer-type model [36] is written as

Φ (t, x, z) = a (t) cos (kx) e−kz .

(2.49)
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Then, the fluid velocity using the velocity potential are
∂Φ
= ka (t) sin (kx) e−kz
∂x
∂Φ
= ka (t) cos (kx) e−kz .
= −
∂z

vx = −

(2.50)

vz

(2.51)

Also, the vertex of a bubble or a spike is approximated as a parabola

η (t, x) = z0 (t) + ξ (t) kx2

(2.52)

where z0 and ξ are the position and the curvature of the vertex, respectively. For the
bubble, z0 > 0 and ξ < 0, while z0 < 0 and ξ > 0 for the spike. Substituting Eq.
(2.49) and Eq. (2.52) into Eq. (2.46) and Eq. (2.48) and expanding the equations up
to order x2 leads to
da −kz0 1 2 2 −2kz0
e
− k ae
dt 
2



1
da −kz0
2
3 2 −2kz0
−kx gξ + e
ξ+
k−k a e
ξ = C (t)
dt
2



dz0
1
−kz0
2 dξ
2
−kz0
− ka (t) e
+ kx
+ k a (t) e
=0.
3ξ +
dt
dt
2
−gz0 +

(2.53)
(2.54)

For arbitrary x, the following ordinary differential equations are obtained,


da −kz0
1
gξ + e
ξ+
k − k 3 a2 e−2kz0 ξ = 0
dt
2
dz0
− ka (t) e−kz0 = 0
dt 


dξ
1
2
2
−kz0
kx
+ k a (t) e
3ξ +
=0.
dt
2

(2.55)
(2.56)
(2.57)
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Eliminating a from Eq. (2.56) and Eq. (2.57) gives the curvature at the vertex


dξ
1 dz0
= −k 3ξ +
dt
2 dt



1 −3k(z0 −z00 ) 1
ξ=
ξ0 +
e
−
,
6
6

(2.58)
(2.59)

where ξ0 and z00 are the initial conditions at t = 0. Eliminating a from Eq. (2.55)
and Eq. (2.56) leads to
d2 z0
k
+
2
dt
2ξ + 1



dz0
dt

2
+

2ξ
=0.
2ξ + 1

(2.60)

If one defines v ≡ dz0 /dt then
d2 z0
d
=
dt2
dt



dz0
dt


=

dv
dv dξ
=
dt
dξ dt

(2.61)

and Eq. (2.60) can be expressed as
k
dv
k
2ξ
− (6ξ + 1)
+
v2 +
= 0.
4
dξ 2ξ + 1
2ξ + 1

(2.62)

After solving the above equation, the velocity can be written with following form.

 1/2
0
9 (2ξ0 + 1) kv02 − 6 (6ξ0 + 1) (z0 − z00 ) kg + 2 e3k(z0 −z0 ) − 1 g



v = v0 
0
3kv02 6ξ0 + 1 + 2e3k(z0 −z0 )


(2.63)

where v0 = v (t = 0). Substituting Eq. (2.63) and (2.59) into Eq. (2.60) where
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d2 z0 /dt2 = dv/dt leads to
0
3e3k(z0 −z0 )
dv
= −g +
×
0
dt
6ξ0 + 1 + 2e3k(z0 −z0 )

 

0
9 (2ξ0 + 1) kv02 − 6 (6ξ0 + 1) (z0 − z00 ) kg + 2 e3k(z0 −z0 ) − 1 g
g −
 .


3k(z0 −z00 )
3 6ξ0 + 1 + 2e

(2.64)

(2.65)

Finally, using the definition v = dz0 /dt and taking the integration of Eq. (2.63), the
following relation between t and z0 is obtained.
1
t=
kv0

ˆ k(z0 −z00 ) "
0

#1/2
0
3kv02 6ξ0 + 1 + 2e3x
dx0
9 (2ξ0 + 1) kv02 − 6 (6ξ0 + 1) gx0 + 2 (e3x0 − 1) g

(2.66)

As a result, to evaluate the analytic solutions for ξ, z0 , v, and dv/dt, one chooses a
value for z0 (z0 > 0 for bubble and z0 < 0 for spike), determines t from Eq. (2.66),
v from Eq. (2.63), dv/dt from Eq. (2.65), and ξ from Eq. (2.59). Notice that a
bubble has initial conditions v0 > 0, z00 ≥ 0, and ξ ≤ 0, while a spike has initial
conditions v0 < 0, z00 ≤ 0, and ξ ≥ 0. For the asymptotic solution of the Layzer-type
model where t → ∞, z0 → ±∞ for a bubble or a spike, respectively, we can have the
following asymptotic limits:
1. For the bubble (g > 0 and z0 → ∞) : e3k(z0 −z0 ) is the dominant term in both
0

denominator and the numerator in Eq. (2.63), i.e.,

bb
vRT
→ v0 

r
=

3k(z0 −z00 )

1/2

2e
g


3k(z0 −z00 )
2
3kv0 2e

g
.
3k

(2.67)
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On the other hand, e−3k(z0 −z0 ) → 0 in Eq. (2.59) gives
0

1
bb
ξRT
=− .
6

(2.68)

2. For the spike (g > 0 and z0 → −∞) : e3k(z0 −z0 ) → 0 in both denominator and
0

the numerator in Eq. (2.65), i.e.,
"
#
0
sp
dvRT
0
2e3k(z0 −z0 ) g
→ −g +
g−
0
dt
6ξ0 + 1
3 × 2e3k(z0 −z0 )
= −g .

(2.69)

On the other hand, e3k(z0 −z0 ) → ∞ in Eq. (2.59) gives
0

sp
ξRT
=∞.

(2.70)

As a result, the bubble rises with a constant speed (g/3k)1/2 and a constant curvature
−1/6, while the spike free falls to the bottom with the constant acceleration g as a
sharp spike.

2.2.2

Three-dimensional measurable Lawson criterion

To provide an ignition condition including the effects of the Rayleigh-Taylor instability
(RTI), we extend the Lawson criterion to three dimensions. The RTI occurs during
the acceleration phase and the deceleration phase. During the acceleration phase, the
acceleration direction is in −r̂ direction. The outer surface of the shell is RayleighTaylor (RT) unstable while the inner surface is stable. As long as the RT bubbles
do not penetrate through the shell, the shell will compress and confine the hot spot.
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After the shell enters the deceleration phase, the acceleration direction is in r̂ direction
so that the outer surface of the shell is now RT stable but the inner surface of the
shell becomes RT unstable. The surface perturbations at the inner surface of the shell
grow due to the RTI. After the RTI enters the nonlinear regime, the spikes free fall
into the hot spot.

Figure 2.4: Schematic of the free full line. The clean hot spot volume is enclosed by the RT
spikes.

In a perturbed imploding target, the hot spot volume is bounded by RT bubbles
and spikes from the shell as shown in Fig. 2.4 [37] . The plasma in the RT bubbles is
cold and does not contribute to the fusion yield. The central temperature is assumed
to be unchanged by the RT evolution as long as the RT spikes do not reach the hot
spot center. Only the “clean” hot spot volume Vclean within the RT spikes is hot
enough to induce fusion reactions. Therefore, R̂ in the last term of Eq. (2.9) needs
to be replaced by the “clean” volume radius R̂clean .

d 
dR̂
3
P̂ R̂3 = −2P̂ R̂2
T̂
+ γα P̂ 2 R̂clean
dτ
dτ

(2.71)

The dependence on the nonuniformity enters through R̂clean .
In a nonuniform implosion, the RT spikes first grow exponentially until reaching
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a saturation amplitude as shown in the previous subsection. During this time, the
p
acceleration g(t) = R00 (t) determines the linear growth rates γRT ≈ k |g(t)|, where
k ∼ l/R(t) is the perturbation wave number. The number of e-foldings of linear
√
´t
growth is nl = ln̂l = 0 l γRT (t)dt, where tl is the interval of linear growth up
to saturation. After saturation, the instability enters the nonlinear free-fall phase.
The spikes free fall into the hot spot as shown in Fig. 2.4. In this regime, the spike
amplitude ∆R depends only on tl , t and R0 (tl ) because the amplitude of the the linear
growth is much smaller than the final nonlinear amplitude and can be neglected.
ˆ

ˆ

t

∆R =

dt
tl

ˆ

t0

0

00

00

t

00

dt0 [R0 (t0 ) − R0 (tl )]

dt R (t ) =
tl

tl

= R (t) − R (tl ) − R0 (tl ) (t − tl )

(2.72)

This leads to a clean radius Rclean (t, tl ) = R (t) − ∆R = R(tl ) + R0 (tl )(t − tl ) for t > tl .
Before tl , the clean radius equals the 1D radius, Rclean ≈ R. The time tl depends
on the amplitude of the inner DT ice roughness at the beginning of the deceleration
phase. The larger the initial nonuniformity level, the earlier the RT instability enters
the non-linear phase and thus the smaller the time tl is.
Before stagnation, alpha particles are virtually absent, and the hot spot radius
R̂no α (τ ) can be found by solving Eqs. (2.10), (2.11), and (2.71) without alpha-particle
energy deposition. The same numerical initial condition 0 = 105 in section 2.1 was
used. Afterward, R̂clean can be determined by using R̂no α (τ ) and the free-fall model
described previously. For values of τl → ∞, the RT stays in the linear stage leading to
R̂clean ≈ R̂ with the assumption of small η̃(tl ). In contrast, the most severe reduction
of the clean volume corresponds to τl = 0 meaning that the nonlinear RT growth
starts from the beginning of the deceleration phase. The number of e-foldings of
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linear growth is derived analytically using Eq. (2.17).
00  12
no α
ˆ τl
R̂
dτ


=

 dτ =
2
no
α
R̂
0
0 1 + (τstag − τ )


√
π
0
= + arctan
0 −
2
τl
ˆ

α
n̂no
l

τl



(2.73)

α
to the YOC. For a given τl ,
Notice that τl plays a key role in relating n̂no
l
α
(τl ) is calculated using Eq. (2.73). On the other hand, the YOC without alphan̂no
l

particle energy deposition (YOCno α ) is computed as follow with the same τl using
0

no α
R̂clean
(τ, τl ) = R̂no α (τl ) − R̂no α (τl )(τ − τl ):

´∞
Y OC

no α

=

0

3

no α
dτ
P̂ 2 T̂ R̂clean

´∞
0

P̂ 2 T̂ R̂3 dτ

(2.74)

where P̂ , T̂ , and R̂ are the solutions of Eqs. (2.10), (2.11), and (2.71) without alphaparticle energy deposition by setting γα = 0. Note that YOCno α is less or equal
no α
to one since R̂clean ≤ R̂. As shown in Eq. (2.74), YOCno α is a function of R̂clean
α
and thus a function of τl . Both YOCno α and n̂no
depend on τl , and a relation can
l
α
α
be numerically derived yielding n̂no
as a function of the YOCno α . Since n̂no
is a
l
l

measure of the initial nonuniformities (the saturation amplitude of the linear growth),
the YOCno α can also be used to define the initial nonuniformity level.
α
For a given value of the YOCno α , a corresponding clean volume radius R̂clean
is

used in Eq. (2.71) with alpha-particle energy deposition. We start from determining
the transition time τl from linear to nonlinear growth by solving Eqs. (2.10), (2.11),
and (2.71) with R̂clean ≈ R̂ (valid in the linear regime) with a given value of γα . The
resulting radius Rα (τ ) is used to compute the linear e-foldings with alpha-particle
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energy deposition
ˆ
n̂αl (τl ) =

  00  21
α
τl
 R̂

dτ =

 dτ .
α
R̂
0
ˆ

τl

γRT (τ ) |l=1
0

(2.75)

Since the alpha particle is only created near stagnation, the trajectory at the beginning of the implosion should be similar to the case without alpha-particle deposition.
α
Therefore, the final τl can be found by setting n̂αl (τl ) = n̂no
(Y OC no α ) leading to a
l

functional relation τl = τl (YOCno α ). Using τl , the clean radius history follows from
0

α
α
R̂clean
= R̂α (τl ) + R̂α (τl ) (τ − τl ) = R̂clean
(Y OC no α ) .

(2.76)

The effect of nonuniformities on the ignition condition is studied by finding the
critical γα for ignition that yields a singular explosive solution from Eqs. (2.10),
(2.11), and (2.71) as a function of YOCno α . This leads to the 3D ignition criterion
shown in Fig. 2.5 that can be approximated by γα (Y OC no α )4/5 > 1.2.

Figure 2.5: The ignition condition written in a parameter γα which is related to the initial
shell condition at the beginning of the deceleration phase can be approximated
by γα (Y OC no α )4/5 > 1.2

By using the definition of γα and vi in the thick shell model from Eq. (2.28) and
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(2.29), the following form of the ignition condition is found.

no α
ρRtot



no α
Tmax
4.5

5/2

(Y OC no α )16/15 > 1

(2.77)

no α
where ρRtot
≈ ρ∆no α is the total areal density (approximately equal to the shell
no α
is the peak hot spot temperature in keV.
areal density) in g/cm2 , and Tmax

2.3

3D measurable Lawson criterion Simulation results

Equation (2.77) represents a measurable criterion that can be used to assess the 3D
implosion performance when the alpha-particle energy deposition does not significantly change the hydrodynamics. This is the case of surrogate deuterium D2 and
tritium-hydrogen-deuterium THD [38] as well as low gain (< 10%) deuterium-tritium
DT capsules. Obviously, high gain DT capsules do not require an ignition criterion
since the neutron yield directly shows whether ignition has taken place or not.
In the model, the ablative stabilization effect of the RTI was not included and
thus the growth of nonuniformities was overestimated. The model can be improved
by tuning the power indexes in Eq. (2.77) through a set of numerical simulations.
To include the implosion nonuniformity, at least two-dimensional (2D) simulations,
that are computationally expensive, are required. A modified 1D simulation, LILACYOC, was developed to mimic the effects of nonuniformities. In subsection 2.3.1, a
brief introduction to the one-dimensional hydrodynamic code LILAC is provided. In
subsection 2.3.2, the modifications to the code, LILAC-YOC, to treat the effect of
nonuniformities, is discussed. Finally, in subsection 2.3.3, a 3D measurable Lawson
criterion is provided by fitting the results of numerical simulations.
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Brief introduction to LILAC

LILAC [39;40] is a Lagrangian hydrodynamic code [41] developed at LLE. It is used to
simulate laser accelerated targets in planar, cylindrical or spherical geometry. It solves
the equations for single fluid with two temperatures (one for electrons and the other
one for ions). LILAC includes energy transport mechanisms such as heat conduction with flux limiter [42] , collisional thermal equilibration, and radiation transport [43] .
A ray tracing algorithm is used to describe laser light propagation with collisional
absorption [44] . Energy deposition from nuclear fusion reactions is included using a
straight line transport model. A single species momentum equation is solved in the
integral form using the total pressure P = Pe + Pi .
∂
∂t

ˆ

ˆ
~
P dA

ρ~v dV = −
V

(2.78)

A

where ρ is the mass density; ~v is the fluid velocity; V and A are the volume and the
surface area of a numerical cell. All the particles species have the same macroscopic
velocity. All the ion species have the same temperature but different from the electron
temperature. Two energy equations, one for the electrons and the other one for the
ions are used. The standard integral form of the energy equations is used.
ˆ
ˆ
ˆ
ˆ
∂
~
~
ρe ee dV = − Pe~v · dA −
κe ∇Te · dA +
ρe Ėe dV
∂t V
A
A
V
ˆ
ˆ
ˆ
ˆ
∂
~
~
ρi ei dV = − Pi~v · dA −
κi ∇Ti · dA +
ρi Ėi dV
∂t V
A
A
V

(2.79)
(2.80)

where ρe and ρi are the mass densities of the electrons and ions; ee and ei are the
internal energy per unit mass of the electrons and ions; κe and κi are the thermal conductivities of the electrons and ions; Ėe and Ėi are the energy deposition rate per unit
mass of the electrons and ions. Ėe and Ėi take into account the laser absorption from
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inverse bremsstrahlung, continuum radiation emission and absorption, depositions of
reaction products, and the energy transfer among species through Coulomb collisions.
The grid definition is shown in Fig. 2.6. “j” is the index for the spatial position while
“n” is the index for the time step. Dummy cells are used on the boundaries.

Figure 2.6: The grid definition of LILAC.

2.3.2

LILAC-YOC

A Modified version of LILAC, LILAC-YOC, was used to include the effects of the
nonuniformities. The modification consists in reducing the fusion rate hσvi by a factor
ξ = YOCno α ≤ 1. Since the alpha-particles deposition during ignition depends on the
product hσvi·Vhs , reducing hσvi by the factor YOCno α is approximately equivalent to
reduce the hot spot volume Vhs by the same factor. Please note that the reduction of
hσvi in LILAC-YOC takes effect only when the hot spot temperature is below 10 keV.
For temperatures above 10 keV, the hot spot is robustly ignited and ξ is increased
linearly with the temperature till ξ = 1 for T ≥ 15 keV. Also, if the temperature
does not exceed 15 keV, ξ is kept to be the largest value, i.e., Y OC no α ≤ ξ ≤ 1.
Phasing out the reduction factor after the hot spot ignition allows the 1D code to
correctly predict the burn wave propagation through the cold shell and the final gain.
The stabilizing effect of ablation is also reproduced.
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To confirm that LILAC-YOC reproduces the results including the effects of nonuniforities as the 2D simulations, the results from LILAC-YOC were compared with the
2D simulations using 2D DRACO [45] for three targets: (a) the direct-drive surrogate
of the indirect-drive point design [46] for National Ignition Facility (NIF) [5] , (b) the
1.5 MJ all-DT direct-drive point design [47] , and (c) the 1 MJ direct-drive wetted-foam
design [48] .

Figure 2.7: Comparison of the gain curves between 1D LILAC-YOC and 2D DRACO simulations. Three targets are considered:(a) the direct-drive surrogate of the indirectdrive point design for NIF, (b) 1.5 MJ all-DT direct-drive point design, and (c)
1 MJ direct-drive wetted-foam design. The modified 1D simulation predicts the
same “ignition cliff” as in 2D simulation.

As shown in Fig. 2.7, the gain curves from LILAC-YOC simulations (squares) are
generated by plotting the energy gain (the fusion energy yield divided by the laser
energy on target) versus the YOCno α . The 2D gain curves are generated using 2D
DRACO simulations (diamonds), with varying inner surface ice roughness. The initial
ice roughness was increased until the target failed to ignite. Each run is repeated
without the alpha-particle energy deposition to determine the corresponding no-alpha
neutron yield and the YOCno α . The ignition cliff represents the sharp decrease in gain
occurring for a critical value of the YOCno α . LILAC-YOC predicts a similar ignition
cliff and the critical value of the YOCno α as the 2D simulations. The comparison
confirms that LILAC-YOC can mimic the effects of nonuniformity in 1D simulations.
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Simulation results

After validating LILAC-YOC with the 2D simulations, the faster 1D code was used
to generate a database of ρRnno α , Tnno α , and YOCno α for many marginally ignited
capsules. Marginal ignition is defined as the gain corresponding to the middle point
of the ignition cliff (∼ half of the 1D gain). Note that the subscript n denotes that
the quantities are neutron average quantities which are measured in the experiments.
This is a physical definition of ignition as it describes the onset of the burn wave
propagation. The 3D ignition criterion based on a power law of the three measurable
parameters can now be obtained through the best fit to the database. Therefore, the
ignition condition depending on the three parameters can now be written in terms of
an ignition parameter χ as following:

χ=

(ρRnno α )0.8



Tnno α
4.7

1.7

(Y OC no α )0.5 > 1 .

(2.81)

Fig. 2.8 shows the normalized gain curves (G/G1D = gain/1D gain) from the

Figure 2.8: Normalized gain curves of a target database versus the ignition parameter χ.
With the best fit of the power indexes in χ, it predicts the ignition cliff with a
±10% error and can be used to assess the performance of cryogenic implosions
on OMEGA and NIF.

database versus χ. The ignition parameter predicts the ignition cliff with a ±10%
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error and it can be used to assess the performance of cryogenic implosions on the
OMEGA laser [8] and the NIF [5] . Currently, cryogenic implosions on OMEGA have
achieved an areal density ρR ≈ 0.18 g/cm2 and temperature T ≈ 2 keV with
Y OC ≈ 10% (2 × 1013 neutron yields) leading to an ignition parameter χ ∼ 0.08.

2.4

Magneto Inertial Fusion (MIF)

As introduced in section 1.2, it is beneficial to magnetize the ICF target. The approach is called magneto inertial fusion (MIF). The benefits of MIF compared to the
conventional ICF are twofold [17] [17;49–52] :
1. Reduction of the thermal conductivity by magnetizing the hot spot [4] .
2. Enhancement of the alpha-particle confinement due to the gyro-motion of the
particles in the hot spot.
As discussed in section 1.2, the required magnetic fields to magnetize the hot spot
and confine the alpha-particles are B > 10 MG and B > 95 MG respectively. A
magnetic field greater than 10 MG but smaller than 95 MG was achieved experimentally (described in section 5.3). Thus, only the reduction of thermal conductivity is
considered here.
To understand how heat conduction suppression is beneficial to an implosion, we
can replace the temperature by the implosion velocity vi in the ignition condition
formula Eq. (2.77) using Eq. (2.29).
"

vi
no α
0.08 (ρRtot
) 0.05
α



25µ1 δ0
12κ0

1/4 #5/3

(Y OC no α )0.62 > 1

(2.82)

2.4. MAGNETO INERTIAL FUSION (MIF)

45

no α
weakly depends on the implosion velocity from the scaling law [32] .
Note that ρRtot

ρRshell

1.2
≈ 0.54
α



EL [kJ]
100

0.33 

0.35
λL [µm]

0.25 

vi [cm/s]
3 × 107

0.06
(2.83)

where EL and λL are the energy and the wavelength of the driving laser and α is
the adiabat. If the thermal conductivity κ0 is suppressed by a factor of f > 1, the
required implosion velocity to ignite is reduced by a factor of f 1/4 from Eq. (2.82)
assuming that the YOC does not change.
Similarly, Eq. (2.29) can be rewritten using Eq. (2.83).
1 EL0.33 vi4.06
T∗ ∝
α0.74 λ0.25
κ0
L


2/7
(2.84)

If the thermal conductivity κ0 is suppressed by a factor of f , the same implosion
velocity leads to a temperature increase by a factor of f 2/7 from Eq. (2.84). Inversely,
to achieve the same temperature, the implosion velocity can be reduced by a factor
of ∼ f −1/4 . Using the scaling law for the energy gain [32]
365
G ≈ 0.25
I15



3 × 107
vi

1.25 

ρR
7 + ρR



the energy gain can be increased by a factor of f 0.31 .

0.35
λL

0.5
,

(2.85)

3
Magnetic field compression

Magnetic field compression in an imploding ICF target is a complex process. Several
theoretical studies on magnetic flux compression by dynamic plasmas were published
by Felber [53;54] . Two different cases were studied: (1) Flux compression by subsonic
implosions [53] , and (2) flux compression by supersonic implosions in ideal magnetohydrodynamics (MHD) condition [54] . However, ICF implosions vary from supersonic
during the shell acceleration to subsonic during the stagnation phase. Furthermore,
since the shell of an imploding capsule is typically very dense and relatively cold, the
resistive diffusion time through the shell is shorter than the implosion time. Therefore, the imploding shell does not trap the magnetic field. Instead, it is the low density
gas, ionized by the first shock propagating through it, that traps the magnetic field.
It is well known that the degree to which the magnetic field is frozen in a resistive
plasma depends on the magnetic Reynolds number Rm representing the ratio of the
magnetic diffusion time τη to the compression or implosion time τi , Rm = τη /τi .
The resistive diffusion time depends on the characteristic field scale length L and the
plasma resistivity η, τη = µ0 L2 /η. The plasma resistivity depends on the temperature
T . The field is trapped in the low-density ionized gas with radius R leading to L ∼ R.
The implosion time depends on the shell implosion velocity vi and the shell radius R,
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τi ∼ R/vi . It follows that the magnetic Reynolds number scales as Rm = µ0 Lvi /η. In
an imploding capsule, the size and the temperature of the low-density hot plasma and
the shell implosion velocity are functions of time. Therefore, one needs to identify
the relevant time and relevant parameters determining the characteristic magnetic
Reynolds number.
It is shown here that a characteristic magnetic Reynolds number can be derived
at the time of the first shock convergence. Laser pulse shapes for ICF implosions
are designed to launch an initial shock that sets the shell entropy. When this shock
reaches the center, most of the laser energy has been delivered to the target and
the shell has been accelerated to the peak implosion velocity. At the time of shock
convergence, the shell radius is less than half the initial radius and the gas is fully
ionized. The combination of shell radius, shell velocity and gas resistivity at the time
of shock convergence produces a characteristic Reynolds number that determines the
degree of magnetic flux conservation.
To gain physical insight into the field-compression process, a simple one-dimensional
planar piston-like problem is solved numerically and analytically. Then, a set of numerical simulations of realistic targets is used to determine the critical Reynolds
number required for an effective field compression.

3.1

One-dimensional piston-like problem

In ICF targets, an initial shock is launched by the laser pulse to set the shell material
on a desired adiabat (or entropy). When the shock first reaches the center of the
target, the shell has traveled by about half of the initial radius. The gas within the
shell is not compressed significantly and neither is the magnetic field. For simplicity,
the analytic models and the simulations in this chapter start when the shock reaches
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the center of the target. At this time, the laser is off and the shell has reached the
peak implosion velocity representing the initial conditions of this simple model. For
simplicity, heat transport, burn and ablation physics are ignored [55] . The magnetic
field at this initial time is assumed to be a constant throughout the target. To allow
partial analytic solutions of the problem, we consider planar geometry where the
imploding shell is represented by a slab of dense material compressing a conductive
gas. Therefore, the system is simplified to a compressible piston-like problem as
shown in Fig. 3.1.

Figure 3.1: The initial conditions for the one-dimensional piston-like problem. A seed field
B0 is embedded in the whole region. The target moves inward with uniform
speed u0 against a rigid wall.

As shown in Fig. 3.1, the initial condition is a high-density slab with infinite
area (infinite in the ŷ and the ẑ direction) compressing the low density slab against
a rigid wall in the x̂ direction. The rigid wall of the piston-like problem corresponds
to the center of the cylindrical or spherical targets. The high and low density slabs
correspond to the shell and the ionized gas (plasma) region of the target, respectively.
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The pressure, velocity and magnetic field are initially uniform. The initial distance
between the shell and the rigid wall is l0 . The resistivity η in the shell is assumed to
be infinite. In the gas region, the resistivity η is set uniform and dependent on the
average temperature in the gas. In other words, η in the gas region changes uniformly
during the implosion. All the other variables depend on x only. The direction of the
plasma flow u is in the x̂ direction and the field is in the ẑ direction. Therefore, the
induction equation in the planer geometry is as following.
∂
∂
∂Bz
= − (vx Bz ) +
∂t
∂x
∂x



∂Bz
Dη
∂x

(3.1)

where Dη ≡ η/µ0 is the diffusion coefficient. By combining Eq. (3.1) with the
continuity equation and moving to Lagrangian coordinate [41] , Eq. (3.1) can be written
as:
d
dt



Bz
ρ



∂
=
∂m



∂Bz
Dη ρ
∂m

(3.2)

where dm = ρdx. Equation (3.1) and Eq. (3.2) will be used to study the compressibility of the field.
One can integrate Eq. (3.2) over m and obtain an equation for the total flux in
the gas region.
dΦ
d
=
dt
dt

ˆ
0

l

∂Bz
Bz dx = Dη ρ
∂m

l
0

∂Bz
= Dη
∂x



∂Bz
− Dη
∂x
l


0

∂Bz
= Dη
∂x


(3.3)
l

where Φ is magnetic flux per distance, and l is thickness of the gas. The dimensions
of Φ is flux per distance because the slab is infinitely wide in the ŷ direction. The field
is symmetric at the center of a cylindrical or a spherical target giving ∂Bz /∂r = 0.
The flux does not diffuse through the rigid wall at x = 0 because the rigid wall
represents the center of the cylindrical or spherical target. Eq. (3.3) shows that the
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flux dissipates through the interface between the gas and the shell.

3.2

Hydrodynamic compression

For parameters of interest, the magnetic pressure is much smaller than the hydrodynamic pressure leading to a large ratio of the plasma pressure to the magnetic pressure
(β), β >> 1. This is illustrated in Fig. 3.2 showing the results from simulations using the one dimensional hydro code LILAC [39;40] of a spherical implosion with a seed
magnetic field on the OMEGA Laser Facility [8] . In this implosion, 18 kJ of laser
energy was delivered to the target in a 1 ns square pulse. The target was a plastic
capsule filled with 10 atm D2 gas and embedded with a 8 T seed magnetic field. The
outer radius of the capsule was 430 µm and the shell thickness was 23 µm. A shock
is generated at the outer surface of the shell right after the laser is turned on. Shown
1000

Βavg

100
10
1
0.1
0.0

0.5

1.0

1.5

2.0

2.5

Time HnsL
Figure 3.2: Results of a LILAC simulation of a spherical target with a uniform seed field:
(a) the white curve is the path of the shock propagation, (b) average β in the
gas.

in Fig. 3.2(a) (white curves in the plot) is the shock propagating inward and breaking out on the shell inner surface at ∼ 375 ps. After the shock breaks out, it keeps
propagating inward and reaches the center of the target at ∼ 1.55 ns, representing
the time when we apply our analytic model and simulation in this chapter. Shown
in Fig. 3.2(b) is the evolution of the average β in the gas. Before the shock breaks
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through the shell, β is less than unity. However, the hydro pressure and the magnetic
pressure are uniform. Therefore, there is no net force. After the shock breaks out
into the gas, the seed field and the gas are compressed. The magnetic pressure is
always much smaller than the hydro pressure, i.e., β >> 1. After the shock reaches
the center, β exceeds 1000. Therefore, it is appropriate to neglect the magnetic field
when calculating the hydrodynamic quantities.
The resistive-MHD equations [22] for the one-dimensional piston-like problem can
be cast in the following form:
∂vx
dρ
+ρ
=0
dt
∂x


dvx
1 ∂
Bz2
=−
P+
dt
ρ ∂x
2µ0

2
dP
∂vx
η ∂Bz
= −γP
+ (γ − 1) 2
dt
∂x
µ0 ∂x
 


d Bz
1 ∂
∂Bz
=
Dη
dt ρ
ρ ∂x
∂x

(3.4)
(3.5)
(3.6)
(3.7)

where γ ≡ CP /CV = 5/3 is the ratio of specific heats and d/dt = ∂/∂t + vx ∂/∂x. In
Eq. (3.5), Bz2 / (2µ0 ) is the magnetic pressure that can be neglected since β >> 1.
The second term on the right hand side of Eq. (3.6) represents the Ohmic heating.
This term can also be neglected when β >> 1 and Rm > 1 as shown in the following.
x
γP ∂v
∂x

(γ − 1) µη2
0


∂Bz 2
∂x

≈ 2

P vLx
η Bz2
µ20 L2

=

P µ0 v x L
= |β · Rm | >> 1
Bz2
η

(3.8)

2µ0

Therefore, the resistive-MHD equations are simplified into pure hydrodynamic equations combined with the induction equation.
During the implosion, two different kinds of shocks are generated: (1) a centerreflected shock and (2) a reflected shock by the shell, as shown in Fig. 3.3. In Fig.
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3.3(a), the low density gas encounters the rigid wall and generates a center-reflected
shock (Scr ) at t = 0. The shock propagates outward and eventually encounters the
density jump at the interface between the gas and the shell. A reflected shock (Sr )
back to the gas and a transmitted shock (St ) into the high density shell are generated
as shown in Fig. 3.3(b). When the reflected shock reaches the rigid wall, a new
center-reflected shock is generated. Therefore, the shock wave bounces back and
forth between the rigid wall and the high density shell [55] . As the shock bounces back
and forth in the gas, the gas is compressed and the pressure increases. The increasing
pressure slows down the imploding shell and finally stops the shell (stagnation). At
stagnation, the system reaches the highest pressure and the smallest gas thickness.

Figure 3.3: Sketch of (a) a center-reflected shock (Scr ) and (b) a reflected shock (Sr ) and a
transmitted shock (St ) generated at the interface between the gas and the shell.
The blue area represents the shell.

As the shock propagates, the density, pressure, and velocity are discontinuous
across the shock front. The evolution of the hydro quantities can be calculated using
the Rankine-Hugoniot (RH) relations [56] . Assuming a constant adiabatic index γ, the
relation of the hydrodynamic quantities between the post-shock region (subscript j)
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and the pre-shock region (subscript i) are:
s
ci,j =
Ms =
ρj
ρi
vj − vi
ci
Pj − Pi
Pi
cj
ci

=
=
=
=

Pi,j
ρi,j
vs − vi
ui
=
= Mi
ci
ci
(γ + 1) Ms2
2 + (γ − 1) Ms2
2 (Ms2 − 1)
(γ + 1) Ms
2γ (Ms2 − 1)
γ+1
p
[2γMs2 − (γ − 1)] [(γ − 1) Ms2 + 2]
(γ + 1) Ms
γ

(3.9)
(3.10)
(3.11)
(3.12)
(3.13)
(3.14)

where vs is the shock speed; Mi is the Mach number of the fluid in the pre-shock
region in the frame of the shock front; Ms = −Mi is the Mach number of the shock
relative to the flow in the pre-shock region; ci,j , ρi,j and Pi,j are the sound speed of
the flow, the density and the pressure, respectively. Note that ci,j and vi,j are in the
stationary frame of reference (lab frame), while Mi and ui are in the frame of the
moving shock front. To calculate the pressure of the center-reflected shock (region 2
in Fig. 3.3(a)), one can simply set v2 = 0, and v1 , ρ1 , P1 equal the initial conditions
v0 , ρ0 , P0 . Substituting the conditions into Eqs. (3.9) - (3.14) gives


s



2



4c1
v0

(γ + 1) 1 − 1 +
4c1
v0 (γ + 1)



s

2 

2
γv
4c1

P2 = P1 1 + 20 (γ + 1) 1 − 1 +


4c1
v0 (γ + 1)
Ms = M1 = −

ρ2 = ρ1

(γ + 1) Ms2
.
2 + (γ − 1) Ms2

(3.15)

(3.16)
(3.17)
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Since P2 and ρ2 are given, the hydrodynamic quantities related to the reflected
(Sr ) and the transmitted (St ) shock can be easily calculated. Although the density is
different between the reflected and the transmitted shock, as shown in Fig. 3.3(b), the
flow velocity and the pressure are uniform across the density jump, i.e., v4l = v4r ≡ v4
and P4l = P4r ≡ P4 . In the pre-shock region (region 2 and 3), v2 = 0, v3 = v0 , P3 = P0 .
With the conditions P2 and ρ2 given by Eq. (3.16) and Eq. (3.17), one can calculate
the quantities in the post-shock region of the reflected (region 4l) and the transmitted
(region 4r) shock leading to:

v4 − v2
c2
v4 − v3
c2




1 P4
−1
−
1
γ
P2
r
=
=r




γ+1 P4
P4
(γ + 1) γ+1
−
1
+
1
−
1
+1
2γ
P2
2γ
P2




γ+1 P4
1 P4
−
1
−
1
γ
P3
γ
P3
r
=
=r
.




γ+1 P4
γ+1 P4
(γ + 1)
−1 +1
−1 +1
2γ
P3
2γ
P3
γ+1
γ



P4
P2

(3.18)

(3.19)

The only unknown variables in the above equations are the pressure Pr and the flow
velocity v4 . Therefore, one can calculate the hydrodynamic variables using Eq. (3.15)(3.19) as the shock bounces back and forth between the center and the shell until the
pressure is large enough to stop the shell.

3.3

Magnetic field compression

In the previous section, the hydrodynamic behavior during the compression is described. A shock bounces back and forth between the rigid wall and the imploding
shell. In the ideal-MHD condition where the resistivity η = 0, the ratio of the magnetic field to the density is a constant as obtained from Eq. (3.7). Equation (3.3)
with the right-hand-side equal to zero shows that the flux is conserved in the ionized
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gas. Thus, the average field B z in the ideal-MHD condition is inversely proportional
to the shell position l:

´l
Bz =

0

Bz dx
l0
= B0 .
l
l

(3.20)

However, in the resistive plasma where η 6= 0 , the ratio of the magnetic field to
the density is not a constant. Therefore, the magnetic field needs to be calculated in
the following three regions.
1. The magnetic field in the shell where η → ∞.
2. The magnetic field across the shock front in the gas.
3. The magnetic field at the interface between the gas and the shell.
In order to capture the essential physics with a simple analytic model, the resistivity
η is set constant in both time and space.

3.3.1

Magnetic field in the shell

The shell in the piston-like problem is assumed to be a perfect insulator (η → ∞).
Thus, the left-hand-side of Eq. (3.2) can be neglected since the right-hand-side of
the equation is infinite. With the initial condition (IC) and the boundary condition
(BC), B (x, t = 0) = B0 , B (L, t) = B0 , the equation can be solved.

Dη ρ

∂Bshell
= const ≡ 0
I.C.
∂m

Bshell = const ≡ B0
B.C.

(3.21)

As shown in Eq. (3.21), the field in the shell is the constant B0 , which is the outer
boundary condition. This is because no current flows in the shell where the resistivity
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is infinite. From Ampere’s law, in the absence of currents, there is no magnetic field
gradient. Thus, the field is uniform and equal to the outer boundary condition B0 .

3.3.2

Magnetic field across the shock front

As the shock propagates, the density profile is a stationary step function in the
frame of the shock front. In ideal-MHD, Eq. (3.2) shows that the magnetic field is
proportional to the density and is also a step function. The current, on the other
hand, is a delta function at the shock front from Ampere’s law. It means that a
current sheet flows right on the shock front. In the stationary frame of reference, new
current sheets are generated on the shock front as the shock propagates.
In resistive-MHD, where η 6= 0, the field diffuses and the profile of the magnetic
field is no longer a step function. Instead, the field diffuses into the pre-shock region
with a finite width when the evolution of the magnetic field reaches a steady state.
In the stationary frame of reference, new current sheets are generated as the shock
propagates but diffuse into the pre-shock region. In other words, the diffusion speed
is the same as the flow speed meaning that the magnetic Reynolds number Rm is
equal to unity.
Shown in Fig. 3.4 is the sketch of the magnetic field profile in the frame of the
shock front. The shock front is stationary and the flow speed is discontinuous across
the shock front in this frame of the reference. Region 1 and 2 correspond to the preshock and post-shock region, respectively. At x = 0, the magnetic field is continuous.
The boundary condition at x → ∞ is BL = Bpre where Bpre is the uncompressed
field in the pre-shock region. For x → −∞ B = BH where BH will be determined by
flux conservation. The steady state result is obtained by setting ∂B/∂t = 0 giving
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Figure 3.4: The sketch of the magnetic field profile (solid line) across the shock front. The
dashed line is the shock front. Region 1 and 2 correspond to the pre-shock and
post-shock region.

an ordinary differential equation:
∂ 2B
u1,2 ∂B
=
.
2
∂x
Dη ∂x

(3.22)

Note that u1,2 ≤ 0 are the flow speed in the frame of the shock front. The solution of
this equation is:
B1,2





Dη
u1,2
= α1,2
x − 1 + β1,2 ,
exp
v1,2
Dη

(3.23)

where α1,2 and β1,2 are constants to be determined. Matching the boundary conditions
at x → ±∞ and x = 0 gives the steady state solution below.


 B = BH

x≤0
h





i

 B = (BH − BL ) exp u1 x − 1 + BH
Dη

.

(3.24)

x≥0

The plots of the solutions (red lines) with different diffusion constant Dη are
shown in Fig. 3.5(a). The numerical solutions (blue dots) to Eq. (3.22) are also
plotted for comparisons. In the plot, u1 = −2, and Dη = 0.0225, 0.225, 2.25, 22.5.
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Interestingly, the fields in the post-shock region are uniform. In the pre-shock region,
the fields decrease with a time independent width of |Dη /u1 | given by the analytic
solutions.
The current is obtained from Eq. (3.24) using Ampere’s law:


 jy = 0

x≤0


 jy = − 1 u1 (BH − BL ) exp
µ0 Dη



u1
x
Dη



.

(3.25)

x≥0

There is no current in the post-shock region. In the pre-shock region, on the other
hand, the current peak is located on the shock front and decreases exponentially
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Figure 3.5: (a) The analytic (red lines) and the numerical (blue dots) solutions to Eq. (3.24).
(b) Sketch of the magnetic field profile across the center-reflected shock front.
The dashed line is in the ideal-MHD limit while the solid line is for resistiveMHD. xs is the position of the shock front. Bideal and BH are the compressed
fields in the post-shock region in the ideal-MHD and the resistive-MHD conditions. B0 is the uncompressed field in the pre-shock region.

To find BH in the post-shock region of the center-reflected shock wave, we can
compare the flux in the ideal-MHD to the one for resistive-MHD. Figure 3.5(b) shows a
sketch of the magnetic profiles for both conditions in the stationary frame of reference.
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In the ideal-MHD condition, the total flux from x = 0 to ∞ is:
ˆ

∞

B0 dx

Φideal = Bideal xs +
xs

where Bideal = B0 ρpost /ρpre is the compressed field in ideal-MHD and xs is the position
of the shock front. In the resistive-MHD condition, the magnetic field profile and the
flux of the center-reflected field are:


 B = BH

x ≤ xs
h



i

 B = (BH − B0 ) exp − |u1 | (x − xs ) − 1 + BH
Dη

Φres

Dη
= BH xs + (BH − B0 )
+
|u1 |

ˆ

x ≥ xs

∞

B0 dx

(3.26)

xs

where u1 is the flow speed in the pre-shock region in the frame of the shock front.
Note that there is no flux sink or source. Although the flux diffuses in resistive-MHD,
the total flux from 0 to ∞ in ideal-MHD and resistive-MHD are the same. Thus, BH
is determined by the following equation.
1+
BH = Bideal

1

ρpre Dη
ρpost |u1 |xs
η
+ |uD1 |x
s

(3.27)

In ideal-MHD where η = 0, BH = Bideal . For η → ∞, BH = B0 shows that
no compression occurs in the highly diffusive case. On the other hand, as the shock
propagates, i.e., xs becomes larger, BH tends asymptotically to Bideal . One can
estimate when the steady solution will be valid from the assumption |∂B/∂t| <<
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|u1,2 ∂B/∂t|. For x ≥ xs , a straightforward derivation gives the criterion:
Dη
tcr >>
2 |u1 | Us

s

!
4Us
1+
−1
|u1 |

(3.28)

where vs = xs /t is the shock speed. For x ≤ xs , a criterion for steady solutions can
be obtained by setting 1 >> Dη / (|u1 | xs ) in Eq. (3.27). It gives a more restrictive
criterion for a steady state solution:

tcr >>

Dη
|u1 | Us

or

xs cr >>

Dη
.
|u1 |

(3.29)

Shown in Fig. 3.6 are the analytic solution and the simulation (will be given in
section 3.4) result as the center-reflected shock propagates. The blue curves are the
analytic solutions while the red curves are the simulation results. In the post-shock
region, the curvature in the simulation came from the numerical error when the shock
hits the rigid wall at x = 0. The numerical error was originates from the inaccuracy
introduced by the artificial viscosity [57–60] at the time of shock reflection from the rigid
wall. The error at the center diffuses outwards due to the finite resistivity. However,
it is only a minor effect and does not significantly change the compressibility of the
flux. The criterion for the validity of the steady state solution in the simulation is
tcr >> 30 ns. The analytic solution doesn’t accurately reproduce the simulation
result for t < tcr . After t > tcr , the steady state approximations is valid and the
simulation and the steady state solution agree.
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Figure 3.6: Comparison of the center-reflected shock of the field between the analytic solutions (blue curves) withpthe simulations (red dots) in section 3.4. In this
particular simulation, δ ≡ Dη / (v0 l0 ) is 0.3.

3.3.3

Magnetic field at the interface between the gas and the
shell

When the shock propagates outwards and reaches the density jump at the interface
between the gas and the shell, a reflected shock (Sr ) and a transmitted shock (St ) into
the shell is launched (see section 3.2). The magnetic field in the gas is compressed by
the reflected shock. The magnetic field at the reflected shock front can be calculated
using the steady state solution given in subsection 3.3.2. The magnetic field profile
at the interface between the gas and the shell is considered here. Equation (3.1) is
simplified to a pure diffusion equation when rewritten in the frame of the fluid because
the flow speed is uniform across the interface between the gas and the shell.
∂B
∂ 2B
= Dη 2
∂t
∂x

(3.30)
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In ideal-MHD (η = 0), no diffusion occurs. The field is compressed by the same
amount as the density is compressed by the reflected shock. However, for η 6= 0,
the field is initially compressed as in the ideal-MHD and diffuses into the shell. As
long as the field diffusion speed is smaller than the reflected shock speed, i.e., η is
small, the diffusion at the interface between the gas and the shell does not influence
the reflected shock front. Equation (3.30) can be solved with the following boundary
conditions and the initially jump condition (see Fig. 3.7).

region of interest :

x ∈ {−∞, 0}
BH = Bpre

ρpost
ρpre

I.C. :

B (x, t = 0) = BH

B.C. :

B (x → −∞, t) = BH

B (x = 0, t = 0) = B0
B (x = 0, t) = B0

where Bpre is the uncompressed field in the pre-shock region of the reflected shock, ρpre

Figure 3.7: Sketch of magnetic field profile at the interface between the gas and the shell.
The dashed line is in the ideal-MHD condition while the solid line is in the
resistive-MHD condition.

and ρpost are the density of the pre-shock and post-shock region of the reflected-shock.
BH is the compressed field in the post-shock region in the ideal-MHD condition. The
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solution to Eq. (3.30) is

B (x, t) = (BH − B0 ) Erf

−x
p
4Dη t

!
+ B0 .

(3.31)

Good agreement between Eq. (3.31) and the simulation results (will be given in
section 3.4) is shown in Fig. 3.8.
Substituting Eq. (3.31) into Eq. (3.3) yields the flux as a function of time,
r
Φ = Φ0 − (BH − B0 )

Dη t
.
2π

(3.32)
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Figure 3.8: Plots of the magnetic field profiles on the frame of the interface between the gas
and the shell. The red curves are the analytic
solutions while the black dots
p
are the simulations in section 3.4. δ ≡ Dη / (v0 l0 ) in this simulation is 0.04.
Note that t = 0 is the time when the center-reflected shock reaches the interface
between the gas and the shell.

As shown in Eq. (3.32), the flux diffusion depends on the time t, the return shock
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strength (BH − B0 ), and the resistivity η. If one can lower those quantities, flux
conservation is improved.
In summary, as the center-reflected shock propagates outward, the field in the
post-shock region is uniformly compressed and the compressed field diffuses into the
pre-shock region with a fixed scale length. When the shock reaches the interface
between the gas and the shell, a reflected shock is launched into the gas. The field
is compressed again in the post-shock region of the reflected shock. Similar to the
center-reflected shock, the field diffuses into the pre-shock region but with a different
scale length due to the different flow speed. At the same time, the flux diffuses into
the shell. The field in the shell, on the other hand, remains at the same value as
the field outside the shell. When the reflected shock reaches the center, a new center
reflected shock forms and the shock goes through the same process. Therefore, as
shocks bounce back and forth between the gas and the shell, the field keeps being
compressed till the shell is stopped by the gas pressure.

3.4

Simulations of one-dimensional piston-like problem

In the previous section, the process of field compression and diffusion were described
under the assumption that the field diffusion was insufficient to significantly change
the shock dynamics, i.e., low resistivity condition. Even though the low diffusion
condition is the one we are interested in, it is important to find a bound on the
resistivity to provide good flux conservation. Taking the extreme case η → ∞ as an
example, there will not be compression of the field in the post-shock region as shown
in subsection 3.3.2. Although a clear shock front appears in the density profile, the

3.4. SIMULATIONS OF ONE-DIMENSIONAL PISTON-LIKE PROBLEM

65

field diffuses very fast so that the field is not compressed.
A set of simulations for different initial resistivities were carried out to find a
criterion for flux conservation. In ICF experiments, the Spitzer resistivity [23] η ∝
Z ln Λ T −3/2 is a weak function of the density but a strong function of the temperature. In contrast to the previous section where the resistivity η was held constant in
both time and space, the resistivity η (and the diffusion coefficient Dη ) in this set of
simulations were set to be a function of the average temperature in the gas region.

Dη = Dη,0

T
T0

−3/2
(3.33)

where Dη,0 and T 0 are the initial diffusion coefficient and the initial average temperature in the gas region; T is the average temperature in the gas. By varying the initial
resistivity Dη,0 , one can determine how the resistivity changes the flux conservation.
Also, from Eq. (3.32), flux conservation not only depends on the resistivity but also
on the compression time. The latter depends on the implosion speed and the size
of the target. In simulations, we seek a single parameter that includes the effects of
finite resistivity, implosion speed and target size. Therefore, we rewrite Eq. (3.7) in
a dimensionless form using the initial conditions of the target.
mgas − m
where mgas = ρgas l0
mgas
1
l0
τ̂ ≡ t where τ0 ≡
τ0
v0
ξ≡

Bz ≡ B0 B̂

,

ρ ≡ ρgas ρ̂


Dη ≡ Dη,0 D̂η

where D̂η =

T
T0

−3/2
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In this new coordinate system, Eq. (3.7) becomes,
d
dτ̂

B̂
ρ̂

!

∂
= δ2
∂ξ

∂ B̂
ρ̂D̂η
∂ξ

!
(3.34)

where δ 2 ≡ Dη,0 / (v0 l0 ) is the only parameter that varies in different simulations. The
magnetic Reynolds number Rm can also be written in terms of δ.

Rm =

v
Dη,0 ∇B
B

=

v0
−2
1 = δ
l
0 0 l0

δ2v

(3.35)

The parameter Dη,0 = v0 l0 δ 2 varied with the parameter δ in different simulations while all other initial quantities were kept constant. The initial conditions
were: ρgas = 3.34 mg/cc (ne = 1027 m−3 ), ρshell = 3.34 g/cc (ne = 1030 m−3 ),
Pgas = Pshell = 80 Bar, Tgas = 2.5 × 10−2 eV, Tshell = 2.5 × 10−5 eV, v0 =
−2 × 10−5 cm/sec (M ≈ 1), B0 = 1.42 T (β = 10). Note that the temperature
was different in the gas and in the shell to keep the initial pressure uniform throughout the entire spatial domain. The initial β was set to 10 to keep the magnetic
pressure lower than the hydrodynamic pressure.
Figure 3.9 shows the shock propagation during the implosion for δ = 0.1 (Rm =
100). Figure 3.9(a) is the profile of the center-reflected shock. The arrow (I) is the
shock front of the density while arrow (II) is the shock front of the magnetic field. As
discussed in subsection 3.3.2, the field diffuses into the pre-shock region and remains
constant in the post-shock region. Figure 3.9(b) is the profile of the reflected and the
transmitted shock at the interface between the gas and the shell, which is the dashed
line in the plot. Arrow (I) is the reflected shock and arrow (II) is the transmitted
shock of the density. As discussed in subsection 3.3.1, the field in the shell is constant,
equal to the field outside the shell. Arrow (III) is the reflected shock front of the field.
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Figure 3.9: Simulation results of δ = 0.1 for the one-dimensional piston-like problem. (a)
Profiles of center-reflected shock. Arrow (I) is the shock front of the density
while arrow (II) is the shock front of the field. (b) Profiles of the reflected and
transmitted shock generated on the interface between the gas and the shell.
Arrow (I) and (II) are the reflected and the transmitted shock front of the
density. Arrow (III) is the reflected shock front of the magnetic field. Arrow
(IV) is the diffusion of the field at the interface between the gas and the shell.

It behaves similar to arrow (II) in Fig. 3.9(a) but with a different scale length since
the flow speed and the resistivity are different. Arrow (IV) indicates the flux leaking
through the boundary between the gas and the shell. The scale length identified by the
p
arrow (IV) is 4Dη t as given in subsection 3.3.3. Later in time, the field diffuses into
the shell causing flux leakage out of the gas. The difference in scale length between
arrow (III) and arrow (IV) in Fig. 3.9(b) clearly shows that the discontinuity in flow
speed suppresses the diffusion of the magnetic field across the shock front.

3.5

Flux conservation requirement

To compare the theory with the experiments, which consist of either cylindrical or
spherical implosions, the one dimensional planar code was extended to cylindrical and
~ = ẑBz , ~v = r̂v, ∂/∂θ=∂/∂z=0. The
spherical geometry. In 1-D cylindrical targets, B
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induction equation for a cylindrical target has the following form:
d
dt



Bz
ρ



1 ∂
=
ρ r∂r



∂Bz
rDη
∂r


.

(3.36)

In spherical targets, the induction equation needs to be treated differently because
the field not only depends on the radius r̂, but also on the polar angle θ̂. Only the
magnetic field in the equatorial plane is considered here. The radial component of the
field on the equatorial plane is zero due to spherical symmetry so that the field lines are
closed to vertical straight lines. Therefore, the induction equation on the equatorial
plane can be solved using cylindrical coordinates. The field on the equatorial plane
is in ẑ direction. Thus, one can take the ẑ component of the induction equation in
cylindrical coordinates and find
∂Bz
1 ∂
1 ∂
=−
(rvBz ) +
∂t
r ∂r
r ∂r



∂Bz
rDη
.
∂r

(3.37)

The equation is identical to the induction equation in cylindrical geometry. This
implies that although the hydrodynamic variables are compressed spherically, the
field on the equatorial plane is compressed and diffuses cylindrically. More detail is
given in subsection 4.2.2. In ideal-MHD (η = 0), one can take the surface integral
´
rdr of Eq. (3.37) leading to
d
dΦ
=
dt
dt

ˆ
Bz rdr = 0 .

(3.38)

Equation (3.38) shows that the flux on the equatorial plane is conserved and the
average magnetic field B z ∝ r−2 while the density is ∝ r−3 . Figure 3.10 shows the
propagation of the center-reflected shock in cylindrical targets and spherical targets.
In the pre-shock region, the density is not a constant because of the convergent
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geometry. The field profile becomes more complicated because it is compressed by
both the shock and by the convergence effects. Nevertheless, the field diffuses into
the pre-shock region as the shock propagates similarly to the dynamics described in
section 3.4 for the planar geometry case.
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Figure 3.10: Simulation results of the center-reflected shock with δ = 0.1 for (a) the cylindrical and (b) the spherical targets. Arrow (I) is the shock front of the density
while arrow (II) is the shock front of the field.

The simulation results concerning the flux conservation for planar, cylindrical, and
spherical targets with different initial Rm are shown in Fig. 3.11(a). The blue solid
line, red dashed line, and the green dotted line are the results for planar, cylindrical,
and spherical targets, respectively. To conserve more than half of the initial flux, the
initial magnetic Reynolds number Rm needs to be greater than 26, 17, and 5 for the
planar, cylindrical and spherical targets, respectively. Comparison between different
geometries shows that spherical targets conserved the most flux while the planar
target loses the most. This is because the diffusion coefficient is a strong function
of the temperature. In an adiabatic compression where T V (γ−1) = constant, if the
volume is compressed more, the temperature is higher and the diffusion coefficient is
smaller. Since the volume V ∼ l−α , where α are 1, 2, and 3 for the planar, cylindrical
and spherical targets, the temperature in the spherical target increases the most. As
a result, the spherical compression conserves the most flux.
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Figure 3.11: (a) Simulation results of the flux in the gas at stagnation. Blue solid lines
are the flux for the planar target. Red dashed lines are for the cylindrical
target. Green dotted lines are for the spherical target. Black dot is the flux
of cylindrical target in LILAC simulation. Black square is the flux of spherical
target in LILAC simulation.

In Fig. 3.11(a), the dot and the square in the plot are full LILAC simulations for
cylindrical and spherical targets. The initial diffusion coefficient Dη,0 and the initial
gas thickness l0 are the numbers when the shock reaches the center. The implosion
speed u0 is the peak implosion velocity. The simulation conditions for spherical targets
were given in section 3.2. For cylindrical compression, the target was a plastic capsule
filled with 10 atm D2 gas and embedded with 9 T seed magnetic field. The outer
radius was 430 µm. The thickness was 20 µm and the capsule is coated with 2 µm
Al. 40 OMEGA beams were assumed to illuminate the capsule uniformly in a region
of 1 cm long delivering 18 kJ in a 1 ns square pulse. The LILAC simulation results
show that the targets conserve less flux at stagnation than the simple one-dimensional
model. The discrepancy between LILAC and the simple model could be due to the
inaccuracy in defining the initial quantities u0 , l0 , and Dη,0 in LILAC. Also, the energy
losses due to radiation and the heat conductivity included in the LILAC simulations
lead to lower temperatures than in the case of adiabatic compression. Therefore, a
lower flux than an adiabatic compression should be expected.

4
MHD simulations of magnetic field compression
in imploding targets

In chapter 3, a simple model of field compression in an imploding target was described. The magnetic field in the gas region of the target is compressed by a shock
bouncing between the target center and the imploding shell. Realistic target compression involves far more complicated physics, such as laser absorption due to inverse
bremsstrahlung [44] , mass ablation, electronic heat transfer, radiation transport, energy deposition from nuclear fusion reactions, etc. We use the hydro code LILAC [39;40]
described in section 2.3.1 to simulate realistic target implosions including all the relevant physics. To simulate the magnetic field compression, we will use the magnetohydrodynamics (MHD) description. Subroutines that solve the MHD equations were
added to LILAC. In section 4.1 and section 4.2, details of the MHD subroutines and
simulation results are provided for cylindrical and spherical implosions, respectively.
A summary of the simulations is given in the last section.
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Cylindrical Targets

In cylindrical targets, the field compression is approximately one-dimensional. Therefore, cylindrical implosions represent the easiest path for a proof-of-principle demonstration of field compression. The cylindrical targets used in the experiments described in chapter 5 and simulated in this section are cylindrical plastic (CH) shells.
The outer radius and the thickness are 430 µm and 20 µm, respectively. A 0.1 µm Al
layer is coated on the shell outer surface. The shell is filled with 6 atm D2 gas. Forty
OMEGA beams uniformly illuminated the capsule over a length of 1 mm delivering
18 kJ of energy using a 1 ns square pulse. The pulse shape and the target initial
conditions are shown in Fig. 4.1. A 56 kG seed magnetic field is embedded along the

Figure 4.1: The red line in the plot is the pulse shape and the target initial conditions in
cylindrical implosion experiments are shown on the right side.

target axis (ẑ direction). If the edge effects are neglected, the cylindrical compression is one-dimensional and can be simulated with a 1-D hydro code. As described
in subsection 1.2.1, the heat conductivity is reduced in the direction perpendicular


to the field lines, which is any directions on the R̂, θ̂ plane. Therefore, the heat
conduction can be fully suppressed by a strong magnetic field because the temperature gradient is only in the R̂ direction. The temperature and the neutron yield can
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increase significantly if the seed field is compressed.
The simulation of field compression is done by implementing subroutines that
calculate the induction equation (Eq. (1.10)) and the Nernst effect [61] which will be
introduced later. The modified code is called LILAC-MHD. In each time step, LILAC
calculates the evolution of the hydrodynamic quantities. The additional subroutines
calculate the new magnetic field after that time step. The feedback of the magnetic
fields to the hydro quantities occurs through the magnetic pressure, Ohmic heating
and the reduction of the heat conductivity according to Braginskii’s formula [4] (Eqs.
(1.7)-(1.9)) given in subsection 1.2.1.

4.1.1

LILAC-MHD

The momentum and the energy equations solved in LILAC are shown in Eq. (2.78)(2.80). Magnetic fields are included through the magnetic field pressure and energy,
the joule heating and the perpendicular Spitzer conductivity,

ˆ
ˆ 
B2
∂
~
ρ~v dV = −
P+
dA
(4.1)
∂t V
2µ
0
A
ˆ
ˆ
ˆ
ˆ
ˆ
∂
~
~
ρe ee dV = − Pe~v · dA −
κe (B) ∇Te · dA +
ρe Ėe dV +
ηj 2 dV (4.2)
∂t V
V
ˆ
ˆA
ˆA
ˆV
∂
~−
~+
ρi ei dV = − Pi~v · dA
κi (B) ∇Ti · dA
ρi Ėi dV
(4.3)
∂t V
A
A
V
where B 2 / (2µ0 ) is the magnetic pressure and ηj 2 is the Ohmic heating. The heat
conductivities κe (B) and κi (B) are calculated using Braginskii’s formula (Eq. (1.7)
and (1.9)). Notice that the heat flux is in the R̂ direction, i.e., ∇T = ∇⊥ T . Only
κ⊥ is used and the heat conduction can be fully suppressed when the magnetic field
is strong enough. To calculate the magnetic field evolution, a subroutine solving the
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following induction equation (Eq. (1.10)) is added into LILAC,
∂B
1 ∂
1 ∂
=−
(rvB) +
∂t
r ∂r
r ∂r



∂B
rDη
.
∂r

(4.4)

The solvers for the induction equation and the Nernst effect are provided in the
next sections. In the Lagrangian grid, the magnetic field Bjn is a cell-centered variable
(see Fig. 2.6).

4.1.1.1

Induction equation

In Eq. (4.4), the first term on the right-hand-side represents the field convection while
the second represents the field diffusion. The Operator Splitting method [62] was used
to solve the induction equation. The magnetic field at the intermediate time step Bj0
was first calculated using the convection term only from the field at the old time step
Bjn . The second step was used to calculate the magnetic field at the new time step
Bjn+1 from Bj0 using the diffusion term only. Therefore, the solvers for convection and
diffusion are described separately.

Convection term
∂B
1 ∂
=−
(rvB)
∂t
r ∂r
Taking the surface integral

´

(4.5)

rdr of the equation using Leibniz integral rule leads to
d
dt

ˆ
Brdr = 0 .

(4.6)

The equation shows that if there is no diffusion, i.e., in the ideal MHD condition,
the flux is conserved and the magnetic field at the intermediate time step Bj0 can be
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written as:
B 0j

=

Bjn

2
2
n
rj+1
− rnj

2 .
n+1 2
rj+1
− rn+1
j

(4.7)

Diffusion term The diffusion step requires the solutions of the following equation.
1 ∂
∂B
=
∂t
r ∂r



∂B
rDη
∂r

(4.8)

For numerical stability, an implicit method is required. The finite difference equation
using Crank-Nicholson method [62] is written as:

Ai,j × Bjn+1 = Rj

(4.9)

where Ai,j is a tridiagonal matrix. The nonzero elements of the matrix are:
∆t
Dη,j−1 + Dη,j
rj
2
− rj rj+1 − rj−1


Dη,j + Dη,j+1
∆t
Dη,j−1 + Dη,j
rj +
rj+1
=1+ 2
rj+1 − rj2
rj+1 − rj−1
rj+2 − rj
∆t
Dη,j + Dη,j+1
=− 2
rj+1
2
rj+1 − rj rj+2 − rj

Aj−1,j = −
Aj,j
Aj+1,j

2
rj+1

0
0
Rj = −Bj−1
× Aj−1,j − Bj+1
× Aj+1,j + Bj0 × (2 − Aj,j ) .

(4.10)
(4.11)
(4.12)
(4.13)

Notice that rj and Dη,j are the quantities at the new time step (n + 1). Equation
(4.9) is solved using the LU decomposition method [62] .

Boundary conditions At the origin, the magnetic gradient ∂B/∂r = 0 due to the
symmetry. In addition, the dummy cell (j = 1) shown in Fig. 2.6 has the following
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properties.

´ r3

Computing the integral

r2 =0

r1 = −r3

(4.14)

r2 = 0

(4.15)

B1 = B2

(4.16)

rdr of Eq. (4.8) leads to the boundary condition at the

origin.


1 2 B20 − B2
∂B
∂B
Dη,2 + Dη,3 2 (B3 − B2 )
= r3
r3
= rDη
− rDη
2
∆t
∂r r3
∂r r2 =0
2
r4 − r2




r3 r4
r3 r4
⇒
+ 1 B20 − B30 =
− 1 B3 + B3
(Dη,2 + Dη,3 ) ∆t
(Dη,2 + Dη,3 ) ∆t

(4.17)
(4.18)

At the outer boundary, the field on the boundary is set equal to the seed field
provided by the coil, i.e.,
Bjmax = Bseed .
4.1.1.2

(4.19)

Feedback

The magnetic fields influence the implosion dynamics through the magnetic pressure,
Ohmic heating and most importantly through the reduction of heat conduction [4] ,
as given in subsection 1.2.1. The magnetic pressure enters the momentum equation
~ force
through the ~j × B

ρ

∂~v
~ =0.
+ ρ (~v · ∇) ~v + ∇P − ~j × B
∂t

(4.20)
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~ term can be written using the vector identity as follows
The ~j × B
 2



B
1 ~
1
~
~
~ =
~ .
~j × B
∇ × B × B = −∇
+
B·∇ B
µ0
2µ0
µ0

(4.21)

The first term is the gradient of the magnetic pressure PB ≡ B 2 / (2µ0 ). The second
term represents the line bending and vanishes for cylindrically symmetric targets since
~ = Bz ẑ and ∂z B
~ = 0. Therefore, the momentum equation is modified by adding
B
the magnetic pressure

ρ

∂~v
+ ρ (~v · ∇) ~v + ∇ (P + PB ) = 0
∂t
Bj2
where
PB,j =
.
2µ0

(4.22)

Ohmic heating comes from the resistive dissipation of the current shown in Eq.
(4.2). The current density is calculated using Ampere’s law.

⇒

4.1.1.3

~ = − 1 ∂Bz ẑ
~j = 1 ∇ × B
µ0
µ0 ∂r
1 Bj+1 − Bj−1
jj = −
µ0 2 (rj+1 − rj )

(4.23)

Nernst Effect

The Nernst effect describes the field convection driven by the heat carrying electrons.
It originates from the thermal force RT in the electron momentum equation (in CGS
unit).


∂~ve
1
~ + ~ve × B
~ − ∇pe − ∇P + R
~T + R
~ u (4.24)
+ me ne (~ve · ∇) ~ve = −ene E
me ne
∂t
c
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where ne , me , ~ve , pe , P are the number density, mass, velocity, pressure, pressure
~ and B
~ are the electric and the magnetic field. R
~ T and R
~u
tensor, of the electrons. E
introduced in subsection 1.2.1 are the thermal force and the friction force. Substitut~ from Eq. (4.24) into Faraday’s law, ∂ B/∂t
~
~ leads to
ing E
= −c∇ × E





 c
~
∂B
∇p
∇P
e
~ +
= ∇ × ~ve × B
∇×
+∇×
∂t
e
ne
ne
!
#
~
~
∂~ve
RT + Ru
+ me ∇ ×
.
−∇ ×
ne
∂t

(4.25)

Let ~ve = ~vi − (~vi − ~ve ) where ~vi is the velocity of ions and use the definition of current
density ~j = ne e (~vi − ~ve ), ~ve can be expressed as:

~ve = ~vi − (~vi − ~ve ) = ~vi −

~j
c
~ .
= ~vi −
∇×B
ne e
4πne e

(4.26)

Therefore, the general induction equation becomes:





 c
~
∂B
∇p
∇P
e
~ +
= ∇ × ~vi × B
∇×
+∇×
∂t
e
ne
ne




!
~ ×B
~
∇×B
~
~
 − ∇ × RT + Ru + me ∇ × ∂~ve  .
−∇ × 
4πne
ne
∂t

(4.27)

~ u in the fifth term is
The first term on the right-hand-side is the convection term. R
~ u ∝ (~ve − ~vi ) and (~ve − ~vi ) = −~j/ (ne e) =
the “so-called” diffusion. This is because R
~ (4πne e). The induction equation (Eq. (4.4)) in the previous subsection is
−c∇ × B/
obtained by combining these two terms with the left-hand-side of Eq. (4.27). The
second term is the thermoelectric field source term from the perpendicular component
of ∇ne and ∇Te . The third term is the source term from the pressure tensor. The
~ force. The second, third, and forth term are
fourth term comes from the ~j × B
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zero in cylindrical compression. Combining the last term with the left-hand-side


~
of the equation leads to ∂t B − me c∇ × ~ve /e representing the conservation of the
~ T in
generalized vorticity. The latter vanishes in cylindrical compression. Writing R
the fifth term explicitly and using χ = ωe τe = eB/ (me c) τe yields the following form
of Eq. (4.27),
~
 c
c
∂B
= ∇ × β0 ∇k Te + ∇ ×
∂t
e
e


β10 χ2 + β00
∇⊥ Te
∆


τe (β100 χ2 + β000 ) ~
+∇×
B × ∇Te .
me
∆


(4.28)

In cylindrical compression, the magnetic field is in the ẑ direction and the quantities are uniform in the ẑ direction due to the axial symmetry, i.e., ∂z = 0. A scalar
equation for magnetic field in the ẑ direction can be obtained from the z-component
of Eq. (4.28):
c
∂B
= ∇×
∂t
e



β10 χ2 + β00
∇Te
∆





τe (β100 χ2 + β000 )
∇Te .
· ẑ + ∇ · B
me
∆

(4.29)

The first term in Eq. (4.29) is the pinching effect of the magnetic field if the
temperature gradient depends on r and θ. Since all the variables depend only on r
in cylindrical compression, the first term vanishes and only the second term, which is
called the Nernst term, needs to be retained.


1 ∂
τe (β100 χ2 + β000 )
∂B
=
rB
∇Te
∂t
r ∂r
me
∆

(4.30)

Comparing Eq. (4.30) to Eq. (4.5), the Nernst velocity defined below acts like a fluid
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Figure 4.2: (a) The Nernst velocity and (b) The ratio of the Nernst velocity to the thermal
propagation velocity as functions of Hall parameter χ and the ion charge state
Z.

velocity in the convection term.
τe (β100 χ2 + β000 )
vn ≡ −
∇Te .
me
∆

(4.31)

The Nernst velocity is proportional to the electron temperature gradient ∇Te , the
electron collisional time τe , which is proportional to T 3/2 n−1 Z −1 , and a function of
the Hall parameter χ. As shown in Fig. 4.2(a) and Eq. (4.31), the Nernst velocity
is proportional to B −2 for large magnetic fields showing that the Nernst velocity is
reduced when the magnetic field is large. In other words, the Nernst effect at a fixed
position becomes more important as the field is convected away and becomes smaller.
Shown in Fig. 4.2(b) is the comparison of the Nernst velocity to the thermal
propagation velocity, vw = (γ − 1) qe / (ne Te ) where qe = −κ⊥ ∇Te is the electron heat
flux. One can find that they are nearly proportional to each other for large magnetic
field,
vn
1 (β100 χ2 + β000 )
∼ 0.4 .
=
vw
(γ − 1) (γ10 χ2 + γ00 )

(4.32)

The Nernst effect is important when the thermal propagation velocity is comparable or even greater than the fluid velocity. In an imploding target, the Nernst velocity
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is in the opposite direction to the fluid velocity between the critical surface and the
ablation front. It prevents the field being convected outward by the ablated fluid.
On the other hand, during the shock propagation, −∇Te is in the direction toward
the pre-shock region and provides field compression in that region. More details in
simulation results are given in the next subsection.

Figure 4.3: Schematics of the Nernst effect using electron motions.

The physics of the Nernst effect can be illustrated using Fig. 4.3. First consider
the case when the field is uniform in the ẑ direction and there is no temperature
gradient. The electrons gyrate around the field lines. If two electrons meet at x0 ,
there is no net current in the ŷ direction because the energies of the two electrons are
the same but they move in the counter direction. However, if there is a temperature
gradient in the +x̂ direction, the electron from the right hand side comes from a hotter
region and has a higher velocity than the one from the left hand side. Therefore, there
is a net current in the +ŷ direction if they meet at x0 . From Ampere’s law, there is
a magnetic field gradient in −x̂ direction. As a result, the field is convected toward
the direction of the heat flux (−∇T ).
Although the Nernst velocity acts like the fluid velocity, implementing the Nernst
term into LILAC simulations is different from implementing the convection term since
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the Nernst velocity convects only the field but not the density. It needs to be solved
separately to the hydro quantities. Also, the Nernst velocity may be greater than the
fluid velocity causing the violation of the Courant condition, which is |v| ∆t/∆x ≤
1 [62] . To resolve this problem, the time step ∆t is divided into smaller time steps
δt and the Nernst term is advanced ∆t/δt times. The Nernst effect is included only
after 0.1 ns. This is because the material is not critically ionized and a 0.1 ns delay
was used to prevent numerical instabilities.
The Nernst term in cylindrical coordinates is rewritten as a combination of two
terms:
1 ∂
∂
vn B
∂B
=−
(rvn B) = − (vn B) −
.
∂t
r ∂r
∂r
r

(4.33)

Notice that r and vn are quantities calculated at the new time step (n + 1). The
Operator splitting method was used to solve the equation in two steps. In the first
step, Eq. (4.33) is solved by retaining only the first term through a second order
upwind difference scheme (also called donor cell scheme [59] ),

2δt
n
n
BRn vn,R
− BLn vn,L
rj+1 − rj−1

1 n
n
where vn,R
=
vj+1 + vjn
2

1
n
n
vn,L
=
vjn + vj−1
2

 B n vn > 0
j
n,R
n
BR =

n
n
 Bj+1
vn,R
<0


n
 Bn
j−1 vn,L > 0
n
BL =
.

n
 Bjn vn,L
<0
Bj0 = Bjn −

(4.34)
(4.35)
(4.36)
(4.37)

(4.38)

In the second step, the results are calculated analytically to include the second term

4.1. CYLINDRICAL TARGETS

83

on the right-hand-side of Eq. (4.33)

Bjn+1



2vn,j
exp −
δt
rj + rj+1

0.5

HaL
330.

HIL

HIIL HIIIL

Te HkeVL

440.

B HkGL

.

(4.39)
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Figure 4.4: Plots during the implosion at 1.8 ns for (a) magnetic field, (b) electron temperature (blue solid line) and mass density (red dashed line), (c) fluid velocity v
(red dashed line) and Nernst velocity vn (blue solid line), (d) ratio between the
hydro pressure and the magnetic pressure β. In plot (a) and (d), blue solid lines
are the profiles including the Nernst effect while the red dashed lines do not.
The black vertical lines are the interface between the gas and the shell. Four
regions in the plots are: (I) pre-shock region, (II) post-shock region, (III) shell,
and (IV) corona.

Figure 4.4-4.6 compare the simulation results of magnetic field compression in a
cylindrical target with and without the Nernst effect. Figure 4.4 and 4.5 are the plots
at 1.8 ns and at stagnation, respectively. Figure 4.6 shows the flux, the shell position
and the average field as functions of time.
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In Fig. 4.4, the shock generated by the laser at the outer surface of the target
has broken out off the shell and propagates in the gas region at this time. There
are negligible differences between the case with and without the Nernst effect in the
profiles of electron temperature and the mass density at this time. A clear shock front
is shown at ∼ 130 µm.
First, consider the case without the Nernst effect. From the previous chapter, the
field is not compressed by the cold shell (region (III) in the plots). Only the residual
field close to the initial seed field remains in the shell. On the other hand, the shock
that breaks out off the shell ionizes the gas. The magnetic field is partially frozen in
the hot ionized gas (red dashed line in Fig. 4.4(a)). Therefore, the magnetic field is
compressed in the post-shock region (region (II) in the plots) and gradually decreases
toward the shell due to the diffusion in the ionized gas. In the pre-shock region (region
(I) in the plots), the field diffuses with a fixed scale length as described in subsection
3.3.2.
Now consider the case including the Nernst effect. Figure 4.4(c) shows that the
Nernst speed is comparable or even larger than the fluid speed when there is a large
temperature gradient. Across the shock front at ∼ 130 µm, the Nernst velocity is
in the same direction as the fluid velocity and helps convecting the field into the
pre-shock region. On the other hand, the Nernst velocity is in the opposite direction
to the fluid velocity behind the shock-front and convects the field into the shell.
Therefore, the magnetic field which is originally frozen in the post-shock region (the
red dashed line in region (II) in Fig. 4.4(a)) is pushed away from that region, either
into the pre-shock region or into the shell. Therefore, fields in the pre-shock region
and the shell are higher than the case without the Nernst effect. In contrast, almost
no field remains in the post-shock region. This is also shown in the plot for the
ratio β between the plasma pressure and the magnetic pressure (Fig. 4.4(d)). In the
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post-shock region, β is much greater in the case with the Nernst effect meaning that
not much field is left in this region. On the other hand, β in the pre-shock region
and in the shell is lower in the case with than the case without the Nernst effect
meaning that the field is accumulated in these two regions due to the Nernst effect.
Moreover, the Nernst velocity in the corona (region (IV) in the plots) pushes the field
towards the dense shell preventing the flux leaking through the corona. However, the
field is low in that region and the effect on compressing the field in the gas region is
negligible.
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Figure 4.5: Plots during the implosion at stagnation (2.9 ns) for (a) magnetic field, (b)
electron temperature (blue solid line) and mass density (red dashed line), (c)
fluid velocity v (red dashed line) and Nernst velocity vn (blue solid line), (d)
ratio between the hydro pressure and the magnetic pressure β. In plot (a) and
(d), blue solid lines are the profiles including the Nernst effect while the red
dashed lines do not. The black vertical lines are the interface between the gas
and the shell. The gray area is where the shell is.

Figure 4.5 shows the plots at the time of stagnation (2.9 ns). For the magnetic
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field profiles in the case without the Nernst effect (red dashed line in Fig. 4.5(a)),
the magnetic field peaks at the center and decreases towards the shell due to resistive
diffusion. The resistivity is large in the cold shell and only a small residual field is left
in the shell. In the hot spot, the temperature peaks at the center while the density
drops to keep the pressure P ≈ nT uniform. With the Nernst effect, the magnetic
field also peaks at the center (blue solid line in Fig. 4.5(a)). The field is higher but
occupies a smaller region at the center with respect to the case without the Nernst
effect. This is the result of the enhanced convection at the shock front during the
implosion as discussed in the previous paragraph. The Nernst velocity in the high
magnetic field region is small and directed inward. The magnitude is small because
the field is large so that the Nernst velocity is suppressed by the field according to
Eq. (4.31). The ∇T > 0 in this region indicates that the Nernst velocity is negative.
On the other hand, as shown in Fig. 4.5(c), there is a large positive Nernst velocity
at the interface between the gas and the shell. This leads to field convection towards
the shell producing a higher field in the shell than without Nernst effect. As a result,
there is a high field region near the center and more field in the shell, but less field
between. Notice that β is less than unity in the high magnetic field region meaning
that the magnetic field pressure is not negligible. The kinetic energy of the imploding
shell is not only transferred to the plasma internal energy of the hot spot but also
to the magnetic field energy. As a result, the electron temperature and the density
decrease in this region.
Figure 4.6 shows the flux in the gas region (red dashed lines), the shell position
(green dash-dotted lines) and the average field in the gas region (blue solid lines) as
functions of time. At early times, the flux in the gas in the case without the Nernst
effect (Fig. 4.6(b)) decreases immediately because the flux first diffuses to the shell
and then is convected through the corona. However, if the Nernst effect is included,
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Figure 4.6: (a) and (b) are the plots for the case with and without the Nernst effect, respectively. The flux in the gas region (red dashed lines), the shell position (green
dash-dotted lines) and the average field in the gas region (blue solid lines) as
functions of time are shown in both plots.

the flux does not leak through the corona due to the negative Nernst velocity shown in
Fig. 4.4(c). Therefore, the flux is conserved in the early time as shown in Fig. 4.6(a).
The flux even increases because the field is convected towards the gas region due to
the negative Nernst velocity across the imploding shock front. After the shock breaks
out off the shell, the flux is convected toward the cold shell because of the Nernst
effect. As a result, the final flux at peak compression in the gas region including the
Nernst effect is less than the case without the Nernst effect. Although the Nernst
effect redistributes the magnetic field profile leading to a higher peak field at the
center, the flux as well as the average magnetic field including the Nernst effect is 5%
lower than the case without the Nernst effect. Therefore, the average magnetic field
in the gas is compressed to ∼ 28 MG in both cases.
Shown in Fig. 4.7 are the ion temperature profiles of the case without magnetic
field (green dash-dotted lines), with the field but without the Nernst effect (blue
dashed lines), and with both the field and the Nernst effect at stagnation (red solid
lines). The ion temperature increase significantly with the field. It is due to the fact
that the heat conduction is suppressed by the magnetic field. The comparison between
the case with and without the Nernst effect shows that the peak temperature is higher
in the case with the Nernst effect but occupies a smaller region. This is because the
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magnetic field is higher but localized in a smaller region in the case with the Nernst
effect (Fig. 4.5(a)). Table 4.1 shows the comparison of the neutron-averaged ion
temperature, Ti , and the neutron yield, YN , in different cases. The neutron-averaged
ion temperature is the ion temperature weighted in time and space using the neutrons
production rate from the nuclear fusion reactions, that occur mostly in side the hot
spot at peak compression. In Table 4.1, the neutron yield enhancement including
the Nernst effect is smaller than the case without the Nernst effect because the high
temperature region is smaller than the case without the Nernst term. In contrast,
the neutron-averaged ion temperature is higher with the Nernst effect because most
of the neutrons are created in the region with higher temperature.
B0 = 0 G
Ti (keV)
YN (1010 )

1.27
1.24

B0 = 56 kG
(No Nernst)
2.04 (+160%)
4.04 (+326%)

B0 = 56 kG
(Nernst)
4.23 (+333%)
3.56 (+287%)

Table 4.1: Comparison of the ion temperature and neutron yield with and without the magnetic field and the Nernst effect.

In summary, the subroutines for calculating the induction equation and the Nernst
effect were added to LILAC. The Braginskii’s formula was used to calculate the reduction of the heat conductivities κe and κi . Magnetic pressure and Ohmic heating were

4.2. SPHERICAL TARGETS

89

added to the momentum and energy equations. The average magnetic field in the
hot spot is compressed to ∼ 28 MG. The neutron-averaged temperature, compared
to the case without the magnetic field, increase 1.5 and 3.3 times in the case without
and with the Nernst effect, respectively, and the neutron yield increases by about a
factor of three due to the presence of a seed magnetic field.

4.2

Spherical Targets

Similarly to cylindrical targets, the seed magnetic field embedded in spherical targets
is in the ẑ direction. However, the field can only be compressed in the direction
perpendicular to the field lines. As a result, the topology of the field lines becomes
two-dimensional while keeping azimuthal symmetry. In place of a full two-dimensional
simulation, a one-and-a-half-dimensional simulation where the magnetic field is simulated in two dimensions while the hydrodynamics remains in one dimensional is
used. This is a reasonable approximation because the magnetic pressure is much
smaller than the thermal pressure (β >> 1) and the hydrodynamic compression is
not influenced directly by the magnetic field. Therefore, two models of implementing
magnetic field compression in the one-dimensional LILAC simulation, LILAC-MHDSP and LILAC-MHD have been developed and are described in this section.
The hydrodynamic quantities are assumed to be one-dimensional in the r̂ direction in both LILAC-MHD-SP and LILAC-MHD. In LILAC-MHD-SP, the field
compression is calculated using the subroutines solving the two-dimensional (r̂ and
θ̂) induction equation. LILAC-MHD solves the one-dimensional induction equation
on the equatorial plane where the magnetic field is in ẑ direction and only depends
on r. In each time step, LILAC calculates the evolution of the hydrodynamic quantities. The additional subroutines solving the induction equation are called to calculate
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the new magnetic field after each time step. The feedback of the magnetic field to
the hydrodynamic quantities is through the magnetic pressure, the Ohmic heating,
and most importantly through the suppression of the heat conduction using Braginskii’s formula [4] . Note that in LILAC-MHD-SP, the field depends on r and θ but the
hydrodynamic quantities depend on r only. Therefore, an average in θ is taken before the feedback to the hydrodynamics. A different average is used in LILAC-MHD
simulation which will be discussed later.
The spherical target used in the experiments (chapter 5) and simulated in this
section was a spherical plastic (CH) capsule with outer radius of 430 µm and thickness
of 23 µm. The capsule was filled with 10 Atm D2 gas and embedded with a 80 kG
seed magnetic field. Forty OMEGA beams uniformly illuminated the capsule and
delivered an energy of 18 kJ in a 1 ns square pulse. The pulse shape and the target
initial conditions are shown in Fig. 4.8.

Figure 4.8: The red line in the plot is the pulse shape and the target initial conditions in
spherical implosion experiments.

4.2.1

LILAC-MHD-SP

In the simulations with LILAC-MHD-SP, the hydrodynamic quantities are one-dimensional
(depend on r) while the magnetic field is two-dimensional (depends on r and θ and
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is in r̂ and θ̂ direction). Notice that the spherical coordinates are used for the magnetic field calculation. The coefficients in the induction equation (Eq. (1.10)) depend
on the hydrodynamic variables and are functions of a single variable r. The field is
mapped in cylindrical coordinates in the output file of the simulation.

Figure 4.9: (a) The simulation region and (b) The flow chart for LILAC-MHD-SP.

For symmetry, the initial field given in Fig. 4.8 does not have an azimuthal
~ with Bφ = 0, only the component
component (Bφ = 0). Using the vector potential A
in the φ̂ direction is needed as shown bellow.


∇ × φ̂Aφ = r̂

1
1
∂θ (sin θAφ ) − θ̂ ∂r (rAφ ) ≡ r̂Br + θ̂Bθ
r sin θ
r

(4.40)

Therefore, the induction equation is expressed in the vector potential form.




~
∂A
~ − Dη ∇ × ∇ × A
~
= ~v × ∇ × A
∂t
|
{z
} |
{z
}
convection

(4.41)

Diffusion

Note that the velocity ~v and the diffusion coefficient Dη depend on r only and the
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velocity ~v is only in r̂ direction.
Similarly to LILAC-MHD for cylindrical targets, the Operator Splitting method [62]
is used. The convection term and then the diffusion term are calculated in two
~ is calculated, the magnetic field B,
~ the
separate steps. Once the vector potential A
Braginskii correction to the heat conduction [4] , the magnetic pressure B 2 / (2µ0 ), the
~ 0 , and the Ohmic heating are calculated and used in
current density ~j = ∇ × B/µ
hydrodynamic steps. The flow chart and the simulation region (0 < θ < π) are shown
in Fig. 4.9.

4.2.1.1

The computational grid

The hydrodynamic quantities are functions of the radius r while the magnetic field
depends on r and θ. Here, we use the indices j and i for r and θ, respectively. Shown
~ j,i computed on the nodes of each cell. The
in Fig. 4.10 is the vector potential A
~ j,i = ∇ × A
~ is computed at the center of each cell. The current
magnetic field B
~ j,i /µ0 is computed on the grid as well. No dummy cells in the θ̂
density ~jj,i = ∇ × B
direction are used so that θi=1 is 0 and θi=imax is π.

~ is computed at the
Figure 4.10: The grid used in LILAC-MHD-SP. The magnetic field B
~
center of the cell while the vector potential Aφ is computed on the grid.
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~φ
Initial conditions for the vector potential A

The seed magnetic field B0 is approximately uniform in ẑ direction. Mapping the
initial condition to the cylindrical coordinate leads to

Bz = Br cos θ − Bθ sin θ

(4.42)

BR = Br sin θ + Bθ cos θ

(4.43)

where (R, φ, z) are the cylindrical coordinates and (r, θ, φ) are the spherical coor~ φ can be obtained by substituting the above
dinates. The initial condition for A
equations into Eq. (4.40) and setting Bz = B0 and BR = 0 leading to,
sin θ
cos θ
∂θ (sin θAφ ) +
∂r (rAφ ) = B0
r sin θ
r
cos θ
1
∂θ (sin θAφ ) −
∂r (rAφ ) = 0 .
r
r

(4.44)
(4.45)

Substituting Eq. (4.45) into Eq. (4.44) yields
cos2 θ
sin θ
∂r (rAφ ) +
∂r (rAφ ) = B0
r sin θ
r
1
⇒
∂r (rAφ ) = B0 .
r sin θ

(4.46)
(4.47)

So that the initial condition of Aφ is obtained by integrating the above equation,
1
Aφ,0 = B0 r sin θ .
2
4.2.1.3

(4.48)

~φ
Boundary conditions for the vector potential A

There are four boundary conditions at θ = 0 and π, and r = 0 and rmax . For
θ = 0 and π and r = 0, there is no physical meaning for the φ-component of the
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vector potential and it can be set to zero.

Aφ (θ = 0) = Aφ (θ = π) = Aφ (r = 0) = 0

(4.49)

On the other hand, the magnetic field away from the target remains as the seed
field provided by the coil. A layer of low density D2 gas is added outside of the plastic
shell. The thickness and the density are 10 mm and 5.07 µg/cm3 , respectively. The
low density layer represents the vacuum outside the target and is used to apply the
boundary condition. During the compression, the corona expands while the gas region
is compressed by the imploding shell. As long as the expanding corona does not reach
the outer boundary of the low density gas layer, the field on the boundary remains
as the seed field provided by the coil. Therefore, the outer boundary can be obtained
by solving Eq. (4.47) from rjmax−1 to rjmax leading to

Aφ jmax =

4.2.1.4

1
rjmax




1
2
2
rjmax−1 Aφ jmax−1 + sin θB0 rjmax−1 − rjmax .
2

(4.50)

Convection term

~=
The step concerning the convection term in Eq. (4.41) is straightforward using A
Aφ φ̂ and ~v = vr̂ into Eq. (4.41) leads to


~
∂A
~
= ~v × ∇ × A
∂t
∂Aφ
v ∂
1 dr ∂
=−
(rAφ ) = −
(rAφ )
∂t
r ∂r
r dt ∂r
d
⇒ (rAφ ) = 0 .
dt

(4.51)
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Thus, the vector potential at cell j in the intermediate time step A0φ j,i between time
step n and n + 1 is written as:

A0φ j,i

4.2.1.5

=

rnj
n
Aφ j,i n+1
rj

.

(4.52)

Diffusion term

The diffusion part in Eq. (4.41) is written as
∂Aφ
Dη
=
∂t
r





∂2
1 ∂
1 ∂
(rAφ ) +
(sin θAφ )
∂r2
r ∂θ sin θ ∂θ

(4.53)

and the finite difference equation is solved using the Crank-Nicholson scheme [62]

n+1
n+1
n+1
n+1
Γ0 j,i An+1
φ j−1,i + Γ1 j,i Aφ j,i−1 + Γ2 j,i Aφ j,i + Γ3 j,i Aφ j,i+1 + Γ4 j,i Aφ j+1,i = Rj,i

where
∆t Dη j,i
2
rj−1
2 rj rj+1 − rj−1 rj − rj−1
∆t Dη j,i 1 sin θi−1
=−
2 rj2 ∆θ2 sin θi− 1
2



∆t Dη j,i
2rj
1
1
+
=1+
2 rj
rj+1 − rj−1 rj − rj−1 rj+1 − rj
!#
1 sin θi
1
1
+ 2
+
∆θ rj
sin θi− 1
sin θi+ 1

Γ0 j,i = −
Γ1 j,i
Γ2 j,i

2

Γ3 j,i

∆t Dη j,i 1 sin θi+1
=−
2 rj2 ∆θ2 sin θi+ 1

Γ4 j,i

2
rj+1
∆t Dη j,i
=−
2 rj rj+1 − rj−1 rj+1 − rj

2

2

(4.54)
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Rj,i = −Γ0 j,i A0φ j−1,i − Γ1 j,i A0φ j,i−1 + (2 − Γ2 j,i ) A0φ j,i
− Γ3 j,i A0φ j,i+1 − Γ4 j,i A0φ j+1,i .

Notice that the radius rj and the diffusion constant Dη,j are quantities computed
at the new time step n + 1. Equation (4.54) can be cast into a matrix form ΓAφ = R
where Γ is a sparse matrix shown below.
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(4.55)

The linear system was solved by using two different methods: the conjugate Gradient Method (CG) [62;63] and the Direct Sparse Solver (DSS) from Intel Math Kernel Library (Intel-MKL) [64] which fully supports Linear Algebra PACKage (LAPACK) [65] .
Since CG only solves the case of symmetric and positive-definite Γ, the equation is
multiplied by ΓT so that ΓT Γ is symmetric and positive-definite. Therefore, the re-
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sulting equation ΓT Γ Aφ = ΓT R is solved using CG to give the same solution as
Eq. (4.54).
On the other hand, DSS from Intel-MKL gave the exact solution by direct solving
the equation. The performance of using DSS was much better than CG. Therefore,
DSS was used for LILAC-MHD-SP.

4.2.1.6

Magnetic field calculation

Once the evolution of the vector potential is calculated, the magnetic field can easily
~ = ∇ × A.
~ Taking the volume integral of the
be determined using the definition B
´
´
~ = dS
~ × A,
~ the magnetic field
equation and using the vector identities V dV ∇ × A
S
in each cell is obtained. Note that the magnetic field is mapped onto the cylindrical
coordinate (R, z) in the output file as indicated below
ˆ

i=4 ˆ
1 X
~
~
~i × A
~i
dS × A =
dS
dV i=1
S
 ˆ
ˆ
1
BR =
− cos θdS1 A1 + sin θi+1 dS2 A2
dV

ˆ
ˆ
+ cos θdS3 A3 − sin θi dS4 A4
ˆ
ˆ
1
sin θdS1 A1 + cos θi+1 dS2 A2
Bz =
dV

ˆ
ˆ
− sin θdS3 A3 − cos θi dS4 A4 .

~ = 1
B
dV

(4.56)

(4.57)

(4.58)

The volume V is the region enclosed by the solid lines in Fig. 4.11(a). The surface
~i are given in Fig. 4.11(b) and the corresponding vector potential on the
vectors dS
surface dSi is Aφ i . The definitions of the volume and the surface vectors are listed
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Figure 4.11: Definitions of (a) the volume V enclosed by the solid lines and (b) the surface
~i used to calculate the magnetic field B,
~ the average magnetic pressure, and
dS
Ohmic heating.

below.

dVj,i = 2πr2 dr sin θdθ
= 2π


1 3
rj+1 − rj3 (cos θi − cos θi+1 )
3

(4.59)

2
~1 j,i = 2πrj+1
dS
sin θdθ r̂

(4.60)

~2 j,i = 2πr2 sin θi+1 dr θ̂i+1
dS

(4.61)

~3 j,i = −2πr2 sin θdθ r̂
dS
j

(4.62)

~4 j,i = −2πr2 sin θi dr θ̂i
dS

(4.63)

~ = φ̂Aφ on the cell boundary between the grids is used in the
Interpolation of A
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integration as shown below:
Aφ j+1,i+1 − Aφ j+1,i
∆θ
Aφ j+1,i+1 − Aφ j,i+1
Aφ 2 (r) = Aφ j,i+1 + (r − rj )
rj+1 − rj
Aφ j,i+1 − Aφ j,i
Aφ 3 (θ) = Aφ j,i + (θ − θi )
∆θ
Aφ j+1,i − Aφ j,i
Aφ 4 (r) = Aφ j,i + (r − rj )
.
rj+1 − rj
Aφ 1 (θ) = Aφ j+1,i + (θ − θi )

(4.64)
(4.65)
(4.66)
(4.67)

The magnetic field (BR , Bz ) is obtained by substituting Eq. (4.59) - Eq. (4.67) into
Eq. (4.57) and Eq. (4.58).

4.2.1.7

Feedback

The magnetic fields influence the implosion dynamics through the magnetic pressure,
Ohmic heating and most importantly through the reduction of heat conduction [4] .
These quantities are inherently two-dimensional and averages need to be taken for
coupling them to the hydrodynamic part of the code.

Heat conduction suppression using Braginskii’s formula The main effect of
magnetic fields on the hydrodynamics is the reduction of the heat conductivity, as
described in 1.2.1. Notice that the field only suppresses the heat conduction in the
direction perpendicular to the field lines. Since the hydrodynamic part of the code
is one-dimensional, the temperature gradient is only in the r̂ direction and is always
perpendicular to the conduction surface, as shown by the arrows in Fig. 4.12(a). A
simple model of the heat flow through the surface element is given in Fig. 4.12(b).
There is an angle α between the direction of the magnetic field and the temperature
gradient ∇T . The total heat flow is written with following form.
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Figure 4.12: (a) The conduction surface for the heat flow. (b) The projection of the heat flow
to the conduction surface. The temperature gradients ∇T and the corresponding surface is the horizontal surface A. ∇T is expanded into two component.
One is parallel to the magnetic field, ∇|| T . The other one is perpendicular to
the field, ∇⊥ T . The corresponding surface areas are A|| and A⊥ .

−Aκeff ∇T = −A|| κ|| ∇|| T − A⊥ κ⊥ ∇⊥ T
= − (A cos α) κ|| (cos α∇T ) − (A sin α) κ⊥ (sin α∇T )

= −A∇T κsp cos2 α + sin2 ακB

(4.68)

where κ|| = κsp , κ⊥ = κsp κB , in which κsp is the Spitzer heat conductivity and κB is
the Braginskii correction due to the field. Therefore, the effective heat conductivity
κeff is a function of the angle between the heat flow and the magnetic field line θ, and
the Braginskii correction κB .
κeff = κsp cos2 α + sin2 ακB

κeff j

1
=
A



(4.69)

ˆ
dAκeff j,i
S

(4.70)
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where the total surface A = 4πrj2 and the surface element dA = rj dθrj sin θ

´

dφ =

2πrj2 sin θdθ. Therefore, the final average effective heat conductivity is:

κeff j

ˆ
1
=
κeff j,i sin θdθ
2
1X
κeff j,i (cos θi − cos θi−1 ) .
≈
2 i

(4.71)

Note that the angle α needs to be calculated for different r and θ thus the effective
heat conductivity is a two-dimensional function of r and θ. As shown in Fig 4.12(a),
a surface average on the sphere can be computed through the following integration.

Ohmic heating The resistive dissipation of the current gives rise to the so-called
Ohmic heating. Since in LILAC there are separate energy equations for electrons and
ions, the Ohmic heating term is added to the electron energy equation (Eq. (2.79))
as indicated by the last term in the equation below.
∂
∂t

ρe ee dV = −
A

V

~+
κe ∇Te · dA

~−
Pe~v · dA
A

ˆ

ˆ

ˆ

ˆ

ˆ

ηj 2 dV

ρe Ėe dV +
v

(4.72)

V

where ρe , ee , Pe , κe , Te are the mass density, the internal energy per unit mass, the
pressure, the heat conductivity, and the temperature of the electrons. Ėe represents
additional energy sources into the electron fluid. The current density is calculated
using Ampere’s law.


~ = 1 ∇× ∇×A
~
~j = 1 ∇ × B
µ0
µ0
 2


1 1 ∂ (rAφ ) 1 ∂
1 ∂ (sin θAφ )
=−
+
φ̂
µ0 r
∂r2
r ∂θ sin θ
∂θ

(4.73)
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The only non-zero component of the current density is in the azimuthal direction.
The current density is computed on the cell boundary as shown below,

jφ j,i




rj
rj
2
rj−1 Aφ j−1,i
−
+
Aφ j−1,i
rj+1 − rj−1 rj − rj−1
rj − rj−1 rj+1 − rj
"

rj+1 Aφ j+1,i
1
sin θi−1 Aφ j,i−1
+
+
2
rj+1 − rj
rj ∆θ
sin θi− 1
2
!
#)
sin θi
sin θi+1 Aφ j,i+1
sin θi
−
Aφ j,i +
.
(4.74)
+
sin θi− 1
sin θi+ 1
sin θi+ 1

1 1
=−
µ0 rj



2

2

2

In order to couple the Ohmic heating into the one-dimensional code, average of
current density square is used. Since the current flows in the azimuthal direction,
a surface integral is used where the area surface is shown as the gray area in Fig.
4.11(a). Therefore, the average current density square is written as:

jφ2 j

where dA = rdrdθ and A = π

jφ2 j

=

→



1
=
A

2
rj+1/2

−



2
rj+
1
2

−

2
rj−
1
2

π
2

2
rj−1/2



(4.75)

/2 leading to

jφ2 j,i rdrdθ



1


jφ2 j,i dA

ˆ

1
π
2

ˆ

2
2
rj+
1 − r
j− 12
2
∆θ X 2
=
j
.
π i φ j,i

X

i

jφ2 j,i


1 2
2
rj+ 1 − rj−
∆θ
1
2
2
2
(4.76)

Finally, the average current density square is substituted into Eq. (4.72) to compute
the Ohmic heating contribution.
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Magnetic pressure In the momentum equation, the magnetic field enters through
~ force
the ~j × B
ρ

∂~v
~ =0.
+ ρ (~v · ∇) ~v + ∇P − ~j × B
∂t

(4.77)

It is solved in the integral form leading to
ˆ

 ˛
ˆ


∂~v
~
~ =0.
P dA − dV ~j × B
+ ρ (~v · ∇) ~v +
dV ρ
∂t
A


(4.78)

~ can be rewritten using the vector identity as follows
The term of ~j × B
 2



1 ~
~ = 1 ∇×B
~ ×B
~ = −∇ B
~ .
~j × B
+
B·∇ B
µ0
2µ0
µ0

(4.79)

The first term is the gradient of the magnetic pressure PB ≡ B 2 / (2µ0 ). The second
term represents the line bending and vanishes for cylindrical symmetric targets since
~ = Bz ẑ and ∂z B = 0. This term doesn’t vanish in a spherical compression. To
B
~ force, Eq. (4.79) is rewritten in terms of ~j and A,
~
compute the ~j × B


 


~
~ = ~j × ∇ × A
~ = ∇A
~ · ~j − ~j · ∇ A
~j × B

  



∂Aφ
jφ ∂Aφ
jφ A φ
cot θjφ Aφ
= r̂
jφ + θ̂
− r̂ −
+ θ̂ −
.
∂r
r ∂θ
r
r

(4.80)
(4.81)

~ are in the azimuthal direction and are constants in that
Note that both ~j and A
direction, i.e., ∂φ jφ = ∂φ Aφ = 0. In order to infer a one-dimensional radial force, only
the radial component is used and is computed in the code as shown below.
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ˆ


A
∂A
φ
φ
2
~ = 2π dθ sin θdrr jφ
dV ~j × B
+
∂r
r


Aφ j+1,i − Aφ j−1,i Aφ j,i
2
= π∆θ (rj+1 − rj−1 ) rj Σ sin θi jφ j,i
+
rj+1 − rj−1
rj
(4.82)

4.2.1.8

Flux Limiter

The simulation results for the compressed field do not converge with smaller grid size.
This can be seen from Eq. (1.10) given below.




~
∂B
η
~
~
∇×B
= ∇ × ~v × B − ∇ ×
∂t
µ0




~ − η ∇2 B
~ − 1 ∇η × ∇ × B
~
= ∇ × ~v × B
µ0
µ0

(4.83)
(4.84)

It shows that the resistivity gradient also contributes to the magnetic field evolution.
During the implosion, a shock wave bounces back and forth between the center and
the shell as described in section 3.2. The resistivity η is discontinuous across the
shock front because it depends on the electron temperature (η ∝ T −3/2 ). The shock
front is simulated by including artificial viscosity [57–60] that is constructed to insert
a finite number of grid points on the shock front. The number of grid points on
the shock front is independent of the grid size. Therefore, the temperature gradient
across the shock front becomes larger for a finer grid and the simulation results do
not converge as the grid size decreases. A possible solution of this problem comes
from including the physical viscosity in the simulation. The slope of the shock front
in the simulation depends on the physical viscosity but not the grid size. Therefore,
the simulation result would not depend on the grid size. An alternative way to solve
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the problem is by changing the electron flux limiter in the gas.
Electron heat conduction plays an important role in inertial fusion physics. The
laser energy is deposited near the critical density and transported to the target interior. As shown in subsection 1.2.1, the heat flux is written according to Fourier’s
law
qTe = −κ∇Te .

(4.85)

where the heat conductivity κ is given in subsection 1.2.1. When the temperature
gradient is so steep that the scale length for temperature variation is shorter than the
electron mean free path, the characteristic speed of the heat flow becomes larger than
the electron thermal velocity. This is an unphysical result. In this regime, the heat
carrying electrons have long mean free path (lmfp ∝ T 2 ) and high mobility leading
to the depletion of the high-energy tail of the distribution function in the regions of
higher temperature while enhancing it where the temperature is low. This reduces
the temperature gradient of Maxwellian distributions and limits the diffusive electron
heat flow. An alternative way to explain the phenomenon is that an electric field is
generated by the current carried by the hot electrons. A reverse current carried by
the cold electrons is formed to keep the total current zero leading to a reverse heat
flow and reduction of the net heat flow. The actual heat flow is lower than a fraction
of free-streaming limit [1;66;67]

qF = −fL vth ne kB Te

∇Te
.
|∇Te |

(4.86)

where fL is called the flux limiter, vth is the electron thermal velocity, and ne kB Te
is the total thermal energy of a plasma volume. The flux limiter varies between
fL = 0.03 ∼ 0.10 from different laser absorption experiment performed by Shvarts [68] ;

fL,gas =1
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Figure 4.13: Simulation results using different flux limiter in the gas region. In both plots,
the solid lines represent the results for flux limiter equals to 0.06 while the
dashed lines are for flux limiter equals to 1. (a) Temperature profile across
the shock front. Ion temperature and electron temperature are in blue and red
lines, respectively. (b) The shell velocity (green line) and the neutron rate (red
line)

most reliable experiments suggest a value of 0.08 ± 0.02 for laser intensities in the
range of 1012 ∼ 1015 W/cm2 . The value of fL = 0.06 is typically used in LILAC
simulations where the heat flow is set equal to the minimum of Eq. (4.85) and Eq.
(4.86).
q = min (qT , qF )

(4.87)

Changing the electron flux limiter in the gas region is used here to obtain a
solution that converges for finer grids. The electron mean free path is longer than the
ion mean free path. Although a steep ion temperature gradient forms across the shock
front, the electron temperature should be smooth due to the longer mean free path.
Therefore, the electron flux limiter in the gas region is set to unity. Notice that the
flux limiter in the shell region remains unchanged to keep the same implosion. Shown
in Fig. 4.13(a) is the comparison between flux limiter equals to 0.06 and 1 in the gas
region. Ion temperature (blue line) is always discontinuous across the shock front.
However, the electron temperature is smooth with fL = 1 as expected. Nevertheless,
the implosion remains the same as shown in Fig. 4.13(b). Therefore, the electron
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Figure 4.14: (a) The initial flux in the red dashed curve and the flux at stagnation in
blue. (b) The colored contours represent the simulation results at stagnation
(2.225 ns) for the amplitude of the magnetic field. The black lines are the
magnetic field lines.

flux limiter is set to 1 in the gas region and 0.06 in the shell in all the simulations in
spherical implosions. Notice that changing the flux limiter to 1 was not applied to the
simulations of cylindrical implosions in previous section since the implosion changed
with different flux limiter in the gas.

4.2.1.9

Simulation results

Results from simulations of laser-driven flux compression for a 20 µm CH shell driven
by a 18 kJ square pulse and embedded in a 80 kG seed field are shown in Fig. 4.144.17. Figure 4.14(a) shows the comparison of the flux on the equatorial plane between
the initial condition (a uniform field) in red dashed curve and the stagnation condition
in blue. The initial magnetic flux is a function of r2 , represented by a straight line
in the log-log plot. On the other hand, the flux increases significantly with large
magnetic fields present in two locations at stagnation. The one within 10 µm is the
result of the flux compression by the imploding shell. The one at ∼ 3 mm is due
to the field being convected by the ablation of the outer shell. Note the blue curve
asymptotes to the red curve meaning that the total flux is conserved and the outer
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boundary condition is valid. Figure 4.14(b) shows the magnetic field in the entire
simulation region. As described previously, large magnetic fields present at the center
and around 3 mm away from the center. The field lines are highly distorted at the
center due to the compression while they remain straight lines on the boundary.
Figure 4.15-4.17 show the core conditions at stagnation. The field is compressed
to more than 20 MG at the center as shown in Fig. 4.15(a). The field lines near
the center are closed to vertical straight lines while those away from the center are
distorted. The topology of the field lines is like a dipole. As shown in Fig. 4.15(b),
virtually no current flows in the region outside the hot spot since the temperature
is low in the dense shell and the resistivity is high. Most of the current flows in the
hot spot near the hot spot boundary on the equatorial plane. This is where the field
suddenly drops and the field lines are bended.
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Figure 4.15: The colored contours represent the simulation results at stagnation (2.225 ns)
for (a) the amplitude of the magnetic field, and (b) the amplitude of the current
density. The black lines in both plots are the magnetic field lines and the white
circles are the hot spot radius, which is 23 µm.

The plots in Fig. 4.16 show the profiles on the equatorial plane at stagnation. The
field is compressed to more than 20 MG in the ẑ direction (Bz ) while the radial field
BR is zero. Figure 4.16(b) shows that the temperature is higher with the magnetic
field than without the magnetic field as expected. On the other hand, the hot spot
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density with the magnetic field is lower than without the field at the center. This
occurs because the hydrodynamic pressure is approximately independent of the field
(provided that β >> 1) but while the temperature is higher with the field. This leads
to lower densities since ρ ∼ P/T .
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Figure 4.16: Profiles on the equatorial plane at stagnation (2.225 ns) obtained from simulations. (a) the blue solid line and the blue dashed line are the magnetic field
component in the ẑ and the R̂ direction. The red solid line is the mass density
ρ. (b) the solid lines and the dashed lines are the results with and without
the seed magnetic field, respectively. The green, blue, and red curves are the
profiles for ion temperature Ti , electron temperature Te , and the mass density
ρ, respectively.

Figure 4.17 shows the effective Braginskii correction factor κeff /κsp (Fig. (a)) and
the average effective Braginskii correction factor κeff /κsp , the electron temperature Te ,
and the mass density ρ (Fig. (b)). The heat conductivity is reduced, i.e., κeff /κsp <<
1, only in the region closed to the equatorial plane where the magnetic field is large
and the field lines are perpendicular to the direction of the temperature gradient. The
average effective Braginskii correction factor κeff /κsp , shown in Fig. 4.17(b), is about
0.5 inside the hot spot. This can be explained by realizing that the projection area
perpendicular to the field lines is only half of the total hot spot area. Even though
κ⊥ can be greatly reduced, the heat can flow parallel to the field lines (κk is unaffected
by the field) and the effective global heat conduction is only suppressed by half.
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Figure 4.17: Simulation results at stagnation (2.225 ns). (a) the color contour is the effective
Braginskii correction factor κeff /κsp . The black lines and the white circle are
the field lines and the hot spot radius. (b) the black, blue, and red lines are the
average effective Braginskii correction factor κeff /κsp , the electron temperature
Te , and the mass density ρ.

Shown in Table 4.2 are the neutron-averaged ion temperature and the neutron
yield. The ion temperature and the neutron yield increase 11% and 22% if a seed field
is embedded in the spherical target, respectively. The experimental data, described in
chapter 5, is also given in the table for comparison. Notice that the ion temperature
and the neutron yield measured in the experiments are larger than predicted by the
simulations. To reproduce the experimental result, a different simulation is carried
out and explained in the next subsection.

Ti (keV)
YN (1010 )

B0 = 0 G
(sim)
1.91
4.76

B0 = 80 kG
(sim)
2.12 (+11%)
5.79 (+22%)

B0 = 80 kG
(exp)
+15%
+30%

Table 4.2: Comparison of the ion temperature and the neutron yield between the case with
and without a seed magnetic field. Experimental data from chapter 5 is also
listed.

A comparison of the predicted temperature and yield enhancements in spherical
(Table 4.2) versus cylindrical targets (Table 4.1) indicates that enhancement is less
in spherical targets. This occurs because the heat losses are only suppressed by
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half in the spherical targets while they can be fully suppressed in cylindrical targets.
However, large enhancements in temperature and neutron yields where not observed
in cylindrical target implosions. Details and a discussion of these experiments will be
provided in chapter 5.

4.2.2

LILAC-MHD

The previous subsection describes the two-dimensional magnetic field model (Fig.
4.15(a)) used to calculate the B-field effects on ion temperature and the neutron yield
(Table 4.2). The calculated ion temperature and the neutron yield are lower then
their measured values (Table 4.2). One possible reason is that the heat conduction
suppression is underestimated in the simulation. This may occur when self-generated
fields bend and extend the magnetic field lines inside the hot spot. Therefore, a
geometric factor is included to adjust the reduction in heat conductivity to fit the
experimental data.

4.2.2.1

Code description

The magnetic field on the equatorial plane of a spherical target is in the ẑ direction
due to the symmetry. Instead of calculating the magnetic field in the entire spherical
target, one can estimate the fields by calculating them on the equatorial plane only.
The z component of the induction equation (Eq. (4.83)) can be written with following
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form




∂Bz
~
~
+ (~v · ∇) Bz = B · ∇ vz − Bz (∇ · ~v ) − ẑ · ∇ × Dη ∇ × B
∂t


∂Bz
∂
∂
∂vz Bz ∂
+ vR
+ vz
Bz − Br
+
(Rvr )
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∂t
∂R
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R ∂R



1 ∂
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−
.
R ∂R
∂R
∂z

(4.88)

(4.89)

~ = 0 leads to
Using ∇ · B
∂Bz
∂Bz vz ∂
∂vz Bz ∂
+ vR
−
(RBR ) − BR
+
(RvR )
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R ∂R
∂R R ∂R

1 ∂
∂Bz ∂BR
=
−
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1 ∂
1 ∂
∂Bz ∂BR
+
[R (vR Bz − vz BR )] =
RDη
−
.
∂t
R ∂R
R ∂R
∂R
∂z

(4.90)
(4.91)

On the equatorial plane, vz = 0, BR = 0, and thus ∂ (Rvz BR ) /∂R = 0. On the
other hand, the magnetic field lines are almost vertical straight lines as shown in
Fig. 4.15, meaning that ∂Bz /∂R ∼ Bz /R >> BR /R ∼ ∂BR /∂z. As a result, the
induction equation on the equatorial plane of a spherical target can be simplified to
the induction equation in cylindrical geometry (Eq. (4.4)).
∂Bz
1 ∂
1 ∂
=−
(RvR Bz ) +
∂t
R ∂R
R ∂R



∂Bz
RDη
∂R


(4.92)

Therefore, LILAC-MHD in section 4.1 can be used to simulate the field on the equatorial plane of a spherical target by assuming that the field lines are straight lines
in the ẑ direction. The induction equation is solved in the same way as in cylindrical targets (section 4.1) but the Nernst effect, described in subsection 4.1.1.3, is not
included. Also, the heat conduction suppression is treated differently from the one
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described in section 4.1.

Figure 4.18: Sketch of the heat flow and magnetic field lines in an imploding spherical target.

As described in subsection 1.2.1, the heat conduction can only be suppressed in the
direction perpendicular to the magnetic field lines. In other words, the heat can flow
along the field lines, as shown in Fig. 4.18. Differently from Eq. (4.68), a geometric
factor ζ ≡ A⊥ /A|| is used. A|| and A⊥ are the projected area of the total hot-spot
area Atot in the direction parallel and perpendicular to the field line, respectively.


−κeff ∇T · Atot
⇒ κeff

A||
A⊥
= −κsp Atot ∇T
+ κB
Atot
Atot


A||
A⊥
+ κB
= κsp
A
A
 tot
 tot
1 + ζκB
≡ κsp
1+ζ


(4.93)
(4.94)
(4.95)

where κB is the Braginskii correction factor; κ|| = κsp and κ⊥ = κsp · κB where κsp
is the Spitzer thermal conductivity. In a perfectly spherical target with a straight
magnetic field, A⊥ = A|| = Atot /2, i.e., ζ = 1. On the other hand, by varying the
geometric factor ζ, one can adjust the result if the target is not a perfect sphere, e.g.,
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ζ > 1 for prolate spheroid and ζ < 1 for oblate spheroid. In the perfect spherical
target, the effective heat conductivity is

κeff = κsp

κB + 1
.
2

(4.96)

In the extreme case where the field is high enough to fully suppress the heat conduction in the direction perpendicular to the field line, i.e., κB = 0, the total heat
conduction is suppressed by half.
4.2.2.2

Simulation results

The results from LILAC-MHD simulations are shown in Fig. 4.19(a) showing the magnetic field profiles at stagnation together with the reduction in thermal conductivity.
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Figure 4.19: (a) The red curves are the magnetic profiles while the blue curves are the
average effect Braginskii’s correction factor κeff /κsp . (b) The temperature for
electrons (Te , blue lines) and ions (Ti , green lines), and the mass density ρ (red
lines). In both plots, the solid lines are for the results using LILAC-MHD while
the dashed lines are those using LILAC-MHD-SP. The vertical gray dashed lines
are the hot spot radius.

ference at the center is predicted due to the different heat conductivity κeff /κsp . The
difference of the fields at the hot spot boundary may due to the fact that assumption
∂Bz /∂R >> ∂BR /∂z in Eq. (4.91) is not valid when Bz is near zero. Nevertheless,
the plasma is magnetized in the hot spot in both simulations. Therefore, the heat
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conductivity in the hot spot is reduced by half in both cases. Figure 4.19(b) shows
the profiles of the temperature for electrons (Te , blue lines) and ions (Ti , green lines),
and the mass density ρ (red lines). Since the heat conductivity is reduced by similar
amounts using LILAC-MHD and LILAC-MHD-SP, the profiles of temperature and
density are similar (Fig. 4.19(b)).
B (kG)
0
80
80
80
80
80
80

ζ
1
2
2.5
3
4
∞

Ti (keV)
1.91
2.05
2.15
2.19
2.22
2.27
2.81

YN (1010 )
4.76
5.52
6.01
6.20
6.36
6.65
9.31

Ti (%)
7
13
15
16
19
47

YN (%)
16
26
30
34
40
96

Table 4.3: Comparison of the ion temperature and the neutron yield for different values of
geometric factor ζ ≡ A⊥ /A|| . ζ = 2.5 is the value that matches the experimental
data reported in chapter 5.

The results for different values of the geometric factor ζ are shown in Table 4.3.
Only the cases for prolate spheroid (ζ > 1) were simulated. It is because prolate
spheroid is beneficial to heat conduction suppression due to the fact that A⊥ is larger
than A|| . As shown in the table, as ζ becomes larger, the ion temperature as well as
the neutron yield increases. To fit the experimental results, which will be described in
the next chapter, ζ needs to equal 2.5. On the other hand, if the field line is a closed
loop inside the hot spot, i.e., A|| = 0 or ζ = ∞, the heat conduction can be fully
suppressed. The ion temperature would increase 47% and the neutron yield would
be enhanced by 96%.

5
Laser-driven magnetic-flux compression
experiments

As indicated by the simulations presented in the previous chapter, a seed magnetic
field embedded in an imploding target can be compressed up to hundreds of times its
initial value. The compressed field is strong enough to magnetize the hot spot and
to reduce the heat losses in the hot spot leading to higher temperatures and neutron
yields. In this chapter, we describe the experimental apparatus used to demonstrate
field compression on the OMEGA laser facility. In section 5.1, the device generating
the seed magnetic field is described. In section 5.2 and 5.3, details of the magnetic
field measurements and implosion experiments using the OMEGA laser are provided.
The main results in this chapter include the first demonstration of ∼ 550−fold amplification of a 50 − 60 kG seed field to a compressed field of ∼ 30 MG [69;70] , and the first
demonstration of ion temperature and neutron yield enhancement by a compressed
magnetic field [71;72] .
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MIFEDS

MIFEDS (Magneto-Inertial-Fusion Electrical Discharge System) [73] is the seed magnetic field generator built at the University of Rochester, Laboratory for Laser Energetics. MIFEDS is an energy bank that stores ∼ 40 J of energy in the capacitor. It
provides a pulse current of 40 − 50 kA. The coil located at the tip of MIFEDS’ transmission line provides the magnetic field of 50 − 80 kG when MIFEDS is discharged
and the current flows through the coil. The field strength depends on the coil size
and the current. The latter depends on the impedance of the system and also the coil
size. The device was designed, tested, and fabricated at LLE. In this section, details
of MIFEDS are given. MIFEDS charging and discharging circuits are described in
section 5.1.1, the current measurements in section 5.1.2 and the field measurements
in 5.1.3 and 5.1.4.

5.1.1

MIFEDS charging and discharging circuits

MIFEDS, shown in Fig. 5.1(a), made of two high-voltage capacitors, a charging
circuit, a fast switch consisting of a spark gap and a trigger laser, a transmission line
to deliver the current to the coil, a coil for producing the magnetic field, a pickup
coil to detect the onset of the discharge, and a Rogowski coil to measure the current.
Besides the trigger laser, the transmission line and the coil, all the other components
are in a container called “the bubble.” The bubble is compatible with the ten-inch
manipulator (TIM. It is a diagnostic shuttle system that is used to position a variety of
diagnostics near the target chamber center (TCC) in the OMEGA target chamber [74] )
in the OMEGA target chamber. The MIFEDS electrical circuit is shown in Fig.
5.1(b). It can be divided into two parts that share the same capacitors (middle box
in Fig. (b)), (1) the charging and (2) the discharging circuit. There are capacitances
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Figure 5.1: (a) CAD image of MIFEDS. (b) Electrical circuit of MIFEDS.

of 100 nF each and connected in parallel with an equivalent series inductance of
Lcap ∼ 8 nH. The two capacitors are the S-series plastic-case capacitors, Part Number
37327, from General Atomics [75] . The capacitors are charged to ∼ 20 kV and store
a total energy of ∼ 40 J. RESR , Rpar are the equivalent series resistance, and the
equivalent parallel resistance (determining the leak current). The MIFEDS charging
circuit is shown in the left box in Fig. 5.1(b). A high voltage power supply (HV_PS,
Part Number 35A24 − N30 − C) from Ultravolt, Inc. [76] , provides an adjustable DC
output of 0 − 35 kV with currents up to 0.86 mA. The graphical user interface (GUI)
program controlling the charging process of MIFEDS is shown in Fig. 5.2. The GUI
program controls the designated charging voltage with six charging steps in kV, the
spark gap pressure in psi (SG pressure) is described in the next paragraph. The
program also monitors the pressure in the bubble in psi (box pressure) to ensure no
leaking in the bubble and the spark gap, the charging current in µA and the capacitor
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Figure 5.2: GUI program of MIFEDS control. It controls the designated voltage with six
charging steps, spark gap pressure. It also monitors the pressure in MIFEDS
bubble, the charging current and the capacitor voltage.

voltage in kV. The designated charging voltage is set to be ∼ 20 kV.1 During the
MIFEDS charging process, the high voltage relay (HV_Relay) is open to charge
the capacitors. If the charging process is aborted in the middle of the process, the
HV_Relay is closed. The energy stored in the capacitors is dumped to the 15 kΩ
resistance with a time constant of 3 ms. The high resistors (two 15 MΩ resistors) in
the charging circuit are used to reduce the current and prevent the damage of HV_PS
during the charging. The drawback of using such high resistors is the build up of an
electrostatic voltage relative to the ground at the location Vcoil in Fig. 5.1(b). At
the maximum charging current of 0.86 mA, Vcoil ≈ 13 kV. Such high voltage can
deflect the target in integrated experiments on OMEGA. At the end of the charging
process, both current and electrostatic voltage vanish and the target would return to
its original position. To ensure the target deflection is small, the charging current
is limited to ∼ 175 µA and the capacitors are charged in 6 steps. As a result, no
1

In the original design, the capacitors were charged to ∼ 30 kV and stored ∼ 90 J of energy.
However, the charging voltage was reduced to ∼ 20 kV to have robust performance.
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detectable target deflection was observed.
The MIFEDS discharge circuit is shown in the right box in Fig. 5.1(b). The
circuit includes the spark gap, the transmission line, and the coil. Lfeed is the inductance including the spark gap and the transmission line while Lcoil and Rcoil are the
inductance and the resistance of the coil. The spark gap is filled with pressurized
nitrogen gas with the pressure of ∼ 17 psi.2 The spark gap is triggered by a Q-switch
laser, Inlite III from Continuum [77] . The laser delivers 60, 300, and 150 mJ of laser
energy at 266, 532, and 1064 nm wavelengths simultaneously in a 6 − 7 ns FWHM
pulse. The laser beam is focused between the electrodes of the spark gap by a f /6
lens with an intensity of more than 1013 W/cm2 . The focal spots of different color are
in slightly different axial locations in the gap. It directly creates an ionization trail in
the N2 gas by yielding a much-higher multiphoton ionization rate [78] than IR or green
light alone. An ionized gas channel is initiated and the switch is on. The jitter and
the delay are both within a nanosecond. The rise time of the current is ∼ 180 ns and
the characteristic frequency of the discharged current is ∼ 1.5 MHz. The expected
current is ∼ 40 − 50 kA. The measurement is given in subsection 5.1.4.3
A small one turn coil sits above the spark gap and used as a pickup coil. When
the discharging current is triggered, an induced voltage of ∼ 200 V is generated by
the pickup coil. This is used to detect the onset of the discharge and determine if
MIFEDS fires before or after the OMEGA beams during the integrated experiments.
Since the 60 OMEGA beams enter the target chamber from symmetric directions,
laser light can propagate into and damage the Laser amplifiers of each opposing
beam if missing the target. If MIFEDS is discharged too early before the OMEGA
2
In the original design, the nitrogen gas pressure was ∼ 34 psi for the capacitor charging voltage
of ∼ 30 kV. In order to have robust performance, the charging voltage and the nitrogen gas pressure
are set to ∼ 20 kV and ∼ 17 psi as a compromise.
3
The current of the original design was ∼ 80 kA when the capacitors were charged to ∼ 30 kV.
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Figure 5.3: Different types of coils used in the experiments. Helmholtz-like and single coils
were used in integration with OMEGA experiments. OMEGA and baseball coils
were used in other experiments that are not covered in this thesis.

Figure 5.3 shows different coils used in MIFEDS experiments. Helmholtz-like coils
were used for experiments of compressed field measurement in imploding targets.
The single coil was used for experiments of yield enhancement in imploding spherical
targets. OMEGA and baseball coils were used in other experiments not covered in this
thesis. The different designs show the capability of creating different field topology
and field strength with different shapes and sizes of coils. More details of coil size,
field profile, and coil fabrication procedure will be given in subsection 5.1.3.

5.1.2

MIFEDS current measurement - Rogowski coil

In the integration with OMEGA experiments, the magnetic field strength and the
timing of maximum field are two important parameters. However, the field cannot be
measured in situ when a target is present. The field can be inferred from the current
and the geometry of the coil. Therefore, for a fixed coil shape, the field strength as
well as the timing can be calculated and calibrated to the current.
A Rogowski coil [79] package is used to measure the current. It consists of a Ro-
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Figure 5.4: Circuity of the Rogowski coil package. The package consists of a Rogowski coil
with shieldings, an integrator, and a low pass filter.

gowski coil with shielding, an integrator, and a low pass filter. The circuit is shown
in Fig. 5.4. The Rogowski coil is placed around the spark gap, shown in Fig. 5.5(a),
while the integrator and the filter are placed outside MIFEDS bubble. The shielding around the Rogowski coil is used to prevent the electromagnetic pulse from the
discharging current of MIFEDS from damaging the Rogowski coil and to reduce the
noise. Inside the shielding, there is a 30-turn Rogowski coil. The shape of the cross
section of each turn is rectangular and the size is 5 mm × 1.6 mm (1/1600 ), as shown
in Fig. 5.5(b). The radius of the Rogowski coil is 5 cm. With a current rise time of
∼ 180 ns, and maximum current of ∼ 100 kA (for the original MIFEDS design), the
expected maximum voltage output of the Rogowski coil is:

|VRog | =

µ0 N A dI
dΦ
=
= 533 (V) .
dt
2πr dt

(5.1)

Notice that the voltage output of the Rogowski coil is proportional to the time
derivative of the current. Therefore, an integrator is used to determine the current.
The integrator consists of a 267 Ω resistor and a 0.097 µF capacitor connected in
series, as shown in the middle box in Fig. 5.4. The resistor and capacitor were chosen
so that f >> (2πRInt CInt )−1 , where f is the characteristic frequency of the input
voltage, i.e., ∼ 1.5 MHz so that the capacitor doesn’t have enough time to charge up
and its voltage will remain low, i.e., I ≈ VRog /RInt . The maximum output voltage
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Figure 5.5: (a) Rogowski coil package in MIFEDS. It shows the design of the coil (top left
corner), actual coils (bottom left corner), the return loop (top right corner), and
the final outlook of the package (bottom right corner). (b) A sketch of the cross
section of the Rogowski coil package. The insulation material is in blue while
the conduction material is in yellow. Shown in the red circle, there are two gaps
of insulator in the shielding layers so that the flux created by the current which
we would like to measure can penetrate through the shielding.

after integrating is
1
|VInt | ≈
RInt CInt

ˆ
|VRog | dt =

µ0 N A
I
2πr RInt CInt

= 3.71 (V)

(5.2)

and the expected current as a function of the voltage is

IkA = 26.98 × VV .

(5.3)

Equation (5.3) is the theoretical transfer function for the Rogowski coil with an
integrator. Since the Rogowski coil is located near the spark gap, high frequency
noise occurs when the ionized channel in the spark gap is formed. Therefore, a low
pass filter of 3 dB cutoff frequency at 5 MHz is used after the integrator to reduce
the noise. The low pass filter consists of a 330 pF capacitor and a 100 Ω resistor.
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The Rogowski coil was fabricated using a 1/3200 printed circuit board (PCB). The
coil and the return current loop was first imprinted on three PCBs. They were stacked
together with the board for the return current loop located at the bottom. The return
current loop is shown in the right upper corner of the Rogowski coil package in Fig.
5.5(a). The pattern on the PCBs for the Rogowski coil is shown in the left bottom
corner of the Rogowski coil package in Fig. 5.5(a). Each single coil is formed by
putting single wires through the PCBs. Around the Rogowski coil, double sided
copper-clay PCBs were used for shielding. Each side of the copper layer provides
shielding. The inner shielding is connected to the signal ground. The outer shielding
was originally connected to the system ground. However, less noise was observed
when the outer shielding was not connected to any ground. Therefore, the design was
modified so that the outer shielding was not grounded, i.e., not functioning. Notice
that the shielding should not form a closed loop because the magnetic flux generated
by the discharging current needs to penetrate through the shielding. Therefore, two
gaps shown in the red circle in Fig. 5.5(b) are used. The gaps prevent the current
from flowing around the shielding and canceling the flux created by the discharging
current.
The Rogowski coil package was calibrated using a commercial current monitor
from Pearson, Model 1423 [80] . The sensitivity of the Pearson current monitor is
0.001 (+1/ − 0%) V/A. Shown in Fig. 5.6(a), the front surface of MIFEDS was
removed from the MIFEDS bubble. Wires, AWG 16 [81] rated, were used to connect
the spark gap and the capacitors. The wires went through the center of the Pearson
current Monitor and measured the same calibration current recorded by the Rogowski
coil package.
Figure 5.6(b) shows the row data of the voltage output from the Rogowski coil
package (blue line) and the current measurement from the Pearson current monitor
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Figure 5.6: (a) Experimental setup for calibrating the Rogowski coil package using a Pearson
current monitor. (b) The row data of the voltage output from the Rogowski coil
package (blue line) and the respective measured current from the Pearson current
monitor (red line). (c) The calibration curve of Rogowski coil package voltage
output to current in kA. The blue dots are the data while the red line is the
linear regression.

(red line). Large noise occurs before 2 µs corresponding to the initial formation of
a conductive channel in the spark gap. The frequency of the noise is greater than
5 MHz, above the low pass filter cutoff, meaning that the noise comes into the scope
through a path other than the signal cable. This high frequency noise is filtered out
through data analysis. After the ionized channel in the spark gap is established, the
signal becomes clean and only the data after 3.6 µs, the yellow region in the figure,
is used for calibration. Notice that there is a time difference of 105 ns between the
two signals. The temporal calibration is described in subsection 5.1.4. Figure 5.6(c)
shows the calibration between the current and the output voltage from the Rogowski
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coil package with the time difference neglected. The calibration relation is a simple
linear relation.

IkA = 25.91 × V − 0.35 ± 0.22

(5.4)

Comparing Eq. (5.4) to Eq. (5.3), small differences came from the inaccuracy in the
dimensions when the Rogowski coil was built. Equation (5.4) was used in the rest of
the experiments.

5.1.3

MIFEDS Coils

Three different types of coils were used in MIFEDS experiments. (1) A Helmholtzlike double coil for flux compression experiments using cylindrical targets. (2) A
Helmholtz-like double coil for flux compression experiments using spherical targets.
(3) A single coil for yield enhancement experiments using spherical targets. The
first type of coils was made of pyralux (copper-clad Kapton) foil with a thickness of
120 µm (including 70 µm Cu). To enhance the coil rigidity, the second and the third
type used 254 µm-thick copper with 25.4 µm layer of Kapton in between as insulator.
The shape and the size of the coils were designed to minimize the illumination by
the OMEGA beams on the coils while maximizing the magnetic field energy and
uniformity on the target. The sizes of the coils are given in the following and the
magnetic profiles are shown in Fig. 5.7.
1. Helmholtz-like coil (Fig. 5.7(a)): the radius and the width of each coil are 2 mm
and 1.25 mm, respectively. The center-to-center separation is 5 mm. The coil
provides ∼ 64 kG magnetic field for a current of ∼ 80 kA.
2. Helmholtz-like coil (Fig. 5.7(b)): the inner radius and the width of each coil are

5.1. MIFEDS

127

3.06 mm and 0.56 mm, respectively. The center-to-center separation is 4.77 mm.
The coil provides ∼ 50 kG magnetic field when the current is ∼ 50 kA.
3. Single coil on the equatorial plane (Fig. 5.7(c) and (d)): the inner radius and
the width of the single coil are 2.5 mm and 1 mm, respectively. The coil provides
∼ 85 kG magnetic field for a current of ∼ 40 kA.
The magnetic profiles were calculated using the magnetostatic code Radia [82] . Note
that the current were different because different charged voltage of MIFEDS were
used with the different coils.
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Figure 5.7: The calculated profiles for the magnetic field in the ẑ direction. The orange
blocks are the coils and the gray objects are the targets. (a) and (b) are the first
and the second type of the coils, which are both Helmholtz-like coils. (c) and
(d) are the third type of the coils, which is a single coil on the equatorial plane.

To fabricate the coil, the unfolded contour of the coil was first drew on a plane
since the coil material, both pyralux and copper foil, is in the form of a flat foil. The
contour was then written in Gerber format [83] which is used by PCB industry software
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to describe the images of PCBs. The contour in Gerber format can be read by the
software, T-Tech’s IsoPro 2.5 [84] , which controls a small computer-numerical-control
(CNC) milling machine for circuit board. The machine (Quick circuit 7000 system
with T-Tech AMC 2500 router controller) cuts the pyralux or copper foil to the shape
of unfolded coils.
The last step in fabricating the coils was to fold the pyralux or copper foil and attach it to the coil clamp for MIFEDS. The first type of coils used pyralux that includes
an insulator layer. Instead, the copper coils require an insulation layer sandwiched
between the copper foils. The copper is rapped with 90 µm (0.003500 ) Kapton tape
having dielectric strength of 10 kV and a 127 µm (0.00500 ) Kapton foil sandwiched
between the copper foils providing another 15 kV of dielectric strength for the second
and the third type of coils.

Figure 5.8: The experimental setup for measuring the bending angle of the single coil. The
side-on image was taken by a webcam which is shown on the left hand side. The
GUI calculating the bending angle is shown on the right hand side.

The single coil was bended at a 26.77◦ below the equatorial plane to facilitate the
insertion from TIM6. A simple angle measurement system was setup. The system
consisted of a commercial webcam and a graphical user interface (GUI) program
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written in Matlab, as shown in Fig. 5.8. A side-on image of the coil is used for the
alignment. By fitting the red and the green lines in the GUI program to two edges of
the coil, the bending angle could be calculated from the slope difference of two lines.
The inaccuracy in the angle measurement comes from the inaccuracy of the alignment. Assuming the alignment is off by an angle δ or the coil is rotated by an angle
α, the resulting error in angle ξ using the side-on image, can be estimated using the
following relation.

tan (θ + ξ) ≈ tan θ + sec2 θ × ξ =

s
+ sec2 θ × ξ
l

s
1
≈ tan θ + δ 2 tan θ
l cos δ
2
s cos α
1
tan (θ + ξ)|δ=0 ≈
≈ tan θ − α2 tan θ
l
2
√
1
⇒ξ ≈ sin (2θ) δ 2 + α2
4

tan (θ + ξ)|α=0 ≈

(5.5)
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Figure 5.9: The inaccuracy of the measured angle as a function of the misaligned angle.

For a coarse alignment with

√

δ 2 + α2 = 17◦ , observable with naked eye, the error

in the angle measurement is less than 1◦ giving an error bar of ±1◦ .
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Seed magnetic field measurements

The seed magnetic field was directly measured using Faraday rotation by replacing the
target with a Faraday rotator glass. These field measurements were used to validate
the technique based on the current measurement and the coil geometry calculation.
There are some difficulties in directly measuring the field. (1) The field occupies a
small region ,e.g., ∼ 60 mm3 and decays as a function of r−2 away from the coil. (2)
The peak field lasts for a very short time (the duration of the field higher than 90%
of the peak field is ∼ 100 ns). This is the reason why optical probes using Faraday
rotation have been selected to measure the seed field.
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Figure 5.10: (a) The experimental setup for measuring the seed field using Faraday rotator. (b) A comparison between the measured magnetic field (red line) and the
discharging current (blue line).

Shown in Fig. 5.10(a) is the experimental setup for the seed field measurement.
A linear polarized (polarization ratio greater than 100 : 1), diode pump solid state
(DPSS) continuous wave (cw) laser, MGL-III-532 from Opto Engine LLC [85] , providing up to 50 mW of power at 532 nm wavelength was used as the probe laser. The
Faraday rotator glass at the center of the coil was a terbium-doped glass with Verdet
constant specified at 0.1 rad/ (kG − cm). One polarizer was used as the analyzer
and placed on the beam path after Faraday rotator. The intensity of the probe laser
was measured using Si photodetector with 1 ns rise time from Thorlabs, Inc. The
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part number of the photodetector was DET10A. The polarization direction of the
analyzer was 45◦ to the laser polarization direction, i.e., the intensity was half of the
laser output for no field case. If the polarization direction rotates θrot , the detected
laser intensity is:

π
IDet = I0 cos2 θrot +
4

(5.6)

where θrot = V Bd in which V , B, and d are Verdet constant, the average field along
the beam path in the crystal, and the thickness of the crystal. The average field in
the crystal can be calculated using Eq. (5.6).
"
1
cos−1
B=
Vd

r

IDet
I0

!

π
−
4

#
(5.7)

Shown in Fig. 5.10(b) is an example of a field measurement in Helmholtz-like
coils. The radius and the width of each coil were 5.2 mm and 0.5 mm, respectively.
The center-to-center separation was 12.5 mm. The magnetic field oscillates like the
current. The peak magnetic field is ∼ 18 kG while the peak current is ∼ 30 kA.
The calculated magnetic field for the same coil with the same current is 19 kG about
∼ 5% different from the measurement. In comparison, the current uncertainty from
the timing uncertainty in the integration with OMEGA experiments is ±5% because
the OMEGA beams are triggered within the time window when the current exceeds
90% of the peak current. The magnetic field can be estimated by the measured current
and the geometry of the coil. Based on these results, we assume the peak field occurs
when the current exceeds 90% of it’s peak value in the integrated experiments with
OMEGA. After an oscillating period, the magnetic field is strongly damped while the
~ forces, arcing was
current is not. Although the coils survived the impulsive ~j × B
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always observed during the discharge. The initial current flowed through the coil and
created the magnetic field. After the first cycle (or half cycle in some cases), arcing
occurred at I ∼ 0 when dI/dt and the voltage drop across the coil, V = Lcoil dI/dt, are
at maximum. The arcing caused the current to flow away from the coils thus reducing
the magnetic field. As a result, the calculated field geometry and the first half period
of the current measurement is sufficient to accurately estimate the magnitude and
timing of the peak field.

5.2

Proton deflectometry

The simulations in chapter 4 indicate that the compressed field is in the tens of mega
Gauss range when the seed field is tens of kilo Gauss. There are several difficulties
in measuring such a field. (1) The field only occurs at peak compression within a
∼ 100 ps window. (2) The high field only occupies a tiny volume with radius of
. 20 µm. (3) For a typical compressed ICF target, the shell particle density is very
large of the order of ∼ 1024 cm−3 . The dense core is optically opaque since only
waves with wavelength . 30 nm can propagate and no optical diagnostic is capable
to measure the field through such high density plasma. An alternative way is by
using energetic charged particles. Energetic charged particles can pass through the
dense core undergoing deflection by the field. Proton deflectometry [86–89] makes use
of energetic protons to probe the magnetic field.
Energetic protons can be generated by Deuterium (D) + Helium3 (3 He) fusion
reactions
2

D + 3 He → p (14.7 MeV) + 4 He (3.7 MeV) .

(5.8)

The above fusion reactions are produced by imploding a thin 400-µm-diameter glass
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Figure 5.11: Simulated power distribution of the backlighter driven by (a) 20 OMEGA
beams or (b) 12 OMEGA beams.

shell filled with 10 atm of D − 3 He gas mixture. Such a capsule is called an exploding
pusher [90;91] High fusion yields are achieved when this glass shell is driven by several
(12 − 20) OMEGA beams with focal diameter of ∼ 300 µm. The beams are pointed
to the center of the glass shell with a focus offset of −2 mm and −133 µm for the
driving beams, respectively. Shown in Fig. 5.11 are the simulated power distribution
of the backlighters using Visrad [92] for 20 and 12 beams, respectively. The peak laser
intensity on the backlighter is ∼ 3.5×1015 W/cm2 . The laser drives a strong shock and
heats the backlighter target rapidly. As a result, a mono-energetic (∆E/E ∼ 0.03),
point-like (size/object distance ∼ 0.01), time-gated (an ∼ 150 ps burst) proton source
is obtained. The protons leaving the target are further accelerated by the charging
of the target to ∼ 15.2 MeV. They are recorded on a CR − 39 nuclear track detector
allowing for both spatial and energy resolution (via the track diameter) of the particles
incident on the surface [87] .
Figure 5.12 shows a sketch of the proton deflection by the magnetic field in the
compressed target. From chapter 4, the field in the hot spot is compressed to tens of
mega Gauss while a residual field of tens of kilo Gauss is present in the dense shell.
If the protons pass through the hot spot, they are deflected by the high field with
a large angle and arrive to the detector far away from the center (red line). Due to
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collisional slowing down, the energy of the protons passing through the hot spot is
lower than the energy of the protons missing the target. On the other hand, if the
protons miss the hot spot but pass through the surrounding dense shell, they are
deflected by the residual field with a small angle and arrive to the detector a small
distance away from the center (blue lines) while they loose more energy then those
passing through the hot spot. By analyzing the tracks for different proton energies
(via the size of the track diameter), one can identify the protons that cross through
different regions of the compressed target. Therefore, a double-deflection pattern on
the detector is expected. As a result, not only the compressed field in the hot spot
but also the field in the surrounding dense shell can be measured at the same time

Proton
trajectories
Dense Hot
shell spot
B

CR-39 detector

using proton deflectometry.

E19780J1

Figure 5.12: Sketch of the proton deflection by a magnetic field in the compressed target. The protons passing through the hot spot (red line) are deflected with a
larger angle than those passing through the dense shell (blue lines). A doubledeflection pattern is expected.

5.3

Magnetic flux compression experiments on OMEGA

Three different integrated experiments of embedded seed magnetic fields in ICF targets were performed on OMEGA. The experimental results showed that the seed
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magnetic field was amplified to tens of mega Gauss in a compressed cylindrical target
for the first time. The magnetic field was large enough to magnetize the electrons
in the hot spot plasma and reduce their heat conductivity. As a result, also for the
first time, the observed ion temperature and neutron yield in a magnetized, spherical,
compressed target were enhanced by 15% and 30%, respectively.
In this section, the experimental results are described in three subsections. Subsection 5.3.1 describes the experiments of flux compression in cylindrical targets where
fields of tens of mega Gauss are measured. In subsection 5.3.2, the flux compression
experiments in the spherical target is discussed. Data from a single implosion indicated that the magnetic field was compressed to about 20 mega Gauss with the ion
temperature and the neutron yield increasing by 15% and 30%, respectively. Subsection 5.3.3 describes further experiments to improve target performance.

5.3.1

Flux compression in cylindrical targets

Cylindrical targets were first used to demonstrate magnetic flux compression in laser
driven implosions. There are important advantages in using cylindrical targets instead of spherical targets. (1) First, the field compression is almost one dimensional.
Second, the hot spot volume is large and easy to probe with proton deflectometry.
By ignoring the edge effects at the extremities of the cylindrical target, the field compression can be simplified to the one-dimensional problem discussed in subsection
4.1. In the experiments, the data along the axial direction of the cylindrical target is
averaged to lower the statistical error. (2) The simulations of section 4.1 show that
the total heat flux can be greatly reduced leading to a significant temperature and
yield increase when the target is magnetized.
Figure 5.13(a) shows the experimental setup. The main target and the Helmholtz-
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Figure 5.13: (a) Experimental setup for measuring the compressed field in an imploding
target. (b) The proton fluence recorded on CR − 39 for shot 51069. The darker
area represents higher proton fluence. The features marked in number are: (1)
compressed core, (2) target plug, and (3) coil shadow. (c) The lineout of the
proton fluence in the hollow arrow in (b). The proton trajectories are also
shown.

like coil were placed at the target chamber center (TCC). The target is a CH cylindrical capsule with initial outer radius, thickness, and length of 430 µm, 20 µm, and
1.5 mm, respectively, and filled with 9 atm D2 gas. Due to poor gas retention, the
pressure was significantly different from shot to shot. The coil was a Helmholtz-like
coil (see subsection 5.1.3) providing a ∼ 64 kG magnetic field for a current of ∼ 80 kA
at a charging voltage of ∼ 30 kV.
The coil was inserted from TIM6 of the OMEGA target chamber. The backlighter
target, described in section 5.2, was placed at 9 mm away from TCC toward TIM2
and the CR−39 detector was placed 105 mm away from TCC toward TIM3 located in
the opposite direction to the backlighter target. Forty OMEGA beams were pointed
onto the main target and illuminated the target uniformly around a ∼ 1 mm length.
The power distribution of the laser illumination at t = 0 was simulated by Visrad [92]
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and is shown in Fig. 5.14(a). Also, the average lineout along the ẑ direction is given
in Fig. 5.14(b) showing a flat top within ±0.5 mm range. The average intensity in
the flat top was (4.08 ± 0.05) × 1014 W/cm2 . The remaining 20 OMEGA beams were
pointed to the backlighter to generate a proton source as described in section 5.2.
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Figure 5.14: (a) The simulated laser power distribution of the laser illumination on the
cylindrical target surface. (b) The lineout of the average laser illumination
along the cylindrical axis.

Figure 5.13(b) shows the proton fluence map on the CR − 39 detector for shot
51069. The darker area represents higher proton fluence. There are three features
marked in the figure: (1) compressed core, (2) target plug, and (3) coil shadow. One
can obtain a lineout in the direction of the hollow arrow in the figure by taking the
average of a band of data, as shown by the red line in Fig. 5.13(c). Protons going
through the target, i.e., the position at zero, were scattered and slowed down by the
target. An asymmetric peak indicates that the protons were not only scattered by the
~ direction. As described
target but also deflected by the magnetic field in the ~v × B
in section 5.2, one can filter out the protons with energy larger than 14.8 MeV, that
missed the target, and obtain a lineout for lower energy protons, the blue line in the
figure. In other words, the blue line represents the protons that passed through the
target including the region with high magnetic field. The asymmetric peak clearly
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shows that the protons were deflected by the magnetic field.
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Figure 5.15: The lineout of the proton fluence for shot without the magnetic field for different
energy band.

To confirm that the asymmetric lineouts were the results of proton deflection from
the magnetic field, multiple “null” experiments, i.e., implosions without embedded
magnetic fields, were executed. Figure 5.15 shows the symmetric lineouts for energy
lower than 14.8 MeV (blue solid line) and 14.4 MeV (red dashed line). The blue
line represents all the protons crossing the target while the red line represents only
those protons that went through the dense shell. The protons scattered by the target
produces a dip at the center in the blue line. The symmetric profiles indicate that the
protons were only scattered but not deflected toward one direction since the magnetic
field was not present.
Additional implosions with different field strength and reversed field direction
were carried out. The results are shown in Fig. 5.16 (dashed lines in figure (a)
and (b), and solid lines in figure (c) and (d)). Fig. 5.16(a) (b), (c) and (d) were
the data for shot 49704, 51069, and 52532, and the seed magnetic fields in each
shot were −10 kG, 56 kG, −62 kG, respectively. The negative sign indicates that
fields are in the reversed direction. In the figures, protons with different energy
band are plotted in different lineouts. A Monte Carlo particle-transport framework
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Figure 5.16: Lineouts of proton fluence for shot 49704 in plot (a) and (b), shot 51069 in (c)
and shot 52532 in (d).

GEANT4 [93] was used to interpret the experimental data. GEANT4 calculates the
particles trajectories including the scattering, slow down, and the deflection from the
fields. The calculations in GEANT4 depend on the density, the temperature, and the
magnetic field topology which were calculated from LILAC-MHD simulations (see
chapter 4). In shot 49704 (Fig. 5.16(a) and (b)), the LILAC-MHD simulation shows
a field of 13 MG. The GEANT4 simulation of the proton spectrum using a 13 MG
fields (black solid lines) agrees well with the experimental data (red dashed line). A
double-deflection pattern in the low energy band appears. However, the compressed
field was relatively low because the seed field was low and it was probed relatively
early in the implosion before the time of peak compression. In this case we expect the
deflection peaks to merge. In two subsequent shots, the proton emissions occurred
at ∼ 400 ps after the peak field compression. Figures 5.16(c) and (d) show the
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lineouts of energy lower than 14.4 MeV (bottom lineouts in the figures) representing
the protons that missed the hot spot but passed through the dense shell where they
were slowed down the most. Those protons experienced the residual field in the shell,
which is lower than the compressed field in the hot spot, and were deflected with small
distance away from the center. On the other hand, the lineouts of energy in the range
14.4 ∼ 14.6 MeV and 14.6 ∼ 14.8 MeV represent the protons passing through the high
compressed field in the hot spot. The second peaks in the double-deflection pattern
appear within these energy bands (marked with arrows). The peaks are further away
from the center compared to shot 49704 due to the higher field in the hot spot. The
same feature is also predicted by the GEANT4 simulation for shot 51069 (light color
curves in Fig. 5.16(c)). Further, the peaks in the lineouts are in the inverse direction
between Fig. 5.16(c) (shot 51069) and 5.16(d) (shot 52532) because the magnetic
fields were in opposite direction. This confirms the magnetic nature of the deflection
as the high-field deflection moves to the other sides of the core. Also, the larger peak
area for Fig. 5.16(d) indicates a larger hot-spot radius as more protons fall into these
energy band.
The compressed field can be estimated from the proton deflection using the average
product in the following equation.
p
2R hBi ≈

2mp Ep
tan θ
q

(5.9)

where 2R is the size of the magnetic field region that the protons passed through;
hBi is the average field over that region; mp , Ep , q are the mass, energy, and charge
of the protons; θ is the deflection angle. For the compressed field, R is the hot spot
radius. For shot 51069, the second peak is 1.8 ± 0.1 cm away from the center giving
2R hBi ∼ 960 MG − µm. It corresponds to a ∼ 30 ± 2 MG field for a predicted hot
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spot radius of 17 µm from LILAC-MHD simulation. The residual field averaged over
the shell thickness of 70 µm in diameter is estimated at 0.8 ± 0.6 MG using the first
peak at 0.2 ± 0.1 cm. The numbers were also confirmed by GEANT4 simulations.
Similarly, the second peak 1.9 ± 0.1 cm away from the center in shot 52532 gives
an estimated compression field of ∼ 36 ± 3 MG (confirmed with GEANT4) due to
the higher seed field. The error came from two sources: (1) error in the deflection
(±0.1 cm) leading to ∼ ±50% and ∼ ±6% errors in the position of the first and the
second peak, (2) error from the estimation of the radius. The statistical error of the
radius could be estimated from the total number of protons passing through the hot
spot and the shell, which is constrained by the GEANT4 fit to the data. In shot
51069, the proton backlighter target yield of 1.61 × 108 giving a proton flux of ∼ 0.16
protons per µm2 at the target and ∼ 105 protons per cm2 at the detector. A 0.5 mm
section (the width of the band of the data on the proton density map on the CR − 39
detector) of 17 µm radius hot spot would have ∼ 2, 700 protons in the deflected peak
further away from the center leading to 2% error for the hot spot size. Similarly, the
shell was estimated to be 70 µm in diameter. There were ∼ 5, 500 protons that passed
through the shell in the 0.5 mm section giving an error of 1% for the shell size. In
shot 52532, the proton backlighter target yield of 4.20 × 107 leading to ∼ 700 protons
in the deflected peaks further away from the center giving an error of 4% for the hot
spot size. And for shot 49704, the proton backlighter target yield of 4.55 × 107 with
∼ 760 protons in the deflected peaks giving an error of 4% for the hot spot size.
These estimates of the compressed fields are most likely a lower bound from satisfying the flux conservation condition Φ ∼ R2 hBi ≤ Φ0 . If up to 40% of the initial
magnetic flux (Φ0 ≈ 320 G − cm2 for 60 kG in the gas) is lost as predicted by LILACMHD simulation, the estimated magnetic field needs to be revised upward to match
√
the observed deflections since the deflection angle can be rewritten as θ ∼ BΦ.
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LILAC-MHD simulations (1-D) predict a 3 to 4× increase
in the neutron yield of
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Figure 5.17: (a) The data of neutron yield versus seed magnetic field. (b) Time integrated
images from x-ray pinhole camera. The hot spot formation and the neutron
yields strongly depend on the target alignment.

Neutron yields were also measured in cylindrical implosions to better asses the
target performance with and without the magnetic field. The neutron yield was
predicted to triple with the magnetic field and Fig. 5.17(a) shows the absence of
clear trends for the neutron yields and no improvement was clearly observed. In fact,
the neutron yield without the magnetic field had variations of more than a factor of
3 (between 7.7 × 107 and 4.5 × 108 (not shown in the plot)). The reason is due to
the target parameter variations, such as gas pressure, orientation, positioning, and
build quality. Also, the angle between the target and the stalk varied from target to
target. Shown in Fig. 5.17(b) are the time integrated images of the targets from the
x-ray pinhole camera. Central hot spots could only form when the targets were well
aligned. The yields strongly depended on the target alignment which prevented an
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Cylindrical
Spherical

Ti hs
(keV)
1.5
3.9

ni hs
(10 cm−3 )
0.8
30

λii

λie

8.8
8.1

4.9
4.1

23

νii
(ns−1 )
114
1503

mf pii
(µm)
7.8
0.8
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τeq
(ps)
92
12.4

Table 5.1: Parameters for the hot spot plasma in the cylindrical and spherical target.

accurate assessment of the magnetic field effects on the neutron yield.
In addition, the neutron yield enhancement due to the field is likely overestimated
in hydro codes. This is because the hot ions undergoing fusion reactions (at the
Gamow peak [1] ) are in the kinetic regime with their mean free path comparable to
the hot spot radius. The fluid treatment of the ions used in LILAC leads to higher
predictions of the fusion reaction rate. For a hot spot temperature Ti hs = 1.5 keV,
2/3

the Gamow peak energy is EGP = 62.7 × Ti hs = 8.2 keV. With a density nhs =
0.8 × 1023 cm−3 , the mean free path [94] of the ions mf pii is ∼ 8 µm, as shown in
Table 5.1, meaning that only few collisions occur before the ions leave the hot spot
with the radius of ∼ 17 µm. Also, the increase in the electron temperature due to
the field does not couple effectively to the ions because the thermal equilibration
time τeq is long (∼ 100 ps). For comparison, the hot spot parameters of a spherical
target are also provided in the table. Due to the higher densities in the hot spots of
spherical implosions, the mean free path of the ions (0.8 µm) is an order of magnitude
smaller than that in cylindrical targets. The thermal equilibration time is ∼ 12.4 ps
meaning that the coupling between the ions and the electrons is also more effective.
Furthermore, the experimental platform for spherical targets is well developed at LLE
and provides more predictable performance than for cylindrical targets.
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Flux compression in spherical targets

In cylindrical targets, the magnetic field was amplified by ∼ 550 from ∼ 60 kG to
∼ 30 MG. However, the shot-to-shot variations prevented an accurate assessment of
the magnetic field effects on the ion temperature and neutron yield. Furthermore, the
neutron yield was low because the density in the compressed cylindrical target was not
high enough to confine the ions at the Gamow energy. In contrast, spherical targets
have higher hot spot densities and spherical implosions are more repeatable. Even
though the yield enhancement due to the magnetic field is much lower than cylindrical
targets (the simulations in chapter 4 showed that the neutron yields increase by 22%
in magnetized spherical targets while 300% in magnetized cylindrical targets), it is
possible to reliably measure the rather small yield increase with much lower shot-toshot variations. In this subsection, a technique to measure the field in compressed
spherical targets is described and used as first step to confirm that the hot spot is
magnetized.
Similarly to cylindrical targets, the proton deflectometry technique is used. Different from the backlighter position in measuring fields in cylindrical targets ((rmm , θ, φ) =
(9 mm, 142.62◦ , 342◦ )), the backlighter is placed at (rmm , θ, φ) = (9 mm, 146.08◦ , 342◦ ).
The center of the target projected on the CR − 39 moved 8.19 mm away from the
center so that the maximum deflection angle that could be captured was larger when
the seed field was positive. The spherical targets used in the experiment were spherical plastic (CH) capsules with outer radius of 430 µm and thickness of ∼ 23 µm. The
shells were filled with 5 Atm D2 gas and embedded with a ∼ 50 kG seed magnetic
field. The seed field was generated using the Helmholtz-like coil of the second type as
described in subsection 5.1.3. Forty-two OMEGA beams uniformly illuminated the
capsule and delivered 18.9 kJ of energy in a 1 ns square pulse.
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Figure 5.18: (a) Power distribution of the laser illumination on a spherical target at t = 0
using 42 OMEGA beams and a Helmholtz-like coil. The white contours are
the coils while the two red dots are the center of each coil. The original and
the final pointing on the target surface from Table 5.2 are shown in white and
black dots, respectively. The arrows are the shift of the pointing of each beam.
(b) The sketch of the pointing of different rings of the beams. The rings on the
top hemisphere are the original pointing while the bottom hemisphere are in
the repointing case.

The laser pointing for compressing spherical targets was more complicated than
for cylindrical targets because the target needs to be illuminated uniformly in 4π of
the solid angle and without interfering with the coil, shown in the white contours as
the coil edges in Fig. 5.18(a). By analyzing the coil orientation, the centers of each
Helmholtz-like coil were at θ = 90◦ and φ = 72◦ or 252◦ , shown as the red dots in
Fig. 5.18(a). The OMEGA laser beams can be grouped in 5 rings around each center.
Information about each group is provided in Table 5.2 and plotted in Fig. 5.18(b)
where the upper hemisphere and the bottom hemisphere are the ring positions before
and after repointing, respectively. Notice that only the pointing positions are shifted
but the incident angle remains almost the same. The third rings were blocked by
the coils and were repointed to the backlighter or turned off. Beam 57 and 44 in the
fourth ring were also turned off because they interfered with MIFEDS. To provide
uniform illumination to the target, beams were repointed to the new latitude around
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the center of the coils, as given in Table 5.2 and Fig. 5.18(b). The beams in each ring
were also rotated around the coil center to improve azimuthal uniformity in each ring.
The simulated power distribution using Visrad, repointing, and shift of the repointing
for each beam at t = 0 are shown in Fig. 5.18(a). The average intensity on target is
7.5 × 1014 W/cm2 and the standard deviation of the variation is 2.8%.
ring #
1
2
3

center
72◦
72◦
72◦

Ring Latitude
10.30◦
31.66◦
46.33◦

Repointing Latitude
13◦
37◦
Off

4

72◦

72.56◦

63.5◦

1*
2*
3*

252◦
252◦
252◦

10.30◦
31.66◦
46.33◦

13◦
37◦
Off

4*

252◦

72.56◦

63.5◦

5

-

90.00◦

90.00◦

Beams
18,24
13,14,32,67
11,20,23,27,50,59,66,69
10,12,22,25,30,35,37,
39,47,53,56,57? ,58,68
41,49
36,43,48,63
6,33,34,38,51,52,54,60,
15,16,19,21,28,29,40,
42,44? ,46,55,61,64,65
17,31,45,62

Table 5.2: Specifications of the grouping of OMEGA beams in Fig. 5.18. Beams with ? were
turn off because of the interference with MIFEDS.

Twelve OMEGA beams were used to implode the backlighter target generating
2.3 × 107 protons for proton deflectometry measurements. Unfortunately, only data
from one successful shot were acquired (shot 59300). The proton fluence for that shot
is shown in Fig. 5.19. The protons were generated at ∼ 1.8 ns after the OMEGA
laser started (t0 ). The lineout is asymmetric about the center of the target as shown
by looking at the dip in the lineout at ∼ 1.8 cm. This suggests that the protons were
deflected by the magnetic field. Second, a weak double-deflection pattern can be seen.
The peak is 1.6±0.1 cm away from the center giving 2R hBi ≈ 850 MG − µm. For an
estimated hot spot radius of ∼ 16 µm (from LILAC-MHD-SP), a field of ∼ 25±6 MG
is inferred. Like in cylindrical targets, the error came from two sources: (1) the error
in the deflection (±0.1 cm or ±6%) and (2) the error in the hot spot size. The error
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from the radius is estimated using the protons that went through the hot spot. For

An average magnetic field of ~20 MG was estimated
7
2.29in
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through the hot spot
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hot spot
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giving a statistical error of 22%.
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Because
of the poor statistics, the field estimate carries significant uncertainties.
TC9003
In addition, this represents a single data point, and furthermore, the compressed field
topology in spherical compressed target is more complicated (see Fig. 4.15) than
in cylindrical targets. However, the asymmetric lineout and the double-deflection
pattern are good indications that the field was strongly compressed. If we put all the
field measurement data in the same plot, as shown in Fig. 5.20, one can conclude that
the field amplification was ∼ 550 for a compression ratio of ∼ 23. This is another
indication that the field was compressed as predicted. To confirm these results, more
experiments are required on OMEGA.

5.3.3

Yield enhancement in Spherical targets

The main goal of magnetizing a target through compressing a seed magnetic field is
to thermally insulate the hot spot. The temperature and thus the neutron yield are

Final magnetic field HMGL
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Figure 5.20: The plot for the compressed field versus the seed magnetic field. By collecting
all the field compression data, the amplification is ∼ 550.

expected to increase with a magnetic field. Several spherical implosions were carried
out with a seed magnetic field. The only goal was to measure neutron-average ion
temperature and the total neutron yield using the neutron time-of-flight (nToF) [10]
diagnostic. X-ray radiography [95] was used to assess the implosion uniformity. The
measured ion temperature and fusion yield increased in the presence of the magnetic
field by 15% and 30%, respectively.

(a)
Spherical
target

Backlighter
target
Bseed

Au

Current

E19783J1

Figure 5.21: (a) The experimental setup for compressing a spherical target embedded with
a seed magnetic field generated by a single coil on the equatorial plane. An Au
foil was used for x-ray back lighting. (b) Sketch of the laser pointing for the
Au backlighter.

The experimental setup is shown in Fig. 5.21. The target was a spherical plastic
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(CH) capsule with an outer radius of 430 µm filled with 10 atm of D2 gas. The shell
thickness ranged between 23.1 to 24.5 µm. The capsule was embedded with a ∼ 80 kG
seed magnetic field, generated using a single coil on the equatorial plane of the target.
The coil is the third type of coil described in subsection 5.1.3. The inner radius and
the width of the single coil were 2.5 mm and 1 mm, respectively. The polar-drive
(PD) configuration [96] was used to illuminate the capsule. This beam configuration
was originally designed for studying direct-driven implosions for the National Ignition
Facility (NIF) [6;7] while the beams are in the indirect-drive configuration. OMEGA
beams are grouped in four rings along the polar axis. The latitude angle of the rings
are 21.41◦ , 42.02◦ , 58.85◦ , 81.25◦ in the north hemisphere and symmetrical latitude
angle in the south hemisphere. The laser on the rings closest to the equatorial plane
were turned off in PD to make space for the single coil on the equatorial plane. The
other rings were repointing toward the equatorial plane to achieve a spherical drive
even if the illumination was not spherically symmetric [97] . Figure 5.22(a) shows the

HbL

TWcm2
519.6

764.9

Figure 5.22: (a) Sketch of the pointing for different rings of beams for polar drive. (b) The
power distribution of the laser illumination on the spherical target using the
polar-drive configuration and a single coil on the equatorial plane. The white
contours are the edges of the single coil. The original and the final pointing on
the target surface are shown in white and black dots, respectively. The arrows
are the shift of the pointing of each beam.

scheme of the laser pointing (only rings in the north hemisphere are shown). The
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offset ∆r of each ring was 90, 150, 150 µm, respectively. All the beams were focused
on the polar axis. The final repointing (given in Table 5.3) gave the most uniform
spherical implosion in previous PD experiments [96] . As a result, 40 OMEGA beams
illuminated the capsule delivering an energy of 18 kJ with an average intensity of
7 × 1014 W/cm2 in a 1 ns square pulse. The simulated power distribution using
Visrad [92] and the repointing at t = 0 are shown in Fig. 5.22(b). The white contours
are the edges of the coil.
ring #
1
2
3
4
1*
2*
3*
4*

Ring
Latitude
21.41◦
42.04◦
58.85◦
81.25◦
158.59◦
137.96◦
121.15◦
98.75◦

∆r
(µm)
90
150
150
90
150
150
-

Repointing
(rµm , θ, Focusµm )
(247, 180◦ , −230)
(224, 180◦ , −170)
(175, 180◦ , −90)
Off
(247, 0◦ , −230)
(224, 0◦ , −170)
(175, 0◦ , −90)
Off

Beams
17,22,46,56,61
11,26,31,55,68
10,13,20,28,33,48,52,58,65,66
15,24,32,36,37,40,41,47,59,60
19,25,30,45,64
12,29,50,54,62
14,21,23,38,39,43,44,51,57,69
16,18,27,34,35,42,49,53,63,67

Table 5.3: Specifications of the grouping of OMEGA beams in polar-drive configuration.

The x-ray radiography [95] used a 25 µm Au foil irradiated by four of the remaining
OMEGA laser beams (beam 15,16,36,37). The Au foil was mounted 5 mm away from
the target towards TIM2, located at 52.6◦ off the equatorial plane shown in Fig. 5.21.
The orientation of the center of the four beams that entered the target chamber in
(θ, φ) coordinates was (90◦ , 342◦ ) while TIM2 and TIM3 sat at (37.38◦ , 162◦ ) and
(142.62◦ , 162◦ ) of the chamber, respectively. The Au foil was tilted 26.3◦ respective
to the axis toward TIM2 as shown in Fig. 5.21(b). The resulting x-rays in the range
of 2.5 − 4.5 keV were imaged onto a fast framing camera [98–102] (inserted from TIM3)
after passing through the imploding target.
Figure 5.23 shows the x-ray images for the cases with and without magnetic fields
using the same scale and the same color map. The spatial resolution was 20 µm/pixel.
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Figure 5.23: X-ray backlighting images from x-ray framing camera.

The magnification of the images was six leading to the resolution on target plane was
3.33 µm/pixel. The images were taken at ∼ 2 ns , few hundreds of picosecond before
stagnation. The bright areas at the center are the hot spots. The surrounding dark
rings are the dense shells where the x-ray absorption is high. As the target approached
peak compression, the self-emission from the hot spot exceeded the x-rays from the
backlighter and the hot spot region became brighter than the background. Both
images show that the compression with and without field was uniform indicating
that the magnetic pressure didn’t affect the implosion and that the implosion was
symmetrical despite the polar drive configuration.
Shown in Fig. 5.24 are the experimental data of total neutron yield and neutronaveraged ion temperature from the nToF detectors situated 3 m away from TCC (red
circles and blue squares are for the case with and without the field, respectively).
In figure (a), the neutron yield is plotted against the ion temperature. These plots
clearly indicate higher ion temperature and neutron yield when the field is present.
However, most but not all of the data with magnetic fields have higher ion temperature and neutron yields than those without the field meaning that there are other
factors influencing the results. From reference [103] , the shell thickness is an important parameter for assessing the fuel assembly’s performance. As the shell becomes
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Figure 5.24: Experimental neutron yield and neutron average ion temperature. In (a) the
neutron yield is plotted versus the ion temperature. In (b) and (c), they are
plotted versus the shell thickness. The red solid lines and the blue dashed lines
for the case with and without the field, respectively, are the results of multiple
linear regression given in Table 5.4. It clearly shows the enhancement due to
the magnetic field.

thicker, the neutron yield and the ion temperature both decrease because thicker shell
are slower leading to lower ion temperature. The data are plotted versus the shell
thickness (figure (b) for the neutron yield and figure (c) for the ion temperature). To
distinguish between the shell thickness and the magnetic field contributions, a multiple linear regression method expressing these quantities as YN = YN 0 + AB B0 + A∆ ∆
and Ti = Ti0 + CB B0 + C∆ ∆ is used. B0 is the magnetic field which is 0 or 80 kG and
∆ is the shell thickness. A least-squares fit to the data provides the fitting coefficients
listed in Table 5.4. The F test of the fitting gives a degree of confidence in the model
≥ 94%. The regression results are plotted in Fig. 5.24(b),(c) and clearly show that
the neutron yield and the ion temperature increase with the magnetic field. When a
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seed magnetic field was embedded in the target, the neutron yield and the ion temperature increased by 30% and 15%, respectively. This is the first time the hot spot
of an ICF target has been successfully magnetized.
From section 2.4, the neutron yield is enhanced by a factor of f 0.31 if the heat
conduction is suppressed by a factor of f . Therefore, a neutron yield enhancement
of 30% implies that the heat conduction is suppressed by a factor of 2.3, which is
higher than the simulation result shown in Fig. 4.17 in subsection 4.2.1. Moreover,
from subsection 4.2.2, the neutron-averaged ion temperature and the neutron yield
were expected to increase 11% and 22%, respectively. Note that the neutron yield
enhancement is lower than 20.31 − 1 = 24% since other losses are included in the
simulations. The predictions of yield enhancement were only about two-thirds of
the experimental observation. The geometric factor required to fit the experimental
data is 2.5 (see Table 4.3) suggesting that the spherical target may be a prolate
spheroid. The ratio between the polar axis to the equatorial diameter of the prolate
spheroid would be 2.5 which was not observed from the x-ray images in Fig. 5.23.
This suggests that the one-and-a-half dimensional simulation may not be sufficiently
accurate to capture the three-dimensional effect in the target.
9

YN (×10 )
Ti (keV)

YN 0
37.2 ± 13.8
Ti0
10.5 ± 3.0

AB (10−5 /G)
1.7 ± 0.6
CB (10−6 /G)
3.7 ± 1.4

A∆ (1/µm)
−1.4 ± 0.6
C∆ (1/µm)
−0.33 ± 0.13

Table 5.4: Coefficients of multiple linear regression for the fits to the experimental data in
Fig. 5.24.

6
Summary

This thesis comprises a detailed study of magneto-inertial fusion (MIF) using laserdriven flux compression (LDFC). Magneto-inertial fusion operates in the parameter
space similar to ICF with high electron number density. When the hot spot is magnetized, the electron Larmor radius RL is shorter than the mean free path lmfp so that the
heat conduction is suppressed. Therefore, the temperature in the hot spot is higher
and ignition easier to achieve. We started from discussing the ignition condition for
conventional ICF targets in chapter 2. The target is ignited when the alpha-particle
heating in the hot spot exceeds all the energy losses. The ignition condition is determined by the Lawson criterion obtained from the balance between alpha-particle
deposition and the heat losses in the hot spot. The Lawson criterion uses the pressure
P and the confinement time τ , which are both difficult to measure in ICF implosions.
The Lawson criterion was rewritten using measurable quantities such as areal density
(ρR), ion temperature (Ti ) and neutron yield (YN ). An analytical model as well as
a fit to a set of simulations of marginally ignited capsules was derived leading to the
following ignition condition

χ=

(ρRnno α )0.8



Tnno α
4.7

1.7
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(Y OC no α )0.5 > 1 .

(6.1)
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The ignition parameter can be used as a metric to assess the performance of an ICF
target. Current cryogenic implosions on the OMEGA laser have achieved an ignition
parameter χ ∼ 0.08. Furthermore, if the heat conductivity can be suppressed by a
factor of f by magnetizing the hot spot, the implosion velocity required for ignition
is reduced by a factor of f 1/4 or the energy gain can be increased by a factor of f 0.31
for the same implosion velocity.
In order to suppress the heat losses, a magnetic field B > 10 MG is required for
a typical hot spot with density of ∼ 10 g/cc and temperature of ∼ 5 keV. Such a
strong magnetic field is difficult to be directly applied by external means. However, in
an ICF implosion, the gas fill is ionized and becomes conductive. The magnetic field
can be fully or partially frozen in the plasma and compressed by the imploding shell.
The degree to which the magnetic field is frozen in a resistive plasma depends on the
magnetic Reynolds number Rm representing the ratio of the magnetic diffusion time
τη to the compression or implosion time τi , Rm = τη /τi . To understand the process of
field compression by a shock, a simple one-dimensional planar piston-like problem was
solved numerically and analytically in chapter 3. The shock in the gas region bounces
back and forth between the center of the target and the imploding shell during the
implosion, compresses the field and generates a current sheet at the shock front. At
the same time, the current diffuses due to the finite resistivity of the gas/plasma. A
steady state solution in the reference frame of the shock front was found by balancing
the convection and diffusion of the field. In the post-shock region the field is uniform,
while the field diffuses into the pre-shock region. When the shock reaches the shell, a
transmitted shock into the shell and a reflected shock back to the gas are generated.
The field in the gas is further compressed by the reflected shock but no compression
occurs in the transmitted shock since the field diffuses due to the large resistivity
of the dense cold shell. In the post-shock region, the field profiles is flat right after

CHAPTER 6. SUMMARY

156

the reflected shock front but decreases near the shell because the field diffuses into
the shell through the interface between the gas and the shell. The reflected shock
propagates inward and eventually reaches the center. A new center-reflected shock is
generated and the same process repeats. By using a set of simulations for different
initial resistivities, it was established that the initial magnetic Reynolds number Rm
must be greater than 26, 17, and 5 for the planar, cylindrical, and spherical capsules,
respectively, to conserve more than half of the flux.
In chapter 4, numerical schemes for calculating the magnetic field compression
were implemented into the one-dimensional Lagrangian hydrodynamic code LILAC,
named LILAC-MHD for both cylindrical and spherical compression and LILACMHD-SP for spherical compression only. LILAC-MHD calculates the one-dimensional
compression for the magnetic field in the axial direction of the cylindrical target which
is defined as ẑ. The Nernst effect representing the magnetic field convection due to the
heat flux was included in the simulation of cylindrical implosions. LILAC-MHD was
also used for calculating the magnetic field on the equatorial plane of a spherical target when the code LILAC-MHD-SP was developed to compute the two-dimensional
magnetic field (Br , Bθ ) in a spherical target while the hydrodynamic quantities are
kept one-dimensional. In simulations of cylindrical compression, an average field of
∼ 28 MG in the hot spot resulted from the compression of a seed field of 56 kG. In
spherical compressions, an average field of ∼ 20 MG in the hot spot resulted from
the compression of a seed field of 80 kG. According to the simulations, the neutronaveraged ion temperature and the neutron yield increase 11% and 22%, respectively.
Finally in chapter 5, experiments of magnetized ICF targets are described. A seed
magnetic field of up to ∼ 80 kG was provided by MIFEDS (Magneto-Inertial-Fusion
Electrical Discharge System). MIFEDS stores ∼ 40 J of energy and delivers a current
of ∼ 40 − 50 kA with a sub-nano second jitter. The rise time of the current and the
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characteristic frequency are ∼ 180 ns and ∼ 1.5 MHz. The field is generated when
the current flows through a coil. In the experiments of imploding cylindrical targets,
the seed fields were compressed by a factor of ∼ 550. The highest compressed field
measured in the experiments was ∼ 36 ± 3 MG. Experiments of imploding spherical targets showed that the neutron yield and the neutron-average ion temperature
increased by 30% and 15%, respectively, if the hot spots were magnetized. From
section 2.4, the neutron yield is enhanced by a factor of f 0.31 if the heat conduction is
suppressed by a factor of f . Therefore, the neutron yield enhanced by 30% indicating
that the heat conduction was suppressed by a factor of 2.3, which is higher than the
simulation result shown in Fig. 4.17 in subsection 4.2.1. The experimental neutron
yield enhancement was also higher than the predictions from the LILAC-MHD-SP
simulation. In order to fit the experimental data, LILAC-MHD with the geometric
factor ζ = 2.5 from Table 4.3 was used suggesting that the spherical target may become a prolate spheroid at peak compression which was not observed from the x-ray
images in Fig. 5.23. It is also likely that the one-and-a-half dimensional simulations
are inadequate to capture all the essential physical effects affecting the neutron yields
and ion temperature.
Field compression in ICF implosions and the enhancement of the target performance were observed for the first time. However, the target performance improvement
is small because the heat losses can only be reduced by half in open-field-lines topology. To further reduce the heat losses, a closed-field-lines topology in the hot spot
is required. This can be accomplished by using a thin wire through the target as
shown in Fig. 6.1. The external current through the target generates an azimuthal
seed field with closed field lines. During the implosion, the gas in the target is ionized
by the shock, becomes conductive and traps the magnetic flux. The internal current
is induced keeping the magnetic field “frozen in.” The heat losses suppression can
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