
Precision Equation of State Measurements on

Hydrocarbons in the High Energy Density Regime

by

Maria Alejandra Barrios Garcia

Submitted in Partial Fulfillment

of the

Requirements for the Degree

Doctor of Philosophy

Supervised by

Professor Thomas R. Boehly

Professor David D. Meyerhofer

Department of Physics and Astronomy

Arts, Sciences and Engineering

School of Arts and Sciences

University of Rochester

Rochester, New York

2010



ii

CURRICULUM VITAE

Maria Alejandra Barrios Garcia was born in Bogotá, Colombia October 25,
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ABSTRACT

The equation of state (EOS) of materials at extreme temperatures and pres-

sures is of interest to astrophysics, high-energy-density physics, and inertial con-

finement fusion (ICF). The behavior of hydrocarbon materials at high-pressures

(> 1 Mbar) is essential to the understanding of ablator materials for ICF igni-

tion targets. The EOS measurements on CHX presented here provide benchmark

behavior of hydrocarbons under extreme conditions and the effect of stoichiom-

etry (i.e. C:H ratio) on that behavior. Advances in diagnostics and analysis

have made it possible to perform highly accurate measurements of shock ve-

locity to ∼ 1% precision in transparent materials. This refines the impedance-

match (IM) technique for laser-driven shock experiments producing precise EOS

data at extreme pressures using a transparent standard such as α-quartz. The

OMEGA laser was used to produce principal (single-shock) Hugoniot EOS mea-

surements on polystyrene (CH), polypropylene (CH2), Glow-Discharge-Polymer

(GDP) (C43H56O), and Germanium-doped GDP at shock pressures of 1-10 Mbar,

with an α-quartz standard. This precision data tightly constrains the Hugoniot
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behavior of these hydrocarbons, even with the inclusion of systematic uncertain-

ties inherent in the IM technique. A novel target design providing double-shock

(re-shock) measurements along with principal Hugoniot data is presented. Results

of the single-and double-shock experiments on these hydrocarbons are presented

and compared to various EOS models. Temperature measurements are presented

for CH and CH2; measuring both the thermal and kinematic behavior of these

materials provides their complete shock EOS. Reflectance measurements on CH

and CH2 show that both hydrocarbons transition from transparent insulators to

reflecting conductors at pressures of 1 to 2 Mbar.
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A.3 Mie-Grüneisen EOS . . . . . . . . . . . . . . . . . . . . . . . . . . 240

A.4 Fermi-Dirac EOS . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

A.5 Thomas-Fermi Theory . . . . . . . . . . . . . . . . . . . . . . . . 244

A.6 Ionization and the Saha Equation . . . . . . . . . . . . . . . . . . 247

A.7 Global Equation of State . . . . . . . . . . . . . . . . . . . . . . . 250

B. Ablation pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

C. Preliminary results for GDP and Ge-GDP . . . . . . . . . . . . . 258

C.1 Glow-Discharge-Polymer (GDP) . . . . . . . . . . . . . . . . . . . 259

C.2 Germanium-doped GDP (Ge-GDP) . . . . . . . . . . . . . . . . . 265

C.3 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 269



List of Tables xii

LIST OF TABLES

4.2.1 VISAR velocity sensitivity for target materials . . . . . . . . . . 135

4.4.1 Ambient properties of hydrocarbons considered in this work . . 145

5.1.1 Polystyrene (CH) principal Hugoniot kinematic measurements . 162

5.1.2 Observables for polystyrene (CH) double shock experiments . . 168

5.1.3 Inferred polystyrene single shock states from double shock mea-

surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

5.1.4 Polypropylene (CH2) principal Hugoniot kinematic measurements 178

5.2.1 Reflectance measurements for polystyrene and polypropylene . . 186

5.2.2 Hugoniot temperatures for polystyrene (CH) . . . . . . . . . . . 193

5.2.3 Hugoniot temperatures for polypropylene (CH2) . . . . . . . . . 194

C.1.1 Glow-Discharge-Polymer (GDP, CH1.4) principal Hugoniot kine-

matic measurements . . . . . . . . . . . . . . . . . . . . . . . . 260

C.1.2 Initial density and stoichiometry of available LEOS models . . . 262



List of Tables xiii

C.2.1 Germanium-doped GDP principal Hugoniot kinematic measure-

ments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266



List of Figures xiv

LIST OF FIGURES

1.1.1 Temperature-pressure space delimiting model boundaries. . . . 11

1.1.2 Temperature-density space showing HED regimes. . . . . . . . . 14

2.1.1 Arbitrary volume . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.1 Characteristics of receding piston . . . . . . . . . . . . . . . . . 40

2.4.1 Deformation of a wave . . . . . . . . . . . . . . . . . . . . . . . 44

2.4.2 Shock formation in x− t plane . . . . . . . . . . . . . . . . . . 46

2.5.1 Shock wave transit through cylindrical flow tube . . . . . . . . 51

2.6.1 Geometrical representation of energy increase across shock front 61

3.1.1 Graphical interpretation of impedance-matching analysis . . . . 72

3.2.1 Comparison of VISAR streak images using opaque and transpar-

ent standards. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.3.1 Quartz shock EOS in Us − Up plane . . . . . . . . . . . . . . . 86

3.3.2 Differences between Quartz experimental fits . . . . . . . . . . . 90

3.4.1 Approximation of release isentrope using Mie-Grüneisen EOS . 95
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1. INTRODUCTION

“Learning and innovation go hand in hand. The arrogance of success is to think

that what you did yesterday will be sufficient for tomorrow.” –William G. Pollard

(1911-1989)

Modern society has tightly intertwined its “success” (as defined by a country’s

gross domestic product (GDP), standard of living, etc.) with its energy needs.

World energy expenditure has consistently increased through the years, and na-

tions with the highest GDP per capita are among those with the largest energy

consumption per capita.1 Though not surprising, it is unsettling since these coun-

tries are role models for developing and newly industrialized countries. This will

likely translate to even higher energy demands in the future.2

Fossil fuels currently provide over 80% of the world’s energy needs,1,2 of which

∼ 50% is oil based. Estimates based on known oil reserves indicate the current

consumption rate can be maintained for only 40 years.∗ In the case of natural

∗ This estimate does not include probable new sources of oil that could extend this time frame.
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gas, 60 years are predicted for current production rates.2 The limited availability

of these fuel sources is of concern as are the adverse effects of burning these fuels.

The continued creation of CO2 and other greenhouse gases has potentially devas-

tating environment effects. This concern has promoted renewed interest in the use

of and research into renewable,“cleaner” sources of energy. Although solar, wind,

and geothermal energy are attractive, they currently do not offer an equivalent

amount of energy production as fossil fuels.1 Nuclear fission energy provides a

large potential source of energy with a relatively low environmental impact. How-

ever widespread use of nuclear power plants has been mostly inhibited by public

concern regarding the safe handling of the associated radioactive by- products and

safe operation of these facilities, perhaps stigmatized by the Chernobyl disaster

and the Three Mile Island accident. As of 2009, nuclear energy amounted to only

6% of the worldwide energy use.1

The dilemma concerning the world’s dependence on fossil fuels and the role of

this energy source in global warming becomes even more complicated when one

accounts for the geographical location of the majority of the oil reserves (Middle

East, Russia, Venezuela, and the Caspian Region)2 and the diplomatic efforts this

involves. Energy production and consumption infrastructure, as we know it today,

is unsustainable.

As we starve for energy, in almost defying contrast, the stars are leisurely
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burning their fuel for not millions, but billions of years. Stars create energy

through thermonuclear fusion, where lighter elements fuse to create a heavier

element and some lighter particles, releasing a great deal of energy in the process.

The energy released per kg of fuel in typical fusion reactions is 2 and 7 orders of

magnitude larger than chemical and nuclear fission reactions.3 The fuel of choice

for current fusion experiments is a mixture of tritium (T) and deuterium (D).

The D-T reaction† has the largest fusion cross section, making it the easiest to

initiate, while still producing a significant amount of energy (∼ 17.6 MeV per

reaction). This cross section peaks at relative kinetic energies of around 64 keV, a

relatively low temperature for these type of reactions. The D-T reaction produces

a considerable amount of neutrons and He4 that is not radioactive. Deuterium

is naturally occurring in the ocean at ∼ 156 ppm, while tritium, though not

naturally occurring, can be produced by neutron activation of lithium, also found

in sea water. This provides a vast and inexpensive supply of fuel.

In comparison to fission and chemical reactions, fusion yields the highest en-

ergy per mass of fuel and uses naturally abundant fuels that are relatively easy

to obtain, causing low environmental distress and little radioactive by-products.

Considering current trends in energy demand and environmental concerns, con-

trolled nuclear fusion is an attractive future energy solution. Fusion presents an

† D + T → He4(3.54MeV) + n(14.06MeV)
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ideal source of energy, but for one caveat: we have yet to achieve controlled fusion

in the laboratory with a net energy gain. The technological infrastructure needed

to make fusion a viable energy resource is not yet available.

The difficulty with fusion is it requires the nuclei to be in close proximity (∼

1 nuclear diameter) to initiate the reaction. At this distance scale the Coulomb

potential creates a significant repulsive force between the positively charged nuclei

that can be overcome as long as the nuclei have sufficient kinetic energy. Supplying

such kinetic energy requires driving the fuel to extremely high temperatures (bil-

lions of degrees K), while ensuring the fuel remains confined such that it ignites;

this has demonstrated to be quite challenging to achieve.

There are two main approaches to controlled fusion: magnetic confinement fu-

sion (MCF)4 and inertial confinement fusion (ICF).5 Temperatures and pressures

needed for fusion readily ionize the fuel into a plasma state. In the first approach

the plasma is confined by magnetic fields, using a toroidal geometry that confines

and heats the fuel. In ICF, a capsule containing fuel is imploded, compressing

and heating the fuel to fusion conditions. Both approaches have achieved great

advances, significantly increasing fusion energy yields. To date neither approach

has achieved energy gain relative to the driver energy. This may soon change

with large scale facilities such as the International Thermonuclear Experimen-

tal Reactor (ITER),6 the National Ignition Facility (NIF)7 recently completed
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at Lawrence Livermore National Laboratory, and the Laser Mégajoule (LMJ),8

whose main aim is to achieve ignition; to yield reactions with net energy gain in

comparison to the driver energy that is used.

In Inertial Confinement Fusion (ICF) target designs, the equation of state

(EOS) of materials must be accurately known over a wide range of states, with

densities spanning eight orders of magnitude (10−4 < ρ/ρ0 < 104, where ρ0 is solid

density)9 and temperatures reaching up to ∼ 100 keV, translating to a consider-

able pressure range (∼ 0 to 106 Mbar).9 The high pressure (≥1 Mbar) EOS of

materials is of interest to many other fields, particularly astrophysics and plan-

etary interior studies. The requirement to know the EOS’s of materials in high

energy density states fueled the development of global EOS seeking to describe

pressure P (ρ, T ) and internal energy E(ρ, T ) over wide density and temperature

ranges. This has been achieved through quasi-empirical models constructed from

the inclusion of various theoretical models, each valid in different phase space

regions, often interpolating between regions. Accurate modeling of states under

high energy density conditions is not trivial, having to account for a combina-

tion of effects such as continuum lowering, ionization pressure, electron screening,

and molecular dissociation. Available experimental data amounts to only a small

fraction of pressure ranges included in the global EOS, with data above 1 Mbar

particularly sparse.10 It is important to understand material conditions encoun-
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tered at extreme temperature and pressure conditions, specially for fields where

radiation hydrodynamic codes are used, since these require the EOS of materials

as inputs.

In this study the equation of state of various hydrocarbons at pressures around

1 to 10 Mbar, well in the High Energy Density (HED) regime (P ≥ 1 Mbar), were

measured. These materials are of special interest to ICF since they are used for

the spherical shells containing the D-T or D-D fuel. In ICF experiments, the

compression wave propagating into the fuel is the result of material blow-off due

to heating of the shell (also referred to as the ablator). Consequently the ablator

material, and its properties under high pressures and temperatures, set important

initial conditions and limitations to the compression wave that propagates into the

fuel. The hydrocarbons studied were composed of various ratios of carbon and

hydrogen atoms (some samples had trace amounts of oxygen and germanium),

enabling a better understanding of the high pressure behavior due to changes

in stoichiometry. Carbon11 and hydrogen12 were previously studied in the high-

pressure fluid regime; providing high pressure measurements on hydrocarbons

presents the opportunity to test these models and/or confirm our methods of

generating models for molecular matter in the HED regime, based on its atomic

parts.
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1.1 Equation of State

The equation of state (EOS) of a material describes the thermodynamic re-

lationship among the macroscopic properties of a system, such as pressure (P ),

temperature (T ), density (ρ), and internal energy (E). This assumes the system

can be fully defined through thermodynamic coordinates, independent of how the

system arrived at that state; it describes equilibrium states whose characteris-

tics depend on its intrinsic properties.13,14 These are often expressed as P (ρ, T ),

E(ρ, T ), or ρ(P, T ). The existence of a simple, closed, analytic equation describ-

ing the EOS of a material is limited to an ideal gas. Outside this realm material

behavior can be modeled, to first approximation, by the summation of various

interactions, each modeled separately through different theories, whose validity is

confined to specific temperature and density conditions.

Empirically, a material’s EOS is obtained by varying one of the thermody-

namic variables and observing how other thermodynamic parameters change. EOS

studies are often performed by imparting a pressure load on the material, either

through static or dynamic compression. A common method for compressing mate-

rials is by subjecting them to shock waves where attainable pressures and densities

are proportional to the strength of the shock wave. The use of shock waves to

study the EOS of a material was first presented in works by Walsh and Christian

et al.15 and Bancroft et al.,16 focusing on the shock behavior of metals.
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For many years chemical and nuclear explosives and gas guns were used to gen-

erate shock waves.17–22 Recently z-pinches and lasers have been used to achieve

high pressures. The development of large scale research facilities like NOVA,23

OMEGA,24 Trident,25 Nike,26 and Z-machine,27 has enabled the creation of pres-

sures strong enough to cause solid materials to undergo drastic processes like elas-

tic lattice deformation, melt, molecular dissociation, and metalization. This has

allowed direct probing into regions of phase space that were previously unattain-

able. The study of these exotic states is described as High Energy Density Physics

(HEDP), describing matter driven to energy densities greater than 1011 J/cm3,

corresponding to pressures ≥ 1 Mbar.10,28 HEDP states are of interest to several

fields of physics including astrophysics, condensed matter physics, planetary sci-

ences, and plasma physics, and are of interest to U.S. national programs such as

the stockpile stewardship and inertial confinement fusion (ICF) programs.

Figure 1.1.1 is a representation of temperature-pressure phase space, adapted

from Eliezer at al.,29 denoting the regions where different physical processes dom-

inate the physics, each described through different theoretical models. These

regions are constructed by assuming different EOS models and solving (approxi-

mately) for the pressure and temperature at which they are equal. These bound-

aries are meant as guidelines, serving as a qualitative platform with which to
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describe the geography of phase space. A more rigorous description of the models

discussed below can be found in Appendix A.

The bottom left corner of Figure 1.1.1 (red region) describes matter at common

terrestrial temperatures and pressures. Matter is in its molecular form, and it is

mostly governed by chemical forces, undergoing common phase transitions such

as melt, vaporization, and condensation. As the temperature is increased (at con-

stant pressure) molecular vibrations cause an increase in molecular interactions.

When temperatures reach ∼ 1 eV the molecules dissociate into atomic compo-

nents (orange plane in Figure 1.1.1), and can accurately be described by an ideal

gas EOS. For increasing temperature (again isobarically) ionization occurs and

the Saha equation can be used to describe the level of ionization (yellow plane in

Figure 1.1.1). As more thermal energy is added into the system, the gas is further

ionized until it becomes a highly kinetic, hot mix of ions an electrons, properly

described as a plasma (light blue plane). This regime is accurately described by

traditional plasma physics, strictly dealing with ionized gas.10,28,29

If instead we increase the pressure (starting from the red plane) quantum

effects can no longer be neglected, and states are described through Fermi-Dirac

statistics. For fermions the highest energy (highest occupied energy level) at

T=0◦K is described by the Fermi energy εF , arising as a consequence of the Pauli

exclusion principle where no two electrons can share an identical energy state.14,30
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Fig. 1.1.1: Temperature-pressure space adapted from Eliezer et al.,29 show-

ing model boundaries.

At T=0◦K the Fermi gas is said to be completely degenerate, kT � εF where εF

is the Fermi energy at zero temperature, and quantum effects dominate. The high

pressures reached in this region will cause reduction or even closure of the band gap

in materials that behave as dielectrics under ambient conditions.31 Due to Pauli’s

exclusion principle, the electrons gain more kinetic energy as the material is further

compressed, therefore temperatures of the order of a couple eV cause the average

energy of the electron to be much greater than the binding energy of the atom.

The electrons become delocalized, often leading to a pressure induced metalization

of materials. Electrons in these states are described using a Thomas-Fermi model

(green plane in Figure 1.1.1). If the pressure is substantially increased, so is the

electron density and the Fermi pressure, and due to quantum interactions these
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electrons become relativistic (blue plane). Proper description requires relativistic

corrections to the Fermi-Dirac model; here the Fermi energy of electrons becomes

relativistic, independent on the particle mass, and is greater than the Fermi energy

at lower pressures.29 In contrast, if kT � εF , then one has a non-degenerate

electron gas that behaves classically. The boundary between the degenerate and

non-degenerate gas is shown as the diagonal line between partially ionized matter

(yellow plane) and the Fermi degenerate gas (green region), calculated by equating

the energy associated with an ideal and a Fermi gas.28,29

Transitions between planes, especially between the red-green, orange-green,

orange-yellow, and green-yellow planes, can be broad and difficult to understand,

often requiring corrections to known models and separate consideration of ions

and electrons. Matter in these states, within the white circle, can be radiation

dominated, partially ionized, weakly or strongly coupled (Coulomb effects domi-

nate over thermal contributions), Fermi degenerate, and more likely than not, a

combination of these. This results in states where quantum effects must be taken

into account, yet are not dominant. Conditions where neither the classical nor

the quantum approximation is quite valid are described to be in the warm dense

matter regime,10 as seen in temperature-density space in Figure 1.1.2.

In Figure 1.1.2 space outside the white region describes HEDP conditions.

The blue curves represent pressure, with the total pressure (1 Mbar and 1 Gbar



1. Introduction 13

at equilibrium, starting perpendicular to y-axis) generated by radiation fields and

material pressure (1 Mbar and 1 Gbar toward the center of graph), and their

corresponding temperatures and densities. Matter under conditions represented

by those on the top left of this graph, above the horizontal total pressure lines, is

radiation dominated starting at ∼ 1 keV. Radiation pressure scales as T 4, therefore

at high enough temperatures it is the dominant term in comparison to material

pressure, which usually scales linearly with T .28 The 1 Mbar total pressure curve

begins to bend down with increasing density; here the thermal pressure increases

and eventually dominates over the radiation pressure. Finally this curve becomes

vertical, as the electron pressure becomes larger than 1 Mbar.

Gray curves in Figure 1.1.2 denote boundaries among theoretical models, sim-

ilar to those described in Figure 1.1.1. The left most of these curves delimits

ionization of matter, which becomes relevant starting at ∼ 1 eV. The ionization

temperature rises with increasing density, as the number of electrons able to re-

combine with ions rises. At high enough densities, however, material will ionize

at any given temperature, as a result of pressure ionization. Ionization in the

classical regime is readily described using the Saha equation, however when quan-

tum effects come into play, for instance if the electrons become Fermi degenerate,

the Saha equation is no longer valid. Two boundary lines intersecting toward

the middle of the graph, labeled as E(Coulomb) = kT and E(Fermi) = kT ,



1. Introduction 14

Fig. 1.1.2: Temperature-density space depicting HEDP regimes, adapted

from National Research Council report.10
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show when the Coulomb and Fermi energy are equivalent to the thermal energy.

The first of these lines sets the boundary between weakly and strongly coupled

matter. The description of traditional plasma theory encompasses states above

and to the left of this line, where the Coulomb potential is smaller than thermal

effects (eφ < kT ), while strongly coupled states (eφ > kT ), where the pressure

from Coulomb interactions is larger than the thermal pressure, lie below and to

the right. Degenerate states are located below and to the right of the second of

these lines, where εF > kT , and non-degenerate states, with εF < kT lie above

and to the left. Figure 1.1.2 shows it is possible to find ionized states that satisfy

not one, but many of these conditions (i.e. strongly coupled and Fermi degen-

erate, weakly coupled and non-degenerate, etc.). This figure outlines the states

that can be reached using several different drivers, and the curves describing the

states of various celestial bodies (shown as brown curves). Several of these curves

lie on regions now accessible in the laboratory, making it possible to study and

reproduce astrophysical conditions.

Materials compressed to pressure ≥ 1 Mbar can be strongly or weakly cou-

pled, partially or completely degenerate, ionized, or radiation dominated. It is

challenging to accurately model these conditions theoretically, having to account

for degenerate electrons, pressure ionization, charge screening, continuum low-

ering, Coulomb energy corrections, dissociation, and bound electron effects.10,28
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Consequently discrepancies between global EOS models most often arise at high

pressures, creating a demand for reliable EOS data in this regime. The EOS of a

material is also important for experimental development of dense plasma theory,

especially where radiation hydrodynamic simulations are used, since a material’s

EOS and radiative transport coefficients serve as inputs.

1.2 Relevance of this Study

A major objective of the National Ignition Facility (NIF)7 is to achieve ther-

monuclear ignition through indirect-drive inertial confinement fusion (ICF).5 In

these experiments, a small D-T filled spherical capsule is placed inside a high-Z

cavity, called a hohlraum.5 Laser beams (192 at NIF) irradiate the inside of the

hohlraum. The hohlraum contains the thermal x-ray flux from the heated walls

producing a nearly black body, ∼ 300 eV, radiation field within the hohlraum.

The capsule is made of a low-Z material that is ablated by this radiation flux. The

ablated material is accelerated outward resulting in the quasi-isentropic compres-

sion of the D-T fuel by a sequence of well timed shock waves, designed to keep

the fuel at a low adiabat.5,32

Ideally, the pellet is exposed to only the soft x-rays generated by the hohlraum;

in reality the pellet is likewise exposed to high energy x-rays generated close to

the coronal plasma where the laser energy is absorbed and converted into x-rays.33
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These hard x-rays can penetrate the ablator and preheat the fuel before the se-

quence of shocks begin to compress it. When the fuel is prematurely preheated

it is more difficult to compress, decreasing the probability of attaining ignition.5

In ICF targets hydrodynamic instabilities disrupt the symmetry of the implosion

leading to reduced performance.5 These are mainly the Richtmyer-Meshkov insta-

bility, occurring during the first shock, and the Rayleigh-Taylor instability, occur-

ring during implosion acceleration.9,34 Capsule surface roughness, target defects,

and ablator material microstructure, are parameters that seed such instabilities.

Adding mid Z-dopants to ablators can stabilize these targets providing high

performance. It reduces the preheat of the fuel by increasing the opacity to the

hard x-rays. This optimizes fuel compression and yield, and relaxes manufacturing

constraints on the capsule targets.32,34–37 Two types of ablator materials are

currently considered for the National Ignition Campaign (NIC): beryllium doped

with copper (Be(Cu)) and glow-discharge polymer (C43H56O) (GDP) with various

levels of germanium doping (Ge-GDP).32,34–37 Each design has advantages and

weaknesses, that sets the capsule size, driver energy, and peak power requirements,

to make these shells sufficiently robust such that ignition will be achieved despite

experimental uncertainties and hydrodynamic instabilities.34

Ge-GDP capsules have significantly smoother outer surfaces, ∼ 10 nm without

smoothing, have no impurities other than trace amounts of oxygen, and do not
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have the inherent microstructure of Be(Cu) capsules.34 The Germanium dopant

is chemically bonded and does not migrate throughout the shell. This differs from

Be(Cu) ablators, which are deposited (both Be and Cu) through sputtering, lead-

ing to microstructure dictated by regions of differing density. These shells have

been observed to have non-uniform opacities due to migration of the Cu dopant

when the capsule is heated to remove the mold used to create the shell.34 An-

other advantage of plastic ablators is their transparency, enabling the possibility

of optically inspecting the surface roughness of the D-T ice. Surface roughness

of the ice largely inhibits the formation of a symmetric hot spot during igni-

tion; diagnosis and smoothing of this layer could increase ignition success rate.

Ultimately the choice of ablator relies on detailed simulations to tune the shell

dimensions, dopant levels, laser pulse, and assessment of hydrodynamic instabili-

ties. These simulations require knowledge of the ablator EOS, setting constraints

on tolerable capsule surface roughness, ablator thickness, and driver energy. In

particular instability growth rates have shown to strongly depend on the ablator

compressibility, as defined by its EOS.34 In NIF ignition experiments a series of

three shocks will compress the fuel, such that the entropy in the material is kept

as low as possible, making the target easier to compress. These shocks must be

accurately timed to coalesce within ∼ 100 ps.38 The timing of these shocks, in

particular the resulting first shock strength, depends on the ablator EOS. Again,
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simulations, assuming a given ablator EOS, are used to set shock timing con-

straints. An accurate ablator EOS gives confidence in the simulation-obtained

results that are used to design NIC experiments.

Prior to the work presented in this study, no high pressure data existed for

GDP or Ge-GDP. Polystyrene (CH) is closest in structure, and was considered a

good indicator for shock-timing simulations of NIF targets involving such abla-

tors. Shocked polystyrene was previously studied using gas-gun drivers up to ∼ 0.5

Mbar and using laser-driven shock waves between ∼7 to 41 Mbar.39–41 Experi-

ments above 1 Mbar39,40 had large error bars and appeared to behave noticeably

stiffer (less compressible) than the low-pressure data. There was no verification of

material behavior in the pressure range relevant to the NIF multiple-shock com-

pression scheme.38 The use of this limited high-pressure, low-precision data for

polystyrene to predict the behavior of NIF Ge-doped ablator materials provides

unacceptable uncertainty.

The study presented here sought to verify and understand the behavior of

Ge-GDP at pressures of 1 to 10 Mbar. To achieve this, a systematic approach

was taken, investigating several hydrocarbons at high-pressures. EOS models for

Ge-GDP will likely be based on existing models for simpler hydrocarbons. It was

deemed important to address the behavior of polystyrene to determine whether

this material indeed behaves stiffer than predicted, as suggested by previous stud-
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ies.39,40 Apart from the germanium doping, Ge-GDP has a higher C-to-H ratio

than polystyrene, and contains low oxygen levels that are absorbed by the Ge-

GDP thin films. The effect of stoichiometry (C-to-H ratio) is studied by measuring

the EOS of polypropylene (CH2), and the combined effect of higher C-to-H ratio

and oxygen is investigated through the high-pressure behavior of GDP. The addi-

tion of the germanium dopant and its effect on material behavior is investigated

by directly measuring the shock behavior of Ge-GDP. GDP and Ge-GDP are not

mass produced hydrocarbons, but rather have been produced in small batches to

meet the needs of the National Ignition Campaign (NIC).42 There was concern

that the properties of these hydrocarbons, such as density and index of refrac-

tion, to which the EOS measurements in this study are sensitive, would be batch

dependent. This was yet another motivation to first understand simple hydro-

carbons like polystyrene and polypropylene, whose material properties are well

known, and whose fabrication is extremely reproducible.

Polystyrene (CH) and polypropylene (CH2) are relatively simple organic com-

pounds, composed solely of hydrogen and carbon. Atoms in each polymer molecule

are covalently bonded, while the attraction between molecules can include Van der

Waals forces, dipole interactions, and hydrogen bonds.43 These hydrocarbons are

thought to experience chemical decomposition into phases of diamond-like C and

H at sufficiently high pressures and temperatures.44 Several studies have demon-
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strated this using principal Hugoniot data in the 0.01- to 1-Mbar regime.44,45

Electrical conductivity measurements46 in a similar pressure range showed a pre-

dictable dependence on the C-to-H ratio in the hydrocarbons. Studying CH and

CH2 in the high-energy-density regime opens the possibility of observing high-

pressure chemistry.

GDP has been used as an ablator material for ICF targets for many years. De-

spite its nominal formula CH1.3 (plus some oxygen), GDP ablators are commonly

referred to in the ICF field simply as CH ablators. GDP coatings are fabricated

by plasma polymerization, providing uniform deposition with small surface rough-

ness, meeting specification for ICF experiments.47,48 In plasma polymerization,

the molecules from a hydrocarbon gas are dissociated via a inductively coupled

plasma generator; these molecular fragments recombine on the surface on which it

is being deposited, to form an insoluble coating.49,50 By changing the gases intro-

duced in this process, the composition of these coatings can be varied to include

specific levels of dopants.51 Ample literature is available describing modifications

to the production process of GDP shells, optimizing their strength, permeability,

and dopant levels.47,48,50–53 This thesis presents the kinematic and thermal shock

behavior of CH and CH2. The shock EOS of GDP and Ge-GDP are introduced

in Appendix C as preliminary results, due to structure in the data that is not yet

understood.
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1.3 Thesis Outline

This chapter discussed the importance of high pressure material equation of

state (EOS), of interest to many fields including ICF. This led to a discussion

of material conditions attainable in the HED regime, touching on the difficulty

to accurately model such states. This gives importance to experimental EOS

measurements above 1 Mbar, often used to benchmark models at high pressures.

The concepts of indirect-drive ICF were explained, highlighting the importance

of hydrocarbon EOS (used as ablators) at 1 to 10 Mbar.

In Chapter Two, Dynamic Behavior of Compressible Flow, the fluid equations

are derived. Using acoustics both relaxation and compression waves are discussed,

leading to the conditions for shock wave formation. The Rankine-Hugoniot equa-

tions, relating pre-shock and post-shock conditions, are introduced. These equa-

tions describe the kinematic properties and change in internal energy of a shocked

material. The Hugoniot curve follows from these equations, describing the locus

of achievable shocked states.

The Rankine-Hugoniot equations can be applied at the contact interface be-

tween two materials; this is the underlying concept in the impedance matching

(IM) technique, an experimental method that permits inference of the EOS of a

material by comparing it to a know standard material, whose shock properties are

well understood. This technique is the primary focus of the third chapter, Pre-
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cision EOS using the Impedance Matching Technique. It describes how precision

measurements are obtained, and emphasizes the need to asses all errors inherent

with the IM technique; the methods used allowing error accountability is likewise

discussed.

The experimental design and technique is described in the fourth chapter. To

better understand the choice of diagnostics and the physical conditions of the

matter being probed, the chapter opens with an overview of shock wave forma-

tion using laser drivers. This introduces the main diagnostics used: a velocity

interferometer for any reflector (VISAR), leading to velocity and reflectivity mea-

surements at the shock front, and a streak optical pyrometer (SOP), measuring

the self-emission from the shock front, and hence its temperature. The target

materials and designs are described, followed by the analysis of a sample shot,

portraying the data extraction from diagnostic images, and the required analysis

used to determine shock velocities.

The fifth chapter presents equation of state measurements obtained for CH

and CH2. By obtaining simultaneous VISAR and SOP measurements both the

kinematic and thermal properties of these materials are obtained, yielding a com-

plete shock EOS. These results are compared with available models. The sixth,

and final chapter, presents the conclusions of this study.

Three appendices are provided as supplemental material. Appendix A presents
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a description of the models used to construct global equations of state, and pro-

vides a brief discussion on two of the most widely used global EOS, SESAME and

QEOS. In Appendix B, the scaling of the ablation pressure with respect to the

laser wavelength and irradiance is derived. Appendix C presents preliminary EOS

data obtained on GDP and Ge-GDP.
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2. THE DYNAMIC BEHAVIOR OF

COMPRESSIBLE FLOWS

The fluid equations, describing the motion of a fluid or gas, are based on

the conservation of mass, momentum, and energy, and the relevant equations of

state.28 These are the equations that govern the propagation of small amplitude

disturbances, leading to the basic principles of acoustics, and ultimately the con-

ditions for shock wave formation. The governing equations describing shock wave

propagation and behavior are derived from the conservation equations for inviscid

fluid flow in this Chapter.

2.1 Fluid Equations

One can consider a fluid as a flow of continuous matter, where the field variables

such as pressure, density, and velocity, can be uniquely defined at each point.

Following a given mass element of this fluid with density ρ(rrr, t) and velocity



2. The Dynamic Behavior of Compressible Flows 26

v(rrr, t), whose volume V is arbitrarily chosen, conservation of mass dictates that

though the morphology of this fluid element can change, its mass must remain

the same, i.e. the form and size of the mass element can change as it flows, yet

the total mass will remain constant.54

Fig. 2.1.1: An arbitrary volume is chosen to arrive at conservation

equations. Infinitesimal surface areas are represented by dS, and n̂̂n̂n is

the unit vector perpendicular to the surface.

The mass of this fluid element can be described by

m =
y

dx dy dzρ =

∫
dV ρ(x, y, z, t),

where the mass rate of change in the volume is

∂

∂t

∫
V

dV ρ. (2.1)

The change in mass of fluid held in V must be equal to the mass flux through the
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surface, S, of the volume

∂

∂t

∫
V

dV ρ = −
∮

S

ρ(vvv · n̂̂n̂n)dS, (2.2)

where n̂̂n̂n is the vector normal to the surface, as shown in Figure 2.1.1. Applying

Gauss’ theorem to the right hand side of Equation 2.2 and rearranging gives∫
V

dV
[∂ρ
∂t

+ ∇ · ρvvv
]

= 0. (2.3)

For this equation to be satisfied regardless of the volume element, since it was

chosen arbitrarily, the argument under the integral must be equal to zero,

∂ρ

∂t
+ ∇ · ρvvv = 0, (2.4)

arriving at the continuity equation.54,55

Conservation of momentum can be derived by applying Newton’s second law

to a fluid element, where the change in momentum of the fluid element must be

equivalent to the net forces acting on it. The momentum of a fluid element over

an arbitrary volume is

PPP =

∫
V

ρvvv dV, (2.5)

hence the rate of change of momentum with respect to time, using Einstein sum-

mation where repeated subscripts are summed and single subscripts represent

vector elements, can be written as

∂

∂t

∫
V

ρvi dV. (2.6)
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The momentum flux is

−
∮

S

ρvvv(vvv · n̂̂n̂n) dS = −
∮

S

ρvi(vjnj) dS =

∫
V

∂

∂xj

(ρvivj) dV, (2.7)

where Gauss’ Theorem was used. If only the normal pressure is accounted for, i.e.

with zero viscosity, the internal force or surface force is expressed as

−
∮

S

Pn̂̂n̂n dS = −
∮

S

Pni dS =

∫
V

∂P

∂xi

dV, (2.8)

where P is the pressure and n̂̂n̂n is the vector perpendicular to the surface. Taking

fff to be the force per unit mass, or acceleration, then the net external force acting

on the fluid element is ∫
V

ρfff dV =

∫
V

ρfi dV. (2.9)

Combining Equations 2.6, 2.7, 2.8, and 2.9 leads to

∫
V

[ ∂
∂t

(ρvi) +
∂

∂xj

(ρvivj) +
∂P

∂xi

− ρfi

]
dV = 0. (2.10)

The integral in Equation 2.10 must be satisfied independent of the chosen volume

so,

∂

∂t
(ρvi) +

∂

∂xj

(ρvivj) +
∂P

∂xi

− ρfi = 0. (2.11)

The first term in Equation 2.11 can be expanded as

∂

∂t
(ρvi) = vi

∂ρ

∂t
+ ρ

∂vi

∂t
, (2.12)
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and using conservation of mass one can express the rate of change in density with

respect to time as a spatial derivative , ∂ρ/∂t = −∂(ρvj)/∂xj, such that

∂

∂t
(ρvi) = −vi

∂ρvj

∂xj

+ ρ
∂vi

∂t
. (2.13)

Expanding the second term in Equation 2.11 and using Equation 2.13 leads to

Euler’s equation54,55

ρ
∂vi

∂t
+ ρvj

∂vi

∂xj

= −∂P
∂xi

+ ρfi, (2.14)

or in vector form,

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = −∇P + ρfff, (2.15)

describing the conservation of momentum.

Conservation of energy is derived using the first law of thermodynamics. For

states in equilibrium, the change in internal energy of a system must be equal to

the summation of the work done on the system and the heat generated or added

to the system.13,54 While a fluid mass element in Lagrangian coordinates can

be considered a thermodynamic system, it is constantly in motion and therefore

not in equilibrium. A flowing fluid element is never far from thermodynamic

equilibrium, so one can consider the instantaneous energy of the fluid element per

unit volume to be composed of two contributions: ρv2

2
+ ρε, namely kinetic and

internal energy. Using this approach, the change in total energy for an arbitrary
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volume with respect to time is

∫
V

∂

∂t

(ρv2

2
+ ρε

)
dV, (2.16)

and the energy flux into and out of the volume is

∮
S

(ρv2

2
+ ρε

)
(vvv · n̂̂n̂n) dS =

∫
V

∇ · vvv
(ρv2

2
+ ρε

)
dV. (2.17)

The mechanical work done on the system is the scalar product of the force acting

on the system and the displacement vector. When deriving Euler’s Equation

(Equation 2.15) the forces acting on the fluid element were described by a surface

stress, or internal force due to pressure, and a net external force per unit mass,

represented by a vector fff . The work done on the fluid element over an arbitrary

volume, due to the first of these forces, the surface force, is

−
∮

S

P (vvv · n̂̂n̂n)dS = −
∫

V

∇ · (Pvvv) dV, (2.18)

where P is the pressure, vvv is the velocity of the fluid element, and nnn is the vector

perpendicular to the surface element. The work done on the fluid element by the

external forces is ∫
V

(ρfff · vvv)dV. (2.19)

The energy contribution due to heating is given by

−
∮

S

(qqq · n̂̂n̂n)dS = −
∫

V

∇ · qqq dV, (2.20)
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where qqq is the vector describing the conductive heat flux leaving the fluid element’s

arbitrary volume. Using Equations 2.16- 2.20 one arrives at

∫
V

[ ∂
∂t

(ρv2

2
+ ρε

)
+∇·vvv

(ρv2

2
+ ρε

)
+∇· (Pvvv)− (ρfff ·vvv)+∇·qqq

]
dV = 0. (2.21)

As in the derivations of conservation of mass and momentum, to satisfy Equation

2.21, the argument of the volume integral must always be equal to zero. The

resulting equation for conservation of energy is54,55

∂

∂t

(ρv2

2
+ ρε

)
+ ∇ · ρvvv

[v2

2
+

(
ε+

P

ρ

)]
= ρfff · vvv −∇ · qqq, (2.22)

where viscosity has been neglected. Equations 2.4, 2.15, and 2.22 are the governing

equations of motion describing an inviscid fluid.

Expanding the left hand side of Equation 2.22 and applying conservation of

mass and momentum, it can be rewritten as

ρ
DDDε

DtDtDt
+ ρ(vvv · ∇)ε+ P∇ · vvv = −∇ · qqq, (2.23)

where DDD
DtDtDt

= ∂
∂t

+ vvv · ∇ is the total derivative. Using mass conservation (Equation

2.4) this can be rewritten

ρ
DDDε

DtDtDt
− P

ρ

DDDρ

DtDtDt
= −∇ · qqq, (2.24)

or in difference form,

ρ
∆ε

∆t
− P

ρ

∆ρ

∆t
= ρ

∆Q

∆t
, (2.25)
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and rearranging,

∆ε =
P

ρ2
∆ρ+ ∆Q, (2.26)

where Q is the heating per unit mass. One can write ∆ρ = ∂ρ
∂V

∆V , where V is the

specific volume such that ρ = 1/V , therefore ∂ρ
∂V

= V −2 = −ρ2, and ∆ρ = −∆V ρ2.

This implies ∆ε = −P∆V + ∆Q, recovering the first law of thermodynamics.

This shows the assumptions used for the derivation of conservation of energy are

correct.

2.2 Acoustic and Riemann Invariants

Using the fluid equations derived in the previous section, one can investigate

the propagation of small amplitude disturbances. Under the conditions that the

perturbations in density, pressure, and velocity, δρ , δP , and δv, are small com-

pared to their average values, ρ0, P0, and v0v0v0 (for non-zero initial velocity), the

fluid equations become acoustic equations describing sound wave propagation.

The density, pressure, and velocity conditions are

ρ = ρ0 + δρ, for |δρ| � ρ0, (2.27)

P = P0 + δP, for |δP | � P0, and (2.28)

vvv = v0v0v0 + δvvv, for |δvδvδv| � |vvv| . (2.29)
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The continuity equation and Euler’s equation can be linearized with respect to

the perturbations using Equations 2.27 -2.29, with the unperturbed continuity

equation satisfied.∗ The equation of continuity yields28,54,55

∂

∂t
(ρ0 + δρ) + ∇ · [(ρ0 + δρ)(v0v0v0 + δvδvδv)] = 0,

∂ρ0

∂t
+
∂δρ

∂t
+ ∇ · [ρ0v0v0v0 + δρv0v0v0 + δρδvδvδv] = 0, and

∂δρ

∂t
+ ∇ · [δρv0v0v0 + ρ0δvδvδv] = 0, (2.30)

where all second order terms in perturbation have been neglected. Assuming

v0v0v0 = 0, Equation 2.30 becomes28,54,55

∂δρ

∂t
+ ρ0∇ · δvδvδv = 0. (2.31)

Applying Equations 2.27-2.29 to Euler’s equation without the inclusion of external

forces leads to

(ρ0 + δρ)
∂

∂t
(v0v0v0 + δvδvδv) + (ρ0 + δρ)(v0v0v0 + δvδvδv) · ∇(v0v0v0 + δvδvδv) = −∇(P0 + δP ),

ρ0
∂v0v0v0

∂t
+ δρ

∂v0v0v0

∂t
+ ρ0

∂δvδvδv

∂t
+ (ρ0v0v0v0 + δρv0v0v0 + ρ0δvδvδv) · ∇(v0v0v0 + δvδvδv) = −∇(P0 + δP ),

ρ0
∂δvδvδv

∂t
+ δρ

∂v0v0v0

∂t
+ δρv0v0v0 · ∇δvδvδv = −∇δP, and

ρ0
∂δvδvδv

∂t
= −∇δP. (2.32)

This derivation assumes v0v0v0 = 0, neglects all second order terms in perturbation,

and uses Euler’s equation for the unperturbed flow. Assuming the disturbance

∗ For v0v0v0 = 0, |δvδvδv| ∼ 0 such that |δvδvδv| is a small amplitude perturbation.
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is small enough and travels at a speed such that heat transfer can be neglected,

the flow can be considered adiabatic. This implies a pressure disturbance (δP ) is

directly associated with a density disturbance (δρ). The pressure can be expressed

as a function of density and entropy, P (ρ, S). Taylor expanding the pressure

around the point of initial density and entropy (ρ0, S0) leads, to first order, to

P (ρ, S) = P (ρ0 + δρ, S) ' P (ρ0, S0)+ (ρ−ρ0)
(

∂P
∂ρ

)
S

+(S−S0)
(

∂P
∂S

)
ρ
+O(δρ2).56

Using Equation 2.27 and assuming the change in entropy is negligible, since the

perturbation is small by definition, this reduces to P (ρ0 + δρ, S0) = P (ρ0, S0) +(
∂P
∂ρ

)
S
δρ + O(δρ2), where the first term represents the initial pressure, P0, and(

∂P
∂ρ

)
S

is the rate of change in pressure with respect to density at constant entropy

i.e. isentropic flow. The perturbed pressure is then δP = P − P0 =
(

∂P
∂ρ

)
S
δρ,

or δP = c2sδρ, where the sound speed of the unperturbed material is defined to

be cs =

√(
∂P
∂ρ

)
S
.56 Using this expression for the perturbed pressure, taking the

time derivative of Equation 2.30, and the divergence of Equation 2.32 one arrives

at a wave equation describing density changes

∂2δρ

∂t2
− c2s∇2δρ = 0, (2.33)

where the sound speed was taken to be a constant in space and time. Assuming 1-

dimensional flow for simplicity, this equation is a parabolic type partial differential

equation, whose solution is described by the superposition of two waves,28,54,55

δρ = f(x+ cs) + g(x− cs), (2.34)
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where the first and second term describe waves propagating in the −x and +x

direction, respectively. Taking the time derivative of Equation 2.33 and using

Equations 2.31 and 2.32 gives

∂3δρ

∂t3
= −c2sρ0

∂

∂x

(∂2v

∂x2

)
, (2.35)

∂3δρ

∂t3
= −ρ0

∂

∂x

(∂2v

∂t2

)
, (2.36)

where subtracting the second equation from the first yields

∂

∂x

(
−c2s

∂2v

∂x2
+
∂2v

∂t2

)
= 0, (2.37)

∂2v

∂t2
− c2s

∂2v

∂x2
+ h(t) = 0, and (2.38)

∂2v

∂t2
− c2s

∂2v

∂x2
= 0, (2.39)

where h(t) is a constant function in position, depending only on t, arising from

integration of Equation 2.37 . Applying the initial boundary condition v = 0 at

t = 0 yields h(t) = 0. Note the solution to Equation 2.39 is a superposition of two

simple waves traveling in opposite directions,

v = f ′(x+ cs) + g′(x− cs). (2.40)

The other fluid parameters, such as temperature and density, satisfy equations

of the same form; all perturbations will travel in opposite directions at the local

sound speed.55

If a fluid is not stationary but rather flows with uniform velocity u, a pertur-

bation in the fluid parameters can generate sound waves, traveling at the local
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sound speed relative to the flow, or it can create local changes in the fluid prop-

erties that travel at the flow velocity u. These sonic or fluid perturbations follow

trajectories known as characteristics, described by28,55,57

C± :
dx

dt
= u± cs (2.41)

for sonic disturbances (those propagating at the sound speed) and

Co :
dx

dt
= u (2.42)

for fluid disturbances (those propagating at the fluid velocity). Defining an arbi-

trary curve x = ξ(t) in the x− t plane, one can define the derivative of a function

f(x, t) along this trajectory as(df
dt

)
ξ

=
∂f

∂t
+
dx

dt

∂f

∂x
. (2.43)

Taking the derivative at constant entropy one can write

dρ =
( ∂ρ
∂P

)
S
dP =

dP

c2s
, (2.44)

and substituting the latter in the continuity equation yields

1

c2s

(dP
dt

+ ρ
∂u

∂x

)
= 0, or (2.45)

1

ρcs

∂P

∂t
+

u

ρcs

∂P

∂x
+ cs

∂u

∂x
= 0. (2.46)

Adding or subtracting Euler’s equation to Equation 2.46, and looking for a form

similar to that of Equation 2.43, leads to28,55,56

[∂u
∂t

+ (u± cs)
∂u

∂x

]
± 1

ρcs

[∂P
∂t

+ (u± cs)
∂P

∂x

]
= 0, (2.47)
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describing derivatives along C± characteristics respectively. Integrating Equation

2.47 for planar, 1-dimensional, isentropic flow one can define invariants along the

trajectories described by the C± characteristics,9,28,55,57

dJ± ≡ du± dP

ρcs
= 0, (2.48)

or integrating,

J± = u±
∫

dP

ρcs
, (2.49)

commonly referred to as the Riemann invariants. Note both ρ and cs are, in

general, functions of pressure. By introducing characteristics and the Riemann

invariants one can describe fluid motion using J±, rather than u and a thermo-

dynamic quantity, greatly simplifying flow analysis. The advantage is that for

simple wave flow Equations 2.48 and 2.49 show the Riemann invariants are con-

stant along characteristics; J+ is constant along a given C+ characteristic and J−

is constant along a given C− characteristic. This implies J+ does not vary along

a given C+ characteristic, thus a variation of the slope of a characteristic is solely

determined by a change in J−, and vise versa. For simple waves, one family of

characteristics will always be straight lines. Along each characteristic, the flow

properties such as pressure, density, and fluid velocity remain constant, though

their values vary among different characteristics, such that the Riemann invari-

ants are single valued functions. In the case that both C+ and C− characteristics

are straight lines in a given region, this region is said to have uniform flow.
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The equation of state of an ideal polytropic gas is (P/P0) = (ρ/ρ0)
γeS−S0/Cv ,

where S and S0 are the final and initial entropy, and Cv is the specific heat at

constant volume. For isentropic flow, ∆S = S − S0 = 0, this equation reduces to

(P/P0) = (ρ/ρ0)
γ. Here P0 and ρ0 are the initial pressure and density, P and ρ are

the final pressure and density, and γ is the adiabatic exponent, defined as the ratio

between the specific heat at constant pressure and the specific heat at constant

volume γ = (CP/CV ). For an ideal gas, γ is assumed to be constant and can be

expressed as γ = 1 + (2/DOF ), where DOF represents the degrees of freedom

of the material. Using the above description dP = P0γ(ρ
γ−1/ργ

0)dρ = γ(P/ρ)dρ,

and the sound speed is9,28,55,56

cs =

√
γ
P

ρ
=

√
γP0

( ρ

ρ0

)γ 1

ρ
=

√
γ
P0

ρ0

( ρ

ρ0

) γ−1
2

(2.50)

= c0

( ρ

ρ0

) γ−1
2
, (2.51)

where the initial sound speed in the material, c0, is defined as c0 =
√
γP0/ρ0.

Consequently the Riemann invariants are

J± = u±
∫

1

ρcs
P0γ(ρ

γ−1/ργ
0)dρ, (2.52)

= u±
∫

γP0

ρ0c0

( ρ

ρ0

) γ−3
2
dρ, (2.53)

= u± c0

( ρ

ρ0

) γ−1
2 2

γ − 1
, (2.54)

= u± 2

γ − 1
cs. (2.55)
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2.3 Relaxation Waves

A relaxation wave results in a decrease of density and pressure in a material,

returning it to ambient conditions. It is referred to as a rarefaction wave, release

wave, unloading wave, or expansion wave. Unlike compression waves, rarefaction

waves propagate in a direction opposite to material flow and experience a de-

crease in sound speed, as a function of decreasing P and ρ, causing the wave to

expand. Energy dissipation in these waves is small and they can be considered

to be isentropic in most cases. This means the equations derived in Section 2.2

for the Riemann invariants (Equation 2.49) can be used to describe isentropic

releases.28,55,58 Consider a gas, initially at rest, bounded on the left by a piston

that suddenly recedes, accelerating from zero velocity to a given constant veloc-

ity, where the piston velocity is described by a function U(t). This results in a

wave traveling to the right. The flow can be described in terms of C± character-

istics and the piston trajectory, as shown in Figure 2.3.1. The C+ characteristics

are straight lines, where the initial disturbance, or head of the wave, travels to

the right at the sound speed along the C+
0 characteristic. To the right of this

line, region I (blue), the gas is unperturbed, and both the C+ and C− family of

characteristics are straight lines. The C− characteristics extend past region I and

finalize at the piston trajectory; since these characteristics originate from a region

of uniform flow, they are constant over the x − t plane. Assuming an ideal gas
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Fig. 2.3.1: Figure adapted from Zeldovich and Raizer.55 The trajectory

of a receding piston that accelerates and finally reaches a constant velocity

is described by X(t). This results in the propagation of a rarefaction wave

traveling to the right. The characteristics (flow trajectories) are shown in

the x − t. The head of the wave travels along the C0 characteristic at the

initial sound speed. As the piston recedes, C+ characteristic emanate from

the piston boundary while C− characteristics originate from a region of un-

perturbed flow (I) and extend to the piston trajectory. Regions I and III

describe uniform flow, while region II shows expansion of the wave as di-

verging C+ characteristics.

with constant adiabatic index, the J− Riemann invariant is expressed as

J− = u− 2

γ − 1
cs = − 2

γ − 1
c0, (2.56)

since the gas was initially at rest. This implies the fluid velocity and sound speed

are

u = − 2

γ − 1
(c0 − cs) and cs = c0 +

γ + 1

2
u. (2.57)
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The piston sets a boundary condition on the gas velocity and flow. At the piston-

gas boundary the velocity of the gas is equivalent to the piston velocity, u = U(t),

and the piston trajectory, X(t), defines the path of the gas x = X(t). The

receding piston has negative velocity, therefore at the piston interface the gas has

a lower sound speed, pressure, and density, compared to its initial properties.

During the acceleration period, denoted by region II (green) in Figure 2.3.1, the

C+ characteristics are straight lines emerging from the piston, whose trajectory

displays curvature due to it’s acceleration. Consequently the C+ characteristics

in region II are divergent, with(dx
dt

)
+

= u+ cs = c0 +
γ + 1

2
U, and, (2.58)

J+ = u+
2

γ − 1
cs = 2U +

2

γ − 1
c0, (2.59)

using cs from Equation 2.57. In region II, the C+ characteristics have lower sound

speed and fluid velocity (larger absolute fluid velocity) as a function of time, and

consequently the wave expands. In Region III (yellow) the piston is assumed to

have reached a constant velocity, therefore the C+ characteristics emerging from

the piston have the same slope. These characteristics are constant and are shown

as parallel lines. Here the flow is uniform since both families of characteristics are

constant.28,55,58

If the piston is assumed to have constant initial velocity (rather than accel-

erating initially as in the case shown in Figure 2.3.1), all C+ characteristics in
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region II would now originate from x = t = 0, creating a fan of characteristics.

The latter is known as a centered rarefaction wave, whose solution is of the form

x = [u + cs(u)]t. The expression for the sound speed obtained from J− remains

the same and can be used to find generalized expressions for density and pressure,

ρ

ρ0

=
[
1 − γ − 1

2

|u|
c0

] 2
γ−1

, and (2.60)

P

P0

=
[
1 − γ − 1

2

|u|
c0

] 2γ
γ−1

, (2.61)

where cs = (γP/ρ) = c20(ρ/ρ0)
γ−1 and (P/P0) = (ρ/ρ0)

γ were used. Equations

2.60 and 2.61 show that as |u| becomes larger, P , ρ, and cs decrease. From

boundary conditions and Equation 2.57, cs = c0 − γ−1
2
|u|, thus |u| > 2c0/(γ − 1).

For an ideal mono-atomic gas with γ = 5/3, this implies the head of the wave

cannot propagate faster than 3c0, where c0 is the initial sound speed. This is the

highest limiting speed for the flow, corresponding to a state where all the stored

energy in the gas evolves into kinetic energy. When the piston reaches a velocity

|u| = 2c0/(γ − 1), P , ρ, and cs go to zero.

2.4 Shock Wave Formation

The governing equations describing acoustics were derived assuming small am-

plitude perturbations in the thermodynamics quantities, such as density and pres-

sure, and by linearizing the equations of conservation of mass and momentum,
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ignoring higher order effects. If the nonlinearity of the fluid equations are taken

into account, the wave profile is no longer constant with displacement and is dis-

torted as the wave propagates. This distortion arises because different parts of

the wave propagate at different speeds; the crest of the wave has a slightly higher

velocity since it has both higher sound speed, propagating faster in the fluid, and

a higher fluid velocity, it is carried forward faster with the fluid. Both the sound

speed and the fluid velocity are slower at the trough, therefore the wave travels in

an non-equilibrium fashion. Due to such velocity differential, as shown in Figure

2.4.1, the wave steepens, eventually overshooting, corresponding to an unphysical

condition where u would become a multi-value function at a given location. Math-

ematically this can be attributed to the intersection of characteristics, giving a

non-unique solution. This overshooting does not occur, but rather a discontinuity

forms when the wave front reaches extreme steepening; a shock wave is propagated

at an equilibrium velocity.28,54,55

Shock waves occur when a material is subjected to rapid pressure loading,

such that the loading time is short in comparison to the material’s characteristic

temporal response, causing discontinuities in the thermodynamic properties of the

material. This means there is no material response prior to shock wave arrival,

since the shock wave travels faster than the local sound speed in the material.

It is a supersonic compression wave. Dissipative effects such as viscosity and
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Fig. 2.4.1: Deformation of a wave as it propagates leads to shock wave for-

mation. Here the horizontal axis describes position and the vertical axis can

describe quantities such as u, ρ or P .(a) Initial wave profile, corresponding

to time t = 0; point A is at the crest of the wave, while point B is below the

wave maximum. (b) The crest of the wave, A, propagates faster than the

rest of the wave, consequently the wave begins to steepen and deform. (c)

Following this reasoning, point A would eventually overtake point B, over-

shooting. However this describes an unphysical situation where the wave

profile would become a multivalued function. (d) In reality the situation

depicted in (c) will not occur, but rather the wave will steepen, until a

discontinuity, a shock wave, is formed.
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heat transport can hinder the shock wave from becoming an infinitesimally thin

discontinuity,55,58 since they tend to oppose the effect of increasing the sound

speed with increasing pressure, leading to the steepening of the wave. For most

materials, at pressures larger than 0.1 Mbar shock wave rise times cannot be

measured experimentally, therefore large amplitude shock waves can be considered

to be ideal discontinuities.58

By definition, characteristics must be single valued functions, therefore the

equations and methods developed for acoustics are no longer valid once they in-

tersect i.e. the governing equations describing acoustics break down once a shock

wave has formed. One can follow the method of characteristics and force the

creation of a discontinuity to find the time at which a shock wave forms. Take a

tube filled with an ideal gas, where a piston is accelerating toward the gas at a

velocity U = at compressing it, as shown in Figure 2.4.2. Due to the geometry of

the problem, it is evident the characteristics from the C+ family will eventually

converge at a single point in the x−t plane, forming a shock wave.9,56 Considering

simple wave flow and applying the relations derived in Section 2.2, the C− family

of characteristics are straight lines, J− = constant, where9,55,56

J− = u− 2cs
γ − 1

, (2.62)

= − 2c0
γ − 1

, (2.63)
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Fig. 2.4.2: A gas with initial conditions (V0, C0, P0)(V0, C0, P0)(V0, C0, P0) is compressed by a piston

moving to the right with velocity U = atU = atU = at. The family of C+ characteristics,

shown in the x − tx − tx − t plane, emerging from the piston trajectory, X(t)X(t)X(t), will

eventually converge at a single point, signaling the formation of a shock

wave.9

where cs = u(γ−1)
2

+ c0. The C+ characteristics can be described by

dx

dt

∣∣∣
C+

= u+ cs, (2.64)

=
γ + 1

2
u+ c0, leading to (2.65)

x =
(γ + 1

2
u+ c0

)
t+ f(u), (2.66)

where f(u) is an arbitrary function of u, and x describes flow position. Since the

characteristics emanate from the piston trajectory, this initial boundary condition

requires x = X(t), the flow position must be that describing the piston trajectory,
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and u = U = at, the flow velocity is equivalent to the piston velocity U . Using

these relations the piston trajectory can be written asX = at2/2, after integration.

Substituting into Equation 2.66 yields

at2

2
=

(γ + 1

2
(at) + c0

)
t+ f(at), (2.67)

letting ξ = at,

ξ2

2a
=

(γ + 1

2
(ξ) + c0

)(ξ
a

)
+ f(ξ), (2.68)

and solving for f ,

f(ξ) = −c0
ξ

a
− ξ2 γ

2a
. (2.69)

Substituting this expression for f into Equation 2.66 yields

x =
(γ + 1

2
u+ c0

)
t− c0

u

a
− u2 γ

2a
, (2.70)

0 =
γ

2a
u2 +

(c0
a
− γ + 1

2
t
)
u+ x− c0t, (2.71)

and solving for u,

u =
a

γ

[
−

(c0
a
− γ + 1

2
t
)

+

√(c0
a
− γ + 1

2
t
)2

− 2γ

a
(x− x0)

]
, (2.72)

where only the positive solution was taken since u(x = x0) = 0. Here x0 is the head

of the wave, therefore x < x0. Shock formation will occur when the compression

wave profile steepens into a discontinuity that can be mathematically expressed
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as (du/dx) = ∞, or conversely, (dx/du) = 0, obtaining9,55,56

dx

du
= −γu

a
−

(c0
a
− γ + 1

2
t
)

= 0, which leads to (2.73)

u = −a
γ

(c0
a
− γ + 1

2
t
)
. (2.74)

Comparing this result with Equation 2.72, one sees a shock wave will form when

the second term of Equation 2.72 goes to zero. Since both terms under the square

root are positive, they must each satisfy this condition independently. This im-

plies56

x = x0 = c0t and ts =
2c0

a(γ + 1)
, (2.75)

where ts is the time of shock formation. The shock wave will form sooner if the

sound speed of the undisturbed material is small or if the acceleration of the piston

is large (note a > 0).

The shock conditions derived from conservation of mass, momentum and en-

ergy (refer to next section) do not restrict the possibility of a rarefaction shock

wave. This requires that the material be cooled, at constant volume, as the discon-

tinuity passes through it, decreasing its entropy. By the second law of thermody-

namics, the entropy of a system cannot decrease based on internal processes alone

so it would require transferring heat to an external medium. This implies that

an expansion or rarefaction wave cannot propagate as a discontinuity. Nonethe-

less if a rarefaction shock were to be formed it would be short lived; the shock
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discontinuity propagation would be subsonic such that any perturbations caused

by jump conditions (refer to next section), such as density and pressure, would

propagate at the local sound speed, quickly overtaking the shock and forcing the

discontinuity to cease. The steepening of a rarefaction describes a non-equilibrium

condition.28,55

The verity of the above argument can be confirmed by taking results from

the above example, this time assuming the acceleration is negative. A negative

acceleration, a < 0, describes a receding piston that launches a rarefaction wave

with diverging characteristics (Figure 2.4.2), therefore the characteristics will not

intersect implying no solution for the formation of a rarefaction shock exists. From

previous conclusions, a shock wave will form when the second term of Equation

2.72 goes to zero. Now assuming a < 0, written as a = −|a|, leads to the condition

( c0
−|a|

− γ + 1

2
ts

)2

− 2γ

|a|
(x0 − xs) = 0, (2.76)

where ts and xs represent the time and position of shock formation, and x0 is the

position corresponding to the head of the wave. Expanding the first term and

solving for xs yields

xs = c0ts

(γ − 1

2γ

)
− c20

2γ|a|
− |a|(γ + 1)2

8γ
t2s. (2.77)

Because the shock is supersonic by definition, xs > X, where X = −(|a|t2/2),
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yielding

c0ts

(γ − 1

2γ

)
− c20

2γ|a|
− |a|(γ + 1)2

8γ
t2s >

|a|t2s
2
, (2.78)

or rearranging

− 1

2γ|a|

(
c0 −

(γ − 1)

2
|a|ts

)2

> 0. (2.79)

This last equation will never be satisfied since the left hand side is always negative;

a rarefaction shock wave will not form.

2.5 The Rankine Hugoniot Relations

The Rankine Hugoniot equations relate the pre- and post-shock conditions via

the particle velocity(Up) and shock velocity (Us).
28,55 These relations are derived

from the conservation of mass, momentum, and energy across the shock wave

discontinuity. The particle velocity describes the fluid velocity, or the velocity of

the piston; the velocity a given element in the fluid acquires as a consequence of

the shock wave passing through it. The shock velocity is that at which the shock

discontinuity or disturbance transits the fluid material. Since the shock wave is

supersonic, as will be shown, the shock velocity is always greater than the particle

velocity.

Imagine a cylindrical flow tube with cross-sectional area A, where a rigid

piston drives a uniform shock wave starting from the left of the cylinder. In the
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Fig. 2.5.1: In the laboratory reference frame the kinematic parameters

are shown in white; the shock propagates at the shock velocity, Us, while

the fluid velocity is represented by Up. In the stationary shock reference

frame, the fluid moves into and out of the shock discontinuity with cross

sectional area A at velocity u0 and u1, shown in blue. The passage of the

shock wave creates discontinuities in thermodynamic variables of the fluid,

such as density ρ, pressure P , and internal energy ε.

laboratory reference frame the shock discontinuity transits the fluid with shock

velocity, Us, and the fluid velocity behind the shock front, described by the particle

velocity is given by Up. In a reference frame where the shock is stationary, the

shocked material lies on the left of the shock front, as shown in Figure 2.5.1, and

unperturbed material, with initial density (ρ0), pressure (P0), and mass velocity

(u0), lies on the right of the shock front and flows into the shock discontinuity at

u0 = −Us. Assuming steady shock conditions, the shock front is a discontinuity
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between two uniform states. In such case the inviscid form of the fluid equations,

Equations 2.4, 2.15, and 2.22, can be applied.

In the reference frame of the stationary shock, the density does not change

with respect to time, ∂ρ
∂t

= 0. Applying the latter to Equation 2.4 one finds

∇ · ρvvv = 0. This implies that in one dimension ρv is constant; the mass flux is

conserved across the shock front discontinuity. Let subscripts 0 and 1 describe the

unshocked and shocked material. The mass flux per unit area per unit time leaving

the discontinuity is ρ1u1, where ρ1 is the density of the shocked material and u1 is

the velocity at which mass is moving behind the shock boundary. Similarly, the

mass flux entering the discontinuity is ρ0u0. Conservation of mass flux dictates

that

ρ0u0 = ρ1u1. (2.80)

Given that Us is the propagation velocity of the discontinuity (or shock front)

through the unperturbed fluid, u0 = −Us. Since Up is the fluid velocity, the

propagation velocity of the shock discontinuity with respect to the material flowing

behind it, the velocity of mass leaving the discontinuity, can be expressed as

u1 = −(Us − Up). Substituting these into Equation 2.80 leads to

ρ0Us = ρ1(Us − Up). (2.81)

Euler’s equation (Equation 2.15), adapted to one dimensional inviscid flow
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with no external forces, is

∂

∂t
ρv +

∂

∂x
ρv2 = −∂P

∂x
. (2.82)

From the derivation of Equation 2.81, the first term in Equation 2.82 goes to zero,

thus

∂

∂x
(ρv2 + P ) = 0, (2.83)

implying ρv2 + P is a constant across the discontinuity, demonstrating the mo-

mentum fluxes must be equal on both sides of the shock front. Replacing the

corresponding values for states before and after the discontinuity yields

P0 + ρ0u
2
0 = P1 + ρ1u

2
1. (2.84)

This derivation is equivalent to describing the forces acting on the shock boundary.

Rearranging Equation 2.84 and using Equation 2.80 leads to,

P1 − P0 = ρ0u
2
0 − ρ1u

2
1, and

= ρ0u0(u0 − u1),

into which one can substitute previously derived expressions for the mass velocities

before and after the shock front, arriving at

P1 − P0 = ρ0UsUp. (2.85)

Equation 2.22 shows energy flux is conserved across the shock discontinuity.

The shock process is considered to be sufficiently fast so that heat conduction
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between the system and the surroundings can be neglected, and consequently the

left hand side of Equation 2.22 goes to zero. The first term in Equation 2.22 goes

to zero since the internal energy is time independent in the shock front reference

frame. The resulting equation is then

∇ ·
[
ρvvv

(v2

2
+ ε+

P

ρ

)]
= 0. (2.86)

Equating energy fluxes on both sides of the discontinuity leads to

ρ0u0

[u2
0

2
+ ε0 +

P0

ρ0

]
= ρ1u1

[u2
1

2
+ ε1 +

P1

ρ1

]
, (2.87)

or rearranging,

P0u0 − P1u1 = ρ1u1

(
ε1 +

u2
1

2

)
− ρ0u0

(
ε0 +

u2
0

2

)
,

and using Equation 2.4

P0u0 − P1u1 = ρ0u0

[(
ε1 +

u2
1

2

)
−

(
ε0 +

u2
0

2

)]
. (2.88)

Equation 2.88 states that the pressure forces per unit area per unit time must be

equal to the increase in total energy, composed of kinetic and internal energy, of

the flow per unit area per unit time at the discontinuity.

From Equations 2.80 and 2.84, one can express the velocities u0 and u1 in

terms of pre- and post-shock pressures and specific volumes, where Vi = 1/ρi for

i = 0, 1,

u2
0 = V 2

0

P1 − P0

V0 − V1

and u2
1 = V 2

1

P1 − P0

V0 − V1

. (2.89)
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Substituting these expressions into Equation 2.88 leads to the Hugoniot Equation

ε1 − ε0 =
1

2
(P0 + P1)(V0 − V1). (2.90)

For a perfect gas with constant specific heats and adiabatic exponent γ, ε =

CvT = (1/γ − 1)PV . Substituting this into the Hugoniot equation yields

V0

V1

=
P1(γ + 1) + P0(γ − 1)

P1(γ − 1) + P0(γ + 1)
, (2.91)

describing the ratio of pre- and post-shock specific volumes as a function of initial

and final pressures, and the adiabatic exponent. In the limiting case of a strong

shock, the pressure behind the shock front is much higher than that of the initial

pressure, P1 � P0, and

V0

V1

=
γ + 1

γ − 1
, (2.92)

showing the compression, (ρ1/ρ0), across a very strong shock wave does not indef-

initely increase with increasing pressure, but rather approaches a limiting value.

For an ideal gas, the adiabatic exponent can be expressed as γ = (1 + 2
DOF

) from

the equipartition energy law, where DOF represents the number of degrees of

freedom.29 The maximum compression can then be expressed as

V0

V1

= 1 +DOF. (2.93)

In the case of a monatomic ideal gas there are 3 translational DOF and γ = 5/3,

translating to a maximum compression of 4. For a diatomic gas, the maximum
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compression is 6 (γ=7/5), with no excitation of vibrational modes, and 8 (γ=9/7),

including vibrational modes. At extreme temperatures and pressures the specific

heats, and their ratio (γ = CP/CV ), may not be constant due to ionization and

molecular dissociation. Even in these cases the maximum compression is still

finite and generally does not exceed 11-13.55

Combining Equations 2.89 and 2.91, the flow velocities can be related to ther-

modynamic properties of interest, such as pressure and sound speed, for an ideal

gas. The first expression in Equation 2.89 yields

u2
0 =

V0

2
[(γ − 1)P0 + (γ + 1)P1], (2.94)

=
P0

ρ0

(γ + 1)(P1/P0) + (γ − 1)

2
. (2.95)

Let Π = P1

P0
− 1 be the shock strength, where Π ≥ 0 since P1 ≥ P0, then

u0 =

√
γP0

ρ0

√
Π(γ + 1)

2γ
+ 1 (2.96)

= c0

√
Π(γ + 1)

2γ
+ 1, (2.97)

where c0 is the sound speed of the unshocked material. The argument of the

square root is always greater than one, consequently u0 > c0; the shock velocity is

always greater than the sound velocity in the unshocked material, therefore Us is

supersonic with respect to the undisturbed material. Following the same method,
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the second expression in Equation 2.89 becomes

u2
1 =

V0

2

[(γ + 1)P0 + (γ − 1)P1]
2

(γ − 1)P0 + (γ + 1)P1

, (2.98)

and dividing by the sound speed of the shocked material,

(u1

c1

)2

=
V0

2P1V1γ

[(γ + 1)P0 + (γ − 1)P1]
2

(γ − 1)P0 + (γ + 1)P1

. (2.99)

Eliminating V1 using Equation 2.91 yields

(u1

c1

)2

=
(γ + 1)(P0/P1) + (γ − 1)

2γ
, (2.100)

= 1 − Σ(γ + 1)

2γ
, or (2.101)

u1 = c1

√
1 − Σ(γ + 1)

2γ
, (2.102)

where Σ = 1 − (P0/P1), with range 0 ≤ Σ < 1. From Equation 2.102 it follows

u1 < c1, the fluid flows out of the shock discontinuity with subsonic velocity.

The shock wave propagates at supersonic velocity relative to the unperturbed

material in front of it and at subsonic velocity with respect to the compressed

material behind it. In the weak shock limit Π ' 0 ' Σ, and u0 ' c0 and u1 ' c1.

In this limit P0 ' P1 and ρ0 ' ρ1, and consequently u0 ' c0 ' c1 ' u1, showing

a weak shock is analogous to an acoustic compression wave.

The change in entropy across the shock front can be calculated for an ideal

gas, since its equation of state can be expressed as a function of pressure, density,

entropy, specific heat at constant volume, and the adiabatic constant (P/P0) =
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(ρ/ρ0)
γe(S−S0)/Cv , where

S1 − S0 = CV ln
[P1

P0

((γ − 1)(P1/P0) + (γ + 1)

(γ + 1)(P1/P0) + (γ − 1)

)γ]
. (2.103)

For a weak shock wave, where P0 ' P1, ∆S ' CV ln[1] ' 0, such that S0 ' S1;

there is very little change in entropy. Taking the strong shock wave limit, P1 � P0,

results in ∆S ' CV ln
[

P1

P0

(
γ−1
γ+1

)]
> 0. Equation 2.103 shows there is a monotonic

increase in entropy change as the pressure ratio (P1/P0) increases, directly corre-

lated to the shock wave strength. The fact that there is an increase in entropy

as the shock wave propagates through the material further emphasizes the irre-

versible transfer of mechanical energy into thermal energy. The increase in entropy

is independent of dissipative processes that can include viscosity and heat con-

duction. It was derived solely from the conservation equations. The thickness of

the shock front depends on these dissipative processes; if these terms are included

in the conservation equations, one can show the shock thickness is proportional

to P0/(P1 − P0). For strong shocks (P0 � P1) the shock thickness is negligible

and dissipative processes can be ignored in the conservation equations.55,58

The Rankine-Hugoniot relations did not require the assumption of an ideal,

infinitesimally thin, discontinuity. The relations reflect the conservation of mass,

momentum, and energy across a planar shock, connecting two spatially uniform

states via the shock and particle velocities. These relations are still valid for an

unsteady shock wave, if it links two uniform states whose profiles are time in-
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dependent. The pre- and post-shock states must be equilibrium states for the

Rankine Hugoniot relations to be valid. Shock stability is not a limiting condition

for the application of the Hugoniot equations, as long as the rate of change of the

state behind the shock front varies more slowly than the change in the shock front

with respect to time.58 This achieves quasi-equilibrium conditions. Unsteady

shock waves can arise from time dependent material characteristics such as vis-

coelasticity or chemical reactions, or a non-steady drive. After the drive (piston)

stops a rarefaction wave propagates toward the shock front through the already

shocked material. Because the shocked material has a higher sound speed (in

comparison to the unshocked material) and the shock wave travels at a subsonic

velocity relative to the shocked material, the rarefaction wave will catch up with

the shock front. When the rarefaction wave reaches the shock wave, it causes the

shock wave to decay in strength as it continues to propagate. At each instant the

Rankine-Hugoniot relations hold for the instantaneous shock strength. Though

the Rankine-Hugoniot conservation equations were derived for planar shocks, they

can be locally valid for shocks with curvature.55,58

2.6 The Rankine-Hugoniot Curve

The Rankine-Hugoniot relations result in the Rankine-Hugoniot Curve, or

Hugoniot, describing the locus of achievable final shock states. The Hugoniot
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is a two parameter curve that depends on the initial density ρ0 and pressure P0

of the material. Consequently a material can have a family of Hugoniots, each

centered on different initial density and pressure conditions. When the initial con-

ditions are the ambient conditions of the material at standard temperature and

pressure, the curve is referred to as the Principal Hugoniot.55,57,58 Construction

of the Hugoniot requires knowledge of the equation of state of the material: the

relationship between thermodynamic variables such as pressure, density and tem-

perature. For most materials this is not a simple analytic equation,therefore under

most circumstances a material’s equation of state is found empirically. The Hugo-

niot curve can be portrayed through any two dimensional plane constructed from

parameters in the Rankine-Hugoniot equations, where common representations

are presented in the Us −Up plane, where most materials display a linear relation,

and in the P−ρ (P−V ) plane, a more sensitive plane due to the curvature present

in the Hugoniot. The Hugoniot does not describe the thermodynamic path taken

during compression, but rather it describes the compilation of possible shocked

states that can be reached through single shock compression, given a set of initial

density and pressure conditions. In the P − Up plane, the thermodynamic path

taken during compression is described by the Rayleigh line, ρ0UsUp, connecting

initial and final shocked states.55,58 Figure 2.6.1 shows a sample Hugoniot curve

for a material in the P − V plane, which has been shocked from an initial state
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Fig. 2.6.1: Hugoniot curve in the P − V plane, with final (P1, V1) and initial

(P0, V0) states connected via the Rayleigh line. Geometrical illustration of

the increase in kinetic and specific internal energy across the shock front are

shown as the shaded purple triangle and shaded trapezoid.

P0, ρ0, to a final state P1, ρ1, as shown by the Rayleigh line. Using Equation 2.89,

where |u0| = |Us|, it can be easily seen the slope of the Rayleigh line, is (Us/V0)
2.

Higher shock velocities lead to a steeper Rayleigh line and, consequently, to higher

pressures. The increase in specific internal energy, described by Equation 2.90, is

numerically equivalent to the area of the trapezoid bounded by the Rayleigh line

and the V axis, shown in Figure 2.6.1 by the summation of the purple triangle

and gray rectangle. Using previous definitions for u0 and u1, one can arrive at an

expression for the particle velocity

|u0 − u1| = Up =
√

(P1 − P0)(V0 − V1), (2.104)
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from which the kinetic energy per unit mass, U2
p/2, can be calculated and shown

to be equal to the triangular area bounded by the Rayleigh line and a horizontal

line drawn at P0, shown as the purple shaded area in Figure 2.6.1. In the case

that P0 = 0, the specific internal and kinetic energy gained by the material due

to shock compression are equivalent.55,57,58

It was shown in the previous section that in the weak shock limit (P ' P0, V '

V0) there is little increase in entropy S ' S0. At initial conditions, where P = P0

and V = V0, the Hugoniot and isentrope (adiabatic flow with no change in entropy)

have the same slope and concavity in P − V plane. Consequently, in the weak

shock limit variations between a Hugoniot and isentrope, centered at equivalent

initial conditions, are small and one can be approximated by the other in the P−V

plane. Along the isentrope, the pressure of a material increases as a function of

density (compression) and heating satisfying (∂P/∂V )S < 0 and (∂P/∂S)V > 0,

where the rate of change of pressure with respect to the specific volume becomes

less compressible with increasing density, such that (∂2P/∂V 2)S > 0.55,59 Since

the Hugoniot and isentrope are both adiabatic, they only differ in the entropy

along these curves. Differentiating the first law of thermodynamics with respect

to the specific volume yields

T
dS

dV
=
dE

dV
+ P, (2.105)

where the energy derivative can be determined by evaluating the derivative along
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the Hugoniot, dE/dV = 1
2
(V0 − V )(dP/dV ) − 1

2
(P + P0), obtaining

T
dS

dV
=

(V0 − V )

2

dP

dV
+
P − P0

2
. (2.106)

Further differentiating the above equation yields

T
d2S

dV 2
+
dT

dV

dS

dV
=

(V0 − V )

2

d2P

dV 2
, (2.107)

T
d3S

dV 3
+ 2

dT

dV

d2S

dV 2
+
d2T

dV 2

dS

dV
=

(V0 − V )

2

d3P

dV 3
− 1

2

d2P

dV 2
. (2.108)

Evaluating Equations 2.106-2.108 at the Hugoniot initial conditions (P = P0 and

V = V0) shows59

T
dS

dV
= 0, T

d2S

dV 2
= 0, and T

d3S

dV 3
= −1

2

d2P

dV 2
. (2.109)

This implies that to third order, entropy on the Hugoniot is constant. Since the

first and second derivatives of entropy with respect to the specific volume are zero,

the isentrope and the Hugoniot must have the same slope and curvature at initial

conditions. This is evident by differentiating the pressure on the Hugoniot with

respect to V , where

dP

dV
=

(∂P
∂V

)
S

+
(∂P
∂S

)
V

dS

dV
, (2.110)

d2P

dV 2
=

(∂2P

∂V 2

)
S

+
2∂2P

∂V ∂S

dS

dV
+

(∂2P

∂S2

)
V

( dS
dV

)2

+
(∂P
∂S

)
V

( d2S

dV 2

)
. (2.111)

Applying results from Equation 2.109 to Equations 2.110 and 2.111, leads to

dP

dV
=

(∂P
∂V

)
S

and
d2P

dV 2
=

(∂2P

∂V 2

)
S
. (2.112)
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These results can be applied as approximations in the weak shock limits, since

P ' P0, V ' V0.

2.7 Concluding Remarks

The fluid equations were derived from conservation of mass, momentum, and

energy, where, in the case of an inviscid fluid, inclusion of a small amplitude

perturbation led to the equations describing acoustic wave propagation. Using

acoustics both relaxation and compression waves were described, assuming an

ideal gas EOS. If non-linear effects are included in the derivation of inviscid flow,

a compression wave profile is no longer constant with displacement, but steepens

as it propagates, eventually forming a shock wave. The formation of a shock wave

was also derived by using Riemann invariants and was seen to occur when a family

of characteristics, emerging from the trajectory of a piston accelerating into the

gas, intersect. This point describes the breakdown of acoustic equations.

The shock wave propagates at supersonic velocity relative to the unshocked

material, and at a subsonic velocity in comparison to the shocked material behind

it. The transit of the shock creates a discontinuity in the thermodynamic prop-

erties of the material, taking it to higher temperatures, pressures, and densities.

Using an ideal gas model it was shown that density (and consequently Us, ρ, and

T) does not increase indefinitely with increasing pressure, but rather arrives at a
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limiting value where a maximum compression is reached. For a monatomic gas

the maximum compression was shown to be equal to 4. Though the ideal gas EOS

was used to arrive at the conclusion that materials cannot be compressed indefi-

nitely but rather asymptotes toward a maximum compression, this applies to all

materials regardless of the chosen EOS. The maximum compression of materials

is related to the number of degrees of freedom a material has, where a mate-

rial reaches its maximum compression once all the degrees of freedom are forced

to collapse. Consequently different maximum compressions can be predicted by

different EOS models for a given material.

The Rankine-Hugoniot equations, relating pre- and post-shock conditions through

the shock and particle velocity, were derived from conservation of mass, momen-

tum, and energy, across the shock front. These define the Hugoniot curve repre-

senting all achievable shock states that are accessible through single shock com-

pression. This curve does not describe the thermodynamic path followed by the

shocked material, since the shocked material “jumps” from its initial state to its

final state, a point lying on the Hugoniot curve. The path followed by the shocked

material in thermodynamic space is described by its Rayleigh line, connecting the

initial and final shock state.

Generating the Hugoniot curve of a material requires knowledge of the ma-

terial’s equation of state, often a non-analytic solution. Consequently the shock
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EOS of materials (its Hugoniot curve) is found empirically. This is of greater

importance in the HED regime (≥ 1 Mbar), where modeling compressed matter

is not trivial. The next chapter will discuss the method used in this study to

measure shocked states of materials, based on the Rankine-Hugoniot equations,

and their validity across material boundaries.
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3. PRECISION EOS USING THE

IMPEDANCE MATCHING

TECHNIQUE

The Rankine-Hugoniot relations (Section 2.5), describe the behavior of a shocked

material with given initial conditions. Continuity of mass and momentum across

the shock front (Equations 2.81 and 2.85) comprise a system of two equations and

four unknowns, if the initial state is known. Consequently two parameters must

be measured to close the system of equations and arrive at a unique solution.

This solution is called a kinematic EOS since it provides Us, Up, P , and ρ without

knowledge of the temperature.

The shock velocity (Us) and particle velocity (Up) are usually the parameters

that can be determined in an EOS experiment. Simultaneous observation of Us

and Up leads to absolute measurements, where the results are independent of any

theoretical or model dependent parameters, and the resulting equation of state
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(EOS) uncertainties can be traced back to measurement errors (see Equations

2.81, 2.85, and 2.90).39,60 Methods used to obtain absolute measurements are

limited with respect to materials and pressures that can be studied and can be

difficult to perform precisely.60

An alternative approach, the impedance matching technique (IM), references

the sample to a “standard” material whose behavior is well characterized.28,55,57,60

This technique permits greater experimental flexibility in terms of pressures and

materials (such as fluids) that can be studied. IM experiments are performed by

propagating a shock wave from a standard material into a sample material whose

properties are to be studied. It is assumed the shock EOS of the standard is

known, such that shock velocity measurements in the standard yield its shocked

state. Because conservation of mass and momentum must be satisfied across the

shock front, the standard will access off-Hugoniot states (which can be calculated

since the standard’s behavior is well known), to equilibrate with the sample. Once

equilibrium is reached between the materials, a shock wave propagates into the

sample. The standard’s off-Hugoniot states must connect the standard’s initial

shocked state with the sample’s shocked state. By measuring the shock velocity

in the standard and the shock velocity in the sample, the particle velocity of the

sample can be inferred by applying the Rankine-Hugoniot equations, closing the

equations describing the sample’s shocked state (P , ρ, ε).
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The impedance matching technique relies on the known EOS of the chosen

standard and requires accurate shock velocity measurements. In laser experi-

ments, these were often found through transit times in stepped targets.61 The

introduction of velocity interferometry techniques62–64 significantly improved the

precision of shock velocity measurements, with shock speeds now measured to

∼ 1% precision. In transparent materials velocity interferometry provides a con-

tinuous record of the shock velocity. Due to the dependence of IM results on the

knowledge of the standard material behavior, this study emphasized precision and

assessment of the uncertainties that arise from the standard EOS that provide a

systematic bias in IM results.

Basic concepts of the impedance matching analysis, centered on single-shock

measurements, are described in Section 3.1, followed by a discussion, in Section

3.2, of the errors inherent to this technique and the need to minimize such errors.

Section 3.3 presents α-quartz as an IM standard with emphasis on the benefits

of using it because it is transparent. The calculation of the off-Hugoniot curves

(releases and reshocks) and IM error analysis are described in Sections 3.4 and

3.5. Double shock conditions are often used as a platform to assess single-shock

compressibility and model validity. Double shock states are described in Section

3.6, followed by the methodology used to infer single-shock states from double-

shock measurements.
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3.1 Impedance Matching Technique

High pressure shock waves are typically reflecting since they reach high tem-

peratures and are highly ionized, with the free electrons acting as a mirror. This

allows optical measurements of the shock velocity through Doppler interferome-

try but prevents a direct optical measurement of the particle velocity, since the

shock front is opaque. The impedance matching technique uses shock velocity

measurements in the sample and a standard material to infer the particle velocity

in the sample. This technique is based on the standard’s need to equilibrize to the

shock impedance of the sample, maintaining continuity of mass and momentum

at the boundary where the shock wave exits the standard and enters the sample.

The shock conditions for both materials are diagnosed at this boundary, where the

particle velocity and pressure must be identical for both materials. Here the shock

impedances for the materials are matched. IM results are relative measurements

since there is no direct observation of Up, rather it is inferred from the impedance

matching point.

The derivation of the Rankine-Hugoniot equations showed they are valid be-

tween uniform states of shocked and unshocked material, and as such are also

valid across a contact interface between two materials, if the uniformity condition

is satisfied. Consider the transit of a strong shock wave from a standard material

into a sample material under study. Conservation of mass and momentum are
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satisfied across the contact interface between standard and sample as the shock

transits through it, and as a consequence these materials maintain equal pressure

and particle velocity at the contact interface. A pressure differential initially exists

between the shocked standard and the unshocked sample, due to shock conditions

in the standard and impedance mismatch between the materials. A material’s

shock impedance describes its ability to sustain pressure for a given load drive,

where high impedance materials can support higher shock velocities (higher pres-

sures). The shock impedance is often expressed as ρ0Us.
∗ Due to this mismatch

the standard and sample accelerate and expand, creating a moving interface, until

an equilibrium is reached. This results in a transmitted wave propagating into the

sample and a reflected wave propagating back into the standard. If the sample

has lower impedance than the standard, the reflected wave will be a rarefaction

wave, where the standard undergoes an isentropic release; if the sample has higher

impedance than the standard the reflected wave will be a shock wave, and the

standard will undergo further compression. The wave transmitted into the sample

will always be a shock wave.28,55,57,60

To determine the equilibrium pressure and particle velocity, calculations are

often performed in the P − Up plane. Measurement of the shock velocity in the

∗ In the weak shock limit the impedance is no longer pressure dependent, but a material

constant. This is known as the characteristic acoustic impedance, equal to c0ρ0, where c0 and

ρ0 are the undisturbed (initial) sound speed and density.
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Fig. 3.1.1: (a) Chronological pressure-distance plots of an IM experiment

where a shock wave is driven into a standard and sample material. Here

the standard has higher impedance than the sample, and consequently un-

dergoes an isentropic release to equilibrate with the sample. (b) Graphical

interpretation of IM analysis in P − Up plane. Intersection of the standard’s

principal Hugoniot, solid orange curve, with its Rayleigh line, solid green,

yields the standard’s initial shock state. Standard and sample will accelerate

and expand until an equilibrium is reached, with P and Up constant across

the contact interface between the materials. Here the standard undergoes

isentropic release, shown as solid red curve, and a transmitted shock enters

the sample. The sample shock state is then found by the intersection be-

tween the standard’s release and the sample’s Rayleigh line, solid light blue

line.
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standard (Us,1) provides the initial shocked state of the standard, (Up,1, P1), prior

to shock wave interaction with the sample. This initial condition is known by

calculating the intersection between the Rayleigh line (P = ρ0,1Us,1Up) and the

principal Hugoniot of the standard, where ρ0,1 is the density of the standard prior

to shock wave arrival. A material’s Rayleigh line connects its initial (unshocked)

and final (shocked) states. The undetermined state of the sample lies on its

Rayleigh line P = ρ0,2Us,2Up, where ρ0,2 is the initial (unshocked) density of the

sample and Us,2 is the shock velocity measured in the sample. Since the standard

and sample eventually equilibrate, the state in the sample (or equivalently the

final state of the standard) is linked to the initial state of the standard (Up,1, P1)

via the reflected wave and is represented by (P2, Up,2). The reflected wave origi-

nates at (P1, Up,1) and forces the standard into off-Hugoniot states. For a sample

with lower impedance than the standard, the standard attains lower pressures

through an isentropic release (see Section 2.2) as shown in Figures 3.1.1(a) and

3.1.1(b). Figure 3.1.1(a) shows a series of snapshots of the pressure profile in the

standard and sample at different stages of an IM experiment. As the shock wave

propagates in the standard it creates a discontinuous pressure profile between the

shocked and unshocked material. Equilibration between the standard and sample

creates a moving interface, until the particle velocity and pressure are equivalent

in both materials. This causes a rarefaction wave to be launched back into the
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standard, reducing the pressure of the already shocked standard material, and a

shock wave to be transmitted into the sample. Figure 3.1.1(b) shows the graphical

interpretation of the IM analysis. The reflected wave is an isentropic release that

originates from the intersection point between the standard’s Rayleigh line and

principal Hugoniot, defining the standard’s initial shocked state. The standard’s

impedance is matched to that of the sample though its release, where the shocked

state of the sample is found by the intersection point between its Rayleigh line

and the standard release isentrope. The standard’s isentropic release is calculated

by the expression55,60

Up = Up,1 −
∫ P2

P1

dP

ρcs
, P2 < P1, (3.1)

where ρ and cs are the density and sound speed along the isentrope of the stan-

dard. In the case where the sample’s impedance is higher than that of the stan-

dard, the standard is reshocked, following a second shock Hugoniot centered at

(ρ1, P1, ε1),
55,60

P (Up) = P1 + ρ1|Up − Up,1|Ûs(|Up − Up,1|), Up < Up,1, (3.2)

where Ûs represents the shock velocity as a function of the particle velocity be-

hind the second shock (reflected wave). In either case, intimate knowledge of the

standard’s EOS behavior both on and off the principal Hugoniot is required to

accurately calculate curves essential to the IM analysis. Knowledge of the stan-
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dard’s off-Hugoniot states is often limited and it is necessary to introduce model

dependent parameters and/or curves, to arrive at release and reshock states.60

The off-Hugoniot states can be calculated by applying the free surface ap-

proximation, where the mirror reflection of the Hugoniot in the P − Up plane,

about the initial state of the standard (P1, Up,1), is used to map the release and

reshock.55,57 This presents a good estimate for off-Hugoniot states for materials

with similar impedance or for experiments at low pressures. The free surface ap-

proximation requires the pressure to go to zero during material release, and by

symmetry this implies the free surface velocity at this pressure is u 2Up,1. One

can show this symmetry argument is correct by applying the weak shock and free

surface approximation. Equation 3.1 can be written as55,57,58

Up = Up,1 −
∫ P2

P1

√(−dV
dP

)
S
dP, P2 < P1, (3.3)

where S denotes calculations along the isentrope. For a weak shock, the increase

in entropy is small, therefore the isentrope can be approximated by the Hugoniot

(refer to Section 2.6), and therefore

Up = Up,1 −
∫ P2

P1

√(−dV
dP

)
H
dP, P2 < P1, (3.4)

where the second term describes the particle velocity acquired by the material

upon unloading. Eliminating Us from Equations 2.81 and 2.85 leads to a general
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expression for the specific volume as a function of pressure V (P )

V = V0 −
U2

p

P − P0

, (3.5)

where V0 and P0 represent the initial specific volume and pressure, and Up is the

particle velocity behind the shock. Taking the derivative of Equation 3.5 with

respect to pressure leads to

dV

dP
= −

U2
p

(P − P0)2
. (3.6)

In the weak shock approximation the shock velocity is close to the initial sound

speed, Us ≈ c0, therefore P − P0 = ρ0UsUp u ρ0c0Up and

dV

dP
= −

U2
p

(ρ0c0Up)2
= − 1

(ρ0c0)2
, (3.7)

where ρ0 and c0 are the initial density and sound speed. Substituting Equation

3.7 into Equation 3.4 yields

Up = Up,1 +
(P1 − P2)

ρ0c0
. (3.8)

Total unloading of the material takes it to zero pressure under the free surface

approximation, i.e. P2 = 0, and the particle velocity acquired is U ′
p = P1/(ρ0c0).

The acoustic pressure of the initial state is P1 = ρ0c0Up,1 and one can recognize

U ′
p = Up,1. This implies that for P2 = 0, Up = Up,1 + U ′

p = 2Up,1 as obtained

through symmetry arguments. For intermediate pressures, the particle velocity
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along the approximated release can be expressed as

Up(P ) = 2Up,1 − Up,H(P ), (3.9)

where Up,H(P ) is the particle velocity along the Hugoniot for a pressure P , equal

to P2/(ρ0c0). Though suitable for propagation of systematic errors, the mirror-

reflected approximation is valid only at low pressures (. 2 Mbar) or for IM exper-

iments were the difference in material impedance between standard and sample

is small.55,57,58 Outside these conditions the mirror-reflection approximation de-

viates from the true off-Hugoniot states. Due to these limitations, IM studies

instead often use tabular models to calculate the necessary off-Hugoniot states

and are therefore cannot be used to assess the systematic uncertainties.

3.2 Precision Velocity Measurements

Random and systematic errors enter the IM technique and an assessment of

both type of errors is required to quantify the EOS data given by this method.

Random uncertainties enter the IM analysis through the calculation of the Rayleigh

lines associated with the standard and the sample. The errors associated with the

initial density of the material are often negligible. Uncertainties in the Rayleigh

lines depend mostly on shock velocity measurements. Resolving errors associ-

ated with the density one finds (δρ/ρ) ∝ (η − 1)(δUs/Us), where η = ρ/ρ0 is
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the compression.65 High pressure experiments often reach compressions between

4-6, yielding fractional density uncertainties that are 3-5 times the fractional un-

certainty associated with the shock velocity measurement. For the resulting EOS

data to tightly constrain a material’s behavior, errors in density, and consequently

errors in shock velocity measurements, must be minimized.

The accuracy of the IM technique depends heavily on the knowledge of the

standard material, where uncertainties associated with the Hugoniot and off-

Hugoniot states enter the IM analysis as systematic effects. This results in shifts

of the measured EOS data of the sample as a group, making it stiffer (less com-

pressible) or softer (more compressible) depending on whether the standard model

has a stiff or soft bias. Historically many IM studies have relied on theoretical or

tabular EOS for construction of the principal Hugoniot and off-Hugoniot curves.

These models are benchmarked using available data and have a rigorous theoret-

ical basis allowing accurate representation of these curves, satisfying thermody-

namic consistency. Using these models removes all of the systematic uncertainties

associated with the standard’s EOS and/or uncertainties associated with the pa-

rameters used to arrive at such model. As a result these studies can comment

only on random errors.

Confidence in EOS data, and its usefulness, depends on the size and validity

of the uncertainties associated with it, where subtleties in material behavior and
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differences among models are discerned only with high confidence, high precision,

data. One of the main efforts of this study was to optimize IM experiments and

analysis, by minimizing and accounting for errors. This was achieved by using a

transparent standard, allowing optimal use of the velocity interferometer system

for any reflector (VISAR)64 (see 4.2) to accurately measure the shock velocities.

Historically IM standards were opaque metals, mainly because they were sub-

ject of several high-pressure EOS studies and lend themselves to symmetric direct-

impact-flyer plate techniques,55,57 yielding absolute or quasi-absolute measure-

ments. However VISAR,64 which provides time resolved shock velocity measure-

ments with ∼ 1% precision in transparent materials, cannot track the velocity of

the shock front in opaque materials. Instead shock velocities are inferred from

transit times in stepped (different thickness at different spatial locations) targets.

This requires steady shock conditions through the opaque material and across

the contact interface as well as high confidence in target metrology, to obtain

integrated shock velocities. The requirement of a stable shock is stringent and

in many cases unstable shocks are propagated through the materials. These can

vary in velocity by several percent in typical transit times of 1-2 ns, introducing

uncertainties that are difficult to assess.11 Other sources of error include edge rar-

efactions, occurring at the edge of the short step (next to the sample), and shock

curvature.66 Errors in shock velocity measurements of the standard are amplified
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through the IM analysis using opaque materials for laser driven experiments; er-

rors in the shock velocity become the dominant error contribution for final Up, P ,

ρ values in the sample.66

Fig. 3.2.1: VISAR streak images and target configurations using Aluminum

(a) and quartz (b) as an IM standard. (a) For opaque standards like Al, inte-

grated shock velocities are inferred from stepped targets, magnifying errors

inherent in the IM technique. (b) Using a transparent standard VISAR can

track the in situ shock velocity as a function of time, providing record of

shock behavior. This provides instantaneous shock velocity measurements

close to the contact interface.

A transparent standard allows measurement of the instantaneous shock ve-

locities close to the contact interface, probing the IM conditions. In this study,
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α-quartz was chosen to be the standard material.66 Figure 3.2.1 shows VISAR64

streak images, as well as target schematics, using an opaque standard (Al) [Fig.3.2.1(a)]

and a transparent standard (α-quartz) [Fig.3.2.1(b)]. Since α-quartz is transpar-

ent, VISAR continuously tracks the shock front as it transverses both materials.

Any shock-stability requirements arise from measurement restrictions and not

from the impedance matching conditions. In contrast, for a transit time exper-

iment with opaque standard, it is necessary to have a stable shock to guaran-

tee states obtained from the integrated shock velocities correspond to impedance

matching states. The governing IM equations stem from conservation of mass and

momentum across the contact interface and are valid even if the shock is unsteady;

i.e. decaying as it transits the interface, as long as the diagnostic can resolve this

change. Consequently, the shock stability requirements can be relaxed as long as

the velocity variations can be measured. Direct observation of shock behavior in

transparent materials using VISAR provides sufficient time resolution to satisfy

such condition as shown in Figure 3.2.1(b). The VISAR64 diagnostic is described

further in Chapter 4.

In situ shock velocity measurement using high temporal resolution VISAR and

α-quartz as the IM standard reduces the contribution of random uncertainties in

the quantities describing the shock state of the sample, providing higher precision

results than those obtained with an opaque standard. Despite the high temporal
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resolution and continuous tracking of the shock wave, direct measurement of the

shock velocity at the contact interface is limited by VISAR’s temporal resolution

and a thin glue layer (. 1µm) between the α-quartz and the sample, creating

a transition region of finite temporal width. To account for this, shock velocity

profiles were linearly fit over a range ∼ 300 ps before (in the α-quartz) and after

(in the sample) the transition region. These fits were extrapolated to the time cor-

responding to the instant the shock wave transits the contact interface, defined to

be located at the center of the transition region. This takes any unsteady behavior

in the shock into account. The errors associated with the linear extrapolations

are included in the analysis.

The experimentally measured principal Hugoniot of α-quartz66,67 was used and

a Mie-Grüneisen EOS was assumed in calculations of its off-Hugoniot states, en-

abling propagation of systematic uncertainties arising from these curves. Results

obtained here are novel in both the precision of velocity measurements (∼ 1%) and

the rigorous treatment of the random and systematic errors. This leads to pre-

cision measurements, demonstrating a reduction in density uncertainties (which

included random and systematic uncertainties) of more than 70% in comparison

to previous studies quoting only random errors (see Chapter 5). This allows dis-

crimination among theoretical models and a tighter constraint on the shock EOS

of the materials investigated.
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3.3 Quartz as an Impedance Match Standard

The accuracy of the results obtained through IM are correlated to the precision

with which the standard’s EOS is known. Standard materials have traditionally

been metals, however measurement limitations with opaque standards and veloc-

ity interferometry diagnostics make the use of transparent standards desirable.

By using a transparent reference material one can fully use the precision in shock

velocity measurements available with VISAR. This significantly reduces the ran-

dom errors entering the IM analysis from variation in the standard’s initial shock

state, improving the precision of the shocked state in the sample. Because the

reference material is central to the IM analysis, this material must be one that is

well understood and whose shock EOS has been adequately studied. In this work,

α-quartz was chosen as the reference material for IM experiments.

The silica (SiO2) EOS has been the subject of many dynamic17,18,21,66,68–77

and static78–82 compression studies, due to its importance in geophysics, con-

densed matter physics, high pressure chemistry, and material sciences. The high

pressure and temperature behavior of silica is important for study of the Earth’s

interior, due to its abundance in the Earth mantle, where better understanding

of its thermo-chemical and mechanical properties leads to a clearer understand-

ing of the Earth’s internal mechanisms. It is widely believed liquid silica was

the predominant state of Earth’s interior during early formation, due to large
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impacts that caused melting. The chemistry and mineralogical characteristics

of Earth’s interior were likely established by the crystallization of this magma

ocean, remnants of which could still exist at the core-mantle boundary and be

responsible for processes such as magnetic and heat transfer between core and

mantle.17,66,76,83 Understanding silica at pressures ∼ 0.4 Mbar, corresponding to

the estimated pressures ∼1000 km below the Earth’s surface, enables the quan-

tification of magma processes in Earth that are highly related to viscosities and

diffusion of silicate melts.83 Silica is abundant in Earth’s crust and a predomi-

nant component in rocks.17 The discovery of high density silica in meteorites84

makes it of relevance to meteor impact modeling. The existence of several SiO2

polymorphs at ambient conditions, i.e. fused silica, α-quartz, coesite, stishovite,

cristobalite, and the availability of porous samples make it an optimal candidate

for study of high pressure induced phase-transitions.17,76,83 This enables probing a

wide range of phase space through dynamic experiments, having access to several

initial (ambient) densities.

Quartz is the most abundant of the silica polymorphs. Its structure is com-

posed of SiO4 tetrahedra that share oxygen atoms with neighboring tetrahedra.

α-quartz is a birefringent material, therefore this and similar studies use z-cut

α-quartz, such that light passes through the crystal’s optical axis and no birefrin-

gence is observed. The shock properties of z-cut α-quartz (referred to as α-quartz
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from here on) have been studied over an extensive pressure range using various

platforms, each with different characteristic experimental times. At ambient con-

ditions α-quartz has a relatively large band gap ∼9-9.5 eV,85 and it was found

to melt along the Hugoniot at 1.1 Mbar.68 Although studies of its solid phases

show non-stable behavior,68,86 studies in the high-pressure fluid regime, relevant

to pressures reached in IM experiments using laser-driven shock waves, show that

α-quartz equilibrates on a time scale . 100 ps; the shock waves equilibrate on

times scales shorter than the measurement times associated with laser experi-

ments.66 Previous to the Hicks et al.66 study of α-quartz, its high pressure fluid

regime was poorly understood and limited to a few studies71,87 that investigated

small pressure ranges in this regime. Hicks et al.66 investigated the properties

of α-quartz from 2 to 15 Mbar via IM with aluminum as a standard, bridging

the gap between gas gun,18,68 explosively-driven,71 and high pressure (∼20 Mbar)

nuclear-driven experiments.71,87 The laser-driven data is in agreement with data

from other platforms each with quite different time scales. Figure 3.3.1 is the

summary of α-quartz principal Hugoniot data in the Us −Up plane adapted from

Hicks et al.66

In Hicks’ experiments, quartz (ρ0=2.65 g/cm3) was referenced to aluminum

(ρ0=2.70 g/cm3) in IM experiments using laser-driven shock waves. Because alu-

minum and quartz have similar impedances, aluminum’s off-Hugoniot states are
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Fig. 3.3.1: Quartz shock EOS represented in Us − Up plane. Shocked states

of quartz using laser-driven shock waves,66 with characteristic experimental

times of a ∼0.3 ns, show to be in agreement with results from gas gun,18,68

explosively-driven71 and nuclear-driven71,87 experiments, having character-

istic experimental times of ∼100’s ns (gas gun, explosives) and ∼10’s µs. This

agreement demonstrates quartz reaches equilibrium states in less than a few

hundred ps, in the high pressure fluid regime. The colors of the symbols

correspond to the driven laser (red), gas gun (blue), and nuclear (black)

data.
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well approximated using the reflected Hugoniot, therefore allowing propagation of

systematic errors, since the experimentally-determined shock EOS of aluminum

was used.60,66 Using a reflected Hugoniot obviates the need to use model-based

parameters in the analysis. A correction curve was constructed from the devi-

ations of the reflected Hugoniot from the release (where an average of several

model predictions was used), with differences shown to be negligible. Measure-

ment error sources caused by edge rarefactions, as well as shock planarity and

non-steadiness were minimized. The largest source of error affecting quartz den-

sity measurements was the error associated with the aluminum shock velocity

(1.5-2.5%), whose main contributor was the break out time measurements from

the stepped target (1-2%).66 Resulting errors in quartz particle velocity were

around 3-4%; this error is reduced to 1-2% using the ensemble of points in the

Us −Up plane.66 Aluminum is a well established standard material for impedance

matching, whose shock characteristics have been studied through many relative

and absolute measurements. Its usefulness for precision measurements using ve-

locity interferometry is limited because it is opaque. Having referenced α-quartz

to aluminum gives one confidence that quartz’s shock EOS is known as well as

the aluminum EOS.

Quartz’s shock EOS can be characterized by a piecewise linear Us − Up rela-
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tionship of the form Us = a0 + a1(Up − β) as67

Us = (6.914 ± 0.028) + (1.667 ± 0.038)(Up − 3.0244), (3.10)

for Up < 6.358 µm/ns, and

Us = (19.501 ± 0.068) + (1.276 ± 0.022)(Up − 11.865), (3.11)

for Up ≥ 6.358 µm/ns. Here an orthonormal basis is used such that the resulting

errors are uncorrelated. This fit and its associated errors were used for calculation

of quartz’s principal Hugoniot and approximation of release isentropes (see Section

3.4). Experimental data for shocked α-quartz shows it remains solid below 1

Mbar, with the onset of melt, where it becomes a conductive fluid and thus a

reflector, above this pressure. At ∼ 1 Mbar quartz is likely a molecular fluid

with sparsely broken bonds,85 that evolves into a dissociating liquid, as a function

of pressure, above melt. For pressures between '1-4 Mbar the data show some

softening, probably caused by dissociation of Si and O atoms, indicating it is

an atomic fluid, as predicted by ab initio molecular-dynamics simulations.66,85

At pressures ≥4 Mbar quartz is a dense plasma.66 The observed increase in

reflectivity and conductivity76 above 1.1 Mbar is likely correlated to the continuous

loss of coordination (bond structures) between Si and O atoms.76,85

The reproducibility of previous EOS results using α-quartz as a reference was

verified by Boehly et al.88 through IM experiments (with quartz standard) on
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silica aerogel. The shock behavior of silica aerogel was previously studied with

aluminum as a standard using both IM and direct impact quasi-absolute mea-

surements.89 Agreement between all of the data established quartz as a standard.

Previous studies have used quartz as an anvil90 and a velocity witness plate,12,66

reiterating its potential as an IM standard, due to the reduction in measurement

errors this would bring. Other studies have employed quartz as a standard in IM

with successful results.11,41

A recent study by Knudson et al.,91 performing flyer plate experiments on

the Sandia Z Machine, measured α-quartz’s principal Hugoniot between 1 to 16

Mbar. Knudson et al.91 observed significant curvature in the Us(Up) EOS relation,

fitting the data with a functional form Us = a+ bUp − cUpe
−dUp , with a = 6.26 ±

0.35µm/ns, b = 1.2 ∓ 0.02, c = 2.56 ∓ 0.15, and d = 0.37 ± 0.02(µm/ns)−1,

to account for such curvature. This is consequential since shock studies have

shown that most materials behave linearly in the Us −Up plane. Throughout this

chapter the need to reliably know the shock behavior of the standard used in IM

was reiterated, since IM measurements heavily rely on the standard’s behavior.

Having a study observe a different behavior in quartz could cause a systematic bias

in the resulting IM data obtained using quartz as the standard. This systematic

bias, however, does not compromise the precision of the data which is one of the

major merits of this study’s work.
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Discrepancies between laser and Z machine quartz data are yet to be resolved.

Nonetheless it is important to be familiar with their differences and the conse-

quences this would have on IM studies using quartz as the standard. Figure 3.3.2

shows percent differences in density (dashed red curve) and pressure (solid or-

ange curve) between Z machine data and the piecewise linear fit (Equations 3.10

and 3.11) used in this study’s analysis. It is clear from this figure differences

between these models are not constant, but rather vary as a function of quartz

shock velocity, peaking at ∼ 4% in pressure (at Usquartz ∼ 19µm/ns) and ∼ 6%

(at Usquartz ∼ 22µm/ns) in density. In this plot positive (negative) values indicate
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Fig. 3.3.2: Percent differences in density (dashed red curve) and pressure

(solid orange curve) between Z machine quartz fit and that used in this

work’s analysis.
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the piecewise linear fit yields higher (lower) values than the Z machine fit. These

peak differences occur at around 6 to 7 Mbar in quartz. Based on the shape of

these curves, one can predict resulting IM data would be most compromised if

releasing from quartz states from around 4 to 10 Mbar. Data obtained at higher

or lower pressures would be less affected. Quartz’s experimental fit enters the IM

analysis through both the principal Hugoniot and release calculations.

3.4 Calculation of Off-Hugoniot Curves

IM experiments are based on the fact that material pressure and particle ve-

locity are conserved as a shock wave transits the boundary between two materials.

The material that is initially shocked (in most cases the standard) is forced off its

initial Hugoniot, such that mass and momentum are conserved. In IM analysis

the knowledge of these off-Hugoniot states, be it reshock (double shock) or release,

are essential to solving the system of equations.

A well known approximation to calculate off-Hugoniot states is the mirror

reflection of the principal Hugoniot about its initial state in the P − Up plane.

Accurate results are obtained using this approximation as long as the standard

and the sample material have similar impedances, or if experiments are at low

pressures (.2 Mbar); the accuracy quickly degrades at higher pressures or for

large impedance differences between the materials.60 The advantage of using the
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reflected Hugoniot is the ability to propagate systematic errors, since the errors

associated with the off-Hugoniot states can be found through conventional prop-

agation. Due to its limitations, most studies avoid using the reflected Hugoniot

approximation, favoring the use of theoretical or tabular EOS for the calculation

of the standard’s principal Hugoniot and off-Hugoniot states. These models are

developed from rigorous physical descriptions and often use available shock EOS

data as benchmarks. This assures accurate modeling and thermodynamic sound-

ness of the release and reshock (double shock) states, as well as the principal

Hugoniot. This comes at the expense of not being able to track the systematic

uncertainties through the IM analysis. Theoretical curves can be constructed with

different assumptions, where differences are evident among different types of mod-

eling approaches (QEOS,92,93 SESAME,94 LEOS,95 etc), especially at pressures >1

Mbar. The final shock EOS data for a sample will shift (as a set) depending on

the stiffness or softness of the model. It is important to provide an assessment of

these systematic uncertainties that affect the IM results.

The approach in this study is to use a Mie-Grüneisen EOS, as described in

previous work,20,59,96 to represent the off-Hugoniot states. The experimentally

obtained energy and pressure along the Hugoniot of the first shocked material

(usually the standard) are used as a reference state, from which the off the Hugo-

niot pressures can be calculated via the Grüneisen parameter of the first material.
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The Grüneisen parameter describes pressure differences between equal volume

states on a Hugoniot, defined as

Γ = V
(∂P
∂E

)
V
. (3.12)

Experimentally Γ can be calculated by finding the differences in pressure and

internal energy at a given (fixed) specific volume, between two or more Hugoniot

curves corresponding for the same material, but having different initial densities.

From Equation 3.12 it follows that

E = EH +
(V

Γ

)
(P − PH), or (3.13)

P = PH +
( Γ

V

)
(E − EH). (3.14)

Here E and P are the energy and pressure of the off-Hugoniot state, and EH and

PH are the energy and pressure at a given specific volume V on the Hugoniot.

Calculations of the off-Hugoniot curves are performed in the P − V plane.

To calculate the reshock (reflected shock), the Hugoniot equation (2.90) must

be satisfied for both the single and double shock state, and is used to find the

corresponding energies. The energy on the first shock Hugoniot at the state

(P1, V1), the centering point for the second shock Hugoniot, is given by

E1 =
1

2
P1(V0 − V1), (3.15)

where E0 and P0 are assumed to be negligible. If (P2, V2) is the final shock state

on the second Hugoniot, then the energy (EH) and pressure (PH) on the first
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Hugoniot at V = V2 is needed and equal to

EH =
1

2
PH(V0 − V2). (3.16)

The second shock Hugoniot is given by

E2 − E1 =
1

2
(P2 + P1)(V1 − V2), (3.17)

and using Equation 3.15,

E2 =
1

2
P1(V1 − V2) + P2(V1 − V2). (3.18)

Substituting this into Equation 3.14 results in the solution for the second shock

pressure

P2 =
PH −

(
Γ
V

)
2
[(PH − P1)(V0 − V2)/2]

1 −
(

Γ
V

)
2
(V1 − V2)/2

. (3.19)

One can follow a similar methodology to obtain the release states. If dissipative

processes such as viscosity or material rigidity are neglected (as in the above

calculation), the release curve lies on the isentrope. These states can be found by

coupling the first law of thermodynamics, dE = TdS − PdV with dS = 0 (since

the loci of states correspond to an isentropic release), with the known parameters

on the Hugoniot via the Grüneisen parameter. A recursion relation approximates

the pressure along the isentrope,

Pi =
PH −

(
Γ
V

)
i
[Pi−1∆V/2 + EH − Ei−1]

1 +
(

Γ
V

)
i
∆V/2

, (3.20)
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Fig. 3.4.1: Release isentropes are approximated using the Mie-

Grüneisen EOS by relating pressure and energies on and off the Hugo-

niot via the thermodynamic gamma (Γ).

where Ei = Ei−1−(Pi +Pi−1)
∆V
2

. Knowing the initial shock state in the standard,

the pressure on the isentrope can be calculated for a given ∆V . From this (V, P )

state on the isentrope, a second state on the isentrope is calculated for another

∆V shift, and so on, mapping the isentrope until one reaches ambient pressure and

V0, the specific volume of the unshocked material. This process is shown in Figure

3.4.1. To construct the release isentrope on the P − Up plane, the corresponding

changes in particle velocity can be simultaneously calculated from

∆Up =
√
−∆V∆P , (3.21)

which follows from the differential form of Equation 2.104. The use of this approx-

imation is appropriate since an isentropic pressure wave is equivalent to a weak
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shock.20 These last two equations can be resolved for both decreasing (release

isentropes) or increasing (isentropic compression) conditions.

The Mie-Grüneisen EOS assumes that Γ is independent of density, implying

Γ/V = const. along the constant volume. This approximation is not valid for all

pressures and materials. Based on experiments quartz’s thermodynamic gamma

drops from ∼ 1.35 at ambient conditions (solid phase) to ∼ 0.7 with melt onset, as

determined in stishovite by comparison of the principal Hugoniots for stishovite,

quartz, and coesite.67,69,87 Calculation of Γ using quartz and porous quartz (with

two different porosities) lead to values between 0.6-0.66, for a pressure range of

0.04-20.00 Mbar (specific volumes of 0.3 and 0.12 cm3/g, respectively).67,71,87,97

This shows that at pressures above melt the thermodynamic gamma resulting

from experimental measurements is nearly constant, with little or no effect due

to dissociation.66,67 The value of Γ begins to dip below 0.6 once pressures ex-

ceed 100 Mbar, due to inner-shell ionization.66 The thermodynamic gamma, as

predicted by several models,11 yields an average value of Γ = 0.64 ± 0.11. This

value is in agreement with experimental results and is used in the analysis of this

study, making it the only model based parameter than enters the IM calculation.

As previously noted, this work’s analysis uses quartz’s experimental Hugoniot

as described by Equation 3.10 and Equation 3.11. Consequently the resulting

isentropes follow a piecewise behavior (See Figure 3.5.1).



3. Precision EOS using the Impedance Matching Technique 97

The calculated release isentropes depend on both the value of Γ and quartz’s

principal Hugoniot. As mentioned in Section 3.3 a recent study of quartz91 using

the Z-Machine observed significant curvature in its Us − Up plane, differing from

the fit used in this study’s analysis. This observed curvature implies that Γ varies

in the the high pressure fluid regime. If true this could compromise the validity

of assuming a Mie-Grüneisen EOS to approximate release states, or the value

used for Γ in isentrope calculations. Because the use of quartz as a standard

has become more prevalent, there is great interest in the community to further

investigate quartz’s behavior. First efforts have already taken place through laser

experiments using targets composed of α-quartz and fused silica, as an means

to investigate the constancy or variance of quartz’s Γ in the high pressure fluid

regime. Results from these experiments are no yet available.

3.5 Error Analysis for Precision Measurements

The usefulness of EOS data is determined by the size and validity of the

uncertainties associated with it. The random and systematic errors inherent to IM

are rigorously accounted for in this study and the total uncertainties for the EOS

parameters of the sample are found by calculating the quadrature sum of random

and systematic errors. The relative contribution of these uncertainties varies as a
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function of shock strength, as the precision of the velocity measurements increases

while the effects of systematic uncertainties become more significant.

The total uncertainties for Up, P , and ρ, depend on eight error contributions:

uncertainty in the quartz shock velocity δUsQ
, the hydrocarbon shock velocity

δUsCHx
, the initial hydrocarbon density δρ0CHx

, the a0 coefficient to quartz low

pressure piecewise fit δa0L
, the a0 coefficient to quartz high pressure piecewise

fit δa0H
, the a1 coefficient to quartz low pressure piecewise fit δa1L

, the a1 coeffi-

cient to quartz high pressure piecewise fit δa1H
, and the quartz Mie-Grüneisen δΓ.

The first three are random errors that enter the IM analysis through calculation

of the Rayleigh lines. The first two random errors are associated with the two

shock-velocity measurements, and the third corresponds to the error associated

with the initial density of the sample material. The initial density at ambient

conditions for polystyrene (CH) and polypropylene (CH2) films is extremely re-

producible and well known, therefore the analysis assumes the error in the initial

density of these materials is negligible. Such is not the case for GDP and Ge

doped GDP films, for which this error can be between 2-5% of the measured den-

sity depending on the batch. The initial density of α-quartz is well known so its

uncertainties are considered insignificant for this analysis. The last five contri-

butions are systematic errors, of which the first four are fitting parameters for

the experimental quartz Hugoniot, Us = a0 + a1(Up − β), where the subscripts L
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and H correspond to the fitting parameters of the low (Up < 6.358 µm/ns) and

high (Up ≥ 6.358 µm/ns) pressure linear fits. The last (δΓ) is used to approxi-

mate α-quartz’s release isentrope by assuming a Mie-Grüneisen EOS and having

knowledge of quartz’s principal Hugoniot.

Uncertainties were calculated by isolating each of the eight error contributions

in the IM analysis and finding the deviation, compared to the nominal final state,

that such variation caused. Figures 3.5.1(a)-3.5.1(c) show a graphical description

of the IM analysis and the errors encountered for a material whose initial density

has negligible uncertainty. Quartz and sample Rayleigh lines are shown as solid

purple and light blue lines, and nominal principal Hugoniot and release for quartz

are shown as the red and orange curves. Because the approximation of quartz’s

isentropic release involves its piecewise linear fit, the nominal release has an evi-

dent kink at ∼ 2.10 Mbar, corresponding to the transition between the nominal

fits.

Measurement errors in quartz shock velocity, δUsQ
, produce multiple Rayleigh

lines intersecting quartz’s principal Hugoniot at different (Up, P ) states. This

yields a random uncertainty in quartz’s initial shocked state. Uncertainties in

quartz’s initial state also arise from systematic uncertainties in the principal Hugo-

niot. These arise from variation of the fitting parameters to quartz’s piecewise

linear fit. A release curve originates from each of these initial states. Figure
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Fig. 3.5.1: (a)IM and propagation of errors for a 7.6 Mbar shock propa-

gating from quartz to a sample with negligible δρ0. Rayleigh lines (RL) for

quartz and sample are shown as purple and light blue lines. Red and or-

ange curves correspond to quartz’s principal Hugoniot and nominal release.

Point A is the initial shock state in the standard and point B is the IM point.

(b) A cascade of release curves (at and near point A) arise from errors in

quartz’s RL’s (thick purple dashed lines), quartz’s principal Hugoniot, and

δΓ. Releases stemming from systematic uncertainties are shown in blue:

δa0H (dashed), δa1H (dotted), and δΓ (dotted-dashed). Thin purple dash

release arises from random error in quartz’s initial shock state. (c) Varia-

tions from nominal in the shock state of the sample (point B) are depicted

by intersections between the nominal sample RL and releases as described

in (b). Measurement error of the sample’s shock velocity creates a second

random error contribution, shown as purple dashed lines.
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3.5.1(b) shows the cascade of release curves that arise from random (dashed pur-

ple) and systematic error contributions (blue curves). Blue dashed, dotted, and

dashed-dotted curves correspond to the contribution of the δa0H
, δa1H

, and δΓ

errors. Principal Hugoniot variations originating from δa0L
and δa1L

cause no

shift from quartz’s nominal initial shock state at this pressure (∼7.6 Mbar), and

follow the nominal off-Hugoniot curve. The final state of the quartz and therefore

the state of the shocked sample are determined by the measured shock velocity in

the sample. Errors in this measurement, UsCHx
, produce multiple Rayleigh lines,

shown as thin dashed purple lines in Figure 3.5.1(c), that intersect with the vari-

ous release curves. Figures 3.5.1(b) and 3.5.1(c) indicate the quantitative bounds

on the release curves and Rayleigh lines that can be used for an IM solution.

Rigorous propagation of these errors provides confidence in the uncertainties

assigned to the pressure and particle velocity inferred from the IM technique. The

random uncertainty for the derived IM variables is found by taking the quadra-

ture sum of all random error contributions: δUsQ
, δUsCHx

, and δρ0CHx
. Systematic

uncertainties are calculated in the same manner, where the quadrature sum is

taken over δa0L
, δa0H

, δa1L
, δa1H

, and δΓ contributions. The resulting total un-

certainty for the derived IM quantities describing the shock state of the sample is

obtained by taking the quadrature sum of all the error contributions (random and

systematic error). The predominance of random or systematic uncertainties varies
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with pressure. At low pressures (lower velocities), random uncertainties dominate

because the phase excursion results in fewer fringe shifts of VISAR and the detec-

tion threshold (5% of a fringe) is more significant (See Section 4.2). Shock-front

reflectivities are lower, resulting in lower VISAR signal levels. At higher pressures,

the random uncertainties become smaller. At sample pressures corresponding to

quartz pressures of ∼ 15 Mbar and greater, systematic uncertainties predomi-

nate. This results from the lower accuracy of the quartz Hugoniot at these higher

pressures, making it increasingly difficult to perform precision measurements.

3.6 Double-Shock Measurements

Off-Hugoniot states can be reached by launching multiple shock waves into

a material. These states are of particular interest for ICF target designs that

employ multiple shock waves to approximate isentropic compression.98 In this

study double shock states were reached via a reflected shock, traveling back into

the sample, by using anvil targets as described in Section 4.4. These targets had

a second slab of α-quartz behind the sample; single-shock IM measurements were

obtained at the first contact interface (quartz-to-sample) and double-shock IM

measurements were obtained at the second contact interface (sample-to-quartz).

Because quartz has higher impedance than any of the hydrocarbons under study, a

reflected shock is launched back into the sample (hydrocarbon) leading to double-
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shock conditions in the sample. The pressure profile at different stages of this

process is shown in Figure 3.6.1(a).

The pressure reached in double-shock experiments depends on the initial state

from which it is launched, being particularly sensitive to the single-shock den-

sity.12,99 Due to this dependence, double-shock measurements provide a valuable

tool to assess single-shock densities. It is difficult to deconvolve the measured

quantities and model dependent effects originating from the use of a standard

material in the impedance-matching technique; in this aspect double-shock mea-

surements provide an advantage, where it is possible to separate models and ob-

servables, providing a sensitive platform for model comparison. Observables in

double shock experiments with anvil targets are the measured shock velocity in

the sample, leading to the initial state from which the reflected shock launches,

and the measured shock velocity in the α-quartz, leading to the final double-shock

state of the sample.

Finding the double shock state in this configuration requires knowledge of the

sample’s principal Hugoniot and reshock curve (See Figure 3.6.1(b)). By assuming

a given model for the sample principal Hugoniot, one can find an initial state with

pressure Pi (by assuming a shock velocity of interest), from which the reshock

curve (assuming the same model) can be calculated. The intersection between this

reshock curve and α-quartz’s experimentally obtained principal Hugoniot leads to
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Fig. 3.6.1: Reflected waves were used in anvil targets, reaching double

shock states in the sample. (a) In IM, if the first material the shock front

interacts with has lower impedance than the second, the reflected wave will

be a shock wave. This is represented as chronological P-x plots. (b) This

IM analysis uses model-based principal Hugoniot (light blue curve) and re-

shock curves (dark blue curve). The initial state from where the re-shock

curve originates is found by the intersection of the model-based principal

Hugoniot and the sample Rayleigh line (point A). The final state (point B)

can be calculated either by the intersection of the sample re-shock curve with

the quartz Rayleigh line (black line), or quartz known principal Hugoniot

(orange curve). Because final states were used for construction of model

dependent curves, final states were obtained using quartz known principal

Hugoniot.
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a final state with pressure Pf , that depends only on the models. By repeating

this procedure for various shock velocity values, choosing a range relevant to the

shock velocities obtained in the experiments, results in several initial and final

state pairs (Pi, Pf ), for a given sample model. Since the initial state pressure of

the sample is a function of the sample shock velocity and the final state pressure

of the sample is a function of the α-quartz shock velocity, one can construct a

multi-axis plot where observables, namely the shock velocity in the sample and

in the standard, can be compared with curves that are solely model dependent,

and are constructed from the (Pi, Pf ) pairs for each model. For these curves, the

only error is that associated with α-quartz’s principal Hugoniot, and is depicted

by the width on the model dependent curves.

3.7 Inference of Single-Shock States from

Double-Shock Measurements

Double-shock results can be directly compared to single-shock data by trans-

forming double-shock observables into single-shock quantities in the P − ρ plane,

using the inversion method described by Hicks et al.12 This analysis is based on

the concept that the double-shock compressibility is better known than the single-

shock compressibility. Using the Rankine-Hugoniot equations associated with the
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single- and double-shock states, and a model-based parameter used to infer the

double-shock compression, one arrives at solutions for the inferred single-shock

states. The single-shock Rankine-Hugoniot equations, corresponding to conserva-

tion of mass and momentum, are

ρ1(Us1 − Up1) = ρ0Us1 (3.22)

and

P1 = ρ0Us1Up1 , (3.23)

where subscripts 0 and 1 refer to initial and single shock conditions. Here the

initial pressure is neglected. The sample double-shock state, obtained via the

reflected shock is described by its corresponding Rankine-Hugoniot equations

ρ2(Us2 − Up2) = ρ1(Us2 − Up1) (3.24)

and

P2 − P1 = ρ1(Us2 − Up1)(Up2 − Up1). (3.25)

Here the re-shock state of the sample is described by ρ2, P2, Us2 , and Up2 . Because

the reflected shock propagates back into the first material, the re-shock particle

velocity and shock velocity propagate in the opposite direction of the single-shock

fluid velocity, Up1 . In accordance to IM, the pressure and particle velocity equili-

brate between the sample and quartz. Since the quartz Hugoniot is well known,
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the re-shock pressure (P2= PQ) and particle velocity (Up2=UpQ
) are known once

quartz’s shock velocity (UsQ
) is measured. Equations 3.22-3.25 constitute a sys-

tem of four equations with five unknowns, namely Up1 , P1, ρ1, ρ2, and Us2 , and

four known quantities, ρ0, Us1 , Up2 , and P2. To arrive at a unique solution, a fifth

equation is needed. This fifth equation is obtained from two energy equations.

The Rankine-Hugoniot energy equation describes changes in the internal en-

ergy between single- and double- shocked states in the sample as

∆E21 =
1

2
(P1 + P2)

( 1

ρ1

− 1

ρ2

)
, (3.26)

where subscripts 1 and 2 correspond to the first and second shocked states. The

changes in internal energy between (P1, ρ1) and (P2, ρ2) states can also be de-

scribed by means of the material EOS, given by an expression E = E(P, ρ). This

quantity is commonly written as an integral involving the Grüneisen parameter

Γ = V (∂P/∂E)V and the adiabatic exponent γ = −(∂ lnP/∂ lnV )S. Both the

Grüneisen parameter and the adiabatic exponent vary slowly, therefore one can

assume an EOS of the form E = PV/(γ̃ − 1), where γ̃ is the effective gamma.

Note this EOS is similar to that of an ideal gas, E = (PV )/(γ − 1), but here γ is

not necessarily a constant value between states. The internal energy difference is

then expressed as12

∆E21 =
(P2

ρ2

− P1

ρ1

) 1

γ̃ − 1
. (3.27)

The effective gamma serves as a means to estimate the re-shock compressibility.
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Equation 3.27 is exact if the second shock lies on the isentrope, in which case γ

is constant and the effective gamma is essentially the adiabatic exponent, γ̃ = γ.

From the definition of the Grüneisen parameter Γ, one sees Equation 3.27 is also

exact in the case Γ = γ − 1.12 In this analysis, γ̃ is defined by Equation 3.27.

To estimate the value of γ̃, pairs of single- and double-shock states are computed

using available tabular models, and substituted into Equation 3.27. The value of

γ̃ used in the inversion method is the average value, as a function of sample shock

velocity, obtained from several sample models.

Using Equations 3.26 and 3.27 to eliminate ∆E21, yields

ρ2

ρ1

= 1 +
P2 − P1

P1 + (γ̃ − 1)(P2 + P1)/2
, (3.28)

the fifth equation needed to close the system of equations. This equation relates

single-shock and re-shock pressures and densities in the sample via a model depen-

dent parameter, γ̃, that gauges the re-shock compressibility. Equations 3.22-3.25

and 3.28 are used to solve for any given single-shock parameter. The single-shock

Rankine-Hugoniot equations ( Equations 3.22 and 3.23) can then be applied to

solve for the remaining single-shock variables. Following the above method, the

first shock pressure (P1) was recovered by finding the real root of the cubic equa-

tion that results from solving Equations 3.22-3.25 and 3.28

ρ0

[
P2 +

(γ̃ − 1)(P2 + P1)

2

][
Up2 −

P1

ρ0Us1

]2

= (P2 − P1)
2
[
1 − P1

ρ0U2
s1

]
. (3.29)
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This requires knowing the values of γ̃. γ̃ was calculated as a function of the

single shock velocity, γ̃(Us1), by averaging values obtained for each model at a

given single-shock shock velocity. These were evaluated by direct application of

Equation 3.27, after calculating pairs of single-shock (ε1, P1, ρ1) and reflected-

shock (ε2, P2, ρ2) states, at a given Us1 , as predicted by tabular models available

for the sample. Single-shock states were found the principal Hugoniot predictions

of each model, and double-shock states were found by the intersection of the sam-

ple re-shock curve (from tabular EOS) and quartz’s known principal Hugoniot.

The uncertainty in the effective gamma was taken to be the standard deviation

of the average. The accuracy of this inversion method was assessed by inverting

Us,1 and UsQ
, the experimental observables, as predicted by each model. Apply-

ing the inversion method to these variables, for each model used, recovered the

single shock states as predicted by each model, within the uncertainties (Refer to

Chapter 5).

3.8 Concluding Remarks

The impedance match technique uses conservation conditions of the Rankine-

Hugoniot relations, where the particle velocity and pressure must be constant

across the contact interface between two materials. By measuring the shock ve-

locity in the standard and the shock velocity in the sample, the particle velocity
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in the sample can be inferred, having knowledge of the standard material’s EOS.

This leads to relative measurements, where the precision of the resulting data de-

pends on the precision with which the EOS of the reference material is known. A

strong correlation exists between the standard EOS and sample measurement; it is

therefore important to assess the errors associated with the standard’s EOS (both

on and off the Hugoniot) that manifest themselves as systematic uncertainties in

EOS measurements of the sample.

Rigorous treatment of both random and systematic uncertainties, inherent

in the IM technique, is performed in this study. Random errors enter the IM

analysis through calculation of the standard and sample Rayleigh line, connecting

the material’s initial and final shock state. Performing IM analysis in the P −Up

plane, the Rayleigh line is calculated through ρ0UsUp; the error in the Rayleigh

line arises mostly from the shock velocity measurements, since uncertainties in

ρ0 are often negligible. Shock velocities are measured using VISAR, a velocity

interferometer, with a ∼ 1% precision and continuous tracking of the velocity in

transparent materials. Taking the latter into account, α-quartz was chosen as the

IM standard.

Quartz has been studied in a pressure range applicable to IM experiments using

various platforms. This provides an experimentally derived shock EOS used in

the construction of both the Hugoniot and an approximation of release states.
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Quartz’s off-Hugoniot states were calculated assuming a Mie-Grüneisen EOS,

where the Grüneisen parameter, Γ, describes pressure differences, with respect

to the internal energy, for equal volume states on a Hugoniot. The Grüneisen pa-

rameter is taken to be constant in the high pressure fluid regime and equal to 0.64

± 0.11, consistent with model predictions and experimental values. This is the

only model dependent parameter that enters the IM calculation. The isentropic

release is mapped in the P −V plane, through a recursion relation that solves for

pressure on the isentrope for a given specific volume, P (V1). This requires know-

ing the pressure and internal energy on the Hugoniot at that specific volume, Γ,

and the pressure and internal energy of a previous state on the isentrope, corre-

sponding to a specific volume that differs by δV from V1. This allows propagation

of systematic errors entering through calculation of the principal Hugoniot and

release states in α-quartz.

Assessment of both random and systematic error uncertainties provides a com-

plete quantification of the uncertainty associated with EOS measurements, using

the IM technique. In IM measurements it is difficult to deconvolve measured

quantities and model dependent effects, stemming from the use of a standard

material. Double shock conditions, reached through anvil targets, were measured

to investigate off-Hugoniot states and provide a means to separate models from

observables. This was achieved by calculating single- and double-shock states
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as predicted by sample models and α-quartz’s known experimental shock EOS,

leading to quasi-parallel lines in P1 − P2 space, where P1 and P2 represent the

single- and double-shock pressures. Since P1 and P2 are proportional to Us,CHx

and Us,Q, the sample (hydrocarbon) and quartz shock velocity, the measured ob-

servables can be compared with model-only curves. One can infer single shock

conditions from double shock measurements by using the Rankine-Hugoniot equa-

tions for both the single- and double-shock conditions, and introducing a model

based parameter used to estimate the double-shock (re-shock) compressibility.
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4. EXPERIMENTAL DESIGN AND

TECHNIQUES

Extreme pressure and temperature conditions were achieved in this study us-

ing laser-driven shock waves produced by the University of Rochester’s Omega

Laser System.24 In 15 years of operations OMEGA24 has developed a large suite

of diagnostics for investigating high-energy-density (HED) states through emis-

sion of neutrons, charged particles, visible, UV, and x-ray photons, or by probing

these states using various photon sources. This study measured shock velocities

and temperatures, obtaining complete shock EOS of materials via the impedance

matching (IM) technique, as previously described. For this purpose two pri-

mary diagnostics were used, a Velocity Interferometer System for Any Reflector

(VISAR)64 and a Streak Optical Pyrometer (SOP).100

VISAR64 and SOP100 (see Sections 4.2 and 4.3) are used to infer the kinematic

and thermal properties of a material, allowing the experimental construction of

a complete EOS. The VISAR64 on OMEGA24 launches a probe beam onto the
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rear surface of the target through an f/3.3 telescope, opposite the drive beams.

The reflected VISAR64 probe beam and self-emission from the shock front are

relayed back through this telescope to the diagnostics. This combined signal is

directed to a dichroic mirror that is highly reflective at the 532 nm VISAR64

probe beam wavelength, redirecting it to VISAR’s recording system, while the

self-emission is transmitted to the SOP100 for acquisition. A schematic of this

Fig. 4.0.1: Basic schematic of VISAR64 and SOP100 layout at the

OMEGA24 laser facility. In this configuration both VISAR’s reflected beam

and self-emission signal from the shock front are relayed to a dichroic mirror

highly reflecting in the green. This filters out the VISAR64 signal, that is re-

layed to the interferometers, and transmits the self-emission into the SOP100

cabinet. VISAR64 and SOP100 signals are recorded using streak cameras,

providing two dimensional images with spatial and temporal resolution along

the vertical and horizontal axis respectively.

diagnostic layout on OMEGA24 is shown in Figure 4.0.1. VISAR64 and SOP100

signals are recorded using streak cameras,101 providing temporal (∼ 30 ps) and
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spatial (10’s µm) resolution. These diagnostics provide the temporal resolution

required to record material response during the OMEGA24 experiment (of the

order of a few ns). Streak images are timed using a calibrated green fiducial comb,

composed of eight 200 ps Gaussian pulses spaced 548 ps apart, that is referenced to

the OMEGA drivers and is transmitted via fiber optics to the streak camera slits.

These fiducials are also used to calibrate the temporal axis of the SOP streak

camera. The VISAR64 streak cameras are equipped with an internal temporal

calibration comb (2 GHz or 500 MHz depending on sweep speed), to provide on-

shot temporal calibration. An optional calibration module impresses a temporally

and spatially uniform array of pulses that are used to correct geometric distortions.

The spatial magnification is calibrated by placing a grid with known dimensions

at Target Chamber Center (TCC), the overall magnifications of VISAR64 and

SOP100 are ∼ 25× and ∼ 20×, respectively.

The coating, machining, and assembly of the planar, millimeter-sized targets

was accomplished through collaboration between the University of Rochester’s

Laboratory for Laser Energetics (LLE) and Lawrence Livermore National Labora-

tory (LLNL). Polystyrene and polypropylene films were obtained through commer-

cial manufacturers,102 while glow-discharge-polymer (GDP) and Ge-doped GDP

(Ge-GDP) films were manufactured by General Atomics (GA).103

Section 4.1 discusses the physical mechanisms involved in laser-driven shock
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waves, which give insight as to what type of diagnostics can be used to observe

the kinematic and thermal properties at the shock front. These are detected by

the principal diagnostics, VISAR64 and SOP,100 described in Sections 4.2 and 4.3.

The target design is presented in Section 4.4. Section 4.5 applies the concepts

introduced in previous sections of this chapter to demonstrate the data analysis

process, starting from raw streak camera images that lead to shock velocity and

temperature measurements of the shocked materials.

4.1 Laser-Driven Shock Waves

When a high power laser irradiates solid matter it produces a high tempera-

ture (∼4 keV at the highest intensities) plasma that interacts with the laser and

the target. At irradiances of 1012-1016W/cm2, the absorption of the laser light

on the surface of the solid target initially creates a low density plasma by multi-

photon ionization, that forms on sub-picosecond time scales. These free electrons

are accelerated by the laser electromagnetic field and collide with other atoms

creating more free electrons that get accelerated, and so on. This promotes an

avalanche of free electron generation, exponentially increasing the electron den-

sity.104 The remainder of the laser pulse is absorbed by this plasma via inverse

bremsstrahlung radiation (free-free absorption), where absorption of photons is

by thermal electrons.105,106 This occurs in the interaction zone, where most of the
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absorption occurs near the critical density nc. At the critical density the plasma

electrons oscillate at the same frequency as the laser light, ω0 = ωpe, where the

plasma frequency is given by

ωpe =
(4πn2

e

me

)1/2

. (4.1)

Here ne and me are the electron density and mass. This resonance creates a

reflecting surface, known as the critical surface, with density nc, where the plasma

strongly reflects the laser light.28,104 Using the dispersion relation, it can be shown

that the critical density is inversely related to the radiation wavelength (in this

case that of the laser driver)

nc(cm
−3) =

1.1 × 1021

λ2
µm

. (4.2)

For the wavelength of 351 nm of the OMEGA24 laser, the critical density corre-

sponds to 9 × 1021cm−3. This is shown in Figure 4.1.1, where density (black),

temperature (red), and pressure (blue) profiles were taken from LILAC,107 a 1-D

hydrodynamic code simulation.

The coronal plasma (the interaction zone) is quickly heated to keV temper-

atures, generating a steep temperature gradient between the critical surface and

the still solid target. The energy absorbed in the interaction zone is thermally

conducted into the over-dense matter, defining the conduction zone as shown in

Figure 4.1.1.28,108 This results in ablation of a fraction of the solid density target
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Fig. 4.1.1: Hydrodynamic simulation of a laser-driven shock wave using

LILAC. Density, temperature, and pressure line outs are shown in black,

red, and blue, respectively. The laser drive impacts the target from the

right, creating a plasma that quickly expands and absorbs the laser light

(mostly close to the critical density, nc), heating to temperatures in the

order of keV. This generates a temperature gradient between the nc surface

and the solid target, driving energy absorbed in the interaction zone past nc

via thermal conduction (conduction zone). This heats the solid target and

causes material ablation, driving a pressure wave, that quickly steepens into

a shock wave, into the target.
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material, where material is heated and blown-off the surface. Ablation causes

the target surface to experience a reaction force, in accordance with Newton’s

Third Law, equal to the momentum flux leaving the surface. Scaling of the ab-

lation pressure (Pa) with laser intensity (I) and wavelength (λ) can be derived a

number of ways.5,9, 28,109 Taking a steady-state planar flow ablation model, and

further assuming the laser energy is locally absorbed at the critical surface leads

to Pa ∝ (I/λ)2/3 (refer to Appendix B for the derivation).

In response to this ablation pressure (and the pressure differential this creates)

a compression wave is driven into the target.28,108 This compression wave quickly

steepens into a shock wave that propagates into the material. At Mbar pressures

the shocked material is sufficiently heated to produce free electrons making the

shock front highly reflective to optical light. Initially the shock wave is supported

by the remainder of the laser pulse; at the end of the laser pulse the shock wave is

no longer supported and a rarefaction wave is launched into the material.55 Since

the rarefaction wave travels through the already shocked material, now having a

higher sound speed, it catches up with the shock front creating a decaying shock

wave.

Experiments were performed on the University of Rochester’s Omega Laser

System,24 a 60-beam laser system capable of delivering up to 30 kJ of energy

at 351 nm wavelength. Due to the diagnostic layout, the experiments only used
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up to 12 beams on target, with angles of incidence of either 23◦ or 48◦ with re-

spect to the target normal (each group having 6 beams). Preference was given to

the 23◦ beams since their focal spot, as mapped to the target, is less elliptical.

Shock pressures of 1 to 10 Mbar in the polymers were produced by laser energies

between 200 J and 1130 J delivered in 2-ns temporally square pulses of 351-nm

light. The focal spot for each laser beam was smoothed using distributed phase

plates (DPP’s)110 producing a super Gaussian intensity profile, resulting in nearly

uniform irradiation spots with diameters of either ∼600 or 800 µm, correspond-

ing to its full width at half maximum (FWHM). This resulted in average laser

irradiances between 0.3 and 1.1 × 1014 W/cm2.

4.2 Velocity Interferometer System for Any

Reflector (VISAR)

VISAR64 is a line image velocity interferometer used to diagnose kinematic

and optical properties of the shocked target. It is an active diagnostic that mea-

sures the shock velocities in transparent materials or infers it from transit times

in opaque ones. VISAR measures the velocity of a reflecting surface (the moving

shock front) by detecting the Doppler shift of a reflected probe beam, using a

system of interferometers. The image output from the interferometer is relayed
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to a streak camera providing temporal and 1-D spatial resolution. Using a probe

laser means that the signal levels depend on the probe beam power rather than

the luminescence of the target. This provides a versatile diagnostic that is able

to measure weak shock waves that generate low self-emission signal, often below

or close to the detection limit of the streak cameras used, as well as highly re-

flective high-pressure shock waves, in the tens of Mbar pressure regime. Using

a probe laser makes it possible to extract electron transport properties through

measurement of optical reflectance.62–64

The VISAR probe laser is an injection-seeded second harmonic (532 nm) Q-

switched Nd:YAG (yttrium-aluminum-garnet) laser, with a pulse length of ∼50 ns

at FWHM.64 It is injected through an input beam splitter by a multi-mode fiber,

providing a ∼ 760 µm diameter field of view of the target. The reflected beam from

the target is relayed from the target chamber onto the diagnostic optical table via

an f/3.3 telescope and a periscope (see Figure 4.0.1). On the optical table, the

signal is relayed through an interferometer and detected by a ROSS (Rochester

Streak System)101 streak camera, providing both spatial and temporal resolution

of the magnified target image (× 25.5).64 The spatial resolution of a streak camera

is often described by its line spread function (LSF) and contrast transfer function

(CTF). The ROSS streak camera was measured to have a 40 µm Full-Width-at-

Half-Maximum (FWHM) LSF, referenced to the photocathode.111 A CTF was



4. Experimental Design and Techniques 122

calculated from the measured LSF, and confirmed with measurements, showing a

60% contrast transfer ratio (CTR) at 10 lp/mm∗ and a 5% CTR (describing the

limiting visual resolution) > 20 lp/m.111 The ROSS temporal resolution varies

with sweep speed due to its dependence on the dwell time (picosecond per pixel,

ps/px), the amount of time each pixel “sees” the signal for, and was estimated to

be 12, 22, and 45 ps FWHM for the 2, 6, and 12 ns sweep speeds.111

Fig. 4.2.1: In this Mach-Zehnder interferometer configuration the reflected

signal from the shock front is focused on the second beam splitter (B2),

where slight tilts of B2 adjust fringe contrast and spacing. The delay etalon

allows integration of the reflected signal over a time interval proportional to

its thickness. Because of such time delay, variations in velocity are registered

as fringe shifts. Two signal outputs are available; one is relayed to the streak

camera for acquisition, the other to a video camera, used during alignment

procedures.

∗ Line pairs per mm (lp/mm) is a unit used for contrast measurements, describing the number

of line pairs (adjacent black and white lines) that can be resolved in 1 mm.
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The interferometer uses a Mach-Zehnder configuration with a delay etalon in

one of the legs, focusing the target image on the output beam splitter (B2), as

shown in Figure 4.2.1. This configuration provides two output signals, one relayed

to the steak camera for data acquisition, the other relayed to a video camera for

alignment. The output beam splitter is slightly tilted producing a linear ramp

onto the optical path length difference between the legs; this imposes a series of

interference fringes used as a reference. Having the image plane at the output

beam splitter decouples alignment variations for fringe spacing and orientation

(altered by the tilt in the beam splitter), from fringe contrast adjustments that

only depend on the degree of overlap of the projected images, and are fine tuned

by adjusting M1 or M2 (refer to Fig. 4.2.1). The end mirror (M2) and etalon in

the delayed path are mounted on a motorized translation stage. The path delay

is produced by combining the refractive delay of the etalon with a translational

relocation required to maintain the image focus when the etalon is inserted.

A green CW laser and LED are used for alignment, inserted into the VISAR

optical path at different stages of the alignment procedure. With the etalon re-

moved, the interferometer is aligned by ensuring the angles of the optical elements

(M1, M2, B1, B2) are set such that the optical axis is centered on all elements.

This is performed by placing an alignment reticle (either at B1 or B2) and ad-

justing the optics until the images from the two interferometer legs overlap and
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are focused as viewed at B2. Slight adjustments to the relative path length are

performed by shifting M2, using the motorized stage, until white light fringes are

observed (with green LED). This means that the path lengths are matched to

within ∼ 1 µm. The etalon is inserted and the motorized stage is shifted by a

predetermined amount, maintaining the image focus at B2. This translation shift

(d) is calculated using the etalon’s known thickness (h) and index of refraction

(n0), d = h(1 − 1
n0

).63,64

The fringe pattern at the output beam splitter (B2) is formed by combining

the light coming from the short (no etalon) and long (with etalon) optical paths.

The phase of the light at the output beam splitter is the convolution of φS and

φL describing the phase from the short and long leg respectively,112

φS(t) =

∫ t

0

dφ

dt′

∣∣∣
t′
dt′, (4.3)

(4.4)

φL(t) =

∫ t

0

dφ

dt′

∣∣∣
t′−τ

dt′. (4.5)

Here t = 0 is an arbitrary initial time. Inserting a delay etalon creates a time

delay τ as previously described, causing the image formed at B2 to represent a

comparison of the accumulated phase at two different times, separated by τ . This

means light combined at B2 at any given time corresponds to a time t for φS
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and a time t − τ for φL. Consequently the system is sensitive to phase changes

registered at the output beam splitter, ∆φ(t) = φs(t) − φL(t).62,64,112

If the target material is under steady state conditions, where the target surface

is moving at a constant velocity or not moving at all, dφ/dt′ = (2πc)/λ. Since

there is no acceleration φS and φL are time independent. The phases combining

at the output beam splitter from the short and long legs are constant, therefore

∆φ(t) = constant, and the diagnostic registers light of equal wavelength (no

Doppler shift), making the fringe pattern constant in time. If the target material

accelerates, instantaneously changing the velocity, and then returns to a steady

state, the Doppler-shifted light will first reach the output beam splitter through

the the short leg, and for a time τ , φS and φL will register different values at

the output beam splitter. This creates a linear increase (tilt) in the fringes with

respect to time, for a time τ . After this time φS and φL are again constant, but

the accumulated phase difference, ∆φ, now has a new constant value causing the

fringe position to shift. The fringe pattern recorded by the streak camera will not

fully resolve the linear ramp of the fringes (present for a time internal equal to τ)

since the light is averaged over the slit width. Instead the camera will register an

abrupt jump in the fringe position. This is illustrated in Figure 4.2.2.

The velocity measured with VISAR64 is obtained from the phase, extracted

from the streak images, where the velocity measurement sensitivity depends on
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Fig. 4.2.2: (a) An instantaneous change in velocity at time t − τ will cause

the wavelength of the reflected, Doppler shifted, probe beam to be shorter.

The interferometer combines phases from t (φS) and t − τ (φL). (b) The

resulting interferogram, as registered by the streak camera, sees a jump in

the fringe position.

the etalon thickness and probe beam wavelength. Let Ls be the distance between

B1 and M1, and LL be the distance between B1 and M2, such that the distance

from B1 to B2 is 2Ls for the leg with no etalon, and 2LL for the interferometer leg

with the etalon (see Figure 4.2.1). The number of wavelengths in the short leg is

NS = 2Ls/λ, and the number of wavelengths in the long leg isNL = 2
λ
(LL−h+nh),

since the optical path in the etalon must be taken into account. Here h is the

etalon thickness, n is the index of refraction (slightly changing due to changes in

the Doppler shifter light), and λ is the Doppler shifted signal. NS and NL will

consequently change as the Doppler shifted signal enters the interferometer. With

the etalon inserted and no shifted light, fringes are observed at B2 as long as the
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optical lengths are equal for both legs113,114

LS = LL − h+
h

n0

. (4.6)

The interference signal created at B2 is the difference between the number of

wavelengths, N = NL − NS. Using the definitions of NL and NS, and applying

Equation 4.6

N =
2h

λ

(
n− 1

n0

)
. (4.7)

For unshifted light Equation 4.7 becomes N0 = 2h
λ

(n0 − 1
n0

). The optical time

delay is likewise dependent on the etalon’s thickness, h, and etalon’s index of

refraction, n0,

τ =
2h

c

(
n0 −

1

n0

)
, (4.8)

where c is the speed of light in vacuum.62–64,113

For a moving reflector with velocity v(t), illuminated with light of wavelength

λ0, the change in wavelength due to the Doppler shifted light is

λ = λ0
1 − v(t)/c

1 + v(t)/c
' λ0(1 − 2v(t)/c), (4.9)

for v � c, where c is the speed of light in vacuum. The Doppler shifted wave-

lengths entering the interferometer varies only slightly in comparison to λ0. This

implies that changes in the index of refraction in the etalon, due to the Doppler

shifted light, will also be small. Therefore, to first approximation, the index of
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refraction in the etalon can be expressed as

n(t) ' n0 +
(dn
dλ

)
λ0

(λ− λ0), (4.10)

' n0 −
(
2λ0

v(t)

c

)(dn
dλ

)
λ0

, (4.11)

where Equation 4.9 was used.

Fringe jumps, F (t), resulting from changes in velocity, v(t), of the moving

reflector are F (t) = N(t) −N0,

F (t) = 2h

[
1

λ(t)

(
n(t) − 1

n0

)
− 1

λ0

(
n0 −

1

n0

)]
, (4.12)

or

F (t) = 2h

[
1

λ0(1 − 2v/c)

(
n0 − 2λ0

v

c

(dn
dλ

)
λ0

− 1

n0

)
− 1

λ0

(
n0 −

1

n0

)]
, (4.13)

after substituting Equations 4.9 and 4.11 into Equation 4.12. Expanding 1
λ0(1−2v/c)

to first order in v/c, and neglecting higher order terms once the expansion is

substituted into Equation 4.13, yields

F (t) =
4h

λ0

v

c

[
−λ0

(dh
dλ

)
λ0

+ n0 −
1

n0

]
. (4.14)

This equation can be expressed as

F (t) =
2τ

λ0

(1 + δ)v, (4.15)

where the delay time τ is as defined in Equation 4.8, v is the velocity, and δ

is a wavelength dependent correction due to dispersion in the etalon defined as
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δ = − n0

n2
0−1

λ0(
dn
dλ

)λ0 . One finds velocities from the recorded fringe shift,

v(t) =
λ0

2τ(1 + δ)
F (t). (4.16)

Note the factor λ0

2τ(1+δ)
in Equation 4.15 depends only on the etalon thickness h,

the etalon index of refraction n0, the probe beam laser wavelength λ0, dispersion

correction factor in the etalon δ, and the speed of light in vacuum c. This factor

sets VISAR’s64 velocity sensitivity, often referred to as the velocity per fringe

(VPF)62,64,113,114

V PF0 =
λ0

2τ(1 + δ)
, (4.17)

applicable to Doppler shifts from free surfaces in vacuum. All the etalons used

are made of UV grade fused silica, with n0=1.4607 at λ0= 532 nm, having anti-

reflection coatings for λ= 532 nm on the front and back surfaces.64

If the reflected signal emerges from the shock front within a transparent dielec-

tric material, as is the case for experiments in this study, the index of refraction

of the unshocked material directly ahead of the shock wave, nd, must be taken

into account.64 The apparent velocity is related to the rate of change of the op-

tical length VISAR detects, as the reflecting surface moves. In the case that the

VISAR probe beam reflects off the free surface, for instance off the back sur-

face of an opaque material, the optical path length is equal to the path length

in vacuum LV acuum, minus the distance the surface has moved at a given time t,

LOptical = LV acuum − vRt, where vR is the real velocity. Therefore the apparent
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velocity vA measured through VISAR is the real velocity, vA = vR = V PF0F (t),

as previously concluded. In contrast, if the probe beam propagates through a

dielectric media of length Ld before it reflects off the moving surface, then the op-

tical length is LOptical = (LV acuum + ndLd)− ndvRt. The apparent velocity is then

vA = ndvR = V PF0F (t), such that the real velocity is vR = (V PF0/nd)F (t). The

corrected VPF, for the case where the probe beam is reflected within a transparent

material is

V PFd = V PF0n
−1
d . (4.18)

This implies that apparent Doppler shifts, uncorrelated to shock velocity Doppler

shifts, may occur if there are any changes to the optical properties of the material

directly ahead of the shock wave. This may occur due to x-ray photoionization or

preheating.

Both λ and τ can be measured to high precision therefore measurement er-

ror is highly correlated to the error in extracting the phase from data images.

VISAR’s64 accuracy is ∼ 1% or better in transparent materials. Often the streak

camera temporal resolution is too coarse to discern the rapid motion of fringes

during the delay time τ , and consequently discontinuous fringe shifts are recorded.

These discontinuities amount to a integer jump in fringes plus a fractional part,

F (t) =
(

φ
2π

+ i
)
, where φ/2π represents the fractional phase (fractional fringe

jump), i is an integer. In many cases it is not possible to resolve the integer
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jump from the data alone, since the phase is recorded modulo 2π. This ambiguity

is resolved by splitting the reflected signal and relaying it to two interferometers

with different fringe shift sensitivities (different and incommensurate etalon thick-

nesses), and comparing possible velocity solutions. Shock velocities are calculated

through62–64,113,114

v = V PF
( φ

2π
+ i

)
, (4.19)

where V PF = V PFd (Equation 4.18), in the experimental configuration used in

this study. Because the velocity solution is unique and common to both interfer-

ometers, collating possible velocity solutions from each interferometer, by varying

the values of i and using the phase extracted from each, leads to the unique

velocity solution that coincides for both data sets.62,64,113,114

There are various methods of extracting the phase from data images; several

works have found the fast Fourier transform (FFT) method to be most effec-

tive.64,115 The FFT assumes that the fringe pattern can be expressed as a real

function of space and time

g(x, t) = a(x, t) + b(x, t) cos[φ(x, t) + 2πf0x], (4.20)

where 2πf0x, a(x, t), and b(x, t) denote the background fringe pattern (carrier

wave) with spatial frequency f0, background intensity, and fringe amplitude. The

desired information is encoded in φ(x, t), the phase variation superimposed on the

carrier wave. In general φ(x, t), a(x, t), and b(x, t) are assumed to vary slowly in
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comparison to the the spatial carrier frequency f0. Equation 4.20 can be expressed

as

g(x, t) = a(x, t) + c(x, t)ei(2πf0x) + c∗(x, t)e−i(2πf0x), (4.21)

with

c(x, t) =
1

2
b(x, t)eiφ(x,t), (4.22)

where * denotes a complex conjugate. Taking the one dimensional Fourier trans-

form of Equation 4.21 with respect to x separates the background Fourier spectra

from the phase information contained in the Fourier transform of c(x, t), C(f, t),

by the carrier frequency f0. After filtering out the background frequency infor-

mation, 2πf0x, and taking the inverse Fourier transform of C(f, t), the phase is

extracted by isolating the resulting imaginary component, though it is ambigu-

ous by a factor of 2π, with most routines yielding a principal value between ±π.

This ambiguity is removed by identifying the location and direction (positive or

negative) of the 2π discontinuities by comparing adjacent phases. If the jump is

positive between φk and φk−1, then φk = φk−1 − 2π, if the jump is negative then

φk = φk−1 +2π. An offset phase distribution is constructed in this manner, and is

added to the discontinuous phase, yielding a continuous phase distribution. The

fringe position is determined to ∼ 5% of a fringe,64 independent of the method

used to extract the phase from the recorded fringe pattern, since it is necessary

to assume that a(x, t) and b(x, t) vary slowly spatially. High frequency spatial
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noise can arise, for instance from speckle or spatial fringe discontinuities (target

dependent), giving rise to this uncertainty.64,115

The drive pressures in these experiments were sufficient to produce optically

reflective shock fronts in both the quartz and the polymer samples (see Chapter

5). This resulted in direct, time-resolved measurements of the shock velocity

in both the pusher (α-quartz) and the samples. VISAR phase measurements

represent the velocity modulus referenced to the VPF φ=mod(v/VPF), such that

v = V PF (φ+i), where i is an integer (see Equation 4.19). Since the VPF depends

on the etalon thickness, etalons are chosen based on the estimated experimental

velocities, such that the resulting phases for both etalons fully and uniformly

encompass the phase space and are not multiples of each other. This ensures

that the velocity solution is unique. In this study’s experiments, etalons of 18-

mm and 7-mm thickness were used, producing uncorrected velocity sensitivities

(V PF0) of 2.732 and 6.906 µm/ns/fringe respectively. The VISAR sensitivity in

each material is determined by its index of refraction as listed in Table 4.2.1. The

shock speeds used in these experiments typically caused approximately 5-7 fringe

shifts, therefore velocities were measured to ∼ 1% precision (lower shock speeds

produce slightly larger velocity errors). Shock-front reflectivity information is

encoded in the amplitude of the fringe pattern and can be obtained after applying

the FFT. Since the drive pressures are high enough to cause metallic-like states
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in the shocked materials, the probe laser reflection occurs within the skin depth

( 100 nm or less)64 of the metalized fluid; this and the steep shock front produce

a highly reflective surface. The reflected probe signal was detected by a ROSS101

streak camera, one for each VISAR, having either 15- or 9-ns temporal windows.

The diagnostic temporal resolution was dominated by the delay time associated

with the etalons, namely 90 or 40 ps.

During each shot cycle the streak camera takes a total of three images. Within

the two minute count down in preparation of the shot, a background image (used

to subtract the camera dark current) and an image of the reference (stationary)

fringes are taken. The third image corresponds to the VISAR data. The informa-

tion encoded in the streak images registers all the light that is reflected back into

the diagnostic. Ideally the probe beam reflects only off the moving shock front;

in practice the system can register back reflections, reflection from areas inside

the target that are stationary, or even some internal reflections. This results in

ghost fringes (since these don’t encode true velocity information) imposed on top

of the data. If the data signal is large (usually the case for high pressure experi-

ments), the ghost fringes, if present, will have little influence on the data. For low

pressure experiments (∼ 0.5-1 Mbar in polymers), the ghost fringe intensity could

be similar to the data signal intensity. In such cases it is favorable to subtract

the ghost fringes before extracting the phase. All targets have an anti-reflective
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Table 4.2.1: Corrected VISAR velocity sensitivity (VPFd as in Equation

4.18) is given for each target material. This correction is applicable when

VISAR’s probe beam reflects off a shock front that is propagating through a

transparent dielectric; the corresponding index of refraction corresponds to

the material immediately ahead of the shock front. For GDP and Ge-GDP

films the index of refraction has shown to be batch dependent (refer to Sec.

4.4).

Material n532nm VPFd,7mm VPFd,18mm

(µm/ns/fringe) (µm/ns/fringe)

Quartz 1.547 4.464 1.766

Polystyrene 1.590 4.344 1.718

Polypropylene 1.490 4.635 1.833

GDP∗ 1.571 4.396 1.739

GDP† 1.563 4.419 1.748

GeGDP‡ 1.572 4.393 1.738

GeGDP§ 1.570 4.399 1.740

∗ Shot No. 54126-27, 54185-87, 52635, 55774-75, 55777-55785
† Shot No. 57162-57164
‡ Shot No. 54127, 54185-87, 52630, 55774-75, 55777-55785, 56115-56118
§ Shot No. 57162-57164
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(AR) coating on the free surface (that opposite the drive beams), to minimize

back reflections that produce ghost fringes.

4.3 Streak Optical Pyrometer (SOP)

An absolutely calibrated streaked optical pyrometer (SOP)100 was used simul-

taneously with VISAR.64 The SOP measures the visible and near-infrared self-

emission from the shock front as it propagates through the target. During shock

transit, materials experience an increase in entropy, proportional to the shock

strength, due to the irreversibility of dissipative properties. A significant portion

of the wave energy goes into this process, with mechanical energy converted into

thermal energy. As the material is taken into regions of higher temperature and

pressure it can undergo phase, polymorphic, ionization, and dissociation transi-

tions, often causing significant deviations in the thermal behavior of the material

during such transitions. In many cases these transitions produce no detectable

change in its kinematic behavior. Consequently, temperature measurements of

shocked materials represent valuable EOS information.28,55,100

SOP’s wavelength-dependent spectral responsivity is determined by the relay

optics, diagnostic filtration (long pass filter with cutoff wavelength of 590 nm),

and the streak camera photocathode response, defining a red channel from 590

to 900 nm and a blue channel from 390 to 500 nm. The diagnostic filtration
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attenuates the transmittance of harmonics of the OMEGA24 laser wavelength.

The device was absolutely calibrated using a NIST-traceable tungsten lamp and

power supply,100 enabling a comparison of the recorded emission with a Planckian

radiator, to discern the shock temperatures.

The camera output per pixel, assuming the radiation source is known, can be

expressed as

I =
BWs∆xΩLens

ηM2

∫
all λ

dλTx(λ)Ls(λ)SR(λ). (4.23)

Here Ws is the slit width (usually set to 0.5 mm), B is the camera binning

(for instance 3 for 3x3 binning), ∆x is the single pixel dimension, equivalent

to 13.7 µm along the slit, η is the speed speed (px/unit time), M is the system

magnification(20×), and ΩLens is the solid angle of the telescope. The second

term is integrated over all wavelengths where Tx(λ) is the convolution of the op-

tical elements in the system, providing a final transmission/reflection spectrum,

and Ls(λ) is the spectral radiant power. SR(λ) is the streak camera spectral

response, accounting for the wavelength-dependent photocathode response, MCP

gain, phosphorescence, and digitization by the CCD.100

Assuming the source is Lambertian and in thermodynamic equilibrium, its

radiance can be related to a Planckian temperature. The source radiance Ls(λ)

is given by Planck’s Law100

Ls(λ) =
2hc2

λ5

1

ehc/λT − 1
, (4.24)
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where h is Planck’s constant, c is the speed of light in vacuum, T is the brightness

temperature, and λ is the radiation wavelength. Solving for the temperature gives

T =
hc

λ

[
ln

( 2hc2

λ5Ls(λ)
+ 1

)]−1

. (4.25)

The SOP has a very narrow spectral band allowing its wavelength dependence

to be approximated by a delta function δ(λ− λ0), where λ0 is the centroid wave-

length. Applying this to Equation 4.23 leads to

I =
BWs∆xΩLens

ηM2
Ls(λ0)〈TxSR〉, (4.26)

where 〈...〉 denotes an average over the wavelength band. Combining Equations

4.25 and 4.26, the Planckian temperature is estimated to be

T =
T0

ln(1 + A/I)
. (4.27)

Here T0 corresponds to the temperature at the centroid wavelength, T0 = hc/λ0,

and I are the registered camera ADU counts. A is the resulting camera sig-

nal integration constant, A = A0BWsG/ηM
2, taking the gain across the MCP

into account by introducing a gain factor G. Note the adjustable parameters

were isolated from the fixed system parameters, encompassed in the factor A0,

A0 = (2∆xΩLens〈TxSR〉hc2)/λ5
0. To expose the diagnostic to a wide range of irra-

diances without saturating the CCD, neutral density filters are used. This ensures

that the camera output remains within its linear range, while maintaining a good
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signal to-noise-ratio. Because the system spectral responsivity is sensitive to the

transmission spectrum of these filters, the integration constants (A0’s) and cen-

troid temperatures (T0’s) are filter dependent. These are determined after each

SOP100 calibration.

The black body assumption serves as an ideal case, though does not com-

pletely describe the conditions in the shocked target. One can, however, use the

characteristics of a black body source as a comparison to an arbitrary source. For

a source in thermal equilibrium, Kirchhoff’s law states the absorptivity is equal

to the emissivity, α = ε, where the emissivity is the radiance ratio of the actual

arbitrary source to that predicted by an ideal black body.116 By applying en-

ergy conservation and using Kirchhoff’s law, the emissivity can be expressed as

ε = 1−R, where R is the reflectance.116 Further assuming that ε is independent of

wavelength leads to the gray body approximation. Adopting a gray body model

implies the shock wave emissivity diminishes the signal integration constant to εA,

or using Kirchhoff’s law, (1 − R)A. In this study the reflectivity (R) is obtained

from VISAR64 data for each shot.100,117

The temporal window of the diagnostic’s streak camera was set to 10 or 20 ns,

depending on the expected irradiances and velocities on target. Using a 500 µm

slit and a 10 ns temporal window led to a ∼170 ps temporal response time (∼310

ps with the 20 ns window). The majority of the shots were taken using only the red
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channel, providing a temporal history of shock-front temperature in the previously

mentioned spectral range. The VISAR64 and SOP100 are temporally calibrated

and cross referenced to OMEGA’s t-0, the time when the laser is fired. Having

a t-0 reference gives flexibility to independently “shift“ the VISAR and SOP

temporal windows in time, such that the time of the event one wants to measure is

captured, without compromising time correlations between the diagnostics. This

way of combining the data provides temperature as a function of velocity and,

consequently, temperature as a function of pressure. The SOP data provides a

rough estimate, and confirmation, of material velocities by correlating material

thickness (the distance the shock travels in a material) and the duration of that

transit time as recored by SOP.

4.4 Target Design

The experiments used multi-layered planar targets, either 2-mm or 3-mm

squares, with varying thicknesses depending on the sample under study and the

type of experiment (single-shock measurement or single- and double-shock mea-

surements). All targets were mounted on an angled stalk (top of target) such that

the rear target surface was normal to VISAR64 and SOP.100 OMEGA24 beams ir-

radiate the front surface at 23◦ and/or 48◦ from the normal. All targets had a grid

attached at the bottom of the target, to ensure VISAR64 was aligned and focused
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at target chamber center (TCC). Small adjustments to the telescope position are

necessary to account for the indices of refraction of the materials and to translate

the focus location from TCC to a desired location in the target package.

The targets for the single-shock measurements consisted of 90 µm Z-cut α-

quartz standard,† acting as the pusher that creates a pressure load in the samples,

with the samples mounted on the rear side. Three basic target configurations were

used, as shown in Figure 4.4.1. All targets had a 20 µm CH ablator and 90 µm of

quartz. A set of targets had a single 50-µm thick CH or CH2 (Figure 4.4.1 (a)), for

single-shock IM experiments for one material, and others had a 50-µm thick CH

foil on the bottom half of the target and a 50-µm CH2 foil on the top half of the

target, or ∼ 30- to 40-µm GDP (upper half) and Ge-GDP (lower half) foils, such

that single-shock IM experiments were performed for two materials in one shot.

These targets are shown in Figure 4.4.1 (b). Impedance match (IM) measurements

were performed at the interface between the quartz and the sample.28,55 A second

set of targets for CH and Ge-GDP EOS were “anvil” targets, having a second

piece of z-cut α-quartz glued onto the back of the CH or Ge-GDP sample, shown

in Figure 4.4.1 (c). For these targets, single-shock measurements were obtained at

the first interface (quartz sample), and re-shock measurements were obtained at

† Quartz samples had an initial density ρ0= 2.65 g/cm3 and an index of refraction n=1.547,

measured at 532 nm.
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Fig. 4.4.1: Three basic target configurations were used leading to

single-shock IM for one material, single-shock IM for two materials,

and single- and double-shock IM measurements (anvil targets).
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the second interface (sample quartz), where the shock in the sample reflected off

the denser quartz. The 90-µm thick pushers minimized preheating of the sample.

The laser-produced plasmas that drove these shock waves had temperatures of 1

to 2 keV. The soft- and mid-energy x rays from such plasmas were absorbed in

the first half (laser side) of the quartz pusher.

All targets had a CH ablator (on the laser side) to reduce the production of

hard x rays and allow absorption of low energy x rays once the CH is shocked

and becomes highly-ionized and dense. The ablator couples laser energy into the

target and prevents x rays from reaching the sample, reducing target preheat prior

to shock wave arrival. Its thickness is optimized to effectively block the x rays

while maintaining a short shock wave transit time, and was set to 20-µm. To

minimize ghost reflections, the free surface of the samples and the quartz anvils

had anti-reflection coatings. Since IM measurements are performed at the contact

interface between materials all glue layers were kept to a minimum. Though these

were not directly measured after target assembly, they were estimated to be at

most 1- to 2- µm thick. A subset of the GeGDP and GDP targets (corresponding

to shots 57162-57164), had no glue layer at the contact interface of interest, since

the polymers were directly deposited onto the α-quartz.

Material properties and their corresponding uncertainties for the hydrocarbons

under study are listed in Table 4.4.1. Polystyrene and polypropylene are polymers
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whose manufactured properties are well known, fabricated consistently within

stringent parameters. For this reason the uncertainty in their initial densities are

considered to be negligible. This is not the case for GDP and Ge-GDP, whose

material properties, such as initial density and index of refraction, varied from

batch to batch.

Material fabrication and characterization of the GDP and Ge-GDP films was

performed by General Atomics (GA).103 Elemental compositional stoichiometry

was based on x-ray fluorescence (XRF) chemical analysis and XRF calculations,

with the fabrication goal to produce materials with H-to-C and H-to-(C+Ge)

ratios of 1.35. The film length and width were measured within 0.1-mm and

thicknesses were measured by interferometry techniques to within 0.5-µm. Ini-

tial densities were found by weighing each batch, yielding density uncertainties

between 1-2%. The indices of refraction were determined using white light inter-

ferometry (plus 532 nm filter), by placing a sample of each material in a enclosure

filled with index matching fluid. When the index of the sample is matched to the

fluid the fringes are unperturbed (no shifts or distortions) by the sample. Series

A Cargille Laboratories Inc.118 index matching fluids were used, where the listed

index of refraction for fluids yielding a close match were verified using an Abbe

refractometer, showing agreement within ±0.0005. Both the measured and listed

indices of refraction are standardized at the sodium D line, λ = 589.3 nm at 25 ◦C.
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Table 4.4.1: List of hydrocarbons considered in this work along with their

initial density and index of refraction at ambient conditions. For those ma-

terials whose properties are batch dependent, the properties of each batch,

as quoted by manufacturer, are listed.

Hydrocarbon Formula Ge (at%) ρ0 (g/cm3) n532nm

Polystyrene CH - 1.05 1.590±0.002

Polypropylene CH2 - 0.90 1.490±0.002

GDP∗ CH1.36O0.01 - 1.06±0.02 1.571±0.005

GDP† CH1.38O0.02 - 1.05±0.05 1.571±0.005

GDP‡ CH1.35O0.01 - 1.044±0.005 1.563±0.010

Ge − GDP§ CH1.42O0.04 0.70 1.13±0.05 1.572±0.005

Ge − GDP¶ CH1.43O0.05 0.66 1.13±0.05 1.572±0.005

Ge − GDP‖ CH1.40On/a 0.50 1.13±0.05 1.572±0.005

Ge − GDP∗∗ CH1.35O0.01 0.50 1.10±0.05 1.57±0.01

∗ Shot No. 54126, 54127, 54185, 54187, 52635
† Shot No. 55774, 55775, 55777-55785
‡ Shot No. 57162-57164
§ Shot No. 54127, 54185, 54187, 52630
¶ Shot No. 55774, 55775, 55777-55785
‖ Shot No. 56115-56118

∗∗ Shot No. 57162-57164
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The Cauchy coefficients for the index matching fluids, as listed by Cargille, were

then used to solve for the index of refraction at λ=532 nm. The standard Cauchy

equation,119 n(λ) = a + b/λ2 + c/λ4, was applied. The associated uncertainties

stem from estimated fringe offsets and wavelength correction.

4.5 Data Extraction for sample shot

The experimental configuration is shown is Figure 4.5.1. The OMEGA24 laser

irradiates the CH ablator on the front of the planar target, driving a shock wave

that transits the quartz pusher and samples, here corresponding to CH and CH2.

VISAR64 and SOP100 view the rear side of the target, and since each layer is

transparent, they continuously measure the shock velocity and self-emission inside

each target layer. Figure 4.5.2(a) shows a VISAR streak image for a single-shock,

Fig. 4.5.1: Target configuration for sample shot.

two material target. The lines following quasi-parallel paths are the VISAR64

fringes whose vertical position is proportional to the shock velocity. Prior to t = 0
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the fringes are horizontal and constant in time, indicating there is no Doppler shift,

with the VISAR probe beam is reflecting off a stationary surface. The x rays from

the laser-driven plasma (starting at t = 0) make the CH ablator become opaque to

the VISAR probe beam, causing VISAR fringes to disappear from t = 0 to ∼ 0.8

ns. At 0.8 ns the shock wave enters the quartz and the VISAR signal recovers.

The shock wave strength decays as it transits the quartz but soon stabilizes as the

rarefactions equilibrate the pressure between the target layers and the ablation

front driven by the laser. This produces a relatively steady shock wave from ∼

3.0 to 3.7 ns. Soon after 3.7 ns the diagnostic resolution shows blurring of the

data for a ∼0.16 ns duration, indicative of a glue layer. At ∼ 3.9 ns the shock

wave enters the CH and CH2, where its velocity changes, as evidenced by a jump

in VISAR fringe position and an abrupt change in fringe intensity. The latter is a

consequence of the difference in reflectivities among the shocked quartz, CH, and

CH2.

VISAR streak images have encoded phase and amplitude information, which

are used to obtain shock velocity measurements and material reflectivities. As

previously discussed (see Sec. 4.2) this information is deconvolved using a FFT.

The white dashed rectangle shown in Figure 4.5.2(a) denotes the the region of

interest (ROI) for which the phase is unwrapped, the region over which the FFT

is applied. In general, the phase ROI is chosen to be as large an area as possible,
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Fig. 4.5.2: Main procedure for the extraction of VISAR data from streaked

images. (a) Visar 1 streak image showing continuous track of the shock

velocity in the quartz and samples, for a 11.5 Mbar shock in quartz. (b)

Resulting phase and amplitude after applying FFT.
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giving better statistics to determine the 2π ambiguity inherent in the FFT. The

corresponding extracted phase is shown in Figure 4.5.2(b). Though fainter than

the data, (see Figure 4.5.2(a)) the FFT picks up the ghost fringes and treats them

as data fringes, as seen in the resulting phase in Figure 4.5.2(b). The ghost fringes

present on the steak image and picked up by the phase extraction have a very small

amplitude (intensity) compared to the data fringes, and are negligible. The phase

and amplitude for each material is obtained, and extracted for a given ROI. This

example follows data extraction for CH, where the white solid rectangle in Figures

4.5.2(a) and 4.5.2(b) defines the ROI. Figure 4.5.3 shows the resulting phase and

amplitude as functions of time for both VISAR 1 (9-ns temporal window, 18-mm

etalon), shown in green, and VISAR 2 (15-ns temporal window, 7-mm etalon),

shown in purple. The amplitude values are not necessarily the same for VISAR 1

and VISAR 2, possibly arising from uneven light distribution or partial clipping of

the reflected beam as it enters each interferometer or as it is relayed to the camera

slits. Figure 4.5.3 shows the amplitude after it was normalized to the maximum

value registered by each camera, recording similar behavior.

As described in Section 4.2 the shock velocity is found, after applying VPF

corrections, by comparing multiple velocity solutions differing by an integer fringe

shift, for both VISAR 1 and VISAR 2. Because the velocity is unique, it must be

a common solution between VISAR data from both interferometers. Continuing



4. Experimental Design and Techniques 150

Fig. 4.5.3: VISAR 1 (green) and VISAR 2 (purple) phase and amplitude

lineouts for CH. This data leads to velocity and reflectivity measurements.
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the analysis from the phase profiles shown in Figure 4.5.3 leads to an array of

velocity profiles, shown in Figure 4.5.4(a), where the unique shock velocity history

in quartz and CH is identified. Here VISAR 1 solutions are shown in green and

VISAR 2 solutions are shown in purple. One can verify the soundness of the

chosen velocity solution by calculating the inferred material thickness from the

velocity profile

Xφ =

∫ t1

t0

V PFdf(t)dt, (4.28)

where f(t) is the fringe number recorded from time t0 to t1, as the shock wave

enters and exists the transparent material, and V PFd is the corrected VISAR

sensitivity for a shock traveling in a dielectric medium. Since all targets are

metrologized, Xφ can be compared to the measured values. The calculated values

for Xφ are in agreement within the measurement error for all shots.

It is evident from streak images and phase profiles that there is an experimental

limitation inhibiting shock velocity measurements at the contact interface between

standard and sample. These show the fringe jump as the shock exits the standard

and enters the sample is not an ideal discontinuity, but rather has a rise time

due to a glue layer and the diagnostic temporal resolution. Having instantaneous

shock velocities, very close to the contact interface, allows this limitation to be

accounted for by fitting the shock velocities ∼ 0.3 ns before and after this blurred

(see Figure 4.5.4(c)) region and extrapolating this fit to a time t′. Here t′ is



4. Experimental Design and Techniques 152

Fig. 4.5.4: Shock velocity determination. (a) Fringe shift ambiguities are

resolved by comparing the velocity profiles from two interferometers with

different delay etalons. Here a 18- and 7-mm etalon for VISAR 1 (green)

and VISAR 2 (purple). This leads to a unique velocity history, shown in

(b). Due to measurement limitations the shock velocity in the standard and

sample are not directly measured at the contact interface. This is accounted

by fitting the velocity profile over a temporal range of at least 0.3 ns before

(for the standard) and after (for the sample) the blurring region. These fits,

shown in (c), are extrapolated to a time t′, as defined in (b).
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taken as the time where the contact interface would be observed where it not for

experimental limitations, and is defined as the midpoint between the time when

the shock front exits the standard (quartz) and enters the sample (CH), as shown

in Figure 4.5.4(b). These extrapolated velocities and their associated uncertainties

are used in the IM analysis.

Both VISAR and SOP streak cameras are referenced to the OMEGA hardware

timing system (HTS),120,121 as are the temporal fiducials incident on the cameras.

The first guarantees all cameras are properly triggered upon firing of the laser,

and the second ensures proper temporal calibration of the images. This translates

to co-timed events among all the streak cameras. This is important for temper-

ature data, since the analysis requires time dependent reflectivity measurements

from VISAR to analyze the time dependent self-emission measured by SOP. Fig-

ure 4.5.5(a) shows the streak image obtained from SOP. A strong signal is evident

soon after t-0. At ∼ 0.5 ns the signal blanks momentarily, but quickly recovers as

the shock enters the quartz. We see the self-emission signal decays as it transits

the quartz. At ∼3.9 ns, as observed on the VISAR data, the shock enters the CH

and CH2, where a change in SOP signal is evident. At ∼6 ns the shock exits both

the CH and CH2. Figure 4.5.5(b) shows a profile of the recorded self-emission,

shown as the red curve (here the magnitude is normalized to the maximum ADU

counts in the profile), obtained for an ROI comparable to that used for the VISAR
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analysis. The chosen plot ROI is shown as the white rectangle in Figure 4.5.5(a).

The normalized intensity profiles extracted from VISAR are also shown in Fig-

ure 4.5.5(b), where one can see the timing of events in both VISAR and SOP.

Phase, fringe amplitude intensity, and self-emission temporal profiles relevant to

the CH2 are obtained by changing the ROI. In the case of anvil targets these

profiles must also be extracted for the second slab of quartz, to determine double

shock conditions. For each shot, the shock velocities obtained from extraction of

the phase are used in the IM technique to resolve the particle velocity, pressure,

and density, describing the shocked material’s kinematic behavior. The thermal

behavior is obtained from SOP data and VISAR reflectivities.

For most materials having simultaneous VISAR and SOP data leads to a con-

tinuous history of T (Us) and consequently T (P ). The shocks generated in this

study’s experiments were decaying shocks; typically this results in VISAR inten-

sity and self-emission profiles that decay in time. However, the VISAR intensity

profiles for all of the hydrocarbons displayed anomalous characteristics, where

intensity levels increased with decreasing shock velocity (see Figures 4.5.3 and

4.5.4). Consequently the temperatures and reflectivities were only obtained at

the contact interface. This is further discussed in Chapter 5.

A total of over 40 shots were taken with the OMEGA laser, where laser-driven

shock waves were used to produce high-precision impedance-matching measure-
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Fig. 4.5.5: (a)SOP streak image, corresponding to the same shot as previ-

ously shown VISAR data, shows distinct changes in the self-emission as the

shock transits quartz, CH, and CH2 (b) SOP Normalized ADU camera out-

put (red curve), as a function of time, is compared to normalized amplitude

(intensity) profiles from VISAR 1 and 2 (green and purple curves).
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ments in the high-pressure regime (≥1Mbar), using α-quartz as a standard.66,88

By acquiring simultaneous VISAR and SOP data, the kinematic and thermal

material response for several hydrocarbons (polystyrene, polypropylene, glow-

discharge polymer (GDP), and Ge doped GDP) was experimentally determined.

This led to a complete equation-of-state on the Hugoniot.

4.6 Concluding Remarks

The University of Rochester’s OMEGA laser, housed at the Laboratory for

Laser Energetics (LLE), was used to investigate the ultra high pressure and tem-

perature behavior of hydrocarbons through laser-driven shock waves. Central to

this study is understanding how the shock waves emerge upon laser irradiation

of the material. In this chapter that process was described by defining regions

where essential processes occur, such as the formation of a plasma and expansion

of material, absorption of the laser energy, transport of the absorbed energy by

conduction electrons, and ablation. Material ablation leads to the formation of a

compression wave, quickly steepening into a shock wave that propagates through

the target. The dependence on laser characteristics, such as wavelength and inten-

sity, on quantities like the critical density and ablation pressure were described.

Targets were irradiated over a wide range of laser energies, taking the hydro-

carbons to pressures between 1-10 Mbar. The primary diagnostics used to probe
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shock front conditions were VISAR and SOP, used simultaneously during exper-

iments. VISAR continuously tracks the shock velocity in transparent materials,

providing a measurement precision of ∼ 1%. It is composed of a probe laser and a

system of interferometers, recording the Doppler-shifted signal from a moving re-

flector (the shock front) with streak cameras, providing both temporal and spatial

resolution. Extraction of the shock velocity from the resulting streak images was

described. The shock velocities measured with VISAR, in the standard material

and sample, are used in an IM analysis to resolve the particle velocity, pressure,

and density of the sample. SOP is a calibrated optical pyrometer measuring the

self-emission from the shock front. Brightness temperatures, assuming gray-body

radiation, are obtained using the recorded self-emission from SOP and reflectivity

obtained from the VISAR data.

Four hydrocarbons were studied in this experimental series: polystyrene, polypropy-

lene, glow discharge polymer (GDP), and germanium doped GDP, using multi-

layer planar targets. The first two target layers were identical for all targets,

composed of a 20 µm CH ablator and 90 µm of α-quartz, used as the standard

material to which the IM results are referenced to. The layer attached to the

rear of this package had several variations allowing IM measurements for a single

material, simultaneous IM measurements for two materials, or single- and double-

shock IM measurements (using anvil targets). All targets were either 2mm- or
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3mm- squares, with VISAR and SOP aligned to the rear target surface, opposite

the drive beams. The data extraction process for both VISAR and SOP streak

images was shown using a sample shot.



5. Experimental Results for CH and CH2 and Discussion 159

5. EXPERIMENTAL RESULTS FOR

CH AND CH2 AND DISCUSSION

The properties of materials at high pressure were studied using shock waves

driven by the OMEGA24 laser system. Shock velocity measurements, obtained

with VISAR, were used with the impedance matching (IM) technique to infer the

particle velocity, pressure, and density of the shocked material. Quartz was chosen

as the reference material to provide high-precision measurements. Quartz was used

to determine the reflectance of the samples, and as a secondary method to evaluate

the Hugoniot temperatures of the hydrocarbons under study. This is possible

because α-quartz is a well characterized material whose high-pressure thermal

and optical properties are known.66,67,76 Experimental results for polystyrene

and polypropylene are presented in two sections describing: a) their kinematic

behavior and b) their thermal and optical response. Preliminary results for GDP

and Ge-GDP are described in Appendix C.
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5.1 Kinematic Measurements

5.1.1 Polystyrene (CH)

Polystyrene’s high-pressure behavior was studied with single- and double-shock

experiments, resulting in states both on and off the principal Hugoniot. Single-

shock results for polystyrene are listed in Table 5.1.1. A least-squares fit to the

Us − Up data with total error was performed by an orthogonal polynomial basis,

yielding uncorrelated errors in the coefficients of the fit. The resulting linear fit was

Us = (21.029± 0.057)+ (1.305± 0.015)(Up − 14.038). In this basis the coefficients

are independent of the coordinate system and the degree of the polynomial chosen,

such that the fit coefficients represent the data’s average value, slope, curvature,

etc.122 Figure 5.1.1 shows this study’s single-shock CH data in a Us − Up plane

as orange squares, where random errors are represented by the small orange error

bars and total errors (quadrature sum of random and systematic uncertainties)

are represented by the larger gray error bars, as shown in this figure’s inset, an

expansion of the data from around 9 to 11 µm/ns in Up. The total error in Up

is shown as the width of the squares, errors in Us are too small to be seen in

this scale. Data presented in this study ranges from ∼ 7 to 24 µm/ns in particle

velocity and from ∼ 12 to 30 µm/ns in CH shock velocity. This allows comparison

with available low pressure and high pressure data from previous studies. This
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plot contains the results from previous work18–22,39–41 and available SESAME94

CH models. The total error bars for this study are smaller than the random-only

errors of the other works. The benefit of these smaller errors is demonstrated in

Figure 5.1.2 showing the various data and models in the P − ρ plane. In the IM

analysis, errors in density scale as (η− 1) times the uncertainty in shock velocity,

where η is the compression, equal to ρ/ρ0.
65 The P − ρ plane presents a more

sensitive plane than the Us − Up plane, amplifying data and model differences.

Figure 5.1.2 shows precision data presented in this study is able to discriminate

among models, even after accounting for systematic uncertainties, unlike previous

work.

The data are compared to three SESAME models (refer to Figures 5.1.1 and

5.1.2); the identifying numbers for each model are correlated to the chronological

construction of each model, where SESAME 7590 is the oldest. The evaluation of

the electronic, nuclear, and 0◦K isotherm (cold curve) contributions, for construc-

tion of the total EOS is quite similar for SESAME 7591 and 7592. Differences

between these models arise from input parameters used to carry out calculations

for each contribution, where the the majority of such differences involve the con-

struction of the cold curve. The electronic contribution for both models is calcu-

lated via a temperature-dependent Thomas-Fermi-Dirac (TFD) model (refer to

Appendix A), using an average atom approach, where the exchange parameter
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Table 5.1.1: Polystyrene (CH) principal Hugoniot results from impedance

matching with quartz reference. Measured shock velocity and associated

error in the quartz and CH, UsQ and UsCH , are given. UpCH , PCH , and ρCH

are the resulting particle velocity, pressure, and density of shocked CH ob-

tained through the IM construct. Both random and systematic errors are

given; random errors enter the analysis through measurement uncertainties

in the shock velocity in quartz and CH, while systematic errors emerge from

uncertainties in the principal Hugoniot and release states of quartz.

Shot No. UsQ UsCH UpCH (ran, sys) PCH (ran, sys) ρCH (ran, sys)
(µm/ns) (µm/ns) (µm/ns) (Mbar) (g/cm3)

52795 11.73±0.19 12.36±0.11 7.26(0.16,0.13) 0.94(0.02,0.02) 2.54(0.09,0.06)

52800 13.68±0.1 14.76±0.12 9.01(0.12,0.21) 1.4(0.02,0.03) 2.7(0.07,0.1)

52793 14.47±0.11 15.74±0.12 9.86(0.14,0.22) 1.63(0.02,0.04) 2.81(0.08,0.1)

52124 14.59±0.12 15.73±0.09 10.01(0.15,0.22) 1.65(0.03,0.04) 2.89(0.08,0.11)

52464 14.85±0.12 16.09±0.09 10.29(0.15,0.22) 1.74(0.03,0.04) 2.91(0.08,0.11)

52628 15.38±0.14 16.72±0.1 10.89(0.18,0.22) 1.91(0.03,0.04) 3.01(0.1,0.11)

52792 17.09±0.09 18.95±0.12 12.6(0.1,0.1) 2.51(0.02,0.02) 3.13(0.07,0.05)

52463 17.63±0.1 19.92±0.1 13.06(0.11,0.1) 2.73(0.03,0.02) 3.05(0.06,0.05)

52631 18.08±0.12 20.27±0.12 13.51(0.14,0.11) 2.88(0.03,0.02) 3.15(0.08,0.05)

52799 18.23±0.12 20.41±0.12 13.66(0.14,0.11) 2.93(0.03,0.02) 3.18(0.08,0.05)

52791 19.72±0.12 22.26±0.1 15.08(0.14,0.14) 3.52(0.03,0.03) 3.25(0.07,0.06)

52634 21.16±0.1 23.87±0.13 16.46(0.11,0.17) 4.13(0.03,0.04) 3.38(0.07,0.08)

52122 21.46±0.09 24.3±0.09 16.73(0.11,0.17) 4.27(0.03,0.04) 3.37(0.06,0.08)

52118 22.45±0.1 25.92±0.12 17.6(0.12,0.19) 4.79(0.04,0.05) 3.27(0.06,0.08)

52121 24.1±0.13 27.98±0.1 19.16(0.15,0.23) 5.63(0.05,0.07) 3.33(0.07,0.09)

52117 24.49±0.11 28.58±0.1 19.51(0.12,0.24) 5.86(0.04,0.07) 3.31(0.05,0.09)

52113 25.64±0.11 29.73±0.16 20.64(0.13,0.27) 6.44(0.05,0.08) 3.43(0.07,0.1)

52633 25.89±0.12 29.94±0.14 20.89(0.14,0.27) 6.57(0.05,0.09) 3.47(0.07,0.11)

52119 29.42±0.18 34.36±0.11 24.22(0.21,0.37) 8.74(0.08,0.13) 3.56(0.08,0.13)
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Fig. 5.1.1: Principal Hugoniot data and models for CH in the Us − Up

plane. Data were taken on polystyrene, (C8H8)n, with initial density

ρ0= 1.05g/cm3 using IM with quartz reference. Random uncertain-

ties are shown as orange error bars and total uncertainty (quadrature

sum of random and systematic errors) are shown as the larger gray

error bars. Previous gas-gun experiments (gray circles);18–22 absolute

measurements on NOVA (red diamonds);39 and IM experiments on

GEKKO using aluminum40 and quartz41 reference (cyan upright trian-

gles and green downward triangles, respectively) are shown, along with

various SESAME94 models and QEOS92 model.
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is equal to 2/3. Both models evaluate the cold curve contribution from avail-

able principal Hugoniot measurements and employ a Mie-Grüneisen EOS (refer

to Appendix A). At low densities, the cold curve solution is matched to the

Lennard-Jones formula, and at high densities it is matched to TFD calculations.

In addition to the atomic weight (6.510), atomic number (3.5), and initial density,

a reference Grüneisen parameter and Debye temperature are required to construct

the cold curve. The reference Grüneisen parameter is calculated from experimen-

tal values of the specific heat at constant pressure, the isentropic bulk modulus,

the thermal expansion coefficient, and the initial density. SESAME 7591 adjusts

the value of the reference Grüneisen parameter from 0.565 (used for SESAME

7592) to 0.5 to reproduce shock EOS data for porous polystyrene (not accounted

for in SESAME 7592). SESAME 7591 has higher values for the reference Debye

temperature and temperature of melt by ∼ 16% compared to SESAME 7592.

Available low-pressure shock data are better predicted by SESAME 7592, which

closely follows the change in slope in the Us − Up plane between 2 to 4 µm/ns

in Up. The cohesive energies used in the cold curve calculations differ between

these models; SESAME 7591 uses a higher cohesive energy calculated from the

heat of vaporization of carbon and the dissociation energy of hydrogen, while for

SESAME 7592 the cohesive energy was set at 15 kcal/mole ( 4.8 MJ/kg) to repro-

duce the critical point. The nuclear models calculate the kinetic contribution of
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atoms and ions in the solid and gas phases. Lattice vibrational contributions are

carried out assuming a Debye-Grüneisen solid, therefore the reference Grüneisen

parameter and Debye temperature are used in these calculations. At high tem-

peratures or low densities this nuclear term describes an ideal gas, where ideal

mixing is used. The above limiting theories are joined by means of interpolation

functions.94,123,124 No detailed information on the construction of SESAME 7590

was available.

From data in the P−ρ plane, SESAME 7592 appears to best model the present

data for polystyrene. There is, however, a slight softening (higher compressibility)

observed in the data between 2 Mbar and 4 Mbar, that is not accounted for by

the this model. It is thought that at these intermediate pressures, the C-H bonds

undergo chemical decomposition, favoring C-C and H-H bonds. It is possible that

the softening at 2 to 4 Mbar indicates these bonds are breaking. This represents

an energy sink that could explain the softening.

Previous results by Cauble et al.39 (absolute data) and Ozaki et al.40 (2005)

(IM with an aluminum standard) show distinctly stiffer behavior than these data

and most of the SESAME models, as shown in Figure 5.1.2, favoring the less

compressible behavior as predicted by QEOS.92 These authors have stated, post

publication, that their results likely suffered from x-ray preheating of the sam-

ples.125 The latest data from Ozaki et al.41 (2009) used thicker pushers and low-Z
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Fig. 5.1.2: Principal Hugoniot data and models for polystyrene (CH) in

P − ρ plane. Data was obtain using IM construct with quartz reference, on

CH with initial density ρ0= 1.05g/cm3. Data is compared with previous work

and available CH SESAME94 and QEOS92 models. Random uncertainties

in this study’s work are shown as orange error bars and total uncertainty

(quadrature sum of random and systematic errors) are shown as gray error

bars.
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ablators to reduce preheat of the samples. Those experiments also used IM with a

quartz standard and show results (downward green triangles in Figure 5.1.2) that

are in closer agreement to this work.

Double-shock (re-shock) states were achieved through anvil targets. In these

targets a shock wave reflects off the rear quartz layer and propagates backwards

into the already shocked CH, producing double-shocked states in the hydrocar-

bon. Re-shock states were measured using the IM analysis at that reflection

point; experimental observables for double-shock states are listed in Table 5.1.2.

The pressure reached in double-shock experiments depends strongly on the initial

state of the singly-shocked CH, being particularly sensitive to the single-shock

compressibility. Due to this dependence, double-shock measurements provide a

valuable tool to assess the single-shock CH compression. Re-shock observables,

UsCH
and UsQ

, are plotted in Figure 5.1.3. Here the measurement uncertainties are

quite small, since VISAR64 can measure shock velocity to ∼ 1% precision in trans-

parent materials. The errors are represented by the height and width of the or-

ange rectangles. These results are compared with model predictions. Each model

curve is constructed by finding pairs of single-shock (from the model-predicted CH

principal Hugoniot) and double-shock (from intersection between model predicted

reshock curve and quartz principal Hugoniot) states. The thickness in the model

curves describe the uncertainties associated with quartz’s experimental EOS. Be-
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Table 5.1.2: Double-shock states in polystyrene (CH) were achieved by

using reflected shock waves resulting from anvil targets. Observables, listed

below with measurement uncertainty, were used for direct comparison with

behavior as predicted by models; these models represent the convolution of

quartz’s principal Hugoniot and available CH SESAME94 models (principal

Hugoniot and reshock). Here UsCH is the shock velocity in CH and UsQ is

the shock velocity in the quartz anvil

Shot No. UsCH
UsQ

(µm/ns) (µm/ns)

52464 12.25±0.09 11.45±0.16

52792 14.60±0.09 13.27±0.31

52463 15.80±0.11 14.14±0.11

52791 17.45±0.10 15.51±0.10

52122 19.77±0.09 17.25±0.11

52118 21.71±0.09 18.77±0.11

52117 24.65±0.13 20.96±0.11

52113 27.66±0.11 23.22±0.09

52119 31.59±0.14 26.25±0.10
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cause single-shock states in CH are a function of the measured CH shock velocity,

and double-shock states in CH are a function of the measured quartz shock ve-

locity (due to conservation equations), re-shock experiment observables can be

compared with model-only predicted single- and double-shock CH pressures. In

single-shock IM measurements it is difficult to deconvolve measured observables

and model dependencies, due to the use of a reference material central to the

IM technique. In contrast, double-shock measurements allow observables, with

no model influence, to be compared with curves derived only through the use of

models, presenting a sensitive platform for model comparison. Despite the appar-

ent similarity among the models in Figure 5.1.3, the errors associated with the

measured shock velocities are small enough to discriminate among them. This is

shown in the inset of this figure, an expanded region of the plot close to 26 µm/ns.

In this plot a model that assumes CH to have a more compressible (softer) behav-

ior, resulting in higher density for a given pressure, will display a higher quartz

shock velocity for a given CH shock velocity. The re-shock data and models plot-

ted in Figure 5.1.3 display similar behavior to the single-shock CH data, where

CH was observed to undergo a slight softening from ∼2-4 Mbar, with generally

good agreement with SESAME 7592. Double-shock measurements likewise dis-

play softer behavior at pressures below 4 Mbar, yet at a pressure of ∼4.5 Mbar,

and above, agreement with SESAME 7592 is evident.
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Fig. 5.1.3: Double-shock (re-shock) data for CH was obtained using quartz

anvil targets. Measured observables are plotted against curves representing

models, displayed as two quasi-parallel lines. These curves were constructed

using CH principal Hugoniot and reshock states as predicted by a given

SESAME model,94 and quartz experimental principal Hugoniot fit. The

thickness in the resulting curves arise from errors associated with quartz

experimental fitting parameters. The data is shown as orange rectangles

whose height and width is determined by the associated errors in shock-

velocity measurements in CH and quartz, respectively. In this plot softer

behavior will result in higher quartz shock velocities for a given shock ve-

locity in CH. These double shock data are in agreement with single shock

experiments.
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Re-shock results can be compared directly to single-shock data by transform-

ing double-shock observables into single-shock quantities via an inversion method

described by Hicks et al.12 (Section 3.7). This analysis is based on the concept

that the double-shock density is better known than the single-shock density- often

justified since dissociation along the Hugoniot is the largest source of error in the

models. This inversion method uses the Hugoniot equations for the single- and

double-shock states, along with a model averaged adiabatic exponent (γ̃) used

to determine the re-shock compressibility. In this analysis, the average adiabatic

exponent is derived from three different SESAME models for polystyrene.

Fig. 5.1.4: The effective gamma (γ̃) for available SESAME CH models94

was calculated via Equation 3.27, and is plotted for each model as a function

of CH re-shock shock velocity. The γ̃ used in the inverse method represents

the model averaged effective gamma, shown as orange squares, whose error

is the standard deviation between the models.

The adiabatic exponent for each SESAME model was calculated through Equa-



5. Experimental Results for CH and CH2 and Discussion 172

tion 3.27, ∆E21 =
(

P2

ρ2
− P1

ρ1

)
1

γ̃−1
. Sets of single- and double-shock states, (P1, ρ1,

ε1) and (P2, ρ2, ε2), were evaluated for each model for varying CH shock velocity

(UsCH
), resulting in γ̃(UsCH

) for each SESAME polystyrene model. The adiabatic

exponent used in the inversion method corresponds to the average γ̃, and its error

was taken to be the standard deviation between the models. The calculated adia-

batic exponent for each model, as well as the model-averaged γ̃ (orange squares),

are shown in Figure 5.1.4. The effective gamma varies most between models at

low pressures (low CH shock velocity), yet these variations quickly decrease and

come quite close in value with increasing CH shock velocity.

Using the double-shock pressure and particle velocity (obtained from the mea-

sured shock velocity in quartz and quartz’s experimental fit), the single-shock

shock velocity in CH, and γ̃ in the equations describing single- and double-shock

Rankine-Hugoniot relations leads to the solution of any given single-shock vari-

able, P1, ρ1, or Up1 . Having determined any of the previously unknown single-

shock parameters yields the solution of the remaining variables, by applying the

single-shock Rankine-Hugoniot equations. In this study the inversion method

was used to determine the single-shock pressure P1, and ρ1 involved solving the

Rankine-Hugoniot equations, now knowing Us1 , ρ0, and P1. The results of this

analysis are listed in Table 5.1.3 and are shown as yellow diamonds in Figure

5.1.5. The measured single-shock data is also shown in Figure 5.1.5, presenting a
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Table 5.1.3: An inversion method, as described in the text, was used to

infer single shock states from double shock measurements. The inferred

single shock density and pressure, ρ1Inferred
and P1Inferred

, are listed with total

error.

Shot No. ρ1Inferred
P1Inferred

g/cm3 (Mbar)

52464 2.81±0.10 0.99±0.02

52792 2.88±0.15 1.42±0.04

52463 2.93±0.10 1.68±0.03

52791 3.09±0.09 2.11±0.03

52122 3.17±0.08 2.75±0.03

52118 3.27±0.07 3.36±0.03

52117 3.34±0.07 4.38±0.04

52113 3.41±0.06 5.56±0.04

52119 3.51±0.06 7.34±0.05
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direct comparison between measured and inferred single-shock CH states. Both

systematic and random uncertainties are propagated in the analysis, yielding a

total uncertainty associated with the inferred single-shock results, represented by

black error bars. Systematic uncertainties stem from quartz’s principal Hugoniot

EOS, leading to errors in double-shock pressure (P2) and particle velocity (Up2),

and from the model-averaged γ̃(UsCH
). Random uncertainties amount to mea-

surement errors in shock velocity measurements in both CH and quartz. The

inferred states are in close agreement with single-shock measured states, likewise

displaying a change in compressibility above 4 Mbar. It is important to note that

the systematic effects involved in each of these data sets is different, making their

agreement significant. In the IM technique, systematic uncertainties arise from

uncertainties in both quartz’s experimental principal Hugoniot and its release

behavior, whereas in the inversion method, systematic effects enter through the

experimental quartz Hugoniot and the model-based prediction of the CH re-shock

density through the model-averaged γ̃.

The accuracy of the inversion method was tested by applying the inversion

method, with the previously discussed CH SESAME model-averaged γ̃(UsCH
), to

model predicted CH- and quartz- shock velocities, for each model. If the inversion

method is indeed accurate, the inferred single-shock states for a model should be

in close agreement with the exact single-shock Hugoniot described by that model.
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Fig. 5.1.5: Single-shock Hugoniot states for polystyrene are inferred from

re-shock data via the inversion method described by Hicks et al.12 The

inferred states are shown as yellow diamonds, whose black error bars rep-

resent the total uncertainty (quadrature sum of random and systematic er-

rors). Single-shock IM measurements from this work are also shown (orange

squares) along with SESAME models.94 The single-shock data inferred from

the double-shock data is consistent with single-shock measurements; both

data sets show stiffening of the material starting at 4 Mbar.
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The resulting (ρ1, P1) states for each CH SESAME model were compared with

each model’s CH principal Hugoniot predictions. The CH shock velocities used in

the analysis spanned an equivalent range to those measured experimentally in the

double-shock experiments. Figure 5.1.6 shows the results of this inversion test for

each CH SESAME model. The error bars of these results describe the systematic

effects involved in the inversion analysis. It is clear from Figure 5.1.6 that the

inversion method accurately recovers, within error, the actual single-shock states

for each model, over a density range comparable to that reached in single-shock

CH experiments. For a given pressure, the differences between density predicted

by models and inferred single-shock density fell between 1%− 3%, 1%− 2%, and

0.2%− 0.3% for SESAME 7590, 7591, and 7592, respectively, where differences in

density decreased as a function of increasing pressure. This gives confidence that

the inversion method leads to accurate results for inferred single-shock conditions.

Quartz is thought to transition from a conducting liquid to a dense plasma at

around 4 Mbar. Pressures from 2 to 4 Mbar in CH correspond to pressure from

3.5 to 7 Mbar in quartz. There was concern that the softening in CH was not its

true behavior but rather a manifestation of quartz’s rheology. The fact that the

double-shock measurements and the inferred single-shock states display similar

behavior to that observed in the single-shock data indicates that the softening is

not due to the quartz Hugoniot or off-Hugoniot states. Moreover, results for CH2
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(see Sec. 5.1.2) encountering similar quartz pressures, show no softening, further

indicating the softening observed in CH is intrinsic to its high-pressure behavior.
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Fig. 5.1.6: The accuracy of the inversion method is tested by solving for

the single-shock inferred states from double-shock states predicted by mod-

els. These are shown as purple, blue, and red diamonds for SESAME 7590,

SESAME 7591, and SESAME 7592, respectively. The black errors bars de-

scribe systematic uncertainties present in the inversion method. Clear agree-

ment between the inferred single-shock states and the single-shock P−ρ EOS

for each model, gives confidence in the average effective gamma inversion

method. The percent difference between inferred states and exact model

predictions (for each model) are shown.
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5.1.2 Polypropylene (CH2)

Principal Hugoniot measurements for polypropylene were obtained from 1 to

6 Mbar, the highest pressure results published for this material to date. Data

obtained for CH2 are presented in Table 5.1.4, and are accurately described by a

linear Us − Up relation, Us = (20.025 ± 0.102) + (1.228 ± 0.025)(Up− 12.715), as

shown in Figure 5.1.7

Table 5.1.4: Principal Hugoniot results for polypropylene (CH2) obtained

by impedance matching with quartz reference. Measured shock velocity in

the quartz and CH2 (UsQ and UsCH2
) is given with associated random er-

ror arising from measurement limitations. The resulting particle velocity,

pressure, and density, UpCH2
, PCH2, and ρCH2, of shocked CH2 are obtained

through the IM technique and are listed with both random and systematic

uncertainties. Random errors enter the analysis through measurement un-

certainties in UsQ and UsCH2
while systematic errors arise from uncertainties

in the principal Hugoniot and release states of quartz.

Shot No. UsQ
UsCH2

UpCH2
(ran, sys) PCH2 (ran, sys) ρCH2 (ran, sys)

(µm/ns) (µm/ns) (µm/ns) (Mbar) g/cm3

52798 12.14 ± 0.14 14.07±0.11 7.64(0.12,0.14) 0.97(0.02,0.02) 1.97(0.04,0.04)

52797 14.89±0.14 17.2±0.13 10.5(0.18,0.22) 1.63(0.03,0.03) 2.31(0.07,0.08)

52628 15.42±0.1 17.83±0.12 11.11(0.13,0.23) 1.78(0.02,0.04) 2.38(0.05,0.08)

52796 17.65±0.13 20.72±0.1 13.44(0.16,0.12) 2.51(0.03,0.02) 2.56(0.06,0.04)

52631 17.78±0.16 20.74±0.25 13.59(0.19,0.12) 2.54(0.04,0.02) 2.61(0.1,0.05)

52634 21.38±0.1 25.55±0.11 17.05(0.11,0.2) 3.92(0.03,0.04) 2.71(0.05,0.06)

52633 26.42±0.11 31.69±0.12 22(0.13,0.33) 6.28(0.04,0.09) 2.94(0.05,0.1)
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Fig. 5.1.7: Principal Hugoniot data and models for CH2 in the Us−Up plane.

Data for this study were taken on biaxially oriented polypropylene (C3H6)n
with initial density ρ0 = 0.9 g/cm3, using IM with quartz reference. Random

uncertainties are shown as blue error bars and total uncertainties (quadra-

ture sum of random and systematic errors) are shown as gray error bars.

Previous gas-gun experiments from Marsh18 are shown as gray circles. Data

are compared with SESAME94 models for polyethylene (C2H4)n evaluated

with initial density ρ0 = 0.9 g/cm3.
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A least-squares fitting of the data over an orthogonal polynomial basis was

used (using total error), such that the associated errors in the fitting coefficients

are uncorrelated.122 The total uncertainty in density was between 2.9% and 4.4%.

Figure 5.1.8 shows that unlike CH, CH2 follows a smooth concave trend in the

P − ρ plane, with no pressure-induced softening. In this plane CH2 is observed to

reach lower density for a given pressure compared to CH. A pressure-compression
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Fig. 5.1.8: Principal Hugoniot data and models for CH2 and CH in the

P − ρ plane, with CH models and error bars as in previous figures. Data

for CH2, ρ0= 0.9 g/cm3, was obtained using IM with quartz reference. Ran-

dom uncertainties are shown as blue error bars and total uncertainties are

shown as larger gray error bars. Data is compared with previous gas-gun

experiments18 and SESAME94 models for polyethylene (C2H4)n, evaluated

with initial density ρ0= 0.9 g/cm3.
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plot (Figure 5.1.9) shows CH and CH2 behave similarly with increasing pressure,

reaching compressions of ∼ 3.3 − 3.4. The softening of CH is apparent in this

plane. Large differences observed in the P − ρ (Figure 5.1.8) plane between CH

and CH2 are mostly due to density variations in their initial states.

No SESAME models are available for polypropylene therefore available models

for polyethylene, having the same C-to-H ratio, were used. SESAME 7171 and

SESAME 7180 are models for branched (polymer has other chains or branches

stemming from the main chain backbone) and linear (polymer has atoms arranged

in a chain-like structure with no branches) polyethylene. SESAME 7171 and

7180 models were evaluated at polypropylene’s initial density, and compared with

results in the Us − Up (Figure 5.1.7) and P − ρ (Figure 5.1.8) planes.

In the Us − Up plane, the data is in better overall agreement with SESAME

7171, as shown in Figure 5.1.7. As shown in Figure 5.1.8, the CH2 data are in

good agreement with both SESAME 7171 and SESAME 7180, which predict al-

most identical behavior in the P − ρ plane. This is not entirely surprising, since

both models are constructed with similar physical assumptions. The electronic

contribution was modeled in fashion similar to SESAME CH models, employing

a temperature dependent TFD model with an exchange constant equal to 2/3.

The ground state electronic contribution (cold curve) for both models was cal-

culated from shock data and an assumption of a Mie-Grüneisen EOS, where the
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reference Grüneisen parameter was calculated in the same manner as in the CH
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Fig. 5.1.9: Principal Hugoniot measurements for CH and CH2 in P −η plane

using quartz as IM reference. Models and errors bars are as described in

previous figures.

SESAME models, leading to values of 0.561 and 0.739 for SESAME 7171 and

7180, respectively. The reference Debye temperature was calculated from the

Us − Up intercept, average atomic weight, initial density, and the Poisson ratio of

1/3. The nuclear contribution was obtained via a solid-gas interpolation formula,

in agreement with the Debye formula at low temperatures or high densities, and

approaching the ideal gas at high temperatures or low densities. Differences in
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CH2 SESAME EOS models arise from the experimental Hugoniot data used to

construct the cold curve and parameters derived from other experimental measure-

ments, such as the reference Grüneisen coefficient and Debye temperature, used

for computation of the lattice vibrational contribution. Cohesive energies were

set at different values, 3.35 and 4 MJ/kg for SESAME 7171 and 7180, and bind-

ing energies resulting from cold curve calculations differed by ∼ 3%. The atomic

number and atomic weight were assumed to be 8/3 and 4.68, respectively.126,127

5.2 Optical and Thermal Measurements

5.2.1 Reflectivity

Reflectivity measurements obtained using VISAR are relative measurements,

since they were referenced to a material whose reflectance is well known. Quartz

reflectivity as a function of shock velocity was previously measured76 by referenc-

ing to the known reflectance of pre-shocked aluminum. The resulting fit to this

data67 was used in this analysis, where the reflectivity is expressed as

R(Us) = b+ (m− b)
U r

s

U r
s + xr

, (5.1)

with b = 0.0046 ± 0.0014, m = 0.3073 ± 0.0087, r = 9.73 ± 0.68, and x =

16.18 ± 0.20. The reflectivity at the shock front propagating in the hydrocarbon

samples was determined by the signal level of the probe beam detected by the
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VISAR streak camera. That intensity was normalized using the detected signal

levels produced by the reflecting shock in the α-quartz pusher, since its reflectivity

as a function of shock velocity is known. The detected signal levels from the

reflected probe beam in quartz can be expressed as IQ = ILRQ(1−KQ:S)ftransfer,

describing its dependence on the probe beam intensity (IL), quartz’s reflectance

(RQ), the diagnostic optical transfer function (ftransfer), and the fraction of light

reflected by the quartz-sample interface (KQ:S). This last term is quite small,

and can be neglected. Similarly the signal level from the reflected probe beam in

the hydrocarbon sample is described by IS = ILRSftransfer. Combining these two

equations leads to RS = (IS/IQ)RQ; the sample reflectivity can be obtained by

measuring the amplitude of the reflected probe beam, as detected by the VISAR

streak camera, in both quartz and the sample, and knowing the reflectivity of

quartz. Due to the nature of these measurements it is important to ensure the

probe-beam is temporally and spatially stable. If it is not, it is essential to account

for probe-beam variation in the analysis. The intensity of the VISAR probe beam

is essentially constant over its pulse duration; this analysis, however, treats it as if

it were not. In these experiments a reference image of the returned probe intensity

is acquired on each shot. These reference images are used in the analysis, and serve

as a means to monitor deviations in the incident probe-beam intensity, which are



5. Experimental Results for CH and CH2 and Discussion 185

quite small. VISAR measurements provide continuous reflectivity measurements

(as a function of time) for transparent materials.

Shocks resulting from laser-driven shock waves are often decaying shocks, i.e.

their strength decreases in time. Shock reflectance originates from the production

of free electrons as the result of heating by the shock. As the shock decays

it cools and its reflectivity decays. This means intensity profiles obtained from

VISAR streak images are expected to decay. This, however, was not observed in

the CH data acquired. Intensity profiles in CH showed an anomalous behavior:

the detected intensity increased as the decaying shock transited the sample even

though the velocity was observed to decay. This behavior was amplified with

increasing shock pressure (intensity profiles became steeper and registered larger

amplitudes) and was the result of a x-ray “fogging” in the CH ahead of the shock.

This attenuated the VISAR probe beam as it reflected off the shock front. X-rays

from the laser plasma are absorbed in the sample material producing free electrons

that can absorb light, though insufficient to produce noticeable preheat.128 This

means that the quartz intensity profiles should have higher amplitude values than

are registered since the probe beam transits the CH, reflects off the shock in the

quartz, and transits the CH (where it is attenuated) a second time. This is of no

consequence since reflectivity measurements are relative measurements, therefore

the absolute signal amplitude values are of little importance. As the shock front
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Table 5.2.1: Reflectance measurements of shocked polystyrene and

polypropylene.

Polystyrene (CH) Polypropylene (CH2)

Shot No. Reflectance Shot No. Reflectance

52795 0.038±0.012 52798 0.0352±0.010

52800 0.109±0.033 52797 0.226±0.053

52793 0.247±0.061 52628 0.301±0.047

52124 0.093±0.024 52796 0.346±0.057

52464 0.229±0.038 52631 0.344±0.045

52628 0.246±0.038 52634 0.439±0.087

52792 0.353±0.070 52633 0.413±0.065

52463 0.368±0.048

52631 0.377±0.054

52799 0.322±0.051

52791 0.527±0.087

52634 0.388±0.077

52122 0.404±0.067

52118 0.419±0.066

52121 0.417±0.042

52117 0.438±0.061

52113 0.366±0.061

52633 0.369±0.049

52119 0.481±0.047
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(which was decaying in strength) transits through the CH, the VISAR probe

beam passes through less and less absorbing material, causing the streak camera

to detect increasingly higher intensity signal levels as the signal is attenuated by

a decreasing thickness of CH, despite the shock’s decay. The anomalous behavior

was observed for all shock pressures in CH. Low pressure experiments in CH2 did

not display such behavior; here the intensity decreased as a function of time, as

expected. Anomalous behavior of CH2 was only observed in the highest pressure

experiment. To maintain soundness in reflectance measurements, the reflectivity

was calculated only at the quartz-CH (quartz-CH2) interface. Here the quartz

signal is attenuated by the same amount as the CH signal, and the normalization

to the known quartz reflectivity holds. To do this the intensity returned from the

shocked pusher (quartz) and polymer were linearly fit and extrapolated to the

contact interface (time t′ as defined in Section 4.5). The reflected intensities and

the known reflectivity of quartz (as a function of shock velocity) provide reflectance

measurements for the hydrocarbons. For each CH shot, this led to one data point

R(Us), translated to R(P ), having knowledge of the pressure obtained from the

corresponding CH shock velocity value via IM. Continuous R(Us) measurements

were obtained for CH2 at low pressures, but as a precaution only reflectivities

at the contact interface were used, leading one R(P ) data point for each shot.
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Because the temperature measurements depend on the reflectance data, only one

temperature value, T (P ), was obtained per shot.

The reflectivity, and associated total error, of CH and CH2 are listed in Table

5.2.1, and are shown as a function of pressure in Figure 5.2.1. Errors in reflectivity

varied from 31% at the lowest pressure to 9% at the highest pressure for CH and

from 25% to 15% from lowest to highest pressure for CH2. At higher pressures

there is a better signal-to-noise ratio since the shocked hydrocarbons become

better reflectors. Low-pressure measurements in the hydrocarbons correspond to

pressures of ∼1 to 2 Mbar in quartz, close to the onset of its reflectivity. At these

pressures quartz is barely reflective and the reflected intensity measurements are

less accurate.

Both CH and CH2 undergo a drastic increase in reflectivity at around 1 Mbar

and saturate at ∼ 40%. Saturation occurs at 2.5 to 3 Mbar for both materials.

This behavior- steep reflectivity increase and saturation- is often seen in materials

undergoing an insulator-conductor transition.129–131 This occurs due to pressure

(temperature) induced band gap reduction, where thermal energy can excite a sig-

nificant number of electrons across the already reduced gap.129–131 This is observed

as an increase in material reflectivity, where delocalized electrons are present in

the shocked material once reflectivities of a few percent are reached.31 With

further compression of the material, the band gap eventually collapses, and the
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Fig. 5.2.1: Reflectivity measurements as determined using VISAR data and

quartz’s known reflectivity for (a) polystyrene (CH) and (b) polypropylene

(CH2), where saturation occurs at ∼ 40% for both materials.
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material reaches a reflectance saturation level, indicative of the material reaching

a metallic-like state.31,130 As will be shown in the next section, the strong shocks

used in these experiments drove these hydrocarbons to thermal energies of few

eV, comparable to the band gap energies of the pre-shocked dielectric material (∼

6 eV for CH).

Polystyrene’s optical properties were previously studied by Koenig et al.132

with CH shock velocities of 11 to 16 µm/ns (∼0.8 to 1.7 Mbar), where they

observed steadily increasing reflectivities reaching values up to 50%, well above

the saturation levels measured in this study. In that same pressure range this

study observed smaller reflectivities, < 25%. The reflectivity of shocked CH was

measured by Ozaki et al.41 who found reflectivities from 16% to 42% in the CH

shock-velocity range of ∼22 to 27µm/ns (∼3 to 5 Mbar), in better agreement with

our findings.

5.2.2 Temperature

The brightness temperatures of the shocks were determined from spectral ra-

diance intensities detected by the SOP with a wavelength range of 590 to 900 nm,

with centroid wavelength of 682 nm.100 Recorded SOP intensities were modeled

assuming a gray-body Planckian spectrum, as described in Section 4.3, where

the emissivity, ε, is given 1 − R(λ). Here R(λ) is the reflectivity, assumed to
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vary only slightly as a function of wavelength in the detected spectral range, such

that R(λ) is the same optical reflectivity measured by VISAR at 532 nm. As

described in Section 5.2.1, reflectance values were obtained by linearly fitting the

VISAR intensities and extrapolating to the contact interface, to account for the

attenuation of the VISAR probe beam in polystyrene (and partial attenuation

in polypropylene). Consequently the recorded SOP spectral intensities emitted

by the shocked hydrocarbon were linearly fit over a time interval 500 to 600 ps

and extrapolated to a time corresponding to that of the contact interface, such

that obtained reflectivity measurements could be used for emissivity calculations.

This implies that the SOP measurements were taken close to the quartz-glue-CH

boundary. SOP has a temporal resolution of ∼170 ps, therefore the self-emission

from the shock front is integrated over this time interval. At material boundaries,

the recorded SOP intensity could represent the integrated signal recording the

self-emission from different materials, as the shock exits one material and enters

another. Large time intervals were chosen to linearly fit the SOP data to take

this into account. Material boundaries on SOP records are not easily identified

(as opposed to VISAR records). Care was taken to choose/define the beginning

of a material region, containing the signal for such material, only after the SOP

signal had recovered from observable spectral-intensity changes. This ensures val-
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ues used to calculate temperatures correspond to the signal in one material only,

and not the integrated signal from two different materials.

Having observed absorption of the VISAR probe beam in CH (at all pressures)

and CH2 (at the highest pressure only), there was concern that spectral intensities

as recorded by SOP were affected as well. To further investigate this issue, relative

temperature measurements, referenced to quartz known thermal behavior, were

calculated.

In general, SOP temperatures are obtained from application of Equation 4.27,

T = T0

ln(1+εA/Isop)
, where A is a calibration constant depending on the system

settings and the diagnostic response, T0 is the temperature of the centroid wave-

length,∗ ε is the emissivity, and Isop is the measured SOP signal. Since the signal

from the shocked quartz and shocked hydrocarbon are subject to the same condi-

tions imposed by the SOP diagnostic (optical path, camera sensitivity, and result-

ing spectral response of the diagnostic), one can assume the calibration constant

A is the same for both materials. This allows expressing A in terms of quartz

parameters such as temperature, emissivity, and measured SOP self-emission, TQ,

εQ, and Isop,Q. Relative temperatures are calculated by re-deriving the equation

∗ T0 is dependent on system calibration and varies for different filters used for attenuation of

signal to maintain a linear response in SOP streak camera.



5. Experimental Results for CH and CH2 and Discussion 193

Table 5.2.2: Hugoniot temperatures for polystyrene as obtained using

reflectivity and SOP spectral intensities for each shot, T . Relative temper-

atures normalized to quartz, TNormalized, show polystyrene’s behavior also

effects SOP spectral intensities.

Shot No. T TNormalized

(eV) (eV)

52795 0.43±0.05 0.51±0.05

52800 0.59±0.03 1.06±0.07

52793 0.70±0.06 0.88±0.10

52464 0.63±0.07 1.01±0.13

52628 1.22±0.06 1.19±0.06

52792 1.05±0.08 1.39±0.17

52631 1.97±0.21 1.95±0.18

52799 1.38±0.09 1.79±0.17

52791 1.75±0.32 2.50±0.57

52634 2.25±0.35 2.84±0.43

52633 4.29±0.52 5.57±0.62
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describing temperatures in the sample, with the latter expression of A, yielding67

T =
T0

ln
[
1 + (eT0/TQ − 1)

I∗Q
I∗S

] , (5.2)

where I∗Q = Isop,Q/(1 − RQ) and I∗S = Isop,S/(1 − RS). The quartz reflectivity

(RQ) and temperature (TQ) as functions of pressure (shock velocity) were previ-

ously studied.76 Quartz’s temperature as a function of shock velocity is given by

TQ(Us) = (1860±190)+(3.56±0.52)U
(3.036±0.046)
s , with T in eV and Us in µm/ns.

Table 5.2.3: Hugoniot temperature measurements for polypropylene as

obtained using reflectivity and SOP spectral intensities, T , for each shot.

Relative temperatures referenced to quartz, TQReference, are also listed.

Shot No. T TQReference

(eV) (eV)

52798 0.46±0.06 0.53±0.05

52797 0.70±0.05 0.81±0.08

52628 1.02±0.06 1.05±0.08

52796 0.95±0.06 1.15±0.11

52631 1.44±0.09 1.42±0.13

52634 2.18±0.40 2.42±0.43

52633 3.86±0.59 5.01±0.81

Table 5.2.2 and Table 5.2.3 list the brightness and relative (referenced) tem-

peratures for CH and CH2, respectively. The brightness temperatures are those
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derived simply from the measured spectral intensity and the SOP calibration.

The relative temperatures use the observed brightness of the quartz shock plus its

velocity to provide a normalization that is applied to the CH and CH2 SOP mea-

surements. On average the relative temperatures using this normalization for CH

were ∼ 1.3× larger than those measured using CH SOP calibration only. For CH2

that factor was ∼1.1. [It should be noted that two shots (s.52628 and s.52631),

each simultaneously studying both CH and CH2 , showed brightness temperatures

that were higher than shots on individual samples under similar conditions. When

normalized to quartz those temperatures had negligible changes. This suggests

that, for some reason, these two shots did not experience fogging in the samples.]

Figure 5.2.2 shows the relative temperatures for polystyrene (orange points),

5.2.2(a), and for polypropylene (blue points), 5.2.2(b). Temperature errors were

between 5% and 22% for CH and 8% and 18% for CH2. These errors stem from

system calibration (entering through T0), and measurements of self-emission and

reflectivity in each hydrocarbon. The various SESAME models available for CH

and CH2 predict similar thermal behavior for both materials: the materials reach

comparable temperatures at ∼1 to 7 Mbar. The models predict similar shock

temperatures that agree fairly well with measurements over this range. The mod-

els are similar enough to each other that the data, with their moderate precision,

do not favor any one. CH temperatures at 3 to 5 Mbar were previously studied
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by Ozaki et al.,41 shown as downward green triangles in Figure 5.2.2(a). These

previous data are in agreement with this study’s results.

5.3 Influence of quartz EOS on IM results

The IM matching technique produces relative measurements, referenced to a

standard material. This standard material is central to the IM technique, where

measurement accuracy directly depends on the accuracy of the standard’s EOS.

This study used α-quartz as the IM standard, due to the improvement in IM

measurement precision this material provides due to its transparency. Quartz’s

high pressure EOS was largely studied through laser experiments,66,76 and more

recently in flyer plate experiments91 using the Sandia Z Machine. The latter study

showed discrepancies with the laser-driven data, showing discernible curvature in

the Us − Up plane; this is significant since most materials display a liner Us − Up

relation. Although discrepancies between laser and Z machine quartz data are yet

to be resolved, it is important to address the effects this would have on IM EOS

experiments using quartz as a standard.

This study used quartz’s experimental fit, derived from the laser study by

Hicks et al.66 As described in Section 3.3 (refer to Equations 3.10 and 3.11), this

Us(Up) fit is a two piece linear fit. In contrast, the data obtained by Knudson et
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Fig. 5.2.2: Temperature measurements were calculated from SOP self-

emission records and fitted to a gray-body Planckian radiator, where emis-

sivity was obtained from reflectivity measurements from VISAR. Tempera-

tures were also obtained by normalizing hydrocarbon SOP data with known

quartz temperature. These are shown in the graphs for (a) polystyrene

and (b) polypropylene, both reaching similar temperatures with increasing

pressure.
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al.91 was fit with the expression Us = a+bUp−cUpe
−dUp† to account for curvature

in the data. The percent difference between these two fits varies as a function of

quartz shock velocity, where the resulting percent difference in the quartz pressure

and density peaks between 5 to 6 Mbar at ∼ 4% and ∼ 6% respectively. These

differences in quartz EOS will cause the data obtained through IM (with quartz

standard) to shift, introducing a systematic bias.

The magnitude of such systematic bias was studied by calculating IM states

under the assumption of each quartz model, using a reflected Hugoniot to approx-

imate the release states. The resulting differences as a consequence of using the

two quartz EOS experimental fits, rather than the actual solution obtained for the

sample material is important here. Using a reflected Hugoniot to approximate the

isentropic release presents a straight forward calculation employing only the fits,

and a platform that enables comparison between quartz EOS models equally. In

contrast using a Mie-Grüneisen approach to estimate releases would require the

assumption of a non-varying thermodynamic gamma (Γ), yet the results obtained

from Knudson et al.91 yield high Γ values at low pressure that drop to ∼ 0.7 at

higher pressures; this approach would also require approximating the fit obtained

in the Z machine study through a piecewise linear fit, whose choice would effect

the results.

† Here a = 6.26± 0.35µm/ns, b = 1.2∓ 0.02, c = 2.56∓ 0.15, and d = 0.37± 0.02(µm/ns)−1.
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Observables obtained for polystyrene single-shock experiments were used to

compare differences in IM result arising from systematic bias by the quartz mod-

els. The percent differences in the resulting CH density and pressure are shown

in Figure 5.3.1, as functions of quartz shock velocity. Here a positive percent
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Fig. 5.3.1: Percent differences in CH density (open red circles) and pressure

(open orange squares), as functions of quartz shock velocity, between quartz

EOS from Hicks et al.66 and Knudson et al.91

difference indicates that the fit used in this study leads to a larger value than

that obtained with the Z machine fit, and a negative value indicates the IM result

using the Z machine quartz fit leads to a larger value than that obtained with

the quartz fit used in this study’s analysis. The percent difference in resulting

CH pressure and density follow a similar trend as the percent differences between

the models; largest differences occur at the mid-range, between ∼ 15− 25 µm/ns
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shock velocities in quartz (∼ 2-6 Mbar in CH). The percent difference in CH pres-

sure ranged from 0.9 − 4.4%, while percent differences in density where larger,

ranging from 1.6 − 8.9%; peak percent differences occurred ∼ 3.5 Mbar in CH.

In comparison, the errors (total) obtained for the CH precision measurements,

presented in Section 5.1.1, range from 1.2 − 2.9% in pressure and 2.5 − 5.0% in

density; the systematic bias introduced by the newer quartz fit will generate IM

data that does not agree with previous results, at a mid quartz velocity range.

The effect of recent quartz EOS data is of great interest to laser EOS studies,

since many have used quartz as a reference material. Currently there are exper-

imental efforts to study quartz’s thermodynamic gamma (Γ) using laser driven

shock waves. Previous experimental and theoretical calculations of Γ describe it

to be constant in the high pressure fluid regime. However curvature in the Us−Up

plane implies a varying Γ; experimental measurement of quartz’s Γ can be used

to explore the linearity or non-linearity in quartz’s Us(Up). If quartz behaves dif-

ferently than previously thought, the IM EOS data using quartz as a standard,

including results from this study, will need to be revised, accounting for a factor

describing a systematic bias. This, however, does not compromise the precision

in the data obtained in this study, which has been a major effort of this work.
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6. CONCLUSIONS

The equations-of-state (EOS) of four hydrocarbons, polystyrene (CH), polypropy-

lene (CH2), glow-discharge polymer- GDP (C43H56O), and germanium-doped glow-

discharge polymer Ge-GDP, were measured at shock pressures between ∼ 1 to 10

Mbar. This study used a systematic approach to investigate the high-pressure

behavior of National Ignition Facility (NIF) ablator materials: (1) the EOS of

CH, currently used to simulate and design NIF targets, was verified, (2) the high-

pressure effects of changes in compositional stoichiometry (C-to-H ratio) were

studied by comparing high-pressure EOS results for CH and CH2, and finally (3)

the kinematic behavior of NIF ablator materials, namely GDP and Ge-GDP, was

measured. A time-resolved VISAR (Velocity Interferometer System for Any Re-

flector) diagnostic provided precise (∼ 1%) measurement of shock velocity in the

transparent standard and sample materials. This provided a significant reduction

in the inherent random uncertainties associated with the Impedance Matching

(IM) technique, compared to previous EOS measurements. Systematic uncer-

tainties in IM, stemming from the calculation of the standard’s Hugoniot and
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off-Hugoniot curves, were determined and propagated using quartz’s experimen-

tal data on the Hugoniot and assuming a Mie-Grüneisen EOS to calculate release

states. The only model-dependent parameter used in the analysis was the value

of the Grüneisen parameter, Γ ± δΓ, needed to estimate the off-Hugoniot release

states. This resulted in highly precise EOS measurements of hydrocarbons at high

pressure (≥ 1 Mbar).

Polystyrene (CH) was observed to compress by 2.5× to ∼ 3.5× at pressures

of 1 to 10 Mbar. This behavior was predicted best by the SESAME 7592 model,

although polystyrene exhibits slightly greater compressibility in comparison to this

model in the 2- to 4-Mbar range. Results from previous work reported a much

stiffer behavior, most likely due to preheating of those samples. Prematurely

heating material prior to shock wave arrival can cause changes in the index of

refraction of the material, increasing its value. However even if the presence of

preheating is known, it is difficult to assess the effect on the index of refraction.

This usually leads to an over estimate of the shock velocity, that gives the false

impression of stiffer material behavior. Previous to this study a QEOS model was

favored for CH; this model is purely analytical, using known material properties

at given limits (at solid density, at very large density, etc) as sanity check, rather

than inputs. That it predicts a much stiffer (less compressible) behavior at these
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high pressures hints to deficiencies in the understanding of dissociation effects on

the Hugoniot, usually the largest uncertainty in theoretical/tabular models.

Reflectivity measurements for CH indicate it becomes reflective when shocked

to 1 to 2 Mbar. Above 3 Mbar, the CH reflectivity saturate at ∼ 40%. Reflectance

measurements show that as low as 1 Mbar electrons are becoming delocalized, with

a reflectivity of a few percent. As the pressure is increased the ∼ 6 eV energy

band gap characteristic of polystyrene is reduced, as the electrons become more

energetic due to an increase in Fermi (quantum) pressure. This leads to a steady

increase in reflectivity. At high enough pressures, the reflectance saturates indi-

cating that, at these pressures, the CH is likely a metallic fluid. The strong shocks

propagating in CH drove it to temperatures between 0.5 and 5 eV, however the

uncertainties associated with these measurements prevent discrimination among

the thermal behavior predicted by the available CH SESAME models, which all

predict quite similar behavior. Temperature measurements are of interest since

phase transitions in materials can have a significant impact in their thermal be-

havior, while showing only subtle changes in the kinematic variables (usually one

looks for slope changes in the Us − Up plane). At intermediate pressures, the

C-H bonds in hydrocarbons are thought to undergo chemical decomposition fa-

voring C-C and H-H bonds. It is possible that the softening between 2 to 4 Mbar

observed in CH hints of a further break-down of these bonds, representing an
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energy sink that could explain the softening. Such a transition would likely have

a temperature signature. In the T −P plane, CH models predict a close to linear

relation. The data shows a significantly steeper slope at pressures greater than

4 Mbar, in comparison to the slope displayed by the data at pressures below ∼

3 Mbar. Between ∼3.5 to 4 Mbar both data from this study and that obtained

by Ozaki et. al41 shows little increase in temperature as pressure is increased.

Temperature plateaus are indicative of phase transitions. This type of behavior

cannot be pinned down with certainty due to the large measurement errors and a

small data ensemble, particularly at pressures above 4 Mbar.

The kinematic behavior of CH was further investigated through double-shock

experiments. Here observables were directly compared with model-only curves,

and were used in an inversion method, permitting the inference of single-shock

states from double-shock measurements. Both of these analyses demonstrated

double-shock measurements to be in agreement with single-shock behavior, in-

cluding the characteristic softening of the data between 2 to 4 Mbar. That the

single-shock data, double-shock data, and inferred single-shock data, all involv-

ing different methods of data analysis, display material softening in comparison

to SESAME 7592 from 2 to 4 Mbar, indicate this structure in the data is the

true kinematic behavior of CH, rather than an imprint of quartz’s rheology. This
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is further supported by CH2 data, spanning comparable quartz pressures, which

does not display this type of data structure.

Polypropylene (CH2) was observed to compress by similar amounts as CH

at pressures of ∼ 6 Mbar. At lower pressures CH2 is compressed by compara-

ble amounts as CH, though consistently demonstrating slightly less compressible

behavior. At and above 6 Mbar both materials are likely to be completely dis-

sociated, accurately described by a temperature dependent TFD model. Two

SESAME models (7171 and 7180) reproduced the behavior of CH2, driven to pres-

sures ∼1 to 6 Mbar well. In this pressure range the two models for polypropylene

are nearly indistinguishable in the P − ρ plane. SESAME models for CH and

CH2 differ in more than just the C-to-H ratio. Different constant parameters,

with values based on available data for each material, are used for the calcula-

tion of each model. However these models are evaluated by assuming the same

theoretical principles to calculate these parameters, as well as the electronic, cold

curve (0◦K isotherm), and ionic thermal contributions. Despite such variations,

agreement for both materials with SEASAME models suggests that the effect of

C-to-H ratio is properly accounted for in the SESAME models for polystyrene and

polypropylene.

Like CH, CH2 shows reflectivity of a few percent at a pressure ∼1 Mbar, fol-

lowed by a significant increase in reflectivity with increasing pressure. At around
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2.5 Mbar the reflectance saturates at 40%. As previously described, this rapid

increase in reflectance and saturation, is typical of materials undergoing a shock

(pressure)-induced transition from an insulator to a conductor. Reflectance mea-

surements for CH and CH2 behave in a similar manner, showing reflectivity onset

and saturation at almost identical pressures and values, demonstrating differences

in the C-to-H ratio has little to no effect on these measurements. Brightness tem-

peratures measured in CH2 ranged from 0.5 to 5 eV, over a pressure range from

∼1 to 6 Mbar; similar to the thermal conditions observed in CH. The thermal

behavior for CH2 is in agreement with SESAME models, however the models are

quite similar and the temperature data is not precise to discriminate among the

models.

Appendix C shows preliminary results for the GDP and Ge-GDP EOS. GDP

reached compressions of 2.6× to 3.5× solid density from 1 to 12 Mbar, while

Ge-GDP was compressed to 2.5× to 3.4× in the same pressure range, reaching

compressions comparable to CH and CH2. IM random uncertainties for these

materials included additional errors in initial density, with variations between

batches. Consequently EOS errors for GDP and Ge-GDP were larger than those

obtained for CH and CH2. The GDP data compares well with available LEOS

5310 model in both the Us−Up, P −ρ, and P −η planes. For Ge-GDP, two LEOS

models (5312- 0.2% Ge and 5315- 0.5% Ge) reproduce its high pressure behavior
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in the P − ρ plane up to 6 Mbar. Above this pressure, Ge-GDP becomes stiffer

(less compressible), deviating from the models. LEOS models that were compared

to the GDP and Ge-GDP data assume these materials to have slightly different

compositional stoichiometry and initial densities in comparison to the samples

used in the experiments. LEOS models were density normalized (in P − ρ plane)

to the initial density of the samples; this normalization presents a better/closer

comparison to the data, though it is not ideal. Ideally the models would be

evaluated at the correct initial density and use the same material stoichiometry

as that found in the samples. However these LEOS models are only available

to LLNL staff; this study only has access to the output files of a given model

evaluation. Because of the differences between the initial conditions between

models and GDP/Ge-GDP samples, as well as structures in the data that require

further investigation, EOS measurements for GDP and Ge-GDP are presented

only as preliminary results.

For all hydrocarbons, attenuation was observed in the reflected probe-beam

intensity extracted from VISAR images; this was evident in the CH, GDP, and Ge-

GDP at all pressures and at the highest pressure for CH2. This restricted reflec-

tivity measurement to a single point per shot, obtained at the quartz-hydrocarbon

contact interface. The partial attenuation of the VISAR probe beam is likely due

to the production of free electrons by photoionization of the hydrocarbons by
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x-rays, prior to shock wave arrival. These x-ray levels were not high enough to

produce noticeable preheat. Absorption of the probe beam could also be due to

new molecular excitations that become available in the partially ionized hydrocar-

bons, in combination of the increasing quantum pressure the electrons experience

(therefore increasing kinetic energy) with increasing pressure, and pressure (tem-

perature) induced changes in the band gap of the hydrocarbons (which behave

as dielectric materials at ambient conditions). The level of attenuation in each

hydrocarbon as a function of thickness and pressure was not investigated. How-

ever work on this effect would be beneficial to ICF, since blanking or complete

absorption of the probe laser in VISAR measurements can occur if the number

of free thermal electrons produced by x-rays traveling ahead of the shock wave

produce significant preheating of the target or fuel. This could become of greater

importance at NIF where much stronger shocks will drive the target, increasing

the probability of pre-heating the ablator and losing the VISAR signal. VISAR

is often used for shock timing experiments, designed to keep the fuel at a low

adiabat and optimize yield, therefore the fine tunning of these experiments is of

importance to the National Ignition Campaign (NIC).

For CH and CH2 the measured intensity of the self-emission from the shocks

was normalized to known temperatures in quartz, to infer the temperature of

shocks in polystyrene and polypropylene. Reflectivity measurements were used to
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infer the gray-body brightness and relative temperatures of the shock waves. Both

approaches were taken due to the anomalous behavior observed in the hydrocar-

bons, where attenuation of the VISAR probe beam was observed. The results

show that both polystyrene and polypropylene are heated to similar temperatures

(0.5 to 5 eV) by shock pressures of ∼1 to 6 Mbar. The relative temperatures

showed consistent differences from brightness temperatures by a factor of ∼ 1.3

and 1.1 × in CH and CH2 respectively. It was concluded the SOP signal was

attenuated, more strongly in the CH than in the CH2.

The polystyrene and polypropylene results are significant in that they pro-

vide high-precision kinematic and thermal data for these hydrocarbons, shocked

to 1 to 10 Mbar, providing a complete EOS of these materials. The polystyrene

data indicate this material does not stiffen at high pressures, as suggested by ear-

lier experiments, and the polypropylene data show that the effect of the C-to-H

ratio is reasonably predicted by the models. Kinematic measurements of GDP

and Ge-GDP present the first EOS study for these materials. All these results

are particularly important to the design of ICF targets for the NIF, which will

use similar hydrocarbon ablators that are compressed by multiple shocks in this

pressure region. In fact, published data for CH,133 described in this thesis, has

already been implemented in recent ignition capsule designs for NIF.34 The in-

crease in compressibility observed in the data (in comparison to the QEOS model,
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which was used before) showed to have an effect on the simulated behavior of the

target. Specifically, the change in CH EOS led to the occurrence of the Richtmyer-

Meshkov instability at an earlier time, that is amplified by the Rayleigh-Taylor

instability, resulting in larger instability growth factors at peak velocity.34 This

has led to target designs that increase the ablator thickness and reduce the fuel

thickness, while maintaining the same pellet outer diameter, such that the reduc-

tion in implosion velocity resulting from the thicker ablator is small. Similarly,

the behavior of hydrocarbons under strong shocks (∼ 10 Mbar) is important to

general studies of high-energy-density physics. Measuring the EOS of hydrocar-

bons presents the opportunity to verify our understanding of additive models to

construct the EOS of materials, since the EOS of carbon and hydrogen have been

separately measured in the high-pressure fluid regime.

Analysis of the optical and thermal behavior for GDP and Ge-GDP are pend-

ing, and further measurements of their EOS are necessary to fully discern their

high pressure behavior, and in particular whether the presently observed structure

in Ge-GDP data is intrinsic to the material. If it is, it is important we understand

why it is present in Ge-GDP and not in GDP. It will be interesting to compare the

physics tied to newly developed models of CH, based on the data of this study,

with that implied in the SESAME CH models. This could give a better insight

as to the softening observed between 2 to 4 Mbar and the dissociation along the
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Hugoniot. In general, it is challenging to obtain precise temperature measure-

ments, and further work in this area to improve the measurement reliability and

accuracy would greatly benefit EOS studies in the HEDP regime. It is important

to revisit the EOS of quartz in the high-pressure fluid regime, due to discrepancies

between earlier studies observing a linear Us−Up relation, and new data taken on

the Z machine, observing significant curvature in the Us − Up plane. Discrepan-

cies between these two fits will cause the data obtained through IM with quartz

standard to have a systematic bias that will need to be accounted for if quartz

does in fact display curvature in its Us − Up relation.
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A. MODELING WARM DENSE

MATTER

The equations describing a plasma can be found by taking moments of the

velocity distribution of the particles, where v0 leads to the continuity equation,

v leads to the momentum equation, v2 leads to the energy equation, v3 leads to

the heat flux equation, etc. However each moment equation depends on variables

from higher moments, and the system is not “closed”. A closed system of equa-

tions is achieved by assuming one of the moments is equal to zero (as is often

done with the heat flux), or by assuming it depends on expressions from lower

moments. Having a closed system of equations is not sufficient, since one still re-

quires the relations between pressure, internal energy, density, and temperature.

This is known as a material’s equation of state (EOS), that relates the thermo-

dynamic variables describing a system in equilibrium.28,134,135 No single EOS can

describe a material over all temperatures and densities, but some models are valid

in given regimes. There are regimes in phase space that are not fully described
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by any model, requiring modifications to the models or combination of theories

to properly describe it. The modeling of warm dense matter, or matter above 1

Mbar, is a non-trivial endeavor, motivating large efforts to better understand it,

with the development of global EOS such as SESAME, QEOS, modified-QEOS,

LEOS, QMD, and many more. This appendix does not describe all of the mod-

els and approximations used to describe matter in these exotic states, but rather

sheds light on those theoretical descriptions that serve as their back bone.

A.1 Basic thermodynamics

Often the thermodynamic variables, such as pressure and internal energy, are

expressed as a summation of the main contributors,

E = Ec + Ea + Ee, (A.1)

P = Pc + Pa + Pe, (A.2)

where subscripts c, a, and e represent the zero temperature (cold compression

curve), atomic/ionic vibrational, and thermal electronic contributions, each mod-

eled with different physical theories.9,92,123 This Appendix discusses some of the

primary models used to describe each of these terms.

Generally one seeks functional relationships that depend on density and tem-

perature, therefore the Helmholtz free energy is often used for the thermodynamic
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potential. Using the Helmholtz free energy F (V, T ) ≡ E − TS, the equation of

state for pressure and internal energy can be expressed in terms of the specific

volume (V ) and temperature (T ). Applying the first law of thermodynamics

dE = TdS − PdV , the differential form of the Helmholtz free energy satisfies

dF = −SdT − PdV , where pressure and entropy are expressed as13,30

P = −
(∂F
∂V

)
T

and S = −
(∂F
∂T

)
V
. (A.3)

The internal energy is then given by

E = F − T
(∂F
∂T

)
V
. (A.4)

Differentiating Equation A.4 with respect to specific volume, and using Equation

A.3, leads to the thermodynamic consistency relationship92,123

(∂E
∂V

)
T

= −P +
1

T

(∂P
∂T

)
V
. (A.5)

This relationship is satisfied for all densities and temperatures, since P , E, and

S are calculated from F . This equation is often used in computational (tabular)

EOS to ensure thermodynamic consistency.

A.2 Ideal gas

The ideal gas equation of state is valid at low densities, describing atoms

and molecules, or at high enough temperatures, describing ions and electrons.9,28
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Consider an ideal gas of N non-interacting particles in a volume V having a

thermal energy kT . Assuming each particle can only have translational energy,

the partition function is given by29,30

Q =
qN

N !
=

1

N !

[(mkT
2π~2

)3/2

V
]N

, (A.6)

where q describes the single-particle partition function, and m is the mass. The

free energy is then9,29

F = −kT lnQ = −NkT ln
[(mkT

2π~2

)3/2 V

N

]
−NkT. (A.7)

Using Equations A.3 and A.4 the pressure, entropy, and energy are

P =
NkT

V
, (A.8)

S = Nk ln
[(mkT

2π~2

)3/2 V

N

]
+

5

2
Nk, (A.9)

E =
3

2
NkT =

3

2
PV. (A.10)

The internal energy can be expressed using the adiabatic exponent γ = Cp/Cv,

where Cp and Cv are the specific heats at constant pressure and volume, as E =

PV/(γ − 1). Applying the equipartition theorem, γ can be defined as a function

of the number of degrees of freedom (DOF) as γ = (DOF + 2)/DOF .
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A.3 Mie-Grüneisen EOS

The Mie-Grüneisen EOS29,57 is used to describe the contributions due to atom

vibrations, and is often used with a Debye solid model to arrive at the cold com-

pression curve. The Mie-Grüneisen EOS is derived by considering a solid of N

atoms, represented by harmonic oscillators with 3N independent vibrational de-

grees of freedom. The energy of the solid is given by Ei =
∑3N

j=1(nj + 1
2
)hνj +E0,

where nj is an integer, h is Plank’s constant, νj is the vibration frequency of the

jth mode, and E0 is the potential energy at T = 0◦K. Alternatively29,57

Ei =
3N∑
j=1

njhνj + Ec, (A.11)

where Ec = 1
2

∑3N
j=1 hνj + E0. The corresponding partition function is

Q =
∑

i

e−βEi = e−βEc

3N∏
j=1

[1 − e−βhνj ]−1, (A.12)

with β = 1/kT . The Helmholtz free energy, F = −kT lnQ, is

F = Ec +
1

β

3N∑
j=1

ln[1 − e−βhνj ], (A.13)

from which the energy and pressure are29,57

E = Ec +
3N∑
j=1

hνj

eβhνj − 1
, (A.14)

P = Pc +
1

V

3N∑
j=1

γjhνj

eβhνj − 1
, (A.15)
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under the assumption that Ei, Ec, and γj are functions of V only. In Equation

A.15, Pc = −dEc/dV , the pressure at T = 0◦K, and

γj ≡
−V
νj

(
∂νj

∂V

)
T

= −
(
∂ ln νj

∂ lnV

)
T

. (A.16)

Taking the Einstein model of solids, where all the frequencies are assumed to be

equal (νj = ν for j = 1, 2, ..., 3N), forces all the γi to be equal for a given volume,

such that γi ≡ γ = −(V/ν)dν/dV .29,57 Defining the atomic thermal contribution

in energy and pressure to be Ea = E − Ec and Pa = P − Pc, then29

Pa =
γ

V
Ea, (A.17)

the Grüneisen equation of state. Differentiating with respect to energy at constant

volume yields the familiar equation57

γ = V

(
∂P

∂E

)
V

. (A.18)

The specific heat at constant volume, Cv, resulting from these calculations only

qualitatively matches the experimental results, because at low temperatures Cv

decreases below the Dulong-Petit value. To improve the theoretical predictions,

one assumes there are several different frequencies, as developed by Debye.29,30

This spectrum of frequencies is found by calculating the number of standing waves

in the material, describing its density of states. This leads to a Grünerisen param-

eter γ = −d ln νj/d lnV , which reproduces the low temperature Cv satisfactorily.
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Other models have been suggested for the calculation of the Grüneisen parameter,

such as the Stater-Landau and Dugdale-MacDonald models.29,123

A.4 Fermi-Dirac EOS

Fermi-Dirac statistics describe a gas where quantum mechanical states cannot

be occupied by more than one particle. The grand partition function is Z =

(1 + e(µ−ε1)/kT )(1 + e(µ−ε2)/kT )· · ·, where µ is the chemical potential and ε1, ε2, ...

are the energies of states 1, 2, etc. Consequently the partition function, the

number of particles, the energy, and the pressure are30

q = lnZ =
∑

j

ln[1 + e(µ−εj)/kT ], (A.19)

N = kT

(
∂q

∂µ

)
V,T

=
∑

j

1

e(εj−µ)/kT + 1
, (A.20)

E = kT 2

(
∂q

∂T

)
µ,V

=
∑

j

εj
e(εj−µ)/kT + 1

, (A.21)

P =
kT

V
q = −kT

V

∑
j

ln[1 + e(µ−εj)/kT ]. (A.22)

Assuming a continuous distribution of states, the summations in the above equa-

tions can be replaced by integrals
∑

j· · · ≈
∫ ∞
0
· · · g(ε)dε, where g(ε) is the density

of states.29,30 The Fermi-Dirac distribution function is then30

f(ε) =
1

e(ε−µ)/kT + 1
, (A.23)



A. Modeling Warm Dense Matter 243

where ε = p2/2m, the electron kinetic energy, depends on the momentum ppp. It

follows that9,29

N =

∫ ∞

0

dε g(ε)f(ε) =
2V

λ3
th

I1/2(µ/kT ), (A.24)

where g(ε) = G(2me)2/3V
4π~3 ε1/2 (with degeneracy, G=2 due to the electron spin),

λth ≡
(

2π~2

mekT

)1/2

, and I1/2 is a Fermi integral given by

Is(x) = (1/s!)

∫ ∞

0

dy
ys

e(y−x) + 1
. (A.25)

The Fermi integral can be approximated, for x < 0 as Is(x) = ex−e2x/22+e3x/3s±

· · ·, and for x > 0 as Is(x) = xs+1

(s+1)!
[1 + (π2s(s + 1)/6x2) ±· · ·]. Using Equations

A.19, A.22, and A.25 the Helmholtz free energy, F = E − TS = µN − PV , for

the Fermi gas is given by

F = Nµ− kT
2V

λ3
th

I3/2

( µ

kT

)
. (A.26)

For e−µ/kT � 1, such that µ/kT → −∞, then the x < 0 approximation for

Is(x) applies. To first approximation, using Equation A.24,9,29,30

µ = kT lnneλ
3
th/2, (A.27)

F = N(µ− kT ), (A.28)

S =
5

2
Nk −Nk ln

neλ
3
th

2
, (A.29)

P = nekT, (A.30)

E =
3

2
NkT, (A.31)
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where ne = N/V . Comparing these equations with results from Section A.2, it

is clear the classical limit is recovered. The opposite limit e−µ/kT � 1, describes

degenerate states, such that µ/kT → ∞,9,29

µ = εF

(
1 − π2

12
Θ2 ±· · ·

)
, (A.32)

where εF = kTF is the Fermi energy and Θ = T/TF , with Fermi temperature

kTF = (~2/2m)(3π2ne)
2/3. Taking µ ∼ εF ,

F =
3

5
NεF

(
1 − 5π2

12
Θ2 ±· · ·

)
, (A.33)

S =
π2

2
kNΘ ±· · · , (A.34)

P =
2

5
neεF

(
1 +

5π2

12
Θ2 ±· · ·

)
, (A.35)

E =
3

5
NeεF

(
1 +

5π2

12
Θ2 ±· · ·

)
. (A.36)

A.5 Thomas-Fermi Theory

Unlike the Fermi gas model, the Thomas-Fermi (TF) description includes par-

ticle interactions. Here the electrons are treated as a quasi-classical Fermi gas

within a self-consistent electrostatic field, generated by the charged particles.9,29

The gas of atoms is modeled by dividing it into identical spherical cells, each

representing an atom, with radius

R0 =
( 3

4πnion

)1/3

, (A.37)
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where nion is the total ion density (number of ions per volume, N/V ). Each cell

is electrically neutral having Z electrons and a nucleus of charge Z, with mass

number A, therefore nion = ρ/(Amp), where mp is the mass of a proton. Within

each cell, the energy can be described by ε = p2/2m− eV (r), where the first term

represents the kinetic energy and the second represents the electrostatic potential

energy. The number of particles per unit volume is a function of distance r,

n(r) =
2

λ3
th

I1/2

(µ+ eV (r)

kT

)
, (A.38)

where the potential is found from Poisson’s equation −∇2V = 4πZeδ(~r)−4πen(r).

Since each cell is electrically neutral, the electric field at the boundary of each

cell must vanish, dV/dr = 0 at r = R0. However as r → 0 there is a non-

zero potential V (r) ∝ Ze/r. A third boundary condition is set to V (R0) = 0.

Poisson’s equation and Equation A.38 must be simultaneously satisfied, and are

usually solved numerically. Resolving V (r) and n(r) enables the free energy to be

calculated, solving for the thermodynamic variables of interest.

For the electrons, the total energy corresponds to the summation of the electron

kinetic energy (Ekin), the Coulomb interaction among the electrons and nucleus
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(Een), and the electron-electron Coulomb interaction within each cell (Eee),

Ekin =
3

2
kT

2

λ3
th

∫
d3r I3/2

(µ+ eV (r)

kT

)
, (A.39)

Ene = −
∫
d3r n(r)

e2Z

r
(A.40)

Eee = −
∫
d3r d3r′

e2n(r)n(r′)

|~r − ~r′|
. (A.41)

The electron internal energy, free energy, entropy and pressure per mass are found

through,

Ee = (Ekin + Een + Eee)/Amp, (A.42)

Fe = (Zµ− 2Ekin/3 − Eee)/Amp, (A.43)

Se = (−Zµ+ 5Ekin/3 + 2Eee + Een)/Amp, (A.44)

Pe = n(R0)kT
I3/2(µ/kT )

I1/2(µ/kT )
, (A.45)

where n(R0) = (2/λ3
t )I1/2(µ/kT ) from previous definitions and boundary condi-

tions. The number of free electrons per ion is (4πR3
0/3)n(R0).

An interesting feature of the TF model is its scaling with Z. One finds the

radius, electric potential, density, chemical potential, and temperature scale with

Z. Therefore once the solutions for Z = 1 are found, all thermodynamic functions

for higher Z can be found through the scaling for each parameter.9,29 Though

some hydrodynamic codes use the TF model, most use the Thomas-Fermi-Dirac

(TFD) model for the electronic contribution. TFD follows from the Thomas-Fermi
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theory, expcept that the exchange energy among electrons is taken into account.

The exchange energy stems from the antisymmetric nature of the electron wave

function and its effect on the electrostatic energy.29

A.6 Ionization and the Saha Equation

In the HED regime ionization is often present. The level of ionization in the

gas can be found through the Saha equation.9,29 Consider an ionization reaction

Mn−1 � Mn+e, where Mn is an atom with Z−n bound electrons. This reaction is

of the form
∑

i νiAi, therefore A1 = Mn−1, A2 = Mn, A3 = e, ν1 = 1, ν2 = −1, and

ν3 = −1. For a single component species, the free energy is found through F =

−kT lnQ. Here Q is the partition function corresponding to N non-interacting

particles, such that Q = (1/N !)qN , where qN is the partition function of a single

particle, given by q =
∑

n exp(−εn/kT ). Including both translational and inter-

nal states q = qtq
′, with qt =

∑
n exp(−εt,n/kT ) = (mkT/2π~2)3/2V and q′ =∑

n exp(−ε′n/kT ), corresponding to the tranlational and internal state partition

functions. The partition function is then q = (mkT/2π~2)3/2V
∑

n exp(−ε′n/kT ),

where ε′n is the nth internal energy state. Consequently the free energy is

F = −NkT ln
[(mkT

2π~2

)3/2

V
∑

n

exp
(
− ε′n
kT

)]
+NkT ln

(N
e

)
, (A.46)

= −NkT ln
(eV
N

)
−NkT ln

[(mkT
2π~2

)3/2 ∑
n

exp
(
− ε′n
kT

)]
. (A.47)
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There are usually several species describing a multi component system, therefore

the free energy is the summation of all species F =
∑

i Fi. From Equation A.46,

the free energy for species i is

Fi = −NikT ln[eV/Ni] +Nifi(T ) = NikT ln[Pi/kT ] −NikT +Nifi(T ), (A.48)

where

fi(T ) = kT ln
[(mikT

2π~2

)3/2 ∑
n

exp
(
− ε′in
kT

)]
. (A.49)

The subscript i describes the variables for species i, and ε′in represents the internal

energy states. The ionization reaction is assumed to occur at constant temperature

and pressure, therefore it is convenient to use the Gibb’s free energy G =
∑

iGi,

where Gi = Fi + PiV , and upon substitution

Gi = NikT lnPi +Niχi(T ), with χi(T ) = fi(T ) − kT ln kT. (A.50)

The equilibrium of the ionic states implies δG = 0, since G must correspond

to a minimum with respect to the concentration of each species, leading to the

condition (only N1 is allowed to vary)

∑
i

∂G

∂Ni

νi

ν1

=
∑

i

µiνi = 0, (A.51)

since Gi = µiNi. Combining Equations A.50 and A.51 for the ionization reaction

Mn−1 � Mn + e, leads to

ln
[PMnPe

PMn−1

]
≈ −ψn

kT
+

5

2
lnT + ln

[( me

2π~2

)3/2

k5/2
]

+ ln
[ 2Qn

Qn−1

]
, (A.52)
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where the subscripts denote the variable corresponding to a given species, e.i. Pe is

the electron pressure contribution, PMn is the pressure contribution from the atom

with Z−n bound electrons, etc. The ionization constant is ψn = ε0,n − ε0,n−1 and

the partition function for each species is Qi =
∑

n exp[−ε′i,n/kT ] for i = n−1, n, e.

In Equation A.52 it is assumed mn−1 ≈ mn and Qe = 2 due to the electron spin

degeneracy.

The simplest case is for single ionization, n = 1, with resulting ionization

reaction M � M+ + e. The partial pressures, assuming an ideal gas EOS, are

expressed as

Pe = PM+ =
N

V
εkT, (A.53)

PM =
N

V
(1 − ε)kT, (A.54)

where ε describes the fraction of atoms that are ionized. The total pressure is the

summation of all the partial pressures, P = PM + PM+ + Pe = (N/V )(ε + 1)kT ,

allowing the pressure for each species to be written as

Pe = PM+ =
ε

ε+ 1
P, (A.55)

PM =
1 − ε

ε+ 1
P. (A.56)

Using the above equations in Equation A.52 (where the last term in this equation

is considered negligible to first approximation) and applying appropriate units
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yields the Saha equation for the case of single ionization

ln
[PM+Pe

PM

]
= log

[ ε2

1 − ε2
P (atm)

]
≈ 5035ψ1(eV)

T (K)
+

2

5
log T − 6.48, (A.57)

where pressure is measured in atm, the ionization potential in eV, temperature is

in K, and the ionization constant ψ1 is in eV.

A.7 Global Equation of State

A global EOS is an attempt to describe material conditions over a wide range

of densities and temperatures. Often these are composed of a central algorithm

defining physical models and their region of validity as well as interpolation func-

tions between model/regions that do not overlap. The EOS for a given material

is then generated by providing certain inputs as required by the chosen global

EOS scheme, providing a set of “knobs” to more accurately describe the material.

This results in the generation of tables, hence the term tabular EOS, providing

thermal and kinematic descriptions for the material. Several global EOS’s have

developed through the years; two of the most widely used are SESAME94 and

QEOS,92 discussed below.
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A.7.1 SESAME

The SESAME94 total EOS is composed of three main contributions: the zero

temperature electronic state (cold curve), thermal electronic, and thermal ionic

contributions. Each contribution is modeled independently, and the total EOS

is obtained by the summation of these three terms. The electronic contribution

is obtained through a temperature dependent TFD theory, where the exchange

parameter is found through a local density approximation. The solid regime of

the ionic contribution is modeled using a Debye or Einstein model, and the melt

is calculated through the Lindenmann law.123 The Debye temperature, needed for

these calculations, is obtained from simple fits to experimental data. Above the

melting point an interpolation is applied, smoothly transitioning into an ideal gas

EOS at sufficiently high temperatures. Construction of the cold curve employs

available shock data and the Debye temperature in a Mie-Grüneisen EOS. At lower

densities an analytic form smoothly converges into the Mie-Grüneisen region, and

at higher densities an interpolation is used to connect the Mie-Grüneisen model

with TFD theory. Expansion parameters can be chosen such that the resulting

cohesive energy and critical point are properly reproduced.94,123,124
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A.7.2 QEOS

The quotidian equation of state, QEOS,92 applies an additive assumption

where the Helmholtz free energy is expressed as F (ρ, Ti, Te) = Fi(ρ, Ti)+Fe(ρ, Te)+

Fb(ρ, Te), where each term is computed independently . Here Fi corresponds to

the ion or nuclear contribution, Fe is the electron contribution, and Fb repre-

sents a semi-empirical chemical bonding correction, or alternately it can represent

quantum or exchange corrections. The electric contribution is calculated via a TF

statistical model, employing the spherical cell model as previously described. This

presents a computational advantage due to the scaling property of the TF model.

The ion contribution is calculated by the Cowan EOS92,123 that combines ideal gas,

fluid scaling laws (corrections to the ideal gas scaling with Tm/T , where Tm is the

density dependent melt temperature), Debye lattice theory, Grüneisen EOS, and

Lindendann melt law. The Cowan EOS is an analytic model that depends on the

melt temperature, Debye temperature, and Grüneisen coefficients, Tm(ρ), ΘD(ρ),

and γs(ρ), as functions of density. These variables are predicted through relatively

simple equations that satisfy γs = (∂ log ΘD)/(∂ log ρ) and Tm/Θ
2
D = α/ρ2/3 with

α = 0.0262(A2/3/Z0.2)(Z + 22)2. Here α is a constant stemming from the Linde-

mann’s melt law, assumed to be material specific and independent of temperature

and density. These equations are parameterized such that the known limiting

values of these parameters (at solid density, as ρ → ∞, etc.) yield reasonable
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values. A chemical bonding correction is needed to obtain reasonable results for

cold matter at or near solid density. In this regime, chemical bonds sustain a

finite amount of matter at a given density, at zero total pressure; the TF model,

however, predicts a positive pressure that can amount to several Mbar at zero

temperature for metals. The bonding correction Eb = E0(1− exp b[1− (ρs/ρ)
1/3])

is added to the energy, where ρs represents the solid density, and E0 and b are

positive constants describing the bond strength and range, such that zero total

pressure is obtained in the cold matter regime.92 QOES is meant to be a stand-

alone model, with no need of libraries as in the case for SESAME, and presents a

computationally fast algorithm, yielding smooth results. The model parameters

are changed to match data, however the data is not used as input parameters to

calculate any of the variables used in the evaluation of this model.
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B. ABLATION PRESSURE

The ablation pressure can be derived assuming steady-state planar flow.109

Here it is assumed the laser-driven ablation front has a constant ablation rate,

where the laser energy absorption is localized at the critical density surface. In the

reference frame of the stationary ablation front, one can apply the conservation

equations for planar flow as described in Section 2.1, yielding9,109

ρv = ρcvc, (B.1)

P + ρv2 = Pc + ρcv
2
c , (B.2)[5

2

P

ρ
+
v2

2

]
ρv + qa =

[5

2

Pc

ρc

+
v2

c

2

]
ρcvc + (qc,a + qc,out − IL), (B.3)

where ρ, v, P are mass density, velocity and pressure and subscript c denotes

quantities at the critical density. The heat flux at the ablation front is described by

qa, and qc,a, qc,out, and IL describe the heat flux leaving the critical surface toward

the ablation front, the outward flowing heat flux leaving the critical surface (away

from the ablation front), and the absorbed laser irradiance. Equations B.1-B.3 are

quite similar to those describing shock conditions with the exception of the energy

equation, where heat flow in now taken into account since energy from the critical
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surface is driven to the ablation front through electron thermal conduction. These

assume an ideal monatomic gas EOS, therefore ε = (P/ρ)/(γ − 1) with γ=5/3.

If the thermal conduction is sufficiently high, the plasma expansion can be

approximated by an isothermal rarefaction.9,109 It is assumed that the laser main-

tains isothermal conditions in the ablating gas through heat conduction or direct

heating.5,9 This leads to qc,out = ρcc
3
T , representing the additional heat flux needed

to maintain isothermal conditions.9,109 The isothermal sound speed, cT , can be

expressed as c2T = ΓT = P/ρ, where Γ is the plasma parameter.9 The rarefaction

wave connects with the ablation flow as long as vc = cT . The heat at the ablation

front emerges from the conduction zone, therefore qa = qc,a. At the ablation front

v = 0 by definition. One can apply these conditions to Equation B.3 leading to a

relation between the absorbed laser intensity and hydrodynamic quantities,

IL = 4ρcc
3
T . (B.4)

Evaluating Equation B.2 at the ablation front in terms of ρc and cT yields

Pa = 2ρcc
2
T , (B.5)

where Pa is the ablation pressure. The mass density at the critical surface, ρc,

can be expressed in terms of the number density, nc, as ρc = Ampnc/Z, where A,

mp, and Z are the atomic weight, proton mass, and atomic number. The number
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density is a function of laser wavelength (refer to Equation 4.2), therefore

ρc =
Amp

Z

(1.1 × 1021/cm3)

λ2
µm

, (B.6)

where λµm is the laser wavelength in µm. Substituting Equations B.4 and B.6

into Equation B.5 results in

Pa =
(Amp(1.1 × 1021/cm3)

2Z

)1/3( IL
λµm

)2/3

. (B.7)

For a carbon ablator, with A = 12 and Z = 6, the ablation pressure can be

expressed as

Pa(Mbar) = 57
(IL,15

λµm

)2/3

, (B.8)

where the laser irradiance is in units of 1015 W/cm2 and the laser wavelength is

in units of µm.

The ablation pressure scaling derived here assumes the laser energy is locally

deposited and absorbed at the critical surface. The ablation flow is taken to

be isothermal and a reference frame where the ablation front is at rest is used,

allowing the application of conversation equations across the planar ablation front.

Acceleration at the ablation front, which would result in an additional term in the

momentum equation, was neglected. This term is negligible as long as the ablation

front is thin.9 The influence of hot electrons and radiation were neglected. The

ablation pressure scalings using different assumptions, such as a flux-limited heat
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transport model28 or assuming the ablation flow is adiabatic,5 lead to the same

ablation pressure scaling with respect to the laser wavelength and irradiance.
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C. PRELIMINARY RESULTS FOR

GDP AND GE-GDP

The high-pressure properties of Glow-Discharge-Polymer (GDP) and Germanium-

doped GDP (Ge-GDP), materials used for NIF ablators designs, were studied

through laser-driven shock waves driven by the OMEGA24 laser system. Kine-

matic properties for these materials were found using the impedance matching

(IM) technique where shock velocity measurements, obtained from the VISAR di-

agnostic, are used to infer the particle velocity, pressure, and density of the shocked

material. Quartz, a well characterized material in the high-pressure fluid regime,

was used as the standard material, providing high-precision measurements.66,67,76

Preliminary results from the GDP and Ge-GDP observations are presented here.
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C.1 Glow-Discharge-Polymer (GDP)

GDP (C43H56O) is commonly used as an ablator material in inertial confine-

ment fusion (ICF) experiments. Its behavior is often modeled using the equation

of state (EOS) of CH, for which there is available data. However in comparison to

CH, GDP has a different C-to-H ratio (∼1.4) and trace amounts of oxygen that are

introduced into the material during the fabrication process.47,48 Single-shock prin-

cipal Hugoniot measurements for GDP were obtained from ∼ 1 to 12 Mbar; this is,

to date, the only principal Hugoniot data available for this material. The resulting

kinematic properties are listed in Table C.1.1, displaying a linear relation in the

Us −Up plane described by Us = (24.519± 0.071) + (1.284± 0.014)(Up − 16.778).

This fit was obtained through a least-squares fit using an orthogonal polynomial

basis, resulting in parameters that are independent of the other polynomial co-

efficients.122 Due to this independence, the errors associated with these fitting

parameters are independent. The initial density, compositional stoichiometry,

and index of refraction of the samples varied between fabrication batches (Table

4.4.1). Alterations of the high-pressure behavior due to these small variations in

initial parameters was not evident in the Us − Up plane, therefore no distinction

was made among the batches for the linear fit in this plane. This is evident in

Figure C.1.1, where the GDP data is plotted in the Us − Up plane.

Because GDP was previously modeled using available CH tables, there was
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Table C.1.1: Glow-Discharge-Polymer (GDP, CH1.4) principal Hugoniot

results from impedance matching with quartz reference. Measured shock

velocity and associated error in the quartz and GDP, UsQ and UsGDP , are

given. UpGDP , PGDP , and ρGDP are the resulting particle velocity, pressure,

and density of shocked GDP obtained through the IM technique. Both

random and systematic errors are given; random errors enter the analysis

through measurement uncertainties in the shock velocity in quartz and GDP,

while systematic errors emerge from uncertainties in the principal Hugoniot

and release states of quartz.

Shot No. UsQ
UsGDP

UpGDP
(ran, sys) PGDP (ran, sys) ρGDP (ran, sys)

(µm/ns) (µm/ns) (µm/ns) (Mbar) (g/cm3)

55782 13.12±0.09 13.77±0.1 8.47(0.14,0.21) 1.22(0.02,0.03) 2.73(0.08,0.11)

55783 14.42±0.11 15.72±0.1 9.81(0.16,0.22) 1.62(0.03,0.03) 2.79(0.08,0.12)

55781 16.44±0.11 18.2±0.1 11.97(0.19,0.1) 2.29(0.04,0.02) 3.07(0.1,0.05)

55780 18.64±0.1 21.08±0.1 14.03(0.2,0.13) 3.11(0.04,0.03) 3.14(0.09,0.06)

55785 18.9±0.1 21.55±0.1 14.25(0.2,0.13) 3.22(0.05,0.03) 3.1(0.09,0.05)

55779 20.24±0.1 23.09±0.1 15.53(0.21,0.15) 3.77(0.05,0.04) 3.21(0.1,0.07)

55784 20.46±0.13 23.07±0.1 15.79(0.24,0.16) 3.82(0.06,0.04) 3.33(0.11,0.07)

55778 21.12±0.09 24.06±0.1 16.39(0.22,0.17) 4.14(0.06,0.04) 3.29(0.1,0.07)

55777 22.76±0.1 26.05±0.1 17.93(0.24,0.21) 4.9(0.07,0.06) 3.37(0.11,0.09)

52635 24.18±0.1 27.35±0.1 19.32(0.15,0.25) 5.6(0.04,0.07) 3.61(0.08,0.11)

55774 24.45±0.1 28.03±0.23 19.56(0.25,0.25) 5.76(0.08,0.07) 3.47(0.13,0.1)

55775 24.68±0.11 28.38±0.11 19.76(0.26,0.26) 5.89(0.08,0.08) 3.46(0.11,0.1)

54127 24.65±0.2 28.44±0.2 19.67(0.25,0.26) 5.93(0.08,0.08) 3.44(0.12,0.1)

54187 25.9±0.11 29.87±0.15 20.87(0.16,0.29) 6.61(0.06,0.09) 3.52(0.08,0.11)

57164 26.97±0.1 30.8±0.1 22.02(0.28,0.32) 7.08(0.09,0.1) 3.66(0.12,0.14)

54126 28.19±0.12 32.79±0.16 23.01(0.18,0.35) 8.0(0.07,0.12) 3.55(0.08,0.13)

54185 29.31±0.11 33.94±0.16 24.11(0.17,0.38) 8.67(0.07,0.14) 3.66(0.08,0.14)

57162 29.8±0.1 34.63±0.1 24.66(0.31,0.4) 8.91(0.11,0.14) 3.63(0.12,0.15)

57163 34.15±0.1 40.18±0.1 28.75(0.35,0.52) 12.06(0.15,0.22) 3.67(0.12,0.17)
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little development of EOS models for this material. Recently an LEOS (Livermore

EOS) model was developed for GDP (LEOS 5310) and benchmarked34 using CH

data provided by this study. Initial density and stoichiometry for LEOS 5310

are listed in Table C.1.2. LEOS 5310 assumes a slightly different C- to- H ratio

and initial density than the GDP samples used in these experiments; differences

varied by ∼ 1%, on average, for both parameters. The oxygen levels measured in

the GDP samples and those assumed in LEOS 5310 were comparable; the oxygen

levels in the GDP samples are very small (O-to-C ratio of 0.01 and 0.02), and

seem to have little effect on the material’s high-pressure behavior since batches

Fig. C.1.1: Principal Hugoniot data and models for GDP (CH1.4) in Us −Up

plane. The data was obtain using IM construct with quartz reference, on

GDP with initial density ρ0= 1.06 (dark green diamonds), 1.05 (medium

green diamonds) and 1.044 (light green diamonds)g/cm3. Data is compared

available GDP LEOS model.
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Table C.1.2: Initial density and stoichiometry of available LEOS models

for GDP, and Ge-doped GDP with dopant levels of 0.2% and 0.5%.

Model ρ0 Carbon Hydrogen Oxygen Germanium

(g/cm3) (at%) (at%) (at%) (at%)

LEOS 5310 1.04 42.34 57.15 0.51 0

LEOS 5312 1.053 42.25 57.04 0.51 0.2

LEOS 5315 1.073 42.12 56.87 0.505 0.505

with different oxygen levels compare well in both the Us − Up and P − ρ planes

(see Figures C.1.1 and C.1.2).

Figure C.1.2 compares the GDP data with LEOS 5310, density normalized to

ρ0 = 1.05 g/cm3, and SESAME 7592, the CH SESAME model that best fit the

polystyrene data. Here samples from different batches are distinguished by color as

ρ0= 1.06 g/cm3, dark green diamonds, 1.05 g/cm3, medium green diamonds, and

1.044g/cm3, light green diamonds. Random uncertainties are shown as the green

error bars and total error is shown as the gray error bars. Random uncertainties

in GDP data are larger than those obtained for CH and CH2 since error in initial

density needs to be taken into account. GDP data in the P − ρ plane is in

agreement with LEOS 5310, and only slightly softer than SESAME 7592; GDP

behaves quite similarly than CH in the high-pressure fluid regime. This is also

evident in a pressure-compression plane (Figure C.1.3), showing GDP reached



C. Preliminary results for GDP and Ge-GDP 263

compressions between 2.6×-3.5× at pressures between ∼ 1 to 10 Mbar, similar to

those reached in CH at a similar pressure range.

Fig. C.1.2: Principal Hugoniot data and models for GDP (CH1.4) in P − ρ

plane. Data was obtain using IM construct with quartz reference, on GDP

with initial density ρ0= 1.06 (dark green diamonds), 1.05 (medium green

diamonds) and 1.044 (light green diamonds)g/cm3. Data is compared with

CH SESAME 759294 and LEOS 5310, density normalized to ρ0=1.05 g/cm3.

Random uncertainties in this study’s work are shown as green error bars

and total uncertainty (quadrature sum of random and systematic errors)

are shown as gray error bars.
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Fig. C.1.3: Principal Hugoniot data and model for GDP (CH1.4) in pressure-

compression plane (P − η plane). Error bars and batch initial densities as in

previous figures.
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C.2 Germanium-doped GDP (Ge-GDP)

Germanium-doped GDP (C43H56O) was studied in the same pressure range

as GDP, from ∼ 1 to 12 Mbar. This is the only experimental EOS data avail-

able for this material. Table C.2.1 presents shock velocity measurements as well

as kinematic properties obtained through the IM technique using quartz as the

standard. The equation of state of Ge-GDP in the Us−Up plane, shown in Figure

C.2.1, displays a linear relation described by Us = (23.556 ± 0.071) + (1.330 ±

Fig. C.2.1: Principal Hugoniot data and models for Ge-GDP (CH1.4, ∼ 0.6%

Ge) in Us − Up plane. Data was obtain using IM construct with quartz

reference, on Ge-GDP with initial density ρ0= 1.13 (purple circles, diamonds

and squares) and 1.1 g/cm3 (dark purple squares), where circles, diamonds,

and squares represents 0.7%, 0.66% and 0.5% Ge-doping. Data is compared

available Ge-GDP LEOS models.

0.014)(Up − 16.012). In this figure, Ge-GDP data are compared to available mod-



C. Preliminary results for GDP and Ge-GDP 266

Table C.2.1: Germanium-doped GDP principal Hugoniot results from IM

with quartz standard. Measured shock velocity and error in the quartz and

Ge-GDP, UsQ and UsGeGDP , are given. Parameters obtained through the IM

technique, the particle velocity, pressure, and density, UpGeGDP , PGeGDP , and

ρGeGDP , are given with random and systematic uncertainties. Random errors

enter the analysis through measurement uncertainties in the shock velocity

in quartz and Ge-GDP, while systematic errors arise from uncertainties in

the principal Hugoniot and release states of quartz.

Shot No. UsQ UsGeGDP UpGeGDP (ran,sys) PGeGDP (ran,sys) ρGeGDP (ran,sys)
(µm/ns) (µm/ns) (µm/ns) (Mbar) (g/cm3)

55782 12.98±0.11 13.56±0.09 8.2(0.15,0.21) 1.26(0.02,0.03) 2.86(0.09,0.11)

55783 14.5±0.09 15.21±0.11 9.83(0.14,0.22) 1.69(0.03,0.04) 3.2(0.1,0.14)

55781 15.97±0.1 17.28±0.12 11.37(0.17,0.11) 2.22(0.04,0.02) 3.3(0.11,0.06)

55780 18.64±0.1 20.76±0.11 13.83(0.19,0.12) 3.25(0.05,0.03) 3.38(0.1,0.06)

55785 18.84±0.1 20.87±0.27 14.04(0.19,0.12) 3.31(0.05,0.03) 3.45(0.15,0.06)

56118 19.26±0.09 21.14±0.09 14.47(0.19,0.13) 3.46(0.05,0.03) 3.58(0.11,0.07)

55779 20.29±0.1 22.5±0.11 15.41(0.2,0.15) 3.92(0.05,0.04) 3.59(0.11,0.08)

55784 20.44±0.12 22.81±0.1 15.53(0.22,0.15) 4.0(0.06,0.04) 3.54(0.11,0.07)

55778 20.91±0.1 23.53±0.19 15.94(0.21,0.16) 4.24(0.06,0.04) 3.5(0.12,0.07)

55777 22.66±0.1 25.53±0.16 17.59(0.23,0.2) 5.08(0.07,0.06) 3.64(0.12,0.09)

56117 23.37±0.09 26.53±0.11 18.23(0.23,0.21) 5.46(0.07,0.06) 3.61(0.11,0.09)

52630 24.18±0.1 27.35±0.1 19.02(0.24,0.24) 5.88(0.07,0.07) 3.71(0.11,0.1)

55774 24.34±0.1 27.87±0.11 19.11(0.24,0.24) 6.02(0.08,0.07) 3.59(0.11,0.1)

55775 24.5±0.12 27.76±0.12 19.31(0.25,0.24) 6.06(0.08,0.08) 3.71(0.12,0.11)

54127 24.7±0.1 28.02±0.18 19.49(0.24,0.25) 6.17(0.08,0.08) 3.71(0.13,0.11)

54187 26.05±0.11 30.33±0.12 20.64(0.26,0.28) 7.07(0.09,0.09) 3.54(0.1,0.1)

56116 26.62±0.1 30.78±0.2 21.21(0.26,0.29) 7.37(0.1,0.1) 3.63(0.12,0.11)

57164 27.1±0.1 31.17±0.1 21.84(0.27,0.31) 7.47(0.09,0.11) 3.67(0.11,0.12)

54185 29.1±0.13 33.98±0.2 23.49(0.3,0.36) 9.02(0.12,0.14) 3.66(0.12,0.12)

57162 29.9±0.1 34.64±0.15 24.46(0.29,0.39) 9.3(0.12,0.15) 3.74(0.12,0.14)

56115 31.06±0.09 35.91±0.1 25.4(0.3,0.41) 10.31(0.12,0.17) 3.86(0.11,0.15)

57163 33.89±0.1 39.95±0.14 28.14(0.34,0.5) 12.34(0.15,0.22) 3.71(0.11,0.16)
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els for Ge-doped GDP, LEOS 5312 and LEOS 5315 with Ge-doping at 0.2% and

0.5% respectively. The initial density and stoichiometry of each model are listed

in Table C.1.2. The data and models appear to be in agreement in the Us − Up

plane. Differences between the models and data are seen in the P−ρ plane (Figure

C.2.2).

Variations in the initial density and index of refraction were seen in only one

of the four Ge-GDP sample batches, and the Ge doping varied from 0.5%-0.7%.

Pressure-density data are shown in Figure C.2.2. Here data taken on samples with

initial density of 1.13 g/cm3 are shown as purple circles (Ge at 0.7%), diamonds

(Ge at 0.7%), and squares (Ge at 0.5%), while the data taken on samples with

initial density of 1.10 g/cm3 are shown as dark purple squares (Ge at 0.5%).

Random errors are shown as the colored error bars, including uncertainties in

shock velocity measurements (in Ge-GDP and quartz) and initial density, and total

errors, the quadrature sum of random and systematic uncertainties are shown as

gray error bars. Data are compared with LEOS 5312 and LEOS 5315, both density

normalized to 1.13 g/cm3 to account for differences in initial density conditions

among the models and samples. LEOS 5310, normalized to 1.05 g/cm3, and

SESAME 7592 are plotted on this figure for reference. On average the percent

difference between model and sample C-to-H ratio was ∼ 3.5%, though it varied

up to 5.6%, and oxygen levels assumed in the models were smaller than those
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Fig. C.2.2: Principal Hugoniot data and models for GDP (CH1.4) in P − ρ

plane. Data was obtain using IM construct with quartz reference, on GDP

with initial density ρ0= 1.13 g/cm3 (purple circles, diamonds and squares)

and 1.1 g/cm3 (dark purple squares), where circles, diamonds, and squares

represents 0.7%, 0.66% and 0.5% Ge-doping. Data is compared available

Ge-GDP LEOS models. Data is compared with CH SESAME 759294 and

LEOS 5310, 5312, and 5315 ( the first density normalized to ρ0=1.05 g/cm3,

the last two density normalized to ρ0= 1.13 g/cm3. Random uncertainties

in this study’s work are shown as green error bars and total uncertainty

(quadrature sum of random and systematic errors) are shown as gray error

bars.
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measured. Despite these differences, Figure C.2.2 shows the data and models

agree within the errors at pressures at and below 6 Mbar. Above this pressure

the Ge-GDP data begins to drastically stiffen (becomes less compressible) and is

no longer in agreement with Ge-GDP LEOS models. Plotting the GDP results in

the pressure-compression (P − η) plane (Figure C.2.3) shows a smooth trend in

the data with increasing pressure, i.e. no drastic stiffening as seen in P − ρ plane;

pronounced stiffness in the data observed in P −ρ plane is likely caused by initial

density variations. Below 6 Mbar the data mimics compressibility predicted by

LEOS 5312, while above 6 Mbar the data becomes less compressible, and comes

closer to LEOS 5315 predictions. Although the data follows a smoother profile

than in the P − ρ, slight stiffening is still observed. Ge-GDP was observed to

undergo compression between 2.5× and 3.4×, comparable to those reached by

CH, CH2, and GDP. Errors associated with the data (including the initial density

uncertainty) make it difficult to favor any model behavior in this plane, even at

the highest pressures, where models differ most. Additionally data above 6 Mbar,

where it begins to become less compressible, is not as densely populated.

C.3 Concluding Remarks

The kinematic behavior of GDP and Ge-GDP was measured between 1 to 12

Mbar and observed to reach similar compressibility to that measured in CH and
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Fig. C.2.3: Principal Hugoniot data and model for Ge-GDP in pressure-

compression plane (P − η plane). Models, error bars, and batch initial den-

sities as in previous figures.
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CH2, at comparable pressures. Uncertainties in the initial densities of GDP and

Ge-GDP degrade the precision in the data, making it more difficult to favor among

predicted model behavior. GDP data behaves quite similarly to shocked CH,

displaying only a slight softness at higher pressures in comparison to CH, though

still in agreement within error. This close agreement shows measured quantities

in the P − ρ and P − η plane do not have enough precision to show substantial

variations between CH and GDP, despite the differences in stoichiometry between

these materials. GDP compares well with LEOS 5310 in the Us − Up and P − ρ

(using density normalization) plane. LEOS 5310 assumes a material description,

including initial density and compositional stoichiometry, that varies by around

1% in comparison to the samples. In comparison, LEOS models for Ge-GDP and

Ge-GDP samples with ρ0 = 1.13g/cm3 had a difference in initial density of 7%

(LEOS 5312) and 5% (LEOS 5315). Although the initial density inconsistencies

between models and samples was accounted for through density normalization in

the P−ρ plane, ideally one would evaluate the model at the correct initial density.

The LEOS models are not readily available outside Lawrence Livermore National

Laboratory, where they are generated. The observed structure in the Ge-GDP

data (P − ρ plane) above 6 Mbar seems to stem from initial density variations,

once one compares the data in the P − η plane. Though smooth, data is less

compressible than model predictions. Data above 6 Mbar is sparse, obtaining
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data above this pressure would greatly benefit our understanding of Ge-GDP’s

stiffening. Although reflectivity and temperature measurements have not been

analyzed for GDP and Ge-GDP, intensity profiles obtained from VISAR data

show similar anomalous behavior to that observed in CH: increasing intensity as

the shock decays. Attenuation of the VISAR 532 nm probe laser occurs in all the

hydrocarbons investigated in this work.

GDP and Ge-GDP data are considered preliminary data due to the inability to

compare measurements with models that accurately describe the samples’ initial

conditions. Likewise the structure above 6 Mbar in the Ge-GDP data requires

further investigation. This could be resolved through additional single-shock ex-

periments in this range, as well as double-shock measurements. Double-shock

experiments were performed on Ge-GDP, however proper analysis of this data re-

quires accurate models to calculate both the principal Hugoniot and off-Hugoniot

states. Additionally, the thermal behavior for this materials also needs to be

determined, in order to provide a complete shock EOS.


