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Abstract
Adiabat shaping in inertial confinement fusion (ICF) capsules has been proposed as a method for increasing the stability of ICF implosions without compromising capsule compressibility and one-dimensional yield. The optimal adiabat profile has a maximum on the outer, ablation surface for higher ablative
mitigation of the Rayleigh–Taylor (RT) instability, and a minimum on the shell
inner surface for high compressibility and high neutron yields. Ablative theory
of the RT instability predicts that the increased ablation velocities of adiabatshaped designs reduce the growth of capsule nonuniformities, potentially leading
to higher experimental yields. One implementation of adiabat shaping currently
under investigation for direct-drive implosions is the decaying shock (DS) method
[Goncharov, Phys. Plasmas 10, 1906 (2003)], which implements a strong laser
prepulse or picket at the beginning of the laser pulse to induce a decaying shock
in the shell material, and thereby create a shaped adiabat profile. This thesis proposes another method for adiabat shaping, the relaxation (RX) method, which
employs a weak laser prepulse designed to relax the shell density profile followed
by a shaping strong shock driven by the main pulse.
Derivations of the analytic adiabat profiles generated in the shell material are
presented here for both DS and RX designs from one-dimensional hydrodynamic
theory, and the resulting profiles are shown to agree well with simulation. It is
demonstrated that the adiabat gradients present in adiabat-shaped designs are
destabilizing to the RT instability, yet this destabilizing effect is more than compensated for by the increase in ablation velocity, ultimately resulting in lower

vii

linear-phase RT growth rates. Numerical simulations of DS and RX targets designed for the 60-beam OMEGA laser system predict lower growth rates and less
laser imprint than for standard “flat-adiabat” (no adiabat shaping) designs, in
good agreement with the instability theory derived here. Results are presented
from plastic-shell implosion experiments, in which higher neutron yields and better compression are obtained for an RX design than for a flat-adiabat design,
indicating improved stability due to adiabat shaping.
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1. Introduction
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1. INTRODUCTION
In inertial confinement fusion (ICF),1 a spherical shell (or capsule) is filled with
gas of fusible fuel and accelerated inward either by direct laser irradiation (directdrive) or by the x-rays emitted by a laser-illuminated enclosure of high-Z material
(indirect-drive). Energy from either the laser or the x-rays is deposited in the shell
material near the outer surface, resulting in the ablation of material at the outer
surface of the shell. This mass ablation creates a rocket effect, accelerating the
shell inward, compressing and heating the fill gas inside the shell to thermonuclear
temperatures, and creating a region of hot low-density plasma, referred to as a
“hot spot,” where conditions are favorable for fusion reactions to occur.
Conventional designs for both direct- and indirect-drive use laser pulses beginning with a relatively low-intensity “foot,” designed to launch one or more
shocks through the shell. After the shock(s) reach the rear (inner) surface of
the shell, a rarefaction wave begins propagating back outward through the shell.
When this rarefaction reaches the outer surface, the capsule begins to accelerate
inward, marking the start of the so-called “acceleration phase.” Also following
shock breakout, the laser intensity is ramped up slowly at first, then more rapidly
until the peak drive intensity is achieved. An additional shock is launched during
this rise to full intensity, which eventually merges with the initial shock(s) to form
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a single shock propagating through the interior gas fill. The acceleration phase
ends when the laser pulse is turned off, and the external drive pressure decreases.
The capsule then begins to coast at approximately constant velocity. The
shock eventually reaches the center of the capsule, effectively reflecting off the
center, and begins to propagate back outward, where it then strikes the inner
surface of the shell, impulsively decelerating it. A reflected shock is sent back
inward, to rebound off the center and hit the shell again. These reflected shocks
weaken after a couple of shell–shock interactions, and the gas fill develops a fairly
uniform pressure profile. This period of time is commonly referred to as the
“impulsive deceleration phase.” As the reflected shocks diminish in strength, the
hot spot is formed. At this time, the shell deceleration is no longer impulsive, but
rather is driven by the general increase in pressure inside the hot spot. The shell
then acts like a piston on the hot spot, continuously compressing and heating
it. This continuous slowing of the shell is termed the “continuous deceleration
phase,” and lasts until the shell comes a stop (“stagnates”) and begins to expand
outward.
Currently existing and planned ICF laser systems are capable of compressing the hot spot material to temperatures on the order of T . 10 keV. In this
temperature regime, the highest thermonuclear reaction rates are achieved by the
deuteron–triton reaction, which produces a 3.5-MeV alpha particle (He4 ) and a
14.1-MeV neutron,
D + T → He4 + n.

(1.1)

Therefore, capsules for high-yield ICF designs are typically filled with a mixture
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of 50% deuterium and 50% tritium (DT). In addition, high-yield designs use cryogenic DT as shell material, thereby increasing the amount of fuel to burn. In
ICF implosions, the energetic neutrons produced by the DT reactions generally
escape the plasma without slowing appreciably;2 hence, very little neutron energy
is deposited in the hot spot. The alphas, on the other hand, may be significantly
slowed by collisions with the electrons in the hot spot, thereby releasing much of
their energy into the hot spot. As the gas is compressed and heated, the fusion
reaction rate increases rapidly, feeding more energy into the hot spot. If this thermonuclear heating is rapid enough, a thermal instability is generated, the onset of
which is often referred to as “thermonuclear ignition.” The alphas which escape
the hot spot deposit most of their energy in the inner layers of the shell material.
Moreover, due to the steep temperature gradients near the inner shell surface, a
substantial amount of thermal energy is conducted out of the hot spot into the
relatively cold inner shell. These two effects combine to cause a rapid heating of
the inner shell, which in cryogenic capsules may induce the propagation of a thermal burn wave through the shell material, substantially increasing fusion yield.
As the temperature and pressure in the gas increases, the shell’s inward velocity
is slowed, ultimately driving a rapid outward expansion of the shell, which cools
the hot spot and quenches the fusion reactions.

1.1

The Rayleigh–Taylor Instability

As the capsule is accelerated inward during the acceleration phase, the mass
ablation off the capsule’s outer surface creates a local density gradient pointing
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from the denser, unablated shell material toward the hot, ablated plasma comprising the shell’s so-called “corona.” In the shell’s frame of reference, the acceleration
of the bulk shell material is directed outward toward the corona, thereby making
the shell’s outer surface unstable to the well-known Rayleigh–Taylor (RT) instability.3, 4 The RT instability occurs when a perturbed interface between two layers of
materials of different densities is accelerated in the direction opposite to the local
density gradient (see Fig. 1.1). Vorticity is generated near the interface, driving a
mass flow from the top of the low-density bubble toward the high-density fingers,
causing the perturbed interface to be unstable and rapidly increase in amplitude.
In ICF, this outer-surface instability occurring while the laser accelerates the shell
inward is commonly referred to as the acceleration-phase RT instability, and can
significantly degrade the performance of ICF implosions. Similarly, the shell’s
inner surface becomes RT unstable during the deceleration phase (decelerationphase RT), as the local density gradient points outward to the dense shell material
from the less dense gas fill, and the shell’s acceleration (again in the shell’s frame
of reference) points inward.
In the case of an ideal, incompressible fluid, the instability is referred to as
the “classical” Rayleigh–Taylor instability.3 If the perturbation is such that its
fourier-decomposed mode amplitudes are much smaller than their corresponding
wavelengths, it is said to be in the so-called “linear” regime, in which each mode
evolves independently, growing exponentially in time with its own characteristic
growth rate. If the fluids are separated by a sharp boundary, the mode amplitude
evolution in the linear-regime can be derived explicitly to first order, yielding the
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Fig. 1.1: Rayleigh–Taylor instability develops when a perturbed interface between layers of different densities is accelerated, and the density gradient (∇ρ) and acceleration (g) point in opposite directions.
equation,
ηk (t) = ηk0 eΓt ,

(1.2)

where ηk (t) is the time-dependent amplitude of the mode with wavenumber k =
2π/λ. Here ηk0 is the initial amplitude of perturbation, Γ is the RT linear growth
rate, t is time, and
Γ=

p

AT kg,

(1.3)

ρh − ρ`
ρh + ρ`

(1.4)

where
AT =

is the “Atwood number.” In Eq. (1.3), g is the magnitude of the acceleration,
and in Eq. (1.4), ρh and ρ` are respectively the heavy and light fluid densities.
Equation (1.3) shows that the Rayleigh–Taylor growth rates increase as the perturbation wavelength decreases.
When the transition between the heavy and light fluids density varies smoothly,
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specifically when the density gradient varies over a length similar to or greater
than the perturbation wavelength, the Rayleigh–Taylor instability is mitigated by
the finite density gradient at the unstable interface. Calculations show5 that in
the short wavelength limit, the growth rates asymptotically approach a constant,
Γ=

p

g/Lm ,

(1.5)

where Lm is the minimum density-gradient scalelength defined as
µ
Lm = min

1 ∂ρ
ρ ∂z

¶−1
,

(1.6)

with z as the coordinate in the direction of density variation. In the long wavelength limit (specifically λ À Lm ), however, the finite density gradient scalelengths have no effect.
In the linear regime of the classical RT, perturbations grow exponentially.
However, when these mode amplitudes grow to the order6 of ηk ∼ 0.1λ, the RT instability enters a “nonlinear” regime, where the individual modes interact, higher
order terms become important, and mode growth rates saturate, approaching a
linear-in-time growth history.7–10 Since the amplitude regime, where the transition from linear to nonlinear occurs, scales with the wavelength, it can be readily
seen that shorter wavelengths saturate at lower amplitudes.
In ICF implosions, the RT instability is seeded both by inherent imperfections
in the shell’s surface finish, which cause deviation from sphericity, and by nonuniformities in the x-ray or laser drive, which imprint perturbations on the shell’s
outer surface. In indirect-drive ICF, the high uniformity of the black body xray radiation results in a negligible level of imprinted perturbations on the outer
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shell surface.11 Therefore, in indirect-drive ICF, the seeds of the Rayleigh–Taylor
instability are mostly introduced by capsule surface roughness. In direct-drive
ICF, however, the laser beam intensity is not highly uniform spatially, such that
the direct illumination of the shell leads to high levels of laser imprinting that
seed the RT instability.12 Typically, the perturbations on the shell’s surface,
both from surface finish and imprint, are small with respect to the wavelength
of perturbation, and hence the perturbation growth begins well within the linear,
exponentially-growing regime of the RT. The use of Random Phase Plates13, 14
(RPP) has successfully shifted the spectrum of laser nonuniformities toward short
wavelengths, and the implementation of either Smoothing by Spectral Dispersion15
(SSD) or Induced Spatial Incoherence16 (ISI) has provided significant smoothing
by modulating the intensity speckle pattern in both space and time. Despite
these important advances in smoothing techniques, the current level of imprinting
in direct-drive ICF is still sufficiently large to substantially reduce the performance
of low-adiabat implosions on the OMEGA laser and high-gain implosions on the
National Ignition Facility (NIF).12
In addition to reducing laser imprint in direct-drive implosions through beamsmoothing techniques, it is well known, that mass ablation can significantly reduce
the growth rates of the RT instability.17–23 Mass ablation creates an advection
of Rayleigh–Taylor-generated vorticity away from the shell’s outer (or ablation)
surface into the corona, thereby reducing the local growth rate at the ablation
surface. The level of growth rate mitigation is determined largely by the ablation
velocity, which represents the speed of propagation of the heat front inside the shell
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material, and thereby provides a characterization of the advection rate of vorticity
away from the ablation surface. The ablation velocity, Va , can be defined as the
ratio of the mass ablation rate, ṁa , and the shell’s outer-surface (or ablation-front)
density, ρout ,
ṁa
.
ρout

Va =

(1.7)

In the linear regime, the exponential growth rates of the RT instability may
be significantly reduced from their classical values due to mass ablation off the
shell’s outer surface. For cryogenic DT shells, the ablative RT linear growth rates
can be approximated by the simple formula18, 19
ΓDT ' 0.94

p

kg − 2.7kVa .

(1.8)

It is important to recognize, as shown in this equation, that ablative stabilization is
more effective at shorter wavelengths (see Fig. 1.2), and exhibits virtually no effect
in the long-wavelength limit. Moreover, the ablative Rayleigh–Taylor exhibits a
cutoff at a certain wavelength,17 where the linear growth rates go to zero, and
modes with wavelengths shorter than this cutoff wavelength are stabilized. This
cutoff wavelength is determined by the interface acceleration and ablation velocity.

Given the difficulty and expense of conducting cryogenic target implosions,
other target materials must often be used in capsule implosions for proof-ofprinciple testing of target design. The most commonly used shell material is
hydrocarbon plastic. Plastic capsules are cheaper and easier to manufacture and
characterize, and have the added advantage that they are essentially single-layer
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RT Growth Rate
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Wavenumber (k)

Fig. 1.2: The Rayleigh–Taylor growth rates are calculated for the classical case
with no ablation (dashed) and for an ablative case (solid). Short wavelengths exhibit decreased growth due to ablation, while long wavelengths are largely unaffected by ablation.
targets (despite a thin, 1000 Å outer layer of aluminum required to hold the
gas fill), which simplifies the dynamics of shock propagation through the shell.
In plastic shell implosions, the ablation velocity is typically lower than for DT
shells, since the plastic is denser than cryogenic DT, and ablation velocity is inversely proportional to the density; however, plastic shells exhibit a more effective
density-gradient stabilization than DT shells as the higher level of x-ray radiation emitted from the hot corona is reabsorbed by the dense material deep inside
the shell producing a relatively smooth density profile. The ablative RT growth
rate for plastic shells must therefore include the effects of finite density-gradient
stabilization, and can be written in the following simple form19
r
kg
ΓCH '
− 1.7kVa ,
1 + kLm

(1.9)

where Lm = min(ρ/∇ρ) is the minimum value of the density gradient scale length
inside the ablation front.
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Adiabat Shaping

Controlling the seeds and the growth of the Rayleigh–Taylor instability during the acceleration phase of imploding shells is crucial to the success of inertial
confinement fusion. As Eqs. (1.8) and (1.9) illustrate, increasing the ablation velocity during the capsule implosion, while keeping all other implosion parameters
fixed, increases capsule stability. Under fully-ionized, steady-state conditions, an
approximate scaling law for the ablation velocity can be determined, showing the
ablation velocity to be strongly dependent on the adiabat of the shell material
at the ablation front. For the purposes of this thesis, the adiabat will be defined
using the typical ICF convention as α = P/ρ, and is related to the entropy. The
mass ablation rate may be approximated by a power-law scaling1, 24–26 given by
1/3

ṁa ∼ IL ,

(1.10)

where IL is the incident laser intensity. The ablation-front density can be written
in terms of the fully-ionized shell adiabat and ablation pressure Pa
µ
ρout =

Pa
αout

¶3/5
,

(1.11)

where αout is the adiabat calculated inside the shell near the ablation front. Using
Eq. (1.7) and the scaling of the ablation pressure1, 24–26 with respect to laser in2/3

tensity, Pa ∼ IL , the ablation velocity is shown to scale with the laser intensity
IL and ablation-front adiabat as
3/5 −1/15

Va ∼ αout IL

.

(1.12)
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Because of the weak dependence on the laser intensity, it may be concluded that
the ablation velocity depends almost exclusively on the shell adiabat at the outer
surface αout .
In standard target design, the shell adiabat is set by the initial strong shock
launched when the laser is turned on, yielding approximately a constant or “flat”
adiabat profile inside the shell, αin = αout . As the ablation velocity is proportional to the adiabat at the ablation surface, high-adiabat implosions are generally more stable than low-adiabat implosions; however, it is well known that
lower-adiabat implosions, which exhibit lower internal energy in the hot spot, require less P dV work to compress and therefore achieve higher compression than
high-adiabat implosions in one-dimensional (1-D) simulations. Indeed, it has been
shown that high-adiabat implosions require more energy for ignition, as the shell
kinetic energy required to compress the hot spot to ignition conditions is roughly
proportional to the square of the unablated shell adiabat27–30
2
εig
K ∼ αin ,

(1.13)

where εig
K is the kinetic energy required for ignition and αin is the normalized
adiabat of the inner (unablated) portion of the shell at the end of the acceleration
phase. In addition, higher shell adiabats lead to lower 1-D fusion yield than low
adiabats, since the energy required to achieve the maximum yield in 1-D is also a
strong function of the in-flight adiabat27
εmax.
K

gain

1.6±0.2
∼ αin
,

(1.14)

showing that high-adiabat implosions require greater shell kinetic energy. There-
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fore, it has been common practice in ICF implosion design to look for a compromise
between stability and 1-D yield by choosing an intermediate value of the adiabat
to maximize experimental yield.
It is important to recognize, however, that target gain and stability depend on
the local values of the adiabat at different locations in the shell. The RT stability
is mitigated by the ablation velocity, which depends on the local value of the adiabat at the ablation front, αout , whereas the compressibility of the capsule, which
significantly influences the 1-D yield and the energy required for ignition, is determined by the adiabat of the unablated inner shell material, αin , which remains at
the beginning of the compression or deceleration phase. As a significant portion
of the shell is ablated off during the acceleration phase, only the unablated shell
material must remain at a low adiabat to achieve high compression. Furthermore,
the adiabat of the ablated material may be raised above that of the inner shell
material to improve capsule stability without reducing compression. Therefore,
high 1-D fusion yields and improved stability can be achieved simultaneously by
tailoring or shaping the adiabat inside the shell, creating a profile which decreases
monotonically from the outer to the inner surface, thereby maximizing the ablation front adiabat αout for better stability and minimizing the inner surface
adiabat αin for higher 1-D yield and compression.
The first mention of adiabat shaping in the open literature is in Ref. 23, where
the authors speculate that a shaped adiabat could be induced by manufacturing
a multi-material target with a spatially-varying atomic number, multiple absorption lines and radiation penetration depths (Fig. 1.3). This idea was pursued in
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Fig. 1.3: A shaped adiabat profile may be produced by the radiation from a
multilayer target of spatially-varying atomic number.
Refs. 31 and 32 leading to a capsule design with a wetted foam ablator and a thin
gold overcoat. Although such a novel design may produce a shaped adiabat, significant complications arise in target manufacturing, given current wetted foam
technology, and potentially lead to significant target preheat, thereby reducing
compression and yield.
It was later recognized that adiabat shaping can also be induced by modifying
the foot of the laser pulse. Two different pulse-shaping techniques have been
proposed to shape the adiabat: (1) adiabat shaping via a decaying shock (DS),33
and (2) adiabat shaping via relaxation (RX).34 These techniques are much simpler
to implement than the previously-proposed multi-material targets.
Adiabat shaping by a decaying shock relies on the premise that a strong, unsupported shock launched by an intense laser prepulse, sometimes called a “picket,”
and followed immediately by a low-intensity foot (see Fig. 1.4 for a typical DS
pulse design) will decay after the laser power is lowered. Figure 1.5 shows the evo-
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Fig. 1.4: A simplified pulse shape for the decaying shock method of adiabat
shaping.
lution of the adiabat (solid) and pressure (dotted) profiles for a typical DS design.
The initial high-intensity of the prepulse drives a strong shock through the shell
material, placing the outer shell material on a high adiabat (Fig. 1.5a). Following
the high-intensity prepulse, the laser intensity is dramatically reduced, creating a
rarefaction wave, which propagates inward from the ablation surface (Fig. 1.5b).
Since this rarefaction travels faster than the prepulse shock, it quickly overtakes
the shock, subsequently decreasing the shock pressure causing the shock to decay
(Fig. 1.5c). Assuming that this decaying shock remains in the strong shock regime,
the post-shock density remains largely unchanged, ρshocked ' (γ + 1)/(γ − 1)ρ0 (for
an ideal gas),35 where ρ0 is the initial, unshocked shell density. As the adiabat
is directly proportional to the post-shock pressure and inversely proportional to
the post-shock density, the decaying shock leaves behind a shaped adiabat profile,
exhibiting a maximum at the ablation front and a minimum on the shell’s inner
surface (Fig. 1.5d).
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Fig. 1.5: The evolution of the normalized pressure P (dashed), density ρ (dotted)
and adiabat α (solid) profiles behind a decaying shock as functions of
the mass coordinate m. A uniform shock (a) is launched by a prepulse of
constant pressure. The prepulse pressure is then dramatically reduced
causing a rarefaction (b) to propagate toward the shock front. The
rarefaction catches the shock (c), causing the shock pressure to decay
(d). The result is an adiabat profile favorable to ICF implosions. All
quantities are in arbitrary units.
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The decaying shock technique was recently proposed in Ref. 33, where twodimensional simulations of all-DT OMEGA-scale capsule implosions demonstrated
that adiabat-shaped targets exhibit significantly reduced Rayleigh–Taylor growth
at the ablation surface during the acceleration phase with respect to the flatadiabat targets. Such comparisons between flat- and shaped-adiabat targets are
typically carried out by designing the flat- and shaped-adiabat pulses to generate
identical adiabats on the inner shell surface, which leads to nearly identical 1-D
capsule performances. In plastic shells, however, radiative effects in the higher-Z
plastic shell material reduce the potential benefits of DS shaping in plastic-shell
implosions due to a radiative shaping of the adiabat of a magnitude on the order
of the DS shaping that occurs near the ablation surface and is due to emission
from the hot coronal being absorbed in the shell. At present, it seems unlikely
that DS-shaping experiments in plastic shells can be successfully carried out on
existing ICF laser systems.
Adiabat shaping by relaxation also relies on the use of a prepulse prior to
the foot of the main pulse. The RX prepulse intensity, however, is typically much
lower than that of the DS picket, as the prepulse is not meant to shape the adiabat,
but rather to relax the density and pressure profiles. In fact, the RX technique
requires that the laser power is turned off completely following the prepulse to
allow the shell to decompress, thereby establishing density and pressure profiles,
which increase monotonically from the ablation surface inward. The final RX
adiabat profile is generated later in time, when the high-intensity foot of the main
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Fig. 1.6: Typical pressure pulse for adiabat shaping by relaxation.
laser pulse drives a strong shock through the relaxed profiles. A simplified RX
pulse design in shown in Fig. 1.6.
As this main shock propagates, it encounters increasingly larger densities, leading as well to increasingly larger post-shock densities. Unlike the DS technique,
the RX post-shock pressure (behind the foot of the main pulse) does not decrease
dramatically and in fact may not decrease at all or even increase. Rather, the
RX adiabat shaping is due to steep gradients in the post-shock density, increasing from the ablation front to the inner shell surface. In short, the DS method
tailors the post-shock pressure, while the RX method tailors the pre-shock (and
therefore post-shock) density. It follows that RX shaping can be effective not
only in cryogenic shells, but also in plastic shells as the heavy plastic can be easily
decompressed by a prepulse of moderate laser power. In addition, because of the
relatively low-power prepulse, the RX technique can be easily implemented on existing laser systems. Furthermore, the high-power foot of the main pulse leads to
a low contrast ratio, which allows for better conversion efficiency from infrared to
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ultraviolet laser36 light on commonly-used ICF laser systems, and therefore more
energy on target. The RX design allows more flexibility than the DS design both
in the pulse design and in the adiabat profiles generated. As shown in Fig. 1.4,
the DS picket design is determined by three parameters: the picket duration ∆tp ,
the picket pressure Pp , and the Foot pressure Pf . In addition to the three of the
DS design, the RX design has another parameter, the foot shock launching time
tf (see Fig. 1.6), allowing more flexibility in pulse design. The adiabat profiles in
the RX design are also highly tunable, allowing a broad range of adiabat-gradient
scalelengths, including steeper adiabat gradients than the DS design allows, enabling RX designs to achieve higher ablation-front adiabats and higher ablation
velocities than in DS designs.
Figures 1.7(a)–(c) show three snapshots of the main-shock propagation through
a relaxed density profile. The prepulse shock is also shown traveling ahead of
the main shock. The main shock first encounters the low-density portion of the
relaxed profile (b), setting it on a very high adiabat. The adiabat develops a
monotonically decreasing profile as a result of the increasing pre-shock density.
The main-shock launching time (or main-pulse foot-beginning time) is chosen in
order to cause the main and prepulse shocks to merge on the shell’s inner surface.
A plot of the shaped-adiabat profile at shock breakout is shown in Fig. 1.7(d).
Two-dimensional (2-D) simulations, which are presented in Chap. 5 of OMEGAscale capsule implosions, confirmed that RX-shaped targets exhibit significantly
reduced Rayleigh–Taylor growth on the ablation surface during the acceleration
phase with respect to the flat-adiabat ones.
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Fig. 1.7: The evolution of the normalized pressure P (dashed), density ρ (dotted)
and adiabat α (solid) profiles for a relaxation design as functions of the
mass coordinate, m. A decaying shock (a) is launched by the prepulse
followed by laser shutoff. The main pulse is launched through the
relaxed profiles (b) and (c), and the prepulse and main shocks merge at
the rear surface (d). The result is an adiabat profile favorable to ICF
implosions. All quantities are in arbitrary units.
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It should be mentioned here that the DS and RX methods are not mutually
exclusive. As the DS method tailors the post-shock pressure and the RX method
tailors the density, a design with both an RX prepulse and a DS picket could
benefit from steeper adiabat profiles and potentially better stability than either
the RX or DS alone. Such designs, however, are not examined in detail in this
thesis.
It is also important to clarify the role of earlier work37 on the so-called “picketfence” pulses and make a distinction between adiabat shaping and picket fence.
The picket-fence pulse consists of a sequence of relatively short pulses that replace the standard isentropic continuous pulse. When plotted versus time, the
laser power of such a sequence of short pulses (see Fig. 3 of Ref. 37) resembles a
picket fence. In contrast, both DS-adiabat shaping as well as RX-adiabat shaping
make use of a single short pulse (i.e., the laser prepulse) followed by a continuous
pulse. Thus, except for the prepulse, the adiabat-shaping pulses are essentially
continuous. While a claim can be made that adiabat shaping and picket fence use
some sort of picket pulse, it would be grossly inaccurate to think of the two techniques as equal or even similar. As stated in Ref. 37, the goal of the picket-fence
pulse is to replace a continuous acceleration with an impulsive one. The rationale
behind this idea is that the RT exponential growth turns into a sequence of lineargrowth stages, thus reducing the overall growth factor (as long as the number of
pickets is kept relatively low). On the contrary, adiabat shaping does not change
the time evolution of the acceleration. Its primary effect is to increase the ablation
velocity, thus enhancing the ablative stabilization of the RT instability. Though
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the physical basis and pulse design of a picket-fence pulse have little (if anything)
in common with adiabat shaping, it is possible that some level of adiabat shaping
may occur in picket-fence implosions due to the repeated decompressions between
short pulses. Though this collateral effect was not considered in Ref. 37, it would
be worth investigating the degree to which the adiabat is shaped in picket fence
implosions. It is also worth mentioning that the evolution of the laser power in
Fig. 2 of Ref. 37 seems to point to a single prepulse followed by a continuous main
pulse. While this pulse resembles an RX pulse, the authors of Ref. 37 do not
address the possibility that adiabat shaping may occur.
Lastly, it is important to recognize that the presence of a laser prepulse
could have significant consequences with regard to the seed amplitude for the
acceleration-phase RT instability. Laser imprinting caused by the spatial intensity nonuniformities in the laser beam is widely considered as the main seed for
the short-wavelength RT instability in direct-drive implosions. When the laser
is turned on, energy is absorbed near the capsule surface, generating a coronal
blowoff plasma. As this coronal plasma expands, an increasingly extended conduction zone is created between the critical surface, near which most of the laser
light is absorbed, and the ablation surface. Due to the diffusive nature of heat conduction, the nonuniformities in laser absorption tend to be smoothed out more
effectively over longer distances, such that the laser nonuniformities eventually
become decoupled from the ablation surface. Hence, particularly for short wavelengths, since the conduction smoothing distance scales38, 39 as 1/k, imprinted
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nonuniformities on the capsule surface typically reach an asymptotic limit early
in time.
It has recently been shown40–42 that the amplitude of imprinted nonuniformities can be significantly reduced by tailoring the initial target density with a
monotonically-increasing profile varying from a lower value on the outer surface
to its maximum on the inner shell surface. Since the laser prepulse in RX-adiabat
shaping generates such a monotonically-varying density profile, RX shaping might
likewise reduce the level of imprinting. Given the fact, however, that imprinted
ablation-front perturbations are already seeded during the prepulse, and that
short-wavelength modes are likely to be decoupled before the main (foot) pulse is
launched, this presumably has an effect only on the long-wavelength perturbations
which have not fully decoupled from the absorption region, and only to the extent
of mitigating the seeds introduced by the foot pulse.
Additionally, it has been shown that higher initial laser intensities reduce the
imprint level by more quickly generating a coronal plasma thereby decoupling
the laser nonuniformities from the ablation surface sooner. Imprint reduction
using prepulses has been demonstrated both by simulation and experiment in
single-layer targets made of plastic43 and aluminum.44–46 Furthermore, it has
been shown in Ref. 47 that, in the presence of a plastic (or other) coating on
cryogenic capsules, the acceleration of the plastic layer against the cryogenic DT
layer causes a brief exponential amplification of the imprinted nonuniformities.
Reference 47 also show that this amplification can be reduced by using a prepulse
or picket.

1. Introduction

23

This thesis focuses on laser-induced adiabat-shaping techniques and demonstrates that the RX method is effective in both cryogenic and plastic shells. The
following two chapters are primarily concerned with detailed theoretical treatment
of laser-induced adiabat shaping by the Decaying Shock (Chap. 2) and the Relaxation (Chap. 3) techniques. At the end of Chap. 3, a comparison of the adiabat
shapes induced by the two methods is presented, illustrating that the RX method
is capable of steeper adiabat profiles and higher ablation velocities. Chapter 4
is devoted to a derivation of an analytical formula for the linear Rayleigh–Taylor
growth rates in the presence of finite adiabat gradients, which are shown to be
destabilizing. Two-dimensional single-mode simulations are presented in Chap. 5,
and linear-regime Rayleigh–Taylor growth rates are computed, showing that this
destabilization of the RT due to the finite adiabat gradients in adiabat-shaped
targets is more than compensated for by the increased ablation velocities in such
targets, leading to lower growth rates. Chapter 5 also presents multimode simulations using laser drive nonuniformities consistent with those of the OMEGA laser
system, to evaluate the expected reduction in outer-surface modulation due to adiabat shaping in experiments. Furthermore, Chap. 5 presents the results of recent
implosion experiments on adiabat shaping by Relaxation in plastic-shell targets
on the OMEGA48 laser system, where target performance was indeed shown to
improve in RX designs. Other important effects related to adiabat shaping which
are discussed briefly in this thesis include the destabilization of adiabat-shaped
targets due to unstable convective modes33 (Sec. 5.1) and Rayleigh–Taylor seed
reduction using prepulses in multiple layers in an ICF capsule33, 47 (Sec. 5.3).

2. Adiabat Profiles Generated by a Decaying Shock

24

2. ADIABAT PROFILES GENERATED
BY A DECAYING SHOCK
As described in Chap. 1, adiabat shaping by a decaying shock utilizes a highintensity prepulse (sometimes referred to as a picket), followed by a sharp decrease
in laser intensity to generate a decaying shock in the capsule. In this chapter, the
adiabat profile generated by a decaying shock is derived. The Decaying Shock
analysis presented here is based on analytical and numerical solutions of the gas
dynamic model equations. The adiabat shape is first derived for an ideal case
of a shock driven by an applied pressure in the form of a step function in time.
The analytic results in the ideal case are derived using an asymptotic matching
formula based on a local analysis at the rarefaction–shock interaction point and
the asymptotic self-similar solution.49–54 The ideal adiabat shape reproduces the
numerical results very accurately over the entire DS evolution as long as the
shock front remains in the strong shock regime. When compared with other
theoretical predictions, it is found that even though the ideal adiabat shape is in
qualitative agreement with Ref. 33, its magnitude is quite different and closer to
the asymptotic self-similar solution with an appropriate proportionality constant.
Comparisons with numerical solutions to the gas dynamic equations indicate this
model is more accurate than previous predictions.
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The nonideal effects of finite mass ablation and finite residual ablation pressure
are evaluated and the resulting corrections on the adiabat shape are calculated.
It is found that the most important correction comes from the residual pressure
caused by the finite heat capacity of the coronal plasma, which slows the decay of
the ablation pressure after the laser prepulse. A convenient form of the adiabat
shape is derived for carrying out detailed comparisons with the results of full onedimensional (1-D) simulations using available ICF codes. The agreement between
theory and full 1-D simulations is quite remarkable indicating that the theoretical
predictions can be used for target design purposes.

2.1

Lagrangian Hydrodynamics

The general gasdynamic model governing the hydrodynamic motion of a compressible gas is greatly simplified by adopting a Lagrangian frame of reference
where the independent spatial coordinate is the mass. In planar geometry, the
mass coordinate is defined as the mass per unit area calculated from the outer
shell surface,

Z

x̄

m=

ρ(x̄0 , 0)dx̄0 ,

(2.1)

0

where ρ(x̄, 0) is the initial mass density and x̄ is the initial spatial location of the
fluid elements.
In this coordinate, the outer shell surface is represented by x̄0 = 0 and m = 0.
R r̄
In spherical geometry, Eq. (2.1) should be replaced by m = 4π 0 r̄02 ρ(r̄0 , 0)dr̄0 .
For simplicity, the calculation is carried out for the case of an ideal gas with
adiabatic index γ and neglect convergence effects on the basis that the adiabat
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shaping occurs when the inner shell surface has not yet moved and the initial
aspect ratio is sufficiently large that the shell can be approximated by a uniform
slab.
In the Lagrangian frame, the equations of motion for the shocked material can
be written in the following conservative form:
∂u
∂ 1
−
= 0,
∂m ∂t ρ
∂u ∂P
+
= 0,
∂t
∂m
µ
¶
P/ρ
∂
u2
∂
+
+
(P u) = 0,
∂t γ − 1
2
∂m

(2.2)
(2.3)
(2.4)

governing conservation of mass, momentum and energy respectively. In these
equations, ρ(m, t) is the mass density, u(m, t) is the fluid velocity, and P (m, t) is
the fluid pressure, with γ as the ratio of specific heats. In the absence of shocks,
the energy equation can be simplified yielding the isentropic flow condition
P = α(m)ργ ,

(2.5)

where α(m) is referred to in the ICF community as the adiabat function and
depends exclusively on the Lagrangian coordinate. Equation (2.5) is only valid
for isentropic flow and therefore does not apply across the shock front. At the
shock front, the solution of Eqs. (2.2)–(2.4) must satisfy the Hugoniot conditions
obtained by rewriting Eqs. (2.2)–(2.4) in the shock frame of reference and integrating across the shock front. A straightforward calculation leads to the following
jump conditions at the shock
¯¸
·¯
¯
¯
¯u + ṁs ¯ = 0,
¯
ρ ¯

(2.6)
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[|ṁs u − P |] = 0,
¯¸
¶
·¯ µ
2
¯
¯
u
P/ρ
¯ṁs
+
− P u¯¯ = 0.
¯
γ−1
2

(2.7)
(2.8)

Equations (2.6)–(2.8) can be simplified in the strong shock regime yielding the
simple relations for the areal density overtaken by the shock (ms ), the post-shock
density ρps and velocity ups ,
γ+1
ρ0 ,
γ−1
2 ṁs
ups =
,
γ − 1 ρps
r
(γ − 1)
ṁs =
Pps ρps ,
2
ρps =

(2.9)
(2.10)
(2.11)

where Pps is the post-shock pressure. In the sections that follow, Eqs. (2.2), (2.3),
(2.5) and (2.9)–(2.11) are solved to determine the dynamics of the shock-induced
adiabat shaping.

2.2

The General Problem of the Decaying
Shock

The analysis begins with the study of the propagation of a decaying shock
driven by a constant pressure applied over a time interval ∆tprep . At first, all
nonideal effects, such as laser ablation, are neglected and the laser is modeled
with a pressure applied on the outer shell surface. The general characteristics of
a decaying shock are summarized below.
A uniform strong shock is launched by the ablation pressure P∗ = Paprep applied
during the prepulse. Here the case of a square prepulse is considered and P∗ is
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set to a constant. This strong prepulse shock compresses the shell material to
a density ρ∗ = ρ0 (γ + 1)/(γ − 1) (here ρ0 is the initial shell density) and sets
the adiabat of the shocked material to a constant value α∗ = P∗ /ργ∗ . The shock
velocity Us∗ and the fluid velocity of the shocked material u∗ can be approximated
using the Hugoniot relations for strong shocks [Eqs. (2.9)–(2.11)] leading to
s
(γ + 1)2 P∗
Us∗ =
,
(2.12)
2(γ − 1) ρ∗
s
u∗ =

2 P∗
,
(γ − 1) ρ∗

(2.13)

where the relation Us∗ = ṁs /ρ0 has been used. After the interval ∆tprep , the laser
intensity (and therefore the applied ablation pressure) is greatly reduced causing
a rarefaction wave to propagate from the ablation front towards the shock front.
The leading edge of the rarefaction wave travels with the sound speed inside the
p
shocked material, a∗ = γP∗ /ρ∗ , which in turns travels with the post-shock
velocity u∗ with respect to the lab frame. The rarefaction wave leading edge
velocity in the lab frame is therefore
Ur = a∗ + u∗ =

2
γ+1

Ã
1+

r

γ(γ − 1)
2

!
Us∗ ,

(2.14)

and is always greater than the shock velocity Us∗ , indicating that the rarefaction
wave travels faster than the shock. The shock is therefore overtaken by the rarefaction wave. The overtaking time can be determined by equating the distance
traveled by the rarefaction wave with the distance traveled by the shock
(u∗ + a∗ )∆t∗ = dc + Us∗ ∆t∗ ,

(2.15)
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where dc = Us∗ ∆tprep (γ − 1)/(γ + 1) is the compressed thickness of the shocked
material at time t = ∆tprep and ∆t∗ is the traveling time of the rarefaction wave
before overtaking the shock. A simple manipulation of Eq. (2.15) yields the overtaking time interval
∆tprep

∆t∗ = p

2γ/(γ − 1) − 1

.

(2.16)

At time tr = ∆tprep +∆t∗ , the shock and the rarefaction wave interact after having
propagated through an areal density
m∗ = ρ0 tr Us∗ = ∆t∗ ρ∗ a∗ = ∆t∗

p

γP∗ ρ∗ .

(2.17)

Once the shock is overtaken by the rarefaction wave (t > tr ), the shock strength
starts decreasing, as does the adiabat jump across the shock. Since the adiabat
of each fluid element is conserved after the shock, the adiabat is independent of
time and only a function of the areal density: α = α(m).
Before the shock starts decaying, the post shock variables are uniform and
their values are denoted by the subscript ∗: P∗ , ρ∗ , α∗ , a∗ . Using these post shock
values, one can define a set of dimensionless variables
ρ̂ ≡

ρ
,
ρ∗

α̂ =

α
,
α∗

P̂ ≡
z=

P
,
P∗

m
,
m∗

u
,
a∗

(2.18a)

t
,
∆t∗

(2.18b)

û ≡
τ=

where m∗ and ∆t∗ are defined in the previous section. Here, t = 0 represents
the time when the laser power is lowered and the rarefaction wave is launched.
The equations of motion [Eqs. (2.2),(2.3),(2.5)] can be rewritten in a dimensionless form using the variables in Eqs. (2.18). A simple manipulation leads to the
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following form of the equations of motion
∂ ρ̂−1
∂ û
=
,
∂z
∂τ

(2.19a)

∂ û
∂ P̂
=−
,
∂τ
∂z

(2.19b)

P̂ = α̂(z)ρ̂γ ,

(2.19c)

γ

with the adiabat conservation equation [Eq. (2.19c)] valid away from the shock
front. Similarly, the Hugoniot conditions in the strong shock regime can also be
written in the following dimensionless form
r
żs =

γ−1
α̂(zs ),
2γ

(2.20a)

ρ̂(zs , τ ) = 1,
s
2α̂(zs )
û(zs , τ ) =
,
γ(γ − 1)

(2.20b)
(2.20c)

where zs ≡ ms (t)/m∗ . Here the dot in żs indicates a derivative with respect to
τ . For 0 < τ < 1, the rarefaction wave propagates towards the shock front and
Eqs. (2.20) yield the standard rarefaction wave solution
α̂ = 1,

P̂ = ρ̂γ ,

ρ̂ =

2
³ z ´ γ+1

τ

,

·³ ´ γ−1
¸ s
2
z γ+1
2
û =
,
−1 +
γ−1 τ
γ(γ − 1)

(2.21a)

(2.21b)

where z varies between 0 and τ . At time τ = 1 the rarefaction wave overtakes
the shock at the point z = 1. At this time, a perturbation propagating with the
sound speed travels backwards down the rarefaction wave while the shock strength
decays as the shock front travels forward. The adiabat, which is a function of the
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Lagrangian coordinate z, is uniform [α̂(z) = 1] for z < 1 and decays for z > 1. For
times τ > 1, Eqs. (2.19) need to be solved in the two domains of the rarefaction
wave 0 < z < 1 and the decaying shock 1 < z < zs . For z < 1 the function α̂ is
known (α̂ = 1) while it is unknown for z > 1. At the point z = 1 the two solutions
must satisfy the boundary conditions of continuous pressure and velocity
û(z = 1− ) = û(z = 1+ ),

(2.22a)

P̂ (z = 1− ) = P̂ (z = 1+ ).

(2.22b)

At the trailing edge of the rarefaction wave (z = 0) both density and pressure
are small as the applied pressure is greatly reduced after the end of the prepulse.
For simplicity, it is assumed that the post-prepulse pressure is negligible and the
vacuum boundary conditions at z = 0 are adopted,
ρ̂(0, t) = 0,

P̂ (0, t) = 0.

(2.23)

It is important to observe that all the equations, initial and boundary conditions
depend only on γ. It follows that the adiabat α̂(z) is a universal function of z for
any given γ and can be determined by a single numerical simulation.

2.3

Solution for m À m∗

Even though a single one-dimensional simulation is sufficient to provide the
adiabat shape, it is instructive to calculate the adiabat distribution analytically. It
is important to realize that Eqs. (2.19) cannot be solved exactly with the boundary
and initial conditions in Eqs. (2.20)–(2.23). It is, however, intuitive that after some
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time from the end of the prepulse, the shock propagation becomes independent
of initial and boundary conditions and develops a self-similar character. One
would expect that the solution of Eqs. (2.19) becomes self-similar for zs (t) À 1
and τ À 1. The self-similar solution has been studied by several authors49–54
and provides the asymptotic behavior of a decaying shock. Here the self-similar
calculation valid for zs À 1 is reviewed and then the decaying shock problem is
solved in the opposite limit of zs (t) ' 1 and τ ' 1 in order to generate a matching
formula approximating the solution for arbitrary z and τ .
A self-similar solution of the decaying shock problem can be found in the limit
of m∗ → 0. Because of the absence of characteristic quantities, it is appropriate
to use dimensional variables m, t, P , ρ, u, and the following divergent form of the
adiabat
α(m) =

σ∗
,
mδ

(2.24)

with δ to be determined by the solvability condition. The shock trajectory can
be found from the shock velocity equation [Eq. (2.11)] after substituting Pps =
σ∗ ργ∗ /mδ and ρps = ρ∗ , leading to the following differential equation
s
γ − 1 σ∗ ργ+1
∗
ṁs (t) =
,
2 ms (t)δ
which exhibits the following power law solution
2
"µ
# 2+δ
¶ r
δ
γ−1
γ+1
σ∗ ρ∗
.
ms (t) =
1+
t
2
2

(2.25)

(2.26)

Since the only relevant position is the shock location ms (t), the corresponding
self-similar coordinate is
ξ=

m
ms (t)

(2.27)
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and the self-similar dependent variables are
ρ = ρ∗ ρ̂(ξ),

u=

ṁs
û(ξ),
ρ∗

P = σ∗ ργ∗ P̂ (ξ),

(2.28)

where P̂ (ξ) = ρ̂(ξ)γ . Substituting Eqs. (2.27)–(2.28) into Eqs. (2.2)–(2.3) yields
the following coupled ordinary differential equations (ODEs) for û and ρ̂
dû
+ r(ξ) = 0,
dξ

(2.29a)

ξ dρ̂
+ r(ξ) = 0,
ρ̂2 dξ

(2.29b)

π(ξ)
π(ξ)
where

γ−1
ρ̂γ+1
ξ − γ δ+1 ,
2
ξ
ρ̂γ
δ
r(ξ) = (γ − 1)û + δ δ+1 .
4
ξ
π(ξ) =

(2.29c)
(2.29d)

The boundary conditions at the shock front are governed by the Hugoniot relations
ρ̂(1) = 1,

û(1) =

2
,
γ−1

(2.30)

while ρ̂(0) must vanish (ρ̂(0) = 0) as the adiabat is infinite at m = 0. The pressure
at m = 0 is not assigned. Instead, it is determined by the self-similar solution
of Eqs. (2.29). By integrating the momentum conservation equation [Eq. (2.3)]
between m = 0 and m = ms (t) and using the Hugoniot relations leads to the
following equation for the applied pressure
!
ÃZ
ms (t)
∂
P (m = 0, t) =
u dm ,
∂t
0

(2.31)

which can be rewritten upon substitution of Eqs. (2.26)–(2.28) into the simple
form
1
P (m = 0, t) =
ρ∗

µ

γ−1
σ∗ ργ+1
∗
2

2
¶ 2+δ

1 − δ/2
(1 + δ/2)

2δ
2+δ

R1
0

û(ξ)dξ
2δ

t 2+δ

.

(2.32)
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Observe that Eq. (2.32) indicates that the applied pressure is a decaying function
of time with a power law dependence. One can also argue that the self-similar
solution represents the case of an impulsive pressure P (m = 0, t > 0) = 0 only
when the zero global momentum condition is satisfied
Z

1

û(ξ)dξ = 0.

(2.33)

0

In summary, the self-similar solution requires either an applied pressure of the
form given in Eq. (2.32) or an impulsive pressure with the condition of zero global
momentum [Eq. (2.33)]. Both the finite pressure or zero pressure conditions at
m = 0 impose some restrictions on the solution of Eqs. (2.29) near ξ → 0. It is
therefore useful to solve the self-similar equation near ξ = 0 to determine whether
or not a finite or zero pressure solution exists. Indeed, by expanding the equations
near ξ = 0, one finds two power law solutions
δ

ρ̂(ξ) ' Ω0 ξ 1+ 2 (1 + Ω1 ξ µ + · · · ),

(2.34)

δ

ρ̂(ξ) ' θ0 ξ γ (1 + ν1 ξ + θ1 ξ ω + · · · ),

(2.35)

where ω = 2 − δ/γ, µ = (δ + 2)(γ − 1)/2,
1

δ(γ − 1)
θ1 = γ+1 2
θ0 2γ ω(ω − 1)
Ω1 = Ωγ+1
0

µ

δ
δ
1+ −
2 γ

¶

2(φγ − δ)(φγ − δ − 1)
,
(µ − φ)µ

,

(2.36)
(2.37)

with φ = 1+δ/2 and θ0 , Ω0 and ν1 representing arbitrary constants. It is important
to notice that Eq. (2.34) corresponds to the finite pressure solution while Eq. (2.35)
corresponds to a zero pressure at m = 0.
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Self-similar Solution

Equations (2.29) can be numerically solved for different values of δ’s. For
δ ≤ 1.2748, the solution is regular and merges with a constant pressure solution
near ξ = 0. For δ < 1.2748, P̂ (0) is nonzero representing a solution with a finite
applied pressure which decays in time as t−2δ/(2+δ) . In agreement with Ref. 51,
the ODEs [Eqs. (2.29)] become singular for δ ' 1.2748 (for γ = 5/3) at the point
ξc ' 0.0851 where π(ξc ) = 0. Observe that the derivatives of ρ̂ and û would be
singular unless r(ξ) also vanishes at ξc . Indeed, for δ ' 1.2748, both π(ξ) and
r(ξ) vanish at ξc ' 0.0851 indicating that the derivatives of ρ̂ and û are regular
even though they may be discontinuous at ξc . In order to avoid integrating the
equations through the singular point ξc , one can numerically solve between 1 and ξc
and between 0 and ξc with the constraint that both ρ̂(ξ) and û(ξ) be continuous at
ξc . The numerical integration in the (0, ξc ) interval can be performed by using the
expansions in Eqs. (2.34) and (2.35) as initial conditions. Indeed, for Ω0 ' 1.8949,
the solution starting from the initial conditions in Eq. (40) matches the solution
in (ξc , 1) at the singular point ξc . Similarly, for θ0 ' 0.2658, the solution starting
from the initial conditions in Eq. (2.35) matches the other solution at ξc implying
that there are two valid self-similar solutions for δ ' 1.2748, corresponding to a
finite and to a vanishing applied pressure. These two solutions are identical for
ξ > ξc and differ only in the interval (0, ξc ). The existence of two valid solutions
for δ = 1.2748 is quite revealing. Because the finite pressure solution requires an
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applied pressure decaying as
P (m = 0, t) ∼

1
t

2δ
2+δ

∼

1
t0.78

(2.38)

and the zero pressure solution requires a sudden decay, one can speculate that a
pressure decay rate faster than t−0.78 does not alter the solution for ξ > ξc which
becomes quickly self-similar with δ ' 1.2748, independent of the applied pressure
decay rate. In conclusion, the adiabat shape left behind by a decaying self-similar
shock follows a power law of the areal density
α∼

1
mδ

(2.39)

with δ ≤ 1.2748. Values of δ < 1.2748 corresponds to solutions for an applied
pressure decaying as P (m = 0, t) ∼ t−2δ/(2+δ) while values of δ = 1.2748 corresponds to solutions for a faster decaying or impulsive pressure [P (m = 0, t) ∼ t−µ
with µ > 2δ/(2 + δ)].

2.4

Decaying Shock Solution Near m = m∗

In the case of a sudden decrease of applied pressure, the self-similar solution
provides an accurate asymptotic representation for m À m∗ . However, in order to
derive a solution valid for any m, the equations must first be solved near m = m∗
and then a function for α generated that matches both the solution near m∗ and
the self-similar solution for m À m∗ .
Since α̂(z) is independent of time, one can solve near z = 1 (i.e. m = m∗ )
at time τ ' 1 representing the time of interaction between the shock and the
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Fig. 2.1: The characteristics at z = τ = 1 are represented by the lines C0+ and
C0− . The forward characteristic at A (z = 1 − dzA , τ = 1 + dτA ) is
shown by C1+ .
rarefaction wave. The first step is to find the velocity at z = 1 and τ = 1 + dτ .
This can be accomplished using the method of characteristics. The characteristic
equations in the dimensionless coordinates are
q
ż = ±

p
P̂ ρ̂ = ± ρ̂γ+1 ,

(2.40)

where the last term on the right hand side applies for z ≤ 1 where the adiabat is
uniform and P̂ = ρ̂γ .
Figure 2.1 shows the characteristic C0+ representing the straight line z = τ
and the characteristic C0− with a slope ż = −1 at z = 1, τ = 1. The point A has
coordinates
τA = 1 + dτA ,

zA = 1 − dτA ,

(2.41)
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p

ρ̂(zA , τA )γ+1 at

A. Notice that dτA has not been defined and is determined later as a function of
dτ . Using the rarefaction wave solution [Eqs. (2.21)] and expanding ρ̂ near A one
finds the slope of C1+ [ż ' 1 − 2dτA ] leading to the following form of C1+ near A
z = (1 − 2dτA )(τ − τA ) + zA .

(2.42)

The relation between dτA and dτ can be found by substituting the coordinates of
B (i.e. setting z = 1, τ = 1 + dτ ) into Eq. (2.42) yielding dτ = 2dτA . Using the
property of the Riemann function J + = 2â/(γ − 1) + û, which is constant along
C1+ , yields the following relation for the Riemann invariant
J + (A) = J + (B).

(2.43)

This equation can be used to determine a relation between û and â at point B,
given these quantities at point A. The values of both û and â at point A can be
easily determined from the rarefaction wave solution leading to
s
2
4dτA
ûA '
−
,
γ(γ − 1) γ + 1
q
γ−1
âA = ρ̂γ−1
'1−2
dτA .
A
γ+1

(2.44)
(2.45)

Since point B is defined by the coordinates z = 1 and τ = 1 + dτ , the velocity and
sound speed can be written as Taylor expansions about the point z = 1, τ = 1
yielding

·

s

· ¸
∂ û
2
+
dτ =
dτ,
γ(γ − 1)
∂τ 1,1
1,1
· ¸
γ−1
γ
−
1
∂ ρ̂
âB = ρ̂B2 ' 1 +
dτ.
2
∂τ 1,1

∂ û
ûB ' û1,1 +
∂τ

¸

(2.46a)
(2.46b)
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Substituting Eqs. (2.44)–(2.46) into Eq. (2.43) leads to the following relation between the pressure gradient and density time derivative
#
"
· ¸
∂ ρ̂
∂ P̂
4γ
=
+γ
,
∂z
γ+1
∂τ 1,1

(2.47)

1,1

where the pressure gradient enters Eq. (2.47) through the momentum conservation
equation relating the acceleration to the pressure gradient. It is important to
emphasize that all the temporal and spatial derivatives above are calculated at
z = 1− , that is before the shock decay region (z > 1). Because the pressure,
adiabat, density and velocity are continuous at z = 1, it follows that all the time
derivatives must also be continuous. Furthermore, the conservation of momentum
[Eq. (2.3)] requires that the pressure gradient be continuous due to the continuity
of the acceleration (∂τ u). On the other hand, there are no such constraints on the
density and adiabat gradients, which are discontinuous at z = 1.
The next step is to expand the Hugoniot conditions concerning the post-shock
velocity at the shock front defined as zs = 1 + dzs . The post-shock velocity
equation

s
û(1 + dzs , 1 + dτ ) =

2
P̂ (1 + dzs , 1 + dτ ),
γ(γ − 1)

is expanded near (1, 1) retaining the first order terms, yielding
!
r
µ ¶ ·r
¸ Ã
∂ ρ̂
γ
γ−1
∂ P̂
3
+
= 0.
+
∂τ 1,1
2(γ − 1)
2γ
∂z
2γ

(2.48)

(2.49)

1,1

In the derivation of Eq. (2.49), the equations of motions [Eqs. (2.19)] and the
p
shock velocity at τ = 1, żs (1) = γ − 1/2γ have been used. Equations (2.47)
and (2.49) can then be solved to determine the density time derivative and the
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pressure gradient which depend only on the adiabatic index
µ ¶
∂ ρ̂
6/(γ + 1)
q
=−
,
q
γ
γ−1
3
∂τ 1,1
+
+
2

Ã

∂ P̂
∂z

!
1,1

2(γ−1)

40

(2.50)

2γ

√
4 2γ(2γ − 1)
h p
=
√
√ i.
(γ + 1) 3 γ(γ − 1) + 2(γ − 1) + 2γ

(2.51)

The remaining Hugoniot condition concerning the post-shock density ρ̂(1+dzs , 1+
dτ ) = 1 can also be expanded to first order and using Eq. (2.50) yields the density
gradient at z = 1, τ = 1
µ

∂ ρ̂
∂z

¶+
= q
1,1

3
2

6/(γ + 1)
γ−1
2γ

+ 21 +

γ−1
2γ

,

(2.52)

where the superscript + indicates that the derivative is calculated on the z > 1
side. The last step is to determine the adiabat gradient at z = 1 using the
definition of the dimensionless adiabat α̂ = P̂ /ρ̂γ and the pressure and density
gradients provided by Eqs. (2.51) and (2.52). A straightforward calculation leads
to the following form of the adiabat gradient at the beginning of the shock decay
µ ¶+
∂ α̂
2γ
= −β,
β=
(1 + ²),
(2.53a)
∂z 1,1
2γ − 1
where
√
2γ − 1
√
² = −1 + 2 2 p
.
3 γ(γ − 1) + 2(2γ − 1)

(2.53b)

For γ > 1.4 the term ² is typically small (|²| < 0.06) and asymptotically reaches the
constant value −0.029 for γ → ∞. This concludes the solution near z = 1. The
adiabat and its derivatives at z = 1 have been determined and can be used together
with the self-similar solution to generate a matching formula approximating the
adiabat over the entire range of z ≥ 1.
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Matching Formula for the Adiabat Shape

An approximate formula representing the adiabat profile left behind by a decaying shock can be constructed by matching the solution near m = m∗ with
the self-similar behavior for m À m∗ . The matching formula must satisfy the
conditions
α̂(1) = 1,

dα̂
(1) = −β,
dz

α̂(z → ∞) ∼

0.923
,
zδ

(2.54)

where δ = 1.2748 and β = 1.459 for γ = 5/3. It is important to notice that the
self-similar solution only provides the scaling with z but not the actual coefficient.
While a coefficient near unity is expected, the numerical solution of the Euler
equations [Eqs. (2.2)–(2.4)] has indicated that the correct coefficient for (γ =
5/3) is 0.923. An extremely accurate representation of the adiabat profile can be
obtained by choosing the following fitting formula
·
α̂(z) =

1+ν

¸σ

δ

zσ + ν

,

(2.55)

which satisfies the two conditions α̂(1) = 1 and α̂(z → ∞) ∼ z −δ . The parameters
ν and σ can be determined by applying the other two conditions on α̂0 (1) and on
the coefficient 0.923 [Eq. (2.54)]. A simple calculation leads to the following values
(for γ = 5/3): ν = −0.127 and σ = 0.591, which upon substitution into Eq. (2.55)
yields the adiabat shape function
µ
α̂(z) '

0.873
z 2.157 − 0.127

¶0.591
.

(2.56)
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A simpler formula for the adiabat shape can be obtained by fitting Eq. (2.56) with
a simple power law such as
α̂(z) '

1
z 1.315

,

(2.57)

which exhibits an error below 3% with respect to the numerical solution over the
range 1 < z < 10. Figure 2.2 shows the ratios between the numerical solution of
the Euler equations [Eqs. (2.2)–(2.4)] and Eqs. (2.56) (solid) and (2.57) (dashed).
Observe that Eq. (2.56) reproduces the numerical results very accurately over any
range of z. Figure 2.2 also shows a comparison between the numerical solution
with the adiabat shape derived in Ref. 33 (dashed-dotted) and the self-similar
solution α̂ = z −1.275 (dotted) of Refs. 51 and 52. The adiabat profile of Ref. 33,
derived using a spatially frozen pressure profile, exhibits a significantly different
behavior from Eq. (2.56), while the behavior of the self-similar solution differs
mostly near z = 1. In view of the good agreement between the simple power law
and the simulation, Eq. (2.57) will be used as the adiabat shape induced by a
decaying shock in an ideal gas when the applied pressure vanishes right after the
end of the prepulse.
It is curious to observe that Fig. 1 of Ref. 33 shows good agreement between
the analytic formula for the shock pressure and full 1-D simulations including all
the relevant ICF physics carried out with the code LILAC.55 This can be explained
by the fact that the error in the analytic formula of Ref. 33 with respect to the
numerical solution of the Euler equations (from which the formula is derived)
coincidentally goes—in a manner of speaking—in the appropriate direction to
compensate for the additional physics included in the LILAC simulations, which
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Fig. 2.2: Comparison of the numerical solution (αsim ) of Eqs. (2.2)–(2.4) to
several analytical formulas for the adiabat shape (αth ): Eq. (2.56)
(solid); Eq. (2.57) (dashed); Eq. 4 of Ref. 33 (dash-dot); solution from
Refs. 49–54 (dotted).
is missing in the Euler equations. This additional physics is related to the ablation
process and discussed in the next section.
It should be noted that the decaying-shock adiabat profile is dependent on the
equation of state. Appendix A derives decaying shock profiles for ideal gas EOS
with various values of γ. It is shown that DS adiabat profiles become steeper for
lower values of γ.

2.6

Effects of Mass Ablation and Residual
Ablation Pressure

In laser-driven implosions, mass is ablated off the outer shell surface at a rate
1/3

ṁa which depends on the laser intensity ṁa ∼ IL . When the laser power is
lowered after the prepulse (t = ∆tprep ) and the rarefaction wave is launched, a
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fraction of the shell mass has been ablated. Since the relevant m∗ is the areal
density overtaken by the rarefaction wave before interacting with the shock, it is
appropriate to reset the origin of the m variable so that m = 0 corresponds to
the fluid element on the outer surface at the end of the prepulse t = ∆tprep . For
this purpose, the new mass variable is denoted as m(a) = m − mprep
where mprep
a
a
is the mass ablated during the prepulse and m(a) = 0 represents the point where
the rarefaction wave is launched. The time ∆t∗ representing the time interval
between the end of the prepulse and the rarefaction-shock interaction is affected
by ablation and satisfies the following equality
(u∗ + a∗ )∆t∗ = dc − da + Us∗ ∆t∗ ,

(2.58)

where dc = Us∗ ∆tprep (γ − 1)/(γ + 1) is the compressed thickness of the shocked
material at time t = ∆tprep and da is the thickness of the ablated portion da =
mprep
/ρ∗ = Vaprep ∆tprep where Vaprep is the ablation velocity during the prepulse.
a
The interval ∆t∗ can be derived from Eq. (2.58) yielding
r
¸
·
2γ
∆tprep
prep
a
M
,
1−
∆t∗ = p
γ−1 a
2γ/(γ − 1) − 1

(2.59)

where Maprep ≡ Vaprep /a∗ represents the ablative Mach number during the prepulse.
Observe that the superscript a has been used to discriminate between the ∆t∗ with
[Eq. (2.59)] and without [Eq. (2.16)] ablative correction.
It is interesting to note that Maprep is independent of the laser power. Indeed,
using the well-known relations for the ablation rate and pressure1, 24–26 one can
easily construct the following expression
µ
¶µ
¶0.5
0.35
Pa (Mbar)
2
5
ṁa (g/cm s) ' 5.2 · 10
,
λ(µm)
20

(2.60)

2. Adiabat Profiles Generated by a Decaying Shock

45

where λ(µm) is the laser wavelength in microns and Pa (Mbar) is the ablation
pressure in Megabars. The ablative Mach number is calculated for γ = 5/3 by
setting Vaprep = ṁprep
/ρ∗ leading to
a
µ
Maprep

' 0.091

0.25
ρ0 (g/cm3 )

¶0.5 µ

0.35
λ(µm)

¶
,

(2.61)

where ρ0 is the initial density before the shock. Observe that the ablative correction of ∆t∗ in Eq. (2.59) is significant and approximately equal to 20% for DT
ice (ρ0 = 0.25g/cm3 ) and UV lasers (λ = 0.35 µm) leading to ∆ta∗ ' 0.64∆tprep .
It follows that the areal density undertaken by the rarefaction wave before the
shock interaction has the same form as Eq. (2.16) [ma∗ = a∗ ∆ta∗ ρ∗ ], however the
numerical value of ma∗ is reduced with respect to Eq. (2.16) by approximately 20%
because of the reduction in ∆t∗ due to the ablative correction (i.e. ∆ta∗ ). The
analysis in Sections 2.2–2.4 follows without any changes, but with the premises
that m, m∗ and ∆t∗ used in the definitions of z and τ are replaced by m(a) , ma∗
and ∆ta∗ , respectively, which include the ablative corrections. This leads to the
following shape function from Eq. (2.57)
µ
α̂ =

ma∗
m(a)

¶δ
,

(2.62)

where δ ' 1.315 for a flat prepulse with an applied pressure that vanishes right
after the prepulse end.
Another important effect occurring in laser-accelerated targets is that of residual heating of the ablation front. When the laser power is lowered (or turned
off) at the end of the prepulse t = ∆tprep , the heat stored in the coronal plasma
continues to flow towards the ablation front. Because of the finite heat capacity
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of the corona, the ablation pressure does not vanish instantaneously when the
laser is turned off. Instead the ablation pressure decays in time approximately
following a temporal power law
µ
Pa (t < ∆tprep ) = P∗ ,

Pa (t > ∆tprep ) = P∗

∆tprep
t

¶n
.

(2.63)

The power index n can be determined by fitting Eq. (2.63) with the results of
1-D simulations using the ICF code LILAC.55 Figures 2.3(a) and 2.3(b) compare
the decay of the ablation pressures from LILAC (solid lines) with Eq. (2.63) for
a 100-ps prepulse inducing a 26-Mb ablation pressure [Fig. 2.3(a)] and a 300-ps
prepulse inducing a 33-Mb pressure [Fig. 2.3(b)] on a cryogenic DT slab of 350µm thickness. The power indices in Eq. (2.63) that fit the simulation results are
n ' 2 for the 100-ps prepulse [dashed line in Fig. 2.3(a)] and n ' 3 for the 300ps prepulse [dashed line in Fig. 2.3(b)]. It is important to notice that when the
ablation pressure depends on the ratio t/∆tprep , the resulting boundary conditions
(discussed in Section 2.2) depends exclusively on the dimensionless time τ = t/∆t∗
and the adiabat index γ. Indeed, one can substitute
t
τ
=
,
∆tprep
τ0 (γ)

τ0 (γ) =

p

2γ/(γ − 1) − 1

(2.64)

into Eq. (2.63) and conclude that the appropriate boundary condition for the
dimensionless applied pressure can be cast in the following form
P̂ (z = 0, τ < τ0 ) = 1,

P̂ (z = 0, τ > τ0 ) =

³ τ ´n
0

τ

.

(2.65)

It follows that for a given value of γ and power index n, a single numerical simulation provides the universal function α̂(z, n). As recognized in Section 2.3.1, the
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Fig. 2.3: A fit of the ablation pressure time decay from LILAC (solid) to a power
law (dashed) for 100-ps (a) and a 300-ps (b) square prepulses.

2. Adiabat Profiles Generated by a Decaying Shock

n

δ

2

1.05

3

1.13

4

1.20

∞

1.315
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Table 2.1: Decaying shock adiabat profile power indices for various residual ablation pressure decay rates. Decay rates are characterized as power
laws with power index n.
asymptotic solution becomes self-similar when n > 0.78. However the transition
to a self-similar form occurs at large z À 1 (i.e. m À m∗ ) while the interesting
range of z for ICF applications is typically below 10. In this case, it is important to determine the adiabat shape before the transition to a self-similar profile.
For this purpose, the numerical solution of Eqs. (2.19) with boundary conditions
[Eq. (2.65)] is carried out using different n’s, to determine the corrections caused
by a finite time decay of the pressure within the interval 1 < z < 10. For simplicity, a power law fit for α̂ is maintained and the power indices for n in the range 2
to 6 are calculated [Table 2.1]. For n = 2 and 3, the numerical solution yields an
adiabat shape that can be approximated with the following power laws
µ
(a)

α̂(m

>

ma∗ , n

>

ma∗ , n

= 3) '
µ

(a)

α̂(m

= 2) '

ma∗
m(a)
ma∗
m(a)

¶1.13
,

(2.66a)

.

(2.66b)

¶1.05

Observe that the power indices are somewhat less than δ = 1.315 [Eq. (2.57)]
derived in the case of a sudden decrease in pressure (i.e. n → ∞). The fact
that the adiabat shape is not as steep as in the case of a sudden decrease in
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pressure should not be surprising as the residual applied pressure sustains the
shock preventing its rapid decay. As expected, the value of δ increases with n and
reaches the asymptotic value δ = 1.315 for n → ∞. This concludes the theoretical
analysis of the adiabat shape. The next step is the derive a set of simple formulas
that can be conveniently used to design ICF capsule or planar foil experiments
with adiabat profiles shaped by a decaying shock.

2.7

Prepulse Design Formulas for DS Shaping

Starting from the adiabat shape derived in the previous sections, it is possible to derive some simple formulas relating the laser prepulse and foot pressure/intensity, the prepulse and duration, and the desired values of the outer- and
inner-surface adiabats. It is clear that the prepulse pressure initially determines
the front surface adiabat. However, since the ablation front advances inside the
target with the ablation velocity, the ablation front adiabat is typically a function
of time. It is therefore important to specify a reference time at which the ablation
front adiabat is determined and optimized. Since the acceleration phase starts a
short time after the shock break-out, the adiabat shape at shock break-out is optimized with the intent to induce the largest possible outer surface adiabat during
the acceleration phase. It is also important to notice that for a constant pressure
prepulse, the outer surface adiabat is constant for 0 < m < m∗ and decays for
m > m∗ .
One can easily determine the ablation pressure required to induce the desired
outer surface adiabat. for the remainder of this chapter, the numerical value of
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the adiabat will refer to a normalized “DT-standard” adiabat, which is defined as
the ratio of the plasma pressure to the Fermi-degenerate pressure of fully-ionized
DT at the same mass density:
α≡

P (Mb)
.
2.18ρ (g/cm3 )5/3

(2.67)

Here, the pressure is given in megabars, and the density in g/cm3 . This renormalization of the adiabat does not affect the power-law analysis derived in the
preceeding sections. In terms of this DT-standard adiabat, the ablation pressure
is given by
Pa (Mbar) = 19.6

´ µ ρ (g/cm3 ) ¶1.67
0
9
0.25

³α

out

(2.68)

where ρ0 is the initial shell density and the value αout = 9 has been chosen as
a typical desired value of the ablation front adiabat. Here, the density of 0.25
g/cm3 refers to the uncompressed DT ice. The laser intensity required to drive the
ablation pressure in Eq. (2.68) can be derived by the standard relation Pa (Mbar) =
40(I15 /λ(µm))2/3 where I15 is the laser intensity in units of 1015 W/cm2 . This
relation is valid for steady-state laser absorption and needs to be used with caution
as discussed later in this section. The prepulse duration can be derived from the
adiabat shape and the design values of the outer- and inner-surface adiabats.
Using Eqs. (2.66), one can write
αout
=
αin

µ

mashell
ma∗

¶δ
(2.69)

is the total shell areal density left after the prewhere mashell = mshell (0) − mprep
a
pulse and δ ' 1 as for typical prepulses with ∆tprep ≤ 300 ps. A straightforward
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manipulation of Eq. (2.69) yields the following form of the required prepulse duration
µ

¶µ
¶0.33
dshell (µm)
0.25
∆tprep (ps) =180
100
ρ0 (g/cm3 )
¶0.5+ 1δ ³ ´ 1 1− 1
µ
9
αin δ 3 δ
,
×
αout
3
1 − ²a

(2.70)

where dshell is the initial shell thickness and
²a = Maprep [2.23 − 1.54(αin /αout )1/δ ]

(2.71)

represents the ablative correction. Note, that typically ²a < 0.2 for Maprep ' 0.09.
Equations (2.68) and (2.70) show that an arbitrarily large adiabat ratio can be
induced by simply increasing the applied prepulse pressure and decreasing the
prepulse duration. However, there are limitations with regard to the magnitude of
the outer-surface adiabat and the adiabat ratio. The first constraint concerns the
adiabat ratio at the shock break-out time θ = αout /αin . The limits of θ are dictated
by the mass ablated during the foot of the laser pulse following the prepulse. Since
the adiabat is flat for m < ma∗ , the largest outer-surface adiabat (for a given innersurface adiabat) can be achieved by tailoring the prepulse intensity and the laser
foot duration in order to ablate the flat adiabat region. This requires that
mfoot
= ma∗
a

(2.72)

= ṁfoot
where mfoot
a ∆tfoot is the mass ablated during the time interval between
a
the end of the prepulse and the shock break-out time. A similar principle is used
in Ref. 33.

2. Adiabat Profiles Generated by a Decaying Shock

52

The interval ∆tfoot can be estimated from Eq. (2.20a) relating the shock velocity żs to the shell adiabat α̂(z) ' 1/z δ leading to the following shock trajectory
2
·
µ
¶r
¸ 2+δ
δ
γ−1
(τ − 1)
zs (τ ) = 1 + 1 +
(2.73)
2
2γ
It follows that the time interval between the end of the prepulse (τ = 0) and the
shock break-out time can be derived from Eq. (2.73) by setting zs = θ1/δ where
θ = αout /αin is the desired adiabat ratio. This time interval represents the foot
duration ∆tfoot and only depends on the prepulse characteristics (it is independent
of the foot). This is not the case in the absence of a prepulse as the foot length
depends on the foot properties. In the simplest pulse shapes, the foot intensity
is kept constant, such that the induced ablation pressure Pfoot corresponds to the
desired inner-surface adiabat.
It follows that the foot properties (∆tfoot and Pfoot ) can be summarized by the
following simple formulas





∆tfoot = ∆ta∗ 1 + q

θ

2+δ
2δ

¡
γ−1
2γ

Ã
Pafoot (Mb)

= 2.18αin

−1

¢
1 + 2δ
!1.67
3

(2.74a)

g/cm

ρ0
0.25

(2.74b)

where ∆ta∗ ' 0.64∆tprep for DT. Observe that, using Eq. (2.74a), ∆ta∗ cancels from
both sides of Eq. (2.72) and the maximum adiabat ratio θ∗ satisfies the following
equation



2+δ
2δ


foot

a
1 + q θ∗ ¡ − 1 ¢  Maprep ṁprep
=1
γ−1
δ
ṁa
1
+
2γ
2

(2.75)

Using Eq. (2.60), it follows that the ratio of the foot ablation rate to the prepulse
ablation rate is related to the ratio of the foot to prepulse pressures, and therefore
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/ṁfoot
=
a
a
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θ. It is very important to notice

that the steady-state ablation relations used in Eq. (2.60) and adopted in the
current derivation are not very accurate during the prepulse where a steady state
is not reached. Furthermore, high performance target design requires the foot
intensity to rise before the shock breaks out on the inner surface. This is commonly
done to prevent secondary shock generation during the rise to full power, which
would set the inner portion of the shell on a high adiabat. Since the total laser
energy in a rising foot is larger than in a flat (constant intensity) foot of same
starting power, it follows that the mass ablated during the rising foot is larger
than for the flat foot. All these uncertainties in the calculation of the ablated
mass can be heuristically accounted for by introducing a corrective factor χ in the
ratio of mass ablation rates thus setting
√
ṁprep
θ
a
=
foot
ṁa
χ

(2.76)

where χ > 1 represents an enhancement with respect to steady-state ablation rate
of a flat foot. The final form of the equation governing the maximum adiabat ratio
can be written in the following form


2+δ
2δ
1 + q θ∗ ¡ − 1 ¢  Maprep √χ = 1
γ−1
θ∗
1 + 2δ
2γ

(2.77)

where θ∗ is the optimized adiabat ratio. In order to estimate the size of the
maximum adiabat ratio, Eq. (2.77) is solved for cryogenic DT with Maprep ' 0.09
[Eq. (2.61)] for both the idealized case of χ = 1 and for a more realistic rising-foot
case with χ = 1.4. The results are given in Table 2.2. Note that the maximum
adiabat ratio is lower in the rising-foot case. Because the maximum adiabat ratio
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θ
δ

χ = 1.0

χ = 1.4

1.0

7.6

5.5

1.1

9.6

6.7

1.2

12.0

8.2

Table 2.2: Optimized inner-to-outer adiabat ratios including ablative effects under the idealized approximation of a constant intensity foot (χ = 1.0)
and using a more realistic approximation with a rising-foot (χ = 1.4).
is given by Eq. (2.77), the optimum prepulse pressure and duration are determined
by Eqs. (2.68) and (2.70) upon substitutions of the maximum ratio θ∗ leading to
µ ¶ Ã g/cm3 !1.67
θ∗
ρ0
Paprep (Mb) ' 19.6αin
(2.78)
9
0.25
!0.33 µ ¶
µ µm ¶ Ã
¶0.5
0.5+ 1δ µ
2
d
9
3
0.25
2− δ
shell
∆tprep (ps) ' 42 · 3
(2.79)
g/cm3
100
θ∗
αin
ρ0
where ²a has been set approximately equal to 0.18 in accordance with typical
adiabat ratios of 5–10 and δ is provided in Table 2.1 (δ ' 1.05 and δ ' 1.13 for
prepulses in the 100-ps and 300-ps range respectively).
prep
The mass ablated mtot
+ mfoot
during the prepulse and the foot of the
a = ma
a

laser pulse can be easily determined by using Eq. (2.76) leading to
¶
µ
χ ∆tfoot
tot
prep
ma = ṁa ∆tprep 1 + √
θ ∆tprep

(2.80)

The foot–prepulse length ratio in Eq. (2.80) can be derived from Eq. (2.74) and,
after a straightforward manipulation, the total ablated mass fraction can be written in the following form




2+δ

tot
2δ
ma
1
θ
− 1  prep χ 

=
ωa + 1 + q
¡
¢ Ma θ0.5+1/δ 
γ−1
mshell
1 + ωa 
1+ δ
2γ

2

(2.81a)
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where
ωa =

Maprep
θ

1
δ

1.24
1 − 2.23Maprep

(2.81b)

Equations (2.81) are valid for any prepulse and can be simplified for the optimized
prepulse defined by Eq. (2.77) leading to
·
¸
mtot
1
1
a
=
ωa (θ∗ ) + 1/δ
mshell
1 + ωa (θ∗ )
θ∗
where θ∗ is the optimized adiabat ratio satisfying Eq. (2.77).

(2.82)
Observe that

Eq. (2.82) does not directly depend on the corrective factor χ. However, it does
depends on χ through the optimized adiabat ratio and can be conveniently used
to determine the corrective factor χ when compared with numerical simulation. A
single iteration is usually adequate to calculate χ. One starts by guessing a value
of χ ∼ 1, then designs the optimized prepulse and foot by solving Eq. (2.77) to
find θ∗ , Eqs. (2.78) and (2.79) to find ∆tprep and Paprep , Eqs. (2.74a) and (2.74b)
to find ∆tfoot and Pafoot , and Eq. (2.82) to find the ablated mass fraction during
the prepulse and foot. The pulse (prepulse and foot) is then simulated with a onedimensional code, and the fraction of ablated mass is extracted at shock break
out from the simulation output. If this fraction is larger (smaller) than the one
predicted by Eq. (2.82), then one increases (decreases) χ until Eqs. (2.77) and
(2.82) yield the same value of the ablated fraction from the simulation. One then
recalculates the prepulse and foot properties with the new value of χ. Typically,
one adjustment of χ is sufficient to produce highly accurate results, as the difference between simulated values and desired design parameters is negligible. For
typical high performance target designs,33 the ablated mass fraction [Eq. (2.82)]
during the prepulse and foot is in the 20% range. As shown in the next section,
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this pulse design technique seems to be quite accurate, general and applicable to
different foot and prepulse shapes.

2.8

Simplified Adiabat Profiles and
Comparison With LILAC

After including the “nonideal” effects of mass ablation and residual ablation
pressure, it is useful to carry out a detailed comparison between the theoretical
results of the previous sections and the predictions of the 1-D ICF code LILAC55
including all the relevant ICF physics. All the LILAC runs are carried out selecting
the Thomas–Fermi equation of state.
In order to carry out a meaningful comparison of the adiabat shapes, it is
convenient to rewrite the adiabat shape function [Eq. (2.62)] in a form that can
be easily compared with the output of LILAC. The first obstacle is in the accurate
determination of the terms m(a) and ma∗ in Eq. (2.62) which are typically hard to
extract from LILAC output. This can be avoided by rewriting Eq. (2.62) using the
full areal density coordinate m = m(a) +mprep
. Note that the ratio µa ≡ mprep
/ma∗
a
a
is significantly smaller than unity. For DT and a laser of λ = 0.35µ m,
µa =

ṁa ∆tprep
' 1.54Maprep ≈ 0.14
a
∆t∗ ρ∗ a∗

(2.83)

Since it is much smaller than unity, one can simplify Eq. (2.62) using µa as an expansion parameter. A straightforward manipulation leads to the following adiabat
shape function including first-order corrections in µa
µ tot ¶δa
m∗
tot
α̂(m > m∗ )] '
[1 + δµa f (η) + O(²2a )]
m

(2.84a)
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a
prep
where mtot
and η = m/mtot
∗ = m∗ + ma
∗ varies between ηmin = 1 and ηmax =

mshell /mtot
∗ where mshell is the total shell areal density. The function f (η) and the
power index δa can be cast in the following form
1
ηmax − 1
log η + − 1
ηmax log ηmax
η
¸
·
ηmax − 1
δa = δ 1 + ²a
ηmax log ηmax

f (η) =

(2.84b)
(2.84c)

It is important to observe that the function f (η) vanishes at both η = 1 and
η = ηmax and its maximum varies between 0.16 and 0.24 for typical values of
5 < ηmax < 10. It follows that the µa f (η) term in Eq. (2.84a) can be neglected
and the adiabat shape for DT can be written as a simple power law
µ tot ¶δa µ tot ¶(1.062)δ
m∗
m∗
tot
α̂(m > m∗ )] '
'
m
m

(2.85)

where the relation δa ' (1.062)δ has been used in view of the fact that δa is
approximately independent of ηmax as it varies between δa ' (1.07)δ for ηmax = 10
and δa ' (1.055)δ for ηmax = 5. Using Eq. (2.85), the adiabat profile can be
written as a convenient function of the full areal density coordinate m and the
initial shell areal density mshell
α ' αin

³m

shell

´(1.062)δ

m

(2.86)

Obviously, Eq. (2.86) can be easily compared with LILAC output as the innersurface adiabat and the full areal density are readily available, while the values of
δ are given in Table 2.1 for different prepulse durations.
Two prepulse designs are considered, the first of 100-ps duration and the second
of 300-ps duration, both with 300 TW/cm2 intensity, and applied to a 200-µm
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Fig. 2.4: A comparison of the adiabat shapes for two LILAC simulations with
100-ps and 300-ps prepulses (solid lines) to the formulas generated in
Eqs. (2.87) (dashed lines).
and 500-µm planar DT foil respectively. From LILAC output it is found that
αin = 0.85 and 1.18 for the 100-ps and 300-ps prepulses, respectively. According
to the theory and Table 2.1, the adiabat shapes can be approximated as
α(∆tprep ∼ 100 ps) ' αin
α(∆tprep ∼ 300 ps) ' αin

³m

shell

´1.12

m
³m

shell

m

´1.20

,

(2.87a)

,

(2.87b)

where the symbol ∼ indicates that the two adiabat profiles can be used for prepulses in the 100-ps and 300-ps range respectively. Figures 2.4 show the adiabat
profiles versus the normalized Lagrangian coordinate m/mshell from LILAC (solid)
and from Eqs. (2.87) (dashed) for the two prepulses. The good agreement between
theory and simulations indicates that Eqs. (2.86)–(2.87) can indeed be used to accurately determine the adiabat profiles of typical ICF targets.
The next step is to compare the maximum obtainable adiabat ratio provided by
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Eq. (2.77) with LILAC simulations. An 85-µm solid DT planar foil is considered
in order to simulate a typical OMEGA cryogenic shell and initially focus is placed
on the simple case of a flat laser foot intensity. The mass ablation enhancement
factor χ is initially set equal to unity and then adjusted to χ = 0.85 in order to
recover the mass ablated fraction of 13% as indicated by the LILAC simulations.
An inner surface adiabat of αin = 1 was chosen and the maximum adiabat ratio
then determined through Eq. (2.77) leading to θ∗ ' 10. Equations (2.70) and
(2.74) yield prepulse and foot durations of 60 ps and 1571 ps, respectively. The
predicted shock break out time is then ts = ∆tprep +∆tfoot = 1631 ps. The required
ablation pressure to induce an outer surface adiabat of 10 is 22 Mb. The laser
prepulse intensity required to induce such an ablation pressure in 60 ps has been
determined with LILAC to be ILprep ' 450 TW/cm2 . The foot ablation pressure
corresponding to an inner surface adiabat αin = 1 is 2.2 Mb requiring, according to
LILAC, a foot intensity of 6.9 TW/cm2 . The solid curve in Figure 2.5 represents
the laser pulse profile used in LILAC simulations.
Figure 2.6 shows the adiabat profile at shock break-out obtained from LILAC
using the pulse described above (a 60-ps, 450-TW/cm2 prepulse followed by a
6.9-TW/cm2 foot). The shock break-out time tshock according to LILAC is about
1632 ps in excellent agreement with the theoretical predictions of 1631 ps. The
theoretical adiabat profiles [the dashed curve provided by the first of Eq. (2.87)]
is also in agreement with LILAC results, as is the prediction of the maximum
adiabat ratio as indicated by the fact that the flat adiabat region preceding the
adiabat decay is completely ablated off at shock break-out. Note, the pressure
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Fig. 2.5: Optimal laser intensity history from LILAC for an 85-µm solid DT
planar foil with design specifications of αin = 1 and flat laser foot
intensity (solid); and αin = 2 and rising laser foot intensity (dashed).
profile at shock break-out is approximately flat with a value of about 2.2 to 2.3 Mb
in compliance with the design requirement. The ablated mass fraction is given by
the abscissa of the vertical dotted line in Fig. 2.6 indicating an ablated fraction
of about 13% in agreement with the result of Eq. (2.82) yielding 12.6%.
In order to apply the theory to more realistic designs, the optimization for the
case of a rising foot intensity and higher inner-surface adiabat has also been carried
out. A typical OMEGA cryogenic capsule design with αin ' 2 is considered with
a laser foot intensity that is flat over half its length and then linearly ramped up
to three times its initial intensity at shock break out. The corrective factor χ can
be determined in one iteration to be about 1.3, leading to an ablated fraction of
18% [from Eq. (2.82)], an adiabat ratio of 6.4 [Eq. (2.77)] and an outer-surface
adiabat of 12.8.
The prepulse pressure and duration from Eqs. (2.78) and (2.79) are approxi-
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Fig. 2.6: Comparison of the LILAC adiabat profile at shock break-out for the
flat-foot laser pulse given by the solid line in Fig. 2.5 with the theoretical
prediction of Eq. (2.87) (dashed line). The ablated mass fraction from
LILAC is shown by the vertical dotted line.
mately 28 Mbar and 79 ps respectively. The prepulse intensity required to induce
such an ablation pressure in 79 ps is found with LILAC to be about 750 TW/cm2 .
Equations (2.74) yields the foot duration of 1089 ps leading to a shock break out
time of 1169 ps, and the starting foot pressure of 4.3 Mb. The foot is split into
a 544-ps flat foot with a 15-TW/cm2 laser intensity followed by a 544-ps linear
ramp to 45 TW/cm2 . The dashed curve in Fig. 2.5 represents the laser pulse used
in LILAC simulations.
Figure 2.7 shows the adiabat shape at shock break-out obtained with LILAC
(solid line) with an inner-surface adiabat of about 2 and the theoretical prediction
from Eq. (2.87). According to LILAC, the outer-surface adiabat is about 13 and
the shock break out time is 1160 ps in excellent agreement with the theoretical
predictions of 12.8 and 1169 ps respectively.
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Fig. 2.7: Comparison of the LILAC adiabat profile at shock break-out for the
rising-foot laser pulse given by the dashed line in Fig. 2.5 with the
theoretical prediction of Eq. (2.87) (dashed line). The ablated mass
fraction from LILAC is shown by the vertical dotted line.
It is important to observe that the laser intensity required to generate the
desired prepulse ablation pressure is significantly larger than the one predicted by
steady ablation formulas. Indeed, according to the steady ablation theory,
µ
Pa (Mb) ' 40

IL15
λµm

¶2/3
,

(2.88)

approximately 205 TW/cm2 of laser intensity is required to induce 28 Mb of
pressure. LILAC simulations, however, indicate that the 79-ps prepulse described
above required a 750 TW/cm2 to generate 28 Mb. This discrepancy comes about
because the ablation process does not reach a steady state in 79 ps. Furthermore,
a fast ramp of the laser intensity during the prepulse causes a hydrodynamic
decoupling between the shell and the laser with the result that most of the prepulse
laser energy goes into heating the coronal plasma instead of driving the required
strong shock. This explains why a very large increase in laser intensity has only
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a modest effect on the prepulse hydrodynamics. If one takes into account the
limitations of the laser system with regards to the maximum power and power
ramping rate, then the maximum prepulse pressure and outer-surface adiabat are
further reduced. All these effects need to be accounted for on a case-by-case basis
through careful one-dimensional simulations.
It is important to notice that Eqs. (2.77)–(2.79) and (2.74) should be used with
caution in determining the optimal pulse parameters when the resulting laser pulse
is limited either by the laser peak power or rise time. When the prepulse is not flat,
then Eq. (2.79) for a square prepulse needs to be adjusted to reproduce the same
total prepulse energy. In this case, the theoretical results are not as accurate as in
the case of a square pulse and need to be refined by numerical simulations. As an
example, consider a typical OMEGA cryogenic spherical target which has an outer
radius of 430 µm and a thickness of 85 µm. A square prepulse is designed for an
αin ' 2 using Eqs. (2.77)–(2.79) with an adjusted χ = 1.42 in order to obtain an
ablated mass fraction of 21% as indicated by LILAC simulations. The maximum
adiabat ratio follows from Eq. (2.77) leading to θ∗ = 5.9 with an outer-surface
adiabat of about 11.8. According to Eqs. (2.74) and (2.79), the prepulse duration
is about 90 ps with a foot of 1083 ps. The foot again is divided into a flat portion
lasting half of the foot length followed by a linear intensity ramp to three times
the initial intensity. If one takes into account the OMEGA power ramping rate
limit of approximately 10T W over 50 ps, then the prepulse can be divided into a
70-ps linear ramp to 14-TW followed by a 55-ps flat top. This is approximately
equivalent to a 90-ps square pulse. The foot starts at 0.36 TW for 542-ps and a
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Fig. 2.8: Optimal laser intensity history from LILAC for a typical OMEGA cryogenic DT spherical capsule with design specification of αin ' 2, rising
foot intensity and experimental power ramping limitations.
linear ramp to 1.08 TW for another 542 ps. The curve in Fig. 2.8 represents the
laser pulse (prepulse+foot) used in LILAC simulations.
Figure 2.9 shows the adiabat shape for the OMEGA cryogenic capsule simulated with LILAC using the pulse described above. Notice that the outer surface
adiabat is about 12 and the ablated mass is about 21% in agreement with the
theoretical prediction for an equivalent square prepulse. The adiabat shape from
LILAC (solid line) is also in good agreement with Eq. (2.87) indicating that the
theory applies to spherical shells as well as planar foils.

2.9

Concluding Remarks on the DS Adiabat
Shape

The adiabat profile induced by a decaying shock is calculated including the
effects of mass ablation and residual ablation pressure. The adiabat shape follows
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Fig. 2.9: Comparison of the LILAC adiabat profile at shock break-out for the
laser pulse given by in Fig. 2.8 with the theoretical prediction of
Eq. (2.87). The ablated mass fraction from LILAC is shown by the
vertical dotted line.
a simple power law of the shell areal density m
α = αin

³m

shell

m

´δa

(2.89)

where αin is the inner-surface adiabat, mshell is the total initial shell areal density
and m is the shell local areal density. The power index δa varies from 1.12 for a
100-ps prepulse to 1.20 for a 300-ps prepulse. The calculated profile reproduces the
simulation results with only a few percent error and it can be used to design the
optimum prepulse that leads to the maximum adiabat ratio between the inner- and
outer-shell surfaces. The theoretical results presented here on the ideal adiabat
shape without ablation are in qualitative agreement with other published work,
but significantly more accurate when compared with the numerical solutions.
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3. ADIABAT PROFILES GENERATED
BY THE RELAXATION METHOD
Adiabat shaping by relaxation presents a flexible alternative to shaping by
decaying shock for high-performance ICF implosions. The RX adiabat shaping
technique is a two-step process. A laser prepulse followed by a total power shutoff
launches a shock that may or may not decay inside the shell, and generates a
relaxed density profile in the capsule. Since the prepulse is followed by a complete
power shutoff, the outer portion of the shell expands outward, generating a relaxed
density profile while the prepulse shock travels inward through the shell. The
prepulse shock is not intended to greatly change the shell adiabat even though
it may cause a significant adiabat modification. Later in time the main pulse is
turned on, beginning with a low-intensity foot, which drives a shock through the
relaxed density profile, thereby shaping the adiabat.
In this chapter, the adiabat profiles generated by the method of relaxation are
derived through a one-dimensional hydrodynamic analysis. The theoretical adiabat profiles calculated here accurately reproduce the simulated results to within
a few percent. It is shown also that RX designs are capable of steeper adiabat
gradients than for DS designs, which would indicate higher ablation velocities are
possible in RX designs. Similarly to the DS shaping, it is shown in this chapter
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that the RX adiabat profile can be approximated with a power law of the mass
coordinate,
αRX ' αin

³m

shell

m

´δRX

,

(3.1)

where δRX can be tailored between a minimum of zero (i.e., no shaping) to a
maximum value of 2.4 (for the case of an ideal gas with γ = 5/3). This upper
bound, which is well above the decaying shock value (δDS = 1.315 from Chap. 2),
can only be achieved for weak prepulses (either low-pressure or short-duration
prepulses) and by neglecting the effects of mass ablation. For realistic prepulses
and including the effect of ablation, the maximum RX power index is reduced
to values in the range of 1.6 to 1.8, which is still significantly larger than the
1.1 of the decaying shock. Since the steeper RX adiabat profile leads to greater
values of the outer-surface adiabat with respect to the DS adiabat shaping, one
can conclude that the ablation velocity will be significantly higher in RX-shaped
than DS-shaped targets. Furthermore, the tailoring of the adiabat steepness in
RX shaping is beneficial to the control of the convective instability, which is driven
by the finite adiabat gradients inside the shell. This instability typically grows at
a slower rate with respect to the Rayleigh–Taylor and does not seem to cause a
significant distortion of the shell.33, 34
More detailed numerical comparisons between DS and RX designs, as well
as flat-adiabat designs are presented in Chap. 5. Since the relaxed profiles are
generated by a decaying shock, several results from Chap. 2 are used in the current
analysis.
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The Generation of the Relaxed Density
Profiles

When a laser prepulse precedes the main laser pulse, a pressure pulse is applied
to the shell’s outer surface, launching a shock followed by a rarefaction wave, which
causes a relaxation of the pressure and density profiles. Since the leading edge
of the rarefaction wave travels faster than the shock, it eventually catches the
shock, unless the shock reaches the inner shell surface before interacting with
the rarefaction wave. Two different relaxed profiles are generated depending on
whether or not the rarefaction leading edge catches the prepulse shock inside
the shell. If the shock and rarefaction do not merge in the shell, the resulting
relaxed profiles are said to be of “type 1,” while merging leads to relaxed profiles
of “type 2.”
In the derivation of the relaxation-method adiabat profiles, the dimensionless
Lagrangian equations of motion derived in Secs. 2.1–2.2 are used, along with the
Hugoniot boundary conditions. For clarity, these equations are rewritten here:
∂ û
∂ ρ̂−1
=
,
∂z
∂τ

(3.2)

∂ û
∂ P̂
=−
,
∂τ
∂z

(3.3)

P̂ = α̂(z)ρ̂γ ,

(3.4)

γ

where
ρ̂ ≡
α̂ ≡

ρ
,
ρp

α
,
αp

P̂ ≡
z≡

P
,
Pp

m
,
m∗

û ≡

u
,
ap

(3.5)

τ≡

t
,
∆t∗

(3.6)
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and
∆t∗ = p

∆tp

,
2γ/(γ − 1) − 1
p
m∗ = ∆t∗ ρp ap = ∆t∗ γPp ρp .

(3.7)
(3.8)

In these equations, it is assumed that the prepulse launches a uniform shock of
pressure Pp . The subscript p denotes the prepulse quantities with ρp , αp , ap , and
up , respectively representing the compressed density, adiabat, sound speed, and
flow velocity behind the shock, while the uniform laser prepulse of duration ∆tp is
applied. The quantity, ∆t∗ , as in Chap. 2, is the travel time of the rarefaction wave
before catching the shock, m∗ is the areal density undertaken by the rarefaction
wave’s leading edge before catching the prepulse shock, and τ = 0 is defined as the
time when the laser prepulse is terminated and the rarefaction wave is launched,
with τ = 1 representing the shock–rarefaction interaction time.
Equations (3.2)–(3.4) can be combined into the following single equation,
γ

∂2 1
∂2
+
α̂(z)ρ̂γ = 0,
∂τ 2 ρ̂ ∂z 2

(3.9)

which can be solved for ρ̂ once α̂ is known. There is no general solution of the
equations of motion after the rarefaction wave and shock merge; however, one can
consider two limiting cases resulting in two different relaxed profiles. The first is
the case when the rarefaction wave catches the shock at the shell’s rear surface.
This case is characterized by values of m∗ = mshell . The second is the case when
the rarefaction wave quickly catches the shock near the outer surface, causing
the shock to decay throughout most of the shell. This case requires a small m∗ ,
satisfying m∗ < mshell . These two cases are considered separately.
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Fig. 3.1: Typical relaxed-density profiles in mass coordinates when the prepulse
shock is at the inner surface. The type 1 follows a power law ∼ m0.75 ,
and the type 2 behaves as ∼ m1.45 for m > m∗ . The small dashed
region for type 2 near the origin is the region m < m∗ .

3.1.1

Relaxed Profiles of Type 1

In this case, the relaxed density and pressure profiles are generated by the
rarefaction wave, whose functional forms are given in Eqs. (2.21) and can be
obtained from most textbooks on compressible flow. In the mass coordinate, the
density profile can be written in the following simple form:
ρ(z < τ ) = ρp

2
³ z ´ γ+1

τ

µ
= ρp

m
mrf

2
¶ γ+1

,

(3.10)

where mrf = ap ρp t represents the trajectory of the rarefaction wave’s leading edge.
For z > τ , the density is uniform and equal to the post shock density ρ = ρp . The
dashed curve in Fig. 3.1 shows a typical relaxed density profile of type 1 at shock
breakout.
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Relaxed Profiles of Type 2

In this case, the derivation of the relaxed profiles is significantly more complicated since there is not an exact solution of the equations of motion after the
rarefaction wave catches the prepulse shock. After the rarefaction wave reaches
the shock at z = 1, the latter decays, leaving behind a relaxed profile with two
distinct spatial shapes in the regions 0 < m < m∗ and m∗ < m < mps , where mps
is the location of the prepulse shock. In the dimensionless variable z = m/m∗ ,
those two regions are 0 < z < 1 and 1 < z < zsp , where zsp ≡ mps /m∗ .

The region z < 1
One could speculate that the profiles in the region 0 < z < 1 have a shape
that is similar to those generated by the rarefaction wave, ρ ∼ z 2/(γ+1) ; however,
this assumption does not take into account a weak recompression occurring when
a sound wave travels backward down the rarefaction-wave profile soon after the
rarefaction wave catches the shock. The solution in the regions 0 < z < 1 must
satisfy Eq. (3.9) and the boundary conditions at z = 0 and z = 1. At z = 0,
the vacuum boundary condition requires that ρ(z = 0) = 0. At z = 1, both
the pressure and its gradient must be continuous to prevent separation of the
continuous medium requiring that
P (z = 1− , τ ) = P (z = 1+ , τ ),

(3.11a)

dP
dP
(z = 1− , τ ) =
(z = 1+ , τ ).
dz
dz

(3.11b)
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It would be unrealistic to hope that a simple power law in z would satisfy exactly
the equations of motion and the boundary conditions; however, one could attempt
to look for an approximate solution behaving as a power law of the mass coordinate
ρ̂ ≈ ρ̄(τ )z β ,

(3.12)

which, by construction, satisfies the boundary conditions at z = 0. Substituting
Eq. (3.12) into Eq. (3.9) with α̂ = 1 leads to the following two conditions:
d2 1
+ β(βγ − 1)ρ̄γ ≈ 0,
dτ 2 ρ̄
β(γ + 1)
≈ 1.
2

F1 (β) ≡

(3.13)
(3.14)

Note that the symbol ≈ has been used to indicate that function (3.12) is meant
to represent an approximate rather than exact solution. To solve Eq. (3.13), one
needs two initial conditions for ρ̄ and dρ̄/dτ at τ = 1+ just after the rarefaction
wave interacts with the shock. While the initial condition for the density at z = 1
is trivial,
ρ̄(τ = 1+ ) = 1,

(3.15)

the condition on the time derivate at τ = 1+ is rather complicated. The exact
derivation of ρ̂0 (1, 1) is described in Sec. 2.4 and leads to Eq. (2.50), which reads
as

·

dρ̄
dτ

¸
=−
τ =1+

3
2

6/(γ + 1)
q
.
q
γ
+ 2(γ−1)
+ γ−1
2γ

(3.16)

It is worth mentioning that the initial condition on the density spatial profile at
τ = 1 requires that the function ρ̂(τ = 1, z) ≈ ρ̄(1)z β reproduces the rarefactionwave solution ρ̂(1, z) = z 2/γ+1 , thus requiring that the power index β satisfies
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β − 2/(γ + 1) ≈ 0. This condition is identical to Eq. (3.14) and does not represent
an additional condition. Note that a simple analytical solution of Eq. (3.13) is
the following power law:
·

2(γ − 1)
ρ̄(τ ) =
β(γ + 1)2 (βγ − 1)

1
¸ γ+1

1
2

τ γ+1

.

(3.17)

Equation (3.17) satisfies the initial conditions [Eqs. (3.15),(3.16)] only if the following conditions are met:
·
F2 (β) ≡
1
K(γ) ≡
3

µ

3
2

1
¸ γ+1
2(γ − 1)
≈ 1,
β(γ + 1)2 (βγ − 1)
r
¶
r
γ
γ−1
+
+
≈ 1.
2(γ − 1)
2γ

(3.18)
(3.19)

To test Eq. (3.12) against the remaining boundary conditions [Eqs. (3.11)] at
z = 1, one needs to determine the solution for z > 1 carried out in the next
section. In any case, condition [Eq. (3.14)] implies that β ≈ 2/(γ + 1), indicating
that the density profile shape is little changed by the weak recompression occurring
after the shock–rarefaction merging.

The region 1 < z < zsp
As mentioned earlier, the shock decays for z > 1, τ > 1. The adiabat profile left
behind by the decaying shock is calculated in Chap. 2 and follows approximately
a power law of the Lagrangian coordinate m (or z):
α̂(z) '

1
,
zδ

(3.20)

where δ ' 1.315 when the effects of ablation are neglected and the spatial range
is limited to z < 10. Typically, the range 1 < z < 10 includes most (if not all)
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the ICF RX target designs for both OMEGA-like as well as NIF-like capsules.
However, if z > 10, then the shock decay becomes self-similar and the powerlaw index asymptotically approaches the value δ ' 1.275. The residual ablation
pressure leads to a somewhat slower decay, and can be accounted for through a
lower δ (approximately 17% lower) as indicated in Chap. 2. In the self-similar
solution, the density is a function of the coordinate
ξ=

z
,
zsp

(3.21)

where zsp is the trajectory of the decaying shock satisfying the Hugoniot condition
s
γ−1 1
.
(3.22)
żsp =
2γ (zsp )δ
Equation (3.22) can be easily integrated with the initial condition zsp (1) = 1,
leading to the following form of the decelerating shock trajectory:
2
¶r
¸ 2+δ
µ
γ
−
1
δ
(τ − 1)
.
zsp (τ ) = 1 + 1 +
2
2γ

·

(3.23)

The density ρ̂(ξ) does not follow a power law. Instead it must satisfy a complicated
second-order differential equation derived by substituting Eqs. (3.4) and (3.20)
into Eq. (3.9), leading to
·
¸
d
δ
d 1
2 d2 ρ̂γ
ξ
1+ +ξ
+
= 0.
dξ
2
dξ ρ̂ γ − 1 dξ 2 ξ δ

(3.24)

Equation (3.24) cannot be exactly integrated; however, one can again attempt to
look for an approximate solution in the form of a power law of the self-similar
coordinate
ρ̂ ≈ ξ µ ,

(3.25)
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which approximately satisfies not only Eq. (3.24) but also the boundary conditions
at z = 1 [Eqs. (3.11)] and at the shock front z = zsp . In order for the simple power
law [Eq. (3.25)] to approximate the solution of Eq. (3.24), the power index µ
must satisfy the following conditions obtained upon substitution of Eq. (3.25)
into Eq. (3.24):
µ(γ + 1)
≈ 1,
δ+2

(3.26)

µ(γ − 1)(1 + 2δ − µ)
≈ 1.
2(µγ − δ)(µγ − δ − 1)

(3.27)

G1 (µ) ≡
G2 (µ) ≡

The boundary conditions at the shock front are provided by the Hugoniot conditions that determine ρ̂ and dρ̂/dξ at ξ = 1. Note that the density gradient can
be obtained from Eqs. (2.29b)–(2.29d) and (2.30) for ξ = 1, yielding the following
condition:
dρ̂
3δ
(ξ = 1) =
.
dξ
γ+1

(3.28)

While the Hugoniot condition on the density ρ̂(1) = 1 is trivially satisfied by
ρ̂ = ξ µ , the condition on dρ̂/dξ requires that
G3 (µ) ≡

µ(γ + 1)
≈ 1.
3δ

(3.29)

The next step is to verify that Eq. (3.25) used for z > 1 satisfies Eqs. (3.11) at
z = 1. Since the adiabat is continuous at z = 1, Eq. (3.11a) requires that the
density be continuous and therefore ρ̂(z = 1− , τ ) ≈ ρ̂(z = 1+ , τ ), yielding
ρ̄(τ ) ≈

1

,
[zsp (τ )]µ

(3.30)
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where ρ̄(τ ) is given by Eqs. (3.17) and (3.18). Then, using the continuity of the
density and Eqs. (3.20) and (3.25) into Eq. (3.11b), one finds the condition
H(µ, β) ≡

γβ + δ
≈ 1.
γµ

(3.31)

The last step is to find the two power indices β and µ that satisfy all the conditions [Eqs. (3.14), (3.18), (3.19), (3.26), (3.27), (3.29), and (3.31)] are met and
that Eq. (3.30) is approximately satisfied for any time τ limited by zsp (τ ) ≤ 10,
representing the range of interest for ICF capsule design.

Determination of the power indices
The power indices β and µ can be determined by plotting the conditions
G1 (µ) ≈ 1,
F1 (β) ≈ 1,

G2 (µ) ≈ 1,
F2 (β) ≈ 1,

G3 (µ) ≈ 1,

(3.32)

H(β, µ) ≈ 1,

(3.33)

with the constraint
K(γ) ≈ 1

(3.34)

and determining β and µ so that all these conditions are approximately satisfied.
Since K(γ) varies between 1.07 and 1.00 for 1.4 < γ < 2.0, it can be concluded
that the constraint [Eq. (3.34)] is approximately satisfied for all ICF-relevant γ’s.
Figure 3.2 shows the plot of the three functions, G1 , G2 , and G3 , which depend
exclusively on the power index µ for a given γ = 5/3 and δ ' 1.315. Observe that
all of the G functions are about unity near µ ' 1.45, which can be considered as
an approximate solution of Eqs. (3.32). After determining µ, the F functions are
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Fig. 3.2: The functions G1 (µ), G2 (µ) and G3 (µ) are all approximately equal to
1 at µ ' 1.45. The dotted line represents unity.
plotted together with the function H versus the parameter β (Fig. 3.3), indicating
clearly that β ' 0.75 is an approximate solution of Eqs. (3.33). The last step
is to verify that Eq. (3.30) is approximately satisfied for any time τ and for
zsp ≤ 10. First, it is easily found from Eq. (3.23) that the condition zsp ≤ 10
requires τ ≤ 61. Second, both sides of Eq. (3.30) are plotted versus time for
τ ≤ 61 in Fig. 3.4, which shows that both functions are approximately equal over
the range of interesting times.
In summary, all of the equations of motions and boundary conditions for τ > 1
are satisfied approximately by simple power laws of the Lagrangian coordinate z,
leading to the following solutions for γ = 5/3:
¶β
m
ρ(z < 1) ≈ ρp
,
= ρp
τ
mrf
µ
µ
¶µ
¶µ
z
m
p
ρ(1 < z < zs ) ≈ ρp
= ρp
,
zsp (τ )
mps (τ )
³ z ´β

µ

(3.35)
(3.36)

where β ' 0.75 and µ ' 1.45 for γ = 5/3, mps represents the trajectory of the
prepulse shock mps = zsp m∗ and mrf = ap ρp t. Here t = 0 represents the end of the
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Fig. 3.3: The functions F1 (β), F2 (β), and H(β, µ = 1.45) are all approximately
equal to 1 at β = 0.75. The dotted line represents unity.
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Fig. 3.4: A comparison of the left-hand side (solid) and right-hand side (dashed)
of Eq. (3.30) as functions of τ for 1 < τ < 51, using µ = 1.45 and
β = 0.75.
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prepulse. The solid line in Fig. 3.1 shows a typical relaxed profile of type 2 at shock
breakout. Observe that the type-2 profiles are more decompressed than the type-1
profiles. The dotted portion near m = 0 of the type-2 profile represents the region
with m < m∗ . It is worth mentioning that numerical simulations of the relaxed
profiles indicate that the shape of the relaxed profile for m < m∗ varies slightly in
time. This density profile can always be approximated as a power law of m, but
its power index varies from β ' 0.75 to an asymptotic value of about β ' 0.68 for
τ → ∞. This concludes the calculation of the relaxed profiles. The next step is
to determine the adiabat shape induced by the main shock propagating through
the relaxed profiles of type 1 and 2 described by Eqs. (3.10) and (3.35), (3.36),
respectively.

3.1.3

Relaxed Density Profiles in Real Space

A better understanding of the relaxed profile shape can be obtained by converting the profile functions from the Lagrangian coordinate m to the spatial
coordinate x. Equation (2.1) relating the mass to the initial density is also valid
if the initial density is replaced by the density at time t as long as the lower
and upper limit of integration are the trajectory of the outer surface xout (t) and
the trajectory of generic fluid element x(t). It follows that the conversion between mass and real space is straightforward once the relation between m and x
is rewritten in the differential form
dm
= ρ(x, t).
dx

(3.37)
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Using Eq. (3.37), the profiles of the first kind [Eq. (3.10)], and second kind
[Eqs. (3.35) and (3.36)] can be rewritten in real space.

Relaxed profiles of type 1
In the case when the shock and rarefaction merge at the inner shell surface,
one can substitute Eq. (3.37) into Eq. (3.10) and find the density profile shape in
real space

·
ρ = ρp

γ − 1 x − xout
γ + 1 ap t

2
¸ γ−1

,

(3.38)

where xout is the trajectory of the outer shell surface coinciding with the trailing
edge of the rarefaction wave moving away from the shell with the escape velocity
2ap /(γ −1). The range of x in Eq. (3.38) is limited by the trailing and leading edge
of the rarefaction wave. Since the leading edge travels inside the shell with the
sound speed, the range of x is limited by xout < x < xout + ap t. Note that t = 0 at
the time when the prepulse ends and the rarefaction is launched. Equation (3.38)
indicates that, in real space, the density profile is a simple power law of the
distance from the rarefaction trailing edge. The leading edge of the rarefaction
wave reaches the prepulse shock at the inner shell surface (m∗ = mshell ) at the
time
tshell =

mshell
γ − 1 dshell
=
,
(ap ρp )
γ + 1 ap

(3.39)

where dshell is the initial shell thickness and mshell = ρ0 dshell is the total shell
mass. At this time, the density profile is simply
µ
ρ(t = tshell ) = ρp

x − xout
dshell

2
¶ γ−1

.

(3.40)
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Note that the profile extends over a distance equal to the uncompressed shell
thickness dshell and approaches the compressed density ρp on the shell inner surface
located at xin = xout + dshell .

Relaxed profiles of the type 2
By defining with x∗ (τ ) the trajectory of the Lagrangian point corresponding
to the fluid element where the prepulse shock and rarefaction wave interact (i.e.
m = m∗ ), and with xps (τ ) the location of the prepulse shock after the interaction,
the spatial density profile for the region x∗ (τ ) < x < xps (τ ) can be obtained by
substituting Eq. (3.37) into Eq. (3.36) leading to
·
ρ = ρp

1
1 + 4(µ − 1)(1 − x/xps )

µ
¸ µ−1

,

(3.41)

where µ = 1.45 for γ = 5/3. By defining with x̄∗ ≡ x∗ (1) the initial position
inside the shell of the shock-rarefaction interaction point, it is straightforward to
show that
xps (τ ) = x̄∗ zsp (τ ),
·
¸
1 − zsp (τ )
p
x∗ (τ ) = x̄∗ zs (τ ) 1 +
,
4(µ − 1)

(3.42)
(3.43)

where zsp is given in Eq. (3.23). Equation (3.41) represents the spatial density
profile of the shell portion between the shock-rarefaction merging point and the
shock front. The density profile of the remaining portion between the shockrarefaction merging point and the outer shell surface is described by Eq. (3.35) and
in real space can again be determined by integrating Eq. (3.35) upon substitution
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of Eq. (3.37). The result is similar to the density profile of the first kind and yields
·
ρ = ρp

γ − 1 x − xout
γ + 1 ap t

2
¸ γ−1

.

(3.44)

It is important to emphasize the density profiles [Eqs. (3.35) and (3.35)] are approximate solutions, and therefore the profiles [Eqs. (3.41) and (3.44)] are also
approximate solutions. The location of the rarefaction trailing edge (or outer
shell surface) cannot be exactly calculated because it is affected by the sound
waves traveling down from the point of shock-rarefaction interaction. An approximate form of xout can be derived by requiring that the density is continuous at
x = x∗ (τ ) thus setting Eq. (3.44) equal to Eq. (3.41) at x∗ (τ ). This leads to the
following form of xout
xout = x∗ (τ ) − x̄∗

ap τ
µ(γ−1)
zsp (τ ) 2

.

(3.45)

Observe that, in real space, the density profile is represented by two very different
functions of x: Eq. (3.41) describes the profile behind the shock, and Eq. (3.44)
describes the profile behind the rarefaction-shock merging point.

3.2

Main Shock Propagation Through the
Relaxed Profiles

Before the prepulse shock reaches the rear surface, the main shock is launched
by the foot of the main laser pulse and supported by the applied pressure Pf , which
is assumed constant during the main-shock propagation. The adiabat shaping occurs when the main shock travels up the relaxed-density profile, shocking material
with increasing density to lower and lower adiabats. The main shock is typically
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a strong shock in the sense that the ratio of pressures (p2 /p1 ) across the shock
front is much larger than unity. Using the strong shock form of the Hugoniot
relations leads to a great simplification of the hydrodynamic analysis and is often
accurate for the main shock propagation. It is important to emphasize, however,
that some of the strong-shock Hugoniot relations are accurately satisfied only for
a very large pressure jump. For instance, the density jump across a strong shock
with π̂ = p1 /p2 ¿ 1 is
γ+1
ρ2
=
ρ̃(π̂),
ρ1
γ−1
ρ̃(π̂) =

1+
1+

γ−1
π̂
γ+1
γ+1
π̂
γ−1

'1−

¡ ¢
4γ
π̂ + O π̂ 2 .
−1

γ2

(3.46a)
(3.46b)

Observe that even for small π̂, the first-order correction can be significant due
to the large coefficient −4γ/(γ 2 − 1). For instance, in a gas with γ = 5/3, this
coefficient is −15/4, indicating that the leading-order π̂ correction is small only
when π̂ ¿ 4/15.
Another implication of a strong main shock is the fact that the shocked material evolves on a time scale of its own sound speed, which scales approximately
p
as Pf . The relaxed profiles, however, evolve on a slower time scale of the orp
der of the prepulse shock sound speed, which scales as Pp . It follows that in
p
the limit of Pf /Pp À 1, one can neglect the dynamics of the relaxed profiles
during the main-shock propagation. In other words, one can regard the relaxed
profiles as frozen in time while the main shock propagates through. Obviously,
p
the corrections due to a finite Pf /Pp may be large and need to be estimated.
For the sake of simplicity, the finite main-shock strength correction is initially
neglected, and it is assumed that the relaxed profiles are frozen, and the lowest-
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order solution is determined. The finite shock strength effects will be estimated
later as corrections to the lowest-order solution. Since the density enters the
definition of the adiabat raised to the power γ, the finite shock strength corrections
will be further amplified by γ. Therefore, the finite shock strength corrections for
the density in Eqs. (3.46) will be retained when calculating the adiabat behind the
main shock. On the other hand, those same corrections will be neglected in the
calculation of the shock trajectory and post-shock velocity since they appear under
the square root, causing a further reduction of one-half. Detailed comparison with
the full numerical solution of the equations of motion will confirm the accuracy
of these simplifications.
The effects of mass ablation, though important, are neglected in this section,
but will be discussed later in Section 3.6. The calculations presented in this
section, rather, focus on the ideal case of a strong shock supported by a constant
applied pressure Pf traveling up a relaxed density profile described by the power
laws given by Eq. (3.10) (type 1) or (3.35) and (3.36) (type 2).

3.2.1

Shock Propagation Through RX Profiles of Type 1

As indicated in Sec. 3.1.1, the density profile generated by a rarefaction wave
before its interaction with the prepulse shock is described by a simple power law
of the areal density ρ = (m/mrf )β with β = 2/(γ + 1). Here mrf = ap ρp t is
the location of the rarefaction leading edge. If the main shock is much stronger
than the prepulse shock, the relaxed profile may be considered as frozen in time
during the fast main-shock propagation. Since both shocks must merge at the

3. Adiabat Profiles Generated by the Relaxation Method

85

shell’s inner surface, the fast main shock is launched when the prepulse shock is
approaching the inner shell surface. One can therefore approximate mrf ≈ mshell
to lowest order in the inverse shock strength.

The approximation of a static relaxed profile
By introducing the new variable ζ ≡ m/mrf ≈ m/mshell , the relaxed profile
can be represented by the simple power law
ρ = ρp ζ β ,

β=

2
,
γ+1

(3.47)

with 0 < ζ < 1. To simplify the analysis, another dimensionless variable related
to the main shock location is introduced,
ξ=

m
ζ
= M,
M
ms
ζs

(3.48)

M
where both mM
s and ζs represent the main shock location in their respective

coordinates. Here, ξ varies between 0 and 1 with ξ = 1 representing the shock
position. The profiles left behind by the main shock can be written in terms of
the variables ζ and ξ in the following form:
ρ=
P =

ρM ζ β
,
Φ(ξ)1/γ
PM
,
Φ(ξ)

α=
u = aM

where ρM ≡ ρp (γ + 1)/(γ − 1), PM = αM ργM , aM

αM
,
ζ γβ

(3.49)

U (ξ)
,
(3.50)
ζ β/2
p
≡ γPM /ρM , and Φ(ξ), U (ξ),

and αM need to be determined. By inspection of Eqs. (3.49) and (3.50), it is
clear that by setting Φ(1) = 1, the pressure immediately behind the shock is
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PM . Furthermore, using the Hugoniot condition for the post-shock velocity, one
p
can immediately deduce that U (1) = 2/γ(γ − 1). Substituting Eqs. (3.49) and
(3.50) into the equations of motion and using the Hugoniot condition for the shock
velocity,

r
ṁM
s

=

γ−1
PM ρM (ζsM )β ,
2

(3.51)

it is straightforward to derive the two equations governing Φ and U ,
r
1
β dU
γ − 1 dΦ γ
β U
2
ξ
−
= 0,
(3.52)
β + ξ
2γ dξ
2 ξ 1− 2
dξ
r
γ(γ − 1) 1− β dU
d 1
ξ 2
−
= 0,
(3.53)
2
dξ
dξ Φ
p
which must be solved with the initial conditions Φ(1) = 1 and U (1) = 2/γ(γ − 1).
The unknown αM can be determined by requiring that the solution of Eqs. (3.52)
and (3.53) reproduces the applied pressure Pf at m = 0. Using Eq. (3.50), one
finds the following expression for αM and the pressure behind the shock PM :
αM =

Pf Φ(0)
,
ργM

PM = Pf Φ(0).

(3.54)

Observe that the pressure behind the shock is constant throughout the shock
propagation. An approximate yet quite-accurate solution of Eqs. (3.52) and (3.53)
can be found by using the following ansatz:
Φ(ξ) ≈

Φ(0)
.
1 + ξ [Φ(0) − 1]

(3.55)

Substituting Eq. (3.55) into (3.53) and using the boundary condition for the velocity at the shock front yields
s
¸
·µ
¶
2
1
2 β
U (ξ) ≈
(ξ 2 − 1) + 1 .
1−
γ(γ − 1)
Φ(0) β

(3.56)
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Functions (3.55) and (3.56) must approximately satisfy Eq. (3.52) which can be
rewritten upon substitution of the two functions as
γ+1
1
γ−1
[Φ(ξ)] γ ξ 2−β − β/2
2γ
ξ

µ

β Φ(0)
1−
2 Φ(0) − 1

¶
¿ 1.

(3.57)

Observe that the second term on the left-hand side of Eq. (3.57) is singular for
ξ → 0. It follows that Eq. (3.57) can be satisfied only if the coefficient of ξ −β/2
vanishes, leading to
Φ(0) ≈

2
γ+1
=
= 1.6.
2−β
γ

(3.58)

Furthermore, the first term on the left-hand side of Eq. (3.57) is small only when
(γ − 1)/2γ ¿ 1. This condition is reasonably satisfied for most interesting values
of γ (1 < γ < 2). The numerical solution of Eqs. (3.52) and (3.53) yields Φ(0) '
1.68 in good agreement with the analytic derivation. Figure 3.5 compares the
numerically derived functions p̄ ≡ Φ(0)/Φ(ξ) (representing the pressure profile)
and ū ≡ U (ξ)/ξ β/2 (representing the velocity profile) with the analytic solutions
from Eqs. (3.55), (3.56), and (3.58). Observe that the post-shock pressure is
approximately linear, while the velocity profile is approximately flat. The shock
pressure is amplified about 1.6 to 1.7 times with respect to the applied pressure.
This amplification is due to the slowing down of the shocked material against
the shock front. The shock front velocity decreases in time as a power law that
can be easily derived by determining the shock trajectory in the mass coordinate
through Eq. (3.51) and then substituting the post-shock velocity ups calculated
at the shock front [Eq. (3.50) at ξ = 1 and m = mM
s ] into the shock relation
Ushock = [(γ + 1)/2]ups . This leads to the following expression for the shock
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Fig. 3.5: The numerical (solid) and analytic (dashed) solutions of the self-similar
(a) pressure profiles p̄(ξ) and (b) velocity profile ū(ξ) are shown to be
in relatively good agreement.
velocity:

s
Ushock = aM

(γ + 1)2
2γ(γ − 1)

/

·r

γ − 1 2 − β ρM aM t
2γ
2 mshell

β
¸ 2−β

,

(3.59)

which decreases as 1/t0.6 for β = 0.75.
Furthermore, as indicated by Eqs. (3.49) and (3.54), the adiabat profile behind
the main shock follows a simple power law of the mass coordinate
α∞ =

Pf Φ(0) ³ mshell ´γβ
,
ργM
m

(3.60)

where the subscript ∞ indicates that Eq. (3.60) is valid only for infinite main
shock strength. Note that the rarefaction leading edge mrf has been taken near
the inner surface at mrf = mshell and β = 2/(γ + 1). Indeed, it is important
to require that the main shock, the rarefaction leading edge, and the prepulse
shock merge at the target’s rear surface, leading to mrf ' mshell ' m∗ . This
timing requirement is discussed in Sec. 3.4, where the pulse design and optimized
adiabat-shaping procedure is described. Figure 3.6 shows the simulated adiabat
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Fig. 3.6: A comparison of the simulated (solid) and analytically calculated
[Eq. (3.60)] (dashed) adiabat shape generated by propagating a shock
supported by a constant 26-Mb pressure through a static density profile
of type 1 shows excellent agreement.
profile generated by a strong shock driven by a 26-Mb applied pressure traveling up
a static, relaxed target with a density profile of type 1, ρ = ρp (m/mshell )0.75 . The
solid curve represents the adiabat from the 1-D simulation, while the dashed curve
is obtained from Eq. (3.60). Observe that the two adiabat profiles are virtually
identical, indicating excellent agreement between theory and simulations.

Corrections due to dynamic relaxed profiles/finite shock strength
The analytic theory above has been derived in the limit of a relaxed profile that
is stationary during main-shock propagation. Since the relaxed profile is generated
by the propagation of rarefaction wave, its shape varies in time as the leading edge
of the rarefaction wave travels toward the shell’s inner surface. Because of these
changes, the resulting adiabat profile left behind by the main shock is somewhat
shallower than the one predicted by Eq. (3.60). One can estimate the effects of
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dynamic profiles on the adiabat shape by assuming that the relaxed profile changes
slightly over the main shock propagation interval. The dynamic corrections to the
adiabat profile can be estimated by determining the adiabat at the shock front
located at mM
s (t),
α(mM
s ) =

M
Pps
,
γ
(ρM
ps )

(3.61)

M
where Pps
and ρM
ps are the post-shock pressure and density at the main-shock front,

respectively. It is obvious that if one rewrites the right-hand side of Eq. (3.61)
as a function of the shock position, then the adiabat profile is given by the RHS
with mM
s replaced by m. The post-shock density in Eq. (3.61) can be rewritten
in terms of the pre-shock density at the shock front ρM
bs , including the finite shock
strength corrections
ρM
ps

γ+1 M
'
ρ ρ̃
γ − 1 bs

µ

M
Pbs
M
Pps

¶
,

(3.62)

M
M
where ρ̃(x) is given by Eq. (3.46b), and Pbs
/Pps
is the pre-shock to post-shock

pressure ratio at the main-shock front.
Another important correction to the adiabat profile comes from the pre-shock
density ρbs = ρp (m/mrf )β , which varies in time due to the evolution of the rarefaction leading edge mrf , which can be written as
mrf = mshell − ap ρp (∆tM
s + tf − t),

(3.63)

where ∆tM
s is the travel time of the main shock through the shell and tf is the
beginning time of the laser foot when the main shock is launched. Observe that
the second term on the right hand side represents the correction to mrf and is
small as long as the main shock is strong. This can be quantified by calculating
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∆tM
s after integrating Eq. (3.51) and setting mrf ' mshell into the variable ζ. A
straightforward calculation yields
r
∆tM
s '

2γ
2 mshell
,
γ − 1 2 − β ρM a M

(3.64)

and
M
1−β/2
(t − tf )/∆tM
.
s = (ms /mshell )

(3.65)

Substituting Eq. (3.64) into (3.63) leads to the following equation for the rarefaction leading edge in terms of the main shock location:
mrf = mshell Σ(ηs ),
s
´
2−β
2γ Pp ³
2
Σ(x) ≡ 1 −
1−x 2 ,
2 − β γ + 1 PM

(3.66a)
(3.66b)

where ηs ≡ mM
s /mshell . Observe that the correction to mrf is of the order of
p
Pp /PM as indicated in the introduction of Sec. 3.2 and can be significant even
for a strong main shock.
The next step is the calculation of the dynamic correction to the post-shock
pressure in Eqs. (3.61) and (3.62). While the exact calculation of such corrections
can be cumbersome, a fairly good approximation can be obtained by assuming
that the post-main-shock pressure profile is linear in the mass coordinate
·
P ≈ Pf

¸
m
1 + A(t) M
,
ms (t)

(3.67)

where A(t) needs to be determined. It is important to notice that in the static
relaxed profile case, A(t) was previously determined to be approximately constant
with A(t) ≈ A0 ≈ β/(2 − β). It follows that the dynamic corrections will lead to
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a change in A(t), which can be rewritten as a small correction to A0 such as
A(t) = A0 + A1 + · · · ,

(3.68)

where A1 ¿ A0 needs to be determined. An important dynamic correction enters
the Hugoniot relations for the velocity jump across the main shock
s
M
2 Pps
M
=
u
+
,
uM
ps
bs
γ + 1 ρM
bs

(3.69)

where uM
bs is the pre-shock velocity at the shock front given by the standard
rarefaction wave solution
"
uM
bs = ap

β
1−β

µ

mM
s
mrf

s

¶1−β
+

#
2
2
−
.
γ(γ − 1) γ − 1

Observe that uM
bs represents a correction of order

(3.70)

p
Pp /PM in the Hugoniot relation

[Eq. (3.69)] and can be evaluated using the lowest-order form of mrf ' mshell . The
M
β
pre-shock density ρM
bs = ρp (ms /mrf ) in Eq. (3.69), however, needs to include the

corrections for mrf given in Eqs. (3.66). Conservation of momentum requires that
the acceleration balances the pressure gradient at the shock front, leading to
∂uM
ps
=−
∂t

µ

∂P
∂m

¶
,

(3.71)

mM
s

where the post-shock velocity is assumed uniform in m. An ordinary differential
equation for A1 is found by substituting Eqs. (3.67)–(3.70) into Eq. (3.71),
s
d 2−β
2β(γ + 2)
2γPp
2− 3β
(3.72)
(ηs A1 ) = −
ηs 2 .
dηs
2−β
(γ + 1)PM
Equation (3.72) can be integrated using the initial condition that A1 (mM
s = 0) =
0, leading to the following final form of the post-shock pressure at the shock front:
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Pps
= PM /Θ(ηs ),
s
β
2β(γ + 2)
2γPp
Θ(x) = 1 +
x1− 2 ,
3(2 − β) (γ + 1)PM
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(3.73a)
(3.73b)

where PM ' 2Pf /(2 − β). The standard expansion 1 − x ' 1/(1 + x) is used in the
derivation of Θ to avoid negative pressures for finite ratios of Pp /Pf . Observe that
the corrections due to finite main shock strength cause the main shock pressure
to decrease as the shock propagates through the dynamic relaxed profile. This
clearly leads to a gentler decrease in adiabat.
Using the post-shock pressure and correction to mrf from Eqs. (3.66), the postshock density of Eq. (3.62) can be rewritten including the relevant corrections in
the following form:
·
ρM
ps = ρM

ηs
Σ(ηs )

¸β (
·
¸γβ )
ηs
Pp Θ(ηs )
ρ̃
,
PM
Σ(ηs )

(3.74)

where ρM ≡ ρp (γ + 1)/(γ − 1), and the pre-shock pressure is determined through
M
γβ
the relation Pbs
= Pp (mM
s /mrf ) .

The last step is to substitute Eqs. (3.73) and (3.74) into Eq. (3.61) and derive
the final form of the adiabat shape
α = αin

³m

shell

m

2γ
´ γ+1

χ

χ(1)
³
´,
m
mshell

(3.75)

where
αin =

(γ − 1)2γ
Pf
γχ(1)(γ + 1)2γ−1 ργ0

(3.76)

is the adiabat on the inner shell surface, and ρ0 is the initial shell density. The
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function χ(x) represents the corrections due to the finite main shock strength
(
·
¸ 2γ )γ
γPp Θ(x)
x γ+1
Θ(x)
χ(x) = ρ̃
(3.77)
2γ ,
(γ + 1)Pf Σ(x)
Σ(x) γ+1
where the relation β = 2/(γ + 1) has been used, ρ̃ is given in Eq. (3.46b), and
Pp /Pf is the ratio of the prepulse pressure to the pressure of the foot of the main
pulse.
A detailed comparison between Eqs. (3.75)–(3.77) and the numerical solution
of the equations of motion is carried out in Sec. 3.5. This concludes the analysis
of the main-shock propagation through a relaxed profile of type 1. The next step
is to investigate the main-shock propagation through relaxed profiles of type 2
and to determine the resulting adiabat shape.

3.2.2

Shock Propagation Through RX Profiles of Type 2

In the case of a short prepulse, the rarefaction wave catches the shock at
m = m∗ before the inner surface (m∗ < mshell ), and the shock decays until it
reaches the inner surface at m = mshell . As described in Sec. 3.1.2, the relaxed
profile for γ = 5/3 is well approximated by two power laws of the mass coordinate:
ρ ∼ mβ for m < m∗ and ρ ∼ mµ for m∗ < m < mshell , where β ' 0.68–
0.75 and µ ' 1.45. The analysis of the main-shock propagation through such a
profile is vastly more complicated with respect to the case of the single power law
profile discussed in Sec. 3.2.1. An approximate analytic solution can be found,
however, by assuming that the pressure profile behind the main shock is linear
in the mass coordinate. As with the case of type-1 profiles, the approximation
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of infinite main shock strength and static relaxed profiles will be considered first.
The corrections due to the finite shock strength and dynamic profiles are estimated
as small perturbations of the zeroth-order solution.

The approximation of a strong shock and a static relaxed profile
In the static case, the relaxed profile in the first region 0 < m < m∗ is identical
to the type-1 profile, leading to a pressure profile behind the main shock that
increases linearly about 60% with respect to the applied foot pressure Pf . Once
the main shock enters into the second region m∗ < m < mshell , an exact analytic
solution cannot be found. A careful analysis of the numerical simulation indicates,
however, that the pressure profile behind the shock remains approximately linear
in the mass coordinate. Unlike the behavior in the first region, the shock-front
pressure is not constant, while the pressure at m∗ varies slightly around the value
ωPf with ω ' 1.6 for γ = 5/3. This suggests that an approximate solution of the
hydrodynamic equation might be represented by a linear pressure profile of the
following form:
Pps (m > m∗ ) ≈ ω0 Pf [1 + D0 (t) (z − 1)] ,

(3.78)

where z ≡ m/m∗ and ω0 is a constant that must be chosen to reproduce the
pressure at the time when the main shock reaches m∗ . Using the results of the
previous section for the main-shock propagation for m < m∗ , one can conclude
that
ω0 ≈

2
,
2−β

(3.79)
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where β ' 0.75 for γ = 5/3. Similarly to the analysis in Sec. 3.2.1, Eq. (3.78)
can be substituted into the momentum equation at the shock front [∂t ups =
−(∂m P )]mM
, where the post-shock velocity at the shock front is given by the
s
q
M /ρM (γ + 1) with the pre-shock density at the
Hugoniot relation uM
=
2Pps
ps
bs
shock front given by

µ
ρM
bs

= ρp

mM
s
mshell

¶µ
,

(3.80)

where the prepulse shock location mps has been assumed to have reached the
M
inner shell surface so that mps ' mshell . As in Sec. 3.2.1, uM
ps and Pps repre-

sent the post-shock velocity and pressure at the main shock front. The resulting shock-front momentum equation can be simplified by using the main-shock
trajectory mM
s (t) as the time coordinate and by using the shock mass velocity
q
M ρM /2. A straightforward manipulation of the momentum
(γ + 1)Pps
ṁM
s =
bs
equation leads to the following simple differential equation for D0 :
dD0 M
µ
(zs − 1) + 3D0 − M [1 + D0 (zsM − 1)] = 0,
M
dzs
zs

(3.81)

where D0 = D0 [zsM ] and zsM ≡ mM
s (t)/m∗ . It is important to note that the only
nonsingular solution of Eq. (3.81) has the simple form
D0 (x) =

2(xµ − 1) + µ(x − 3)(x − 1) − µ2 (x − 1)2
.
(µ − 2)(µ − 1)(x − 1)3

(3.82)

The pressure at the shock fronts can be determined from Eq. (3.78) upon substitution of Eq. (3.82) leading to
¡ M¢ ¡ M
¢¤
£
zs − 1 ,
Pps (mM
s ) ≈ ω0 Pf 1 + D0 zs

(3.83)
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representing a growing function of mM
s reaching the asymptotic value of 3.6ω0 Pf
for zsM → ∞. The adiabat behind the shock can be easily calculated by substituting the pressure and density at the shock front into the definition of the
adiabat:
α(mM
s ) = £

M
Pps
(mM
s )
¤ .
M γ
ρM
ps (ms )

(3.84)

Using Eqs. (3.78), (3.82), and (3.83) into (3.84) leads to the following form of the
adiabat:

ω0 Pf ³ zshell ´γµ
α∞ (m > m∗ ) = γ
[1 + D0 (z) (z − 1)] ,
ρM
z

(3.85)

where ρM = ρp (γ + 1)/(γ − 1), zshell ≡ mshell /m∗ , and the subscript ∞ indicates
that Eq. (3.85) is valid only for infinite main-shock strength. Figure 3.7 shows
a comparison of the predicted adiabat profile of Eq. (3.85) (dashed) with the
simulated adiabat profile (solid) generated by a strong shock driven by a 26-Mb
applied pressure traveling up a static, relaxed target with a density profile given
by ρ = ρp (m∗ /mshell )1.45 (m/m∗ )0.75 for m ≤ m∗ , and ρ = ρp (m/mshell )1.45 for
m∗ < m ≤ mshell and ρp = 1 g/cc. Here m∗ /mshell is chosen to be 0.18. The
theory again shows excellent agreement with the simulation.
It is interesting to observe that the linear approximation for the pressure profile leads to a flat velocity profile as shown by substituting Eq. (3.78) into the
momentum equation, yielding
u(m, t) = uM
ps (t).

(3.86)

The density behind the shock can be determined from the pressure and the adiabat
through the relation ρ = (p/α)1/γ . Upon substitution of the density, the mass
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Fig. 3.7: A comparison of the simulated (solid) and analytically calculated
[Eq. (3.85)] (dashed) adiabat shape generated by propagating a shock
supported by a constant 26-Mb pressure through a static density profile
of type 2 shows excellent agreement.
conservation equation [Eq. (2.2)] can be solved for the velocity profile, leading to
M
u(m, t) = uM
ps [1 − G(z, zs )],

(3.87)

where z = m/m∗ and
G(z, zsM )

γ − 1 dD0 (zsM )
=
2γ
dzsM

Z

z
zsM

1

(x − 1)[1 + D0 (x)(x − 1)] γ
[1 + D0 (zsM )(x − 1)]

γ+1
γ

µ

zsM
x

¶µ
dx. (3.88)

Observe that the two velocity profiles obtained from the momentum and mass
conservation equations are approximately equal in magnitude as long as |G| ¿ 1.
The value G can be estimated after replacing z with ηzsM and by computing
G(ηzsM , zsM ) for 1/zsM < η < 1 for different values of zsM . A short computation
shows that the value of G does not exceed 0.12 for typical values of zsM ≤ 10.
It follows that the linear pressure profile of Eq. (3.78), the flat velocity profile of
Eq. (3.86), and the adiabat profile of Eq. (3.85) are accurate approximations of
the solution to the hydro equations.
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Corrections due to dynamic relaxed profiles/finite shock strength
Similar to the adiabat profiles of type 1, the effect of a finite main-shock
strength causes the adiabat shape of type 2 to be shallower than predicted by
the static theory. Three main corrections to the adiabat shape can be identified.
The first is the dynamic effect on the main-shock pressure amplification when
the main shock reaches m = m∗ ; the second is the decompression of the relaxed
density profiles with m > m∗ while the main shock travels toward the inner shell
surface; the third one is the finite shock strength effects in the Hugoniot relation
governing the density jump across the main shock.
The first focus is on the main-shock propagation from m = 0 to m = m∗
through a relaxed profile that is evolving in time according to Eq. (3.36). The
time dependence enters through the denominator mrf = ap ρp t = m∗ τ , where the
time τ can be expressed as a function of the prepulse shock location by inverting
Eq. (3.23). Since the main shock is launched when the prepulse shock is near the
inner shell surface, the corresponding value of mrf is approximately
·
m0rf

= m∗

2
1+
2+δ

r

´¸
2γ ³ 2+δ
2
z
−1 ,
γ − 1 shell

(3.89)

where δ ≡ δDS ' 1.315. The post-shock pressure behind the main shock at
m = m∗ can be calculated easily using the dynamic corrections derived for the
profiles of the first kind [Eq. (3.73)] with η replaced by m∗ /m0rf , thus leading to
M
(m = m∗ ) = ω∗ Pf ,
the new value of the main-shock amplification at m = m∗ , Pps

where

"
ω∗ = ω0

2β(γ + 2)
1−
3(2 − β)

s
2γPp
ω0 (γ + 1)Pf

µ

m∗
m0rf

¶1− β2 #

.

(3.90)
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As mentioned in Sec. 3.1.2, the density profile for m < m∗ undergoes a weak
recompression after the rarefaction wave catches the shock at m = m∗ . This
recompression causes the density-profile power index β to decrease asymptotically
to the value β ' 0.68, thus leading to ω0 ' 1.5 [Eq. (3.79)] for γ = 5/3.
The second source of dynamic effects concerns the main-shock propagation
through the region m > m∗ . The corrections to the pressure profile behind the
main shock can be calculated from the shock-front momentum equation [∂t ups =
and by replacing mshell with mps (t) into Eq. (3.80) used in the evalu−(∂m P )]mM
s
p
ation of ups . Both the main-shock mM
s and the prepulse-shock positions ms are

governed by the Hugoniot relations
s
µ M ¶µ
γ−1
ms
M
ω∗ Pf ρM
[1 + D(zsM )(zsM − 1)],
ṁs =
2
mps
s
µ ¶δ
γ−1
m∗
p
Pp ρp
,
ṁs =
2
mps

(3.91)

(3.92)

where µ ' 1.45 for γ = 5/3. Substituting Eqs. (3.91), (3.92), and (3.78) and into
the momentum equation yields the following differential equation for D:
s
Pp γ − 1
L(D) = −µ
[1 + D(zsM )(zsM − 1)],
ω∗ Pf γ + 1

(3.93)

where L(D) represents the left hand side of Eq. (3.81) and the right hand side
of Eq. (3.93) represents the finite shock strength corrections. The solution of
Eq. (3.93) can be found by expanding D as D = D0 + D1 + · · · , where D0 is the
lowest-order solution for static profiles given in Eq. (3.82) and D1 represents the
dynamic corrections
s
Z Mr
γ − 1 Pp m̂φ∗ (zsM )µ zs
(x − 1)4 + D0 (x)(x − 1)5
D1 = −µ
dx,
γ + 1 ω∗ Pf (zsM − 1)3 1
x3µ

(3.94)
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where m̂∗ ≡ m∗ /mshell and φ = (δ − µ + 2)/2. It follows that the pressure profile
behind the main shock can be rewritten by including the dynamic corrections in
the following simple form:
©
£ ¡ ¢
¡ ¢¤
ª
Pps (m > m∗ ) ≈ ω∗ Pf 1 + D0 zsM + D1 zsM (z − 1) ,

(3.95)

where D0 and D1 are given by Eqs. (3.82) and (3.94). During the main-shock
propagation in the m > m∗ region, the direct effect of density decompression
to the adiabat profile should also be included. This correction requires that the
main-shock position be calculated in terms of the prepulse-shock location governed
by Eqs. (3.91) and (3.92). Replacing the time variable in Eq. (3.91) with mps (t)
leads to the following algebraic equation relating the main- and the prepulse-shock
locations:

s
φ
(zsp )φ − zshell
=φ

¤
2(γ − 1) Pp £ M
σ(zs ) − σ(zshell ) ,
γ + 1 ω∗ Pf

where zsp = mps /m∗ , zshell = mshell /m∗ and
s
(µ − 2)ξ 1−µ − (µ − 1)ξ 2−µ + 1
.
σ(ξ) =
(µ − 2)(µ − 1)

(3.96)

(3.97)

It is important to recognize that Eq. (3.96) has been derived using the condition
that zsp = zshell when zsM = zshell . This is an essential constraint, requiring that
both the prepulse shock and main shock merge on the shell’s inner surface. Observe that Eq. (3.96) can be used to find zsp in terms of zsM . The pre-shock density
including the dynamic corrections follows immediately by substituting Eq. (3.96)
into Eq. (3.36), leading to
s
)− µφ
µ M ¶µ (
¤
ms
2(γ − 1) Pp £
ρM
1 − φm̂φ∗
σ(zshell ) − σ(zsM )
.
bs = ρp
mshell
(γ + 1)ω∗ Pf

(3.98)
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The third major correction comes from the Hugoniot condition for the density
jump relating the post-shock to the pre-shock density as given in Eq. (3.46),
where π̂ is the pre-shock to post-shock pressure ratio, which can be determined
from Eqs. (3.4),(3.20),(3.80), and (3.83), yielding
¡ M ¢µγ−δ
m̂µγ
zs
Pp
∗
π̂ =
,
ω∗ Pf 1 + D0 (zsM ) (zsM − 1)

(3.99)

where the corrections to ω0 have been included through the term ω∗ defined in
Eq. (3.90).
Similar to the analysis in Sec. 3.2.1, the adiabat profile is found by writing
M
M
M
M γ
the adiabat at the main shock front αps
= Pps
(mM
s )/[ρps (ms )] and then by

replacing mM
s with the mass coordinate m. A straightforward manipulation leads
to the following form of the adiabat profile including the finite main shock strength
corrections

ω∗ Pf ³ zshell ´γµ
[1 + D (z) (z − 1)] ᾱ(z),
ργM
z
q
n
o γµ
φ
2(γ−1) Pp
φ
1 − φm̂∗ (γ+1)ω∗ Pf [σ (zshell ) − σ (z)]
n h
ioγ
ᾱ(z) =
,
µγ−δ
m̂µγ
∗ z
ρ̃ ωP∗ Pp f 1+D
0 (z)(z−1)
α(m) '

(3.100a)

(3.100b)

where ω∗ is given in Eq. (3.90), ρ̃(x) is given by Eq. (3.46b), and D = D0 + D1
with D0 , D1 shown in Eqs. (3.82) and (3.94), respectively. It is straightforward
to conclude that the dynamic corrections to the adiabat shape lead to a shallower
profile than for static relaxed profiles. A detailed comparison between Eqs. (3.100)
and the results of numerical simulations will be carried out in Sec. 3.5 for realistic
pulses.
As with the decaying shock, the adiabat profile for relaxation designs is dependent on the equation of state. Appendix A derives the maximum power-law
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indices for the relaxation adiabat profiles using ideal gas EOS for various values
of γ. In contrast to the decaying shock, where it was shown that DS adiabat
profiles become steeper for lower values of γ, RX adiabat profiles become steeper
for higher values of γ.

3.3

Simplified Formulas for RX Adiabat
Profiles and Comparison with DS

The theoretical results derived in the previous section can be simplified by
fitting the adiabat shapes with a simple power law in the mass coordinate. It has
been shown in Chap. 2 that the power-law approximation works extremely well for
the adiabat shape left behind a decaying shock (DS shaping). In an ideal fluid with
adiabatic index γ = 5/3 and neglecting the effects of mass ablation, the adiabat
profile left behind by a decaying shock follows the power law αDS ∼ 1/m1.315 for
m∗ < m < 10 m∗ . It is worth mentioning that the power index is approximately
independent of the prepulse characteristics. For the remainder of this chapter, α
will be taken to be the DT-standard adiabat defined in Eq. (2.67).
Adiabat shaping by relaxation leads to a tunable adiabat profile ranging from
a rather shallow profile for RX shaping of type 1 to a steeper profile with RX
shaping of type 2. In the case of RX shaping of type 1, the shaping function given
in Eqs. (3.75)–(3.77) can be well approximated for γ = 5/3 by the following power
law of the mass coordinate:
RX1
αRX1 = αin

³m

shell

m

´δRX1

,

(3.101)
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RX1
where the power index δRX1 and the inner surface adiabat αin
are functions of

prepulse/main-pulse pressure ratio rp ≡ Pp /Pf . A straightforward numerical fit
leads to the following fitting functions:
RX1
αin
' 7.2 · 10−3

¢
Pf (Mb) ¡
1 − 1.12rp0.52 + 6.54rp1.15 ,
5/3
ρ0 (g/cc)

δRX1 ' 1.25 − 4.14rp0.95 + 3.05rp1.61 ,

(3.102)
(3.103)

where ρ0 is the initial shell density. These approximate formulas have been derived
by fitting the adiabat profile over the range 0.2 < m/mshell < 1 and 0 < rp < 0.75.
Observe that the steepest profile of the first kind behaves as 1/m1.25 and occurs
for rp → 0. For typical values of prepulse- to foot-pressure ratios in the range
0.05 < rp < 0.2, the power index of the adiabat profile is within the range 0.60 to
1.04, which is well below the decaying shock value of 1.315, thus indicating that
the DS shaping leads to significantly steeper adiabat profiles than the relaxation
method of type 1.
The conclusions are different in the case of RX shaping of type 2. Even in
this case, the adiabat profile left behind by the main shock [Eqs. (3.100)] can be
approximated by a power law of the mass coordinate
αRX2 '

RX2
αin

³m

shell

m

´δRX2

,

(3.104)

where
RX2
= 2.46 · 10−2
αin

¢
Pf (Mb) ¡
− 1.11m̂0.25
,
1.19 + 1.76rp0.8 m̂2.15
∗
∗
5/3
ρ0 (g/cc)
δRX2 ' 2.105 − 3.469rp0.62 m̂1.31
∗ ,

(3.105)
(3.106)
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p
Pp ρ0 , ∆tp is the prepulse duration,

and mshell = ρ0 d0 (d0 is the initial shell thickness). It is important to emphasize
that Eqs. (3.104)–(3.106) have been derived by fitting Eq. (3.100) for an ideal fluid
(no ablation) with γ = 5/3 and pulse/target characteristics satisfying 0.2 < rp < 1
and 0.05 < m̂∗ < 0.4. It is also interesting to note that the power index δRX2 is
maximum for short prepulses and/or weak prepulses (m̂∗ ¿ 1, rp ¿ 1). For
m̂∗ → 0, the RX adiabat profile of Eq. (3.100) reduces to a power law with
a power index δRX2 ' 2.4, well above the power index of the decaying shock
shaping δDS ' 1.315. However, the ratio m∗ /mshell cannot be arbitrarily small for
RX shaping since the pressure behind the prepulse shock at its arrival on the inner
surface, which is approximately Pp m̂1.3
∗ , must be large enough to keep the prepulse
shock in the strong shock regime and to ionize the target material. Typical values
of δRX2 are mostly in the range 1.7 to 2.0 which is still significantly larger than
the 1.315 of the decaying shock.
It has been shown in Chap. 2 that ablation causes the adiabat profile induced
by a decaying shock to become shallower. This is because the shock decays more
slowly due to the residual ablation pressure and the fact that the supporting
pressure moves closer to the shock. In the relaxation method of type 2, the
relaxed density profile is produced by a decaying shock driven by the pressure
prepulse. Since ablation causes a slowdown of the shock decay, it follows that the
relaxed profile is “less relaxed” because of ablation. Therefore, the adiabat shape
induced by the main shock is less steep than in the ideal case without ablation.
Typical ablation-induced reductions of the adiabat profile power index δRX are
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small (of the order of 10%) and lead to a power index in the range δRX2 ' 1.6 to
1.8.

3.4

RX Pulse Design

To induce the desired adiabat profile, one needs to design the appropriate
applied pressure pulse. The pressure pulse (see Fig. 1.6) consists of a constant
pre-pulse of pressure Pp and duration ∆tp followed by a main pulse of pressure Pf
applied at time tf . Typically, the pulse is designed to induce the desired value of
the inner-surface adiabat αin . The latter is a design parameter that needs to satisfy
the one-dimensional ignition and gain requirements of the implosion. Another
design constraint is the merging of the prepulse and main shocks on the inner
shell surface. This is required in order to keep the adiabat profile monotonicallydecreasing. For the relaxation pulse of type 1, another requirement is the merging
of the rarefaction wave with the prepulse and main shocks on the inner shell
surface. Therefore, given the four pulse parameters (Pp , Pf , ∆tp , and tf ), the
type-1 relaxation has three constraints and one free parameter, while the type2 relaxation has two constraints and two free parameters. Since different pulse
parameters lead to different adiabat decay rates, another design parameter can be
identified as the adiabat-profile spatial decay rate. By approximating the adiabat
profile with a power law α ∼ 1/m∆ , the power index ∆ defines the decay rate
and can be assigned as a design parameter (within the appropriate limits), thus
further reducing the degrees of freedom. Furthermore, technical limits on the
prepulse and foot pressure as well as prepulse duration are imposed by the pulse-
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shaping capabilities of a given laser system. Such limitations are not discussed in
this paper but need to be taken into account when designing an adiabat-shaping
pulse. In this section, the relevant parameters needed to design a pressure pulse
for RX adiabat shaping are determined.

3.4.1

Pulse Design for RX Shaping of Type 1

The pulse design for a relaxation shaping of type 1 is highly constrained since
the prepulse shock, the rarefaction wave, and the main shock must all merge
on the rear shell surface. By combining the Hugoniot condition on the shock
p
velocity [ṁM
(γ + 1)Pps ρbs /2], the post-shock pressure [Eq. (3.73)], and the
s =
M
β
pre-shock density ρM
bs = ρp (ms /mrf ) [with mrf = mshell τ and τ = t/∆t∗ defined

in Eq. (2.18b)], one can easily derive the following ordinary differential equation
for the main-shock propagation:
s
dηsM
γ+1
=
dτ
γ

Pf
2Pp Θ(ηsM )

µ

ηsM
τ

¶β
,

(3.107)

where ηsM = m/mshell and Θ is derived from Eq. (3.73b) for β = 2/(γ + 1), leading
to

s
2(γ + 2)
Θ=1+
3(γ + 1)

γ
2Pp M γ+1
(ηs ) .
Pf

(3.108)

A straightforward integration of Eq. (3.107) for ηsM ∈ [0, 1] and τ ∈ [τf , 1] leads
to the following expression for the beginning time of the foot pulse:
tf = ∆tp + τf ∆t∗ ,
(
τf =

s
γ
1−
γ+1

s
"
#) γ+1
γ
2Pp
γ+2
2Pp
1+
,
Pf
6(γ + 1) Pf

(3.109a)
(3.109b)

3. Adiabat Profiles Generated by the Relaxation Method

108

where ∆t∗ is proportional to the prepulse duration ∆tp through Eq. (2.16). The
main-shock breakout time coincides with the prepulse shock and the rarefactionwave breakout times on the inner surface given by the simple relation
tb.o. = ∆tp + ∆t∗ .

(3.110)

The inner-surface adiabat induced by such a pulse is given by Eq. (3.102) and
is primarily dependent on the foot pressure. If the inner-surface adiabat is an
assigned design parameter, then Eq. (3.102) is used to constrain the foot pressure
Pf . Note that the prepulse pressure and duration are related by the rarefaction
wave/prepulse shock overtaking time, m∗ = mshell ≡ ρ0 d0 or
√
√
p
2γ − γ − 1
√
∆tp Pp = ρ0 d0 p
.
γ(γ + 1)

(3.111)

It follows that, for an assigned prepulse pressure (or duration) and inner-surface
adiabat, there is only one foot pressure that would shape the adiabat with a
profile of type 1 [Eq. (3.101)–(3.103)]. As an example, a 100-µm-thick DT shell
(ρ0 = 0.25 g/cc, d0 = 100 µm) is considered, and a type-1 RX shaping pulse
is designed using a prepulse of Pp = 5 Mb, requiring an inner-surface adiabat
αin ' 3. Equation (3.111) yields a prepulse duration of ∆tp ' 1070 ps, while
the foot pressure can be determined from Eq. (3.102) by setting αin = 3. A
straightforward calculation yields the foot pressure Pf ' 29.7 Mb. The foot
pressure is applied at the time tf obtained from Eq. (3.109), yielding tf ' 1442
ps. The shock breakout time on the inner surface is given by Eq. (3.110), yielding
tb.o. ' 1936 ps. The corresponding adiabat profile has an approximate power law
behavior [Eq. (3.101)] with power index δRX1 ' 0.67 given by Eq. (3.103). Observe

3. Adiabat Profiles Generated by the Relaxation Method

109

that Eq. (3.109b) suggests that a critical value of Pp /Pf exists that makes τf = 0.
Though such a critical value is not accurately predicted by the weak prepulse
theory (Pp ¿ Pf ) derived in this paper, it is intuitive that an upper limit in the
ratio Pp /Pf must exist in the design of a relaxation pulse of the first kind. Indeed,
for a given prepulse pressure, the foot pressure must be sufficiently large to cause
the main shock to catch the prepulse shock on the shell rear surface.

3.4.2

Pulse Design for RX Shaping of Type 2

The shock-merging constraint requires that both prepulse and main shock
merge at the rear surface. The prepulse-shock breakout time (tb.o. ) on the rear
surface can be easily obtained from Eq. (3.23) by setting zsp = zshell ≡ mshell /m∗ ,
thus leading to

τb.o.

tb.o. = ∆tp + ∆t∗ τb.o. ,
r
´
2
2γ ³ 2+δ
2
≡1+
z
−1 ,
2 + δ γ − 1 shell

(3.112a)
(3.112b)

where ∆t∗ is given in Eq. (2.16) and m∗ in Eq. (2.17). The main shock must
also arrive on the rear surface at time tb.o. by traveling through the m > m∗ and
m < m∗ regions. The main shock traveling time through the m > m∗ region can
be easily derived by integrating Eq. (3.91). A straightforward manipulation yields
the following traveling time:
M
∆tM
m>m∗ = ∆t∗ ∆τm>m∗ ,

where
M
∆τm>m
∗

s
=

2γ Pp
γ + 1 ω∗ Pf

Z

zshell
1

(zsp )µ/2 dzsM
p
,
(zsM )µ [1 + D(zsM )(zsM − 1)]

(3.113a)

(3.113b)
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zsp is a function of zsM [Eq. (3.96)], and D(x), ω∗ are given in Eqs. (3.82), (3.94),
and (3.90). It follows that the time when the main shock is at m = m∗ is tM
m=m∗ =
M
∆tp + ∆t∗ τm=m∗ , where τm=m∗ ≡ τb.o. − ∆τm>m
. Before arriving at m∗ , the main
∗

shock travels through the region 0 < m < m∗ where the density profile is given by
0
Eq. (3.35) and the post-shock pressure follows Eq. (3.73) with η = mM
s /mrf and

m0rf given in Eq. (3.89). The shock-evolution equation is given by the Hugoniot
condition [Eq. (2.11)], which can be integrated between the main-shock launching
time (or main-pulse foot beginning time tf ) and the arrival time at m = m∗ . A
short calculation yields the launching time
tf = ∆t∗ τf + ∆tp ,
"
2−β
2

τf ≡ τm=m∗

(3.114a)

2
# 2−β
µ
¶ s
β
2γ Pp
− 1−
θ
,
2
γ + 1 ω0 Pf

(3.114b)

where
Z

1

θ=

dx
0

1
x

β
2

"
1−

s
2β(γ + 2)
3(2 − β)

2γPp
(γ + 1)ω0 Pf

µ

xm∗
m0rf

#− 21
¶ 2−β
β

.

(3.114c)

Observe that Eqs. (3.114) provide the beginning time of the foot of the main
pulse once the prepulse pressure Pp , foot pressure Pf , and prepulse duration ∆tp
are assigned. The time tf is derived by timing the prepulse and main shock so
that they merge on the shell’s inner surface. As an example, a 100-µm-thick DT
shell (ρ0 = 0.25 g/cc, d0 = 100 µm) is considered, and a type-2 RX shaping
pulse is designed with a Pp = 18 Mb, ∆tp = 100 ps prepulse and requiring an
inner-surface adiabat αin ' 3. Using the definition mshell = ρ0 d0 and Eqs. (2.16)
and (2.17) to find m∗ , one can easily compute the parameter m̂∗ = 0.177. The
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foot pressure can be determined by using αin = 3 into Eq. (3.105), yielding
Pf ' 24 Mb. The time when the foot pressure is applied can be computed
from Eqs. (3.114) using γ = 5/3, ω0 ' 1.5, and β = 0.75, leading to tf = 1256 ps.
The shocks’ breakout/merging time is determined through Eqs. (3.112), leading to
tb.o. = 1993 ps. The corresponding adiabat profile has an approximate power-law
behavior [Eq. (3.104)] with power index δRX2 ' 1.80 which is significantly larger
than in the case of the decaying-shock shaping.
It is important to recognize that typical laser pulses are designed so that the
laser power reaches its peak at shock breakout. The corresponding laser pressure
starts from the foot level (Pf ) and increases monotonically to its maximum value
Pmax (Fig. 1.6). The laser power (and pressure) is raised at a low-enough rate to
avoid strengthening the main shock and to prevent increasing the adiabat after
the main shock. Since the resulting adiabat shape is set by the main shock driven
by Pf , the theory derived in this paper is valid for realistic ICF pulses with a
laser-power raise after the foot (Fig. 1.6).
This concludes the analysis of the pulse design. A detailed comparison of
the adiabat shapes and pulse-design parameters with the results of numerical
simulation is carried out in the next section.

3.5

Comparison of RX Analytic Profiles to
Simulations

The results of the analytic theory derived in this article are compared to the numerical results calculated by a one-dimensional Lagrangian hydrodynamics code,
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using ideal gas equation of state and an imposed pressure boundary condition to
simulate the relaxation drive pulses. The case of αin = 3 is chosen as a case of
interest, where adiabat shaping is expected to demonstrate significantly improved
performance and to constrain the capsule and pulse designs to the capabilities of
the OMEGA Laser System.
Using the pulse-design formulas given in Sec. 3.4.1, a type-1 RX pulse shape
was designed for a typical OMEGA cryogenic capsule of density ρ0 = 0.25 g/cm3
and thickness d0 = 100 µm using the parameters described in the example in
Sec. 3.4.1: Pp = 5 Mb, ∆tp = 1070 ps, Pf = 29.7 Mb, and tf = 1442 ps. The
shocks’ breakout time is tb.o = 1936 ps, and the resulting adiabat shape can be
approximated with the power law α ' 3.04(mshell /m)0.67 . The pulse parameters
have been used as input to the one-dimensional Lagrangian code that solves the
equation of motion over a mesh of 2000 grid points. Figure 3.8 compares the
adiabat profiles from the numerical simulation (solid curve) with the power-law
approximation (dashed curve) and the full analytic formula in Eqs. (3.75)–(3.77)
(dotted curve). Observe that the theoretical pulse parameters of Sec. 3.4.1 do
produce a monotonically-decreasing adiabat profile with an inner-surface adiabat
of about αin ' 3. Furthermore, the simulated adiabat profile compares favorably
with both the full analytic formula as well as the power-law approximation of
Sec. 3.3 for type-1 relaxation.
Similarly, a type-2 RX pulse shape is designed in Sec. 3.4.2 for the same
target with αin = 3. The pulse parameters of Sec. 3.4.2 are: Pp = 18 Mb,
Pf = 24 Mb, ∆tp = 100 ps, and tf = 1256 ps. The shocks’ breakout time is
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Fig. 3.8: A comparison of the simulated adiabat shape of type 1 (solid) with the
full analytic formula [Eqs. (3.75)–(3.77)] (dotted) and the power-law
approximation [Eqs. (3.101)–(3.103)] (dashed).
tb.o. = 1993 ps, and the adiabat profile can be approximated with the power law
α ' 3.0(mshell /m)1.8 . Figure 3.9 compares the adiabat profiles from the numerical
simulation (solid curve) with the power-law approximation (dashed curve) and the
full analytic formula in Eqs. (3.100) (dotted curve). Observe that the theoretical
pulse parameters of Sec. 3.4.2 induce a monotonically decreasing adiabat profile
with an inner-surface adiabat of about αin ' 3. Even in this case, the simulated
adiabat profile compares favorably with both the full analytic formula as well as
the power-law approximation of Sec. 3.3 for type-2 relaxation.

3.6

Non-ideal effects on RX adiabat shaping

In realistic ICF implosions, quantifying the adiabat profile generated in a
relaxation-design capsule is further complicated by other physical processes and
constraints, such as radiation, thermal conduction, mass ablation, laser absorption and laser system constraints, realistic equations of state (EOS’s), and spher-

3. Adiabat Profiles Generated by the Relaxation Method

114

50
40

α

30
20
10
0
0.0
TC6630

0.2

0.4
0.6
m/mshell

0.8

1.0

Fig. 3.9: A comparison of the simulated adiabat shape of type 2 (solid) with the
full analytic formula [Eqs. (3.100)] (dotted) and the power-law approximation [Eqs. (3.104)–(3.106)] (dashed).
ical convergence. Radiation and thermal conduction effects may invalidate the
assumption of isentropic flow away from the shocks. Mass ablation alters the position where the laser-induced shocks are launched, and therefore affects the shock
timing. In typical pulse designs, the laser absorption histories, and hence applied
pressure histories, are not constant over the duration of either the prepulse or the
foot, as has been assumed in the previous analysis. Realistic EOS’s yield different results for compressibility, shock and rarefaction speeds, and post-shock flow
velocity than the ideal-gas approximation. A thorough theoretical treatment of
these processes is beyond the scope of this paper; however, an attempt is made
here to quantify their effects on the shell’s adiabat profile through simple reasoning
and simulation.
In ICF capsules, the radiation emitted from the hot coronal plasma can penetrate the shell, heating the dense shell material to a significant depth. This
inevitably causes a radiative shaping of the adiabat near the ablation front,23, 31, 32
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even when the laser pulse is designed to induce a flat adiabat. This effect may indeed be noticeable for capsules with high or moderate average atomic number, e.g.
polystyrene plastic (see Chap. 5 (CH, hZi = 3.5). However, for the hydrogenic
capsules (Z=1) of interest for direct drive ICF, the radiation shaping is typically
negligible when compared with the laser-induced shaping discussed in this paper.
Thermal conduction plays an essential role in ICF capsule implosions, as the
heat conducted from the laser absorption region to the ablation surfaces determines the ablation pressure. At the ablation surface, the shell material absorbs
heat rapidly, raising its adiabat quickly as it ablates off the shell. Once this shell
material has been ablated, however, its adiabat is no longer relevant to the capsule
stability, since the ablation velocity is only determined by the local value of the
adiabat at the ablation surface. Furthermore, the contribution of heat conduction
to the adiabat in the bulk of the shell is very small compared to the shock-induced
adiabat, as both the temperature and temperature gradients are small in the unablated shell. Hence, thermal conduction effects on the adiabat profile (with the
exception of mass ablation) may also be neglected.
Mass ablation occurs during both the prepulse as well as the foot of the main
pulse. While the mass ablated during the prepulse is negligible, a significant
fraction ranging from 20 to 30% of the total shell mass is ablated during the
foot of the main pulse. Since m∗ is small in type-2 adiabat shaping, the ablated
mass mabl often exceeds m∗ . When this happens, the foot pressure amplification
through the region 0 < m < m∗ is eliminated. In the absence of mass ablation, the
applied foot pressure is amplified from Pf at m = 0 to ω∗ Pf at m∗ where ω∗ ≈ 1.5
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is given in Eq. (3.90) of Section 3.2.2. If the mass m∗ is quickly removed by mass
ablation during the foot, then the main shock is launched with the pressure Pf
instead of ω∗ Pf . Therefore, the validity of Eqs. (3.104)–(3.106) for the design of
type-2 adiabat shaping can be easily extended to the ablative case by replacing
the applied pressure Pf with Pf /ω∗ ≈ Pf /1.5.
When dealing with thick cryogenic targets, spherical convergence effects need
also be taken into account for an accurate estimate of the adiabat shapes. They
can be easily included by replacing the areal mass coordinate m with the total
R r̄
mass coordinate msph = 4π 0 r̄02 ρ(r̄0 , 0)dr̄0 . This requires a redefinition of m∗ as
3
follows: msph
= (4πρ0 /3) (Rout
− R∗3 ), where Rout is the initial outer radius of the
∗
p
shell, and R∗ = Rout − 4Pp /3ρ0 (∆tp + ∆t∗ ) is the radial coordinate where the

rarefaction and prepulse shock merge.
To quantitatively account for all these effects, simulations were performed
using LILAC,55 a one-dimensional Lagrangian ICF code. These LILAC simulations used SESAME EOS in a spherical geometry, while modeling laser absorption
by raytrace and inverse Bremsstrahlung, thermal conduction using a flux-limited
local thermodynamic equilibrium treatment, and radiation transport using multigroup diffusion. The target is a 85-µm thick solid-DT shell. The laser pulse,
designed in accordance with pulse-shaping capabilities of the OMEGA laser system,48 consists of an 80-ps, 15-TW square prepulse, with a finite ramp-up and
ramp-down in intensity, followed by a 7-TW foot with finite ramp-up launched at
about 950 ps. The average prepulse pressure found by LILAC is 23 Mb. The ablation pressure of the foot pulse at the time of shock generation is approximately
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Fig. 3.10: A comparison of the simulated adiabat shape predicted by LILAC
(solid) with the analytic formula [Eqs. (3.104)–(3.106)] (dashed) for
an OMEGA-scale design.
34 Mb. The resulting adiabat profile is shown in Fig. 3.10 (solid) and compared
with the prediction of Eqs. (3.104)–(3.106) (dashed), including the above modifications, indicating good agreement between theory and simulation. Note, the
optimal foot pulse turn-on time predicted by theory is 800 ps, whereas the value
in simulation was 950 ps, indicating that some retuning of the pulse was necessary.

To estimate the increase in ablation velocity, it is important to recognize that
in realistic ICF implosions, a significant fraction of the target material is ablated
off during the foot of the laser pulse. For a RX pulse shape, about 20% to 30%
of the target mass is ablated before the shock breakout time, thus causing the
outer shell surface to shift inward. The shell acceleration starts shortly after the
shock breakout time when the laser power reaches its peak. The relevant outersurface adiabat determining the ablation velocity is the adiabat at the ablation
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front, which moves deeper inside the target as more mass is ablated off. In mass
coordinates, the ablation-front position is equal to the amount of mass ablated
ma (t). It follows that the ablation velocity for a shaped-adiabat implosion is
determined by the following simple scaling law:
µ
Vashaped

'

Vaflat

mshell
ma (t)

¶ 35 δ

,

(3.115)

where Vaflat is the ablation velocity for a flat-adiabat implosion with α = αin and
δ is equal to δRX1 , δRX2 , or δDS depending on the shaping method. During the
acceleration phase, Va is maximum at the beginning [low ma (t)] and decreases
in time as more mass is ablated and ma (t) increases. At the beginning of the
acceleration phase when ma ∼ 0.3 mshell , the shaped-adiabat ablation velocity is
roughly 2 times the flat-adiabat value for the decaying-shock shaping (δDS ' 1.1),
about 1.5 times Vaflat for type-1 RX shaping (δRX1 ∼ 0.7), and over 3 times Vaflat for
type-2 RX shaping (δRX2 ∼ 1.6 to 1.8). Figure 3.11 shows the time evolution of the
ablation velocities computed by LILAC for a typical OMEGA-size cryogenic DT
shell of thickness 85 µm and inner radius 345 µm. The three curves represent the
three pulse designs: flat adiabat with α = 3 (dashed), shaped adiabat by decaying
shock (dotted), and shaped adiabat by RX-2 shaping (solid). The corresponding
laser time histories are shown in Fig. 3.12, and the time axis in Fig. 3.11 is adjusted
to fit the different acceleration phases (i.e., maximum laser power intervals) of the
three designs. Observe that RX-2 design leads to the largest ablation velocity,
approaching 3 times the flat-adiabat value at the beginning of the acceleration
phase.
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Fig. 3.11: Time evolution of the ablation velocities during the laser pulse’s flat
top for a flat α = 3 (dashed), decaying-shock–shaped (dotted), and
type-2 relaxation–shaped (solid) implosions.
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Fig. 3.12: Laser pulse for a flat α = 3 design (dashed), a decaying-shock design
(dotted), and a type-2 relaxation design (solid) of comparable 1-D
performance.
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Concluding Remarks on the RX Adiabat
Profile

Analytical forms of the relaxation adiabat shapes have been derived for two
cases: where the prepulse is long enough that the rarefaction wave catches the
prepulse shock at the inner shell surface of the shell (type 1), and the case of short
prepulses, where the rarefaction wave/shock interaction occurs inside the shell
(type 2). The analytic relaxation adiabat profiles derived here are in excellent
agreement with simulations. Results indicate that the adiabat profiles for both
type-1 and type-2 designs are well-approximated by a power law for ICF-relevant
values of the prepulse to main-pulse pressure ratio. The power-law indices for RX
designs have been shown to be highly tunable, giving the possibility for tailoring
adiabat profiles to desired design specifications. The type-2 relaxation designs also
allow for power-law indices, which are substantially higher than those generated
by decaying shock designs [see Chap. 2], resulting in the possibility of higher
ablation velocities and higher RT mitigation in RX designs, while maintaining
similar one-dimensional compression and yield. In addition, formulas have been
derived to aid in the design of RX implosions.
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4. RAYLEIGH–TAYLOR
INSTABILITY WITH FINITE
ADIABAT GRADIENTS
A heavy fluid accelerated by a light fluid is unstable to the Rayleigh–Taylor
(RT) instability. In inertial confinement fusion, the RT instability occurs as the
laser ablates material from the outer surface of the capsule. Perturbations on the
outer surface of the capsule are amplified as the light, ablated material accelerates
the denser shell material inward. It is well-established that the ablatively-driven
RT instability is mitigated at short wavelengths due to the flow of material through
the ablation front;17–23 however, the effects of finite adiabat gradients present in
the bulk shell material on RT growth have not been considered. In this chapter
a sharp boundary model21 is developed for the Rayleigh–Taylor in the presence
of finite adiabat gradients in the heavy fluid, and linear-phase growth rates are
derived. It is shown that adiabat gradients are destabilizing to the RT. Numerical results in Chapter 5 will show, however, that the increased ablation velocity
due to adiabat shaping more than compensates for this adiabat-gradient-induced
destabilization.
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Linear Stability Analysis

In deriving the growth rates of the Rayleigh–Taylor instability, the problem
domain may be divided into three distinct regions: (1) the heavy fluid region,
which represents the unablated target, (2) the light fluid, representing the ablated
or blow-off region, and (3) the transition region between the heavy and light fluids,
corresponding to the region of the ablation front. In the sharp-boundary model,
the ablation front is treated as infinitely thin, and hence the description of this
layer is modeled using simple jump conditions. In the model presented here, the
light fluid equilibrium is approximated as a uniform fluid, as in standard sharpboundary theory. This model differs from the standard sharp-boundary model
treatment solely in the formulation of the heavy fluid conditions, where adiabat
gradients are assumed to exist. The derivation of the instability growth rates,
therefore, begins with an analysis of the heavy fluid.
In the heavy fluid, the gasdynamic equations can be written in the following
form:
∂t ρ + ∇ · (ρ~v ) = 0,

(4.1)

ρ [∂t~v + (~v · ∇) ~v ] = −∇P + ρ~g ,

(4.2)

∂t P + ~v · ∇P + γP ∇ · ~v = 0.

(4.3)

Note, that in the cold, heavy fluid, heat conduction is assumed to be negligible. Under the assumption that the perturbed eigenfunctions are of the form
A(x, y, t) = a(y) exp(Γh t + ikx), where Γh is the Rayleigh–Taylor growth rate in
the heavy-fluid frame of reference, k is the perturbation wavenumber, t is time, x
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is the dimension parallel to the unstable interface, and y is the dimension parallel
to the acceleration vector, the equations may be readily linearized resulting in the
equations
Γh ρ̃h + ṽy,h ∂y ρh + ρh ∇ · ṽh = 0,

(4.4)

Γh ρh ṽx,h = −ik P̃h ,

(4.5)

Γh ρh ṽy,h = −∂y P̃h − ρ̃h g,

(4.6)

Γh P̃h + ṽy,h ∂y Ph + γPh ∇ · ṽh = 0.

(4.7)

Here g is the magnitude of the ablation front acceleration, Ph and ρh are the
unperturbed pressure and density profiles, respectively, and P̃h , ρ̃h , ṽx,h and ṽy,h
are the perturbed pressure, density, and x- and y-components of the velocity. The
quantity ṽh represents the perturbed velocity vector. The subscript h denotes
that these are heavy fluid quantities. In deriving these equations, the equilibrium
condition, ∂y Ph = −ρh g, has been used.
Equation (4.5) is multiplied by ik and after a short manipulation yields an
expression for the divergence of the perturbed velocity
∇ · ṽh =

k 2 P̃h + Γρh ∂y ṽy,h
.
Γ h ρh

(4.8)

This expression can then be substituted into Eq. (4.7), the linearized energy equation, to obtain a formula for the perturbed pressure
P̃h =

−Γh ṽy,h ∂y Ph + γPh Γh ∂y ṽy,h
.
Γ2h + k 2 c2s

Here, the unperturbed sound speed, cs =

p

(4.9)

γPh /ρh , has been used. Equation (4.8)
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can then be simplified using Eq. (4.9) to
∇ · ṽh =

Γ2h ∂y ṽy,h − k 2 ṽy,h ∂yρPh h
Γ2h + k 2 c2s

.

(4.10)

Replacing ∇·ṽh in the linearized continuity equation, Eq. (4.4), with the expression
in Eq. (4.10) one obtains
³
³
´
³
´
´
∂y ρh
∂y Ph
∂y ρh
2
2
2 2
2
ṽ
Γ
∂
ṽ
−
k
ṽ
+
k
c
ṽ
+
Γ
y,h
s y,h
h y,h
h y y,h
ρh
ρh
ρh
Γh ρ̃h
+
= 0. (4.11)
ρh
Γ2h + k 2 c2s
Consider the expression c2s (ρ0h /ρh )−(Ph0 /ρh ), where 0 represents the derivative with
respect to y. Using the definition of the adiabat, α = P/ργ , this expression can
be rewritten as
c2s

ρ0h Ph0
α0
−
= − c2s .
ρh
ρh
γα

(4.12)

Substituting this expression into Eq. (4.11) gives
´
³
2 2
∂y ρh
2
+ kγLcαs ṽy,h + Γ2h ∂y ṽy,h
Γ
ṽ
h y,h
ρh
Γh ρ̃h
+
= 0,
ρh
Γ2h + k 2 c2s

(4.13)

where Lα = |α/α0 | is the adiabat-gradient scalelength. Note that for adiabatshaped targets, α0 is negative, so Lα = −α/α0 . Equations (4.9) and (4.13) can
then be substituted into the y-component of the linearized momentum equation,
Eq. (4.6), to eliminate ρ̃h , and after a short manipulation, one obtains,


ρ0h
k2 c2s ṽy,h
¶¸
· µ 2
ṽ
+
+
∂
ṽ
y,h ρh
y y,h
c ∂y ṽy,h − ṽy,h g
Γ2h γLα

 = 0.
−
ρ
ṽ
+
ρ
g
∂y ρh s 2
h
y,h
h
2
Γh + k 2 c2s
Γh + k 2 c2s
(4.14)
Here, the equilibrium solution, Ph0 = −ρh g has been used. Introducing the dimensionless quantities
ξ = ky,

Γ̂2h =

Γ2h
,
kg

Σ2 =

k 2 c2s
,
kg

ρ̂h =

ρh
,
ρh (ξ = 0)

(4.15)
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yields the following
"
∂ξ ρ̂h

Ã

2

Σ ∂ξ ṽy,h − ṽy,h
Γ̂2h

+

Σ2

!#





+ ρ̂h ṽy,h 

ρ0h
kρh

+

Γ̂2h



Σ2
Γ̂2h γkLα

+

Σ2



− 1 +

∂ξ ṽy,h 
= 0.
Γ̂2h + Σ2
(4.16)

which after a short manipulation can be rewritten in the following form,
!Ã
" Ã
!
#
"Ã
!#
Σ2
Σ2
1
∂ξ ρ̂h
∂ξ ṽy,h − ρ̂h ṽy,h
1− 2
Γ̂2h + Σ2
Γ̂h γkLα
Γ̂2h + Σ2
µ
¶
ρ̂h ṽy,h
Ph
−³
− γ = 0.
´2 1 −
ρh gLα
2
2
Γ̂h + Σ

(4.17)

In the short wavelength regime (kd À 1), where d is the shell thickness, Eq. (4.17)
can be simplified through an ordering of the quantities Σ and Γ̂h . In this regime, it
is assumed that the growth rates are significantly mitigated by ablative stabilization such that Γ̂2h = Γ2h /kg ¿ 1. Furthermore, since Σ = k 2 c2s /kg = kγP/ρh g and
g ∼ P/ρd, that Σ ∼ kd À 1. Hence, for sufficiently short wavelengths, Σ À Γ̂h .
Simplifying Eq. (4.17) using this ordering leads to
Ã
(∂ξ ρ̂h ) (∂ξ ṽy,h ) + ρ̂h (∂ξ )2 ṽy,h − ρ̂h ṽy,h

1−

1
γkLα Γ̂2h

!
= 0.

(4.18)

Note that the derivatives with respect to ξ of the equilibrium quantities (e.g. ρ̂h )
scale as 1/kd ¿ 1, whereas the derivatives of the perturbed quantities (e.g. ṽy,h )
scale as 1. Hence the first term in Eq. (4.18) can be neglected leaving
(∂ξ )2 ṽy,h − ĥ2 ṽy,h = 0,

(4.19)

where
ĥ2 = 1 −

1
γkLα Γ̂2h

.

(4.20)
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These equations describe the perturbed flow in the heavy fluid, and have the
simple solution
ṽh = Aeĥξ + Be−ĥξ .

(4.21)

Applying the boundary conditions that the perturbed velocity goes to zero far
from the interface (ξ = 0), and reverting to physical-space coordinates, the full
solution for the perturbed velocity field in the heavy fluid is
ṽh = v̂h e−kĥy+Γh t eikx ,

(4.22)

where v̂h is the maximum velocity perturbation at time t = 0, and Γh represents
the growth rate in the heavy fluid. Substituting Eq. (4.22) into Eqs. (4.9), (4.10),
and (4.13), and using appropriate scalings in the short-wavelength regime yields
the following solutions for the perturbed pressure, x-component of velocity, and
density,

Ã
P̃h =

ρh Γh ĥ
k

!
ṽy,h ,

(4.23)

iṽx,h = ĥṽy,h ,

(4.24)

ρ̃h
ṽy,h
=
.
ρh
Γh γLα

(4.25)

Hence all quantities have the same temporal and spatial dependency. Finally,
matching the heavy fluid solution with the standard light fluid solution, Q̃` =
Q̂` exp Γ` t, evaluated at the ablation front, y = ya = Va t, where Va is the ablation
velocity, gives the relation
Γh = Γ` + k ĥVa .

(4.26)
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Dispersion Relation

Integration of the fluid equations in the direction perpendicular to the lightheavy fluid interface leads to the following forms of the linearized jump condition,
from Ref. 21, Eqs. 23–25:
Γη̃ (ρh − ρ` ) = ρh ṽy,h + ρ̃h vh − ρ` ṽy,` − ρ̃` v` ,

(4.27)

ṽx,h − ṽx,` + ik η̃ (vh − v` ) = 0,

(4.28)

P̃h − P̃` + ρ̃h vh2 − ρ̃` v`2 + 2ρh vh (ṽy,h − ṽy,` ) − (ρh − ρ` ) g η̃ = 0,
h
i
γP
g
g
0
0
(ṽy,h − ṽy,` ) = κh Th (Φ )h − (Φ )` ,
γ−1
where

µ
Φ=

T
Th

¶ν+1

1
.
ν+1

(4.29)
(4.30)

(4.31)

Here, again the subscripts h and ` represent quantities in the heavy and light
fluid respectively, and ν is the power index for heat conductivity [κ(T ) = κ0 T ν ].
Note that in the linearized energy jump equation, Eq. (4.30), subsonic flow has
been assumed (P À ρv 2 ). Equation (4.30) can be rewritten using the equilibrium
density profile for thermal conduction with power index ν in the convenient form,
ṽy,h − ṽy,` = kv` η̃(1 − ξ` ),

(4.32)

where ξ` = ρ` /ρh .
The standard sharp-boundary-model21 solution for the light fluid, can be written in the following form:
ṽx,`

i
=
k

Ã

b̂Γ` −Γ` y/v`
kûy,` eky −
e
v`

!
,

(4.33a)

4. Rayleigh–Taylor Instability with Finite Adiabat Gradients

ṽy,` = ûy,` eky + b̂e−Γ` y/v` ,
1
P̃` = − ûy,` (Γ` + kv` )eky ,
k
µ ¶ν+1
ρ`
,
ρ̃` = −ρ` Φ̃
ρh
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(4.33b)
(4.33c)
(4.33d)

where b̂ and ûy,` are unspecified constants determined by the initial conditions.
The perturbed density in the light fluid is assumed to be zero, due to the high level
of heat conduction in the hot, light fluid (effectively ν → ∞). Using the jump
conditions Eqs. (4.28) and (4.32), and substituting in the light fluid equations
(4.33a) and (4.33b), two equations for ûy,` and b̂ can be found and solved for
these quantities. The solution for ûy,` can then be substituted in to Eq. (4.33c)
to obtain
P̃` = ρ` v` η̃(1 − ξ` )(Γ` + kv` ) −

ρ` ṽy,h
(Γ` + kv` ) + ρ` v` (ṽy,h + iṽx,h ).
k

(4.34)

This expression for P̃` along with Eq. (4.32) can then be used to eliminate the
perturbed light fluid terms in Eq. (4.29), yielding
P̃h + ρ̃h Va2 +

ρ` Γ` ṽy,h
+ iρh Va ṽx,h
k

(4.35)

+ η̃ [(ρh − ρ` ) (−g + kVa Vb ) + Γ` Va (ρh − ρ` )] = 0,
where vh = −Va and v` = −Vb (where Vb is the blow-off velocity) have been substituted. From the mass conservation jump equation [Eq. (4.27)], using Eq. (4.32)
and the equilibrium condition (ρh vh = ρ` v` ), the rest of the perturbed light fluid
quantities are eliminated, yielding
(Γ` + kVa ) η̃ = ṽy,h −

ρ̃h Va
.
ρh − ρ`

(4.36)

4. Rayleigh–Taylor Instability with Finite Adiabat Gradients

129

The solution for the perturbed quantities in the heavy fluid, Eqs. (4.23)–(4.26),
can then be substituted into Eqs. (4.35) and (4.36) to obtain the dispersion relation
for the light fluid growth rate
¡
¢
AΓ2` + BΓ` kVa + Ck 2 Va2 − D kg − k 2 Va Vb = 0,

(4.37)

A = ĥ + ρ̂b ,

(4.38a)

B = (1 + ĥ)2 + φ̂(1 − ρ̂b ),

(4.38b)

where

C = ĥ(1 + ĥ) −

σ̂
,
γkLα

D = (1 − ρ̂b )(1 + φ̂),
µ
¶µ
¶
1
−Va /γLα
φ̂ =
,
1 − ρ̂b
Γ` + k ĥVa
σ̂ =

Γ` + kVa
Γ` + k ĥVa

.

(4.38c)
(4.38d)
(4.38e)
(4.38f)

Here ρ̂b = ρ̂` = ρ` /ρh represents the normalized light-fluid density as defined
in Eq. (6) of Ref. 19. Using the orderings ĥ ∼ 1, kd À 1, and Lα ∼ d, the
coefficients, A, B, C, and D can be simplified to
A = ĥ + ρ̂b ,
C = ĥ(1 + ĥ),

B = (1 + ĥ)2 ,

(4.39a)

D = 1 − ρ̂b .

(4.39b)

As the solution has been derived in the limit of kLα ∼ kd À 1, an ad hoc
term is introduced in the final expression for ĥ to recover the growth rates of long
wavelengths, which are not affected either by ablation or adiabat gradients:
ĥ2 ' 1 −

g/(γLα )
(Γ + k ĥVa

)2

+

1
γkLα

(4.40)

4. Rayleigh–Taylor Instability with Finite Adiabat Gradients

130

Note that the last term on the right hand side is negligible for kLα À 1.
The main difference from the solution of the standard ablative RT analysis is in
the spatial behavior of the perturbation which decays slower in the overdense shell
as a result of the finite adiabat gradient, ṽ ∼ exp(−k ĥy) [instead of the standard
exp(−ky)] where y represents the distance from the ablation front. Observe that
the effect of finite adiabat gradients per se is destabilizing leading to lower inertia
(ĥ < 1 and lower A) while keeping the same RT drive (the term Dkg); however, the
overall effect of adiabat shaping is stabilizing due to the large increase in ablation
velocity. Equations (4.40) and (4.37) must be simultaneously solved to determine
the growth rate. These equations have been derived in a planar geometry, but
may be extended to spherical geometry by relating the perturbation wave number
to the Legendre mode, k = `/R, where R is the capsule’s in-flight outer radius.
It is important to note that an additional instability develops for finite Lα .
This is a convective instability driven by the adiabat gradients. The convective
mode is internal to the shell and poses a serious threat to shell stability only
when it grows sufficiently fast and develops the eigenfunction of a wide vortex
stretching over a large portion of the shell. Its growth is typically much slower
p
than the RT growth except for short wavelengths when Γ` → g/γLα . However,
two-dimensional simulations (below) have indicated that this mode grows to a
very low amplitude simply because there are not wide vortices seeded in the short
wavelength regime. Nevertheless, it is important to investigate the growth of
the convective mode on a case-by-case basis as some target designs with extreme
adiabat shaping may develop stronger convective instabilities.
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5. SIMULATIONS AND
EXPERIMENTS
Two-dimensional simulations and experiments comparing adiabat-shaped designs with unshaped flat-adiabat designs are presented in this chapter to quantify
the benefits of adiabat-shaping on ICF capsule stability properties. Computer
simulations were performed first in one dimension to extract ablation velocity,
shell acceleration, and gradient scalelength data for stability analysis using the
analytical formula [Eqs. (4.37) and (4.40)] derived in the preceding chapter for
the growth rates of the linear-phase Rayleigh–Taylor instability in the presence of
adiabat gradients. These same RT growth rates are then computed for each design
from a series of two-dimensional simulations with single-mode perturbations. The
computed results are then compared to the results of the analytical formula, indicating good agreement between theory and simulation. Multimode laser-imprint
simulations are then performed to analyze the overall capsule stability properties due to single-beam nonuniformities. These simulations show reduced shell
modulation in adiabat-shaped designs. In addition, a series of experiments is presented comparing flat-adiabat and relaxation plastic shell design, demonstrating
improved performance for the relaxation adiabat-shaped design in comparison to
its flat-adiabat counterpart.
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All 1-D simulation data reported in this chapter was generated using the
Lagrangian radiation-hydrodynamics code LILAC55 with an analytic Thomas–
Fermi56 equation of state. LILAC includes physics packages to compute the evolution of the bulk hydrodynamics, laser propagation and energy absorption, thermal conduction, emission and absorption of radiation, fusion reaction rates, and
energy transport of the fusion by-products. The temporal pulse shapes for each
capsule design were tuned with LILAC so as to generate the same value of the inner adiabat, as well as the same implosion velocity and 1-D neutron yield, thereby
eliminating differences in 1-D performance between pulse designs and allowing a
valid comparison of the 2-D hydrodynamic stability characteristics. From these
1-D simulations, the ablation velocities, shell trajectories and acceleration histories, and gradient scalelengths are extracted and used to estimate the linear
Rayleigh–Taylor growth rates from the analytic formulas given by Eqs. (4.37) and
(4.40). As these formulas were derived for the case of planar foils, care was taken
to choose an appropriate average quantity for the perturbation wavenumber k, as
in a convergent geometry the wavelength of a given Legendre mode changes with
the capsule radius. Likewise, the ablation velocities and accelerations extracted
from LILAC are averaged over the acceleration phase of the implosion.
The two-dimensional simulations in this chapter were performed using the
multi-dimensional, arbitrary Lagrangian Eulerian57 (ALE) radiation-hydrodynamics code DRACO.58 Single-mode laser imprint simulations are presented, from
which the linear growth rates of the Rayleigh–Taylor instability are computed.
It is important to mention that in this chapter, whenever the results of single-
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mode simulations are presented, the amplitudes of the laser nonuniformities were
chosen such to keep the Rayleigh–Taylor modes in the linear regime throughout
the acceleration phase of the implosion to allow a more accurate computation of
the linear-phase growth rates. Therefore, the laser nonuniformities represented in
these simulations are not characteristic of physical laser spot irradiance patterns.
Multimode simulations are presented, using realistic single-beam laser nonuniformity and including non-linear mode saturation effects. These multimode illumination nonuniformities are modulated in time with a model of temporal beam
smoothing using the method of Smoothing by Spectral Dispersion (SSD),15 which
introduces a random phase flip in each mode at time intervals corresponding to
the coherence time of the given mode. Although shell nonuniformities due to
capsule surface roughness and beam-to-beam power imbalance may significantly
contribute to the stability properties of ICF capsules, particularly in cryogenic
targets,12 these nonuniformities are most damaging at long wavelengths where
the laser decoupling times and RT growth rates in adiabat-shaped targets are not
expected to deviate significantly from those of unshaped targets; therefore, power
imbalance and surface nonuniformity are not considered in the simulations presented here, and the focus of the simulations is to quantify the laser imprinting
seeds and Rayleigh–Taylor growth rates for the different pulse designs. Furthermore, since adiabat shaping is expected to benefit target stability primarily during
the acceleration phase, the 2-D simulations presented here in this chapter model
only the acceleration phase, and therefore do not include the physics of fusion re-
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actions and energy transport of fusion byproducts, or the deceleration-phase RT
instability.
The single-mode simulations were performed on a computational mesh described by a conic section, the primary angle of which corresponds to one-half
wavelength in the perturbation under study. In collecting data from single-mode
simulations, great care was taken to ensure the numerical data represented an
accurate physical solution. Solutions of single-mode growth rate problems were
tested at various resolutions, both radially and azimuthally to check for convergence. Good convergence with little high-order noise was typically found at 20
computational cells azimuthally per half wavelength, and five to six cells radially
in the interval outside the ablation surface defined by 1/k, which approximately
characterizes the radial extent of the Rayleigh–Taylor eigenmode. In some cases,
due to ALE grid noise which appeared in low grid aspect ratio meshes, additional
azimuthal points were added for improved grid stability and reduced noise. In all
single-mode simulations, the ratio of high-harmonic noise to the amplitude of the
fundamental wavelength’s amplitude, did not exceed 10% at the ablation surface.
Typically, this ratio was less than 5%.
In the multimode simulations, out of necessity to allow the simulations to run
in a reasonable time (less than one month), the resolution was limited to 16 cells
per wavelength azimuthally and a minimum of three to four cells radially in the
1/k distance to resolve the smallest simulated eigenmode. Repeated simulations
with DRACO indicate that such azimuthal resolution adequately resolves the
eigenmode typically to within 10% in the time-averaged linear Rayleigh–Taylor
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growth rate. In the simulations performed here, this damping due to radial underresolution of the eigenmode only became significant late in time at the end
of the acceleration phase for short-wavelength modes (` & 150) in the highly
convergent cryogenic designs, when the higher-mode wavelengths approached the
cutoff wavelength. Although such damping may affect the absolute values of
the perturbation amplitude for these high-order modes, the damping occurs in
both adiabat-shaped and unshaped designs in the late-time acceleration regime,
where the ablation-front adiabats, and therefore the RT growth rates, of both flatand shaped-adiabat capsules are comparable. Therefore, since the intent of these
simulations is to study comparatively the stability properties of adiabat-shaped
versus non-adiabat-shaped designs, it is reasonable to assume that this late-time
damping will not significantly alter the comparative results of the computation.
Three different target designs are considered in this chapter, all of which are
consistent with typical target and laser parameters for the OMEGA48 laser system.
First, a single-layer all-DT (50% deuterium and 50% tritium) cryogenic capsule
was designed to compare the linear-phase RT growth rates between a standard
flat-adiabat and relaxation adiabat-shaped laser pulse designs. The next section
describes results from a single-layer plastic-capsule design which has been studied
both in simulations and experimentally on the OMEGA laser. Finally, simulations
are performed comparing relaxation, decaying-shock and flat-adiabat designs in a
high-performance cryogenic DT design with a plastic overcoat.
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Idealized All-DT OMEGA-scale Cryogenic
Designs

The largest potential for ignition and high gain in inertial confinement fusion lies in cryogenic capsules made of an equal mix of deuterium and tritium.
Such capsules incorporate additional high-density fuel in the capsule shell, thereby
dramatically increasing the assembled fuel mass. However, current cryogenic capsules manufactured for ICF experiments require a thin (approx. 3- to 5-µm) layer
of plastic to act as a substrate during the process of ice layering. Such capsules, therefore, are inherently two-layer shells of two different materials. This
additional layer required for target fabrication complicates the adiabat shaping
process as well as the dynamics of the ablation front (see Sec. 5.3). For simplicity,
therefore, the first capsule studied was a single-layer all-DT design to serve as a
simple proof-of-principle demonstration via simulation that adiabat shaping by
the relaxation method is effective in reducing the growth rates of the linear-phase
Rayleigh–Taylor instability.
The all-DT capsule chosen for study is 85-µm thick and 430-µm in outer radius.
These capsule dimensions are similar to those of cryogenic targets fabricated for
experiments on the OMEGA laser. The capsule is driven by a 30 kJ of laser
energy with pulses tuned to induce an inner adiabat of αin = 3, where α is the DT
standard adiabat defined in Eq. (2.67). The resulting pulse shapes are shown by
the dashed curve (flat-adiabat pulse) and solid curve (RX adiabat-shaping pulse)
in Fig. 5.1. The RX laser pulse design includes an 85-ps square prepulse at a laser
intensity of 6 TW. For comparison, a decaying-shock pulse [Fig. 5.1 (dotted)] was
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Fig. 5.1: Pulse shapes for cryogenic DT designs: Relaxation (solid), Flat-adiabat
(dashed) and Decaying Shock (dotted).
Pulse Type

Flat

RX

DS

DT Neutron Yield (×1014 )

5.5

5.0

5.2

Peak Total ρR (g/cm2 )

0.33

0.30

0.33

Implosion Velocity (µm/ns)

440

450

440

Table 5.1: One-dimensional performance parameters for all-DT pulse designs as
predicted by LILAC.
designed for the same target. The decaying-shock design is shown here solely for
a 1-D comparison between the adiabat profiles and ablation velocities, and no 2-D
simulations are presented for this design. Table 5.1 shows a comparison of the 1-D
performance indicators calculated by LILAC for all three designs, showing that
the expected 1-D performances of these respective targets are within 10% of each
other. In this table, the quantity ρR (called the “areal density”) is defined as the
integral of the density from the center of the target to the outer surface, and is
an indicator of the fraction of energetic fusion byproducts stopped in the capsule,
and hence of the capsule self-heating.
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Fig. 5.2: A comparison of the adiabat shapes induced by the Relaxation (solid),
Flat-adiabat (dashed) and Decaying Shock designs (dotted). Adiabat is
plotted versus mass coordinate m, where m = 0 at shell’s original outer
surface). The outer-surface adiabats are marked by squares (RX–black,
Flat–white, DS–gray).
The resulting RX-shaped adiabat profile, shown in Fig. 5.2 (solid), is compared
with the flat (dashed) and the decaying shock adiabat profiles (dotted), indicating
significantly higher ablation-front adiabats in the RX design. At the beginning of
the acceleration phase, the values of the outer surface adiabat are approximately
3.2 for the flat-adiabat, 8.8 for the DS, and 13.8 for the RX designs. The ablation
velocity during the flat-top portion of the laser pulse, which corresponds roughly
to the acceleration phase of the implosion, is shown in Fig. 5.3. The relaxation
design exhibits a considerably larger ablation velocity, peaking at 12.0 µm/ns
(avg. 7.6 µm/ns), in comparison to the DS (peak 8.8 µm/ns, avg. 6.4 µm/ns)
and flat-adiabat (peak 5.5 µm/ns, avg. 4.5 µm/ns).
Single-mode 2-D DRACO simulations show the linear-phase RT growth rates
(Figure 5.4) versus the mode number, `, for the flat-adiabat (circles) and RX

Ablation velocity (µm/ns)
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Fig. 5.3: A comparison of the ablation velocities for cryogenic designs: Relaxation (solid), Flat-adiabat (dashed) and Decaying Shock (dotted). The
time on the x-axis is relative to the beginning of the laser flat-top for
each pulse.
(squares) designs. The growth rates are calculated towards the end of the laser
flat top when the growth is clearly exponential. Figure 5.4 also shows a comparison
with the theoretical growth rates from Eqs. (4.37) and (4.40) calculated with 1D values averaged over the flat-top second half (obtained from LILAC): hgi '
370 µm/ns2 and hVa i ' 4.2 µm/ns for the flat adiabat, and hgi ' 355 µm/ns2 ,
hVa i ' 6.4 µm/ns (average over the entire flat top is 7.6 µm/ns) and Lα ' 6 µm for
the shaped adiabat. The plots show good agreement between the theory and the
2-D simulations. The large reduction in growth rates induced by the high ablation
velocity indicates that adiabat shaping can significantly improve the stability of
all-DT cryogenic shells.
The anomalous behavior of modes ` ∼ 200 in the 2-D simulations is due to
a resonant interaction of the RT mode with an internal convective mode which
is driven unstable due to the adiabat gradients. This convective instability is

5. Simulations and Experiments

140

8

G (ns–1)

6
4
2
0
TC6144

0

100

200

300

Mode number

Fig. 5.4: A comparison of the RT growth rates for cryogenic designs calculated
using DRACO for both Relaxation (square) and Flat-adiabat (circle).
Analytically calculated growth rates are included for comparison for
both Relaxation (solid) and Flat-adiabat (dashed) designs.
manifest as a convective cell in the bulk of the shell, which exhibits exponential
p
vorticity growth at a rate on the order of γconv ∼ g/γLα (for this RX design is
γconv ' 2 ns−1 ). The seed for these convective cells are generated by the perturbed
shocks traveling through the shell. The RT growth of ablation-front perturbations
may be damped or enhanced as the ablation front progresses through an amplified
convective cell, dependent on the relative sign of the two modes’ vorticities, ω
~ =
∇ × ~v . Figure 5.5 shows the density (dashed) and the absolute value of the
vorticity (solid) along a radial line-out through the center of the convective cells
generated in the ` = 200 simulation. At time (a), the convective and RT modes
begin to interact constructively, such that by time (b) 200 ps later, the vorticity
at the ablation surface has increased greatly. It should be noted, that since the
rippled shocks tend to produce a series of convective cells alternating in sign, often
both destructive and constructive interference is observed in the same simulation.
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Fig. 5.5: A radial plot of the density (dashed) and absolute value of vorticity, |~ω |
(solid) through the center of the ` = 200 mode, showing an amplifying
RT–convective-mode interaction. At the beginning of the interaction
(a), the RT vorticity is significantly less than that of convective mode.
At the peak of the interaction (b), it is clear that the vorticities of the
two modes have combined at the ablation front, leading to the enhanced
perturbation growth seen in Fig. 5.4.
In computing the growth rate of the ablation-front perturbations, no attempt
was made to separate the effects of the two instabilities. It should be noted
that the single-mode data from Fig. 5.4 indicate that convective instability is
significant only when large convective cells are generated and the growth rate of
the convective mode is approximately equal to or greater than that of the RT
mode.
Since this all-DT capsule represents an idealized cryogenic capsule that can not
be manufactured for experiment, a detailed multimode analysis of these designs
was not considered. The following sections concentrate on experimental designs,
for which the multimode analysis is essential. Furthermore as these all-DT designs
are meant as proof of principle, a detailed comparison with decaying shock designs
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was not performed. Comparison with decaying shock is carried out in Section 5.3.

5.2

Plastic Capsule Designs for OMEGA
Experiments

The results of the preceding section demonstrate reduced RT growth in all-DT
capsules due to adiabat shaping in the relaxation designs. In this and the following
sections, capsule and pulse designs are considered for experimental validation
of this improved stability. Due to the difficulty and cost of fielding cryogenic
experiments on the OMEGA laser, a proof-of-principle spherical experiment is
designed in this section using relatively low-cost plastic-shell capsules. Although
these capsules require a very thin layer of aluminum (approx. 1000 Å) to hold the
high-pressure gas fills, this layer ablates away quickly such that these targets are,
like the all-DT designs of the preceding section, virtually single-layer targets.
It should be noted, however, that in tailoring the adiabats of plastic capsules,
the physics of adiabat shaping is further complicated by radiation transport effects, which are non-negligible in hydrocarbon plastic. The plastic, which has a
carbon-to-hydrogen ratio of approximately 1:1.35, has an average atomic number
approximately three times higher than DT, leading to an increase in coronal radiation and subsequent absorption in the shell. The radiation emitted from the
hot coronal plasma penetrates into the shell, heating the dense plastic up to a
significant depth beyond the ablation surface. The energy deposited in the shell
raises the adiabat profile of the capsule in the outer region of the shell, where it is
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most heavily deposited, thereby causing a “natural” shaping of the adiabat profile
near the ablation front, even when the laser pulse is designed to induce a flat adiabat profile. Therefore, plastic-shell implosions meant to compare adiabat-shaped
capsules and flat-adiabat capsules must be carefully designed to show significant
improvement in capsule stability.
If the adiabat rise near the ablation front caused by the radiation absorption
is defined by ∆αrad , then a “flat” adiabat target can only be considered as such
when
∆αrad
¿ 1,
hαi

(5.1)

where hαi is the spatial average of the adiabat in the shell. Furthermore, when
designing the laser pulse for a shaped-adiabat shell, it is important to make sure
that the adiabat profile is sufficiently steep so that the difference between the
outer- and inner-surface adiabats, ∆αRX ≡ αout − αin , is much larger than the
radiation shaping (∆αRX À ∆αrad ) throughout the capsule’s acceleration phase.
It is clear that in order to minimize the effect of natural shaping and to design
a sufficiently flat adiabat in plastic shells, one needs to both increase the shell
thickness in such a way as to localize the natural shaping to a small region near
the ablation front, and raise the average shell adiabat. Both approaches lead to
a lower value of the ratio ∆αrad /hαi; however, they also lower the 1-D target
performances as increasing the shell thickness, and thereby the mass, decreases
the implosion velocity, and increasing the average shell adiabat reduces hot spot
compression. It is important to remember that the goal in designing plastic-shell
RX experiments is not to raise the absolute yields of the targets, but rather to
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compare the relative performances between flat- and shaped-adiabat shells. Note,
however, that the absolute 1-D performances are also significant for the simple
fact that if they are extremely degraded because either the shell is too thick or
the adiabat is too high, then it is likely that both flat- and shaped-adiabat shells
have good stability properties, and therefore similar experimental performances.
Indeed, a very massive shell would experience low acceleration, and a high-averageadiabat shell would have a high ablation velocity. In both cases, the implosion
would have good stability properties, and the RT instability would likely not be
the dominant factor in determining the capsule’s experimental performance.

5.2.1

Plastic-shell simulations

It was determined that a 35-µm CH shell with an inner-surface adiabat of
α = 2.2 fit these criteria, allowing for adequate adiabat shaping without being
too massive. Note, that for these plastic capsules, α is defined as the ratio of
the pressure to the Fermi-degenerate pressure of plastic, rather than the DTstandard normalized adiabat, and that the local ionization state of the plastic is
considered in this definition of the normalized adiabat. Due to the smaller adiabat
gradients generated by decaying shock designs, DS adiabat shaping for this target
thickness is not expected to be sufficiently strong to significantly raise the adiabat
above that of the radiative shaping in plastic, and hence, it is not feasible to
use a decaying shock for this capsule design. Indeed, LILAC simulations confirm
this. Therefore, no plastic-shell decaying-shock design is presented in this section;
hence, the relaxation design is compared only to the flat-adiabat design. The
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DD Neutron Yield (×1010 )
Peak Total ρR (g/cm2 )
Implosion Velocity (µm/ns)
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Flat

RX

5.0

4.9

0.182

0.169

200

210

Table 5.2: One-dimensional performance parameters for CH 35-µm shell pulse
designs as predicted by LILAC.
shells have approximately a 470-µm outer radius, and are filled with deuterium
(D2 ) gas to a pressure of 15 atm. The RX (dashed) and flat-adiabat (solid) laser
pulses inducing the desired adiabat profiles were designed using LILAC and are
shown in Fig. 5.6. These pulse designs for CH capsules conform to the current
pulse-shaping capabilities of the OMEGA laser system. Although this capsule
is too massive for high-performance implosions on OMEGA, it provides a good
demonstration of the enhanced ablative stabilization inherent in relaxation designs
due to the larger outer adiabats achievable in thicker, more massive targets. The
1-D performances from LILAC for both 35-µm designs are shown in Table 5.2.1.
As with the all-DT targets of Sec. 5.1, the variation between RX and flat-adiabat
target performance in 1-D is very small, less than 8% for all quantities of interest.
An inspection of the adiabat profiles generated by these pulse shapes at shockbreakout time (Fig. 5.7a) and near laser shutoff time (Fig. 5.7b) show that the
relaxation adiabat shaping is much larger than the radiative shaping and is indeed
effective throughout the acceleration phase. As expected, the relaxation design
also exhibits significantly higher ablation velocities (see Fig. 5.8).
As the ablative mitigation of the RT is significantly less in plastic than in DT,
the 2-D single-mode DRACO analysis for plastic targets in this paper extends
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Fig. 5.6: Pulseshapes for 35-µm CH targets for Relaxation (solid) designs and
Flat-adiabat (dashed).
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Fig. 5.7: Adiabat profiles for Relaxation (solid) and Flat (dashed) designs of
Fig. 5.6 (a) at shock breakout and (b) near laser shutoff time (m = 0 at
the shell’s original outer surface). The adiabat at the ablation surface
is marked with a square (RX–solid; Flat–outline).
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Fig. 5.8: Ablation velocities for CH 35-µm Relaxation (solid) and Flat-adiabat
(dashed) designs of Fig. 5.6.
upward to mode ` = 400. Modes ` > 400 may still be significant to the stability of
these plastic capsules, particularly for the flat-adiabat design; however, due to the
difficulty of computation, these higher modes have not been modeled. The linearphase RT growth rates extracted from DRACO data are shown in Fig. 5.9. As
with the all-DT capsules, the plastic-shell RX design shows significant reduction
in the growth rates over the flat-adiabat design, especially for the higher modes.
These simulated growth rates are compared with the analytical theory using the
standard equation for ablative RT in plastic [Eq. (1.9)] for the flat-adiabat design
(dashed line in Fig. 5.9), and the equations derived in Chap. 4 including the effects
of finite adiabat gradients [Eqs. (4.37) and (4.40)] for the relaxation design (solid
line). It should be noted that the finite-adiabat-gradient equations are derived
for high Froude numbers (F r = Va2 /gL0 , where L0 is the characteristic thickness
of the ablation front), whereas the ablative RT for plastic-shell implosions lie in
the low Froude number regime. Also the finite-adiabat-gradient equations are
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Fig. 5.9: Rayleigh–Taylor growth rates in CH targets for Relaxation (square) and
Flat-adiabat (circle) designs from single-mode DRACO simulations are
compared to analytic predictions from Eq. (1.9) (Flat-adiabat, dashed)
and Eqs. (4.40)–(4.38) (RX, solid).
based on a sharp-boundary model and therefore do not include the effects of finite
density gradients. In spite of this, the sharp-boundary, finite-adiabat-gradient
formula and the 2-D DRACO simulations show good agreement.
In addition, multimode simulations, including all even modes ` = 2–300, of
each 35-µm design were performed with DRACO. These show significant hydrodynamic stabilization in the RX design by the end of the acceleration phase.
Figure 5.10 shows the density profiles of both designs 130 ps after laser shutoff.
Figure 5.11 shows the inner- and outer-surfaces of the shell for both designs at
the same time on an r vs. θ plot, for the range 0 < θ < 30. It is clear from these
data that there is less front- and rear-surface modulation in the RX design than
for the flat-adiabat design. Indeed, calculations of the RMS amplitudes of the
shell surface modulations (see Table 5.2.1) show the relaxation RMS modulation
is 40% less than the flat-adiabat design for the front ablation surface and 81%
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Fig. 5.10: Contour plot of density (in g/cm3 ) for multimode CH at 130 ps after
laser shutoff for a) the Relaxation design and b) the Flat-adiabat
design.
Pulse Type

Flat

RX

σRMS , outer-surface

2.90

1.73

σRMS , inner-surface

1.22

0.23

Table 5.3: One-dimensional performance parameters for CH 35-µm shell pulse
designs as predicted by LILAC.
less for the inner surface. This indicates that the relaxation capsule has a better
probability of remaining intact during the acceleration phase and it is predicted
to have substantially smaller inner-surface perturbation amplitudes to seed the
deceleration-phase RT.
The next section describes experiments performed with these capsules and
pulse designs and presents the data gathered from those experiments.

5.2.2

Experimental Design and Results

In this section, results are presented from several series of spherical experiments performed on the 60-beam OMEGA48 facility, comparing a 35-µm-thick
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Fig. 5.11: Contour plot of density for multimode CH in polar coordinates r vs.
θ at 130 ps after laser shutoff for a) the Relaxation design and b) the
Flat-adiabat design.
plastic-shell relaxation adiabat-shaped design similar to that of Sec. 5.2.1 with a
flat-adiabat equivalent. Shots were performed with different gas fills and gas-fill
pressures. It is shown through these comparisons that capsules shot using the
relaxation laser pulse exhibit higher performance and capsule stability than their
flat-adiabat counterparts. Specifically, the experimental data suggest an improvement in short-wavelength stability, consistent with adiabat-shaping theory.
The capsules used in these experiments are essentially the same 35-µm plastic
shells as in the simulations; however, the capsules’ outer radii have been reduced
from 470 µm to 430 µm, an adjustment made to accommodate the installation
on OMEGA of new distributed phase plates,13, 14 which reduced the laser-beam
spot size. Accordingly, both the relaxation and flat-adiabat laser pulse shapes
have been altered slightly to retune the pulses to the new capsule design (see
Fig. 5.12). These changes are not expected to significantly alter the 2-D dynamics
of the preceding section, and hence the 2-D simulation was not redone.
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Fig. 5.12: Experimental design pulse shapes for the 35-µm plastic-shell relaxation (solid) and flat-adiabat (dashed) designs.
Three series of experiments were performed. The first series involved a comparison of the RX and flat-adiabat designs with D2 -filled capsules. The second was
a similar comparison of DT-filled shells aimed at obtaining higher signal-to-noise
ratios for better comparison of simulated and experimental neutron production
histories. The third involved only flat-adiabat pulse-shapes, altering the laser
pulse’s foot intensity to affect a variation of the shell adiabat, and thereby study
the effect of shell adiabat on the yields of these targets.
It is essential to have multiple shots for each given result and to be able to
demonstrate repeatability in the input parameters of the experiment, as well as
consistency in the results. For purposes of these experiments, repeatability of
input is demonstrated through consistency in the laser pulse shapes, total laser
energy on-target, capsule radius and shell thickness. It should be noted that data
from several shots were ignored in the following analyses, based on known or
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Fig. 5.13: Experimental (as shot) pulse shapes for the 35-µm plastic-shell flatadiabat design also exhibit high repeatability. The design pulse
(dashed) is shown for reference.
presumed deviation in these and other parameters, such as misfiring of individual
laser beams, vibration of the target at shot time, or presumed gas-fill leaks.
Figures 5.13 and 5.14 show the laser pulse histories for representative shots of
the flat-adiabat and relaxation designs, respectively, as measured by OMEGA’s
P51059 streak cameras.

For comparison, the respective design pulses are shown

in these figures with dashed lines. These plots show a high level of repeatability
from shot to shot in the laser pulse shape. It should be noted that the as-shot
relaxation pulses follow two slightly different temporal profiles, one with a higher
foot intensity and lower peak drive than the other. These two distinct profile types
correspond to the DT (high-foot) and D2 (low foot) series, and arise from the fact
that these two series were shot on different days. Furthermore, the total energy on
target for each of these designs was reasonably consistent, 17.3±0.3 kJ for the RX
and 17.4±0.3 kJ for the flat-adiabat design. The capsule radii were 394.1±1.4 µm
for the RX targets and 400.1±2.3 µm for the flat targets, again showing good
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Fig. 5.14: Experimental (as shot) pulse shapes for the 35-µm plastic-shell relaxation design exhibit high repeatability. The design pulse (dashed) is
shown for reference.
consistency. The shell thicknesses were measured at 34.6±0.3 µm for the RX
and 34.7±0.2 µm for the flat-adiabat capsules, showing only minor differences
in shell thickness. To verify that these albeit small deviations in the laser pulse
shapes and shell dimensions are not significant, LILAC simulations of each shot
were performed using the experimental pulse shapes and shell dimensions. The
predicted adiabat profiles of these shots are plotted in Figs. 5.15 and 5.16, showing
that the adiabat is largely unaffected by the differences in pulse shape and shell
dimensions. The largest effect on the adiabat profiles is due to the RX DT-filled
capsules exhibiting a slight mistiming in the shocks due to the higher laser-foot
intensity. This results in calculated and experimental 1-D neutron yields that are
about 30% lower for the DT-filled RX capsules, compared with the flat-adiabat
capsules.

As it is currently not feasible to measure perturbation growth rates

in spherical implosions, relative capsule stability is inferred through quantitative
and/or qualitative comparisons of the neutron yields, and hot-spot core images.
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Fig. 5.15: Adiabat profiles at shock breakout predicted by LILAC for the flatadiabat experimental (as shot) pulse shapes for the 35-µm plastic-shell
flat-adiabat design also exhibit high repeatability. The design pulse
(dashed) is shown for reference.
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Fig. 5.16: Adiabat profiles at shock breakout predicted by LILAC for the RX
experimental (as shot) pulse shapes for the 35-µm plastic-shell flatadiabat design also exhibit high repeatability. The design pulse
(dashed) is shown for reference.
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DD Neutron Yield
SSD On

SSD Off
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Flat

RX

LILAC (×1010 )

4.0±0.1

5.3±0.3

Expt. (×109 )

5.5±0.3

6.8±0.2

YOC (%)

14±1

12±1

LILAC (×1010 )

3.1±0.1

4.7±0.1

Expt. (×109 )

2.5±0.3

5.2±0.7

6±1

11±1

YOC (%)

Table 5.4: Comparison of experimental and 1-D LILAC yields for flat-adiabat
and relaxation designs with 15-atm deuterium-filled 35-µm plastic
shells both with and without SSD beam smoothing.
The first series of implosions on OMEGA used deuterium gas fills at a pressure
of 15 atm, and utilized the full laser beam smoothing capabilities of OMEGA,
namely Distributed Phase Plates13, 14 (DPP’s), Distributed Polarization Rotators
(DPR’s)60 and 1-THz Smoothing by Spectral Dispersion15 (SSD) to reduce overall
laser imprint. As shown in Table 5.4, the neutron yields from this series of shots
showed very little difference in yield and yield-over-clean (YOC, defined as the
experimentally-measured yield divided by the LILAC-predicted yield) between
the relaxation and flat-adiabat designs. X-ray core images were obtained at the
time of peak neutron production for both designs using a framing camera61 with
an 8-µm pinhole array and a 9-mil (228-µm) beryllium foil at a shutter time of
80 ps. These core images (see Fig. 5.17) show approximately the same hot-spot
radius and uniformity for both designs.
A second series of shots with the same targets was performed without SSD
beam smoothing, effectively introducing higher laser imprint levels, particularly
at short wavelengths. With SSD turned off, the yields for the flat-adiabat capsules

Flat and RX, SSD on
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Fig. 5.17: X-ray core images taken at peak burn for both the flat-adiabat (a)
and RX (b) SSD-on show similar hot-spot characteristics.
dropped by a factor of two, while the relaxation yields remained largely unchanged
(see bottom half of Table 5.4). X-ray core images from the framing camera for
the SSD-off shots, show that the core of the relaxation target is of a similar size
compared to the SSD-on shots (see Fig. 5.18); however, the flat-adiabat shot
exhibits a markedly larger core, indicating weaker compression at peak burn.
A similar analysis of implosions with DT-filled capsules (see Table 5.5) without
SSD beam smoothing shows similar results. In this series of shots, the RX YOC is
higher than the flat YOC by 33%. The fact that the gap in performance between
RX and flat-adiabat design is larger in D2 -filled than in DT-filled capsules may in
part be due to a lower Atwood number in the inner surface during the decelerationphase instability growth for the DT-filled capsules.
A third series of experiments was performed with the flat-adiabat design, varying the intensity of the foot of the laser pulse. The motivation for these exper-
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Fig. 5.18: X-ray core images taken at peak burn for both the flat-adiabat (a)
and RX (b) SSD-off shots show a larger hot-spot for the flat-adiabat,
compared to the RX and the SSD-on shots of Fig. 5.17.

DT Neutron Yield

Flat

RX

LILAC (×1012 )

3.61±0.03

2.41±0.07

Expt (×1011 )

2.38±0.07

2.39±0.05

6.6±0.2

9.9±0.1

YOC (%)

Table 5.5: Comparison of experimental and 1-D LILAC yields for flat-adiabat
and relaxation designs with 17-atm deuterium-tritium filled 35-µm
plastic shells without SSD beam smoothing.
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iments is given as follows. Varying the foot effectively changes the main-shock
strength, and thereby the adiabat of the capsule. As shown in Eq. (1.12), the
3/5

ablation velocity scales as Va ∼ αout . Hence, by raising/lowering the foot intensity of the laser pulse, one may effectively raise/lower the ablation velocity.
Since higher ablation velocities result in higher Rayleigh–Taylor growth mitigation, particularly in short wavelength modes, raising/lowering the foot intensity
may substantially reduce/increase the short-wavelength growth rates, while longwavelength growth is largely unaffected. Conversely, by raising/lowering the foot,
one also raises/lowers the adiabat and hence the 1-D compressibility of the capsule. Therefore, a capsule implosion in which the yield is significantly degraded by
short-wavelength nonuniformities may exhibit higher experimental yields when the
foot intensity is raised, as the yield improvement due to improvement in capsule
stability will likely outweigh the yield degradation due to lowered 1-D compressibility. On the other hand, if the experimental yield is not significantly degraded
by multidimensional effects, or if long-wavelength modes dominate the multidimensional dynamics degrading the yield, raising the foot intensity should have the
opposite effect of degrading the yield, as the decrease in 1-D compressibility dominates over stability effects in determining experimental yield. Shots in this series
were performed both with and without SSD beam smoothing. Both the LILACcalculated and experimental yields of this shot series are shown in Figs. 5.19 and
5.20.

The results show that when SSD is on, the experimental yields correlate

well with the LILAC data, indicating that the change in yields from shot to shot
is dominated by 1-D effects, and therefore that the yield is not dominated by
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Fig. 5.19: Neutron yields for the variable-foot flat-adiabat experiments with
SSD beam smoothing. Experimentally-measured yields (squares) and
LILAC-computed yields (circles) show a high degree of correlation
with respect to the input laser-foot power. The x-axis values represent the average 60-beam laser power during the foot pulse.
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Fig. 5.20: Neutron yields for the variable-foot flat-adiabat experiments without
SSD beam smoothing. Experimentally-measured yields (squares) and
LILAC-computed yields (circles) are anti-correlated with respect to
the input laser-foot power. The x-axis values represent the average
60-beam laser power during the foot pulse.
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short-wavelength modes. However, when SSD is off, the experimental yields are
anticorrelated with the LILAC, indicating that the yield is strongly influenced
by short-wavelength nonuniformities. These data, combined with the large shell
thickness, suggest that with SSD turned on, the YOC of both target designs is
largely influenced by long-wavelength modes, and that short-wavelength modes do
not significantly degrade the target yield. When SSD is turned off, however, the
enhanced short-wavelength perturbation seeds are dramatically increased, causing the flat-adiabat implosions to be dominated by the short-wavelength structure
such that the flat-adiabat design is more susceptible to short-wavelength modes
than the relaxation design, as predicted by adiabat-shaping theory.
It should be noted that the YOC’s for all of these implosions are quite low.
To check the validity of the LILAC simulations, experimental laser absorption
data was obtained using OMEGA’s full-aperture backscatter stations (FABS)62
and compared to the LILAC predictions. Figure 5.21 shows that LILAC predictions of the fraction of laser energy absorbed are in good agreement with the
experimental data. It should be noted, however, that the flat-adiabat targets
showed consistently less absorption than LILAC predictions. The difference between experiment and simulation was only of the order of a few percent, and
therefore the yields should not be expected to deviate significantly from LILAC
based solely on this lower absorption. Furthermore, the outer shell surface trajectories were measured experimentally using an x-ray imaging streak camera. The
results were compared with LILAC computations (see Figs. 5.22 and 5.23), showing good agreement, again confirming that the simulated laser coupling adequately
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Fig. 5.21: A comparison of the computed and experimental laser absorption data
for the flat-adiabat shots (diamond) and relaxation shots (square)
shows good agreement.
reproduces the experimental data. An analysis of the experimental neutron production histories obtained using the Neutron Temporal Diagnostic (NTD)63 in
comparison to the LILAC predicted histories (Figs. 5.24 and 5.25) shows that not
only are the neutron production rates lower than expected, but the duration of the
burn is shortened. Such truncation of the burn is suggestive of yield degradation
due to atomic mix occurring from the deceleration-phase instability, which is of
a particularly long duration due to the size of these massive capsules. It should
be noted that the experimental NTD traces and LILAC predictions agree well for
the initial rise of the neutron production, except for the case of the flat-adiabat
with SSD turned off.
Based on the experimental evidence listed in this chapter, one can with confidence state that the relaxation implosions benefited from higher capsule stability
over the flat-adiabat design. It should be noted, however, that the quantitative
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Fig. 5.22: LILAC predictions for the shell’s inner (blue line) and outer (red line)
surface trajectories are compared to the experimental x-ray images for
a flat-adiabat shot. The as-shot laser pulse is shown in green.
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Fig. 5.23: LILAC predictions for the shell’s inner (blue line) and outer (red line)
surface trajectories are compared to the experimental x-ray images for
a relaxation shot. The as-shot laser pulse is shown in green.
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Fig. 5.24: Comparison of the D2 neutron burn histories for the flat-adiabat (blue)
and relaxation (red) design as shot in experiment (dotted) and as
predicted by LILAC (solid) for representative shots with SSD beam
smoothing on.
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Fig. 5.25: Comparison of the D2 neutron burn histories for the flat-adiabat (blue)
and relaxation (red) design as shot in experiment (dotted) and as
predicted by LILAC (solid) for representative shots with no SSD beam
smoothing.
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comparisons made in this chapter are based on measurements which are indicators
of a capsule’s overall stability and therefore fail to distinguish the relative contributions to stability due to the Rayleigh–Taylor growth from those of the initial
seeds of the Rayleigh–Taylor, particularly those due to laser imprint levels. The
Rayleigh–Taylor growth has been theoretically and computationally shown in this
and the preceding chapters to be mitigated through adiabat shaping; however,
the laser imprint levels are also expected to be somewhat reduced in relaxation
implosions. Therefore, the underlying cause for this improvement in performance
is somewhat clouded. This thesis has focused on adiabat shaping as a means of
achieving improved ICF capsule stability by introducing a laser prepulse, and allowing the outer portion of the capsule to relax and expand prior to the launch
of the main adiabat-shaping shock. Primarily, the modes expected to exhibit inhibited Rayleigh–Taylor growth are short wavelength in nature. Implosions using
this technique, however, as mentioned in the introduction, also are expected to
benefit from reduced laser imprinting. As the prepulse laser intensity is higher
than in the flat-adiabat foot, a more rapid expansion of material occurs early in
the pulse, which rapidly creates an increased conduction region between the critical and ablation surfaces. The larger distance between these surfaces allows the
nonuniformity present in the absorption region to be smoothed out due to heat
conduction, which is diffusive in nature. Indeed preliminary results from planar
experiments with plastic 35-µm foils, using the same pulse designs, indicate that
the imprint seed in the relaxation design is reduced43 by a factor of 2 in comparison with that of the flat-adiabat designs (see Fig. 5.26) for wavelengths of 30-,
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Fig. 5.26: Comparison of imprint efficiency in planar experiments for RX (red
squares) and Flat-adiabat (blue diamonds) at three different wavelengths. A line is drawn for each design to illustrate the imprint
efficiency trend with respect to spatial frequency.
60-µm (corresponding to ` ' 90 and 45, respectively, in the spherical experiments)
with no apparent difference in imprint efficiency at λ = 120 µm (` ' 22). The
definition of imprint efficiency,64 E(k), is given by
E(k) =

ηimp (k, t = 0)
,
δI(k)/I

(5.2)

where ηimp is the equivalent surface modulation of the laser imprint and δI/I is
the relative laser modulation that produced it. The methodology used in these
planar experiments is contained in Ref. 64. Since both imprint and growth rate
reduction are expected in the spherical experiments, it is difficult to quantify
their separate contributions to the overall capsule stability, specifically to what
measure the relaxation design benefited from the individual effects of suppressed
Rayleigh–Taylor growth and imprint reduction.
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High-Yield Cryogenic Designs on OMEGA

The final target design discussed in this chapter is a high-yield cryogenic DT
design for OMEGA, meant to explore the impact of adiabat shaping in the energy
yield regime of a few percent of breakeven. This target differs from the all-DT
target of Sec. 5.1 in that this design includes the thin (' 3–5 µm) plastic overcoat
surrounding the cryogenic hydrogen layer which is required for target manufacturing of current cryogenic capsules. The two capsules are, however, essentially
the same mass. As was mentioned in Sec. 5.1, the plastic layer complicates the
dynamics of the shell. It is well known that in such two-layer designs using standard flat-adiabat pulse designs, a brief acceleration is induced early in time. At
the material interface, because of the difference in mass density between the plastic and solid DT, the shock transmitted into the cryogenic layer is weaker than
the initial incident shock. This causes a rarefaction to propagate outward in the
plastic, resulting in a short period of acceleration of the material at the ablation
surface. This acceleration induces a brief Rayleigh–Taylor amplification of the
outer surface perturbations. Additionally, a reshock occurs which merges with
the initial shock setting the shell material inside the shock–reshock merging point
on a higher adiabat. As the inner-surface adiabat is typically a design parameter
for ICF experiments, this effect must be considered in target design, and results
in a region of low adiabat in the outer portion of the shell. It has been shown
by Collins et al.,47 that the addition of a picket or prepulse may reduce this early
acceleration and the corresponding RT amplification due to the fact that since
the initial shock pressure is higher, the return rarefaction wave travels faster,
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shortening the duration of the early acceleration. Furthermore, if the picket or
prepulse is temporally short enough such that the ablation pressure drops below
the transmitted shock pressure at the time the rarefaction breaks out at the ablation front, this acceleration is dramatically reduced or even eliminated. In this
section, therefore, the laser pulse shapes for both the decaying-shock and the relaxation cryogenic targets have been designed to minimize this early acceleration.
It was found that a short (approx. 50-ps) picket or prepulse was optimal for both
designs. As will be shown later in this section, the DS and RX designs exhibit
lower initial perturbation seeds, particularly at shorter wavelength.
The capsule chosen for study is a 65-µm DT cryogenic layer with a 4-µm CH
plastic overcoat, driven by 25-kJ of laser energy. Three laser pulses were considered
(see Fig. 5.27): a standard flat-adiabat design (dashed), a decaying shock design
(dotted), and a relaxation design (solid), all inducing an inner adiabat of αin ' 3.5.
The adiabat profiles as predicted by LILAC are shown in Fig. 5.28 and the ablation
velocities are shown in Fig. 5.29. It should be noted that the difference between
the adiabat profiles of the decaying shock (dotted) and relaxation designs is less
pronounced than in the all-DT design. This is due largely to the additional layer
of plastic. In the RX design, LILAC predicts a preheating of the inner-surface
shell material as the main shock approaches the prepulse shock prior to shock
breakout, resulting in a “rounding” of the adiabat profile near the inner surface.
Hence the RX design appears incapable of generating high adiabat gradients near
this surface, thereby effectively lowering the outer surface adiabat. As expected,
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Fig. 5.27: Flat-adiabat (dashed), decaying shock (dotted), and relaxation (solid)
laser pulse designs for a 65-µm DT cryogenic target with a 4-µm CH
overcoat.
therefore, the difference in ablation velocities between the decaying shock and the
relaxation design are less noticeable as well.
Two-dimensional single mode simulations with DRACO show that for the RX
and DS designs the seed amplitudes, defined here as the mode amplitude at the
start of the acceleration phase, are markedly reduced, particularly for the intermediate modes, ` =50–150 (see Fig. 5.30). The DS design exhibits consistently
the lowest seed amplitudes. The single-mode RT growth rates are presented in
Fig. 5.31. The RX design shows lower growth rates than the other two, particularly beyond ` = 100.
Multimode simulations of these designs, modeling imprint for even modes ` =
2–200 show a dramatic reduction in ablation surface modulation in the DS and
RX designs. Figure 5.32 shows a contour plot of the density near the end of the
acceleration phase for (a) the flat-adiabat, (b) the decaying shock, and (c) the
relaxation designs. It is clear that the DS design is the most stable, followed by
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Fig. 5.28: Adiabat profiles as a function of the mass coordinate at the time of
shock breakout for the flat-adiabat (dashed), decaying shock (dotted),
and relaxation (solid) pulse designs of Fig. 5.27.
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Fig. 5.29: Ablation velocity as a function of time relative to the start of the acceleration phase for the flat-adiabat (dashed), decaying shock (dotted),
and relaxation (solid) pulse designs of Fig. 5.27.
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Fig. 5.30: The RT seed amplitudes at the beginning of the acceleration phase
from 2-D single-mode simulations for the flat-adiabat (black circles),
decaying shock (blue triangles), and relaxation (red squares) designs.
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Fig. 5.31: The linear-phase RT growth rates from 2-D single-mode simulations
for the flat-adiabat (black circles), decaying shock (blue triangles),
and relaxation (red squares) designs.
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the RX design. The RMS outer surface modulation computed when the ablation
surface is at 230 µm is 2.84 µm for the flat-adiabat design, 1.43 µm for the RX ,and
0.62 µm for the DS design. It should be noted that currently, cryogenic capsules
manufactured and shot on OMEGA are much thicker (approx. 100-µm of D2
ice. Adiabat-shaping theory predicts that due to their steeper adiabat gradients,
RX designs for such targets would show a more substantial increase in the outer
surface adiabats than DS designs, and hence exhibit more noticeable reduction in
RT growth, relative to their DS and flat-adiabat counterparts.
The simulations and experiments presented in this chapter demonstrate improved stability in adiabat-shaped designs. The RT growth rates computed in
simulations are lower, and the laser imprint is reduced, resulting in improved
yields and capsule uniformity in experiments.
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Fig. 5.32: Plots of the density (in g/cm3 ) for 2-D multimode simulations of the
flat-adiabat (a), decaying shock (b), and relaxation (c) designs.
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6. CONCLUSIONS
This thesis comprises a detailed study of laser-induced adiabat shaping as a
method of improving the stability of direct-drive inertial confinement fusion capsules. Adiabat shaping allows ICF implosions to take advantage of high ablative
stabilization without compromising one-dimensional compression and fusion yield,
by tailoring the adiabat profile in the capsule such that the adiabat is high at the
outer surface and low at the inner surface. The higher adiabat at the outer (ablation) surface leads to higher ablation velocities which have been shown to reduce
the growth rate of the Rayleigh–Taylor instability, while the low inner adiabat
leads to high compressibility and neutron yield. Two methods of adiabat shaping
involving only an alteration of the temporal history of the laser pulse are examined: (1) the decaying shock33 and (2) the relaxation method. The second is a
novel method of adiabat shaping introduced in this thesis whereby a favorable adiabat profile is achieved using a laser prepulse followed by a period of laser shutoff
to allow the outer surface of the capsule to expand before the main laser pulse is
turned on, subsequently shocking the outer shell material to a high adiabat, while
maintaining a low adiabat at the inner surface of the shell.
Theoretical adiabat profiles are derived for both the decaying shock and the
relaxation methods. It is shown that both designs generate adiabat profiles that
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can be well-approximated by power laws, α ' α0 (m/mshell )δ . The power index,
δ, for relaxation designs is shown to be highly tunable and allows steeper adiabat
gradients than the decaying shock design. The power-law approximations and
their respective power-law indices derived in this thesis are validated by results
from one-dimensional hydrodynamic simulations. Furthermore, from the scaling of
the ablation velocity with the ablation-front adiabat derived in the introduction,
3/5 −1/15

Va ∼ αout IL

[Eq. (1.12)], the relaxation method is shown to be capable of

producing higher ablation velocities than unshaped or decaying-shock designs,
leading to better Rayleigh–Taylor growth mitigation. The generation of higher
ablation velocities in relaxation designs is also demonstrated through 1-D LILAC
simulations.
A formula has been derived using a sharp-boundary model21 for the linearphase Rayleigh–Taylor instability growth rates. Predictions of these growth rates,
based on quantities extracted from 1-D hydrodynamic simulations have been
shown to agree well with two-dimensional single-mode simulations. These simulations confirm the theoretical predictions of reduced Rayleigh–Taylor growth for
three separate capsule designs: an all-DT cryogenic capsule, a hydrocarbon plastic
capsule, and a cryogenic DT capsule with a plastic overcoat, with relaxation designs exhibiting the lowest growth rates in the designs studied here. Furthermore,
these simulations show reduced laser imprint for adiabat-shaped designs. For the
cryogenic DT design including plastic overcoat studied here, the decaying shock
exhibited the least laser imprint. Results from planar experiments on plastic-shell
relaxation designs have been presented, showing that laser imprint is reduced in
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short-wavelength modes by a factor of 2 in relaxation designs. Two-dimensional
multimode simulations have demonstrated that adiabat shaping significantly reduces the modulation of ICF capsules due to single-beam laser nonuniformities.
Finally, experimental evidence has been presented that capsules with relaxation
adiabat shaping exhibit higher uniformity, better compression, and higher experimental neutron yields than similar capsules with no adiabat shaping.
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A. ADIABAT PROFILES FOR
VARIOUS RATIOS OF SPECIFIC
HEATS γ
As it may be useful to obtain the adiabat profiles using an equation of state
different from the monatomic ideal gas with γ = 5/3, this appendix supplies
tabular forms for the power-law indices of both decaying-shock and relaxation
adiabat profiles using various values of γ.
As in Chap. 2, the decaying shock profile is obtained using an asymptotic
matching between the self-similar solution to Eqs. (2.29) and the boundary condition on the derivative of α at m = m∗ . The self-similar exponents are obtained
from Ref. 49 and are shown in Table A.1. As in Chap. 2, the best fit power-law
indices are determined in for the range 1 < z < 15, a reasonable assumption for
ICF-relevant targets, and are given in Table A.2.
For relaxation designs, the maximum possible power-index for arbitrary γ is
γ

1.1

7/5

5/3

2.8

δss

1.516

4/3

1.275

1.191

Table A.1: Power-law indices δss for the adiabat profile for the self-similar solution to the problem of a decaying shock (from Ref. 49) for various
values of the ratio of specific heats, γ.
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γ

1.1

7/5

5/3

2.8

δDS

1.69

1.41

1.315

1.181

δRX,max

1.49

2.34

2.41

2.59
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Table A.2: Derived values for the power-law indices for the adiabat profile of
the decaying shock δDS and maximum power-law indices for the relaxation δRX,max for various values of the ratio of specific heats, γ.
These are derived in the same manner as shown in Chap. 2 (DS) and
Chap. 3 (RX).
given by the product of γ and µ as shown in Eq. (3.100). For a given value of
γ, µ is determined by solving Eqs. (3.26), (3.27), and (3.29). The best computed
values for µ are 1.35 for γ = 1.1, 1.67 for γ = 1.4, 1.45 for γ = 5/3 (as shown in
text), and 0.925 for γ = 2.8. It should be noted that in the case of γ = 1.4, an
analytical solution for δss was given in Ref. 49. This results in the removal of a
singular point in the function G2 (µ) [Eq. (3.27)] and does not allow a good value
of µ which satisfies all of Eqs. (3.26), (3.27), and (3.29). However, by slightly
altering the values of γ and δss (to 1.4001 and 1.3333, respectively), the value of
µ = 1.67 was found to approximately satisfies all these equations. Additionally,
it should be mentioned that for γ = 1.1, Eq. (3.19) is not well-satisfied [K(1.1) =
1.35]; hence the power-law approximation for the density in Eq. (3.25) is not
a good approximation. In spite of this, µ = 1.35 is found to approximately
satisfy Eqs. (3.26), (3.27), and (3.29), and represents a best-fit. The error in the
maximum RX adiabat profile for the power-law approximation with γ = 1.1 is
large and therefore should be used largely for purposes of understanding the trend
in the power index with varying γ.
It should be noted that the adiabat gradients for the decaying shock are shown
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to decrease with increasing γ, whereas adiabat gradients for the relaxation technique increase with increasing γ.

