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ABSTRACT

One of the most fascinating predictions of quantum statistical mechanics is
that of a phase transition in a gas of identical bosons when the de Broglie wave-
length exceeds the mean spacing between particles. This transition is termed
Bose-Einstein condensation and the condensate that forms constitutes a macro-
scopic quantum mechanical object.

In this dissertation, I theoretically investigate the properties of multi-component
Bose condensates and demontrate that such condensates show surprisingly com-
plex behavior compared to single-component condensates. The results will be
crucial in understanding the physics of coupled macroscopic quantum systems.

I will first review the mean-field theory of single condensates, then generalize it
to describe two-species condensates (2BECs). I will show that due to the nonlinear
interspecies interactions, the ground state density distribution displays complex
structures that do not exist had only one species been present. I will demonstrate
the possibility of the existence of a novel metastable state of the 2BEC and the
macroscopic quantum transition between a metastable and stable states. Other
properties of 2BEC such as the collective elementary excitations, stability against
particle number fluctuations and quantum phase diffusion will also be studied in
detail.

I will then study the stability character of a condensate in vortex states. Calcu-
lations show that the stability of vortices in trapped condensates can be controlled
and an unstable vortex will coherently disintegrate into new states with different
angular momenta.

Finally, the investigation of spinor condensates will be presented. I will discuss

the ground state spin structures and the internal spin-mixing dynamics (such as
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the phase-dependent population oscillation) under the nonlinear spin-exchange

interactions, and how the presence of magnetic fields affects these dynamics.



Contents
Curriculum Vitae i
List of Publications iii
Acknowledgments vi
Abstract viii
Table of Contents x
List of Figures xiii
1 Introduction 1
2 Theory of Trapped Bose-Einstein Condensates 8
2.1 Bose-Einstein Condensation of [deal Gas . . . . . . . .. .. ... 10
2.1.1 Condensate of Homogeneous Ideal Bose Gas . . . . . . .. 10
2.1.2 Condensate of Trapped Ideal Bose Gas . . . . . ... ... 11
2.2 Hartree-Fock-Bogoliubov Theory of Trapped Weakly Interacting

Bosons . . . . . e e e e e e e e e e e e e e e e e e e 14

Appendix: Condensate Instability for Non-semi-positive M . . . . 20



Xi

3 Properties of 2BEC: Ground State, Metastable State and Collec-

tive Excitations 22
3.1 Ground State of 2BEC . . . . ... ... Lo 23
3.2 Metastable States and Macroscopic Quantum Transitions . . . . . 28
3.3 Collective Excitations of 2BEC . . . . . . ... ... .. ... .. 30
34 SUMMALY . . . . .« c o e e e e e e e e e e e e e 36
3.5 Appendix: Numerical Methods Used in Calculations . . . . . . .. 37
3.5.1 Finite Difference Method . . . . . . .. .. ... ... ... 37
3.5.2 Finite Elements Method . . . . . . ... ... ....... 39

4 Quantum Fluctuations of the 2BEC 42
4.1 Stability vs. Particle Number Fluctuations . . . . . . . . ... .. 43
4.1.1 Stability of the One-Species Condensate . . . .. ... .. 44
4.1.2 Stabilityof the2BEC. . . . . . . . ... ... oL, 47

4.2 Quantum Phase Diffusion . . .. .. ... ... ..., 52
4.2.1 Quantum Phase Diffusion in One-Species BECs . . . . .. 52
4.2.2 Quantum Phase Diffusion in 2BEC . . ... ... ... .. 53

4.3 SUMMALY . .« .« o v e e e et e e e e e e e e e e e e e e 58
5 Quantum Vortices in Trapped BECs 59
5.1 Review of Vortices in Classical Fluids and Liquid Helium . . . . . 59
5.2 Vortex Stability in Dilute Trapped BECs . . . . . . . .. ... .. 62
5.2.1 Physical Model . . .. .. .. ... .o L. 64
5.2.2 Results and Interpretation . . . . . . . ... ... ... .. 66
5.2.3 External Stabilization of Vortices . . . . . . ... ... .. 71

5.3 SUMMALY . . . . . o o e e e e e e e e e e e e e e e e e e 72



6 Properties of Spinor Condensates

6.1 Spin Structures of the Ground State . . . ... ... .......

6.2 Nonlinear Spin-Mixing Dynamics . . . . ... ... ... ... ..

6.2.1

6.2.2

Spin-mixing Under the Single Mode Approximation . . . .

6.2.1.1 Fock State Representation . . . . . . . ... ...

6.2.1.2 Semiclassical Treatment . . . . . . . . . .. ...

Numerical Treatment Beyond the SMA . . . . . . .. ...

6.2.2.1 Physical Model . . . . . .. ... ...
6.2.2.2 Phase-dependent Time Evolution . . . . . . . ..
6.2.2.3 The Validity of the SMA . . . . . . . . ... ...

6.3 Effects of Magnetic Field on Spin-Mixing . . . . . .. .. ... ..

6.3.1
6.3.2

Effects of Longitudinal Magnetic Field . . . . . . ... ..
Effects of Transverse Magnetic Field . .. . . . ... ...
6.3.2.1 Spin-mixing Induced by Transverse Fields . . . .

6.3.2.2 Dynamical Spin Localization . . . .. ... ...

6.4 SUMMATY . - -« ¢« « t v e e et e e e e e e e e e e e e e e

7 Conclusions and Outlook

Bibliography

xii

76
a4

83
83
85
90
91

93
97
97
100
101
103
106

108

112



List of Figures

3-1

3-3

Ground state density profiles. Solid curves — TFA results; dashed
curves — numerical results. The units for density and length are
(2mywi /R)*? and (B/2myw;)'/?, which have numerical values of
4.6 x 102 cm~2 and 0.6 um in our calculations, respectively. The
inter-species scattering length is: (a)-(c) a;2 = 1.8 nm; (d)-(f) a1z =
3.6 nm; (g)-(i) a2 = 0. In our calculations, we take Rb as species
1 and Na as species 2, with scattering lengths taken as 6nm and
3nm, respectively. The respective trapping frequencies are: w; =
27 x 160Hz and wy = 27 x 310Hz, assuming the magnetic moments
are the same for the twospecies. . . . . . . .. ... ... ... ..
Ground state density profiles of species 2 (Na). No = 2x10%, a;2 =

3.6 nm. From left to right, N, = 3 x 103,10%,5 x 10%,10%,2 x 10°

and 4 x 10°. Same units asin Fig. 3-1. . . . . . .. .. ... ...

(a) Ground state density profiles of species 1 (Rb). N; = 10¢,
a2 = 3.6 nm. In ascending order, N, = 0, 10%,5x10%,2x10%, 4x10°
and 107. (b) Peak density of Rb as a function of N,. Calculated
with our numerical method (dashed line) and the TFA (solid line).

Same units as in Fig. 3-1. . . ... ... ... ... ...

xili



3-4 (a), (b): two sets of solutions to the time-independent Gross-Pitaevskii
equations. (a) represents the ground state; (b) represents a metastable
state. (a’), (b’): density at the center of the trap as functions of
time under an off-resonance modulation of the trapping potential.
Time is in units of 1/w,, other units are the same as in Fig. (3-1).
Parameters: Ny =N, =103, a1p =9.6nm. . . . . . .. ... ... 29

3-5 Spectra for the first two [ = 1 modes as functions of a;2. The units
for frequency is wy, the trapping frequency forRb. . . . . . . . .. 32

3-6 First three nonzero isotropic (! = 0) modes as functions of a,,.
Diamonds: in-phase mode; Stars: out-of-phase mode. Solid lines
are guides to eyes. Here Ny =N, =10%. . . .. . ... ... ... 34

3-7 (a)-(c): density at the center of the trap as functions of time as
the trap frequency modulated at frequency Q. (a’)-(c’): Fourier
spectrum of the Rb density fluctuation. The component at w =0
has been excluded. Arrows indicate the positions of the driving
frequency €. The units for density and time are (2mw;/#)%*? and
1/wy, respectively. Other parameters:N; = Ny = 103, a2 = 3.6nm.

The first three nonzero isotropic excitation frequencies are: 1.575,

3.195and 3.881. . . . . . Lo 35

4-1 Wavefunction ¥ and ® of a condensate in an isotropic harmonic
trap as functions of radial coordinate r. (a) repulsive interaction;
(b) attractive interaction. r is in units of &, me in units of (hw)™ 1, g
in units of Aiwé?, ¥ and & in units of £~%2, where £ = (A/2mw)/? is
the harmonic oscillator length unit, with m and w being the particle

mass and trap frequency respectively. . . . . . . . .. ... ... 46



4-2

4-3

Plots of A, the lowest eigenvalue of the matrix La (circles), and the
inverse of the effective mass (all in units of fiwy, with w; being the
trap frequency for species 1) as functions of a3, Ny = Ny = 103.
Other parameters are the same asin Fig. 3-1. . . .. .. .. ...
Diffusion rates 'y, T2 (in units of w;) as functions of a;2. Same

parameters as Fig. 4-2. Inset shows the mixing angle§. . . . . . .

(a) Imaginary part of the complex frequency of a double quantized
vortex state ¥, as a function of interaction strength Ng, fork, =0
and k, = 4. (b) Same as (a) for a triple quantized vortex state V3.
Solid line: x, = 0 and k, = 6; dashed line: k, = 1 and &, = 5.
Frequency is in units of trap frequency wp, g in units of (hwo€?),
where € = (%/2mwy)'/? is the harmonic oscillator length. . . . . .
Solid line: imaginary part of the complex frequency of a double
quantized vortex state ¥, as a function of interaction strength Ng
for k, = 0 and &, = 4; dashed line: decay rate of the vortex
state ¥, as a function of Ng calculated using Hamiltonian (4), only
contributions from the resonant states (o0, $0,4) are included; dot
dashed line: same as dashed line, but includes contributions from
two more states (@10, P14). - « « <« o oo e e e e e
Imaginary part of the complex frequency of a single (a) and a double
(b) quantized vortex state as a function of interaction strength Ng,

with Ng < 0. . . . . . . e

49

56

67

69

70



5-4

6-3

Imaginary part of the complex frequency of a double quantized
vortex state ¥, as a function of interaction strength Ng for k, =0,
k, = 4. A repulsive potential of the form (5.10) is superimposed
on the center of the harmonic trapping potential. The width of the
repulsive potential is taken to be w = 1 (in harmonic trap units)
and the amplitude is A, = 5wy (dashed lines), 10w (thin solid

lines) and 15wy (thick solid lines). . . . . .. .. .. .. ......

Amplitudes of Fock states associated with the ground states of H,
for N = 10% atoms: (a) A, > 0, (b) A\, < 0. The inset in (b)
shows the normalized number fluctuations A; = (AN;)?/ <Nf]> in
the three spin components (7 = 0,+1) as a function of m;. Sub-
Poisson distributions are defined by A; <1. . . . . .. ... ...
Population of the spin-0 component as a function of time. The
corresponding populations in the other two components are: (n;) =
(n_1) = (N — (ng))/2. The initial state is [ (t = 0)) = [0, N,0).

Population of each spin component as a function of time. The
initial state is |¥(t = 0)) = |N/3,N/3, N/3). Here, N =300. . . .
Population of each spin component as a function of time. The
initial state is [y(¢t = 0)) = [0, N/2,N/2), N=200. . .. ... ..
Population of spin-0 component as a function of time. Initially,
ny = mg = n_;. Dashed lines: the SMA results according to
Eq. (6.19); solid lines: numerical results of Sec.6.2.2. The param-
eters we used in the calculation are: w, = 27 x 40Hz, n = 1,00 =

46ap,as = 52ap (ap is the Bohr radius), N =4000. . . ... . ..

=~
N

83

84

85

88



6-6

6-7

6-8

6-9

6-10

Population of each spin component as a function of time, averaged
over initial relative phase 8 which uniformly distributed over (0,27].
Initially, n; = ng = n_;. Dashed lines: the SMA results according

to Eq. (6.22); solid lines: numerical results of Sec.6.2.2. Solid lines

are shifted down by 0.1 for clarity. Same parameters as in Fig. 6-5.

Population of spin-0 component as a function of time, averaged
over initial particle number distribution. Initially, n, and ng has a
Gaussian distribution centered at 1/2 with a width of Any = 0.4;
n_, = 0. Same parameters as in Fig. 6-5. Dashed lines are the
SMA results and solid lines are numerical results of Sec.6.2.2.

Population of spin-0 component as a function of time for 8 = 0

(numerical results). Same parameters as in Fig. 6-5, except for

Variation of the density profiles of the condensate. Solid lines:
density of the spin-(%1) component; dashed lines: density of spin-0
component. The density is normalized to 1. Initially, ny = ng =
n-1 = 1/3. Left column: N = 4000, # = 0; middle column: N =
108, # = 0; right column: N = 10°, averaged over 200 initial relative
phase # which are uniformly distributed over (0, 27]. . . ... ..
Population of spin-0 component as a function of time, with the
presence of a uniform longitudinal magnetic field B; = 0.1G for (a)
and B; = 0.2G for (b). Initially, n; = ng =n_; = 1/3. N = 20000,
O =T/2. . . . e e e e

xvii

89

90

96

98






