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Abstract

The fast ignitor approach to inertial confinement fusion offers an efficient route to

produce higher energy gain for less driver energy and compressed fuel density than

the conventional hydrodynamic ignition scheme. Over the last decade, serious efforts

have been expended towards the goal of achieving controlled fusion using this new

approach. However, until now no simple physical plasma model for this idea has been

available and the feasibility of the fast ignition project by petawatt laser pulses is not

yet clear.

We have investigated the capability of ultrafast lasers with irradiance I ≥ 1018

W cm−2 to produce highly energetic electron beams both in a planar wave and in a

Gaussian focus in a low-density plasma and within a physical model of electrostatic

effects in relativistic plasmas. The trajectory of a free electron in a plane wave with

arbitrary initial conditions has been derived. From the complete solutions for the

particle trajectory, we have also determined the initial velocities required to produce

figure-of-eight motions for arbitrary initial particle positions. A new expression for

the relativistic ponderomotive force has been developed. It compares very well with

earlier work by Quesnel and Mora. The new expression promises to speed up particle-

in-cell simulations. It has been found that free electrons escape from the Gaussian

focal region of a 10-ps petawatt laser pulse very quickly before the field reaches its

maximum amplitude. In this case very small net energy transfer occurs during the
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complete interaction of the electrons with the laser beam, indicating that (in the

absence of collective electrostatic effects) free electrons cannot extract enough energy

from the ignition laser pulse for ignition.

This thesis presents a novel simulation model for predicting the large-scale

dynamic behavior of the high intensity laser-plasma interaction. We have developed

a simple particle simulation code to explore collective electrostatic effects in plasmas.

In this work, it has been demonstrated that the electrostatic field generated by the

electron flow is able to strongly modify the range and direction of the laser-generated

MeV electrons by allowing the trapped electrons to experience much higher intensity

peaks along their trajectories and, thus, be accelerated to higher velocities, drifting

along the laser direction. However, the ignition spark requires the generation of a more

sharply collimated electron beam than is predicted by this modelling. This indicates

that some additional physics is still needed to validate the fast ignition concept. A self-

generated magnetic field might be a promising candidate for generating ballistically

collimated MeV electrons. Other experiments with gas jets and foil targets performed

on problems related to collimated electron beams have also been reviewed in this work.
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Chapter 1

Introduction

A new scenario for inertial confinement fusion (ICF) called “fast ignition” was first

proposed in 1994 by scientists at the Lawrence Livermore National Laboratory [1;

see also 2,3 for reviews] and the curtain is just being raised on proof-of-principle

experiments. In the conventional isobaric (pressure equilibrium) “central hot spot”

ignition model, a hollow spherical shell of deuterium-tritium (DT) ice containing

DT gas in the center (and formed inside a thin deuterated-polystyrene (CD) shell) is

rapidly heated by lasers or particle beams, creating a surrounding plasma atmosphere.

The idea is illustrated in Fig. 1.1(a). The ablation pressure associated with the

outward flow of heated plasma drives a shock wave that propagates into the target.

The spherical volume of fusion fuel is then compressed by the rocket effect of the dense

envelope material of cold DT to high density. The shock within the DT gas converges

to the center of the fuel pellet. When the shock reflects from the target center and

reaches the converging shell, the deceleration phase begins. The shell decelerates as

the dense shell compresses the less-dense inner fuel that will become the hot spot and

heats it to temperatures of about 108 K. This sparks ignition through the reaction

D + T → 4He + n. Then the alpha particles from fusion in the hot central core
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HaL Symmetrically driven hot-spot ignition

Cryogenic DT fuel

DT gas
Thin CD shell

HbL Fast-ignition channeling concept

HcL Fast-ignition cone-in-shell concept

Au Cone

Figure 1.1 Schematic illustrations of (a) conventional, symmetrically driven
hot-spot ignition and the channeling (b) and cone-in-shell (c) concepts for
fast ignition. In (b) a ∼ 100 ps laser pulse forms a channel through which a
high-intensity, ∼ 10 ps pulse propagates before depositing its energy in the
dense fuel. In (c) the need for a channeling beam is avoided by inserting a
gold cone in the fuel. In each case the small red circle indicates the point
where ignition is initiated.
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are stopped in the dense DT, heating it and leading to a spreading fusion burn wave

through the high-density shell.

Several drawbacks are commonly attributed to this standard approach. In the

hydrodynamic scheme of hot spot formation one has the ablation pressure acting on

an outer, lower density hot plasma and on an inner, higher density cold plasma (the

DT shell). The pressure gradient accelerating the DT shell is opposite to the density

gradient. Therefore the acceleration is subject to the Rayleigh-Taylor instability,

whereby the plasma shell can be destroyed before the desired high compression is

achieved. The deceleration phase of the implosion is also subject to the Rayleigh-

Taylor instability. Consequently, the hot core will be disrupted if the amplitude of

the inner-surface disturbance is too large at the start of the deceleration phase. Thus,

conventional ICF demands extremely high spherical symmetry and uniformity of the

target and implosion driver. An enormous amount of energy input of the order of a

few MJ is required for high fusion gain in this scheme [4].

In comparison, the innovative fast ignition scheme separates the compression

step from ignition by adding an intense, short-pulse external laser beam. Fig. 1.1(b)

illustrates the original configuration proposed for fast ignition. First, the capsule is

compressed to approximately 300 g cm−3 as in the conventional approach to ICF.

An energy of 100 − 260 kJ is needed for this stage [5]. This is less than the energy

required for hot-spot ignition because the dense fuel does not need to be heated.

Other recent calculations have claimed that a 750 kJ laser can assemble fuel with a

high density of ∼ 400 g cm−3 and a high areal density ρR (where ρ is the density and

R is the radius) of ∼ 3 g cm−2 [6]. Second, a high-intensity pulse of about 1017−1019

W cm−2 for the duration of 100 picosecond (ps) forms a channel in the underdense

plasma corona. During this “hole-boring” step, the critical surface, the surface beyond

which the laser cannot propagate, is pushed towards the dense core of the capsule
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under the action of the ponderomotive potential associated with the transverse field

gradient of the high-intensity channeling beam (which will be discussed in Section

2.2.2). Finally, at the moment of peak compression, a 1020 − 1021 W cm−2 ignitor

pulse of 10 ps duration propagates through the channel formed by the hole-boring

beam and this ignitor beam is stopped in the overdense plasma, generating large

amounts of energetic MeV electrons. Within a beam diameter of a few tens of µm

these fast electrons propagate into the dense core and ignite a small volume near

the edge of the fuel. The fusion burn spreads from this small region throughout the

remaining compressed fuel before the fuel disassembles. The difficulties associated

with producing a channel that remains empty and stable for long enough that the

ignitor pulse can pass through have triggered the idea to remove the hole-boring

phase of the process by inserting a hollow gold cone into the CD shell [7], as shown

in Fig. 1.1(c). In this case, the high-intensity laser pulse can propagate close to the

center at the time of stagnation, generating energetic electrons at the end of the cone.

The fast ignition concept promises higher energy gain for less driver energy

and compressed fuel density than the conventional method of hot-spot ignition. Fast

ignition relaxes Rayleigh-Taylor stability concerns, which means that there are re-

duced beam quality and capsule symmetry requirements. The ignitor pulse has to

deliver 100− 150 kJ of energy [8] in 10 ps, requiring a laser power of ∼ 10 petawatt.

(1 PW = 1015 W.) The ignitor pulse must deliver its energy to a focal spot smaller

than the compressed fuel. For a spot radius of 30 µm, say, this corresponds to a laser

intensity of ∼ 3 × 1020 W cm−2. At these intensities, the pulse accelerates electrons

to relativistic energies. Fast ignition research is being carried out on the recently

completed OMEGA EP (Extended Performance) laser, a PW-class addition to the

existing 30 kJ, 60-beam spherical compression OMEGA laser, which is now a unique

facility with two co-axial short-pulse (1 to 100 ps) beams [9].
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Today’s dramatic increase in power of ultra-short laser pulses has become

possible with chirped pulse amplification (CPA) technology [10]. In the CPA scheme,

the output low-power short laser pulse from the oscillator (typically < 1 ps) is first

stretched in time (typically to ∼ 1 nanosecond (ns)), then amplified to increase the

pulse energy to the desired level, and finally recompressed back to the original short

pulse length providing extremely high power. In this way CPA is applicable to large

laser systems for fast-ignition capability, now making available PW pulses focused to

a peak intensity of 1021 W cm−2.

Integrated fast ignition science experiments on the OMEGA system have re-

cently begun. But, compared with the firm scientific basis and understanding of

conventional ICF, the fast ignition concept still resides in a region of relatively un-

explored physics. The first cone-in-shell target experiments testing the fast ignition

concept on a small scale gave very promising results [11]. The shell (500 µm diame-

ter, 7 µm thick) was imploded using 9 of the 12 Gekko XII beam lines operated at a

wavelength of 0.53 µm and with an energy of 1.2 kJ in a 1 ns pulse. A 60 J, 100 ter-

awatt (TW) fast-heating laser was injected into the cone (with an opening half-angle

of 30◦) at the moment of maximum compression. The imploded core plasma was cre-

ated near to the center of the shell, close to the tip of the cone, and a thermonuclear

neutron yield of 2 (±1) × 105 neutrons was observed. It was demonstrated that in

order to achieve this neutron yield at optimal timing in the conventional fashion (i.e.,

with no heating pulse and a spherically symmetric implosion), a 12-beam laser en-

ergy of 2.6 kJ was required, thus indicating that the total energy required to achieve

the observed neutron yield was reduced by half. The cone-target experiments have

also shown a thousand-fold increase in neutron yield, compared with the case of no

heating pulse [12].

The directionality of electrons emitted from the tip of a cone-in-shell target
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is a critical issue as it is desired to obtain maximum coupling efficiency into the

imploded core plasma (see Fig. 1.1(c)). This is hard to measure directly; however,

based on a number of experiments where short-pulse laser beams strike planar targets

at normal incidence [13], the electrons are expected to be generated with a half angle

of approximately 20◦. Another issue is the optimum energy of the electron beam. It

is generally believed that ∼ 2 MeV is optimum [14]; electrons that are too energetic

will be transmitted through the imploded core without being effectively absorbed,

while electrons that are insufficiently energetic will not propagate through the tip of

the cone. The present work seeks to investigate both the angular spread and the

energy of relativistic electrons as a function of the focused laser intensity.

The interaction at the tip of a cone is further complicated by a variety of

other factors including the shape of the tip on the inside of the cone, the pointing

accuracy of the high-intensity beam, and the spatial distribution of the focal spot,

which are not all known in typical experiments. It is not necessarily optimum to

use a large-diameter, flat cross section to ensure that all the laser energy is incident

normally as, for a given stand-off distance from the imploded core, a wider cone will

have a greater impact on the implosion hydrodynamics. Recognizing that some laser

energy is often incident obliquely on the inner surface of the cone, consideration has

been given to incorporating this in the design. The cone can be used to focus laser

energy towards the tip, and the possibility that the cone may also focus energetic

electrons has been considered [15]. It may also be advantageous to spread the laser

energy over a larger area than that of a small tip to avoid the generation of excessively

energetic electrons.

The first three-dimensional “particle-in-cell” (PIC) simulations using cone

geometry [16] have predicted that (i) the cone-shaped wall guides reflected laser light

to the tip of the cone, so that the incoming light and the reflected light overlap,
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resulting in an increase in the optical intensity by more than one order of magnitude

in a tinier spot near the central region of the end of the cone and (ii) lower-energy

fast electrons flow along the inner surface of the cone due to the confinement of a

self-generated surface quasistatic magnetic field balanced by an electrostatic force

and finally converge geometrically to the cone tip, although higher-energy electrons

penetrate the cone wall (see Section 4.3.2, for example). The focusing action of the

cone has been experimentally confirmed. Experiments using a single cone with a disk

at the tip have been performed to investigate the generation of energetic electrons [17].

It was found that the divergence of electrons in the forward laser direction was less

than 30◦ full angle for cone targets with (full) opening angles of 30◦ and 60◦, whereas

it was over 40◦ for a plane target with an incident angle of 60◦. It was also found

that the number of these MeV electrons was increased by a factor of 2−3 in the cone

geometry relative to the open plane geometry with obliquely incident laser light. It

was shown that the number of electrons at high energies (larger than 4 MeV) emitted

from a 30◦ cone was greater than that from a 60◦ cone, presumably due to the focusing

action of the cone. Recently, an observation of a collimated fast electron beam along

the front target surface in intense laser interactions with planar foils at large incident

angles has been reported [18, 19]. The experimental results support the viewpoint

that the cone focus geometry is able to guide such fast electrons efficiently in fast

ignition experiments.

A third fast ignition scheme has been suggested that uses intense laser-

generated protons accelerated at the rear surface of a foil in a highly directional

beam [20]. The scheme is based on the fact that laser-driven electrons pass through

the irradiated foil and build up very large space-charge electric fields that accelerate

protons normal to the surface [21]. An indirect-driven hohlraum target design (See

Ref. [22] for a review of indirect drive) for this proton beam fast ignition has also
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been considered [23].

The influence of the self-generated electrostatic and electromagnetic fields

alluded to above on the electrons and/or ions is itself a very challenging topic of much

current interest. Qualitatively different spatial structures of the Kα emission from Ti

targets (4.51 keV) have been observed for laser intensities above and below 1017 W

cm−2 [24]. Kα X-ray generation arises when a high-intensity laser-plasma interaction

on the front side of the target produces hot electrons in the vicinity of the focal spot

and a fast electron penetrates into the cold region of the target. Here it knocks a

bound electron out of an atomic orbital in the cold material. The Kα line emission

corresponds to the removal of an electron from the first shell (the K shell), followed by

an electron from the second shell, the L shell, jumping in to fill the vacancy in that K

shell. It was found that at lower intensities the spatially resolved Kα emission consists

of one broad peak, while at higher intensities the central Kα peak is surrounded by a

large halo of weak Kα emission, and that the Kα emission from the center of the source

decreases with increasing laser intensity. Hydrodynamic simulations showed that the

lower-energy fraction of the hot electrons was reflected by the self-induced magnetic

field and prevented from entering the solid at the center of the laser focus. The

reflected electrons were then distributed over a wider area of the target surface. This

model provides an explanation for the reduction of the central Kα emission and the

large extension of the Kα source at higher intensities. A simple model demonstrating

strong electrostatic effects on an instantaneously generated distribution of electrons

released from a solid target is given in Refs. [25,26] for planar and spherical geometries.

Aside from their application to fast ignition, the generation of collimated

electron beams is of broad interest. Recently, three independent research groups

have successfully produced extremely collimated and monoenergetic electron beams

in the fs regime [27–29]. These results represent the most significant step so far in
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laser-based accelerators. Their optical methods made use of the fact that a short,

high-power laser pulse generates large amplitude wakefields in a plasma and, as a

result, properly phased electrons can be continuously accelerated by an axial electric

field and focused by the radial electric field of the wake plasma waves. This topic will

be discussed in more detail in Section 4.2.2.

Theoretical understanding of the basic physics of fast ignition is essential

before fast ignition is ready for full-scale proof-of-principle experiments. The objective

of the research presented in this thesis is to address basic theoretical issues related to

experimental research into fast ignition, in particular experiments using the OMEGA

EP laser starting in 2009. The central theme of our discussion is the interaction of

a petawatt laser beam with the electrons in a plasma. We explore the possibility of

generating highly collimated and energetic electron beams in the fast ignition scheme.

Particular emphasis is placed on the ponderomotive force acting on the electrons in

a plasma and the resulting electrostatic field produced due to charge separation.

Electrostatic effects are found to have a major effect upon the dynamic behavior of

the high-intensity laser-plasma interaction, as will become apparent in Chapter 3.

The remainder of this thesis is organized as follows. In Chapter 2, we start

with a discussion of single-particle electron motions in a planar electromagnetic wave

and in a Gaussian focus in vacuum. Exact analytic solutions for relativistic electron

motions are obtained, for the first time, in the general case of arbitrary initial positions

and velocities. The solutions are combinations of oscillatory motions (whose periods

are far in excess of the laser period for highly relativistic laser intensities) and drift

motions. The conditions under which localized oscillatory motions (“figure-of-eight”

orbits) occur are derived from the new solutions, and it is shown that, contrary

to commonly made assumptions about behavior at relativistic intensities, electrons

do not execute figure-of-eight orbits in realistic situations but experience a secular
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drift (with a speed close to the speed of light) in the laser direction. Numerical

solutions (using a code tested for accuracy against the analytic plane-wave solutions)

are used for electron motions in the focus of a Gaussian laser beam. It is found that

substantially all the electrons in the focal region are expelled rapidly in the radial

direction due to the ponderomotive force. Thus, for realistic laser pulse durations

of ∼ 1 ps and greater, the electrons emerge with low energies because they are not

confined sufficiently long to experience the peak laser fields. Chapter 2 also gives a

new model for the relativistic ponderomotive force that has the potential to speed up

particle-in-cell simulations.

The problem of electron confinement is addressed in Chapter 3, which inves-

tigates collective electrostatic effects in a preformed and fully ionized plasma with

uniform density. Here a radial electrostatic field is added to the model of Chapter 2,

calculated self-consistently using Gauss’s law from the charge that has escaped. This

field grows to an amplitude that exceeds the ponderomotive force and thus serves

to confine the remaining electrons in the interaction region for much longer times.

Simulations show that the electrons are confined sufficiently long to experience the

peak fields of a 2-ps laser beam. The majority of the electrons eventually escape

the interaction region, but predominantly in the longitudinal (laser) direction. The

angular distribution of the escaped electrons is found to be peaked in the longitudinal

direction but not sufficiently collimated for fast ignition.

The focus of this work so far has been on the generation of collimated elec-

tron beams from the focus of a high-intensity laser for fast-ignition applications. In

Chapter 4 the discussion is broadened to review basic physics processes and recent

experimental work related to the generation of laser-accelerated electron beams with

narrow angular divergence. Underdense homogeneous plasmas formed from gas jets

and overdense inhomogeneous plasmas formed from laser − solid target interactions
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are both considered. Relativistic self-focusing, ponderomotive self-channeling, and

optical guiding in underdense plasmas are reviewed, as are a variety of schemes using

the wakefield geometry to accelerate highly collimated electron beams. For overdense

plasmas, three mechanisms for the transfer of laser energy into energetic electrons

(vacuum heating, resonance absorption, and J×B heating) are reviewed and exper-

iments using coherent transition radiation to diagnose the electrons are described.

Possibilities for future work are described in Chapter 5 and conclusions are

presented in Chapter 6.
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Chapter 2

Electron Motion with No

Space-Charge Effect

This chapter is concerned with solutions of the equations of motion of electrons in

plane waves (Section 2.1) and Gaussian-focus fields (Section 2.2). Plane waves are

the mathematically simplest forms of laser light. In realistic circumstances, however,

the fields are normally represented by taking a laser pulse with a Gaussian spatial

envelope. The attraction of plane wave analysis is that the exact trajectory of a rel-

ativistic electron can be obtained analytically. In more complicated Gaussian field

configurations, theoretical study is based on numerical simulations. The main ques-

tion addressed is how effective these laser fields are in accelerating the electrons in a

vacuum.

In Section 2.1 we start by deriving analytic solutions for relativistic elec-

tron motions in a planar electromagnetic wave with the electrons starting from rest

(Section 2.1.1.1). In contrast to the nonrelativistic case where the electrons perform

oscillatory motions at the electromagnetic wave frequency, the electrons exhibit com-

plex trajectories combining drift and oscillatory components. These are conveniently
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expressed in terms of a dimensionless proper time. The solutions are then generalized

to the case, which has not been previously treated, where the electrons are given

arbitrary initial positions and velocities (Section 2.1.1.2). Earlier work is reviewed in

Section 2.1.1.3. The new solutions of Section 2.1.1.2 are used in Section 2.1.1.4 to

identify the conditions under which the electrons perform localized oscillatory mo-

tions (figure-of-eight orbits). It is found that in realistic situations electrons will never

follow a figure-of-eight orbit but will experience a secular drift in the laser propagation

direction.

A numerical algorithm for calculating the electron motions to a high degree

of accuracy is described in Section 2.1.2. The accuracy of the algorithm is confirmed

by comparisons with analytic solutions in Section 2.1.3. Numerical solutions are then

given in Section 2.2 for electron motions in the focus of a Gaussian laser beam. Equa-

tions for the field (Section 2.2.1) take into account corrections to the monochromatic

paraxial approximation and finite-pulse-duration effects. In particular, the small com-

ponents of the electric and magnetic fields in the propagation direction are included.

The electron trajectories (Section 2.2.2) are dominated by the ponderomotive force

(Section 2.2.2.1), which causes the electrons to be expelled in the radial direction, i.e.,

in the opposite direction to the laser intensity gradient. For nonrelativistic motion,

as is well known, the ponderomotive force is given locally by the intensity gradient.

However, for relativistic motions the situation is more complex. A new model for

the relativistic ponderomotive force is proposed in Section 2.2.2.2. Finally, in Section

2.2.3, the trajectories are followed of a large number of electrons and statistics are

obtained of the energies and angles with respect to the laser propagation direction

with which the electrons are expelled. For highly relativistic laser intensities, it is

found that the final electron energies are surprisingly low except in the case of very

short pulses. It is shown that this occurs because the electrons escape from the focal
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region very quickly before the field reaches its maximum amplitude.

2.1 Planar electromagnetic wave

2.1.1 Analytic solutions

2.1.1.1 Electron starting from rest

We first seek solutions for the trajectory of a free electron in a plane wave. Let

us consider a planar linearly polarized wave with a constant amplitude and with

no temporal envelope propagating in the +z direction. The relativistic equations of

motion for the electrons are

dx

dt
=

p

γm0

(= v) , (2.1a)

dp

dt
= −e

(
E +

v

c
×B

)
, (2.1b)

where x, v, p, m0, and −e are respectively the position, velocity, momentum, rest

mass, and charge for the electron, c is the speed of light in a vacuum, the relativistic

factor γ is given by

γ ≡ 1√
1− (v/c)2

=

√
1 + (p/m0c)

2, (2.2)

and E and B are the electric field and the magnetic field, respectively. Throughout

this thesis we shall work with c.g.s. (Gaussian) units. The energy E of the electron

is given by

E = γm0c
2 =

√
p2c2 + (m0c2)2. (2.3)

The electric and magnetic fields associated with the planar wave field are

E = x̂Ex = x̂E0 sin (ωt− kz) , (2.4a)
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B = ŷBy = ŷB0 sin (ωt− kz) , (2.4b)

where ω is the laser frequency, k the wave number, and

|E0| = |B0| =
√

8πI/c, (2.5)

with I the cycle-averaged laser pulse intensity. The components of the plane elec-

tromagnetic wave are shown in Fig. 2.1. Substituting Eqs. (2.4) into Eq. (2.1b) and

zï

xï

yï

E

B

Figure 2.1 Components of the plane electromagnetic wave.

using Eq. (2.5), the Lorentz equation (Eq. (2.1b)) for an electron moving in these

fields becomes

dpx
dt

= −eEx
(

1− pz
γm0c

)
, (2.6a)

dpy
dt

= 0, (2.6b)

dpz
dt

= −eEx
(

px
γm0c

)
. (2.6c)

Eliminating Ex and changing the variable p to the dimensionless p̂ defined by

p̂ = p/m0c (2.7)
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one gets

dp̂x
dt

=
γ

p̂x

dp̂z
dt

(
1− p̂z

γ

)
. (2.8)

Using this equation and the identity (from Eq. (2.2))

γ2 = 1 + p̂2
x + p̂2

z (for p̂y = 0) (2.9)

yields

dp̂z
dt

=
dγ

dt
. (2.10)

This allows us to write

p̂z − p̂z0 = γ − γ0, (2.11)

where p̂z0 and γ0 are the normalized initial longitudinal momentum and energy, re-

spectively. Using Eq. (2.2) for γ and substituting into Eq. (2.11), we get

p̂z =
1 + p̂2

x − (γ0 − p̂z0)2

2 (γ0 − p̂z0)
. (2.12)

In the simple case where the particle starts from rest (γ0 = 1, p̂x0 = p̂y0 = p̂z0 = 0)

the electron motion is limited to the x− z plane and Eqs. (2.12) and (2.11) give

p̂z =
1

2
p̂2
x = γ − 1. (2.13)

We note (from Eqs. (2.11), (2.7), and (2.3)) that at any instant in time the increases

in axial momentum ∆pz and energy ∆E of the electron are related by

∆pz = m0c∆γ =
∆E

c
. (2.14)

This has the same form as the relationship for a photon moving with speed c in the

z−direction. Essentially the axial momentum acquired in the z−direction is due to

the interaction of the electron quiver velocity along the x−axis with the magnetic field

in the y−axis through the v/c×B force [30,31]. We also note that this result is at all
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times independent of the form of the travelling wave, so long as Ex (r, t) = By (r, t),

as proven in Section 2.2.3.

Following Ref. [32], we now proceed to derive the trajectory of a free electron

starting at rest in a planar electromagnetic wave. In the following discussion, we will

introduce the dimensionless variables

a ≡ − eE0

ωm0c
(2.15a)

and

t′ ≡ ωt. (2.15b)

In these variables, Eq. (2.6c) can be written as

γ
dp̂z
dt′

= ap̂x sin

(
t′ −

∫
p̂z
γ
dt′
)
, (2.16)

where we have made use of Eq. (2.1a) to get z. Using Eq. (2.13) to express each of

p̂x and p̂z in terms of γ, we rewrite Eq. (2.16) in terms of γ:

γ
d

dt′
(γ − 1) = ±a

√
2 (γ − 1) sin

(∫
dt′

γ

)
. (2.17)

At this stage it is convenient to define the dimensionless proper time

s (t′) ≡
∫ t′

0

dt′

γ
(2.18a)

or ds =
dt′

γ
. (2.18b)

Then one gets a differential equation

1

a
√

2 (γ − 1)

d

ds
(γ − 1) = ± sin s. (2.19)

Taking γ0 = 1 at t = s = 0 (for a particle starting at rest, the case considered in

Ref. [32]) this equation can be integrated to yield

s = cos−1

[
1 +

√
2

a
(γ − 1)1/2

]
. (2.20)
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In deriving Eq. (2.20), we have used the fact that the minus sign gives a nonnegative

number for
√
γ − 1. Using Eq. (2.18b) we can write

t′ =

∫ s

0

γ ds. (2.21)

Substituting Eq. (2.20) for s and writing ds = (ds/dγ) dγ we find

t′ =

∫ γ

1

γ
d

dγ

{
cos−1

[
1 +

√
2

a
(γ − 1)1/2

]}
dγ. (2.22)

From Eq. (2.20) we deduce that

dγ = a2 (1− cos s) sin s ds. (2.23)

Performing integration by parts on Eq. (2.22), we find

t′ = γs− a2

[
−s cos s+

1

4
s cos 2s+ sin s− 1

8
sin 2s

]
. (2.24)

Using Eq. (2.20) to eliminate γ and making use of basic trigonometric identities we

obtain

t′ = s+ a2

[
3

4
s− sin s+

1

8
sin 2s

]
. (2.25)

Using now Eqs. (2.7), (2.13), (2.18b) and (2.20), we obtain the normalized transverse

and longitudinal momenta of the electron as a function of proper time:

p̂x = a (1− cos s) , (2.26a)

p̂z =
a2

2
(1− cos s)2 , (2.26b)

so that

ωx

c
=

∫
p̂xds = a (s− sin s) , (2.27a)

ωz

c
=

∫
p̂zds = a2

[
3

4
s− sin s+

1

8
sin 2s

]
. (2.27b)
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Pukhov [33] also considered the same case of a particle starting at rest. Pukhov

obtained different results, as will be discussed in Section 2.1.1.2.

In a full period as seen by the moving electron, i.e., at s = 2π and γ = 1

(again), the displacements and time are

x = aλ, (2.28a)

z =
3

4
a2λ, (2.28b)

ωt = 2π

(
1 +

3

4
a2

)
, (2.28c)

where λ is the laser wavelength. One can see from Eq. (2.28c) that the period of

the motion is increased (dramatically for large a) over the laser period 2π/ω. The

maximum kinetic energy gain εmax (at s = π) is 2a2m0c
2. At s = 2πn (n = integer)

the mean transverse and longitudinal “drift” velocities v̄x and v̄z are given by

v̄x =
∆x

∆t
=

4ac

4 + 3a2
, (2.29a)

v̄z =
∆z

∆t
=

3a2c

4 + 3a2
. (2.29b)

From these equations it follows that v̄x reaches its maximum value of v̄x = c/
√

3

with respect to a at a = 2/
√

3 and decreases in inverse proportion to a for large a,

while v̄z → c as a → ∞. We see that the particle motion becomes more and more

longitudinal in the relativistic regime.

2.1.1.2 Arbitrary initial conditions

We shall now find solutions to Eqs. (2.1) for any given initial position (x0, 0, z0) and

any given initial velocity (βx0, 0, βz0) of the electrons. We proceed as in the solution

for the trajectory of an electron starting from rest at t = 0 in Section 2.1.1.1, keeping
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the definition of s (Eqs. (2.18)). Now Eq. (2.16) becomes

γ
dp̂z
dt′

= ap̂x sin

(
t′ −

∫
p̂z
γ
dt′ − ω

c
z0

)
. (2.30)

Using the relation Eq. (2.12), we can rewrite this equation in terms of γ in the form

1

a
√

2 (γ0 − p̂z0) [γ − (γ0 − p̂z0)]− 1 + (γ0 − p̂z0)2

d

ds
[γ − (γ0 − p̂z0)]

= ± sin
(

(γ0 − p̂z0) s− ω

c
z0

)
, (2.31)

where we have written ds instead of dt′/γ according to Eq. (2.18b). Eq. (2.31) is the

generalized version of Eq. (2.19). We multiply by ds and integrate, taking γ = γ0 at

s = 0:

s =
1

γ0 (1− βz0)

{
cos−1

{
cos
(ω
c
z0

)
− 1

a

[
−γ0βx0

±
√

2γ0 (1− βz0) γ − 1− γ2
0 (1− βz0)2

]}
+
ω

c
z0

}
. (2.32)

This is the generalized version of Eq. (2.20). From Eq. (2.32) we deduce that

dγ = a sin
(
γ0 (1− βz0) s− ω

c
z0

)
×
{
γ0βx0 − a

[
cos
(
γ0 (1− βz0) s− ω

c
z0

)
− cos

(ω
c
z0

)]}
ds. (2.33)

Consequently integration by parts yields

t′ =

∫ s

0

γ
ds

dγ
dγ

=
1

2γ0 (1− βz0)

{
a2

2
s+

a2

4γ0 (1− βz0)

[
sin

(
2γ0 (1− βz0) s− 2ω

c
z0

)
+ sin

(
2ω

c
z0

)]

−
2a
(
a cos

(
ω
c
z0

)
+ γ0βx0

)
γ0 (1− βz0)

[
sin

(
γ0 (1− βz0) s− ω

c
z0

)
+ sin

(
ω

c
z0

)]

+
(
a cos

(ω
c
z0

)
+ γ0βx0

)2

s+ s+ γ2
0 (1− βz0)2 s

}
(2.34)
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in analogy to Eq. (2.25). Using now Eqs. (2.12) and (2.32), we obtain the momenta:

p̂x = −a
[
cos
(
γ0 (1− βz0) s− ω

c
z0

)
− cos

(ω
c
z0

)]
+ γ0βx0, (2.35a)

p̂z =
1

2γ0 (1− βz0)

{{
a
[
cos
(
γ0 (1− βz0) s− ω

c
z0

)
− cos

(ω
c
z0

)]
− γ0βx0

}2

+ 1

}

− 1

2
γ0 (1− βz0) . (2.35b)

The general solution is then:

ω

c
(x− x0) = −a

{
1

γ0 (1− βz0)

[
sin

(
γ0 (1− βz0) s− ω

c
z0

)
+ sin

(
ω

c
z0

)]

−
(

cos
(ω
c
z0

))
s

}
+ γ0βx0s, (2.36a)

ω

c
(z − z0) =

1

2γ0 (1− βz0)

{
a2

2
s+

a2

4γ0 (1− βz0)

[
sin

(
2γ0 (1− βz0) s− 2ω

c
z0

)

+ sin

(
2ω

c
z0

)]
−

2a
(
a cos

(
ω
c
z0

)
+ γ0βx0

)
γ0 (1− βz0)

[
sin

(
γ0 (1− βz0) s− ω

c
z0

)

+ sin

(
ω

c
z0

)]
+
(
a cos

(ω
c
z0

)
+ γ0βx0

)2

s+ s

}
− 1

2
γ0 (1− βz0) s,

(2.36b)

where βx0 and βz0 are the normalized initial transverse and longitudinal velocities,

respectively. Note that dy/dt is still 0. The + or − sign in Eq. (2.32) is determined

by the nature of the cosine function. It can be readily verified that for a particle

starting at rest at the origin (γ0 = 1, βx0 = βz0 = x0 = z0 = 0), Eqs. (2.35) and (2.36)

reduce to Eqs. (2.26) and (2.27), respectively.

2.1.1.3 Review of earlier work

The equations for a charge in a planar wave have been solved many times (see [34] for

an excellent review) and the history of solutions dates back as early as 1949. The first
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attempt to provide a complete solution to the relativistic equations of motion for the

electron was given by Sengupta [35]. By simply choosing the origin of the coordinate

system such that r(t = 0) = 0 and taking the initial velocity of the electron to be

zero, he derived the solution for r in terms of the electron phase θ that is again a

linear function of r itself:

r

c
=

a

2π

(
Ê +

3

4
an̂

)
θ − a

ω

(
Ê + an̂

)
sin
( ω

2π
θ
)

+
a2

8ω
n̂ sin

(ω
π
θ
)
, (2.37)

where

θ = 2π

[
t− (n̂ · r)

c

]
(2.38)

and the unit vectors Ê and n̂ are in the directions of E and wave propagation,

respectively. Scalar multiplication of n̂ and Eq. (2.37) leads to

τ = ϕ− a2(
1 + 3

4
a2
) [sinϕ− 1

8
sin 2ϕ

]
, (2.39)

where

τ =
ω(

1 + 3
4
a2
)t (2.40)

and

ϕ =
ω

2π
θ. (2.41)

Using elementary trigonometric relationships it is easy to show that τ is a monotoni-

cally increasing function of ϕ, with dτ/dϕ > 0, τ (0) = 0, and τ (2π) = 2π. To obtain

an explicit expression for r in terms of t he now seeks a Fourier series in τ for ϕ. Let

f (ϕ) = exp

{
i

a2(
1 + 3

4
a2
) [sinϕ− 1

8
sin 2ϕ

]}
. (2.42)

Then the function f (ϕ) is expanded in an exponential Fourier series

f (ϕ) =
∞∑

n=−∞

χn exp (inϕ) (2.43)
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in which

χn =
1

2π

∫ 2π

0

f (ϕ) exp (−inϕ) dϕ

=
1

2π

∫ 2π

0

exp

{
−inϕ+ i

a2(
1 + 3

4
a2
) [sinϕ− 1

8
sin 2ϕ

]}
dϕ. (2.44)

We now note from Eq. (2.39) that

dϕ

dτ
=

1

1− a2(
1 + 3

4
a2
) [cosϕ− 1

4
cos 2ϕ

] . (2.45)

We expand this as a Fourier series

dϕ

dτ
=

∞∑
n=−∞

ψn exp (inτ) (2.46)

or

dϕ

dτ
= ψ0 + 2

∞∑
n=1

ψn cosnτ (2.47)

since ψ−n = ψn because dϕ/dτ is real. Here

ψn =
1

2π

∫ 2π

0

dϕ

dτ
exp (−inτ) dτ

=
1

2π

∫ 2π

0

exp (−inτ) dϕ. (2.48)

The change of variable in Eq. (2.48) may be made as ϕ is a monotonically increasing

function of τ . If for convenience we set

C =
a2(

1 + 3
4
a2
) , (2.49)

the quantities χn and ψn become functions of C only. We find, from Eqs. (2.39),

(2.44), and (2.48):

ψn (C) = χn (nC) . (2.50)
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When we make this substitution in Eq. (2.47), use ψ0 = 1 from Eq. (2.48), and

integrate over dτ , we obtain the inverse relation

ϕ = τ + 2
∞∑
n=1

χn (nC)
sinnτ

n
. (2.51)

The constant of integration vanishes as ϕ = 0 when τ = 0.

Let us now compute the two terms in sin pϕ, p an integer equal to 1 or 2, in

Eq. (2.37). Multiplying Eq. (2.46) by exp (ipϕ), we have

exp (ipϕ)
dϕ

dτ
=

∞∑
n=−∞

Ψn exp (inτ) (2.52)

with

Ψn =
1

2π

∫ 2π

0

exp (ipϕ− inτ) dϕ. (2.53)

Then, from Eqs. (2.39), (2.44), and (2.53),

Ψn = χn−p (nC) . (2.54)

We substitute Eq. (2.54) in Eq. (2.52), integrate from 0 to τ , and separate the result

into real and imaginary parts. This leads to the equation

sin pϕ = p
∞∑
n=1

[χn−p (nC) + χn+p (nC)]
sinnτ

n
(2.55)

in which we have used the relation (equivalent to ψ−n = ψn)

χ−n (−C) = χn (C) (2.56)

and the result (obtained trivially from Eq. (2.44) and the definition of C) that χn (0) =

0 for any nonzero integer n. We now substitute for ϕ from Eq. (2.51), and for sinϕ

and sin 2ϕ from Eq. (2.55) in the expression for r given by Eq. (2.37):

ω

c
r = a

(
Ê +

3

4
an̂

)
ω(

1 + 3
4
a2
)t+

∞∑
n=1

1

n

[
aÊ {2χn (nC)− χn+1 (nC)− χn−1 (nC)}
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+a2n̂

(
3

2
− 2n

C

)
χn (nC)

]
sin

(
nω(

1 + 3
4
a2
)t) , (2.57)

where we have used the recurrence relation (obtained directly from Eq. (2.44), noting

that the combination of χ terms produces a factor of
[
−n+ C

(
cosϕ− 1

4
cos 2ϕ

)]
multiplying the exponential, allowing the integral to be directly evaluated to zero)

2n

C
χn = [χn+1 + χn−1]− 1

4
[χn+2 + χn−2] . (2.58)

So indeed r is determined in terms of t by the sum of a series. However, it should

be noted carefully that the condition of convergence given by Sengupta takes the

form a2 < 0.402, which corresponds to the maximum value of a 1 µm laser intensity

of 5.5 × 1017 W cm−2. Thus Sengupta’s analysis is restricted to the nonrelativistic

regime.

Eberly and Sleeper [36] obtained the orbit solutions for arbitrary radiation

pulse shape in terms of one-dimensional integrals, and for the purely monochromatic

field modulated by a damping pulse-shape factor as a function of the particle’s proper

time. The solutions of this problem are found in Ref. [37] in integral form, in terms

of electron phase ωt − kz in Refs. [38–41], and in terms of proper time in Refs.

[33, 42]. Further, in all previous trajectory calculations for plane waves, the electron

is chosen to be initially at rest [33] at the origin [36, 38, 40, 41], at the origin with

initial longitudinal velocity βz0 [39], or at rest on the average at all times, i.e., so that

its average momentum is zero and it oscillates about the origin [37,38,40,42]. Most of

these results ignore the importance of initial conditions, which could lead to secular

motion in 3-D (see, e.g. [33]).

There is an interesting difference between our solution of the displacements in

a relativistic planar wave and the results of Pukhov [33]. He claims that the particle

is at rest before the laser pulse overtakes it. His solution includes a drift motion in

the z−direction; however, no secular term (i.e., a term that grows without bound
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as t → ∞) arises in x so that x is purely oscillatory with constant amplitude. This

electron motion in the field of the laser is given by the expressions

ωx

c
= −a cos s, (2.59a)

ωz

c
=
a2

8
[2s− sin 2s] , (2.59b)

and the solution for x is clearly inconsistent with the nature of our result Eq. (2.27a)

for the trajectory of an electron starting from rest. To understand the difference, we

trace his solution for the displacements in a relativistic planar wave. Even though

he assumed a laser field in terms of a cosine function, the calculation procedure was

straightforward, just like our case described by a sine function. In the first place,

we notice that he set s = t′ − kz rather than ds = dt′/γ. His definition for proper

time is compatible with our original definition only if the electron is placed initially

at rest (i.e., βx0 = βz0 = 0 at t = 0) at z0 = 0. In this case, the proper time is

equal to the electron phase regardless of the functional form of the laser field, which

makes the algebra more straightforward and as such expedites the calculation. With

his definition of proper time, he restricts himself to the special case in which the

electrons start their motion when the highest fields arrive at the electrons’ initial

positions. This corresponds to a shift of 90◦ in the initial phase of our laser field.

Second, integrating the equations of motion with the use of the initial condition

x0 = −a/k (note that the secular term does not already exist here), he eliminated

the constant term in the solution trajectory along the direction of x and so kept

only the cosine term. We can apply the result Eqs. (2.36) to this particular case.

Everywhere we see the term − (ω/c) z0 in the right-hand sides of Eqs. (2.36), we

replace it with − (ω/c) z0 + π/2 and everywhere we see the term (ω/c) z0, we replace

it with (ω/c) z0−π/2. Now, we plug in the initial conditions. It is not difficult to see

that the solution is exactly the same as that of Pukhov [33].
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To summarize, our complete analytic solution for the displacement in rela-

tivistic electron motion in a planar wave, obtained by correctly defining and using

the proper time, extends earlier analysis.

2.1.1.4 Figure-of-eight orbits

It is commonly believed that electrons in strong electromagnetic fields execute figure-

of-eight orbits. However, from the discussion of Section 2.1.1.2 it is clear that most

trajectories include secular terms. In this section we work from the complete solutions

of the particle trajectory obtained in Section 2.1.1.2 to identify the circumstances in

which the electrons perform localized oscillatory motions (figure-of-eight orbits). The

discussion will be based on Eqs. (2.35). We shall find that for a given field strength

a, there is a unique initial velocity given by (βx0, βz0) that results in a figure 8 with

excursions along both the electric vector and propagation direction of the laser beam.

For an electron at “average rest”, i.e., 〈p̂x〉 = 〈p̂z〉 = 0 where 〈 〉 denotes the

time average, using Eqs. (2.35) we obtain

βx0 = − a

γ0

cos
(ω
c
z0

)
, (2.60a)

βz0 =
2±

√
4− a2 (a2 + 4)

[
(a2 + 2) cos2

(
ω
c
z0

)
/γ2

0 − 1
]

4 + a2
, (2.60b)

γ0 =
2a2 cos2

(
ω
c
z0

)
+ 4 + a2

2
√

4 + 2a2
. (2.60c)

The sign (either + or −) in Eq. (2.60b) will be chosen consistent with the physics of

the problem, i.e., |βz0| < 1. In addition, we can also find from Eq. (2.35b)

γ0 (1− βz0) =

√
1 +

a2

2
. (2.61)

It is a matter of straightforward algebra to verify that with Eqs. (2.60a) and (2.61)

the secular terms of Eqs. (2.36) have gone. Therefore, the particle orbit is described
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by{
8γ2

0 (1− βz0)2

a2

(ω
c

)
(z − z0)− sin

(
2ω

c
z0

)}2

= 4

{
γ0 (1− βz0)

a

(ω
c

)
(x− x0) + sin

(ω
c
z0

)}2

×

{
1−

[
γ0 (1− βz0)

a

(ω
c

)
(x− x0) + sin

(ω
c
z0

)]2
}
. (2.62)

This curve is known as the “figure-of-eight” orbit, which is a very special case [43].

Referring forward to Fig. 2.4, it is seen that in the ultra-relativistic intensity limit,

i.e., a→∞, the orbit becomes a “fat-8” with proportions |x− x0|max =
√

2c/ω and

|z − z0|max = c/4ω. In the ultra-relativistic limit, from Eqs. (2.60a) and (2.60b), if

vx0 = 0, we find that βz0 = −1 or vz0 = −c, so that the electron will only follow a

figure-of-eight orbit if it is moving towards the laser at the speed of light when the

laser pulse reaches it. This means that any electron born (through ionization) in a

strong field will never follow a figure-of-eight orbit but will experience a secular drift

in the z−direction. In contrast to plane wave fields, a ponderomotive force due to

the spatial and temporal inhomogeneities of Gaussian focus fields can cause a drift of

the figure-of-eight orbits. A good example is provided in Section 2.2.2.

2.1.2 Numerical algorithm

Now we numerically investigate the free electron dynamics governed by the system

Eqs. (2.1). One of the most widely used methods of solving differential equations is

a fourth-order Runge-Kutta method [44]. Consider the first-order equation dx/dt =

f (x, t). The basis for this scheme is to write the increment to x, ∆x, as a weighted

average of four estimates of ∆x (say k1, k2, k3, and k4). In applying this method, one

always uses the previous k−value in computing the derivative values. It is necessary,

therefore, to do k1 before doing k2, and so on. There is always some upper limit to
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the current step size ∆t beyond which the Runge-Kutta values are not sufficiently

accurate, requiring one to reduce ∆t. A standard way to detect this is to recompute

the value of x with the step size cut in half. The comparison between these two values

of x tells us whether the step size needs to be halved again. This is very expensive,

however.

To minimize the effort to determine the error in a Runge-Kutta computation,

a variable step size Runge-Kutta-Fehlberg method [45] was used that allows the ap-

plication of an adaptive time-step control with the initial time step of ∆t = 10−17

sec. In this method, the error is estimated by computing the difference between the

fourth and fifth order equations. One can increase or decrease the step size ∆t for the

next iteration depending on the error value at each step. For a λ = 2πc/ω = 1 µm

wavelength, the wave number k = ω/c ≈ 6.283 × 104 cm−1 and the laser frequency

ω ≈ 1.885× 1015 sec−1, which corresponds to the period of one laser oscillation 2π/ω

of about 3.336 fs. Thus there are initially ∼ 300 steps per laser cycle.

2.1.3 Comparison of numerical solutions with exact solutions

We are now in a position to verify that our numerical procedure gives the exact

solution. Fig. 2.2 shows the motion of electrons initially at rest, with their initial

positions x0 = z0 = 0. Laser intensities are I = 1018 and 1020 W cm−2. These results

were obtained by numerically integrating the system Eqs. (2.1) with a Runge-Kutta-

Fehlberg method. Figs. 2.2(a) and 2.2(h) show the secular transverse and longitudinal

motions of an electron in the x − z plane. Recall that the electron is subjected

to a magnetic field in the y−direction and an electric field in the x−direction, so

that the resulting motion of electrons is restricted to the plane perpendicular to

the magnetic field. The analytic parabolic relationship Eq. (2.13) is confirmed by

numerical integration of the equations of motion, as shown in Figs. 2.2(f) and 2.2(m).
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Figure 2.2 Motions of electrons initially at rest at the origin in planar
electromagnetic fields. In (a)-(g) the laser intensity is I = 1018 W cm−2 and
in (h)-(n) I = 1020 W cm−2. (a),(h) Electron trajectories in the x− z plane.
(b)-(c),(i)-(j) Velocity components vx and vz as a function of time.
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Figure 2.2 (Continued ) Motions of electrons initially at rest at the origin
in planar electromagnetic fields. (d)-(e),(k)-(l) Normalized momentum com-
ponents p̂x and p̂z as a function of time. (f),(m) Normalized momentum p̂z
vs . p̂x. (g),(n) Relativistic factor γ as a function of time.
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We compared our analytic results with those obtained from numerical com-

putations of particle motion as a cross check on the accuracy. Analytic and numerical

solutions from plane wave analysis agreed almost exactly. A comparison can be seen

in Fig. 2.3 that shows the trajectories of two electrons with different initial veloci-

ties at their initial positions. These electrons make both transverse and longitudinal

I = 1018 W cm-2
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Figure 2.3 Trajectories (a),(b) for an electron at initial position x0 = z0 = 0,
with its initial momenta p̂x0 ≈ 0.854 and p̂z0 ≈ 0.156 and (c),(d) for an
electron at initial position x0 = z0 = 2.5× 10−5 cm, with its initial momenta
p̂x0 = 0 and p̂z0 ≈ −0.156 at the laser intensity of I = 1018 W cm−2. The
solid curves (red) correspond to the analytic formulae of Eqs. (2.36) and the
dots correspond to the numerical results. Numerical solutions are in complete
agreement with their analytic counterpart.

oscillations, which constitute the well-known figure-of-eight orbits shown in Fig. 2.4.

The electrons oscillate twice in the z−direction for every once in the polarization
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Figure 2.4 Figure-of-eight orbits of the electrons. The initial positions are
the same as in Fig. 2.3. The trajectories correspond to laser intensities of
1018 W cm−2 (green), 1019 W cm−2 (blue), 1020 W cm−2 (purple), and 1021

W cm−2 (red). The solid curves correspond to the analytic expression of
Eq. (2.62) and the dots correspond to the numerical results. Again, nu-
merical solutions are in excellent agreement with their analytic counterpart.
Electrons move along the curves in a counter-clockwise direction starting
from their initial positions, i.e., (a) from the center (x0 = z0 = 0) and (b)
from the bottom of the curves (x0 = z0 = 2.5× 10−5 cm), respectively.

direction, originating from the fact that the v/c × B force gives the z motion twice

the frequency of the transverse motion as it is a product of two sinusoidal terms

oscillating at ω [46–48]. They move fastest on the straight part of the orbit and

slowest on the round part. Note that in the limit as a → ∞ the orbit approaches

a limited curve with analytically predicted values of |x − x0|max ≈ 2.251 × 10−5 cm

and |z − z0|max ≈ 3.979 × 10−6 cm. Both Figs. 2.3 and 2.4 give confidence for the

numerical results for motion in a Gaussian 3-D focus that we will come to in the later

sections. In Fig. 2.4 we note that both of the initial relativistic velocity components

of the electron pointing towards the laser and along the x−axis are required to be
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non-zero for a symmetric oscillatory pattern.

Let us now come back to some crucial points that should be mentioned re-

garding Fig. 2.2. The question arises about what happens on the “flat” portion of

the orbit shown in Fig. 2.2(j). The stronger the field, the closer vz comes to the speed

of light c. We then see from Eq. (2.6a) that dpx/dt ≈ 0, so that the increase in px

is much less than that in pz (see Figs. 2.2(d),(e) and 2.2(k),(l)) and the energy goes

into a larger γ at higher field (see Figs. 2.2(g) and 2.2(n)).

Another interesting picture is Fig. 2.2(i). The electron is rapidly accelerated

in the negative x−direction, then gains the forward momentum pz through the v/c×B

force. This increases its mass, so it slows down in x, even though px continues to

increase! We notice, however, that although the leading edge of the laser pulse sets

the electron in motion and the electron is shown to gain temporarily a huge amount

of energy from the field, it periodically returns to rest, so that there is no net energy

transfer between an electron and the laser pulse in a vacuum as long as the laser pulse

is a planar electromagnetic wave, in agreement with the Lawson-Woodward (LW)

theorem. The LW theorem states that, under certain restricted circumstances, no net

energy gain of a charged particle interacting with an electromagnetic field in a vacuum

is possible [49–54]. The theorem refers to a planar, transversely polarized wave and

says that the net acceleration from and to points that are free of the accelerating field

must be zero. The theorem assumes that (i) the laser field is in a vacuum with no

boundaries present, (ii) no static electric or magnetic fields are present, (iii) the region

of interaction is infinite, and (iv) ponderomotive effects are negligible. The electric

field is perpendicular to the direction of propagation and the particle oscillates in

the direction of E. Any interaction between the field and particle will be periodic, so

there will be no net acceleration in the direction of E. However, the particle is pushed

in the direction of propagation because of the v/c × B force. This force produces
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acceleration but not energy gain. That is, the time-averaged acceleration in the

direction of propagation is also zero. To obtain net electron acceleration, therefore,

one or more of the conditions listed above must be relaxed. The lack of net energy

transfer to the electron is also consistent with the well-known kinematic result that

the requirements of energy and momentum conservation preclude an electron from

absorbing a photon [55].

2.2 Gaussian laser field in a focus

2.2.1 Structure of a plane polarized Gaussian beam in a

vacuum

Now we turn our attention to the exact expressions for the electromagnetic field

in vacuum around the focus for the interesting case of a Gaussian transverse profile.

The plane wave assumption we have made, implying a constant amplitude throughout

space and time, is unsuitable for describing the electromagnetic field in the focus of a

laser. Although plane waves are a restricted class of electromagnetic fields, they play

a very important role as the basis of a much wider class of electromagnetic beams.

A correct description of all vector components of the focused electromagnetic

field of a laser was obtained by Quesnel and Mora [56] through the angular spectrum

of plane waves, i.e., modeling the field as a superposition of plane waves traveling

in various directions k± = kt ± ẑkz from the plane z = z0 containing the source

[57]. This description takes into account corrections to the monochromatic paraxial

approximation, which assumes that the phasor field as a function of space can be

expressed in the form u (r, z) exp (−ikz) and states that the envelope u (r, z) of the

field of interest changes slowly with respect to z on a scale of the wavelength of light
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so that the second partial derivative in z in the scalar Helmholtz equation, ∂2u/∂z2,

is dropped. This description also takes into account finite-pulse-duration effects.

Starting from their nonparaxial integral solution for a Gaussian laser field near

the vacuum focus satisfying the Maxwell equations exactly, Quesnel and Mora also

derived the expression for a pulsed beam up to first order. The case in which the laser

pulse envelope in time has a cosine-squared shape − namely, cos2 [π (t− z/c) /2∆τ ]

− was considered, so one would have a pulse that starts with the laser pulse intensity

I exactly zero. By expanding each component of the field in powers of the small

parameters

ε ≡ 1

kw0

(2.63)

and

σ ≡ λ

c∆τ
, (2.64)

where k is the wave number, w0 the beam waist at focus, and ∆τ the pulse duration,

so that the effects of finite pulse duration are considered as well, they obtained

Ex = Ex(0) + Ex(1) =

{
E0
w0

w
exp

(
− r

2

w2

)
sin (φG)

}
cos2

[
π (t− z/c)

2∆τ

]
+ Ex(1),

(2.65a)

Ey = 0, (2.65b)

Ez =

{
2E0ε

xw0

w2
exp

(
− r

2

w2

)
cos
(
φ

(1)
G

)}
cos2

[
π (t− z/c)

2∆τ

]
, (2.65c)

Bx = 0, (2.65d)

By = Ex, (2.65e)

Bz =

{
2E0ε

yw0

w2
exp

(
− r

2

w2

)
cos
(
φ

(1)
G

)}
cos2

[
π (t− z/c)

2∆τ

]
, (2.65f)

where
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Ex(1) =
E0

2
σ
z

zR
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)3
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2
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)√
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(
z
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, (2.66)

and where

w = w0

√
1 +

(
z

zR

)2

(2.67)

is the beam radius at longitudinal position z with w0 the laser beam radius at best

focus at e−1 of its amplitude,

zR =
kw2

0

2
(2.68)

is the Rayleigh length, r =
√
x2 + y2,

u =
r2

w2
0

, (2.69)

φG = ωt− kz + ΦG −
kr2

2R
− φ0, (2.70)

with

ΦG = tan−1

(
z

zR

)
(2.71)

the Guoy phase associated with a Gaussian beam that undergoes a total phase change

of π as z changes from −∞ to ∞,

R = z +
z2
R

z
(2.72)

the radius of curvature of a wave front intersecting the beam axis at z, φ0 an arbitrary

constant,

φ
(1)
G = φG + ΦG, (2.73)

φG(1) = φG + 2ΦG − ψ, (2.74)

and ψ the phase of

1− u+ i
z

zR
. (2.75)
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The laser field propagates in the +z direction and the maximum intensity reaches the

origin at t = 0. These expressions for the field ensure that while the Gaussian beam

size changes as it passes through space, the functional shape remains Gaussian, as can

be seen in Fig. 2.5. We can see from Eqs. (2.65) that the small axial components of the

laser field Ez and Bz now appear in the modeling of a finite-size Gaussian beam in the

vicinity of a focal spot in a vacuum, so that all fields satisfy ∇·E = 0 = ∇·B. These

axial components are essential for describing the angular momentum in a circularly

polarized field [58]. An interesting feature of the focus of the laser beam stems from

the fact that from Eq. (2.65f), particles initially in the x − z plane (that is, y0 = 0)

are not scattered out of it [59]. In such a case, the electron motions are purely 2-D.

The electrons with a nonzero y0, however, experience the vx ×Bz force that causes a

drift in the y−direction, whereby the particle motions are described in 3-D space. It

is well known that the energy transfer between an electron and a laser beam is greatly

overestimated when the longitudinal components of Ez and Bz are neglected [60–62].

We will explore this in Section 2.2.3.

The physical properties of a Gaussian beam at a longitudinal position z are

related to the two parameters w and R. Let us look at two limits. In the limit of

z → 0 the radius of curvature R → ∞ and the beam radius w → w0. In contrast,

R → z and w → w0z/zR as z → ∞. This suggests that close to a focus the phase

fronts are nearly planar in nature, while the field away from focus is approximately

given by a spherical wave. It is also interesting that the Rayleigh length zR becomes

a breakpoint between these two regimes, where the beam area is double its minimum

value, say, w =
√

2w0, so that the laser intensity decreases by a factor of 2 relative

to that in the focal spot, and the radius of curvature takes its minimum value of

R = 2zR.
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Figure 2.5 Snapshots of Ex (left) and the intensity (right) for a 0.2 ps laser
pulse at an intensity of I = 1021 W cm−2. The laser propagates in the +z
direction. The time origin is chosen so that the peak field occurs at z = 0
at time t = 0. Note that the peak electric field is 2.894 × 109 sV cm−1

(8.676× 1013 V m−1).
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2.2.2 Electron trajectories

2.2.2.1 Ponderomotive force

The ponderomotive force (PMF) is a low-frequency phenomenon induced by a high-

frequency field in which the charged particles tend to be expelled from the regions

of strong field in the opposite direction to the intensity gradient [63]. The PMF is

an average of the electromagnetic Lorentz force over a period, taking into account

changes of the wave amplitude over the particle’s orbit. For a laser spot of finite size,

therefore, the PMF tends to cause the electrons to drift sideways out of the laser

region.

To clarify the physical mechanism for the PMF, we will derive a formula for

the nonrelativistic PMF effect due to the motion of an electron in the oscillating E

and B fields of a wave [64–66]. Let the wave electric field be

E (r, t) = Es (r) cosωt, (2.76)

where Es (r) contains the spatial dependence. Faraday’s law gives

−1

c

∂B

∂t
= ∇× E, (2.77a)

B (r, t) = − c
ω
∇× Es (r) sinωt. (2.77b)

We solve Eq. (2.1b) order by order. In first order, the v/c×B term can be neglected.

Evaluating E at the initial position r0, we have

m0
dv1

dt
= −eEs (r0) cosωt. (2.78)

The velocity v1 and small distance δr from r0 are then

v1 = − e

m0ω
Es (r0) sinωt, (2.79)
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and

δr =
e

m0ω2
Es (r0) cosωt. (2.80)

Going to second order, we make a Taylor expansion of the E field about r0:

Es (r) = Es (r0) + (δr · ∇) Es |r=r0 + · · · . (2.81)

The v/c × B term does not vanish here. The second-order terms in Eq. (2.1b) are

then

m0
dv2

dt
= −e

[
(δr · ∇) Es|r=r0 cosωt+

v1

c
×B (r = r0, t)

]
. (2.82)

Substituting Eqs. (2.77b), (2.79), and (2.80) into Eq. (2.82), we have

m0
dv2

dt
= − e2

m0ω2

{
(Es · ∇) Es |r=r0 cos (2ωt) +

1

4
∇
(
E2
s

)
|r=r0 [1− cos (2ωt)]

}
.

(2.83)

Here we used the vector identity

∇ (A ·B) = A× (∇×B) + B× (∇×A) + (A · ∇) B + (B · ∇) A. (2.84)

Averaging over time, we finally find the formula for the nonrelativistic PMF to be

given by

FPMF = − e2

4m0ω2
∇
(
E2
s

)
|r=r0

= − e2

2m0ω2
∇
(
E2
s

)
|r=r0 . (2.85)

Quesnel and Mora [56] give the relativistic equivalent of Eq. (2.85) as

dp̄

dt
= − 1

2m0γ̄
∇
∣∣∣e
c
Ã⊥

∣∣∣2, (2.86a)

where γ̄ =

√
1 +

1

m2
0c

2

(
|p̄⊥|2 + p̄2

z +
∣∣∣e
c
Ã⊥

∣∣∣2), (2.86b)
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∣∣∣Ã⊥∣∣∣2 =
c2

ω2
E2
⊥(0), (2.86c)

where the suffix ⊥ indicates perpendicular to the z−axis, and where the overbar on

the terms in p⊥, pz, A⊥ and E⊥ denotes an average over the fast time scale for

laser oscillation at the current position. Relativistic effects appear, through γ̄, in

the denominator. The mass increase leads to a weakening of the PMF. The PMF

acts mainly on the electrons and hence it creates charge separation and produces an

electrostatic disturbance in the plasma, which will be investigated in detail in Chapter

3.

Eq. (2.86a) is valid for a laser propagating in a vacuum (domain of validity:

1 − vz/c � ε and 1 − vz/c � σ) or through a tenuous plasma (say, ωp � ω, where

ωp = (4πe2ne/m0)
1/2

is the plasma frequency, with ne the electron number density).

Another way to say this is that Eq. (2.86a) is not valid for large a, say, a ≥ 10 [56], or

for short pulses. So this expression for the relativistic PMF is insufficient to describe

the electron motion with good accuracy, but it is clear from Ref. [56] that deviations

from exact solutions are quite small. Note that γ̄ includes terms in both p̄ and the

mean square electric field amplitude and thus comes from a full numerical solution.

It can be shown (using Ref. [56]) that

p2
⊥ = p̄2

⊥ +
e2

c2

( ∣∣∣Ã⊥∣∣∣2 − ∣∣∣Ã⊥∣∣∣2) , (2.87a)

p2
z = p̄2

z. (2.87b)

Because Ã⊥ is represented in terms of sin (φG) oscillating at ω, we see that Ã⊥ = 0

always, so that Eq. (2.87a) may be simplified to

p2
⊥ = p̄2

⊥ +
∣∣∣e
c
Ã⊥

∣∣∣2. (2.88)
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Figure 2.6 Snapshots of the amplitude of (e2/m2
0c

4)
∣∣∣Ã⊥∣∣∣2 along the r−axis

at z = −1.43 × 10−3 cm for a 0.2 ps laser pulse at an intensity of I = 1021

W cm−2. At this value of z the laser pulse peaks at t = −0.048 ps.

Fig. 2.6 shows snapshots of the amplitude of (e2/m2
0c

4)
∣∣∣Ã⊥∣∣∣2, i.e., the electric-

field term in the formula for γ̄ given by Eq. (2.86b), along the r−axis at z = −1.43×

10−3 cm for a 0.2 ps laser pulse at an intensity of I = 1021 W cm−2. Moving from

the top left to bottom right of Fig. 2.6, we see that in the focus of a high-intensity

laser, the electric-field term provides a dominant contribution to γ̄ in Eq. (2.86b). In

contrast, at low laser intensities γ̄ in Eq. (2.86a) becomes unity, and by Eq. (2.85)

the oscillation center of the particle’s orbit then experiences a force proportional to

the gradient of the amplitude of the wave fields.
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2.2.2.2 A model of the relativistic ponderomotive force based on planar

wave solutions

In Section 2.2.2.1 we described a method of representing the relativistic PMF using

a mean value of γ. However, the γ̄ had to be found from the full numerical solution.

The usefulness of the PMF concept will be enhanced if an appropriate form of γ̄ (r, t)

can be found, dependent only on position and time and not on the history of the

electron trajectory. This will enable the time step in “particle-in-cell” (PIC) codes to

be increased, as will be discussed in Section 3.1. In this section we propose a new γ̄

for the relativistic PMF.

We now make an attempt to construct an approximate value of γ̄ in the PMF

where γ̄ (r, t) is prescribed. A more careful study of Quesnel and Mora’s paper [56] on

the relativistic PMF leads us to use a similar idea, but we define a new γ̄ (r, t) based

on plane-wave analytic solutions. To begin with, we shall treat a case of a planar

laser pulse with finite duration, referring to the analogy with the Gaussian laser field

in a focus given by Eqs. (2.65). The electric and magnetic fields associated with the

laser are

E = x̂E∗ sin (ωt− kz + φ∗) cos2

[
π (t− z/c)

2∆τ

]
, (2.89a)

B = ŷB∗ sin (ωt− kz + φ∗) cos2

[
π (t− z/c)

2∆τ

]
. (2.89b)

Hence the analogies are as follows:

E∗ = E0
w0

w
exp

(
− r

2

w2

)
, (2.90a)

φ∗ = ΦG − kr2/2R− φ0, (2.90b)

where both constants E∗ and φ∗ are given the proper values to fit the initial conditions.

Our objective is to derive the mean momentum p̄ in this laser field. The rest of our
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problem can be dispatched easily. The analysis follows the same pattern as in Section

2.1.1. Then, in analogy to Eq. (2.16), Eq. (2.6c) reads

γ
dp̂z
dt′

= −
(
eE∗
ωm0c

)
p̂x sin

(
t′ −

∫ t′

t0

p̂z
γ
dt′ − ω

c
z0 + φ∗

)
cos2

π
(
t′ −

∫ t′
t0

p̂z

γ
dt′ − ω

c
z0

)
2ω∆τ

 .
(2.91)

This may be rewritten

1√
2 (γ0 − p̂z0) [γ − (γ0 − p̂z0)]− 1 + (γ0 − p̂z0)2

d

ds
[γ − (γ0 − p̂z0)]

= ∓
(
eE∗
ωm0c

)
sin
(

(γ0 − p̂z0) s+ ω
(
t0 −

z0

c

)
+ φ∗

)
× cos2

[
π
(
(γ0 − p̂z0) s+ ω

(
t0 − z0

c

))
2ω∆τ

]
. (2.92)

We now have to integrate Eq. (2.92) to obtain

γ =
1

8

(
eE∗
ωm0c

)2
1

γ0 (1− βz0)

{
cos

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)

− cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)
+

1

1−
(

π
ω∆τ

)2

{
cos

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)

× cos

[
π

ω∆τ

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

))]
+
( π

ω∆τ

)
sin

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)
× sin

[
π

ω∆τ

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

))]
− cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)

× cos
[ π

∆τ

(
t0 −

z0

c

)]
−
( π

ω∆τ

)
sin

(
ω
(
t0 −

z0

c

)
+ φ∗

)
sin
[ π

∆τ

(
t0 −

z0

c

)]}}2

+

(
eE∗

2ωm0c

)
βx0

(1− βz0)

{
cos

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)

− cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)
+

1

1−
(

π
ω∆τ

)2

{
cos

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)

× cos

[
π

ω∆τ

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

))]
+
( π

ω∆τ

)
sin

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

)
+ φ∗

)
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× sin

[
π

ω∆τ

(
(γ0 − p̂z0) s+ ω

(
t0 −

z0

c

))]
− cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)

× cos
[ π

∆τ

(
t0 −

z0

c

)]
−
( π

ω∆τ

)
sin

(
ω
(
t0 −

z0

c

)
+ φ∗

)
sin
[ π

∆τ

(
t0 −

z0

c

)]}}
+ γ0.

(2.93)

The momenta can then be computed using Eqs. (2.11), (2.12) and (2.93). Upon

straightforward but lengthy calculations, we obtain:

p̄x = −eE∗
2ω

{
cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)
+

1

1−
(

π
ω∆τ

)2

[
cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)

× cos

(
π

∆τ

(
t0 −

z0

c

))
+
( π

ω∆τ

)
sin

(
ω
(
t0 −

z0

c

)
+ φ∗

)
sin

(
π

∆τ

(
t0 −

z0

c

))]

−
(

2ωm0c

eE∗

)
γ0βx0

}
, (2.94a)

p̄z =
m0c

2γ0 (1− βz0)

{
1 +

(
eE∗

2ωm0c

)2
{

1

2

[
1 +

1

1−
(

π
ω∆τ

)2 cos

(
π

∆τ

(
t− z

c

))]2

+
1

2

[ (
π

ω∆τ

)
1−

(
π

ω∆τ

)2 sin

(
π

∆τ

(
t− z

c

))]2

+

{
cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)

+
1

1−
(

π
ω∆τ

)2

[
cos

(
ω
(
t0 −

z0

c

)
+ φ∗

)
cos

(
π

∆τ

(
t0 −

z0

c

))

+
( π

ω∆τ

)
sin

(
ω
(
t0 −

z0

c

)
+ φ∗

)
sin

(
π

∆τ

(
t0 −

z0

c

))]
−
(

2ωm0c

eE∗

)
γ0βx0

}2
}}

− 1

2
γ0m0c (1− βz0) . (2.94b)

Let us take a specific example. Suppose that the particles are initially at rest

and that we wish to study a case where the particles begin to move when the ascending

part of the laser pulse overtakes them. We start off the system at t0 = −∆τ + z0/c



2.2 Gaussian laser field in a focus 47

with βx0 = βz0 = 0. Then after simple manipulations, these equations reduce to

p̄x =
eE∗
2ω

[ (
π

ω∆τ

)2

1−
(

π
ω∆τ

)2

]
cos (φ∗ − ω∆τ) , (2.95a)

p̄z =
1

8m0c

(
eE∗
ω

)2
{

1

2

[
1 +

1

1−
(

π
ω∆τ

)2 cos

(
π

∆τ

(
t− z

c

))]2

+
1

2

[ (
π

ω∆τ

)
1−

(
π

ω∆τ

)2 sin

(
π

∆τ

(
t− z

c

))]2

+

[ (
π

ω∆τ

)2

1−
(

π
ω∆τ

)2

]2

cos2 (φ∗ − ω∆τ)

}
.(2.95b)

Now we may proceed with the problem at hand. We begin to assemble a new model

of γ̄. For γ̄, we use Eq. (2.86b) with the full Gaussian focus fields given by Eqs. (2.65)

for
∣∣∣Ã⊥∣∣∣2 but the values of p̄⊥ and p̄z in Eq. (2.86b) obtained numerically as averages

over the electron orbit are now replaced by the computed analytic values of p̄⊥ and

p̄z given by Eqs. (2.95) for a local plane wave. We simply insert γ̄ in this form into

Eq. (2.86a) to obtain our new form of the relativistic ponderomotive force. The next

section illustrates this with numerical simulations.

2.2.2.3 Comparison with mean transverse and longitudinal motions

Now we shall concentrate on numerical simulations of electron motion in a Gaussian

focus. We have solved the equations of motion with the field corrected up to first

order in ε and σ, Eqs. (2.65), in which the finite duration effects are also included.

The parameters of the laser employed are I = 1018 and 1021 W cm−2, ∆τ = 0.2 and

10 ps, and w0 = 10 µm. The corresponding Rayleigh length is zR ≈ 3.142× 10−2 cm,

ε ≈ 0.016, and σ (∆τ = 0.2 ps) ≈ 0.017 for a glass laser with λ = 1 µm. Particles

are initially at rest, i.e., px0 = py0 = pz0 = 0, where px0, py0, and pz0 are the initial

electron momenta. The initial time t0 is chosen to make t0 − z0/c = −∆τ , so that

the particles begin to move when the ascending part of the pulse overtakes them.

Simulations of ponderomotive acceleration of an electron initially close to the



2.2 Gaussian laser field in a focus 48

axis, at x0 = 1.1 × 10−4 cm, y0 = 3.3 × 10−4 cm, and z0 = −1.4 × 10−3 cm, in

Gaussian laser fields with ∆τ = 0.2 ps are shown in Fig. 2.7. Though Ey = 0, the

electron moves in all three spatial dimensions. This results from the inclusion of

the longitudinal fields (Ez, Bz) that characterize any finite-width light beam. This

is a consistent feature that appears in many of the calculations shown in this thesis.

The acceleration of the electron is provided by the PMF pushing the particle out of

the region of strong field, as shown in Figs. 2.7(a) and 2.7(e). The electron leaves

the beam focus with part of the maximum energy temporarily gained during the

interaction with the laser fields, as seen in Figs. 2.7(d) and 2.7(h), in contrast to the

particle motion in the conventional constant amplitude planar waves.

Let us try to understand Fig. 2.7 in detail. The plots of longitudinal velocity

vz, normalized momentum p̂z, and energy gain in Fig. 2.7 show that each period of

oscillations contains two distinct peaks and each of these changes gradually from one

period to another. The change of these oscillations may be thought of as resulting

from a change of the electron position, as shown in Figs. 2.7(a) and 2.7(e). The

argument goes this way. The particle zigzags from one turning point to another

in the x − z plane and at every turning point, it momentarily stops, reversing its

transverse motion from the positive direction to the negative direction (we can also

see that its longitudinal motion along the z−axis, however, always takes the positive

sign). The axial component of the v/c×B force acting on the electron changes from a

positive value to a negative value when the electron moves on from an upper turning

point to a lower one, so that it decelerates the electron along the z−axis in the span.

The positive peaks of p̂x are bigger than the negative ones, as shown in Figs. 2.7(c)

and 2.7(g).

Fig. 2.8 represents graphs comparing the exact numerical solutions for the

trajectories of an electron initially at rest at x0 = 1.1 × 10−5 cm, y0 = 1.9 × 10−5
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Figure 2.7 Motions of electrons initially at rest at x0 = 1.1 × 10−4 cm,
y0 = 3.3 × 10−4 cm, and z0 = −1.4 × 10−3 cm in Gaussian laser fields in a
focus with ∆τ = 0.2 ps. In (a)-(d) the laser intensity is I = 1018 W cm−2

and in (e)-(h) I = 1021 W cm−2. (a),(e) Electron trajectories in the x − z
plane. (b),(f) Velocity components vx and vz as a function of time. (c),(g)
Normalized momentum components p̂x and p̂z as a function of time. (d),(h)
Electron energy gain as a function of time. In (a)-(c) and (e)-(h) we zoom
in on initial parts of the whole plots.
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cm, and z0 = 3.1 × 10−3 cm and its relativistic factor γ calculated with the fields

Eqs. (2.65) with the mean (guiding center) ponderomotive transverse and longitudinal

motions and time averaged relativistic factor γ evaluated by using Eqs. (2.86) in full

(red). To look into the relativistic effects in the PMF we reset γ̄ in the formula of

Eq. (2.86a) to be unity (light green). We also considered another spatially dependent

PMF (blue) by taking the new model of γ̄ based on the plane-wave analytic solution

in Eqs. (2.95) with Quesnel and Mora’s form of γ̄ given by Eq. (2.86b). With the

Eqs. (2.86) for the electron mean ponderomotive motion in hand, one can simplify

the problem of calculating the particle drift trajectory. In Fig. 2.8, at I = 1018

W cm−2, the maximum longitudinal velocity vz,max reached for the interaction is

vz,max ≈ 8.528 × 109 cm sec−1, so that the minimum value of 1 − vz/c ≈ 44.970 ε.

At I = 1021 W cm−2, vz,max ≈ 2.880 × 1010 cm sec−1, so that the minimum of

1 − vz/c ≈ 2.511 ε, which especially limits the validity of the longitudinal PMF

description in this case (see Section 2.2.2.1). On the whole, the mean drift motions

using the relativistic PMF of Quesnel and Mora represent a good approximation.

By looking at the case γ̄ = 1, we see that the expression for the conventional or

nonrelativistic PMF does not work at these extreme intensities and causes serious

deviations from the exact solutions.

Fig. 2.8 also shows that the results using the new, plane-wave-based solution

for the relativistic PMF (blue) agree well with those obtained for the relativistic

PMF of Quesnel and Mora (red). The errors of the mean transverse and longitudinal

positions x, y, and z for the two cases are graphed in Fig. 2.9. We see that at

I = 1021 W cm−2, the x and z displacements are better described by the local plane-

wave model than the model of Quesnel and Mora, while the opposite is the case for

the y displacement. Overall, however, in spite of the limitation on the electron motion

imposed by the use of a plane-wave laser beam (e.g., the electron orbit lies in a 2-D
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Figure 2.8 Motions of electrons initially at rest at x0 = 1.1 × 10−5 cm,
y0 = 1.9×10−5 cm, and z0 = 3.1×10−3 cm in Gaussian beams with ∆τ = 0.2
ps. In (a)-(g) the laser intensity is I = 1018 W cm−2 and in (h)-(n) I = 1021

W cm−2. (a)-(c),(h)-(j) Electron transverse and longitudinal positions x, y,
and z as a function of time. (d),(k) Relativistic factor γ as a function of
time. The dots (black) correspond to the exact numerical trajectories and
the colored curves to the mean motions evaluated by Eqs. (2.86) (red); by
replacing γ̄ in Eq. (2.86a) with 1 (light green); and by taking the new model
of γ̄ based on plane wave analytic solutions in Eqs. (2.95) with Quesnel and
Mora’s form of γ̄ given by Eq. (2.86b) (blue). In (i),(j) the blue and black
curves are coincident with the red curves when not visible.
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Figure 2.9 Graph of the errors of the mean transverse and longitudinal
positions x, y, and z of Fig. 2.8. In (a)-(c) the laser intensity is I = 1018

W cm−2 and in (d)-(f) I = 1021 W cm−2. The red curves correspond to the
errors of the mean motions evaluated using the relativistic PMF of Quesnel
and Mora and the blue curves those evaluated using the new model of γ̄
based on plane wave solutions.
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plane), the new expression for γ̄ works well in the PMF formulation. It also works

well for Gaussian beams with ∆τ = 10 ps.

2.2.2.4 Comparison with planar wave trajectories

We have seen in Section 2.1 that by imposing nonzero initial velocities one can obtain

localized figure-of-eight trajectories of an electron in a planar electromagnetic wave.

Fig. 2.10 shows that an electron at the origin with its initial momenta p̂x0 = p̂y0 = 0

and p̂z0 ≈ −0.156 keeps drifting in a Gaussian laser field with ∆τ = 0.2 ps, while

the electron with the same initial conditions is completely trapped and moves in an

oscillatory pattern along the figure-of-eight orbits in planar waves, staying in there

forever.

2.2.3 Kinetic energy and angular distributions of

ponderomotively driven electrons

Up to this point we have considered only single particle motions in planar waves and

Gaussian laser fields. On the basis of the information we have about the acceleration

process, we can make some fairly general observations on the behavior of electrons in a

focus. For this purpose, 7000 electrons were chosen uniformly (but randomly) within

the focal region (−11 µm< x0, y0 < 11 µm and−60 µm< z0 < 60 µm). For each of x0,

y0, and z0 we used a function that returns a random real value between 0 and 1, with

equal probability of occurrence for each value. All electrons were initially at rest and

the particles began to respond to the fields when the front of the laser pulse overtook

them, with the initial time t0 = −∆τ + z0/c. In order to quantify the ponderomotive

expulsion of the electrons, we introduce the electron scattering angle θ with respect

to the laser propagation direction (the z−axis), defined by tan θ = p⊥/pz, where p⊥ is
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Figure 2.10 Trajectories for an electron at initial position x0 = y0 = z0 = 0,
with its initial momenta p̂x0 = p̂y0 = 0 and p̂z0 ≈ −0.156. In (a),(b) the
laser intensity is I = 1018 W cm−2 and in (c),(d) I = 1021 W cm−2. The
laser pulse duration is 0.2 ps for Gaussian beams. The solid curves (black)
correspond to the electron motions in planar waves and the dots (blue) in
Gaussian laser fields. In (c) the horizontal line (red) represents the beam
waist w0 at focus. By setting t0 = 0 for Gaussian laser beams the fields are
switched on when their peak intensities arrive at the electron. Note that,
in the same initial configuration, t0 6= 0 for planar waves. (b′) and (d′) are
magnified portions of small parts of (b) and (d), respectively.
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the momentum component in the plane perpendicular to the z−axis. Using Eq. (2.13)

in Section 2.1.1, we find

θ = tan−1

[√
2

γ − 1

]
(2.96)

for plane waves.

The angular distributions and normalized momenta for the ponderomotively

scattered electrons from Gaussian laser fields with I = 1021 W cm−2 and ∆τ = 0.2

ps are shown in Fig. 2.11. The normalized final electron momentum components are

plotted as p̂z vs . p̂x and p̂z vs . p̂⊥. The left column includes the longitudinal fields Ez

and Bz, while the right column omits them. With Ez and Bz included, the longitu-

dinal momentum p̂z correlates with p̂⊥ but not with p̂x. This is because the electrons

develop a p̂y due to the longitudinal magnetic field Bz interacting with vx. It can be

seen that longitudinal fields Ez and Bz, though small, serve to allow the electrons to

move along the y−axis when compared to the cases without Ez and Bz. In weakly

relativistic fields, e.g., I = 1018 W cm−2, the electron energies are not significantly

affected by the longitudinal fields. We then recover the prediction of Eq. (2.13) for

the acceleration of the electrons in a Gaussian laser field, the longitudinal components

of which are excluded. The significance of the longitudinal fields is discussed further

in Refs. [59,61,62].

Recalling that we have motivated our study in terms of the generation of

collimated and energetic electron beams by a PW laser pulse for I = 1021 W cm−2

and ∆τ = 10 ps, we now return to this original problem. Fig. 2.12(a) illustrates that

case. As an intermediate case, the same laser field is switched on at t0 = z0/c in

Fig. 2.12(b), so that the electrons start their motion when the highest fields arrive at

their initial positions [67]. One can see that the electron energy gains are much lower

and indeed negligible for the case of Fig. 2.12(a) compared with the results obtained

for Fig. 2.12(b). This example shows that the resulting electron energies and ejection
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Figure 2.11 (a)-(c) Simulation results calculated for the Gaussian beam
specified by Eqs. (2.65), including small longitudinal fields Ez and Bz. (d)-
(f) Simulation results without Ez and Bz. The laser intensity is I = 1021

W cm−2 with ∆τ = 0.2 ps. (a) and (d) show the ejection angles θ of the
electrons as a function of the final relativistic factor γ for 7000 electrons
with different starting positions. The solid curves (red) correspond to the
theoretical function for θ in a plane-wave field, Eq. (2.96). The normalized
final electron momentum components, p̂z vs . p̂x and p̂z vs . p̂⊥, are shown
in (b),(e) and (c),(f), respectively. The solid lines (red) correspond to the
parabolic relationship Eq. (2.13). The electrons whose initial positions are
outside of the beam radius w are marked as the colored dots (blue). The
empty portions shown in (b) and (e) are found to be filled in by extending
the range of electron initial positions.
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Figure 2.12 Kinetic energy and angular distributions of the electrons for a
10 ps laser pulse at an intensity of I = 1021 W cm−2. The solid curves (red)
correspond to the theoretical function for θ, Eq. (2.96). The electrons whose
initial positions are outside of the beam radius w are marked as the colored
dots (blue). In (a) the electrons begin to respond to the field when the head
of the laser pulse overtakes them. In (b) the same laser field is switched on
instantaneously at t0 = z0/c, so that the electrons start when the highest
fields arrive at their initial locations.

angles are very sensitive to the time within the laser pulse at which the electrons are

created.

Let us consider again the electron dynamics in a planar electromagnetic wave

that has been discussed in Section 2.1. The laser intensity above which a relativistic

treatment of the electrons is required may be estimated by equating the nonrelativistic

quiver velocity v0 = eE0/ωm0 (obtained from Eqs. (2.1) and (2.4)) to c. This is

equivalent to |a| = 1 (since a = −eE0/ωm0c from Eq. (2.15a)). Using Eq. (2.5) to

express E0 in terms of the laser intensity I, we write

a2 =
2e2

πm2
0c

5
I
(
erg cm−2 sec−1

)
λ2
(
cm2

)
=

e2

5πm2
0c

5
I
(
W cm−2

)
λ2
(
µm2

)
≈ 1

1.372× 1018
I
(
W cm−2

)
λ2
(
µm2

)
. (2.97)
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A similar formula was given by Wilks [68]. From this equation it is evident that at

focused intensities above Iλ2 > 1018 W µm2 cm−2, the laser light produces relativistic

electrons and therefore a nonrelativistic description will not be valid in that regime.

Recalling Eq. (2.32) from our analytic solutions for the relativistic dynamics of an

electron in a planar wave, for particles initially at rest (γ0 = 1, βx0 = βz0 = 0) one

can write

γ =
a2

2
{cos (s− kz0)− cos (kz0)}2 + 1, (2.98)

producing a range of γ, which is shown in Fig. 2.12(b). Eq. (2.98) implies a maximum

relativistic factor γmax = a2/2 + 1 (εmax = a2m0c
2/2) for the 90◦ shift condition

required in Fig. 2.12(b), say, cos (−kz0) = 0 at fixed t0 = 0. Thus at I = 1021 W

cm−2, γmax is found to be 365.455 (εmax = 186.257 MeV). We observe that this value

is quite close to the γmax ≈ 308.311 observed in a Gaussian laser field in Fig. 2.12(b).

Obviously, as we observed before, this agreement can be interpreted as a result of

the fact that the wave fronts close to the focus of a Gaussian laser beam are almost

planar. Fig. 2.13 shows the dependence of γmax = a2/2 + 1 and the energy gain

εmax = a2m0c
2/2 on laser intensity. This behavior is also in good agreement with

experimental results [69].

Looking back over Figs. 2.11(a) and 2.12(a), it comes as a surprise that at

I = 1021 W cm−2, a 10 ps pulse produces electrons whose final energies are very

low and subrelativistic (γmax ≈ 1.070), whereas their final relativistic factors γ go to

more relativistic regimes (γmax ≈ 12.783) for a 0.2 ps pulse. The γmax of the electrons

accelerated by a 10-ps laser pulse at an intensity of I = 1018 W cm−2 is 1.006, so it

can be argued that the electrons escape from the focal region of the laser beam very

quickly before the field reaches its maximum amplitude.

It is clear that during the vacuum laser acceleration of free electrons by a 10-ps

PW laser pulse, very little net energy transfer occurs during the complete interac-
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Figure 2.13 Intensity I scaling (a) for the maximum relativistic factor γmax
and (b) for the maximum electron energy gain in planar electromagnetic
fields.

tion, according to the single-particle trajectories investigated in this chapter. Various

means have been proposed for obtaining higher energy transfer for fast-ignition ap-

plications. First, a particular beam geometry could be employed to generate MeV

electron sprays. For example, a TEM (1,0) + TEM (0,1) mode laser has two intensity

peaks in the radial direction, so that the PMF may trap electrons between the two

peaks and the trapped electrons will stay in the strong-field region for a long time [70].

Second, an external particle beam trigger with relativistic injection energy could be

used [71]. Finally, the desired energy transfer could depend on self-generated electric

and magnetic fields. In the next chapter the effects of self-generated electrostatic

fields will be studied.
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Chapter 3

Cylindrical Model of Collective

Electrostatic Effects

3.1 Introduction

There have traditionally been two complementary approaches to plasma simulation.

One gives emphasis to the fluid nature of plasma and proceeds by solving the mag-

netohydrodynamic (MHD) equations. The other treats the kinetic interactions of

the elements of the plasma moving under the influence of the electric and magnetic

fields determined by the Maxwell equations. The common approach to such kinetic

modeling of plasmas is the particle-in-cell (PIC) method. PIC simulations are done

using a small number of particles called “superparticles”, many orders of magnitude

fewer than in a real plasma. Each PIC numerical superparticle typically represents

more than 106 physical particles in the laboratory.

In the PIC approach the particles are usually updated by the time-centered

explicit leapfrog finite-difference scheme. The algorithm is simple and coding is easy.

By defining x and v one-half time step apart, one achieves second-order accuracy.
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This integration method is numerically stable for simple harmonic motion for ωp∆t <

2, where ωp is the plasma frequency and ∆t is the time step, with good accuracy for

ωp∆t ≤ 0.2. The spatial grid ∆x is chosen to be of the order of the plasma skin depth

c/ωp due to inertia effects or the Debye length due to space charge effects.

One problem with PIC simulations is particle noise from the limited numbers

of particles, which is inversely proportional to the square root of the number of

particles per cell from random walk statistics. Thus it is very difficult to significantly

reduce this noise by increasing the number of particles. In PIC models, solutions of

the full set of Maxwell equations require a large amount of computer memory and

computation time. Thus PIC simulations are typically limited to treating short-pulse

laser-plasma interactions on timescales ∆τ . 1 ps, and do not fully account for a

wide variety of effects that are critically important for longer pulses. Consequently,

full-scale PIC simulations are not feasible at present for the fast ignition regime.

Worse yet, another important limitation arises from the fact that the current density

J is also a noisy grid quantity. Ampere’s law is consistent with Gauss’s law provided

a continuity equation holds, and thus as the code runs, discrepancies between the

charge and the divergence of the electric field develop, increasing errors in Gauss’s

law. This requires one to correct the electric field by solving Gauss’s law at each time

step. To avoid this complication, several numerical techniques have been developed

for solving the continuity equation locally and so reducing these cumulative errors in

Gauss’s law due to non-charge-conserving current weightings, such as a linear current

weighting used in combination with a linear charge weighting [72–78].

Holding on to the idea of a kinetic treatment of the collective (i.e., collision-

less) behavior of a plasma, we have developed a simple particle simulation code in an

attempt to overcome the systematic limitations and numerical errors of PIC meth-

ods with lower computational cost. The proposed model extends the single particle



3.2 Numerical procedures 63

motions of Chapter 2 with a calculation of the electrostatic field. In order to sim-

plify the problem as much as possible, we shall assume that in the particle system,

the simulation particles play different roles during the different parts of each update

cycle. For the equation of motion, we treat the simulation particles as single elec-

trons, whereas for field calculations the particles are regarded as superparticles, so

that they correctly assign the total charge to the mesh. We solve simultaneously the

set of equations of motion using a fifth-order (global) Runge-Kutta-Fehlberg method

as before.

3.2 Numerical procedures

We are now led to describe the procedure of constructing algebraic equations. We

consider a simulation box in the (r, z) plane, chosen to include the laser-field focal

region (see Fig. 3.1). The box is divided uniformly into cells (i, j), whose centers have

coordinates (ri, zj). The simulation region includes 0 ≤ r ≤ rmax and zmin ≤ z ≤

Laser
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0 z
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rnr
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z1 zmax

znz
z j
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H1,nzL

Hnr ,nzL

Hi,jL

Figure 3.1 Simulation region. The center of cell (i, j) has coordinates (ri, zj).
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zmax, where usually zmin = −zmax.

In a real plasma there are ne0V0 electrons, where ne0 is the initial electron

number density and V0 (= πr2
max (zmax − zmin)) is the volume of simulation box,

chosen to include the laser-field focal region. In our modeling, N0 particles are selected

randomly within the box. A particle whose initial position has random Cartesian

coordinates (x0, y0, z0) is projected onto the (r, z) plane to the point (r0, 0, z0) where

r0 =
√
x2

0 + y2
0. The random sampling is constrained to provide equal numbers of

particles in each cell in the (r, z) simulation box. For this to be satisfactory from a

physical viewpoint (i.e., for the particles to represent a uniform plasma), the charge

of the particle must then be taken to be proportional to r0. The average charge of

each particle should be − (ne0V0/N0) e in order to ensure the correct total charge in

the simulation box. Combining these two requirements, the total charge in cell (i, j)

is given by
Ncell,(i,j)∑
p=1

qp = −
(
ne0V0e

N0

)
α(i,j)

Ncell,(i,j)∑
p=1

rp (3.1)

where p sums over the Ncell,(i,j) particles in cell (i, j), qp is the charge of particle p, rp

is the radius of particle p, and α(i,j) is a proportionality constant to be determined.

The constant α(i,j) is required to ensure that there is exact charge balance in every cell

at the initial time t0 in the simulation. If this requirement is not met, an electrostatic

field will appear at t0 and particles will start to move before the arrival of the laser

pulse.

Determination of the α(i,j) is complicated because the charges of the particles

are distributed among the four nearest grid points using a volume weighting procedure

[79] when forming the charge density ρ(i,j) used in Poisson’s equation. Distribution

of the charges is necessary because, if the charge were assigned exclusively to the

cell that the particle is in, one would encounter sudden jumps in the electrostatic

field in response to small particle motions across cell boundaries. Thus the α(i,j) are
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determined not by balancing Eq. (3.1) with the background ion density but as follows.

The charge qp is assigned to the four neighboring cell centers using bilinear

interpolation (see Fig. 3.2). In the notation of Fig. 3.2, fractions βSW, βNW, βNE, and

�

�

�

�

NW

SW

NE

SE

qp

ANW

ASW

ANE

ASE

Figure 3.2 Bilinear interpolation algorithm used to interpolate the charge qp
of a particle onto the four closest cell centers (SW, NW, NE, and SE). The
SW cell receives a charge proportional to the opposite dashed rectangular
area ANE.

βSE are assigned to cells SW, NW, NE, and SE, respectively, where

βSW =
ANE

ASW + ANW + ANE + ASE

(3.2)

etc. The total charge density in cell (i, j) is then obtained by summing over all

particles that contribute to this cell. These are all particles located in cells (i′, j′)

where i′ = i − 1, i, or i + 1 and j′ = j − 1, j, or j + 1. The total charge density in

cell (i, j) is then given by

ρ(i,j) = − 1

∆V(i,j)

(
ne0V0e

N0

)∑
i′,j′

α(i′,j′)

Ncell,(i′,j′)∑
p=1

β
(i,j)
p,(i′,j′)rp

+ ne0e, (3.3)

where ∆V(i,j) is the cell volume at (i, j). Here β
(i,j)
p,(i′,j′) indicates the fraction of the

charge qp assigned to the cell (i, j) due to particles initially in the cell (i′, j′), and
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we have assumed background charge neutrality (the ion background number density

ni0 = ne0). If we use the initial particle positions in Eq. (3.3), we require that ρ(i,j) = 0

at all grid points. Eq. (3.3) then becomes nr × nz equations for the nr × nz unknown

quantities α(i,j). It is a matrix equation that is solved for the α(i,j). Eq. (3.3) then

allows ρ(i,j) to be determined at all subsequent times. We describe this initialization

procedure as “biased initialization”.

Now that the particle source term ρ(i,j) is determined at each time, we can

obtain the electrostatic field. The discussion is restricted to the common situation

where there is a long and narrow laser focus. We shall thus assume that the electro-

static field is primarily radial and can be treated as 1-D in r at each value of z. The

longitudinal electrostatic field Ez is assumed to be zero. Note, however, that there

are other situations where Ez is dominant (e.g., a laser incident on a solid target).

This special class of problem will be discussed in Section 4.3.2. For the 1-D problem,

Gauss’s law gives

1

r

∂

∂r
[rEr(r, z, t)] = 4πρ(r, z, t). (3.4)

We take Er (r = 0, z, t) = 0 for all z and t (as there is no line source of charge on the

axis). Thus the finite difference analog to Eq. (3.4) is

Er,(i,j)ri+1/2 = Er,(i−1,j)ri−1/2 + 4πρ(i,j)ri∆r, (3.5)

where ri±1/2 = (ri + ri±1) /2 and ∆r is the grid spacing. A representation of the cell

at a location (i, j) is shown in Fig. 3.3. The radial electrostatic field Er is defined

at midpoints of cell edges and the charge density ρ is associated with the cell center.

Eq. (3.5) is solved successively for i ranging from 1 to nr. The concern about a lack of

charge conservation mentioned above does not apply as Gauss’s law is solved directly

and the current density does not need to be calculated. The electrostatic field acting

on the particle is then interpolated linearly from the electrostatic field calculated in
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Er ,Hi-1, jL, ri-1�2

Figure 3.3 A cell on the numerical grid indicating the points at which the
electrostatic field and charge density are defined.

Eq. (3.5) using a similar algorithm to that shown in Fig. 3.2.

Let us now give an example. To start the numerical solution, we set up the

initial particle configuration shown in Figs. 3.4(a) and 3.4(b). A total of 7480 particles

were randomly chosen within the region of r < rmax = 15 µm and −zmax < z < zmax,

where zmax = zR (≈ 3.142 × 10−2 cm). As described above, the particles were

initialized with their Cartesian coordinates (x0, y0, z0) chosen at random, subject to

a limit (34 here) of the number of particles in any cell. It is seen in Fig. 3.4(b) that

the particles are distributed uniformly in the (r, z) plane. However, close inspection

of Fig. 3.4(b) in the axis cells given by i = 1 shows a slight bunching near the

outer radius of these cells; this occurs because, for a uniform spatial distribution of

(x, y) coordinates within these cells, there are more particles at a larger radius. An

alternate initial distribution in which the particles are initialized at random in the

(r, z) plane, subject to the same limit of the total number of particles per cell, is

shown in Figs. 3.4(c) and 3.4(d). This avoids the bunching. However, simulations

with the alternate initial distribution were found to produce substantially the same

results. The work that follows uses the initialization of Figs. 3.4(a) and 3.4(b).



3.2 Numerical procedures 68

-0.0015 -0.0010 -0.0005 0.0000 0.0005 0.0010 0.0015

-0.0015

-0.0010

-0.0005

0.0000

0.0005

0.0010

0.0015

x0 HcmL

y 0
Hc

m
L

HaL

-0.0015 -0.0010 -0.0005 0.0000 0.0005 0.0010 0.0015
-0.0015

-0.0010

-0.0005

0.0000

0.0005

0.0010

0.0015

x0 HcmL
y 0
Hc

m
L

HcL

ð of particles : 5701

ð of particles : 1779

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

z0 HcmL

r 0
=

x 0
2
+

y 0
2
Hc

m
L

HbL

ð of particles : 5720

ð of particles : 1760

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

z0 HcmL

r 0
=

x 0
2
+

y 0
2
Hc

m
L

HdL

Figure 3.4 Two different initial particle configurations, selected with slightly
different algorithms (left and right). The particles are located uniformly (but
randomly) (a),(b) in all three spatial dimensions and (c),(d) in the r−z plane
inside the focal region (0 < r < 15 µm and |z| < zR ≈ 3.142 × 10−2 cm).
(a),(c) Projection of the electrons onto the x − y plane. (b),(d) Projection
of the electrons onto the r − z plane, with the thin lines indicating the
numerical grid. In (b),(d) the solid curve (red) represents the beam radius w
at longitudinal position z. The electrons whose initial positions are outside
of the beam radius w are marked as the colored dots (red and blue in (a),(c)
and (b),(d), respectively).



3.2 Numerical procedures 69

All particles are initially at rest. As indicated in Eq. (3.1), the charge of a

particle is weighted by its radius. Thus the bunching of the particles near the centers

of Figs. 3.4(a) and 3.4(c) does not correspond to a nonuniform charge distribution.

The use of a large number of particles near the axis of relatively low charge reduces

the numerical noise.

Ions are assumed to be immobile on the short simulation time scale of the

laser-plasma interaction as they have only a low velocity due to their high inertia.

The grid size is nr × nz = 10× 22 and the number of particles per cell is Ncell,(i,j) =

34 for all i (i = 1, · · · , nr) and j (j = 1, · · · , nz). The initial electron number

density is ne0 = 2× 1019 cm−3. A judicious choice of time step ∆t = 10−17 sec gives

ωp∆t ≈ 0.003, which is considerably smaller than a typical time step addressed with

PIC calculations. This value was chosen to simulate more accurately the microscopic

interaction between fields and particles. The grid sizes are ∆r = 1.5 µm and ∆z ≈ 29

µm. Compared with the collisionless plasma skin depth c/ωp ≈ 1.2 µm, one can

see that the grid spacing ∆r is reasonably taken. For the plasma configuration of

Figs. 3.4(a) and 3.4(b) we find a minimum α(i,j)rp of 0.002 and a maximum of 2.303.

The sum of α(i,j)rp is 7480. The quantities α(i,j) ranged from 600 to 1670.

The charge qp is in general a noisy quantity in a particle simulation. Thus

Gauss’s law as embodied in Eq. (3.5) causes the electrostatic field to be noisy. We

have addressed this through the rp weighting and the use of the coefficients α(i,j);

however, we require that in addition the charge density be updated with a correction

term. This correction arises from the fact that during the early stages, some electrons

within a cell begin to respond to laser fields while others have not yet been overtaken

by the laser pulse. Once the first electrons in a cell move, this results in an electrostatic

field in the cell that moves all the other electrons in that cell. In this situation, we

maintain zero charge density until the laser fields reach all particles in the cell and
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as long as all of them remain within that cell. This turns out to provide a significant

improvement over the case of no correction. In the low-intensity case of I = 1012

W cm−2, where no electrons should escape radially, it was found that, without the

correction factor, 1877 out of the 7480 particles radially escape. However, with the

correction, the non-physical electrostatic field is avoided, no particle escapes, and

charge neutrality is maintained throughout the whole simulation procedure.

3.3 Results including a radial electrostatic field

Illustrative results for the new model are shown in Fig. 3.5. In this figure the radial

distance r at the beginning and end of the simulation is plotted vs . the initial radial

distance r0 for all particles originally in cells with z = −1.43×10−3 cm (i.e., in 10 cells

parallel to the r−axis). Particles that escape the region by the end of the simulation

0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014
r0 HcmL0

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0.0014

rHcmL

With ES

t= 1.248 ´10-12 sec

t=-4.196 ´10-13 sec

HaL

0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014
r0 HcmL0

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0.0014

rHcmL

Without ES

t= 1.248 ´10-12 sec

t=-4.196 ´10-13 sec

HbL

Figure 3.5 (a) Evolution of the radial distance r for all the particles origi-
nated in the 10 cells parallel to the r−axis at z = −1.43× 10−3 cm for a run
with the radial electrostatic field Er included. (b) Simulation results for the
same case but with no electrostatic field. The particle data are plotted at the
beginning (t = −4.196 × 10−13 sec, crosses) and the end (t = 1.248 × 10−12

sec, open symbols) of the simulation runs. The laser intensity is I = 1018 W
cm−2 with ∆τ = 0.2 ps.

are not plotted. The laser intensity is I = 1018 W cm−2 and the pulse width ∆τ = 0.2

ps. It is immediately apparent in Fig. 3.5(a) that the particles starting at each value
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of r0 end up spread over a wide range of radii r within the simulation region. Without

the electrostatic field, however, the electrons move out consistently, with all electrons

starting with r0 > 5 µm leaving the region. Of the 340 particles, 117 leave with the

electrostatic field and 294 without the electrostatic field, illustrating the importance

of the self-consistent electrostatic field.

One solution considered to making a noise-free charge density was to track

neighboring particles and spread their charge uniformly between their new positions.

Fig. 3.5 shows that this idea will not work. It is evident that, if a charge is regarded as

a continuous medium in such a way that it is spread between a pair of particles, then

the charge cannot be specified on the grids for the case with the radial electrostatic

field Er. Fig. 3.5 demonstrates that a fluid treatment is therefore not adequate to

describe real plasma behavior.

We now define the normalized electron number density δne relative to the ion

background number density ni0 as the ratio,

δne =
ne − ni0
ni0

. (3.6)

Figs. 3.6 and 3.7 show snapshots of δne at four different times for a 0.2 ps laser pulse

at intensities of I = 1018 and 1021 W cm−2, respectively. The case δne = −1.0

corresponds to complete depletion of all electrons. As the laser pulse advances from

the −z direction the electrons are effectively expelled from the simulation region. The

structure shown in Fig. 3.7(d) has no significance because everything is within 1.5 %

of total depletion. The corresponding 1-D cuts of δne in Fig. 3.7 along the r−axis at

z = −1.43 × 10−3 and 1.43 × 10−3 cm (the two cells on either side of z = 0) at the

same times are shown in Fig. 3.8. In Fig. 3.8(a) δne = 0 because the laser pulse has

not arrived. In Fig. 3.8(b) δne = 0 at z = 1.43 × 10−3 cm for the same reason. At

z = −1.43 × 10−3 cm electrons have been depleted around r = 5 µm and exhibit a
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Figure 3.6 Snapshots of the normalized electron number density δne =
(ne − ni0) /ni0 relative to the ion background number density ni0 for a 0.2 ps
laser pulse at an intensity of I = 1018 W cm−2.

surplus around r = 11 µm. In Figs. 3.8(c) and 3.8(d) there are more residual electrons

near r = 0. One result immediately apparent in Figs. 3.7 and 3.8 is that a radial

ponderomotive force due to the transverse intensity gradient pushes electrons away

from the center of the beam, creating a charge separation that produces a Coulomb

field. This is illustrated by the 2-D plots of the electrostatic field at the same times

shown in Fig. 3.9. One can see that the radial electrostatic field Er increases nearly

linearly as r increases, as is expected from Gauss’s law (Eq. (3.4)) for a uniform charge
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Figure 3.7 Snapshots of the normalized electron number density δne =
(ne − ni0) /ni0 relative to the ion background number density ni0 for a 0.2 ps
laser pulse at an intensity of I = 1021 W cm−2.

density.

In a given simulation run the electrons can be divided into three groups: a

group confined within the simulation domain, a group that escape radially outside the

simulation domain, and a group that escape longitudinally. Table 3.1 shows quan-

titative comparisons of two simulations in a number of cases, where one simulation

includes the electrostatic effects and the other does not. The simulations include the

correction to the charge density described in Section 3.2. Table 3.1 clearly shows
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Table 3.1 Quantitative comparison of two simulations at a number of laser
intensities where one simulation includes electrostatic effects and the other
does not.

∆τ = 0.2 ps ∆τ = 10 ps

1012 W cm−2 1018 W cm−2 1021 W cm−2 1018 W cm−2 1021 W cm−2

With Without With Without With Without With Without With Without

# of confined
electrons

7480 7480 5311 33 366 0 1439 0 0 0

(100.0%)(100.0%)(71.0%) (0.5%) (4.9%) (0.0%) (19.3%) (0.0%) (0.0%) (0.0%)

# of radially
escaped electrons

0 0 2133 7415 5946 7262 1094 7472 2333 7458

(0.0%) (0.0%) (28.5%) (99.1%) (79.5%) (97.1%) (14.6%) (99.9%) (31.2%) (99.7%)

# of longitudinally
escaped electrons

0 0 36 32 1168 218 4947 8 5147 22

(0.0%) (0.0%) (0.5%) (0.4%) (15.6%) (2.9%) (66.1%) (0.1%) (68.8%) (0.3%)

that the non-physical electrostatic force has been eliminated at a laser intensity of

I = 1012 W cm−2 because no electrons escape. For a 0.2 ps pulse the radial electro-

static field Er serves to confine many more plasma electrons within the simulation

system at 1018 W cm−2 compared with 1021 W cm−2. For the case of a 10 ps pulse

with the electrostatic field, one observes that fewer electrons escape radially and more

escape longitudinally compared with the 0.2 ps case, at both 1018 and 1021 W cm−2.

The radial electrostatic force suppresses the transverse electron expulsion by the ra-

dial ponderomotive force as illustrated in Fig. 3.10. This figure gives lineouts in the

radial direction of the electrostatic force on an electron, an approximation to the

ponderomotive force on an electron, and their sum at four successive times at a point

(z = −1.43×10−3 cm) very close to the laser focus. The approximate ponderomotive

force plotted here was obtained from Eq. (2.86a) but with the contributions of p2
⊥

and p2
z to γ̄ omitted as they were not available from the simulation. This produces

an overestimate of the ponderomotive force. Thus, for almost all radii, the confin-

ing electrostatic force greatly exceeds the ponderomotive force. From t = −5.993 ps

(Fig. 3.10(b)), the electrostatic field changes very little, indicating little further loss
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Figure 3.8 Snapshots of the lineouts of the normalized electron number
density δne for a 0.2 ps laser pulse at an intensity of I = 1021 W cm−2.

of electrons in the radial direction. Indeed, the electrons that escape radially do so

at early times; thereafter, the electrons are confined in the radial direction and move

in the z−direction.

We now look at qualitative features of the simulation in Table 3.1 for a laser

intensity I = 1021 W cm−2 and a pulse width ∆τ = 10 ps. The angular spectra

for two calculations, one with and one without the electrostatic field, are shown in

Figs. 3.11(a) and 3.11(d). Here the ejection angle θ with respect to the laser direction

is plotted against the final relativistic factor γ for all particles emerging longitudinally

from the simulation region. The results for the two different runs clearly show that

for the case with the radial electrostatic field Er an electron beam emerges from
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Figure 3.9 Snapshots of the radial electrostatic field Er for a 0.2 ps laser
pulse at an intensity of I = 1021 W cm−2.
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Figure 3.10 Lineouts along the r−axis at four successive times of the radial
electrostatic force (ESF), an approximation to the radial ponderomotive force
(PMF), and their sum at z = −1.43 × 10−3 cm for a 10 ps laser pulse
at an intensity of I = 1021 W cm−2. The PMF plotted here is based on
Eq. (2.86a) with the terms in p2

⊥ and p2
z removed from Eq. (2.86b), and is

thus an overestimate of the true PMF.
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Figure 3.11 Comparison of simulation runs for a laser intensity of I = 1021

W cm−2 with ∆τ = 10 ps, with and without the radial electrostatic field
Er. (a)-(c) Electrostatic field included; (d)-(f) no electrostatic field. (a)
and (d) show the ejection angles θ (with respect to the laser propagation
direction) of the longitudinally escaped electrons as a function of the final
relativistic factor γ. The solid curves (red) correspond to the theoretical
function for θ, Eq. (2.96). The electrons whose initial positions are outside
of the beam radius w are marked as the colored dots (blue). The angular and
energy spectra of the electrons are shown in (b),(e) and (c),(f), respectively.
Here the data for the electrons whose initial positions are inside of the beam
radius w are marked as the colored bars (red). For the case with the radial
electrostatic field Er an electron beam is observed from the simulation system
in the laser direction with a small number of backward-scattered electrons.
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the simulation system in the laser direction with an angular divergence of the order

of several tens of degrees, as in Fig. 3.11(b), and these electrons are accelerated in

significant numbers to γ ∼ 200 (energy gain ∼ 102 MeV), as in Fig. 3.11(c), with

the peak at γ ∼ 30 (energy gain ∼ 15 MeV). This behavior is similar to what is

wanted for fast ignition. The radial electrostatic field Er focuses somewhat like an

electrostatic lens, and therefore is responsible for these electron beams. However, we

note that fast ignition requires the generation of a more sharply collimated electron

beam. In addition, a lower short-pulse laser intensity is required to produce a lower

fast-electron energy for efficient coupling to the imploded core.

In this chapter we have focused on the important problem of predicting the

details of the motion of electrons when they are subjected to the forces produced by

a 1021 W cm−2 ignitor pulse of 10 ps duration at the last step in the fast ignition

scheme. At this point it is instructive to review recent significant advances and

milestones in experimental studies of hot electron production in short-pulse laser-

plasma interactions.
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Chapter 4

Review of Other Experimental

Results Relating to Collimated

Electron Beams

In the earlier chapters we have focused our attention on the global electron beam

generation model under conditions relevant to fast ignition. In particular, we have

investigated whether it is possible to generate collimated electron beams from the fo-

cus of a high-intensity laser. Now we give a brief overview of some basic features of the

physics involved in ultra-intense laser-plasma interactions and recent high-intensity

short pulse (that is, of several tens of fs duration and longer) experimental work

relating to the generation of laser-accelerated electron beams with narrow angular

divergence. We shall cover two different classes of laser-plasma experiments: laser −

gasjet target interaction experiments for underdense homogeneous plasmas and laser

− solid target interaction experiments for overdense inhomogeneous plasmas. Before

going on to this overview, we would like to point out that these conditions and the

corresponding physical mechanisms are very different from those envisaged for fast
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ignition.

4.1 Basic definitions and concepts

We now digress for a quick review of the underlying physics in relativistic laser-plasma

interactions.

4.1.1 Critical density

If the electrons in a plasma are displaced from their equilibrium positions, restoring

electric fields will be produced acting to accelerate the electrons back to their original

positions. Because of their inertia, the electrons will overshoot after the initial distur-

bance and oscillate about their equilibrium positions with simple harmonic motion.

The frequency of this oscillation, ωp, is characteristic for electrostatic disturbances in

the plasma and called the (electron) plasma frequency. We already saw in Section

2.2.2 that

ωp =

√
4πe2ne
m0

. (4.1)

This oscillation is so fast that the massive ions may be considered as immobile.

It is well known that any applied electromagnetic fields with frequencies less

than ωp cannot penetrate the plasma. The density nc that is implied by ω = ωp is

known as the critical density. Thus, if ω > ωp, i.e., ne < nc, the electromagnetic wave

can propagate through the plasma and the plasma is called “underdense”. In the

opposite case, ω < ωp, that is, ne > nc, the plasma is opaque to the electromagnetic

radiation and the electromagnetic wave is attenuated beyond the critical surface where

ne = nc; such a plasma is said to be “overdense”. In general, the plasma is underdense

in laser − gasjet target interaction experiments. In laser − solid target interaction
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experiments, both underdense and overdense plasma regions exist. These cases will

be discussed in detail in Sections 4.2 and 4.3, respectively.

In studies of relativistic laser − plasma interactions the rest mass of the

electron m0 is often replaced by the inertial mass γm0 in Eq. (4.1) for the plasma

frequency. From Eq. (4.1) we see that the relativistic change in electron mass and

the ponderomotive expulsion of electrons from the region of the axis due to a spatial

variation of laser intensity thus lead to a local decrease of plasma frequency and a

refractive index (see Eq. (4.4) below) closer to unity. In recent work by Wagner

et al. [80] in which self-focusing was observed, an overall decrease in the plasma

frequency from 3.3× 1014 rad sec−1 to 2.5× 1014 rad sec−1 with laser powers of 2− 3

TW has been reported. They attributed this decrease primarily to the relativistic

mass dependence on laser power in the plasma frequency and argued that other

effects (e.g., the expulsion of electrons from on axis that reduces the electron density)

were calculated to be small (on the order of a few percent). However, it should

be cautioned that this picture presented in this paragraph, based on the electron’s

relativistic mass change, is somewhat simplistic in view of the result obtained in

Section 2.1.1.4 that the electrons do not in realistic conditions execute figure-of-eight

orbits, the relativistic equivalent of plasma oscillations. Relativistic self-focusing is

discussed briefly in Sections 4.1.2 and 4.1.3.

4.1.2 Refractive index

For a planar electromagnetic wave propagating through a uniform plasma, the relation

between ω and k (known as a dispersion relation) is given as

ω2 = ω2
p + c2k2. (4.2)
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The phase velocity of the wave, vph, is then

v2
ph =

ω2

k2
= c2 +

ω2
p

k2
=
( c
n

)2

, (4.3)

where

n ≡
√

1−
(ωp
ω

)2

(4.4)

is the refractive index of a collisionless plasma. For a focused laser beam in a plasma

with a higher intensity on axis and a lower intensity off axis, the decreasing plasma

frequency ωp on axis will lead to a local increase in refractive index n. Hence, the

phase velocity vph will be smaller on axis and the plasma will focus the laser beam

to a smaller spot size, which will in turn locally increase the peak laser intensity, and

so on. Due to that feedback loop, this property is called “relativistic self-focusing”.

It occurs at laser powers beyond a critical level, which is discussed further in the

following section. On the other hand, for plasmas created by the photo-ionization of

a gas by a laser beam with an intensity profile peaked on axis, the electron density

will be higher on axis and lower off axis, thereby defocusing the laser. To avoid this

ionization-induced defocusing situation, gases with low atomic number, such as H2

and He, are commonly used as targets.

4.1.3 Critical power: Relativistic self-focusing limit

The first effort to calculate the lowest laser power for the self-focusing onset was made

by Litvak [81]. A laser power threshold − known as a “critical power” Pcrit − required

for relativistic self-focusing in underdense homogeneous plasmas or neutral gases is

given by

Pcrit ' 17.5

(
ω

ωp

)2

GigaWatt (GW). (4.5)

A large amount of literature has been devoted to this focusing threshold [82–91].

Some recent theoretical studies of relativistic self-focusing in overdense plasmas for
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circularly polarised laser light have shown that the results for overdense plasmas differ

considerably from those for underdense plasmas and that in an overdense plasma with

unperturbed ions, say, ni (ion number density) = ne, the corresponding critical power

is proportional to the square of the background plasma number density ni [92]. An

analytic expression for the critical power for relativistic self-focusing in a plasma

which is homogeneous along the propagation direction but radially inhomogeneous

with a parabolic density profile has also been obtained [93,94].

The effects of laser beam self-focusing are well verified both theoretically and

experimentally. Full 3-D PIC simulations for laser pulses with relativistic intensity

propagating in slightly underdense plasma were first presented by Pukhov and Meyer-

ter-Vehn [95]. Here the spatial intensity on axis increased from initially 1.2× 1019 to

2.0×1020 W cm−2. It was also demonstrated experimentally that at the critical power

threshold the focal intensity increased and then, as the laser power was increased

further, multiple foci occurred [80,96]. Adopting a double-Maxwellian distribution for

the electrons, Malka et al. [97] observed for the first time two hot electron populations

with temperatures of 1 and 3 MeV under nearly the same laser and plasma conditions

used in the 3-D PIC simulations by Pukhov and Meyer-ter-Vehn [95] and confirmed

the same features found in their simulations. Relativistic electrons, with energies up

to 20 MeV, were produced by the interaction of a high-intensity sub-ps laser pulse

(1.058 µm, 300 fs (FWHM), 6×1018 W cm−2) with an underdense plasma preformed

on a thin planar plastic target (CH, 0.3 µm thick). Physically they expected that

a direct acceleration via the axial component of the v/c × B force of the enhanced

laser intensity was the most likely mechanism to lead to such high-energy electrons.

It is perhaps worth emphasizing here that for a 1 µm laser propagating through a

plasma with an initial electron number density of 2× 1019 cm−3, the same conditions

as used in our electrostatic simulations (Section 3.3), the power threshold for self-
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focusing will be about 0.975 TW. Our laser power of ∼ PW is much above this

threshold. Relativistic self-focusing should thus be present under the conditions of

our simulations. In view of the possible influence of the enhanced focal intensity

on the experimentally measured electron distributions, as shown in the recent work

by Malka et al. [97], the amended electromagnetic fields resulting from self-focusing

should be taken into account in future work using our electrostatic model.

Now, we discuss some important practical considerations. From Eq. (4.5) it

is clear that the higher the electron number density, the lower the relativistic self-

focusing threshold; thus, for fixed laser parameters, relativistic self-focusing can be

caused by raising the electron density. Another way of looking at the critical power

is to note from Eq. (4.1) that the longer the wavelength of light, the lower the critical

density. Thus, for a given electron number density, the self-focusing threshold is

lowered for longer laser wavelengths. At first sight it may seem that, from the point

of view of investigating relativistic self-focusing, the CO2 laser with a wavelength

λ = 10.6 µm is preferred to the neodymium glass laser with λ = 1.06 µm, which in

turn is preferred to the titanium sapphire laser with λ = 0.8 µm. However, CO2 lasers

are not available in the fs regime and the wavelength difference between Ti:sapphire

and Nd:glass lasers is not much. Thus, in practice, there is no significant advantage

to Ti:sapphire lasers.

4.1.4 Ponderomotive self-channeling

For a focused laser pulse with a Gaussian radial intensity gradient, the laser PMF

will tend to push electrons outwards, resulting in a depression in electron density on

axis. Such an electron density minimum on axis will also lead to a local increase in

refractive index n and thus is predicted to focus the laser pulse; this phenomenon is

known as “ponderomotive self-channeling”.
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An on-axis plasma density channel due to the PMF enhances relativistic self-

focusing and can itself guide the laser pulse over many Rayleigh lengths. This has been

demonstrated, for example, in experiments that studied the dynamics of interaction

of a relativistically intense laser pulse (1.053 µm, 400 fs (FWHM), 6× 1018 W cm−2)

with a He gas jet, where the He atom density is ∼ 4× 1019 cm−3, discussed in detail

by Sarkisov et al. [98]. In their experiments, a stable plasma channel 1 mm long and

less than 30 µm in diameter, with the maximum electron density ∼ 7.6× 1019 cm−3

at a radius of ∼ 20 µm and with the estimated depth of the plasma channel up to

80− 90%, was observed.

4.1.5 Optical guiding of the laser pulse

When the focusing effect induced by a radial change in the refractive index just

balances defocusing due to the diffraction of the laser beam, the laser pulse propagates

over a long distance while maintaining a small cross section. This is the mechanism

of “optical guiding”. The first evidence for this optical guiding of intense laser pulses

(1.064 µm, 100 ps, 1013−1014 W cm−2) was obtained in 1993 by Durfee and Milchberg

using a preformed plasma refractive index channel with an electron density minimum

on axis [99]. Monot et al. [96] have reported the first experimental demonstration

of relativistic self-guiding of a multi-TW laser pulse (1.058 µm, 400 fs, maximum of

3 × 1018 W cm−2 for power P = 15 TW) with an underdense plasma (maximum of

ne = 1019 cm−3, which was achieved in a H2 gas jet). They presented experimental

results for incident laser powers up to 5Pcrit and demonstrated that for P < Pcrit,

the laser beam was focused over two Rayleigh lengths, that is over the confocal

parameter (b = 2ZR ≈ 0.6 mm), whereas for P > Pcrit, relativistic self-focusing and

self-channeling of the laser beam occurred, so that the beam remained guided over

the plasma length, which was limited by the 3 mm jet size.
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4.2 Underdense homogeneous plasma:

Laser − Gasjet target interaction experiments

In relativistic laser − gasjet target interaction experiments, a laser beam is typically

focused onto the front edge of a pulsed, supersonic gas jet in vacuum. Commonly,

hydrogen or helium is used to produce a fully ionized plasma which may then be

used to study interactions with a laser field. For example, hydrogen molecules can

be ionized by the pedestal (leading edge) of the laser pulse once the intensity exceeds

1014 W cm−2, which ensures homogeneous initial plasma density profiles. Typically,

the electron density is much lower (a few times 1019 cm−3, and therefore underdense)

than that in laser − solid target interaction experiments. The initial electron density

can be experimentally controlled by changing the backing pressure of the gas jet.

4.2.1 Electron beam generation in self-guided plasma density

channels

Recent experiments [80, 100–103] and PIC simulations [104–106] have shown that

relativistic self-guided channeling of a laser pulse is accompanied by a high-energy

(multi-MeV) electron beam which is ejected in the direction of laser propagation at

a low emittance angle. The underlying mechanisms will now be presented.

4.2.1.1 Acceleration by the plasma wave

Wagner et al. [80] have reported, for the first time, self-modulated laser wakefield

acceleration in a self-guided channel. The mechanism of self-modulated laser wake-

field acceleration will be discussed in Section 4.2.2. In their experiments, an intense

ultrashort laser pulse (1.053 µm, 400 fs, ∼ 4 × 1018 W cm−2) was focused onto a
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supersonic helium gas jet (ne = 3.6 × 1019 cm−3). It was shown that the plasma

channel length extends as the laser power increases and that a similar channel exten-

sion occurs if the gas density is varied at fixed laser power, thus indicating that the

channeling mechanism is relativistic self-focusing. They measured the electron energy

spectra both when the associated self-guiding was observed and when no self-guiding

occurred and found these to be quite different. Analysis of the electron spectra indi-

cated that the bulk of the electrons were in the 100 keV (which was the detector limit)

to 3 MeV range and the self-guiding was found to increase the electron energy and

decrease the electron beam emittance (ε = r0θHWHM, where r0 is the 1/e2 diameter

of the laser beam and θHWHM is the half width at half-maximum divergence angle).

Further, dramatic reduction of the angular divergence of a laser-accelerated electron

beam was observed with increasing the laser power above the critical power. They

observed that at low power (< 5Pcrit) the electron beam had a Gaussian-like profile

with a 10◦ radius at half maximum and that ultimately, at the highest laser power

(9.1Pcrit), the divergence decreased to 5◦ and the profile became more Lorentzian-like.

They showed that the electron divergence in their experiments did not depend on the

electron energy.

Pukhov and Meyer-ter-Vehn [104] have presented 3-D PIC simulations of the

guiding of laser pulses in underdense plasma under conditions close to an experiment

reported by Wagner et al. [80]. They observed that the laser pulse was already strongly

self-modulated even at powers much less than the critical power for self-focusing, and

that the energetic electrons appeared first at P > Pcrit.

4.2.1.2 Direct acceleration in the laser field

This mechanism accelerates the electrons to relativistic energies without a plasma

wave, and was first identified by Pukhov et al. [105]. This scheme is considered domi-
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nant at relatively higher densities than in self-modulated laser wakefield acceleration.

The electrons make transverse betatron oscillations at ωβ ≈ ωp/ (2γ)1/2 in the self-

generated quasistatic electric and magnetic fields, both of which depend about linearly

on radius and reach their maxima at the channel boundaries while drifting along the

channel. This means that the electrons execute small vibrations about an equilibrium

orbit. Such vibrations are called “betatron oscillations” because the theory was first

worked out for the betatron. When ωβ coincides with the laser frequency as observed

by the relativistic electron, the channel resonance occurs, resulting in effective energy

transfer from laser wave to electron. This explains the large transverse momenta of

the accelerated electrons, which can also result in a large energy spread. The energy

gain in the transverse motion is then converted into a gain in the longitudinal motion

via the v/c×B force by the laser magnetic field.

Experimental evidence for such a mechanism has also been reported [101,103].

Using a helium gas jet target and a 200 fs laser pulse with peak intensity of 4×1018 W

cm−2 operating at a wavelength of λ = 0.79 µm, Gahn et al. [101] have investigated

the electron spectrum dependence on the plasma electron density in the range of

3×1019−4×1020 cm−3. The measured temperatures range from 500 keV to 12.5 MeV

(which was the spectrometer limit) and the electron energy spectra follow Boltzmann-

like distributions. At an electron density of ne = 2 × 1020 cm−3 they observed a

maximum effective temperature of 3.3 MeV and the longest channel length of ∼

400 µm. Note that the confocal parameter was about 70 µm. For ne = 2 × 1020

cm−3, the angular spread of the electrons diminished from 16◦ FWHM for 3 MeV

electrons to 9◦ for 11 MeV electrons. This indicates that the very fast electrons with

energies exceeding 10 MeV are more collimated than the less energetic ones. 3-D PIC

simulations were performed to identify the dominant mechanism of such an electron

acceleration [101]. In this work, they were able to separate contributions from the
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plasma wake field and the laser electric field itself and a detailed analysis showed that

the self-modulated laser wake field, although active, cannot explain the experimental

energy spectrum, and that for their experiment at high plasma density direct laser

acceleration is the dominant process.

4.2.2 Highly collimated electron beams from the wakefield

geometry

4.2.2.1 Plasma-based charged-particle accelerator schemes

Very important physical applications of the relativistic laser-plasma interaction arise

in the study of electron acceleration by laser-excited plasma waves. The ponderomo-

tive force of a laser pulse propagating in a plasma results in a charge displacement

and thus can set up electron plasma waves that support electric fields exceeding 100

GeV m−1, much stronger than those of about 100 MeV m−1 produced in conventional

radio frequency linacs. In principle, therefore, laser-produced plasmas combined with

the recent dramatic reduction in the size of high-power lasers could form the basis of

next-generation “table-top” accelerators and hot electrons created in the laser-plasma

interaction could serve for these studies. One may refer to several review articles for

further details [82, 107–109].

A number of methods are being pursued vigorously to excite such a plasma

wave. The basic excitation mechanism is through the ponderomotive force and some

examples along this line are the plasma beat wave accelerator (PBWA), the laser

wakefield accelerator (LWFA), and the self-modulated laser wakefield accelerator (SM-

LWFA). However, all laser-plasma based accelerators are limited at present by the

small interaction length of the order of the confocal parameter. Note that the Rayleigh

length ranges typically from sub-mm to a few mm. Electrons have been observed from
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such plasma accelerators with energy up to 200 MeV, which is about a thousand times

less energetic than particles shot out by the most powerful accelerators. But within

20 years or so, it is believed that laser plasma accelerators could produce sufficiently

energetic particles.

Plasma beat wave accelerator (PBWA) In the PBWA [110, 111] a relativistic

plasma wave is excited by the beating of two conventional long pulse (∼ 100 ps,

which is preferred to excite plasma waves for a longer time), modest intensity (I ∼

1014 − 1016 W cm−2), laser waves of frequencies ω1 and ω2. Here one needs to have

a preformed plasma of uniform density. If this frequency difference is equal to the

plasma frequency, i.e., ∆ω = ω1 − ω2 = ωp, then large-amplitude electron plasma

waves are generated by the longitudinal ponderomotive force of the beat wave.

Laser wakefield accelerator (LWFA) In the LWFA concept a short laser pulse

(< 1 ps) of ultra-high intensity (I > 1018 W cm−2) provides both a transverse and a

longitudinal ponderomotive force on plasma electrons, pushing the electrons forwards

and aside. As the laser pulse passes, these displaced electrons oscillate at the plasma

frequency ωp with respect to the heavier, less mobile ions. This sets up a plasma

density oscillation behind the laser pulse, much like the wake driven by the bow

of a motor boat cutting through water, and establishes an electric field − the so-

called wakefield − such that a transverse plasma wave interacts coherently with a

longitudinal one [112], thereby enhancing the peak amplitude of the plasma wave. A

suitably placed or injected electron bunch can then be continuously accelerated by

the longitudinal electric field and focused by the transverse electric field of the wake

plasma waves. For the LWFA one requires that the wavelength of the relativistic

electron plasma wave, λp = 2πc/ωp, be twice the laser pulse length c∆τ .
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Self-modulated laser wakefield accelerator (SM-LWFA) Here the laser pulse

length is much longer than the plasma wavelength, c∆τ � λp. The process begins

with a small density perturbation excited by the pedestal of the laser pulse. This

initial small plasma wave creates alternating regions of higher and lower density. In

the regions of the plasma wave where the electron density is lower, the laser is focused,

while in the regions of the plasma wave where the density is higher, the opposite

occurs and the laser defocuses. In this situation, the laser pulse excites the Forward

Raman Scattering (FRS) instability, leading to strong excitation of an electron plasma

wave. The experimental observation of the FRS instability was reported first by

Joshi et al. [113], who demonstrated that the FRS instability is capable of producing

extremely high-energy electrons in an underdense plasma. In the FRS instability, an

electromagnetic wave (ω, k) decays into a relativistic plasma wave (ωp, kp) and two

forward copropagating electromagnetic waves, an anti-Stokes at (ω+ ωp, k+ kp) and

the Stokes at (ω−ωp, k−kp). It is a well observed fact that due to the strong erosion of

the front of the pulse, the laser produces sharp axial gradients [106] and modulations

in electron density due to the electron plasma wave, breaking up the pulse into a

series of shorter pulses of length λp/2 which will be separated by the plasma period.

By this process, the self-modulation of the laser pulse is initiated. The ponderomotive

force of this modulated beam, then, will further excite the plasma wave, resonantly

driving the electron plasma wave to high amplitude. Moreover, if the laser is intense

enough for relativistic self-focusing to occur, namely P > Pcrit, this electron plasma

wave will grow over a long distance exceeding the natural diffraction distance of the

laser beam. The electron density modulations in such plasma waves can reach a few

tens of percent, corresponding to electric fields on the order of 100 GeV m−1.

The plasma wave amplified by the FRS instability can then trap electrons

from the background plasma within only a few oscillations; this phenomenon is known
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as “wavebreaking”. Once wavebreaking occurs and a significant number of electrons

are trapped, these electrons are subjected to a dramatically oscillating driving force

in such a way that the particles become in phase with the electric field of the high-

amplitude electron plasma wave; in other words, they would move into the next

plasma wave bucket. Consequently, the self-trapped electrons can continue to inter-

act with the electrostatic field of the excited plasma waves and gain further energy,

resulting in the generation of a relativistic electron beam. Another important obser-

vation is that the self-injection due to wavebreaking also has the effect of reducing the

wave amplitude in the process. It is sometimes known as “beam loading”. Currently,

many groups are concentrating more on SM-LWFA as the electrostatic fields expected

in SM-LWFA are much stronger than those in LWFA.

So far, we have focused our attention on the explosion of possibilities for the

generation of an energetic electron beam in laser − gasjet target interaction experi-

ments for underdense homogeneous plasmas. However, it turns out that the electron

beams produced from all the laser-plasma experiments discussed in this chapter al-

ways have a wide range of energies, limiting their use for potential applications. For

example, it is of great importance for laser plasma accelerators that the electron

beams should be very collimated, with 1% energy spread or less, and contain at least

109 electrons. Alternatively, such a compact and tunable source of electrons could be

used as an injector for laser-plasma based accelerators. Recently, quasi-monoenergetic

electron beams have been produced by different research groups using a single high-

intensity ultrashort (30 − 60 fs) laser pulse interacting with gas jet targets. These

experiments will be discussed in the next section.
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4.2.2.2 Recent experiments with monoenergetic electron acceleration

Before proceeding to discuss some specific physical monoenergetic electron accelera-

tion processes, we shall present one other important laser-plasma accelerator concept

known as the “forced” laser wakefield accelerator (FLWF) [114]. In the FLWF regime,

the laser pulse length c∆τ is of the order of the plasma wavelength λp. FLWF is a

hybrid scheme combining elements of wavebreaking and the LWFA concept. Here

a ponderomotive force, provided by the laser beam, predominantly pushes electrons

forwards. The generation of this plasma wave causes relativistic self-focusing of the

laser pulse away from its tail, owing to the radial density profile of the plasma wave,

which creates a positive-feedback effect that causes the plasma wave amplitude to

grow and so gathers more and more electrons together until wavebreaking occurs.

Note that in this case, relativistic self-focusing is ineffective for the very front of the

pulse. Thus the laser pulse becomes shaped like a cone, tapered towards the rear.

Consequently, this process leads to pulse compression. The breaking action reduces

the electric field strength of the plasma wave, thus suppressing further injection and

ensuring that some of the electrons in the wave are isolated in position and time

rather than being trapped from the background plasma continuously. This can lead

to the bunch of electrons being emitted in a single, concentrated burst.

In the FLWF approach, most of the trapped and accelerated electrons sit

behind the laser pulse so that the interaction of the self-injected electrons with the

laser pulse is greatly reduced. Therefore, this bunch of electrons can have a narrow

energy spread. The first experimental evidence for the production of a beam of

relativistic electrons in the FLWF regime was reported by Malka et al. [114]. It was

shown that focusing an ultrashort (30 fs (FWHM)) laser beam with peak intensity

of the order of 3 × 1018 W cm−2, operating at a wavelength λ of 0.82 µm, onto a

supersonic helium gas jet (ne = 2 × 1019 − 6 × 1019 cm−3) generates an energetic,
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collimated beam of electrons with energies greater than 200 MeV. The FWHM of the

angular distribution was measured to be 16◦ (±1◦) and 10◦ (±1◦) for 10 and 18 MeV

electrons, respectively, whereas for energies above 35 MeV it was strongly reduced to

5◦ (±1◦). That is, the high-energy part of the beam turns out to be well-collimated

while the low-energy electrons spread into a much broader fan.

In recent years, strenuous efforts have been made to produce tightly focused

beams of electrons within a very narrow energy range. A beautiful example of how

to reach these goals in practice is provided by the results from the experiments of

several teams. We summarize the nature of these results in terms of energy spectrum,

beam divergence, and the total number of electrons accelerated.

Mangles et al. [27] have used an extremely short laser pulse (40 fs) with peak

intensities up to 2.5×1018 W cm−2, operating at a wavelength of 0.8 µm and focused

into a supersonic helium gas jet (ne = 3×1018−5×1019 cm−3). Their experiment used

the FLWF mechanism. With careful control of the plasma density, they observed only

one very narrow peak (∼ 70 MeV with ±3% spread) in the electron energy spectrum

at a density of 2 × 1019 cm−3. This plasma density corresponds to λp/c∆τ ≈ 0.623.

Note also that for propagation at ne = 2 × 1019 cm−3, the plasma period is about

24.904 fs and for the 0.8 µm laser, the period of one laser oscillation is about 2.669

fs.

This monoenergetic structure was attributed to wavebreaking, which occurs

at the first plasma oscillation. The FWHM of the electron beam was less than 5◦ and

the total number of electrons in the narrow peak was estimated to be about 1.4×108.

One other point worth emphasizing here is that in this experimental work, the total

beam energy of the energetic electrons is ∼ 1.6 × 10−3 J. One would not expect the

electron beams produced from such a laser-plasma experiment to have much relevance

to the fast ignition concept, in which the energy in the relativistic electron beam is
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assumed to be of order 500 J on OMEGA EP and substantially greater on an ignition

system, and the desired energy of the energetic electrons ∼ 1 MeV.

Geddes et al. [28] have used a preformed plasma channel (ne = 1.9 × 1019

cm−3) in a supersonic hydrogen gas jet, with a nearly parabolic radial density profile

that has a minimum on the laser propagation axis, to guide the ultraintense laser

pulse (0.81 µm, 55 fs, 1.1× 1019 W cm−2) over a long distance. The plasma density

corresponds to λp/c∆τ ≈ 0.465 and the axial plasma density was within 10% of the

initial electron density ne. They observed a bunch containing 2 × 109 electrons in a

narrow distribution at 86± 1.8 MeV and 0.2◦ (FWHM) divergence. They explained

this by the same arguments used above concerning wavebreaking; that is, like the

experiment of Mangles et al. [27], only one period of the plasma wave contributes to

this high-energy beam due to beam loading.

Faure et al. [29] have also demonstrated that it is possible to generate a

monoenergetic electron beam by carefully selecting laser and plasma parameters.

This was done by focusing an ultrashort and intense laser pulse that has a 33 ± 2

fs (FWHM) duration at a wavelength of 0.82 µm and an intensity of 3.2 × 1018 W

cm−2 onto a supersonic helium gas jet. For ne = 6 × 1018 cm−3, they observed an

extremely collimated electron beam with 0.6◦ (FWHM) divergence and a high charge

of 0.5 ± 0.2 nC at 170 ± 20 MeV, for which the total number of electrons is 3.120

(±1.248)× 109. This plasma density corresponds to λp/c∆τ ≈ 1.378. Their 3-D PIC

simulation suggested that the observed quasi-monoenergetic electron beam might be

explained by wavebreaking, which acts to accelerate the plasma electrons pushed by

a radial ponderomotive force.

More recently, the first direct experimental observation of the injection and

acceleration processes of a monoenergetic electron beam has been reported by Hsieh

et al. [115]. The experimental results indicated that the injection process could occur
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as long as the input-pulse peak power exceeds a threshold value regardless of the

pulse duration. This suggests that the formation of a monoenergetic electron beam is

linked to the presence of a large-amplitude plasma wave, possibly resulting from the

evolution of the laser pulse in the plasma. It was found that all the monoenergetic

electrons are injected at the same position in the plasma column and that behind

this injection point, the number of the monoenergetic electrons does not increase

further. This self-trapped electron bunch was accelerated from 5 to 55 MeV energy

in a 200 µm distance. No significant deceleration was observed beyond the point of

highest energy gain, indicating that the plasma wave is terminated after the 200 µm

distance traveled during the acceleration. These observations support the model of

monoenergetic electron injection by wavebreaking and beam loading.

4.3 Overdense inhomogeneous plasma:

Laser − Solid target interaction experiments

In the previous section we discussed some experimental work for underdense homoge-

neous plasmas. In this section we move to laser − solid target interaction experiments

for overdense inhomogeneous plasmas. Before discussing this, however, we must de-

scribe some further characteristics of chirped-pulse-amplification (CPA) laser pulses.

4.3.1 Characteristics of CPA laser pulses

As already described, the major advance in laser technology of CPA has made it

possible to explore new regimes of laser-matter interaction. By stretching, amplifying,

and then recompressing laser pulses, a CPA laser system can produce PW powers (see

Ref. [116] for a review). In CPA the main intense fs pulse is accompanied by a ns
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pedestal due to the stimulated emission of noise called amplified spontaneous emission

(ASE) and a ps pedestal due to imperfect compression. The important implication

here is that a preplasma may be created before the main pulse by these pedestals of

the laser pulse. In general, the ns prepulse originating from ASE has the dominant

effect for early plasma formation.

We now introduce the “contrast ratio”, defined as the ratio between the peak

intensity of the pulse and the prepulse intensity taken at a given time before the peak

of the pulse. This is typically of the order of 106 for the prepulse due to ASE. The

prepulse intensity, therefore, is generally higher than the laser intensity threshold for

plasma formation in most solid targets, resulting in early expansion of the preplasma

and a steep density gradient in front of the solid surface. Hence, in laser − solid

target experiments, the laser light propagates through a preplasma created by pre-

ionization of the surface with a finite density profile so that the interaction takes place

in overdense, inhomogeneous plasma.

4.3.2 Fast electron generation mechanisms

In laser-solid interactions, short bunches of electrons can be created by several differ-

ent mechanisms. Three mechanisms for energetic electron generation are described

here.

Vacuum heating This mechanism applies to a solid target or to a preplasma with a

very small scale length. When light encounters a step-like plasma − vacuum interface,

the electrons that enter a region of the laser field with high injection energies are

drastically slowed down and turn around within the thin skin on the solid surface,

due to their unfavorable injection phase. The electrons will then be dragged out of

the surface and accelerated into vacuum. This process is very sensitive to the relative
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phase of injection and occurs during one half of the laser period. When the electrons

return to the plasma, the light is absorbed as the laser field is quickly attenuated

beyond the critical surface and so cannot stop them. The tendency therefore is for

electrons to get accelerated into the solid target, which will show up as a train of high-

energy electrons, separated by the laser period. These electron bunches are emitted

along the density gradient or the direction normal to the surface of the solid target.

This absorption mechanism is due to Brunel [117]. Recently Bauer and

Mulser [118] have presented new simulation results that show this behavior and make

its underlying theoretical principles even more clear. Vacuum heating is more effi-

cient for obliquely incident p-polarised (p for “parallel”) laser light. The test particle

simulation presented by Bauer and Mulser [118] shows that, compared with the case

of normal incidence, electrons are pulled more deeply into the vacuum by the electric

field of the p-polarised laser with oblique incidence.

Resonance absorption Resonance absorption occurs when p-polarised light is

obliquely incident on a large-scale-length preplasma. When the p-polarised light

is reflected at the critical density, the component of the electric field parallel to the

density gradient, which is generally normal to the target, causes charge separation as

the electrons oscillate along the gradient. Then, a resonance occurs in the plasma at

a plasma frequency equal to the laser frequency, so that an electron plasma wave is

excited resonantly at the critical density [119]. If the electrostatic field of the plasma

wave is sufficiently strong enough for wavebreaking to occur, a large number of fast

electrons can be produced. Like vacuum heating, the electron bunches are accelerated

along the direction normal to the surface of the solid target, once inwards and once

outwards per laser cycle, separated by the laser period.
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J×B heating The concepts of vacuum heating and resonance absorption discussed

above are the most important ideas that provide the critical clue to the experimentally

observed absorption at subrelativistic intensities. The bunches of electrons accelerated

by these mechanisms would be directed along the density gradient or the normal

direction of solid targets. The v/c × B force, on the other hand, plays a significant

role at very high intensities and in this case the relativistic motion of electrons in the

laser fields has to be taken into account. The so-called J × B heating is caused by

the electrostatic field generated by the oscillating axial component of the v/c × B

force, resulting in electrons oscillating at twice the laser frequency 2ω; this concept

was originally proposed by Kruer and Estabrook [120]. J×B heating, unlike vacuum

heating and resonance absorption, therefore accelerates the electron bunches along

the laser axis, separated by one half of the laser period, which is consistent with a

recent 2-D PIC simulation [121].

The characteristics of the high-energy electrons produced by p-polarised and

s-polarised (s from the German word senkrecht, meaning perpendicular) laser pulses

(1.053 µm, 600 fs) with an intensity 2 × 1017 W cm−2 (subrelativistic) to 4 × 1018

W cm−2 (relativistic) have been investigated by Li et al. [122]. In their experiments,

the linearly polarized laser pulses were obliquely incident at 45◦ onto a 5 µm thick

Al foil target. The contrast ratio was about 3 × 10−3 at 700 ps before the peak of

the laser pulse, indicating that the main laser beam interacted with a large-scale-

length preplasma created by the ASE pedestal. It was shown that the peak of the hot

electron beam produced by the p-polarised laser beam moves expectedly to the laser

direction from the target normal direction as the laser intensity increases, whereas

for an s-polarised laser pulse the hot electrons are mainly directed along the laser

axis. This may imply that for relativistic laser intensities, the hot electrons are less

dependent on the laser polarization and are accelerated in the direction of the laser
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propagation vector and the acceleration results from J×B heating.

4.3.3 Coherent transition radiation as a diagnostic and ex-

perimental results

Transition radiation occurs when a charged particle traverses the interface between

two layers of materials with different dielectric constants. To give a further example,

let us consider a bunch of energetic electrons created in the laser-solid interaction

region. The electrons then propagate ballistically through the dense target. When

these electrons reach the rear side of the target, that is opposite to that upon which

the laser is incident, and suddenly pass from the solid target into vacuum, they emit

a spectrally broad “optical transition radiation” (OTR) near the surface of the solid

material. In general, transition radiation from bunches of electrons is composed of

a broad-band OTR observed in the visible-light range and a sequence of discrete

spectral lines near some particular frequencies on account of coherent emission.

The most likely explanation for this spectrum of coherent radiation is as fol-

lows. If the electrons separated by a time delay δt strike the rear side of the solid

target, the bulk of the radiation is found by adding a coherent contribution for wave-

lengths close to cδt and its harmonics. In other words, the electron bunches separated

by the laser period δτ generate emission bands at nω, while those separated by δτ/2

only produce even harmonics at 2nω, for n = 1, 2, · · · . The radiation emitted at

harmonics of the laser frequency from these energetic electron bunches is known as

“coherent transition radiation” (CTR). This is a useful diagnostic tool in understand-

ing the electron acceleration processes in overdense inhomogeneous plasmas, which

leads us to conclude that vacuum heating or resonance absorption is responsible for

the CTR emitted at nω, whereas J ×B heating is dominant at 2nω. For CTR, the
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power due to the emission by ultrashort, periodic electron bunches is proportional to

the square of the total number of emitting electrons N2 [123]. The power for OTR is

proportional to N so that in this sense the CTR flux will dominate the total energy

for large N .

The spectral distributions of such OTR and CTR from foil targets have been

measured in many laboratories and the interpretations of these in terms of resonance

absorption [124, 125], or vacuum heating and/or J ×B heating [126–128] have been

proposed. The effect of resonance absorption on CTR in laser-solid target interaction

experiments was first discussed by Zheng et al. [124]. In their experiments, p-polarised

and s-polarised laser pulses (1.053 µm, 600 fs) were focused onto Al foil targets with

thickness of 50, 100, and 150 µm; in this work the angle between the laser axis and

the normal surface of the target was 20◦. The spectra of the emission show a spike-

like spectral line around the wavelength of the incident laser pulse, λ = 1.053 µm,

indicating that this CTR closely correlates with the energetic electrons accelerated

by resonance absorption. The energy spectra of these electrons follow Boltzmann-like

distributions and two hot electron populations are observed. At an laser intensity of

1.7 × 1018 W cm−2, they found an effective temperature of 1.0 MeV in the energy

range of 2− 7 MeV, and a temperature of about 3 MeV for superhot electrons, for a

50 µm thick target.

On the other hand, the first evidence of the acceleration of electron bunches by

vacuum heating or by J×B heating in laser-solid target experiments was presented by

Baton et al. [126]; they obtained emission spectra characterized by a broad emission

band and an intense, narrow contribution near 0.53 µm, that is, the second harmonic

2ω, and associated the CTR detected at 2ω with vacuum heating or J×B heating.

Similar results were obtained in experiments by Popescu et al. [127] for 1.057 µm,

350 fs laser light with a peak intensity of 2 × 1019 W cm−2. They focused this light
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at normal incidence onto Al foil targets with a thickness 20 µm to 1000 µm. The

measured electron density is about 5 × 1019 cm−3, with an exponential spatial scale

length of about 30 µm. The spectral analysis concerning the CTR in a wavelength

window extending from 0.2 to 0.65 µm showed well-defined peaks at 2ω, 3ω, 4ω, and

5ω superimposed on a broad continuum.

The appearance of the odd (third and fifth) harmonics may be explained

by the laser-plasma interaction through vacuum heating. The signal was largely

dominated by the second harmonic so that the peak of the second harmonic contained

more than 60% of the total emitted energy. However, it was shown that a model

considering only one kind of electron bunch failed to explain the measured spectra.

By comparing the data with a simple theoretical model, they showed that ∼ 40% of

the electrons were accelerated by the laser electric field, separated by the laser period

δτ , and ∼ 60% of the electrons by the v/c × B force, separated by one half of the

laser period δτ/2. This simply means that there were twice as many δτ/2-spaced

electron bunches as δτ -spaced ones. The time shift between the two types of electron

bunches was found to be δτ/4. It was also demonstrated that this CTR was due to

high-energy (∼ 2 MeV) electrons propagating ballistically through the target with an

angular divergence of ±8.5◦.
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Chapter 5

Future Work

The simulations presented in this thesis demonstrate the critical role of the radial

electrostatic field. Although the model is simple, it probably captures the essence of

electron confinement in the radial direction. Our simulation results strongly support

the possibility that the energy of the ignitor laser beam may be converted to a burst

of energetic electrons confined in the radial direction by the electrostatic field and

somewhat collimated in the laser direction, and predict that something more will

be needed for the collimation of the electron beam if the fast ignitor concept is

to be feasible. Self-generated magnetic fields in the azimuthal direction resulting

from the laser-generated electron flow might play a crucial role in the physics of

the fast ignition concept and should be included in the modeling. This would require

conducting electromagnetic simulation runs. Electromagnetic programs are obviously

more complicated than electrostatic programs and are generally tricky to develop and

more expensive computationally, however. The magnetic fields would contribute to

the self-focusing by pinching the electron beam and hence both self-generated electric

and magnetic fields could cooperate to generate a collimated electron beam.

The most critical issue involved above is that the magnetic field can act to
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collimate the electrons into a beam, but, if too strong, will turn the outer electrons

backwards, thus limiting the net current to the Alfvén limiting current IA [129,130].

Therefore, the effect of this interaction is to place an upper limit on the current

in the hot electron beams that can penetrate the magnetic field. For fast ignition a

singular current of order 104 IA is required. Transport of such electron beams through

a plasma is possible only when current neutralization is sufficiently maintained by

return currents. However, the global electron flow is unstable and subject to the

Weibel instability. The MHD helical kink (m = 1) instability can also be invoked

to destroy the uniformity of the cylindrical plasma column. All of these phenomena

have to be understood in more detail for success in fast ignition.

On the other hand, the simulation results demand a detailed investigation

of the hole-boring process for the efficient transport of an ignitor pulse into dense

plasma. This is for three reasons. First, because of the relativistic electron mass

increase, the critical density is increased and the laser beam can be transmitted

through an overdense plasma instead of getting reflected, where ne < γnc. Here

nc ≈ 1.115× 1021 (1µm/λ)2 cm−3 is the classical critical density, which is determined

by ω = ωp as discussed in Section 4.1.1. Second, the radiation pressure, pL = 2I/c

in the 1-D case for completely reflected light, can push the plasma inwards. This can

also be considered in a multidimensional case. Third, a radial ponderomotive force

may then expel electrons from the center of the beam, creating a charge separation

that causes the ions to expand out of the beam volume. To reinforce this observation,

let us attempt to solve the simplest 1-D problem with plane geometry. We assume

that the laser propagates in vacuum, hits a sharp critical surface, and is reflected

perfectly there. An important question to be answered is this: At what incoming

velocity are the incoming ions (ablating from the target) completely stopped? This

is very straightforward. In the present calculation, we assume a uniform plasma of
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number density n = 5× 1020 cm−3 for a CH shell and a laser beam at 1018 W cm−2.

Balancing the radiation pressure pL with the incoming momentum flux ρv2, we obtain

the velocity v ≈ 6.6 × 108 cm sec−1. Compared with typical ablation velocities of

the order of a few times 107 cm sec−1 [131], it is clear that the radiation pressure

working in an inward direction is much larger than the incoming momentum flux

working in an outward direction. These incoming ions will thus be pushed away from

the interaction region under the influence of the radiation pressure. Work is required

to investigate this process.
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Chapter 6

Conclusions

The fast ignition concept is a new experimental fusion scheme, which can potentially

produce significantly higher gains with much less driver energy and compressed fuel

density than conventional hydrodynamic ignition. The possibility of using this ap-

proach, which employs a separate external trigger, was first suggested in 1994 by

scientists at the Lawrence Livermore National Laboratory. Over the last decade, the

study of laser-plasma interactions at the relativistic intensities relevant to fast ignition

has become an active area of research, following rapid advances in laser technology.

However, much work on fast ignition assumes the existence of an electron beam. Very

little work focuses on the generation of this beam and until now no simple physical

plasma model for this idea is available, which means that the scientific feasibility

of fast ignition by petawatt laser pulses is still not satisfactorily explained, and its

realization, therefore, is not yet clear.

In this thesis, we have attempted to model the generation mechanism of

fast electrons and investigated the capability of ultrafast lasers with irradiance I ≥

1018 W cm−2 to produce highly energetic electron beams both in a planar wave

and in a Gaussian focus in a low-density plasma and within a physical model of
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electrostatic effects in relativistic plasmas. The problem has been studied first in

the case of a planar linearly polarized wave with a constant amplitude and with

no temporal envelope, and the trajectory of a free electron with arbitrary initial

conditions has been derived. From the complete solutions for the particle trajectory,

initial velocities for a localized oscillatory motion have also been determined and such

orbits in the shape of a figure eight have been accurately confirmed. Particle motion

in this electromagnetic field has been shown to be limited to a 2-D plane. Numerical

integration of the equations of motion has given excellent agreement with analytic

trajectories, providing confidence in the accuracy and reliability of all other numerical

results of particle motion reported in this thesis.

In a finite-size Gaussian laser field near the vacuum focus, the small longitu-

dinal components of Ez and Bz now occur so that all fields satisfy ∇·E = 0 = ∇·B.

It has been found that these fields serve to decelerate electrons by allowing their di-

rection of motion along the y−axis so that, in the field of a Gaussian laser beam focus,

particle motion is described in 3-D space. Without these longitudinal components,

the particle motions would be restricted to two dimensions. It has been shown that

the familiar formula for the nonrelativistic ponderomotive force breaks down at high

laser intensities and causes serious deviations from the exact solutions. Considering

a plane-wave laser pulse with finite duration and using the solutions derived in a

similar way to the case of a continuous plane wave, an approximate value of γ̄ has

been tested where γ̄ (r, t) is prescribed in the relativistic ponderomotive force. We

have shown that the x and z displacements are better described by this local plane

wave solution than the solution of Quesnel and Mora, but the model deviates for the

y displacement.

Electrons exchange temporarily a huge amount of energy with a plane wave

field, but they return to rest after the interaction and so there is no net energy transfer
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between an electron and the laser pulse in a vacuum. On the other hand, it turns out

that free electrons escape from the Gaussian focal region of a 10-ps PW laser pulse

very quickly before the field reaches its maximum amplitude, and that very small net

energy transfer occurs during the complete interaction with the laser beam. In these

conditions the free electrons cannot extract enough energy for hot spot ignition from

the ignition laser pulse.

We have developed a simple particle simulation code that allows some of the

limitations of current PIC models to be overcome and investigated collective electro-

static effects in plasmas. The results are very encouraging. It has been demonstrated

that the radial electrostatic force suppresses the transverse electron expulsion by the

radial ponderomotive force, and that the electrostatic field generated by the electron

flow is able to strongly modify the range and direction of the laser-generated MeV

electrons by allowing the trapped electrons to experience much higher intensity peaks

along their trajectories and, thus, be accelerated to higher velocities, drifting along

the laser direction. However, the ignition spark requires the generation of a more

sharply collimated electron beam and our simulation results imply that more colli-

mation is needed to validate the fast ignition concept. Self-generated magnetic fields

should be investigated as a promising means for generating ballistically collimated

MeV electron sprays.

Three other classes of experiments reporting on collimated electron beam gen-

eration with gas jets and foil targets have also been reviewed in this work: (i) highly

collimated electron beams in a long self-focusing laser channel, (ii) very collimated

electron beams and monoenergetic structure in the wake-field geometry as an injector

for laser-plasma based accelerators, and (iii) transition radiation observed from the

rear side of solid targets due to vacuum heating, resonance absorption, and J × B

heating. This gives insight into when and how collimated beams are formed but the
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conditions are not applicable to the fast ignition scenario.

In this thesis, we have described some of the essential physics of fast ignition.

We have shown that the collimated electron beams assumed in much fast-ignition

research cannot be taken for granted. More emphasis on the formation of energetic

electrons and their interactions with the electrostatic and self-generated magnetic

fields is required. It is hoped that experiments on the OMEGA EP laser will provide

new insight into these critical issues.
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