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Abstract

The two-plasmon-decay (TPD) instability is a significant concern in direct-drive

inertial confinement fusion (ICF) experiments for its low threshold and high-

energy electron generation. We study the TPD instability for parameters relevant

to ICF using an existing particle-in-cell (PIC) code OSIRIS and a fluid code LTS

developed in this thesis work. Both the linear and nonlinear regimes of TPD are

explored. In the linear regime, a convective gain formula retaining the depen-

dence on electron temperature and perpendicular mode number is derived and is

shown in good agreement with the fluid simulation results. The growth rates and

thresholds predicted by the linear theories are verified in both PIC and fluid simu-

lations. Pump depletion due to convective modes’ domination are observed in the

well-above-threshold PIC simulations. The PIC simulations show that both the

absolute and convective modes saturate due to ion density fluctuations, which can

suppress TPD by raising the instability threshold through mode coupling. A series

of PIC simulations have been done to study the long-term (∼ 10ps) nonlinear be-

haviors of the TPD instability. The simulations have reached a quasi-steady state

where the laser flux absorbed in the simulation box is balanced by the particle

energy flux leaving the box. When the TPD threshold is exceeded, the simulation

results show that significant laser absorption and energetic electron (> 50keV )

generation occur in the nonlinear stage. The hot electrons are stage-accelerated

from the low-density region to the high-density region. New modes with small

phase velocities develop in the low-density region after saturation. These modes
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can more effectively couple to background thermal electrons and form the first

stage for electron acceleration. The fluid simulations show that similar new TPD

modes can develop under static ion-density fluctuations. The laser absorption

and hot-electron production from these 2-D plane-wave-driven PIC simulations

are higher than experimental observations, which could indicate the importance

of non-ideal factors such as speckle structure in the actual laser profile and col-

lisions, which are not included in the simulations. This work gives us a deeper

understanding in the hot-electron generation in TPD, which is an important part

of direct-drive ICF research.
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1 Introduction

1.1 Background on Inertial Confinement Fusion

Inertial confinement fusion (ICF)[Nuckolls et al., 1972] aims to make fusion a clean

and boundless future energy source through the implosion of cryogenic deuterium-

tritium (DT) targets. This basic concept remained unchanged for decades al-

though the DT targets can be driven in different ways, by X-rays (indirect drive)

or directly by laser beams or particle beams (direct drive). Both the standard

direct-drive and indirect-drive ICF rely on the “hot spot” ignition scheme. The

DT target is compressed adiabatically, heating a portion of the inner gas fuel to

the ignition condition and this hot spot then ignites the rest of compressed fuel.

Since the 1990s, new ignition schemes, such as fast ignition[Tabak et al., 1994]

and shock ignition[Betti et al., 2007], have been proposed and are being developed

under both direct-drive and indirect-drive conceptual frames to create a hot spot

in two steps. In these two-step schemes, the compression and ignition are split into

two consecutive steps. These new ignition schemes are expected to significantly

increase the gain or reduce the input energy required to achieve ignition.

The 30-kJ, 60-beam OMEGA laser at the Laboratory for Laser Energetics

is one of the major facilities for direct-drive ICF experiments[McCrory, 2004].
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The National Ignition Facility (NIF) is currently in a campaign to demonstrate

ICF ignition using mainly the indirect-drive approach[Moses et al., 2007] and

also a modified-geometric direct-drive approach (polar drive).[McCrory, 2004] In

conventional hot-spot direct-drive ICF, laser beams symmetrically illuminate the

fuel capsule,[McCrory et al., 2008] and are absorbed by the outer layer of the target

shell. Simultaneously the heated target material forms a hot-plasma corona, which

expands outward and ablatively drives the high-density fuel shell inward to form a

hot spot in the low-density center of the target. This process is illustrated in Fig.

1.1. In indirect-drive ICF, the compression process is similar. However, the main

difference is that laser beams illuminate the inner surface of a hohlraum instead

of directly the fuel target, shown in Fig. 1.2. The x-rays generated through

laser-metal interactions then compress the target located inside the hohlraum.

Shock ignition, the recently developed high-gain ignition approach under the

direct-drive conceptual frame, was suggested by Betti et al. [Betti et al., 2007]

as an efficient way to trigger ignition at relatively low laser energies in two steps.

Ignition is designed to be triggered by a strong shock wave launched at the end

of the main pulse [Betti et al., 2007; Theobald et al., 2008; Perkins et al., 2009].

Figure 1.3 [Betti et al., 2007] shows the difference between a shock ignition pulse

and a conventional ICF pulse. The shock ignition pulse has a relatively lower

main pulse but has a high intensity laser spike to launch the ignition shock wave.

This shock wave can further compress the fuel and can achieve ignition with less

total required input energy than in the conventional ICF scheme.

The process of laser-driven ICF relies on some basic physics: laser-plasma

interactions (LPI), thermal transport, shock timing, hydrodynamic instabilities,

and compressibility of the fuel [McCrory et al., 2008]. Those factors determine how

efficiently the laser can deposit its power into the fuel target, and how uniformly

and effectively the target can be compressed.
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Figure 1.1: The schematic of compression and hot-spot formation in direct-drive

ICF experiments.

Figure 1.2: The schematic of lasers shining into a hohlraum with an indirect-drive

ICF target at its center.

1.2 Impact of LPI on ICF

Effective compression of ICF targets requires fuel shells remain in low-adiabat

states during implosion. The assumed laser-absorbing mechanism for ICF is
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Figure 1.3: 290 kJ UV-laser pulse with (solid line) and without (dashed line) the

shock power spike.[Betti et al., 2007]

purely collisional absorption,[Atzeni and Meyer-Ter-Vehn, 2004] also called in-

verse bremsstrahlung. Through this process, laser is absorbed and its energy

is transfered to the locally thermalized plasma. The electron temperature in-

creases but the electrons still follow the Maxwellian distribution locally, which

keeps the compression adiabatic. However, suprathermal electrons can also be

produced through other processes, such as resonance absorption and parametric

laser-plasma instabilities.

Resonance absorption takes place in an inhomogeneous plasma with a density

gradient when a laser is obliquely incident with the laser electric field polarization

in the plane of incidence ( P polarization). Although the obliquely incident laser

wave reflects at a density below the critical density, its field can still tunnel into the

critical density region, excite resonance and cause significant laser absorption (up
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to 50%)[Kruer, 2003; Atzeni and Meyer-Ter-Vehn, 2004]. However, in the current

direct-drive ICF experiments on OMEGA, resonance absorption is not considered

an important concern since it has its maximum effect only during a rapid increase

in laser power at the beginning of compression.[Igumenshchev et al., 2007]

Parametric LPIs’ are three-wave coupling systems in plasmas. Not only electro-

magnetic (EM) waves (ie. laser) can propagate in a plasma, intrinsic waves in-

cluding plasma Langmuir waves and ion acoustic waves also exist. The individual

dispersion relations (D.R.) for these three types of waves are:

EM: ω2 = ω2
p + c2k2, (1.1)

Langmuir: ω2 = ω2
p + 3v2ek

2, (1.2)

Ion Acoustic: ω2 = k2C2
s , (1.3)

where ve =
√
Te/me is the electron thermal velocity, Cs =

√
(ZTe + 3Ti)/M is

the sound speed, Te, Ti, me, and M are the temperatures and masses of electrons

and ions, respectively. ωp is the plasma frequency defined by

ω2
p =

4πnee
2

me

, (1.4)

where ne is the number density of electrons. The electron density satisfying ω2
0 =

4πnee
2/me is called the critical density (nc) beyond which an EM wave with

frequency ω0 can not propagate.

Each combination of the three types of waves above may constitute a three-

wave coupling system. However, matching conditions need to be satisfied, that is,

ω0 = ω1 + ω2, and k0 = k1 + k2. Here ω0, k0 are the frequency and wave vector

of the pump wave (usually the incident laser) while ω1,2, k1,2 are the frequencies

and wave vectors of the two daughter waves. There are three common parametric

LPI’s: stimulated Raman scattering (SRS), stimulated Brillouin Scattering (SBS),

and two-plasmon decay (TPD). The pump and daughter waves in each LPI are

listed in Table 1.1.
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pump daughter waves

SRS EM wave EM wave plasma wave

SBS EM wave EM wave ion-acoustic wave

TPD EM wave plasma wave plasma wave

Table 1.1: Waves involved in LPIs’

The two-plasmon decay instability, also called 2ωp instability, is a purely ab-

sorbing LPI as both daughter waves are electro-static.[Goldman, 1966; Jackson,

1967] The daughter waves need to satisfy the dispersion relation ω2
1,2 = ω2

p+3v2ek
2
1,2

and the matching condition ω0 = ω1 + ω2, Since ω1 and ω2 are close to ωp, this

instability can only take place at the region n . nc/4.

In most cases, LPI’s play negative roles in ICF experiments. In ICF we aim

to absorb the laser energy into the plasma as efficiently as possible. SBS and SRS

can reflect (or scatter) the incident laser and reduce the absorption efficiency. An-

other critical issue are the hot electrons accelerated by the daughter plasma waves

in TPD and SRS. Those hot electrons are suprathermal and can penetrate the

fuel shell to preheat the shell. The target preheating breaks the low-adiabat re-

quirement of the compression and therefore degrades the compression [Goncharov

et al., 2008].

In shock ignition, the laser pulse has a relatively lower main pulse but has a

high intensity laser spike to launch the ignition shock wave. The absorption of the

high intensity laser spike involves LPI’s and hot electron generations. However,

as the areal density quickly builds up at the end of the pulse, moderate-energy

hot electrons ≤ 100keV cannot penetrate through the dense target[Betti et al.,

2007]. They can be stopped and provide energy as a driver for the ignition shock.

TPD is a significant concern for direct-drive ICF as an energetic electron

source. This is due to its low threshold [Liu and Rosenbluth, 1976] and high
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electron energy [Yaakobi et al., 2005; Stoeckl et al., 2003]. In direct-drive ICF

experiments on OMEGA, it was thought that TPD was the responsible process

for the hot electron generation,[Stoeckl et al., 2003] and those hot electrons gen-

erated by the TPD instability appeared to play an important role in degrad-

ing the compression of low-adiabat cryogenic D2 implosions in OMEGA experi-

ments.[Smalyuk et al., 2008] TPD is also a potential concern for indirect-drive ICF

and hot electrons generated through TPD have been observed in recent Hohlraum

experiments.[Regan et al., 2010] In shock ignition, the energy of the hot electrons

generated by TPD decides whether TPD is beneficial or harmful to compression.

It is still an open question whether fast electrons beyond the target-stop limits

could be generated under specific conditions.

In summary, LPI’s are involved in most of the laser-driven ICF schemes. The

light scattering and preheating due to LPI’s are significant concerns for the target

compression. The two-plasmon decay instability is considered the most dangerous

preheating LPI. Therefore, a comprehensive understanding of the TPD behaviors

in ICF is important for studying target preheating and improving experimental

performances.

1.3 Review of Previous Work on TPD

TPD started attracting research interest shortly after lasers were invented. Start-

ing from the pioneering work of Goldman in 1966 in which the existence of TPD

in the laser-plasma coupling process was predicted,[Goldman, 1966] many studies

have been reported on this subject both theoretically and experimentally.
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1.3.1 Theories and Simulations

The simplest case of TPD is in a homogeneous plasma can be readily derived

using the linear dispersion relations. The growth rate formula can be found at

Eq. (7.40) of Ref. [Kruer, 2003]:

γ ≃ k · v0

4

∣∣∣(k− k0)
2 − k2

k|k− k0|

∣∣∣ (1.5)

where v0 is the electron oscillatory velocity in the laser field. The growth rate γ

reaches its maximum on a hyperbola

kx(kx − k0) = k2y (1.6)

which is shown in Fig. 1.4. When k ≡ |k| =
√
k2x + k2y ≫ k0, the plasma waves

are essentially propagating at 45◦ to k0.

It is useful to point out that when Eq. (1.5) was derived, a slight density

variance was implied and thus Eq. (1.5) has no dependence on n. Therefore,

this formula is not limited in the homogeneous cases but is still approximately

valid in an inhomogeneous plasma with a long density scale length (L), as long

as L ≡ n0/(∂n0/∂x) >> 1/k0,1,2. Plasma waves with different wave vectors have

different resonant densities. TPD in an inhomogeneous plasma is more relevant to

the experimental environment of ICF. Unlike the homogeneous cases in which all

modes are absolutely unstable, both absolute and convective modes may develop

due to the density inhomogeneity.

The absolute and convective instabilities grow in different physical patterns.

The absolute instability represents a situation where the growth of plasma waves

starts from a perturbation and keeps growing in time everywhere in space, while

the convective instability represents a situation where the plasma waves grow

and propagate away from their origins but the perturbation amplitude eventually

returns to zero [Bers, 1983].
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Figure 1.4: Max-growth-rate hyperbola and geometry of wave vectors in TPD in

homogeneous plasmas. Laser is propagating along the x direction.

Similar to SRS and SBS, TPD is also a three-wave interaction and is convec-

tively unstable. A generic convective parametric instability with weak inhomo-

geneities can be described by the three-wave model [Rosenbluth, 1972]:

[
∂

∂t
+ v1,2(x)

∂

∂x
+ γ1,2(x)]a1,2(x, t) = Γ(x)a∗2,1(x, t) exp

∫ x

0

iκ(x′)dx′, (1.7)

where v1,2(x) are the group velocities, γ1,2(x) are the damping rates, and Γ(x) is

the complex coupling coefficient. The mismatching due to the inhomogeneity is

included in κ, κ(x) ≡ k0(x)− k1(x)− k2(x).

The solutions of the three-wave equations have been thoroughly explored

[Rosenbluth, 1972; Rosenbluth et al., 1973]. The Green’s function of an initial
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δ-function pulse can give an amplification factor, which is called the Rosenbluth

Gain. A complete result on the Rosenbluth gain and the actual amplification

factor on a δ-function pulse can be found in [Bers, 1983]. The response of the

three-wave model to a real Gaussian pulse was found by Short and Simon [Short

and Simon, 2004].

Absolutely unstable modes were also found to exist in inhomogeneous plas-

mas [Lee and Kaw, 1973]. The absolute instability grows in time and without

any limits in the linear regime. Therefore, absolute modes were considered more

important than convective ones. However, our recent work with particle-in-cell

(PIC) simulations showed that for present direct-drive conditions the convective

modes can energetically dominate and also cause pump depletion for the absolute

modes before both types of modes saturate due to nonlinear effects [Yan et al.,

2009]. Several absolute theories have been developed and according to these ab-

solute theories, absolute modes take place within a narrow region right below the

1/4 critical density surface.

The first complete theory for absolute TPD instability was given by Liu and

Rosenbluth [Liu and Rosenbluth, 1976]. They estimated the threshold condition,

gave the growth rate formula and suggested a general method for studying a

parametric instability by solving an eigenvalue problem of a Schrödinger equation.

Simon et al reexamined this problem and corrected some small errors in [Liu and

Rosenbluth, 1976]. They obtained asymptotic growth rate formulae as well as the

threshold conditions for different limits of the parameter β ≪ 1 and β ≫ 1, where

β is defined as β = 1.41× T 2
keV /(I14λ

2
µ) [Simon et al., 1983], TkeV is Te in units of

keV , I14 is I in units of 1014W/cm2, and λµ is λ0 in units of microns.

Another efficient tool to explore this problem is the variational principle method.

Afeyan and Williams did systematic work on different types of parametric laser-

plasma instabilities. They gave the universal growth rates formula for the inho-

mogeneous density profiles described by power functions [Afeyan and Williams,
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1997a]. The formula for the linear profile agrees very well with one of the Simon

et al.’s asymptotic formulae for β ≪ 1. The variational method has advantages

in more complicated situations as long as the proper trial functions were chosen.

The nonlinear behavior of TPD includes the ion motion, electron heating (ac-

celeration) and TPD saturation. The generation of hot electrons only occurs in

the nonlinear phase of the evolution and is of most concern in the ICF exper-

iments. Also in reality TPD is often mixed with other LPI’s (ie. SRS, SBS)

[Afeyan and Williams, 1997b]. Since the current theories are not sufficient for

understanding the complicated physics in the nonlinear regime, simulations can

greatly help modeling it. Two types of codes are often used to simulate nonlinear

TPD, particle-in-cell(PIC) codes and fluid codes.

An advantage of PIC simulations is the explicit modeling on particle motions.

So the kinetic physics of hot electron generation can be naturally described in PIC

simulations. The main limitation for PIC is the intense computation it usually

needs. Alternatively fluid simulations are used to study the fluid property of TPD

such as growth rates and secondary decays.

Langdon, Lasinski and Kruer [Langdon et al., 1979] first studied the nonlinear

phenomena of TPD and SRS with PIC simulations. The simulations were done

in a regime of high laser intensity(v0 = 0.1c) and short density scale length(L =

25λ0). For the OMEGA laser, whose wavelength is λ0 = 0.35µm, the intensity

equivalent to v0 = 0.1c would be ∼ 1.5× 1017W/cm2. The time evolution of TPD

was observed to be intermittent in their simulations. The saturation mechanisms

found in this regime were ion density fluctuations, which caused plasma waves to

couple to shorter wavelength modes that were Landau damped when the linear-

growth stage ended, and caused profile steepening later on that inhibited TPD

by raising the threshold. However, this regime with high laser intensities and

short density scale lengths is rather different with the current ICF experimental

conditions. Therefore, the physics included in the current ICF scheme may be
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quite different from that in their work.

Fluid simulations based on the Zakharov model are able to treat the large

difference between the long ion-acoustic and the short plasma time scales by taking

time envelopes of the waves with the frequency ∼ ω0/2. This is very useful in

simulating the nonlinear long time evolution since the time steps are not limited by

the plasma-wave period. The Zakharov simulations [DuBois et al., 1995; Russell

and DuBois, 2001] showed the saturation spectra due to secondary instabilities.

The 3/2 harmonic emission measured in their work can build a direct bridge

from simulations to the experimental data although a detailed comparison with

experiments is sill lacking [Seka et al., 2009]. However, the Zakharov model does

not fully model kinetic effects.

1.3.2 Experiments

Two main diagnostics are widely used to study TPD in experiments. The scattered

light diagnostic based on Thomson scattering, and the hard X ray diagnostic

reflecting the hot electron generation. The former is to obtain the plasma-wave

property at the interacting region while the later measures the target preheating

due to hot electrons.

Many early experiments on TPD used CO2 lasers. The CO2 lasers (λ0 = 10µm)

are not used as the modern ICF compression drivers but the basic physics those

experiments revealed are very useful. The well-known maximum-growth-rate hy-

perbola was verified by Meyer and Zhu [Meyer and Zhu, 1993]. The saturation

behavior and hot electron production in the high-laser-intensity regime predicted

by the PIC simulations[Langdon et al., 1979] were also verified in CO2 experi-

ments.[Baldis and Walsh, 1981]

The experimental study of TPD and preheating in modern ICF schemes has

been carried on using the OMEGA UV laser since early 1980’s [Seka et al., 1985].
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Diagnostics were setup to detect the characteristic signatures for TPD instabili-

ties: 3ω0/2 and ω0/2 emission and the hard x-ray signals. The time duration in

the experiments can be on a nano-second (ns) scale, which is much larger than

the linear stage of TPD growth (usually within 1ps). Therefore the nonlinear

behaviors would dominate in the experimental observations.

In both spherical- and planar-targets experiments, TPD was found to depend

on the overlapping intensity [Stoeckl et al., 2003]. The recent work by Seka et al.

observed that the threshold condition presented in ref. [Simon et al., 1983] worked

remarkably well in predicting the onset of 3ω0/2 emission in experiments using

the overlapping intensity, although this threshold condition was derived under

the rather strict plane - wave assumption. Furthermore, much broader spectra

than predicted by the absolute instability theory were observed and they were

limited by the Landau cutoff [Seka et al., 2009]. These results implied a nonlinear

TPD behavior where the modes are substantially different from those predicted

by linear theory. Target-preheating measurements on OMEGA experiments are

mostly based on the hard x-ray analysis. Although it differed for different material

and dimension of the targets, the preheating due to fast electrons was found to

be less than 1% of the laser energy [Yaakobi et al., 2005; Yaakobi et al., 2009].

1.4 Summary

The two-plasmon decay instability is of significant concern for target preheating in

ICF experiments. However, several important questions are still open and deserve

further study. In this thesis, our research is mainly focused on questions of the

behavior of TPD relevant to the direct-drive ICF conditions.

In Chapter 2 we present our study of the linear regime of TPD using the fluid

code LTS developed for this thesis. A series of fluid simulations have been done

to address the difference of TPD growth rates and thresholds between various
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linear theories. A derivation of the convective gain that retains the dependence

on Te and k⊥ is also presented and the result for the gain is found to be in good

agreement with the simulation results.

The growth and saturation of both absolute and convective TPD modes are

explored with PIC simulations in Chapter 3. The convective instability is found

to be more important for larger threshold parameter, η. A saturation model due

to transverse ion density fluctuations is derived in this chapter and this model is

found consistent with the LTS simulation results in homogeneous plasmas. It can

also qualitatively explain the saturation of TPD in inhomogeneous plasmas.

In Chapter 4 we study and discuss the nonlinear TPD behaviors in the quasi-

steady state after saturation. A new hot-electron generation mechanism for the

TPD instability is described based on a series of 2D, long-term(∼ 10ps) PIC and

fluid simulations for parameters relevant to inertial confinement fusion. The effect

of laser speckles is also discussed.

The summary and conclusion are presented in Chapter 5.



16

2 The Linear Regime of TPD in

Inhomogeneous Plasmas

2.1 Introduction

The linear regime is the first stage of the TPD evolution. Instability thresholds

and linear growth rates, which can be readily obtained from linear theories, can

provide a first assessment of the importance of TPD under given experimental

conditions.

As discussed in Chapter 1, two types of TPD instabilities exist, the absolute

and the convective instability. In a homogeneous plasma, the linear theory [Kruer,

2003] showed that all unstable modes are absolute and the plasma wave vectors in

maximum growth modes are oblique to the laser wave vector. The mode number of

the maximum growth modes lies on the max-growth-rate parabola [Kruer, 2003].

For inhomogeneous plasmas, which is more relevant to experiments, the unstable

modes include both the absolute and convective instabilities. The latter can only

grow to a certain limit (the convective gain) before the plasma waves convect

out of the growth region. Since the absolute instability grows in time without

any limit in the linear stage, it had generally been considered more important

than the convective instability. However, our particle-in-cell (PIC) simulations

have shown that for present direct-drive conditions the convective instability may
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energetically dominate and also cause pump depletion for the absolute instability,

at least before the first saturation of both types of instabilities due to nonlinear

effects (∼ 1ps) [Yan et al., 2009]. These simulations will be discussed in Chapter

3. Therefore it is important to study both types of instabilities.

The main difference between the linear theories [Simon et al., 1983] and [Afeyan

and Williams, 1997a] on the absolute TPD instability is whether the growth rate

and the threshold depend on the parameter β = 1.41 × T 2
keV /(I14λ

2
µ). In [Simon

et al., 1983] different growth rate formulae were obtained in three regimes of β. In

addition, the threshold was found to have a weak dependence on β. In contrast, a

single set of expressions for the threshold conditions and growth rates was derived

in [Afeyan and Williams, 1997a], which agreed well with the small-β asymptotic

results in [Simon et al., 1983]. The difference between these linear theories will

be addressed in this chapter.

The convective TPD instability can be described by a generic three-wave the-

ory with a convective gain in inhomogeneous plasmas, the so-called ‘Rosenbluth

gain’ [Rosenbluth, 1972; Rosenbluth et al., 1973]. In this chapter, we convert the

linear TPD equations to the standard form of the three-wave model and obtain the

Rosenbluth gain for TPD, including, for the first time, the effect of temperature

and wave vectors of the convective instability.

In this chapter, we will also present our work on a direct numerical study of

the linear TPD equations. Such a study can compare the convective and absolute

instabilities in the same set of equations to assess their relative importance for a

given experiment. Compared to the fully kinetic PIC simulations, fluid numerical

simulations can assess the instability much more quickly. The speed advantage

is especially significant for targets with large L, such as the ones designed for

NIF experiments. The fluid simulations can also be compared with the different

theoretical approaches. In this thesis, we provide such a numerical study, using a

new fluid code that solves the linear TPD equations numerically for the first time.
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Our results show that the convective instability grows in lower density regions,

with growth rates comparable to the absolute instability for present and future

direct-drive targets. They help explain the dominance of the convective instability

observed in the PIC simulations [Yan et al., 2009]. The results also verify the

asymptotic expressions in both large- and small-β limits, especially confirming

the β-dependence of the threshold conditions in Ref.[Simon et al., 1983]. They

also show that the results in the intermediate regime of β ≈ 1 are closer to the

large-β limit than to the small-β limit. This gives important guidance for assessing

TPD in ICF target design, which often falls in the large-β regime.

2.2 The Linear TPD Equations and Numerical

Methods

The dimensionless form of the linear TPD equations are [Liu and Rosenbluth,

1976]

∂

∂t
ψ = ϕ− 3v2e

np

n0

− v0 · ∇ψ, (2.1)

∂

∂t
np = −∇ · (n0∇ψ)− v0 · ∇np, (2.2)

∇2ϕ = np, (2.3)

These equations are the momentum equation, the continuity equation, and the

Poisson’s equation respectively. Here n and np are the equilibrium background

density and density perturbation respectively, ϕ the electrostatic potential, ψ the

velocity potential, and v0 the electron oscillatory velocity in the laser field. We

have normalized density variables to the critical density nc, velocities to the light

speed c, frequencies to the laser frequency ω0, lengths to c/ω0, times to 1/ω0, ϕ

to mec
2/e, and ψ to c2/ω0. Eqs. (2.1-2.3) were readily derived in Ref.[Liu and

Rosenbluth, 1976] and were used as the starting point of Ref.[Simon et al., 1983;

Afeyan and Williams, 1997a].
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We have developed a code Linear Two-plasmon decay Simulator (LTS) to

numerically solve Eqs. (2.1-2.3) in two spatial dimensions (x and y). For different

types of background density profiles, LTS uses different algorithms to optimize

the accuracy.

2.2.1 Normal Incidence of a Plane-wave Laser onto a Trans-

versely Uniform Plasma

A most common simulation regime for which most linear theories were developed

is that both the background density profile and the incident laser light are uniform

in the transverse (y) direction. In this situation, n = n(x), and v0 = v0(x, t),

then the Fourier transform in the y-direction can be easily applied to Eqs. (2.1)

and (2.2) since n and v0 transform as constants in the Fourier transforms. The

computational grid is illustrated in Fig. 2.1. Without losing any generalization,

the laser field is prescribed by v0 = v0ŷ = v̄0 cos(k0x − ω0t)ŷ. A Fast Fourier

Transform - Finite Difference (FFT-FD) scheme is used to solve the TPD equa-

tions. The FFT package is adapted from the book Numerical Recipe [Press et al.,

1992].

np, ϕ, and ψ can be expanded to Fourier Series

ψ =
∞∑

j=−∞

ψ̄je
ijπy/Ly ≈

NY/2∑
j=−(NY/2−1)

ψ̄je
ijπy/Ly , (2.4)

ϕ =
∞∑

j=−∞

ϕ̄je
ijπy/Ly ≈

NY/2∑
j=−(NY/2−1)

ϕ̄je
ijπy/Ly , (2.5)

np =
∞∑

j=−∞

n̄je
ijπy/Ly ≈

NY/2∑
j=−(NY/2−1)

n̄je
ijπy/Ly , (2.6)

where Ly is the half transverse width of the simulation box.

By Fourier-Transforming Eqs. (2.1-2.3) along the y direction, we obtain the
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equations for each single ky(j) = jπ/Ly mode:

∂

∂t
ψ̄j = ϕ̄j − 3v2e

n̄j

n0

− v0ikyψ̄j, (2.7)

∂

∂t
n̄j = −∂n

∂x

∂ψ̄j

∂x
− n

∂2ψ̄j

∂x2
+ nk2yψ̄j − v0ikyn̄j, (2.8)

∂2ϕ̄j

∂x2
− k2yϕ̄j = n̄j. (2.9)

Note that the equations for each ky-mode are independent from each other. This

means that numerical errors on one mode do not influence other modes, which is

a significant advantage for accurately modeling the growth of each ky mode.

A center-finite-difference scheme is applied in space x and time t, achieving

the second-order accuracy in both. The momentum and continuity equations Eqs.

(2.7) and (2.8) are advanced in a Leapfrog scheme. The Poisson’s equation, Eq.

(2.9) is solved as a set of tri-diagonal linear equations. The numerical instability

condition for this scheme is derived in Appendix 1.

The periodic boundary condition in the transverse direction is naturally sat-

isfied in the FFT scheme. The longitudinal boundary conditions at x = 0 and

x = L are applied as follows: ∂xψ = 0, ∂xϕ = 0, and np = 0, meaning that

the plasma waves generated due to TPD are confined within the simulation box

and cannot reach the lower or upper boundaries. In the center-FD scheme, the

following boundary conditions are applied:

ψ̄j[−1] = ψ̄j[1], (j = 0, 1, 2...NY − 1),

ϕ̄j[−1] = ϕ̄j[1], (j = 1, 2...NY − 1),

ϕ̄j[−1] = 0, (j = 0),

n̄j[−1] = 0, (j = 0, 1, 2...NY − 1).

These boundary conditions are consistent with the PIC simulation results[Yan

et al., 2009], where most amplified TPD modes were observed located near the

1/4-critical surface. A large simulation box is used to reduce boundary effects. For
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Figure 2.1: The simulation grids of LTS using the FFT-FD scheme. The ghost

cells in light blue are added to apply boundary conditions.

a linear density profile n0 = [1 + (x− xqc)/L]nc/4, the typical distances between

the 1/4-critical surface and the left boundary (x = 0) are xqc ≥ 200c/ω0 for large

scale length (L/λ ≥ 150) cases and xqc ≈ 75c/ω0 for small scale length cases. The

plasma waves originated near the 1/4-critical-density surface cannot propagate to

the higher-density regions after reaching their turning points. In their propagation

toward the lower-density side, they are Landau-damped.

To enforce the longitudinal boundary conditions, artificially large damping is

applied to the plasma waves in the region close to both boundaries by replacing

∂/∂t in Eqs.(2.1) and (2.2) with ∂/∂t + ν. The Landau damping rate for the

plasma wave with k = 2ω0/c in a 2keV ICF plasma is γLandau = 1.5 × 10−3ω0.

The artificial damping rate ν ≈ 3×10−3ω0 is chosen to be larger than the Landau

damping rate for the plasma parameters considered. The damping frequency in

the ky − x space is shown in Fig. 2.2. A typical TPD growth rate for OMEGA-
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relevant parameters is γ ∼ 1× 10−3ω0. This artificial damping rate then ensures

that TPD plasma waves can not develop in the heavily-damped regions close to

the boundaries.

Figure 2.2: Artificial damping applied in the regions near the boundaries in an

LTS simulation.

Initial conditions are needed for Eqs.(2.7) and (2.8) to start the leapfrog

scheme. Small density perturbations np of various forms are initialized in the

simulation box to seed different modes. Typically two types of np seeds are used:

δ-function density perturbations are used to excite local modes while uniform ran-

dom density perturbations are used to excite all possible growing modes in the

simulation box.
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2.3 Overview of the Convective and Absolute

TPD Instabilities from LTS Simulations

A series of TPD simulations have been performed in inhomogeneous plasmas with

linear density profiles. Here we first describe a simulation with parameters relevant

to NIF targets to show that in general both types of instabilities can grow. The

schematic of this simulation setup is shown in Fig. 2.3. For this simulation, the

scale length, the laser intensity and wavelength, and the electron temperature at

the 1/4-critical-density surface are L = 657µm, I = 9.5×1014W/cm2, λ = 1/3µm,

and Te = 3.7 keV, respectively. The longitudinal box size is Lx = 3000c/ω0,

grid size is ∆x = 0.25c/ω0, the quarter-critical-density (nc/4) surface is located

at xqc = 1981c/ω0, and 2000 k⊥-modes are included, with the resolution ∆k⊥ =

0.00314ω0/c. Seeded with an initial density perturbation npi of random amplitude

uniform in x, modes with a wide range of k⊥ can grow with comparable growth

rates, as determined from the electric field data, in the early stages [Fig. 2.4 (a)].

The small k⊥ modes are the absolute instability predicted by theory but significant

growth from the convective instability exists beyond the k⊥ cutoff for the absolute

instability [Fig. 2.4 (a)]. Consequently, at t = 4950/ω0 a flat density fluctuation

spectrum reflects the similar growth rates of the absolute and convective modes

[Fig. 2.4 (b)]. After this stage the absolute modes continue to grow but the

convective modes saturate, resulting in a peaked spectrum at t = 12370/ω0 [Fig.

2.4 (b)]. The absolute modes are located near the 1/4-critical-density surface

and the convective modes are located in the lower density region [Figs. 2.4 (c)

and (d)]. The dominant mode at a certain background density n0 is the fastest

growing mode at that n0 according to the homogeneous theory and will be referred

to in this thesis as the resonant mode for that n0. It is shown in Fig. 2.4 (c)

that the homogeneous theory can well predict the resonant mode in the cases of

inhomogeneous plasmas. (The features near the left boundary in Fig. 2.4 (d) are
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due to the imperfect boundary conditions and are not physical [Chambers and

Bers, 1977].)

Figure 2.3: The schematic of the simulation setup for the NIF parameters in Table

2.1

To illustrate the different growth of the absolute and convective instabilities,

we plot in Fig. 2.5 the evolution of an absolute mode with k⊥ = 0.05ω0/c and

a convective mode with k⊥ = 0.5ω0/c from a simulation with the same parame-

ters as the NIF-relevant simulation described above but with the initial density

perturbation npi for both modes centered at n0 = 0.231nc, which is the homoge-

neous resonant density for k⊥ = 0.5ω0/c. Here npi is a narrow Gaussian function

with a full width half-maximum of 4c/ω0 to mimic a δ-function source. The

k⊥ = 0.05ω0/c mode moves to its resonant region just below 1/4nc and then

grows exponentially with the same envelope shape and without limit, as expected

from an absolute mode. The k⊥ = 0.5ω0/c mode first grows in its resonant region

exponentially in time. When the amplification of np reaches ∼ 105 it saturates
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Figure 2.4: Simulation results for the NIF parameters in Table 2.1. (a) Growth

rates in the simulation within the time window [2475/ω0-6429/ω0] (solid with

error bars) and the absolute-instability-theory predictions (dashed: the large-β

curve; squares: the small-β curve); (b) Distribution of < n2
p > versus k⊥ at three

different times (squares: t=200/ω0; triangles: t=4950/ω0; solid line: t=12376/ω0);

(c) the spectrum of np at t=4950/ω0 overlaid by the resonant density for each k⊥

according to the homogeneous dispersion relation (blue dots); (d) the spectrum

of np at 12376/ω0.

with the peak flattening. This type of behavior is typical for convective para-

metric instabilities (with a δ-function initial perturbation) in an inhomogeneous

medium. [Rosenbluth, 1972; Rosenbluth et al., 1973]
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Figure 2.5: The evolution of two different modes, k⊥ = 0.05ω0/c (solid line) and

k⊥ = 0.5ω0/c (dashed line) in the simulation with NIF parameters in Table 2.1.

2.4 Growth of the Absolute TPD Instability

To quantitatively compare the simulations with the existing theories in the abso-

lute instability regime[Liu and Rosenbluth, 1976; Simon et al., 1983; Afeyan and

Williams, 1997a], a series of simulation parameters are chosen under the guidance

of the asymptotic solutions in Ref.[Simon et al., 1983], with two dimensionless co-

efficients α = 0.080× Lµm

√
I14 and β = 1.41× T 2

keV /(I14λ
2
µ). Another important

parameter indicating how much the laser intensity is above the TPD threshold,

η ≡ (I14λµmLµm/TkeV )/81.86, can be expressed as η = [3α/(4
√
β)]/4.134. The

absolute regime of the TPD instability can be characterized by any two of α, β,

and η. Here the simulation parameters are chosen to cover three regimes β ≫ 1,

β ≪ 1 and β ∼ 1 [Simon et al., 1983] and different η levels within each regime

(Table 2.1). Most present direct-drive experiments using 1/3 − µm lasers are in

the regime of either β ≫ 1 or β ∼ 1 since the plasma temperature rises with laser

intensities. All results for the absolute modes in the simulations are obtained at

the times when the convective modes have stopped growing and only absolute

modes still grow. To minimize the numerical error in measuring the growth rates,
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Table 2.1: Parameters of LTS simulations to decide the TPD growth rates in

different β regimes

Indx λ(µm) I(W/cm2) T(keV) L(µm) α β η

NIF 1/3 9.5× 1014 3.7 657 162. 18. 10.3

OMEGA 1/3 1× 1015 2 150 37.9 5.08 4.6

a 1/3 2× 1015 4 150 53.7 10.2 4.6

b 1/3 1× 1015 5 150 37.9 31.7 1.8

c 1/3 1× 1015 6 150 37.9 45.7 1.5

d 1/2 6.67× 1014 1 75 15.5 0.846 4.6

e 1/2 4.44× 1014 1 45 7.59 1.27 1.8

f 1/2 4.44× 1014 1 37.5 6.32 1.27 1.5

g 1 1.1× 1014 0.2 45 3.80 0.0508 4.6

h 1 1.1× 1014 0.2 18 1.51 0.0508 1.8

i 1 1.1× 1014 0.2 15 1.26 0.0508 1.5
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we average each mode in x, defining < np(k⊥) >=
√∫

|np(k⊥)|2dx/
∫
dx. Then

the growth rates γ(k⊥) along with error estimates are calculated from the linear

fitting of Log[< np(k⊥) >]. The comparison of γ(k⊥) between the simulation

results and the theoretical predictions are shown in Fig. 2.6. Here we call the

analytical asymptotic solution in the large-β limit in Ref. [Simon et al., 1983] the

large-β curve, and call the small-β solution in Ref. [Simon et al., 1983], which is

essentially the same as the one given by Ref. [Afeyan and Williams, 1997a], the

small-β curve.

For the large-β cases (Table 2.1 a-c), when the laser intensity is well above the

threshold (large η), the simulation results agree with the large-β curve very well

[Fig. 2.6 (a)]. As η becomes smaller, the difference between the simulation and

the large-β curve increases but it is still small [Fig. 2.6 (b)]. The large-β curve

has a slightly higher growth rate and a higher cutoff in k⊥ than the simulation.

At η ≈ 1, either the large-β curve or the simulation result essentially shows no

growth but the small-β curve still gives significant growth rates [Fig. 2.6 (c)].

The results here indicate that the threshold η increases with β, as first shown in

Ref.[Simon et al., 1983].

When β is small, as shown in Table 2.1 g-i and Fig. 2.6 (g-i), the simulation

results and the small-β curve agree well on the maximum growth rates in the k⊥

spectrum. However, the simulation results give higher cutoff values for k⊥ than

the small-β curves. The large-β curve gives lower growth rates in this regime and

the difference between the large and small-β curves increases as η decreases.

The behavior in the intermediate β ∼ 1 regime(cases d-f in Table 2.1) is

especially interesting as this regime is not covered by any analytical asymptotic

theory. The simulation results are closer to the large-β curve than to the small-β

curve and for large η the agreement on growth rates between the simulation and

the large-β curve is quite good [Fig. 2.6 (d) and (e)].

Near the threshold, for β ∼ 1 no theory agrees with the simulation result
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Figure 2.6: Comparison of absolute TPD growth rates for different β and η. (a-i)

correspond to the parameters in Table 2.1 a-i. Solid line: simulation; dashed line:

large-β curve; square : small-β curve. (The small-β curves from Ref. [Simon

et al., 1983] and Ref. [Afeyan and Williams, 1997a] are very close to each other

and can not be differentiated in the plots)

[Fig. 2.6 (f)]. This indicates that there is a difference between the simulation and

theories in predicting the threshold for β ∼ 1. In Fig. 2.7 we plot the threshold in

the simulations and compare them with the theoretical results. Near the threshold,

the error bar in measuring the growth rates is large. Therefore, the upper and

lower limits of η, where positive and negative growth are found respectively, are

plotted and the threshold η is located between the two limits. The threshold η

in the β ≫ 1 region is ∼ 60% higher than the threshold in the β ≪ 1 region and
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Figure 2.7: The TPD threshold in simulations (triangles: upper limit; squares:

lower limit) and in theories (solid line: the numerical solution of the WKB-

perturbation theory in Ref.[Simon et al., 1983]; dashed line: the small-β solution

in Ref.[Simon et al., 1983] and Ref.[Afeyan and Williams, 1997a])

the majority of the change in η occurs in the β ∼ 1 region. Our numerical results

confirm the dependence of the threshold on β predicted in [Simon et al., 1983].

In addition, in the small-β part of Fig. 2.7, the simulation results are close to the

small-β theory in [Simon et al., 1983] and [Afeyan and Williams, 1997a], while in

the large-β part it is close to the large-β theory in [Simon et al., 1983]. The solid

line in Fig. 2.7 is a numerical solution for finite βk2⊥ in [Simon et al., 1983]. The

small-β region of this curve is essentially non-physical.

2.5 Growth of the Convective TPD Instability

The convective modes of TPD can be described by a three-wave model for general

convective parametric instability with weak inhomogeneities [Rosenbluth et al.,

1973] shown in Eq. (1.7). This generic model can also be used to study the

stimulated Raman scattering (SRS) and the stimulated Brillouin scattering (SBS).
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For a mismatch linear in x, Eq. (1.7) reduces to

[
∂

∂t
+ v1,2

∂

∂x
+ γ1,2(x)]a1,2(x, t) = Γa∗2,1(x, t) exp(iκ

′x2/2). (2.10)

The Green’s function solution of Eq. (2.10) can be readily obtained by Laplace

transform [Rosenbluth, 1972; Rosenbluth et al., 1973]. The exponential ampli-

fication factor for a from a δ-function source corresponds to the convective or

Rosenbluth gain [Rosenbluth et al., 1973] and is equal to gR ≡ exp[πΛ], where

Λ = |Γ|2/(κ′v1v2).

To transform the TPD equations Eqs. (2.1-2.3) into the form of Eq. (2.10) we

express each variable Q, i.e., ψ, ϕ, or np, in terms of two well-defined daughter

waves,

Q(x, y, t) =
1

2
{Q1(x, t) exp[i(ω1t−

∫ x

0

kx1(x
′)dx′ − k⊥y)]

+Q2(x, t) exp[i(ω2t−
∫ x

0

kx2(x
′)dx′ + k⊥y)]}+ c.c. (2.11)

with Q1,2(x, t) being the envelopes of the two waves. After substituting the expres-

sion of Q back into Eqs. (2.1-2.3) and keeping only the first-order terms involving

∂tQ, ∂xQ, v0, and ∂xn0, Eq. (2.1) yields

∂ψ1

∂t
+ iω1ψ1 −

1

2
ikyv̄0ψ

∗
2 exp[

∫ x

0

−iκ(x′)dx′] = ϕ1 −
3v2e
n0

n1, (2.12)

∂ψ2

∂t
+ iω2ψ2 +

1

2
ikyv0ψ

∗
1 exp[

∫ x

0

−iκ(x′)dx′] = ϕ2 −
3v2e
n0

n2; (2.13)

Eq. (2.2) yields

∂n1

∂t
+ iω1n1 −

1

2
ik⊥v0n

∗
2 exp[

∫ x

0

−iκ(x′)dx′]

= n0[(k
2
1 + i

∂kx1
∂x

)ψ1 + 2ikx1
∂ψ1

∂x
]− ∂n0

∂x
(
∂ψ1

∂x
− ikx1ψ1), (2.14)

∂n2

∂t
+ iω2n2 +

1

2
ik⊥v0n

∗
1 exp[

∫ x

0

−iκ(x′)dx′]

= n0[(k
2
2 + i

∂kx2
∂x

)ψ2 + 2ikx2
∂ψ2

∂x
]− ∂n0

∂x
(
∂ψ2

∂x
− ikx2ψ2); (2.15)
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and Eq. (2.3) becomes

−(k21 + i
∂kx1
∂x

)ϕ1 − 2ikx1
∂ϕ1

∂x
= n1, (2.16)

−(k22 + i
∂kx2
∂x

)ϕ2 − 2ikx2
∂ϕ2

∂x
= n2, (2.17)

where k21,2 = k2x1,2 + k2⊥.

Eliminating n1,2 in Eqs. (2.12-2.15) using Eqs. (2.16-2.17), and simplifying

Eqs. (2.14) and (2.15) with the zeroth-order solution ψ1,2 = −iω1,2ϕ1,2/n0, we

obtain the following coupled equations for ϕ1,2, ψ1,2 and their complex conjugates,

∂ψ1

∂t
+ iω1ψ1 −

1

2
ik⊥v0ψ

∗
2 exp[

∫ x

0

−iκ(x′)dx′]

= ϕ1 +
3v2e
n0

[k21ϕ1 + i
∂k1
∂x

ϕ1 + 2ik1
∂ϕ1

∂x
], (2.18)

∂ψ2

∂t
+ iω2ψ2 +

1

2
ik⊥v0ψ

∗
1 exp[

∫ x

0

−iκ(x′)dx′]

= ϕ2 +
3v2e
n0

[k22ϕ2 + i
∂k2
∂x

ϕ2 + 2ik2
∂ϕ2

∂x
], (2.19)

ψ1 = − 1

n0

∂ϕ1

∂t
− iω1

n0

ϕ1

+
i

2n0

k⊥v0 exp[

∫ x

0

−iκ(x′)dx′]
k22
k21
ϕ∗
2 +

ω1kx1ϕ1

n2
0k

2
1

∂n0

∂x
, (2.20)

ψ2 = − 1

n0

∂ϕ2

∂t
− iω2

n0

ϕ2

− i

2n0

k⊥v0 exp[

∫ x

0

−iκ(x′)dx′]
k21
k22
ϕ∗
1 +

ω2kx2ϕ2

n2
0k

2
2

∂n0

∂x
. (2.21)

Here, κ ≡ k0 − kx1 − kx2. Eliminating ψ1,2, we obtain

∂ϕ1

∂t
+ v1

∂ϕ1

∂x
+ (−ω1kx1

2n0k21

∂n0

∂x
− 1

4kx1ω1

∂n0

∂x
)ϕ1

= −1

4
ik⊥v0(

ω2

ω1

− k22
k21

)ϕ∗
2 exp[−i

∫ x

0

κ(x′)dx′], (2.22)

∂ϕ2

∂t
+ v2

∂ϕ2

∂x
+ (−ω2kx2

2n0k22

∂n0

∂x
− 1

4kx2ω2

∂n0

∂x
)ϕ2

=
1

4
ik⊥v0(

ω1

ω2

− k21
k22

)ϕ∗
1 exp[−i

∫ x

0

κ(x′)dx′], (2.23)
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with the longitudinal group velocities of plasma waves v1,2 = 3kx1,2v
2
e/ω1,2. Defin-

ing a1,2 ≡ ϕ∗
1,2

√
k⊥|v0||ω1,2/ω2,1 − k21,2/k

2
2,1|/4 and adding a phenomenological

damping rate ν1,2 to each daughter wave, eventually we obtain the standard form

of Eq. (1.7), where the coupling constant Γ is found to be

|Γ|2 = − 1

16
k2⊥v

2
0(
ω2

ω1

− k22
k21

)(
ω1

ω2

− k21
k22

) (2.24)

and γ1,2 = ν1,2−∂xn0ω1,2kx1,2/(2n
2
0k

2
1,2)−∂xn0/(4kx1,2ω1,2) is the effective damping

rate.

To determine the gain for the convective modes in TPD, we need to evaluate

κ′ and Γ. The derivative of the mismatch can be calculated from the dispersion

relation,

κ′ = k′0 − k′x1 − k′x2

= (− 1

2k0
+

1

6v2ekx1
+

1

6v2ekx2
)
∂n0

∂x
≈ 1

6v2e

∂n0

∂x
(
1

kx1
+

1

kx2
). (2.25)

The choice of kx1,2 to evaluate Γ is somewhat arbitrary since for a certain n0,

more than one pair of plasmons can develop in simulations, as long as they can

satisfy the matching conditions. However, the simulations also show that the

dominant mode is the resonant mode according to the homogeneous theory [Yan

et al., 2009], as shown in Fig. 2.4 (c). Therefore we pick the values of kx1 and

kx2 from the homogeneous hyperbola to evaluate |Γ|2 and gR. In Eq. (2.24), |Γ|,

which is the growth rate in a homogeneous plasma, depends on ve through ω1,2.

Expanding in ve and k⊥, we find the leading terms of Eq. (2.24) on the hyperbola

are

|Γ|2 = v20(0.0469− 0.211v2e − 1.125v2e k̃
2
⊥). (2.26)

Here, k̃⊥ is k⊥ normalized to ω0/c. Setting ve = 0, Eq. (2.26) is the same as the

result in [Kruer, 2003], which neglected the electron temperature effect by setting

ω1,2 ≈ ω0/2. (This result is 3/4 of the value of v20/16 in [Rosenbluth, 1972].)
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The ve-dependence indicates the trend that the convective gain decreases as k⊥

increases, as shown below. The leading term of Λ is thus found to be

πΛ ≈ 2.15(1− 0.00881TkeV − 0.0470TkeV k̃
2
⊥)η. (2.27)

Eq.(2.27) shows that the dependence of Λ on k⊥ is weak, which explains the broad

spectrum for the convective modes in Fig. 2.4 (a) and (b).

According to Eq. (2.27), the gain for the convective mode in Fig. 2.5 is

gR = 8 × 105. In Fig. 2.8 we further compare the amplification of the density

perturbations for each k⊥ measured in the simulation with Omega-relevant pa-

rameters (Table 2.1 and [Yan et al., 2009]) and the calculated Rosenbluth gain

gR from Eq. (2.27). The simulation results show the same trend of gR decreasing

with k⊥ and the correct order of magnitude of the amplification as predicted by

Eq. (2.27). The density perturbation in the simulation is seeded with an npi of

random amplitudes uniformly in x, not a δ-source. Part of the difference of the

gain between the simulation and Eq. (2.27) is due to the difference in the initial

perturbation [Short and Simon, 2004].

2.6 LTS Algorithm for More Generalized Simu-

lation Conditions

In a more general situation, for instance, when density fluctuations are added on

a ideally linear profile and/or the laser is a finite-width beam, either the laser

or density profile may not be uniform in y. That is, n = n(x, y) and/or v0 =

v0(x, y, t). In this case, Eqs. (2.1 and 2.2) cannot be decomposed into independent

equations for each ky by applying FFT in the y direction.

A center-finite-difference scheme is also developed in LTS for both x and y

directions to solve Eqs. (2.1 and 2.2). The numerical stability of this scheme
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Figure 2.8: The amplification factor in the fluid simulation with the OMEGA

parameters (see Table 2.1) and the Rosenbluth gain from Eq. (2.27) for different

k⊥’s.

is discussed in Appendix 1. Poisson’s equation, Eq. (2.3) is still first Fourier

Transformed in y and then solved as a set of tridiagonal linear equations since

Poisson’s equation is not influenced by the non-uniformity of n or v0.

Extra ghost cells are added in the upper and lower boundaries [Fig. 2.9]. The
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Figure 2.9: LTS grid for the full-FD simulations. The ghost cells in light blue are

added to apply boundary conditions.

periodic boundary in the y direction is applied as:

ψ[i, NY ] = ψ[i, 0],

ϕ[i, NY ] = ϕ[i, 0],

np[i, NY ] = np[i, 0],

ψ[i,−1] = ψ[i, NY − 1],

ϕ[i,−1] = ϕ[i, NY − 1],

np[i,−1] = np[i, NY − 1],

where i = −1, 0, ..., NX.

With this algorithm, LTS simulations can be extended to model the effect of

ion density fluctuations or laser speckles on TPD. The LTS simulations with ion

density fluctuations will be discussed in Chapters 3 and 4.



37

2.7 Summary

The linear fluid code LTS solving the TPD equations has been developed and used

to study the linear regime of the TPD instability. Different algorithms are used to

solve the linear momentum and continuity equations for different situations. While

the FFT-FD scheme is more convenient to solve y-independent cases, the full-FD

scheme can deal with the cases with arbitrary laser profiles and/or background

density profiles.

In the regime where the plasma has a linear density profile and the laser is

at normal incidence, the FFT-FD scheme is used in the solver of LTS. Both the

absolute and convective TPD instabilities have been observed in LTS simulations,

which shows that the absolute instability is located close to the 1/4-critical-density

surface while the convective instability is located in the lower density region. The

maximum growth rates of the absolute modes measured in LTS simulations agree

well with the theory in [Simon et al., 1983] in the large-β limit and with the

theories in both [Simon et al., 1983] and [Afeyan and Williams, 1997a] in the

small-β limit. In the regime of β ∼ 1, not covered by any analytical asymptotic

theory, the simulation results are closer to the large-β curve than to the small-

β curve. The simulations also confirm the dependence of the threshold on the

parameter β for absolute TPD [Simon et al., 1983].

The convective gain retaining the dependence on Te and k⊥ has been derived

in this chapter and the convective gain formula is found to be in good agreement

with the simulation results.

Important topics, such as the effects of beam speckles and overlapping beams

require the development of a finite beam-spot-size theory that goes beyond the

current plane-wave theory and will be studied in the future with the help of LTS

simulations.
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3 Particle-in-cell Simulations of

the Growth and Saturation of

TPD

3.1 Introduction

The investigation of the complex behaviors in plasma physics usually requires

lengthy computer simulations. Plasma simulations can be classified in two groups:

the fluid description and the kinetic description. Fluid codes are used to study the

fluid properties (ie. pressure, temperature, etc.) of plasmas by numerically solving

the magnetohydrodynamic (MHD) equations [Cowling, 1957] or the two-fluid type

of equations. Our fluid code LTS discussed in Chapter 2 is one of the examples.

Kinetic description has two branches:[Birdsall and Langdon, 1985] numerically

solving plasma kinetic equations (ie. Vlasov or Fokker-Plank equations), or using

particle models. Kinetic codes describe more detailed properties of plasmas, for

instance, detailed change of the distribution functions of particles and field-particle

interactions, which are of interest in the field of laser-driven ICF. In this thesis,

a very important topic is to evaluate the preheating risk due to the hot electrons

generated by TPD. Therefore kinetic simulations are required.
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3.1.1 Particle-in-cell Method in Plasma Physics

Particle models are among the most successful models for computer simulation

on plasmas[Dawson, 1983]. The idea of simulating plasma physics using particle

models was introduced in 1950s’ and early 1960s’ [Buneman, 1959; Dawson, 1962;

Hockney, 1966]. Since then the particle models have improved and expanded along

with the rapid development of computer performances.

The particle models are based on the concept of “super particles”. Since the

actual number of electrons and ions in a real plasma is usually so large that a

particle simulation following every individual electron or ion is either inapplicable

or too expensive even using the most powerful computer clusters in the world.

Therefore, super particles are introduced, each of which represents many (can

be millions of) actual particles. Using super particles, we are able to obtain the

collective behavior of collisionless plasmas on a spatial scale longer than Debye

lengths [Birdsall and Langdon, 1985].

There are still difficulties even with super particles. First of all, if the Coulomb

forces between N particles are directly calculated, the total number of required

arithmetic operations scales to N2. With such an N2 scaling for the run time,

hardly any practical simulation could be done. Second, since each super particle

in the model represents a number of actual electrons or ions, the forces between

the super particles are much larger than in a real plasma and thus the artificial

collision effects among super particles are much larger[Dawson, 1983].

Fortunately, those two difficulties can be overcome at the same time in the

particle-in-cell (PIC) method. Particles are no longer treated as point charges

in PIC. In stead, they have finite sizes in space. This configuration makes the

Coulomb force between two particles approach zero when they pass by each other.

This is substantially different from the point-charge case where the Coulomb force

goes to infinity when two point charges pass by each other. This finite-size-particle
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configuration can significantly reduce the collisional effects between particles while

still accurately modeling the collective behaviors of long-range Coulomb forces

[Dawson, 1983]. A discrete grid is naturally introduced to calculate forces applied

on each finite-sized particle. Figure 3.1 illustrates the finite-sized particles in the

discrete grid. Take Possion’s equation for example. The distributed charge carried

by each individual particle is deposited on grid points. Then Possion’s equation

can be solved to find the electric field on the grid. The value of the electric field

at the location of each particle, from which we calculate the force on that particle,

can be obtained from interpolation with the values on the grid points. The total

number of required arithmetic operations is much smaller using the PIC method

than directly solving Coulomb forces between each pair of particles. It is reduced

to of the order of N if the particle number is much larger than the grid number.

A generic computational cycle within a single time step in the flow of electro-

magnetic PIC codes is illustrated in Fig. 3.2. First the values of charge density ρ

and current j on grid points are found from charge/current deposition. Then the

electromagnetic fields E and B are advanced by solving the Maxwell’s equations

(the actual equations solved can be different for different PIC codes); then the

Lorentz forces on each particle are calculated through field interpolation; finally

the position and velocity of each particle are updated and a new cycle for the next

time step starts.

3.1.2 OSIRIS

OSIRIS [Hemker, 2000; Fonseca et al., 2002] is a multidimensional, parallel, rel-

ativistic, electro-magnetic PIC code developed in University of California at Los

Angeles (UCLA). OSIRIS has a similar computational cycle as that shown in

Fig. 3.2, current densities are calculated on grid points through current deposition

from particle positions and velocities. Then the time-dependent Maxwell’s equa-

tions (Faraday’s law and Ampere’s law) are solved using a center-finite-difference



41

Figure 3.1: Finite-size particles and discrete grid used in the particle-in-cell

method.Adapted from Ref. [Dawson, 1983]

scheme in both spatial and temporal domains to advance the electro-magnetic

fields on the grid. The electro-magnetic fields are then interpolated to calculate

the Lorentz force applied to each particle, whose position and velocity are updated

by solving the relativistic equation of motion. OSIRIS is parallelized through do-

main decomposition using Message Passing Interface (MPI) [Gropp et al., 1996].

Load balancing is used to optimize the parallel-computing performance and high-

order-spline current deposition is used to reduce numerical self-heating.

Lasers can be launched with a stationary antenna. Boundary conditions in-

clude periodic, open (non-reflecting), and conducting for fields and periodic, re-

flecting, absorbing, and thermal bath for particles. OSIRIS includes a series of

diagnostics on fields and particles, and a comprehensive visualization package

written in IDL is available for data post-processing.
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Figure 3.2: A generic computational cycle in a single time step of PIC codes.

3.1.3 Characteristics of TPD under Current Generation

Direct-drive ICF Conditions

The pioneering PIC simulations on TPD by Langdon, Lasinski, and Kruer [Lang-

don et al., 1979] were done in a regime of high laser intensity(v0 = 0.1c) and

short density scale length(L = 25λ0). The plasma temperature was Te = 1keV .

The time evolution of TPD was observed to be intermittent in their simulations.

The saturation mechanisms found in this regime were ion density fluctuations,

which caused plasma waves couple to shorter wavelength modes that were Lan-

dau damped [Landau, 1946], and caused profile steepening that later on inhibits

TPD by raising the threshold.

However, the regime with high laser intensities and short density scale lengths

in [Langdon et al., 1979] is rather different with the current ICF experimental
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conditions. Applying the formulae for threshold and growth rates in Ref.[Simon

et al., 1983] to the parameters in [Langdon et al., 1979], the threshold parameter

(I14λµmLµm/TkeV )/54.57 = 80 (small β limit), i.e., the threshold was far exceeded.

The growth-rate curve for the absolute modes is shown in Fig. 3.3 (a). The

upper cutoff of k⊥ is very large (∼ 8k0), implying that all possible growing modes

permitted by the Landau damping limit were absolute modes. In contrast, the

threshold parameter η = (I14λµmLµm/TkeV )/81.86 = 3 (large β limit) for a set of

OMEGA-relevant parameters: I = 1× 1015W/cm2, L = 150µm, and Te = 2keV .

The growth rates are plotted in Fig. 3.3 (b). According to this curve, the absolute

modes are confined within a small-k⊥ region (with a cutoff at k⊥ ≈ 0.4k0). The

modes with larger k⊥ beyond this cutoff are expected to be convective modes.

In summary, TPD in the current ICF experiments have the following charac-

teristics: 1. The laser intensity is relatively low (1014 − 1015W/cm2) and v0 < ve,

thus the growth of TPD modes can be well described by the fluid equations. 2.

The laser intensity is at most a few times beyond the TPD threshold, in many

cases it is just marginally unstable. 3. Both absolute and convective modes exist.

The absolute modes are limited within a small k⊥ region.

As shown in the linear theories and also the LTS simulations in Chapter 2,

the absolute modes and the convective modes grow in different patterns. The

absolute modes grow without any limit in the linear regime while the convective

modes are limited by the convective gain. However, as described in Section 2.3

and in [Yan et al., 2010], the convective modes have similar growth rates as the

absolute modes before the convective modes reach their gain limit. It is also

known that nonlinear effects, such as ion density fluctuations, pump depletion,

and hot electron generation, will end the linear growth. These effects may change

the relative importance of the absolute and convective modes in an ICF plasma.

Current generation direct-drive experiments found a wide TPD spectrum, with

modes whose perpendicular mode number k⊥ is larger than the cutoff for the
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Figure 3.3: The growth rate curves of the absolute TPD modes for two sets

of parameters. (a)A set of parameters in the high-intensity short-scale-length

regime: I = 1.5× 1017W/cm2, L = 8.75µm, and Te = 1keV from Ref. [Langdon

et al., 1979]. (b)An OMEGA relevant set of parameters: I = 1 × 1015W/cm2,

L = 150µm, and Te = 2keV .

absolute modes, and it was attributed to the nonlinear evolution of TPD [Seka

et al., 2009]. In this chapter, we present PIC simulations using OSIRIS with I
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and L relevant to these experiments that show a similar wide spectrum, in both

linear and nonlinear stages. Using our fluid code LTS that solves the full set of

linear TPD equations, we clearly show that these large k⊥ modes are convective.

The PIC simulations show that even before reaching the convective gain limit, the

convective modes become energetically dominant and can reduce absolute mode

growth via pump depletion. These results show that the convective modes of TPD

are important to the performance of current and future direct-drive experiments.

3.2 Simulation Setups

We have performed a series of TPD simulations for different parameters with

OSIRIS. A typical simulation configuration is shown in Fig. 3.4. The main part

of the simulation box is filled with plasma, with a narrow vacuum region adjacent

to the left boundary where the laser enters the simulation box. The plasma has a

linear density profile with the density range approximately from 0.21nc to 0.27nc.

The detailed parameters of the simulations that will be discussed in this chapter

are listed in Table 3.1. These simulations are grouped by their density scale length.

The small-L cases have L = 25µm and the large-L cases have L = 150µm. The

large-L cases are relevant to OMEGA experiments.

The transverse box sizes are chosen such that they can resolve the smallest k⊥

predicted by the linear theories [Simon et al., 1983; Afeyan and Williams, 1997a].

The grid size is comparable to the Debye length. For both large and small-L cases,

the laser comes from the left boundary (x = 0) as a plane wave and polarized in

the y-direction. The rise time are 100/ω0 (large-L) and 6.28/ω0 (small-L).

Periodic boundary conditions (BC) are used for both fields and particles in the

transverse (y) direction. For the longitudinal (x) direction, open (non-reflection)

BC’s are used for fields and thermal bath BC’s for particles. The thermal bath

BC is a modified reflecting BC. Any particle hitting a thermal bath boundary will
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Table 3.1: Detailed parameters of several PIC simulations. The abbreviations

represent: Small-L H plasma (SLH); Small-L CH plasma (SLCH); Small-L Fixed

Ions (SLFI); Large-L High Intensity (LLHI); Large-L Low Intensity (LLLI) re-

spectively. The box sizes are the length×width of the boxes in both units of µm

and c/ω0. PPSC represents “Particles Per Species per Cell.”

Index SLH SLCH SLFI LLHI LLLI

I(W/cm2) 2× 1015 2× 1015 2× 1015 1× 1015 6× 1014

L(µm) 25 25 25 150 150

Te(keV) 1 1 1 2 3

Mi(me) 1836. 3410. ∞ 3410. 3410.

η 2.0 2.0 2.0 3.0 1.2

Box Size(µm2) 8.5× 8.5 10.6× 8.5 10.6× 8.5 38.2× 63.7 38.2× 42.4

(c/ω0 × c/ω0) 160× 160 200× 160 200× 160 720× 1200 720× 800

Grid 1600×1600 2000×1600 2000×1600 3600×6000 3600×4000

PPSC 100 64 64 80 100
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Figure 3.4: The schematic of the simulation setup for OSIRIS simulations.

be reflected and assigned a velocity following the Maxwell’s distribution with the

initial temperature inside the simulation box.

3.3 Importance of Ion Motions in PIC Simula-

tions on TPD

Although the ion motions are not considered in the linear TPD theories or sim-

ulations, they should not be ignored in a realistic PIC simulation as they can

significantly affect the saturation mechanism. Here we show the difference be-

tween the simulations SLCH using mobile ions and SLFI using fixed ions. In

SLCH the ion massMi = 3410me corresponds to a CH plasma. The energy of the

longitudinal electric field (Ex) as a function of time is plotted in Fig. 3.5. Since the

laser is normal-incident and polarized in the y direction, the longitudinal electric

energy εx is mostly due to the plasma waves generated through TPD. The growing

stage of SLFI is much longer than that of SLCH, and εx in SLFI is one order of
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magnitude larger than that in SLCH. Since the background density profile does

not change in the simulation with fixed ions, the absolute modes are expected to

grow until they are limited by the kinetic mechanism of wave breaking [Coffey,

1971]. In addition, the spectra of plasma waves are substantially different in these

two simulations. In Fig. 3.6 we show the Ex fields after the saturation points in

these two simulations. SLCH has a much broader Ex spectrum than SLFI. This is

expected due to the coupling between the plasma waves to the ion-acoustic waves

and is further discussed in Chapter 4.

Figure 3.5: The time evolutions of Ex energy for the PIC simulations SLCH and

SLFI in Table 3.1.

Therefore, the ion motions play an essential role in TPD simulations by limiting

the amplitude and broadening the spectrum of the plasma waves. The ion density

cavitation and Langmuir decay were found as a saturation mechanism for different

LPIs [Russell et al., 1986; Vu et al., 2002]. Mobile ions are always used in OMEGA-

relevant simulations where realistic modeling on laser absorption and hot electron
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Figure 3.6: The Ex fields and spectra at t = 31112.40/ω0 in PIC simulations SLFI

((a) and (b)) and SLCH ((c) and (d)) in Table. 3.1.

generation is needed.

3.4 Convective Modes’ Domination and Pump

Depletion in Large η Cases

The Rosenbluth gain is found to be proportional to the threshold parameter η

according to the formula (2.27) in Chapter 2

πΛ ≈ 2.15(1− 0.00881TkeV − 0.0470TkeV k̃
2
⊥)η.

So the convective modes are more significant in the cases with large η. The

simulation LLHI (Large-L High Intensity) in Table. 3.1 is designed to study the
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growth of TPD modes in a well-above-threshold regime (I = 1 × 1015W/cm2,

L = 150µm, Te = 2keV ) relevant to OMEGA experiments. LTS fluid simulations

with the same parameters are also carried out to help understanding the evolution

of TPD modes in the linear stage. Two types of initial density perturbations npi

are used in the fluid simulations: a δ-function perturbation, and a uniform random

perturbation.

The results for LLHI simulation are shown in Fig. 3.7. According to the linear

theories [Simon et al., 1983; Afeyan and Williams, 1997a], the absolute modes have

k⊥ < 0.2−0.3ω0/c and the dominant mode is at k⊥ ≈ 0.1ω0/c for LLHI. However,

the PIC simulation shows a broader spectrum with the cutoff moved to 1.4ω0/c

(Fig. 3.7 a and c) due to the growth of the convective modes. The growth-rate

curves and spectrum from the fluid simulation are shown in Figs. 3.7(a and d) for

comparison. When perturbed by a uniform random noise, the high-k⊥ convective

modes can also grow at the early stage of the fluid simulation and their growth

rates are comparable to those of the absolute modes. The spectra from these

two simulations have the similar “horseshoe” shape in the ky − x space with all

modes observed falling on the maximum-growth-rate hyperbola for TPD [Kruer,

2003]. The larger k⊥ modes are located in the lower-n0 region (Figs. 3.7 c and d).

The main difference between the spectra in the PIC and fluid simulations is the

relative strength of the absolute and convective modes. In the fluid simulation,

the absolute modes are stronger as predicted by the theories, while in the PIC

simulation there are no obviously dominant modes.

The PIC simulation shows a smaller growth rate for the absolute modes which

are located in the small-k⊥ region than that predicted by the theories. This is

due to pump depletion caused by the larger-k⊥ modes in the lower n0 region.

The maximum amplitude of the plasma waves in the low density region is Ex ≈

0.04mecω0/e, larger than the amplitude of the laser E field. We can estimate the

actual laser intensity around the n0 = 0.25nc surface by measuring the Bz field.
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Figure 3.7: (a) and (b): Comparison of TPD growth rates for the LLHI (a) and

the SLH (b) cases. Solid line: PIC simulation; solid circle: LTS simulation seeded

with uniform random initial perturbation; open circle: LTS simulation seeded

with δ−function initial perturbation; solid triangle: linear theory (Ref.[Simon

et al., 1983]); square: linear theory (Ref.[Afeyan and Williams, 1997a]). (c) and

(d): Spectrum in the n0(x)− ky space for Ex in the PIC simulation (c) and ϕ in

the LTS simulation (d) of the LLHI case.

When t = 3535/ω0, at x = 450c/ω0 where n0 = 0.25nc, the magnitude of Bz =

0.007mecω0/e, corresponding to I = 7 × 1014W/cm2. If we calculate the growth

rate based on this intensity, the maximum growth rate for low-k⊥ modes would
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be 7.5× 10−4ω0, which agrees well with that measured from the PIC simulation.

In contrast, for the SLH simulation with L = 25µm, there is less growth

in the large-k⊥ modes due to a smaller η (=2), less pump depletion and better

agreement in the growth-rate curves (Fig. 3.7 b). Another possible reason for less

pump depletion is that the laser travels a shorter distance with L = 25µm than

L = 150µm thus it is less absorbed along the path.

The high-k⊥ modes for LLHI are convective modes that saturate at the convec-

tive limit while the low-k⊥ absolute modes continue to grow. However, in the PIC

simulations, nonlinear effects end the linear growth of both the convective and

absolute modes well before the convective limit is reached. For the k⊥ = 0.75ω0/c

mode in the LLHI simulation, the gain is about ∼ 28 when it saturates while the

convective gain is ∼ 130. (The gain is calculated using the measured initial noise

level, which is about the same as that in a 2 keV plasma.) The high-k⊥ modes

are energetically dominant in both the linear and nonlinear stages in the LLHL

simulation. Figure 3.8 shows the integrated longitudinal electric energy versus

k⊥ at three time points. Growing from the flat noise perturbation, the energy

of convective modes is much larger than the absolute modes in the linear stage.

Then after saturation, a broad spectrum is formed and the energy distribution

versus k⊥ becomes flat.

3.5 Correlation of saturation with ion density

fluctuations

The main saturation mechanism for both absolute and convective modes in the

PIC simulations is the ion density fluctuations [Langdon et al., 1979]. In these

simulations, only a small modification of the average density profile is observed.

For LLHI with immobile ions, the convective modes can grow to the convective
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Figure 3.8: (a) Evolution of Ex energy in the PIC simulation Case LLHI. (b) The

Ex energy distribution in the k⊥ space at three different times marked by the

circles in (a).
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Figure 3.9: The correlation of integrated Ex energy in the entire simulation box

and the ion density fluctuation at n0 = 0.245nc for the SLH case.

limit and their subsequent peak-splitting has been observed. Figure 3.9 plots

the evolution of εx, integrated in the entire simulation box, and the ion density

fluctuation δn/n0 at n0 = 0.245nc for the SLH simulation, showing a clear corre-

lation between the two. The recurrence of TPD was also observed by Langdon et

al.[Langdon et al., 1979].

Quantitatively, the driving of δn is found to follow the ion-acoustic equation,

with the ponderomotive pressure of the plasma waves as the driver,

(∂2t − C2
s∇2)δn = ∇2|Eenv|2/16πMi, (3.1)

where C2
s = (ZTe + 3Ti)/Mi is the sound speed, and Eenv is the electric field

envelope, time-averaged over the plasma frequency ω0/2. For the SLH simulation,

we have taken a time series of E from the PIC simulation to obtain Eenv at regular

intervals. We approximate ∇2 in the ion-acoustic equation by ∂2/∂y2 since the
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Figure 3.10: Comparison of δn (k⊥ = 1.2ω0/c) at n0 = 0.247nc predicted by the

ion-acoustic equation and measured from the PIC for the SLH case.

spatial variation in the y-direction is much larger than in the x-direction close to

saturation. We then solve the equation for individual k⊥ modes. For the largest

δn observed in the PIC simulation, located at n0 = 0.247nc, the strongest modes

agree well with δn predicted by the ion-acoustic model. Figure 3.10 is a plot

comparing the time evolution of δn between the ion acoustic solution and the PIC

simulation result for the strongest mode at k⊥ = 1.2ω0/c, which is driven by the

plasmons at k⊥ = 0.6ω0/c.

3.6 A Saturation Model for TPD Due to Ion

Density fluctuations

The linear TPD growth eventually saturates by nonlinearities since the amplitudes

of plasma waves cannot go to infinity. The saturation mechanism of TPD is a very

important topic related to ICF experiments. The target preheating due to hot
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electrons depends on the amplitude of the plasma waves due to TPD. It has been

observed that the ion motions play a critical role in saturating TPD. There are

several saturation mechanisms linked to δn. The ion density perturbations can act

as stationary scattering centers upon which the plasmons scatter and up-shift in

k to ranges where Landau damping is effective[Langdon et al., 1979]. The density

perturbations can also interact as (ion acoustic) waves with the plasmons exciting

Langmuir wave turbulence[DuBois et al., 1995; Goldman, 1984]. Both mechanisms

introduce effective energy sinks to the plasmon growth. However, energy sinks

alone can only stop the growth and would leave the level of εx constant. The

decaying phases of εx in Fig. 3.9 indicate that significant δn should also turn off

the plasmon growth. How exactly δn turns off TPD had been an open question.

Much nonlinear physics can be involved in the TPD saturation process, es-

pecially when broad-k-spectrum plasma waves and ion waves are present. The

nonlinear physics includes ion motions coupled with plasma waves, laser pump

depletion, and hot electron generation. They will be discussed in Chapter 4 of

this paper. However, the initial saturation point, when TPD starts to saturate

from its linear stage, can be modeled with the fluid equations and LTS.

At the initial saturation point in our PIC simulations, the ion density fluctu-

ations usually have a pattern that the spatial variation in the y direction is much

larger than in the x direction (See Fig. 3.11). We have developed a model to study

the influence of the ion density fluctuations on TPD with the approximation that

the variation of the ion density fluctuations in x direction is negligible. The ion

density fluctuations are treated as a static modulation on top of the linear density

profile and they are found to couple otherwise independent TPD modes and can

saturate those modes. The equations as the starting point are modified from Eq.
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Figure 3.11: The pattern of the ion density fluctuation in the PIC simulation Case

SLH at the saturation time. The spatial variation in the y direction is much larger

than in the x direction.

(2.1-2.3):

∂

∂t
ψ = ϕ− 3v2e

np
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∂ψ
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, (3.2)
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∂y
, (3.3)

(
∂2

∂x2
+

∂2

∂y2
)ϕ = np. (3.4)

where ns = ns(y) is the static ion density fluctuation added on the linear density

profile n0 = n0(x). Assume ns a single harmonic density fluctuation with the wave

vector ks in the y direction, that is,

ns =
1

2
(n̄se

iksy + n̄∗
se

−iksy), (3.5)

without loss of generality, ky is assumed to be a positive real number. Define

Fourier Transform as ψ̂(kx, ky, ω) =
∫
ψ exp[i(kxx + kyy − ωt)]dxdydt. Applying
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Fourier transform in y direction, we obtain

[
∂

∂t
− ikyv0]ψ̂
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n0
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3v2e
2n0
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(
∂2

∂x2
− k2y)ϕ̂ = n̂p. (3.8)

We express each variable Q̂, i.e., ψ̂, ϕ̂, or n̂p, in terms of two well-defined

daughter waves

Q̂(x, ky, t) = Q1(x, t) exp[−iω1t+ i

∫ x

0

kx1(x
′)dx′]

+Q∗
2(x, t) exp[iω2t− i

∫ x

0

kx2(x
′)dx′]

≡ Q1 exp[iA1] +Q∗
2 exp[−iA2], (3.9)

where A1 ≡ −ω1t +
∫ x

0
kx1(x

′)dx′ and A2 ≡ −ω2t +
∫ x

0
kx2(x

′)dx′ are defined for

notational convenience. Similarly, define A0 ≡ −ω0t + k0x, so the laser field can

be written as

v0(x, t) =
1

2
[v̄0e

i(−ω0t+k0x) + v̄∗0e
i(ω0t−k0x)] ≡ 1

2
[v̄0e
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−iA0 ]. (3.10)

Also define the “satellite” quantities evaluated at ky ± ks as Q̂
+ ≡ Q̂(ky + ks) and

Q̂− ≡ Q̂(ky − ks).
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The derivatives of Q̂ are calculated retaining up to 1st order quantities:
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Substitute into Eqs. (3.6-3.8), Eq. (3.6) yields
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Eq. (3.7) yields
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and Eq. (3.8) becomes
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Note that Eqs. (3.14-3.19) are similar to Eqs. (2.12-2.17) but with extra terms.

Now define these terms as
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and follow the similar steps as in Sec. 2.5, we obtain the modified three-wave

equations
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0
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2iω2

P2 −
1

2k22
S2. (3.25)

P1,2 and S1,2 are at most 1st order small quantities since they all include a small

coefficient n̄s. Therefore, the amplitude of the satellite waves needs to be of the

same order as the primary waves. However, from the spectrum illustrated in Fig.

3.12, the only satellites (with the perpendicular wave vector ksat) resonant at the

same x location are those satisfying ksat = ky − ks ≈ −ky. Other satellites modes

are off-resonant and are treated as higher-order small quantities; they are not be

included in Eq. (3.24) and (3.25). Therefore, the symmetric modes with ±ky will

be coupled by the ion density fluctuation with ks = 2ky.
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Figure 3.12: Schematic of coupled plasma waves due to transverse ion density

fluctuations. ϕ1,2 and ϕ−
1,2 are the two pairs of plasma waves coupled due to the

transverse ion density fluctuation.

Evaluate Eqs. (3.24) and (3.25) at ±ky and neglect off-resonant terms, the

following coupled “Four-plasmon” equations can be obtained.
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where
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In a homogeneous plasma, ∂/∂x→ 0, g1,2 = 0, Eqs. (3.26-3.29) reduce to

γϕ1 = iα1n̄
∗
sϕ

−
1 + Γ1ϕ

∗
2, (3.36)

γϕ∗
2 = −iα2n̄

∗
sϕ

−∗
2 + Γ2ϕ1, (3.37)

γϕ−
1 = iα1n̄sϕ1 − Γ1ϕ

−∗
2 , (3.38)

γϕ−∗
2 = −iα2n̄sϕ

∗
2 − Γ2ϕ

−
1 . (3.39)

The dispersion relation (D.R.) can then be obtained:

(γ2 − Γ1Γ2 − α1α2|n̄s|2)2 + γ2|n̄s|2(α1 + α2)
2 = 0, (3.40)

where |n̄s|2 = n̄sn̄
∗
s. When δn ≡ |n̄s| = 0, the dispersion relation reduces to the

D.R. in a homogeneous plasma γ2 = Γ1Γ2, consistent with Eq. (2.24).

The solution of D.R. (3.40) shows that for a certain kx, γ decreases as δn

increases. There is a threshold δn beyond which γ stays 0. As δn becomes larger,

the modes in a larger range of kx are suppressed, shown in Fig. 3.13.

The evolution of TPD with ion density fluctuations is studied with LTS sim-

ulations. The suppression of certain TPD modes due to transverse ion density

fluctuations is shown in Fig. 3.14. In this simulation, a homogeneous plasma with
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Figure 3.13: The dispersion relation of the coupled four-plasmon model for the

simulation parameters: I = 1× 1015W/cm2, Te = 2keV . (a) The growth rates of

the modes with k⊥ = 0.5ω0/c and different kx change with the amplitude of the

ion density fluctuation δn; (b) The line out of (a) at kx = 1.1ω0/c.

n0 = 0.241nc and Te = 2keV is used. The laser intensity is I = 1 × 1015W/cm2.

The spectrum of ion density perturbation np without δn (Fig. 3.14(a))is located

on the Maximum-growth-rate hyperbola. Then single-harmonic transverse ion

density fluctuations with different ks and δn are applied separately. Here we
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present the simulation results with two different ion density fluctuations: in Fig.

3.14(b) ks = 1.0ω0/c, δn = 0.6%n0, and in Fig. 3.14(c) ks = 0.9ω0/c, δn = 3%n0.

The modes with ky ≈ ks/2 decrease, marked by circles in 3.14(b) and 3.14(c). For

a larger δn, more modes are suppressed, as shown in 3.14(c). This is consistent

with the dispersion relation.

The dispersion relation cannot be easily obtained in an inhomogeneous plasma.

We therefore study the influence of ion density fluctuations to TPD in an inhomo-

geneous plasma using simulations. LTS simulations have shown that if δn is large

enough, TPD will be suppressed, see Fig. 3.15. Figure 3.15(a) is the spectrum

without any ion density fluctuation. Introducing transverse ion density fluctua-

tion with ks = 0.15ω0/c, δn = 6%n0 (Fig. 3.15(b)) suppresses the TPD modes

located within the perturbed region as shown in Fig. 3.15(c).

However, a significant difference exists between a homogeneous and inhomo-

geneous plasma. If the δn in an inhomogeneous plasma is not strong enough, it

may locally induce new absolute TPD modes. This phenomenon will be further

discussed in Chapter 4.

3.7 Marginal Unstable Cases

Since the convective gain is proportional to η as shown in Eq. (2.27), the con-

vective modes have less growth in small-η simulations than in large-η simulations.

In these marginal unstable cases, the laser absorption caused by the convective

modes is expected to be much weaker than in the large-η cases. Therefore, the ab-

solute TPD modes can develop and become the dominant modes with less pump

depletions.

In addition to the pure TPD modes, mixed modes of TPD and Raman can

also grow in the region with very small k⊥ in small-η cases. These modes are usu-

ally called the High-Frequency Hybrid Instability (HFHI) [Afeyan and Williams,
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Figure 3.14: The spectra of np from LTS simulations in a homogeneous plasma

with the parameter: I = 1 × 1015W/cm2, Te = 2keV , and n0 = 0.241nc, (a)

without ion density fluctuations; (b) with ion density fluctuation δn = 0.6%n0,

ks = 1.0; and (c) with ion density fluctuation δn = 3%n0, ks = 0.9.

1997b] modes. In Fig. 3.16 the Ex spectra for two different η are plotted, η = 3

for the LLHI and η = 1.2 for the LLLI simulations. The absolute TPD modes and

HFHI modes located at the small-k⊥ (and higher-density) region grow significantly

in the η = 1.2 simulation. We attribute these to less pump depletion caused by

the absence of convective TPD modes located in the large-k⊥ (and lower-density)

region.

3.8 Summary

In this chapter we have explored the growth and saturation of both absolute

and convective TPD modes in PIC simulations. The relative importance of the

convective modes is found depending on the threshold parameter η. For larger-η
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Figure 3.15: Suppression of TPD modes due to transverse ion density fluc-

tuations in an inhomogeneous-plasma LTS simulation with parameters: I =

1 × 1015W/cm2, Te = 2keV , and L = 150µm. (a) The spectrum without any

ion density fluctuation. (b) The transverse ion density fluctuation ks = 0.15ω0/c,

δn = 6%n0 applied to the background density. (c) The spectrum with the trans-

verse ion density fluctuation in (b).

simulations, the convective modes can be energetically dominant and can cause

larger pump depletion which reduces the growth of the absolute modes located
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Figure 3.16: The spectra of Ex field at t = 5656/ω0 in the PIC simulations (a)

Case LLHI (η = 3) and (b) Case LLLI (η = 1.2).

in the higher density region. In small-η simulations where the pump depletion is

weak, significant growth of the low-k⊥ absolute TPD modes as well as the high

frequency hybrid modes is observed.

The PIC simulations show that the convective modes, as well as the absolute

modes, saturate due to ion density perturbations, driven by the plasmon pondero-

motive force, before reaching the limit set by convection. Ion density fluctuations

are found to detune and suppress the original TPD modes via wave coupling in

addition to providing energy sinks by scattering the plasma waves to larger k

where they get Landau damped.

Although the relative importance of the convective modes in the linear stage

can be different in large and small - η cases, the long-term nonlinear stage of TPD

does not show much difference. This will be further discussed in Chapter 4.
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4 The Quasi-steady State and

Hot Electron Generation of

TPD

4.1 Introduction

The most important concern on TPD is its preheating threat due to hot electron

generation. For the current direct-drive experimental parameters, the linear stage

of TPD only lasts about 1-2 ps [Yan et al., 2009] (and also discussed in Chapter 3).

However, the duration of the peak laser intensity in the experiments is on the order

of ns. This means that laser absorption and hot electron generation, quantities

critical to the implosion and measured in the experiments, are determined mostly

by the nonlinear properties of TPD. The nonlinear stage involves physics, i. e.,

ion dynamics, secondary decays, laser absorption, and electron acceleration, that

is not included in the linear theory.

Nonlinear fluid models based on the Zakharov equations were used to study

the long-time evolution of TPD, especially the nonlinear saturation due to ion

dynamics and secondary instabilities [DuBois et al., 1995; Russell and DuBois,

2001; Vu et al., 2010; Myatt et al., 2011; Vu et al., 2011]. However, electron

acceleration and the consequent laser absorption are intrinsically kinetic physics.
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They are best studied with particle simulations. In this chapter, we present our

PIC simulations that follow the TPD evolution in the long-L regime from linear

growth to saturation to a nonlinear steady state where the absorbed laser energy

flux is balanced by the TPD-generated hot electron flux leaving the box. These

simulations find that significant hot electrons are generated in the nonlinear stage,

not in the linear stage, by a series of new modes from the low-density regions to

the high-density regions in a staged manner. Combined the PIC simulations with

fluid simulations with an ion density profile that includes density fluctuations,

we determine the new modes are TPD modes that are driven by ion density

fluctuations and not present in the linear regime. The new modes in the low

density region have low phase velocities that allow effective acceleration of thermal

electrons.

The main hot electron generation mechanism in plasma waves with amplitudes

below the wave-breaking limit [Coffey, 1971] is Landau damping [Landau, 1946].

However, usually the wave phase velocity is much larger than the thermal velocity

of a plasma, which means that the resonant electrons are located in the tail of

the Maxwellian distribution. Therefore, only a very small fraction of the electrons

can be accelerated in a plasma wave with a large phase velocity.

When the amplitude of electric fields is large enough, The plasma waves can

undergo wave breaking [Dawson, 1959; Coffey, 1971] is involved. This phenomenon

can be understood in the following way: when the electron oscillation velocity is

larger than the phase velocity of the wave, electrons will try to go beyond the wave

front and thus distort the wave front. Eventually the wave breaking happens.

Wave breaking is the main saturation mechanism for TPD in the immobile

ion PIC simulations where magnitudes of plasma waves are large (see Fig. 3.5

in Chapter 3) and huge amount of hot electrons can be produced through this

process. However, in realistic PIC simulations with mobile ions, the amplitude

of plasma waves is well below the wave-breaking limit except for the modes with



70

large k.

4.2 Simulation Configurations and Diagnostics

We have performed a series of TPD simulations with parameters relevant to

OMEGA experiments with OSIRIS [Fonseca et al., 2002]. A typical simulation

box is 38µm × 42µm with a grid of 3600×4000. 100 particles per cell are used

for each species (electrons and ions). The ion mass Mi/(Zme) = 3410 represents

a fully ionized CH plasma (Z is the ion ionization state and me is the electron

mass). A linear density profile with the typical density scale length at the quarter-

critical surface L = 150µm is used. The electron density goes from 0.210nc to

0.273nc with a 0.53µm vacuum region to the left of the n0 = 0.210nc surface.

The electron temperature is Te = 3keV and the ion temperature Ti = 1.5keV .

A λ = 1/3 − µm, y−polarized laser pulse is launched from the left boundary

with intensities ranging from 3 × 1014W/cm2 to 1 × 1015W/cm2. The pulse has

a rise time of 300/ω0 and is kept constant hereafter. In Table 4.1 the detailed

parameters are listed for 4 runs, along with their corresponding TPD threshold

parameter η = (LµλµI14/TkeV )/81.86 [Simon et al., 1983]. The laser is a plane

wave for all cases listed in Table 4.1.

Periodic boundary conditions (BC) are used for both fields and particles in the

transverse (y) direction. For the longitudinal (x) direction, open (non-reflection)

BC’s for the fields and thermal bath BC’s for the particles are used. Any parti-

cle reaching the thermal boundaries is reflected with a new velocity following a

Maxwellian distribution of the initial temperature. A particle diagnostic records

the energy change for every electrons reflected at the thermal boundaries. For the

forward-going particles that reach the right boundary their energy distribution is

also recorded.
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Index Max I14 Run time (ps) αall αhot η

i 3 4 0 0 0.6

ii 6 10 42% 17% 1.2

iii 8 6 39% 15% 1.6

iv 4 8 29% 7% 0.8

Table 4.1: Parameters and hot electron generation in three PIC simulations. All

of the three simulations have Te = 3keV , Ti = 1.5keV , and L = 150µm. I14 is the

laser intensity in 1014W/cm2. αhot is the steady-state fraction of the laser energy

carried by the 50keV electrons reaching the right boundary. αall is the fraction

carried by all electrons reaching both the right and left boundaries. η is the TPD

threshold parameter defined in Ref.[11]

4.3 Laser Absorption and Hot Electron Produc-

tion

For the simulation with η = 0.6 (Case i), no parametric instabilities or electron

heating are observed. In all η > 1 runs, TPD growth, saturation and hot-electron

generation are observed. Generally, the TPD evolutions in the PIC simulations

for OMEGA-relevant parameters have three consecutive stages: linear stage, sat-

uration, and quasi-steady state. We use the η = 1.2 run (Case ii) to illustrate

the general behavior of the η > 1 runs. Figure 4.1 shows the time evolutions

of the longitudinal electric field energy ϵx in the simulation box and the rate of

electron energy loss through each thermal boundaries in Case ii. ϵx first grows

exponentially in the linear stage, then saturates and reaches a quasi-steady state.

In the quasi-steady state (approximately after t ∼ 5 ps), the electron energy loss

rates through both thermal boundaries are constant, with more electron energy

lost through the right. Also in the quasi-steady state the absorbed laser energy is
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balanced by the energy exchange through the thermal boundaries and the total

energy in the simulation box stays essentially the same.

Figure 4.1: Simulation results of Case ii in Table 4.1: (a) The time evolution of

the Ex energy εx. (b) The net energy flux through the right boundary. (c) The

net energy flux through the left boundary.

In the quasi-steady state, the instantaneous laser absorption can be defined as

αtotal =
Sum of net electron energy fluxes through thermal boundaries

incident laser energy flux
. (4.1)

The energy absorbed by ions, which is very small, is neglected. Similarly, the

absorption due to the forward-moving hot electrons (> 50keV ) is defined as

αhot =
energy flux through the right boundary carried by hot (> 50keV ) e-

incident laser energy flux
.(4.2)

The absorptions listed in Table 4.1 are calculated with Eqs. (4.1) and (4.2). αhot

is useful to estimate the preheating risk due to hot electrons.
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The hot electrons are generated mainly in the nonlinear stage. The net electron

energy flux reaching the right boundary in different electron energy groups are

plotted at three different times in Fig. 4.2. The fluxes are normalized to the

incident laser energy flux. The net energy flux subtracts the reflected thermal

(T = 3 keV) electron energy flux, which affects only the first three energy bins

(E < 10 keV). At 2 ps, when TPD is still in the linear stage, few electrons reached

the right boundary are hot. Hot electrons starts to appear after saturation (t = 4

ps) and their amount is significantly higher in the quasi-steady state (9.9ps). The

steady-state hot electron energy flux is 17% of the incident-laser-energy flux and

contributes to 70% of the total forward electron energy flux. The distribution

of the hot electrons in the py − px space shows that most hot electrons move

forward with spread angles ≤ 45 deg [Fig. 4.3]. The forward-moving hot electrons

increase the risk of target preheating. Significant hot electron generation occur

for all η > 1 cases (Table 4.1). The absorption fraction is not sensitive to η once

η > 1, which implies that the linear phase of the TPD instability basically does

not affect the absorption in the quasi-steady state.

The distributions of hot electrons (> 50keV ) at the quasi-steady states can be

fitted to two temperatures [Fig. 4.4]. The bulk hot electrons have the temperature

50-60 keV when η > 1 and this temperature is not sensitive to the laser intensity.

There exists an ultra-hot tail in the distribution. This tail represents a very high

temperature if fitted to Maxwellian (153keV in Case ii and 140keV in Case iii).

However, the number of electrons at this temperature is few, and is mostly caused

by the transverse recycling of the electrons in the PIC simulation. Given the

periodic boundary conditions in the transverse direction, some hot electrons may

travel cross the boundary many times and gain energy in the LPI region.
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Figure 4.2: Distribution of the net electron energy flux through the right boundary

at three different times in the simulation of Case ii.

4.4 Staged Electron Acceleration Mechanism in

the Nonlinear TPD Stage

A staged acceleration mechanism for electrons may work when plasma waves with

different phase velocities coexist. The plasma wave with a smaller phase velocity

may provide the first acceleration stage and the electrons accelerated by this wave

may be further accelerated by other plasma waves with a larger phase velocity.

This process is illustrated in Fig. 4.5. Such a process was demonstrated in the

simulations of Raman scattering where the plasma waves generated via backward

and forward Raman scattering have different phase velocities [Bertrand et al.,

1994]. The staged acceleration mechanism can help explaining the hot electron

production during the nonlinear stage of our PIC simulations of TPD when a

broad spectrum of plasma waves is formed.
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Figure 4.3: Electrons (> 50kev) distribution in the simulation box of Case ii in

py − px space at t = 2ps and t = 9.9ps.
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Figure 4.4: The distribution of electrons (> 50kev) in the quasi-steady states of

Case ii and iii, fitted to two-Maxwellian distributions.
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Figure 4.5: An electron being accelerated by three consecutive plasma waves with

different phase velocities. The wave vector k of the plasma waves decreases from

left to right thus the phase velocities increase from left to right. The electron may

be able to be trapped in these three waves consecutively and accelerated up to

the phase velocity of the plasma wave at the right.

The plasma waves generated in the linear and nonlinear stages have different

phase velocities. In the linear stage, the Ex spectrum has a regular “horseshoe”

shape in the ky − x space [Yan et al., 2009], shown in Fig. 4.6 (a). The dominant

modes have small ky and are located near the 1/4-critical-density surface. In

addition to the TPD modes, high-frequency hybrid instabilities (HFHI) [Afeyan

and Williams, 1997a] with ky smaller than the TPD cutoff ky ≈ 0.04ω0/c also

grow, with growth rates higher than the TPD modes, near the 1/4-critical-density

surface. In the kx − x spectrum [Fig. 4.6 (c)], obtained by applying FFT piece-

wisely along x, the forward- and backward-propagating plasmons, which have

the same ky, can be separated. The forward-propagating plasmons have larger

kx’s and larger amplitudes. The phase-velocities vph of the forward-propagating

plasmons, from either TPD or HFHI, are ∼ 0.55c. The amplitudes of these

plasma waves are well below the wave-breaking limit [Coffey, 1971] throughout

the simulation and can only effectively couple to the electrons of energies close

to 77keV . There are too few electrons with this energy in a 3 keV plasma. This

means that the modes of the highest linear growth rates, either TPD or HFHI
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modes, cannot effectively generate hot electrons on their own.

In the nonlinear stage, the electric field spectra become much broader in both

x- and k-spaces and new modes located in the lower density region develop [Figs.

4.6 (b) and (d)]. The modes near the 1/4-critical-density surface are no longer

dominant, instead the energy is broadly distributed in a large density region with

densities as low as n ∼ 0.22nc (x = 150c/ω0). The modes with the largest k’s

are forward-propagating plasma waves in the low density region. These large-k

modes have small phase velocities, with mevph/2 ≈ 25keV at x = 150c/ω0, and

can thus trap thermal electrons more easily and initiate the acceleration.

We adapted the formula for the wave-breaking limit from Ref. [Coffey, 1971],

in which a water-bag distribution is used to describe a plasma having a finite

temperature. Define ζ = 3v2e/v
2
ph, where vph is the phase velocity of the plasma

wave. The maximum amplitude is given as [Coffey, 1971]:

EWB =

√
(1− 1

3
ζ − 8

3
ζ1/4 + 2ζ1/2)(4πn0mev2ph). (4.3)

Note that higher k modes have lower wave-breaking limits. The stead-state wave

amplitude at kx = 1.5ω0/c is close to the warm plasma wave-breaking limit EWB =

0.038meω0c/e [Coffey, 1971] but no evidence for wave-breaking has been found in

our simulations.

Once the electrons are accelerated by the low phase velocity waves, they can be

further accelerated by the waves with higher phase velocities in the higher density

region. The px−x phase space distribution of the hot electrons [Fig. 4.6(e), also in

Ref. [Yan et al., 2011]] shows that the maximum longitudinal momentum px of the

hot electrons increases from smaller x to larger x (indicated by the arrow), all the

way to the 1/4nc−surface. This is evidence of staged acceleration in the forward

direction. Since the waves involved in this staged-acceleration are all forward-

propagating, only the forward-moving electrons can be accelerated. Figure 4.3

and 4.6(e) show much more forward-moving hot electrons than backward-moving
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Figure 4.6: Simulation results of Case ii. PIC Ex spectrum in ky - x space at

(a)t = 1.5ps and (b)t = 9.8ps; PIC Ex spectrum in kx - x space PIC at (c)t =

1.5ps and (d)t = 9.8ps; (e) Distribution of hot electrons (> 50keV ) in px - x

space at t = 9.8ps; (f) Ex spectrum in kx - x space from a fluid simulation. The

1/4-critical-density surfaces are marked with blue dashed lines.
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ones.

The new modes developed in the nonlinear stage are correlated to the ion

density fluctuations driven by the ponderomotive force of the plasma waves. The

linear stage ends when the plasma waves, first developed near the 1/4nc surface

due to the absolute instability, start to drive ion density fluctuations [Yan et al.,

2009] and propagate toward the low density region. Figure 4.7 plots y-averaged

longitudinal electric field energy < E2
x > and the ion density fluctuation δn in

the x− t plane. The regions of < E2
x > and δn developments are both spreading

toward smaller-x with the same velocity vg and with < E2
x > leading δn in time.

Near the Landau cutoff the group velocity of the plasma waves vg = 0.013c is much

larger than the ion acoustic velocity. When the plasma waves excited at larger

densities propagate to a lower densities, they drive δn, which in turn induces

new plasma waves locally to sustain the < E2
x > and δn activities shown in

Fig. 4.7. Both < E2
x > and δn reach a quasi-steady state when the new modes

start to generate significant amount of hot electrons in the staged-acceleration

mechanism. The properties of the new-developed modes in the low density region

are different from the linear convective modes that take place in a plasma with

an unperturbed linear density profile. The convective modes will propagate away

from their place of origin, while these new modes stay in the same location where

they are generated and are coupled with the ion density fluctuations.

To further identify the nature of the new modes induced by the ion density

fluctuations, we have performed simulations with our fluid code LTS [Yan et al.,

2010] to investigate TPD growth in the presence of the ion density fluctuations.

The equilibrium background density n in Eqs. (2.1) and (2.2) is modified to

include the fluctuations, n = n0+δn, where n0 is still the linear density profile and

δn is the steady state density fluctuations taken from a PIC simulation with the

same equilibrium parameters. Except for a static δn, no other nonlinear physics,

such as hot electron generation, laser pump depletion, or new δn driven by the
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Figure 4.7: Time evolution of (a) < E2
x > and (b) ion density fluctuations in Case

ii.

plasma waves, is included. In the fluid simulations the instability grows without

saturation. The fluid simulation for Case ii produces a similar-shaped spectrum

[Fig. 4.6(f)] as the PIC simulation [Fig. 4.6 (d)]. The relative amplitudes of

the modes in the two branches are different in the two simulations. In the PIC

simulation, the branch of the larger-kx modes (forward-propagating plasma waves)

are apparently weaker than the smaller-kx branch. A likely cause is that forward-

propagating modes participate in the staged-acceleration of the hot electrons and

become pump-depleted. The fluid simulation does not include physics and the

two branches have roughly the same amplitude. That similar modes are produced

from a TPD code indicates that the new nonlinear modes observed in the PIC

simulations are of TPD type, not Raman-type.

Case ii and iii in Table 2.1 have 15-17% of the laser energy flux converts to

hot electrons in the state steady. Assuming an average hot electron energy of

75 keV, it requires 0.02% of the electrons to be accelerated to this energy for a

15% hot electron conversion rate. Electrons with thermal velocities close to the

lowest plasma wave phase velocity, with velocities within vph±∆v, can participate

in the staged-acceleration. The 1D width ∆v can be defined by a de-phasing
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length Ldp through ∆v/vph = π/(kLdp), where k is the wave number. Taking

k = 1.7,mev
2
ph/2 = 25keV, Ldp = 10c/ω0 and Te = 3 keV, the fraction of the

electron that can participate in the staged-acceleration is estimated to be 0.02%,

in agreement with the conversion rate.

To efficiently form a staged-acceleration chain, electrons need to be contin-

uously trapped by the plasma waves along their traces. An estimate of the re-

quired E field amplitude in the 1D case can be given by dv/dx ≥ dvph/dx ≈

(−ω/k2)dk/dx for an electron energy of ε = mev
2/2,

dϵ

dx
= mev

dv

dx
= Ee, (4.4)

and
dk

dx
= −4πe2/me

6v2ek

dn

dx
= −

ω2
p

6v2ek

1

L
, (4.5)

we obtain
Ee

mecω0

≥ (
c

ve
)2
ω4
p

k4c4
1

πLµm

. (4.6)

If we take ωp ≈ ω0/2, k = 1.5ω0/c, E ≥ 0.004mecω0/e. The observed amplitude

of Ex in the PIC simulation Case ii is ∼ 0.03mecω0/e, well above the required

amplitude. This shows that the electrons can be staged accelerated.

For higher-η cases, convective modes with large-ky can develop in the low den-

sity region in the linear stage and may even cause pump-depletion for the modes

near the 1/4nc-surface [Yan et al., 2009] (and also discussed in Chapter 3). As a

result, the ion density fluctuations there can be directly driven by the convective

modes, developing earlier than in the marginally unstable cases. However, once

the ion density fluctuations are developed, the nonlinear stages are similar, with

a broad electric-field spectrum and significant hot electron generation in a quasi-

steady state. For η just below 1, (η = 0.8 in Case iv in Table 4.1) even when

no TPD can grow initially, plasma waves can still grow from HFHI, propagate to

the low density region and induce new TPD modes that eventually lead to hot
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electron generation, similar to the scenario reported here. Understanding in de-

tail how hot electron generation depends on laser intensity, speckles, and plasma

conditions requires further research.

4.5 Influence of Speckles and Polarizations

To compare the plane-wave simulations with experiments requires extra consid-

erations. Previous measurements of TPD hot electrons in spherical implosion

experiments at the OMEGA laser facility [Boehly et al., 1997] found a hot elec-

tron conversion rate of less than 0.3% [Yaakobi et al., 2009]. There are important

differences between the experiment conditions and the simulation conditions. The

experimental conversion rate was defined using the total laser energy, not the laser

energy that reaches the 1/4nc-surface where the TPD is active. The laser beams

in OMEGA experiments are also rather different from a plane wave. In OMEGA

experiments 60 laser beams are used and these beams overlap on the surface of

the target to form a uniform illumination. More importantly, each OMEGA laser

beam consists of many speckles (where the laser intensity is higher) that have

different polarizations due to polarization smoothing [Boehly et al., 1999]. Laser

polarization within a single speckle of a 5µm spot size can also change. The

speckle structure is illustrated in Fig. 4.8.

This speckle structure can affect the staged electron acceleration. An efficient

staged-acceleration chain requires that the electrons continuously catch the phase

velocities of the plasma waves along their trajectories. Since the plasma waves

generated through TPD stay within the oscillatory plane of the laser, the hot

electrons are produced in the same plane. Therefore, the electrons accelerated in

one speckle are less likely to be further accelerated in a neighboring speckle with

a different polarization. To study how staged-acceleration quantitatively works

in such a field requires 3D simulations. But a reduced hot electron generation
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Figure 4.8: Schematic of the speckle structure (yellow spots) in the laser on the

ICF target surface (blue background) after polarization smoothing. The polar-

ization directions marked with arrows can be different between different speckles

and even within a single speckle.

is expected. Recently, new experiments on the OMEGA-EP laser facility [Kelly

et al., 2006] using 4 overlapping beams of the same polarization and planar targets

found αhot = 1 − 2%, higher than in the planar-target experiments of similar

conditions using polarization-smoothed OMEGA beams [Froula et al., 2011].

To qualitatively study the effect of the speckles on electron acceleration, we

have done a 2D simulation using parallel finite-size laser beam(s). Here we discuss

two pairs of 2D simulations listed in Table 4.2.

The PIC simulation using a single Gaussian laser beam (Case LI-Speckle in

Table 4.2) is shown in Fig. 4.9. The laser beam with a transverse spot size of

w = 4µm is located in the middle of the simulation box to mimic an isolated laser

speckle in a realistic target. The laser is polarized along the y direction. With

the periodic boundary condition, this effectively means that a neighboring speckle
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Index Max I14 Te(keV) Ti(keV) αall αhot w NO. Beams

LI-Plane 6 3 1.5 42% 17% ∞ 1

LI-Speckle 8 3 1.5 22% 5% 4µm 1

HI-Plane 10 2 2 62% 29% ∞ 1

HI-Speckle 17 2 2 60% 24% 2µm 7

Table 4.2: Parameters of the PIC simulations with the plane-wave and speckle-

beam lasers. LI represents Low Intensity and HI represents High Intensity.

with the same polarization is a box width (42µm) away. It is observed that the

region of the generated plasma waves is localized, not extending to the transverse

boundaries. This is because the plasma waves get damped while propagating

out. This simulation have shown a reduction on the hot electron generation com-

pared with the plane-wave simulation Case LI-Plane (Table 4.2). This is because

when the electrons leave the beam region (square in Fig. 4.9) they are no longer

accelerated, causing a breakdown of the staged-acceleration mechanism.

In contrast, in another simulation (Case HI-Speckle in Table. 4.2) with seven

overlapping Gaussian beams, the hot electron conversion rate does not signifi-

cantly change (from 29% to 26%). In this simulation seven narrow (w = 2µm)

beams of the same polarization but with random relative phases are put side by

side. The random relative phases are used to break the coherence between the

laser beams. The maximum intensity is chosen such that the averaged vos in

seven Gaussian laser beams is equal to vos in the plan-wave laser with the inten-

sity I = 1 × 1015W/cm2 (Case HI-Plane in Table. 4.2). In addition, there is a

randomly ∼ 10% variance between the peak intensities of each individual beam.

The geometry of these seven beams are shown in Fig. 4.10(a). The reason that

the hot electron conversion rate does not drop significantly in Case HI-Speckle

is that the plasma waves generated by each single beams overlapped with the

plasma waves generated by its neighboring beams as shown in Fig. 4.10(b). The
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x-averaged value of Bz and Ex is shown in Fig. 4.10(c). Bz essentially represents

the laser field while Ex essentially represents the plasma-wave amplitudes. The

gap between peaks for Bz is much deeper than that for Ex, which implies that the

plasma waves are more overlapped than the laser fields. The overlapped plasma

waves provide similar continuous staged-acceleration mechanism as in the plan-

wave simulations thus the absorption and the hot electron conversion rate do not

change much.

Another possible effect from speckles is due to smoothing by spectral dispersion

(SSD) [Skupsky et al., 1989; Regan et al., 2000]. SSD makes the positions of

speckles change with time. If the nonlinear phase leading to a quasi-steady state

takes 10 or more ps, SSD smoothing may start to play a role. Furthermore, speckle

propagation in the plasma may also play a role. All of these effects would reduce

the hot electron production and are interesting topics for the future research.

4.6 Summary

In this chapter a new hot-electron generation mechanism in TPD instabilities is

described based on a series of 2D, long-term(∼ 10ps) PIC and fluid simulations

under parameters relevant to inertial confinement fusion. A quasi-steady state can

be reached after a few picoseconds where the absorbed laser energy is balanced

with the energy-exchange flux through the thermal-bath boundaries and the en-

ergy in the simulation box remains essentially the same. The PIC simulations

show that significant laser absorption and hot electron generation occur in the

nonlinear stage when η > 1. Laser absorption could still happen even when η is

slightly smaller than 1 due to the growth of HFHI modes.

The hot electrons are found staged-accelerated from the low-density region

to the high-density region. New modes with small phase velocities develop in

the low-density region in the nonlinear stage and form the first stage for elec-
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Figure 4.9: The electric fields ((a)Ey and (b)Ex) in the simulation Case LI-Speckle.

The laser field is mixed in Ey while Ex is contributed only by the plasma waves

due to TPD. The plasma waves are confined is the region close to the laser beam

(marked by square).
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Figure 4.10: The (a) Bz, (b) Ex, and (c) averaged Bz and Ex fields in the simu-

lation Case HI-Speckle. Seven laser beams (with spot size w = 2µm) are put side

by side with random phases.
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tron acceleration. The new modes are shown to be TPD modes driven by ion

density fluctuations in the low-density region. In small η cases, the ion density

fluctuations are driven by the ponderomotive pressure of the plasma waves having

propagated from the high to low density region; while in high η cases, the ion

density fluctuations can be locally driven by the convective TPD modes.

The effect of laser speckles with different polarizations in the experiments

is studied semi-quantitatively with 2D PIC simulations using multiple narrow

laser beams. The efficiency of the staged-acceleration mechanism depends on the

distance between laser speckles. The laser absorption and hot electron conversion

rate decreases as the distance becomes larger. Definite quantitative study requires

3D PIC simulations which should be feasible in the future.
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5 Summary and Discussions

In this thesis the two-plasmon decay (TPD) instability, of significant target-

preheating concern for inertial confinement fusion (ICF), has been studied. An

overall new physical picture has been obtained for the growth, saturation, and

quasi-steady state of the TPD instabilities under conditions relevant to OMEGA

parameters. The particle-in-cell (PIC) code OSIRIS and a new linear fluid code

LTS are used to simulate the TPD evolution. While OSIRIS is essential to model

the nonlinear physics and kinetic behaviors, LTS is useful in modeling the linear

TPD regime and help understanding the PIC simulation results in both linear and

nonlinear stages.

5.1 Development of the linear fluid code LTS

A linear fluid code LTS solving the TPD equations (2.1-2.3) has been developed

and used to study the TPD instability. Two types of algorithms have been used

depending on whether FFT is used in y (Method 1) or not (Method 2). Method

1 is convenient for solving TPD when the background density and laser profile

are uniform in the y direction and Method 2 can deal with arbitrary background

densities and laser profiles.
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LTS is an efficient tool to study the linear regime for its less computational

demand and lower noise level compared to PIC codes. It has been used to access

the TPD growth rates and thresholds given by the linear theories [Sec. 2.4] LTS

has also been used to simulate the TPD evolution in the presence of ion density

fluctuations.

5.2 The TPD Linear Regime: the Growth Rates,

Threshold, and Convective Gain

Both the absolute and convective TPD modes have been observed in the LTS

simulations, which showed that the absolute modes are located close to the 1/4-

critical-density surface while the convective modes are located in the lower density

region. The maximum growth rates of the absolute modes measured in the simu-

lations agree well with the theory in [Simon et al., 1983] in the large-β limit and

with the theories in both [Simon et al., 1983] and [Afeyan and Williams, 1997a]

in the small-β limit. The simulations have also confirmed the dependence of the

threshold on the parameter β for absolute TPD. [Sec. 2.4]

A derivation of the convective gain that retains the dependence on Te and k⊥

has been presented and the result has been found in good agreement with the LTS

simulation results. [Sec. 2.5]

In PIC simulations, the growth of the absolute and convective TPD modes

have also been observed. The relative importance of the convective modes is found

depending on the threshold parameter η. For larger-η (η well above 1) simulations,

the convective modes can be energetically dominant and can cause significant

pump depletion which reduces the growth of the absolute modes located in the

higher density region. In small-η (η less than or slightly larger than 1) simulations

where pump depletion is weak, significant growth of the low-k⊥ absolute TPD
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modes as well as the high frequency hybrid instability (HFHI) modes is observed.

[Sec. 3.4 and 3.7]

5.3 The TPD Saturation: a Saturation Model

Based on Wave Coupling Induced by the Ion

Density Fluctuations

The PIC simulations have shown that both the convective and absolute modes

saturate due to the ion density fluctuation driven by the ponderomotive pressure

of the plasma waves. Ion density fluctuations are found to detune and suppress

the original TPD modes via wave coupling in addition to providing energy sinks

by scattering the plasma waves to larger k where they get Landau damped. A

saturation model due to transverse ion density fluctuations has been described.

The dispersion relation in a homogeneous plasma has been obtained and it pre-

dicts that a transverse ion density fluctuation with the wave vector (ks) can raise

the TPD threshold and suppress modes with the transverse wave vectors (±ks/2).

This dispersion relation is consistent with the LTS simulation results in homoge-

neous plasmas. It can also qualitatively explain the saturation of TPD in inho-

mogeneous plasmas. [Sec. 3.5 and 3.6]

5.4 The TPD Steady State: the Staged Accel-

eration Mechanism for Energetic Electron

Generation

A new hot-electron generation mechanism in TPD is described based on a series

of 2D, long-term (∼ 10ps) PIC and fluid simulations under parameters relevant



93

to OMEGA experiments. A quasi-steady state can be reached after a few pi-

coseconds where the absorbed laser energy is balanced with the electron energy

flux through the thermal-bath boundaries and the energy in the simulation box

remains essentially the same. The PIC simulations show that significant laser

absorption and hot electron generation occur in the nonlinear stage when η > 1.

For the parameters I = 6× 1014W/cm2, L = 150µm, and Te = 3keV , 17% of the

laser energy flux is converted to forward-moving hot (> 50keV ) electrons in the

quasi-steady state in the PIC simulation, which is significantly higher than the

experimental measurement. Laser absorption could still happen even when η is

slightly smaller than 1 due to the growth of HFHI modes. [Sec. 4.3]

Hot electrons are found to be staged-accelerated from the low-density region

to the high-density region. New modes with small phase velocities develop in

the low-density region in the nonlinear stage and form the first stage for electron

acceleration. The new modes are shown to be TPD modes driven by ion density

fluctuations. In the small η cases, the ion density fluctuations are driven by the

ponderomotive pressure of the plasma waves having propagated from the high

density region; while in the high η cases, the ion density fluctuations can be

locally driven by the convective TPD instability. [Sec. 4.4]

The effect of laser speckles is studied semi-quantitatively with 2D PIC simula-

tions with multiple narrow laser beams. The efficiency of the staged-acceleration

mechanism depends on the distance between the laser speckles. The laser absorp-

tion and hot electron conversion rate decreases as the distance becomes larger.

[Sec. 4.5] This indicates that realistic laser beams with speckles and polarization

smoothing would reduce hot electron generation in TPD.
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5.5 Future Research Topics

There are many interesting questions remaining for future research. The study on

the following two effects is expected to help resolve the discrepancy between the

PIC simulation results and the experimental data.

5.5.1 Collision Effects

The linear theory of TPD generally neglected collision [Liu and Rosenbluth, 1976;

Simon et al., 1983; Afeyan and Williams, 1997a]. For a CH plasma with Te =

2keV , the collision frequency between the electrons and fully ionized carbon ions

is νei = 7 × 10−4ω0. This is less but comparable to the linear TPD growth rates

of ∼ 10−3ω0.

For marginally unstable cases, collisions should be included for finding the ac-

curate TPD threshold. This will provide a more accurate estimate on the fraction

of a laser pulse above the TPD threshold.

In presence of collisions, the bulk plasma will be heated through collisional

absorption. So the background temperature will increase differently from that in

a collisionless simulation as TPD develops.

As TPD develops, background electron temperature increases due to laser

heating and collisions become less important. However, hot electron generation

can be affected by collision in a more subtle way. In Fig. 4.7 the density fluctuation

took t = 104/ω0 to propagate to the low density region to excite the low-phase

velocity plasma waves. If the propagation of the density fluctuations, mediated by

plasma waves, is damped by collisions, the staged acceleration mechanism will be

less effective. PIC simulations with the collision package are just now becoming

available to study the effect of collisions on laser absorption and hot electron

generation in TPD. LTS can also be used to study the influence of collisions on

the propagation of the plasma waves.
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5.5.2 3D Speckle Effects

Another interesting topic is to study the 3D speckle effects on TPD. As discussed

in Chapter 4, the laser speckles in realistic experimental conditions have different

polarizations, which effectively increases the distance between two speckles with

the same polarization and decrease the efficiency of the staged-acceleration mech-

anism. The physics can only be quantitatively simulated in 3D simulations. The

main challenge for 3D PIC simulations is the extreme computational resource re-

quirements. However, as super computation clusters are being rapidly developed,

3D PIC simulations for TPD in ICF are expected to be feasible in the near future.

For our 2D long-scale-length simulations with L = 150µm, a typical simulation

box is 720c/ω0 × 800c/ω0 and the grid is 3600 × 4000. 100 particles per cell per

species are used. So the total particle number is 2.9× 109. Typically 1000 CPUs

are used for these simulations. The L = 150µm cases can be extended to 3D.

If we use the simulation box 600c/ω0 × 160c/ω0 × 160c/ω0, the grid would be

3000 × 800 × 800. If we use 32 particles per cell per species, the total particle

number would be 1.2 × 1011. So roughly 10000 CPUS are enough. Now the

simulations using 10000 CPUs are already available in the NERSC [NERSC, 2011]

clusters.

5.6 More Discussions, Implications of this Re-

search

The TPD instability is an intrinsic target-preheating threat in the laser-driven

ICF compression process. The peak intensities of the ICF compression pulses are

mostly above the TPD threshold. We have observed that significant hot electrons

can be generated through TPD in the plane-wave PIC simulations. The hot

electrons are believed to be generated through a staged-acceleration mechanism.
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In experiments this acceleration mechanism is expected to be not as efficient as in

the plane-wave PIC simulation due to the speckles, polarization and/or collision

effects and these topics need further study. From the work in this thesis we can

offer some suggestions on how to reduce the preheating risk. The goal can be

pursued along two directions: suppress TPD by not exceeding the threshold; or

break down the electron-acceleration chain.

Using high Z materials as the outer ablation layer could help in both ways.

Since the collisional damping is proportional to Z, the high Z materials can provide

larger νei which increases the TPD threshold. This can be very effective for the

marginal unstable regime, in which the current OMEGA parameters fall. Also

heavy damping can limit the propagation of the plasma waves generated by TPD,

making it more difficult to form an electron-acceleration chain.

It is challenging to stay below the TPD threshold during the compression

process in the conventional ICF scheme. Therefore the shock ignition scheme is

very interesting since it uses a lower-intensity compression pulse (illustrated in

Fig. 1.3) which can be managed to stay below the TPD threshold. The ignition

pulse is launched at the end of the compression pulse as a high intensity spike.

The absorption of the high intensity laser spike involves LPI’s and hot electron

generations. However, as the areal density is quickly building up at the end of

the pulse, the moderate-energy hot electrons ≤ 100keV cannot penetrate through

the dense target[Betti et al., 2007]. They can be stopped and provide energy

as a driver for the ignition shock. In this situation, TPD may even benefit the

compression as an efficient absorption process. The work in this thesis can be

extended to the shock ignition regime and study the hot electron generation in

shock ignition.
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Li, F. H. Séguin, R. D. Petrasso, and L. J. Perkins, “Initial experiments on

the shock-ignition inertial confinement fusion concept,” Physics of Plasmas,

15(5):056306, 2008.

[Vu et al., 2002] H. X. Vu, D. F. DuBois, and B. Bezzerides, “Kinetic inflation

of stimulated Raman backscatter in regimes of high linear Landau damping,”

Physics of Plasmas, 9(5):1745–1763, 2002.

[Vu et al., 2011] H. X. Vu, D. F. DuBois, J. F. Myatt, and D. A. Russell,

“Langmuir Turbulence and Suprathermal Electron Production from the Two-

Plasmon-Decay Instability Driven by Crossed Laser Beams in an Inhomoge-

neous Plasma,” LLE Review (also submitted to Physical Review E), 127:109–

112, 2011.

[Vu et al., 2010] H. X. Vu, D. F. DuBois, D. A. Russell, and J. F. Myatt, “The

reduced-description particle-in-cell model for the two plasmon decay instabil-

ity,” Physics of Plasmas, 17(7):072701, 2010.

[Yaakobi et al., 2009] B. Yaakobi, O. V. Gotchev, R. Betti, and C. Stoeckl,

“Study of fast-electron transport in laser-illuminated spherical targets,” Physics

of Plasmas, 16(10):102703, 2009.

[Yaakobi et al., 2005] B. Yaakobi, C. Stoeckl, W. Seka, J. A. Delettrez, T. C.

Sangster, and D. D. Meyerhofer, “Measurement of preheat due to fast elec-

trons in laser implosions of cryogenic deuterium targets,” Physics of Plasmas,

12(6):062703, 2005.

[Yan et al., 2010] R. Yan, A. V. Maximov, and C. Ren, “The linear regime of the

two-plasmon decay instability in inhomogeneous plasmas,” Physics of Plasmas,

17(5):052701, 2010.



106

[Yan et al., 2009] R. Yan, A. V. Maximov, C. Ren, and F. S. Tsung, “Growth

and Saturation of Convective Modes of the Two-Plasmon Decay Instability in

Inertial Confinement Fusion,” Physical Review Letters, 103(17):175002, 2009.

[Yan et al., 2011] R. Yan, C. Ren, A. Maximov, W. B. Mori, Z.-M. Sheng, and

F. S. Tsung, “Energetic electron generation through staged-acceleration in

the two-plasmon-decay instability in inertial confinement fusion,” submitted to

Physical Review Letters, 2011.



107

A Stability Analysis of

Numerical Schemes

A.1 Center Finite Difference in x and t after

FFT in y

The center-finite-difference scheme in both x and t is applied to the equations

(2.7-2.9) for each ky = jπ/Ly mode:

∂

∂t
ψ̄j = ϕ̄j − 3v2e

n̄j

n
− v0

ijπ

Ly

ψ̄j,

∂

∂t
n̄j = −∂n

∂x

∂ψ̄j

∂x
− n

∂2ψ̄j

∂x2
+ n(

jπ

Ly

)2ψ̄j − v0
ijπ

Ly

n̄j,

∂2ϕ̄j

∂x2
− (

jπ

Ly

)2ϕ̄j = n̄j.

Then the finite-difference equations are obtained in the following:

ψ̄k+1
i,j − ψ̄k−1

i,j

2∆t
= ϕ̄k

i,j − 3v2e
n̄k
i,j

ni

− v0:i
ijπ

Ly

ψ̄k
i,j, (A.1)

n̄k+1
i,j − n̄k−1

i,j

2∆t
= −ni+1 − ni−1

2∆x

ψ̄k
i+1,j − ψ̄k

i−1,j

2∆x

−ni

ψ̄k
i+1,j − 2ψ̄k

i,j + ψ̄k
i−1,j

∆x2
+ ni(

jπ

Ly

)2ψ̄k
i,j − v0:i

ijπ

Ly

n̄k
i,j, (A.2)

ϕ̄k
i+1,j − 2ϕ̄k

i,j + ϕ̄k
i−1,j

∆x2
− (

jπ

Ly

)2ϕ̄k
i,j = n̄k

i,j, (A.3)

where i and k are the indexes for x and t, respectively.
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A convenient procedure to perform a stability analysis is the Von Neumann

method[Hoffman, 1992]. In this procedure, the exact solution of the finite dif-

ference equation is obtained for a general Fourier component. If the solution for

the general Fourier component is bounded, the finite difference scheme is sta-

ble[Hoffman, 1992].

Consider the general term of the Fourier series:

ψ̄k
i,j = Sk

αe
iαi∆x,

ϕ̄k
i,j = F k

αe
iαi∆x,

n̄k
i,j = Ak

αe
iαi∆x.

Substitute into Eq.(A.1-A.3), we obtain the equations for the Fourier components.

Here we consider the most unstable case in a homogeneous plasma thus ni ≡ n0.

As we know, this system of equations represents the TPD instability and thus the

solution is unbounded given the laser intensity greater than zero in a homogeneous

plasma. However, the solution should be bounded when the laser is turned off.

So let v0 = 0. The equations for the Fourier components are:

Sk+1 − Sk−1

2∆t
= F k − 3v2e

Ak

n0

, (A.4)

Ak+1 − Ak−1

2∆t
= −n0

eiα∆x − 2 + e−iα∆x

∆x2
Sk + n0(

jπ

Ly

)2Sk, (A.5)

eiα∆x − 2 + e−iα∆x

∆x2
F k − (

jπ

Ly

)2F k = Ak, (A.6)

Further simplified to

Sk+1 − Sk−1

2∆t
= F k − 3v2e

Ak

n0

, (A.7)

Ak+1 − Ak−1

2∆t
= −n0PSk, (A.8)

PF k = Ak. (A.9)

Here we have omitted the subscription α of the Fourier components S, A and F .
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The coefficient P are defined as

P = 2
cos(α∆x)− 1

∆x2
− (

jπ

Ly

)2,

note that P ≤ 0. Eliminate Ak, we obtain

Sk+1 = Sk−1 − 2∆t(1− 3v2e
n0

P)F k, (A.10)

F k+1 = F k−1 − 2∆tn0S
k. (A.11)

For this multi-time-step scheme, we define a vector Vk+1 ≡ {Sk+1, F k+1, Sk, F k}T

and then the advancing formula can be written in the matrix form Vk+1 = MVk,

that is, 

Sk+1

F k+1

Sk

F k


=


0 2∆t(1− 3v2e

n0
P) 1 0

−2∆tn0 0 0 1

1 0 0 0

0 1 0 0





Sk

F k

Sk−1

F k−1


. (A.12)

The solution is stable only if the modulus of all eigenvalues (λm,m = 1, 2, 3, 4)of

the 4× 4 matrix M are smaller than or equal to 1. Since |det[M]| =
∏

|λm| = 1,

the stable condition is equivalent to |λ1| = |λ2| = |λ3| = |λ4| = 1. The eigenvalues

of M are given by

λ2m = 1− 2n0∆t
2 + 6v2e∆t

2P+
√

−1 + (−1 + 2∆t2n0 − 6v2e∆t
2P)2. (A.13)

The necessary and sufficient condition for |λm| all equal to unity is that the quan-

tity under the radical sign in Eq.(A.13) is smaller than or equal to zero, that

is,

−1 ≤ (2n0∆t
2 − 1)− 6∆t2v2eP ≤ 1. (A.14)

While the left inequity is always automatically satisfied since P ≤ 0, the right

inequity need to be satisfied for all possible α values, which gives the limit on ∆t,

n0∆t
2 + 3v2e [

4

∆x2
+ (

jπ

Ly

)2]∆t2 ≤ 1.
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Therefore, the stable condition for ∆t is

∆t ≤
√

1

n0 + 3v2e [
4

∆x2 + ( jπ
Ly
)2]
. (A.15)

A.2 Full Finite Difference in x, y, and t

The full central finite difference scheme for the linear fluid equations yields the

following finite-difference equations for the values of ψ ϕ and np on grid ( ψk
i,j ϕ

k
i,j

and nk
i,j).

ψk+1
i,j − ψk−1

i,j

2∆t
+ vk0x:i,j

ψk
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ψk
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i,j−1

2∆y

= ϕk
i,j − 3v2e

nk
i,j

n0:i,j

, (A.16)

nk+1
i,j − nk−1

i,j

2∆t
+ vk0x:i,j

nk
i+1,j − nk

i−1,j

2∆x
+ vk0y:i,j

nk
i,j+1 − nk

i,j−1

2∆y

= −n0:i,j(
ψk
i+1,j − 2ψk

i,j + ψk
i−1,j

∆x2
+
ψk
i,j+1 − 2ψk

i,j + ψk
i,j−1

∆y2
)

− n0:i+1,j − n0:i−1,j

2∆x

ψk
i+1,j − ψk

i−1,j

2∆x
− n0:i,j+1 − n0:i,j−1

2∆y

ψk
i,j+1 − ψk

i,j−1

2∆y
, (A.17)

ϕk
i+1,j − 2ϕk

i,j + ϕk
i−1,j

∆x2
+
ϕk
i,j+1 − 2ϕk

i,j + ϕk
i,j−1

∆y2
= nk

i,j. (A.18)

Consider the general term of the Fourier series and follow the Von Neumann

procedure:

ψk
i,j = Sk

α,βe
iαi∆xeiβj∆y,

ϕk
i,j = F k

α,βe
iαi∆xeiβj∆y,

nk
i,j = Ak

α,βe
iαi∆xeiβj∆y.
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Substitute into Eq.(A.16-A.18), we obtain the equations for the Fourier compo-

nents.

Sk+1 − Sk−1

2∆t
= F k − 3v2e

Ak

n0

, (A.19)

Ak+1 − Ak−1

2∆t
= −n0PSk, (A.20)

PF k = Ak, (A.21)

where

P = 2
cos(α∆x)− 1

∆x2
+ 2

cos(β∆y)− 1

∆y2
.

The stable condition is

−1 ≤ (2n0∆t
2 − 1)− 6∆t2v2eP ≤ 1, (A.22)

which leads to

∆t ≤
√

1

n0 + 12v2e(
1

∆x2 +
1

∆y2
)
. (A.23)


