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Abstract

Scattered light fields have been studied from a variety of perspectives in optics. In

this thesis, two particular scattered-light effects are studied.

First, optical scatterometry is used to measure the angular distribution of scat-

tered light in the far field from birefringent coatings and liquid crystal materials.

Scatterometry measurements are carried out in collaboration with the National Insti-

tute of Standards and Technology (Gaithersburg, MD) using an instrument designed

for high dynamic range polarimetric scattering. The key results show low scattered

light in the forward hemisphere overall, with liquid crystal materials scattering more

isotropically than glancing-angle deposition coatings. Alongside scatterometry mea-

surements of these materials, mathematical models are developed to study the polar-

ization of the scattered light. Measurements are compared to these models to show

their effectiveness.

Second, a new coherence measurement is introduced and analyzed. It is shown

both theoretically and experimentally how intensity measurements in the far field

are used to calculate the source correlations of a partially coherent field scattered

from a diffuser plate. These measurements are repeated in the Fresnel region to show

the robustness of the experiment. Three different analytical techniques are shown

and compared. The experiment is also expanded for nontrivially polarized sources to

observe the change in polarization correlations. The analysis is expanded into vector

space to include polarization effects and the results are shown in three different ways.
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1 Introduction

This dissertation addresses two challenges related to optical scatterometry and spatial

coherence measurements. The first, closely related to the mission of the National

Ignition Facility (NIF) and the Laboratory for Laser Energetics (LLE), addresses the

measurement of far-field scattered light from birefringent coatings and liquid crystal

materials. The second uses a far-field intensity experiment to reconstruct the source

correlations of a partially coherent light field scattered from a diffuser plate. In the

sections that follow, a review of scatterometry and its relevance to the NIF mission is

discussed, followed by a more general discussion of spatial coherence and how it may

be measured in a manner similar to scatterometry.

The NIF at Lawrence Livermore National Laboratory (LLNL) is using a direct-

drive and polar-drive approach to explore fusion ignition conditions [1] for internal

confinement fusion. The NIF is attempting to create nuclear fusion by heating small

fuel targets using high fluence laser systems. Though there are many aspects of the

project to consider when attempting fusion ignition, one process that must be consid-

ered is polarization beam smoothing. The light exiting the laser is mostly coherent,

which is useful in most of the system. However, by the time the light reaches the

last leg of the system before the target, the Final Optics Assembly (FOA), the long

coherence length and the overall polarization state of the beam needs to be altered

to maximize the chances for ignition. A diagram of the FOA is shown in Fig. 1.1.

Without polarization beam smoothing, there will be constructive and destructive in-

terference within the wavefront, creating hot spots on the target. To achieve ignition,

there must be uniform intensity hitting the target in all directions, with which po-

larization smoothing can assist. In order to achieve polarization smoothing on the
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target, it is necessary to create a new optic in the FOA called a distributed polariza-

tion rotator (DPR) [2]. The goal of this optic is to create known scrambling of the

polarization across the field. When combined with a distributed phase plate (DPP),

the DPR can help get closer to the goal of 1-2 percent nonuniformity on target.

Figure 1.1: A diagram of the final optics assembly system on the NIF. The initial beam
entering the FOA is at λ = 1053 nm before entering the vacuum chamber. Then the
beam undergoes second harmonic generation and passes through a DPP. After traveling
through frequency-conversion crystals to achieve third harmonic generation, the light then
encounters the DPR and a wedged focus lens that will focus the light onto target. The last
element in the FOA is a debris shield to ensure the optics are protected from the target
interaction. Image used in internal LLE communication and reproduced with permission.

There have been significant efforts in recent years [3–6] to create a DPR to impart

a known depolarization effect on the beam for fusion experiments associated with the

NIF. One DPR manufacturing technique employs a thin-film birefringent coating on a

planar substrate. The birefringent coating is made using a glancing-angle deposition

(GLAD) method and creates tilted columnar nanostructures on the glass. One of the

consequences of using this coating is the presence of anisotropic scatter as the light

propagates through the film.
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In high-fluence applications, scattered light can create problems in the laser ex-

periments. An excess of scattered light could damage the wedged-focus lens in front of

the DPR, the frequency-conversion crystals preceding the DPR, or the metal housing

surrounding the assembly. In addition, scattered light results in energy loss for the

main beam, decreasing the chances of ignition on target. Therefore, there is a goal of

less than 4% scattered light from the DPR.

To analyze the scattered light in the far field at wide angles, a collaboration has

been established with the National Institute of Standards and Technology (NIST).

Their goniometric optical scattering instrument (GOSI) [7] has been used to obtain

measurements necessary for this research. This work uses novel measurement tech-

niques and mathematical models to predict and analyze the relationship between

far-field scatter and the manufacturing capabilities of GLAD coatings.

1.1 Distributed Polarization Rotator Technology

Due to the large aperture size (on the scale of a meter) and the high fluence of the NIF

operation, current DPR optics that have been developed for similar optical systems,

such at the OMEGA system at the LLE, cannot be used due to a stimulated Raman

scattering effect [3, 8]. Therefore, it has been necessary to understand and explore a

new DPR technology for the NIF application.

1.1.1 Glancing Angle Deposition of Birefringent Coatings

One such technology currently being explored at the LLE is GLAD. This is an op-

tical coating deposition process where the substrate is oriented at a high angle with
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respect to the electron beam deposition material [4]. This deposition method creates

nanoscale tilted columnar structures that form the coating, which can been seen using

a scanning electron microscope (SEM), as shown in Fig. 1.2. The structure of the film

gets enhanced in such a way that the film properties become highly anisotropic [9].

The anisotropy allows the film to have birefringence, which is an optical property

where the index of refraction of the material depends on the polarization of the light.

Figure 1.2: An SEM image of a tilted column GLAD coating. The material is deposited at
a steep angle with respect to the substrate, so it builds in a columnar fashion. In this image,
the deposition angle is approximately 73o and the columns are formed at approximately 45o.
The three indices of refraction are overlayed on top of the image to show the anisotropy of
the film. Image reproduced with permission [4].

Figure 1.2 also shows the axes of different indices of refraction with respect to the

column direction. The birefringence is used to define a value called the retardance of

a film:

r = t∆n, (1.1)

where t is the thickness of the material and ∆n is the difference in refractive index

for two orthogonal polarization states. These properties have been exploited in the

use of waveplates [10], filters [11], reflectors [12], and antireflective coatings [13].
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The tilted columnar structures that the GLAD coatings produce can be mod-

ified and manipulated to obtain various optical effects [14]. For example, the sub-

strate could rotate 180o rapidly during deposition. This would create very tiny tilted

columns that zig-zag in opposite directions. Since the substrate is flipped quickly, the

columns appear vertical in SEM images, as shown in Fig. 1.3. Here, the anisotropy

is along the vertical column direction. The 180o rotation of the deposition creates

somewhat elliptical cross-sections of the columns, so there is a difference of refractive

index in the plane transverse to the column. The film is still a biaxial film, though it

is not obvious from the figure.

Figure 1.3: An SEM image of a serial bideposition GLAD coating. The rapid flips of the
substrate cause the tilted column sections to become so tiny that the column overall appears
vertical rather than a zig-zag pattern. Image reproduced with permission [5].

One of the many challenges about using a GLAD coating for a DPR application

is controlling the deposition to minimize the scattered light transmitted through the

coating while still maintaining high laser damage thresholds and low tensile stress.

The first step in controlling the scattered light is to analyze the far-field patterns of

scattered light as well as understanding what components of the coating cause the

light to scatter. In order to study these challenges further, a collaboration has been
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established with NIST. There, it is possible to measure the scattered light in the far

field from the coating surface as well as try to compare these results to some models

that could give insight into the possible sources of the scattered light patterns.

1.1.2 Liquid Crystal DPRs

In addition to the GLAD coating technology, a liquid crystal (LC) DPR [6] was also

investigated. Liquid crystals are materials that may flow similar to most other liq-

uids, but their molecules retain some small degree of order to their positions, in the

way a crystal material does [15]. To create a DPR, a cholesteric liquid crystal (CLC)

material is used. The CLC is a chiral nematic, where the direction of order (the

director) rotates in a helical fashion about 360o [15]. A full rotation of the direc-

tor is called a pitch. Chiral nematics are circularly birefringent; light traveling with

opposite-handed polarizations will experience different indices of refraction and there-

fore propagate at different velocities. This property of chiral nematics is leveraged to

create a DPR.

In a DPR sample, CLC material is sandwiched between two fused silica sub-

strates. The liquid crystal DPRs can create regions of orthogonal polarizations. Liq-

uid crystals take advantage of circular polarization conditions due to their helical

molecular shape, so it follows that creating regions of right- and left-circularly po-

larized light or varying degrees of retardance across the region [16] would be ideal

for a DPR. Just as the GLAD sample, the liquid crystal samples would also need to

perform to laser damage threshold standards and have low (less than 4%) scattered

light.
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1.2 Scatterometry

Scatterometry is an instrumental method by which one can infer internal or surface

structure from the spectral or angular distribution of scattered light. It is often

applied to semiconductor metrology, in which scattered light distribution from pat-

terned semiconductors is analyzed for sub wavelength process errors [17]. It is also

used in biomedical optics, in which cell organelles can scatter in a manner consis-

tent with randomly placed small spheres [18]. In recent work by Zimmerman and

Brown [19], new methods of angular scatterometry were applied to the analysis of

particle suspensions.

In order to measure scattered light at wide angles for any DPR sample, a go-

niometer setup can be used to measure the light at different angles from the specular

beam. Figure 1.4 shows a diagram that describes the general goniometer measurement

of scattered light. The detector is then rotated about the hemisphere to obtain wide-

angle scattered light information. From these measurements, the goal is to obtain the

bidirectional scatter distribution function (BSDF), which can then be separated into

reflected scatter (BRDF) for scattered light in the backward hemisphere and trans-

mitted scatter (BTDF) for light scattered in the forward hemisphere. The BSDF can

be thought of as the fractional power scattered per solid angle. The BSDF is defined

as

BSDF =
Ps/Ω

Pi cos θs
, (1.2)

where Ps is the power of the scattered light, Pi is the power of the incident beam, Ω

is the solid angle of the detector, defined by the size of the aperture used, and θs is

the scattering angle. The BSDF is already normalized to the incident power, so this
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Figure 1.4: General picture of how light is scattered from a surface. Here, the parameters
are defined as such: φs is the azimuthal angle, θs is the scattering angle, θi is the incidence
angle, Pi,t is the incidence power for the transmitted beam, Pi,r is the incidence power for
the reflected beam, Pt and Pr are the specular transmitted and reflected beams, Ps is the
scattered power, and Ω is the solid angle of the detector.

creates a clear way to communicate how much light is being scattered in a particular

direction.

1.2.1 Light Interacting with Tilted Columnar Films

Before measurements are taken, the literature gives insight about what sort of patterns

are expected when light hits a GLAD surface. Beginning with the most general case,

when light strikes an interface containing tilted columns, it scatters into a cone that

is centered around the column in the forward direction, as shown in Fig. 1.5, where

the scatter cone is tilted at the same angle as the column. Theoretically, light will

only scatter into the outline of the cone shape.

It has been studied extensively [9] that scatter from tilted columnar birefringent
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q

Figure 1.5: A diagram showing typical scatter from tilted columnar structures. The light
is shown traveling through an example of GLAD film. The angle θ is the tilt angle of the
columns. The light is then scattered into the outline of a cone centered around the column.
This pattern is repeated for every column.

films has a characteristic arc of scattered light in the forward hemisphere. In the

backward hemisphere, it has also been noted that there are two arcs of scattered light

that appear in the far field. These arcs are caused by the cone shape of scattered light

from the tilted columns. The wings of the arc are weakly dependent on wavelength

and polarization. Experiments done by Hodgkinson and Wu [20] have shown that

these curved patterns in the far field are caused by the substrate-to-air total internal

reflections. In one experiment, a thick piece of glass with index-matching fluid was

put against the substrate, which caused the arcs to disappear, showing that total

internal reflection is indeed the culprit. Also, if the film is scratched, or otherwise

damaged, the lobes still appear as before [9]. It is inferred that the two arcs in the

backward hemisphere are caused by reflections of the original scattering cone. Some

of the scattering cone gets totally internally reflected and some is reflected from the

film-to-air interface. The work studying the intrinsic nature of tilted columnar films

help form the basis of scattered light observations that are expected in GLAD DPR

samples.
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1.2.2 Effective Medium Theory

In addition to the experimental analysis of these films, modeling techniques have been

used to predict the location of the scattered light in the far field. The propagation of

light in thin films has been studied in electromagnetic theory and interference texts

for many years [21, 22]. The main scatter parameter that is studied is the effective

refractive index of the film. Mathematical models to find the refractive index have

made use of effective medium theory (EMT). Most GLAD thin films are made up of

a single material that is made into a columnar structure within a void. Modeling the

combination of these two materials to accurately define an effective refractive index

is a challenging problem.

The simplest approach relies on the assumption that the effective dielectric con-

stant of the film, εe (where ε = n2 and n is the index of refraction of the film), is a

linear combination of the ratio of the two materials that make up the structure:

εe = ρAεA + ρBεB, (1.3)

where ρ is the relative amount of each material (ρA+ρB = 1). This equation would ac-

curately describe the GLAD film if the nanostructures are perfectly straight columns

running parallel to the direction of the light. The Maxwell-Garnett (also referred to

as Bragg-Pippard) EMT can be used for elliptical geometries where material A is

embedded within material B. This is typically written as

ε− εB
Lεe + (1− L)εB

= ρA
εA − εB

LεA + (1− L)εB
, (1.4)

where L is a depolarization factor that describes the electrostatic polarizability of the
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microstructure. The larger L is, the smaller the resulting refractive index of the film.

In an anisotropic film such as GLAD, most models will specify a depolarization factor

for each principal axis. The Bruggeman approximation describes a film with a random

distribution of material in a void and is most commonly used to describe GLAD films.

It describes a situation where materials A and B are randomly distributed through

the film and is often written as

ρA
εA − εe

εA + (L−1 − 1)εe
+ ρB

εB − εe
εB + (L−1 − 1)εe

= 0. (1.5)

All three methods have been used extensively and compared in [14] and [22].

However, when creating GLAD birefringent films, there are many unknown pa-

rameters due to the inconsistency of the deposition process and slight variations in the

films. Most EMTs require an exact knowledge of the structure, but the large variation

in the columnar structure between samples of GLAD films introduces uncertainty in

any mathematical model. Although SEM images can be used to determine some

thicknesses of GLAD films, this is only possible on a silicon wafer rather than the

transmissive substrates that will be used on NIF. Therefore, there may be inconsis-

tencies in the repeatability between the deposition on the silicon wafer and that on

the transmissive substrate.

The porosity of the film also introduces some uncertainty. A common issue for

many tilted columnar films is that water vapor can get trapped between the columns

due to condensation when exposed to air. This creates a refractive index change from

air to water, which can change the total effective index of the thin film. There would

also be an increase in the total amount of scattered light due to a different effective

refractive index. In addition, most EMT’s generally assume that the microstructure
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of the GLAD film is significantly smaller than the optical wavelength being scattered.

However, when working in the ultraviolet regime (in applications such as the NIF

project, for example, the wavelength is λ = 351 nm) or with thicker films, these

assumptions can break down and leave little information to be gained from EMT [14].

Though EMT can give a qualitative overview of scattered light from GLAD thin

films, it is not enough. A first-order Born approximation [23] has been explored to

describe GLAD films, but this does not include the polarization of the scattered light

and only deal with scalar fields. Germer [24] has extended these models to include

polarization dependence of the scattered light and make more explicit the application

to anisotropic thin films. These extended models allow for direct comparison to

polarization-dependent scatterometry measurements.

1.3 Spatial Coherence Measurement Techniques

The second part of this thesis focuses on a novel method of measuring the spatial

coherence of light. The coherence properties of a radiation source play a crucial

role in system performance. In fields such as lithography, microscopy, and medical

imaging, the coherence of a light source is a crucial factor in resolution. For decades,

scientists have been developing ways to measure spatial coherence of different light

sources to use in laboratory experiments. It was not until the invention of the laser in

1960 [25] that a coherent source of light was readily available to confirm and calibrate

earlier methods. Many theoretical pursuits could then be more easily corroborated,

such as interferometry and Young’s double-slit experiment.

In order to quantify the coherence of a light source, the mutual intensity function
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is used. The mutual intensity function, J (x1;x2) = 〈E∗ (x1)E (x2)〉, is the time aver-

age of the electric field at two points, x1 and x2 [26]. The mutual coherence function

may also be referred to as the equal-time coherence function, as it is evaluated at two

points in the field at the same time. For purposes of this thesis, quasi-monochromatic

sources are considered and therefore any spectral dependence is ignored. The mutual

intensity function is used throughout this thesis to quantify the correlation of the

fields being measured.

1.3.1 Early Coherence Measurement Methods

Methods have been explored to measure spatial coherence for decades. Historically,

the degree of coherence, µ, has been directly related to the visibility of fringes that

occur when two points in a light field create interference, as demonstrated by

Itot(x) = I1(x) + I2(x) + 2
√
I1(x)I2(x) |µ(∆x)| cos(φy), (1.6)

where Itot is the total irradiance measured at a particular point on the screen x,

I1 is the irradiance of the light exiting the first pinhole, I2 is the irradiance of the

light from the second pinhole, and φy is the phase between the light from the two

pinholes. This concept dates back to Zernike’s original work [27] and references the

two-pinhole experiments performed by Young in the early 1800s [28]. The visibility

of the fringe pattern then determines the correlation of those particular points in the

field, as defined by

V (x) =
Imax(x)− Imin(x)

Imax(x) + Imin(x)
. (1.7)
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Although Young’s experiment is robust, the fringe pattern will change as the locations

of the pinholes are translated across the field. Therefore, retrieving the correlation

information for all pairs of points in a field becomes a tedious task.

Zernike’s work with interference fringes and far field propagation led to the van

Cittert-Zernike theorem [27], defined mathematically as

µ(p, q) =
exp (−iψ)

∫∫
σ
I (ξ, η) exp [−ik (pξ + qη)] dξdη∫∫

σ
I (ξ, η) dξdη

(1.8)

where I (ξ, η) is the intensity at the source plane, µ(p, q) is the degree of coherence

at two points in the far zone, and ψ is a phase factor. The theorem states that the

degree of coherence is directly proportional to the Fourier transform of the intensity

distribution of the source and vice versa. It uses coherence information to recover

the intensity of a light source. Michelson’s stellar interferometer demonstrated this

theory experimentally in the 1920s [29], which is particularly impressive considering

Zernike did not publish his coherence work until 1938.

In addition to work by Young and Zernike, Hanbury Brown and Twiss [30, 31]

demonstrated that correlations in light fields were preserved, even as they propagated

through the atmosphere. They used coherence theory to create a new stellar inter-

ferometer and measure the angular diameter of the star Sirius. Until this point, only

Michelson had had any success in stellar interferometry, and only on a small number

of stars. Atmospheric turbulence produced blurring and distortion that contributed

to difficulties for other scientists measuring stars directly. Since Hanbury Brown and

Twiss studied intensity correlations, atmospheric turbulence did not significantly af-

fect their measurements. Intensity correlations are insensitive to the phase between

the correlations, so their methods were able to obtain data from a stellar interferom-
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eter. The work published by Young, Zernike, Hanbury Brown, and Twiss paved the

way for more coherence and interferometry work to come.

1.3.2 Interferometric Techniques

Interferometry is an experimental technique whereby wavefronts are interfered in

such a way to allow the user to extract information about a source or a surface.

Young’s two-pinhole experiment has lent itself to many variations of interferometers

that attempt to overcome the tedious problem of varying the two observation points

in a field. In order to measure the mutual intensity function at many pairs of points,

it is possible to create an interferometer that mutually displaces [32], rotates [33],

or reverses [34] two copies of the wavefront with respect to each other and then

superposes them.

Many interferometric techniques allow for measurements at many observation

points at the same time. However, their individual geometry limits which observa-

tion points are able to be measured. Depending on the setup, there is a specific

symmetry that limits how many points the interferometer can measure at once. For

sheared wavefronts, the points have a fixed separation, but this separation can be

varied for multiple measurements. In the case of reversed or rotated interferomet-

ric setups, the observation points are symmetric about a fixed point or line, which

can then be scanned. In addition, interferometers are notoriously sensitive systems.

Alignment and environmental vibrations in these systems can limit the versatility of

these setups for use in different types of sources and applications. The measurement

system described in this thesis is much less sensitive to alignment and does not require

scanning of the wavefront entirely, making for much faster measurement times.
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1.3.3 Phase Space Methods

Another well-documented coherence measurement method is phase space tomography.

When applied to the spatial characterization of the optical field, the main advantage of

phase-space-based approaches is their simplicity and robustness: they do not require

sensitive interferometric setups in which the beam is split and recombined. This

technique uses properties of Wigner functions to recover the complex electric field

correlations by using intensity measurements at many distances [35, 36]. Wigner

functions are a type of phase space distribution often used to represent a quantum

state in terms of both position and momentum [37].

Raymer et al. [38] demonstrated the novelty of phase space tomography to obtain

the amplitude and phase information for a wave field of arbitrary coherence. Lundeen

et al. [39, 40] used measurements associated with the Dirac (also known as the Kirk-

wood or Rihaczek) phase-space distribution. For this to lead to the four-dimensional

coherence function, the source field needs to have a known symmetry in some dimen-

sion [41]. That is, not all four dimensions can be completely recovered, but there can

be some symmetry or assumption in one of the dimensions and the other three can be

calculated. Other methods have been developed to bypass this limitation; methods

such as coherenscopy [42] and variable astigmatic lenses [43] are both able to work

around the symmetry. However, they require refractive elements, which limits the

electromagnetic regimes within which coherence measurements can be made.
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1.3.4 Methods Using Apertures

Instead of using interferometers to improve upon the use of the two-pinhole setup,

apertures can often be used to great effect in measuring the spatial coherence of

light. To gain information for a larger number of pairs of points at the source plane

from a single measurement, plates with an array of pinholes at well-chosen positions

have been considered [44], as well as two non-parallel slits [45]. In the case when

propagation is described by a Fourier relation (either in the far-field or through the

insertion of a lens in a 2f configuration), several alternative masks have been employed.

For example, Bartelt et al. [46] and Waller et al. [47] used opaque masks with narrow

apertures that were scanned over the field. The approach by Stoklasa et al. [48]

is based on a Shack-Hartmann wavefront sensor and is also of this type. A Shack-

Hartmann wavefront sensor is an optical instrument that characterizes a wavefront

containing an array of lenses of the same focal length, known as a lenslet. In Stolkasa’s

method, the center of the two points where the correlation is measured is sampled at

discrete points separated by at least the width of a single lenslet of a Shack-Hartmann

sensor.

However, aperture methods still have fundamental limitations. In the case of

a single aperture [47], coherence information is retrieved for all pairs of points that

exist within the window. In order to deconvolve the mutual intensity, J (x1;x2) =

〈E∗ (x1)E (x2)〉, from the measurement, a problem arises when the separation of the

two observation points is larger than the aperture size. Similarly, for Stoklasa et al.,

the two points at which the coherence is being measured must be within the same

lenslet of the Shack-Hartmann sensor. Using non-redundant pinhole arrays [44], the

spatial coherence information can be retrieved for many more point separations than
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a single aperture. However, when calculating the coherence information, interpolation

is needed for observation points between the pinhole locations.

1.3.5 Method Using Phase Masks

The main limitation of the aperture methods lies in recovering coherence information

for point separations larger than the aperture. Simple schemes were developed by

Cho et al. [49] to overcome this limitation. Using the far-field diffraction of a source

combined with different phase masks, it is possible to analyze a one-dimensional

partially coherent field. The difference in radiant intensities with and without the

phase mask is related to the Fourier transform of the mutual intensity as

J

(
x0 −

x′

2
;x0 +

x′

2

)
=

∫
[I(p)− IA(p)] exp (ikx′p) dp

2 |x′| sin2
(
θ
2

)
+ ix′ sin (θ)

, (1.9)

where IA(p) and I(p) are intensity measurements taken with and without the phase

mask, respectively, θ is the size of the phase discontinuity, x′ is the separation between

the observation points, and x0 is the location of the phase discontinuity. Compared to

other methods, this scheme is relatively easy to implement [50]. Unlike interferometry,

there are no major alignment issues to work through, and therefore this could be

implemented in virtually any laboratory setting. The major drawback of this method

is that for small values of the point separation, x′, one must be careful when using

Eq. (1.9) due to dividing by a very small number. Interpolation was used to overcome

this problem in one-dimension [51], but became more cumbersome in two-dimensional

setups. This is essentially the opposite problem of that of Waller et al. [47] when an

aperture was used.
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1.4 Vector Correlations

All of the spatial coherence measurement techniques discussed so far assume scalar

fields, the correlations of Cartesian components of a field. When considering polar-

ization, the discussion shifts to correlations of Cartesian field components at a single

point in the field.

1.4.1 Stokes Vectors and Mueller Matrices

Mathematical models have been established to support discussions of the vector na-

ture of light. Stokes vectors are often used in describing the polarization state of a

source. Mueller matrices are operators used to manipulate Stokes vectors when light

interacts with optical elements. In the 1940’s, Mueller calculus was established by

Hans Mueller [52] to study partially polarized light. This formalization uses a 4 × 4

Mueller matrix to transform a Stokes vector input into a Stokes vector output. A

Stokes vector has four components to quantify the polarization state of a source: S0

is the addition of any two orthogonal polarization states and can be thought of as the

irradiance of the source; S1 is the difference between the intensities corresponding to

the horizontal and vertical components of the source; S2 is the difference between the

intensities corresponding to the plus- and minus-45o components of the source; and

S3 is the difference between the intensities corresponding to the right- and left-hand

circular components of the source.
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1.4.2 The Coherence Matrix

Just as the scalar correlations between pairs of points can change across a source

plane, the vector correlations can also vary across a field. The second-order correlation

properties can be characterized by a 2 x 2 matrix,

J(x1,x2) =

 〈E∗x(x1,x2)Ex(x1,x2)〉 〈E∗x(x1,x2)Ey(x1,x2)〉〈
E∗y(x1,x2)Ex(x1,x2)

〉 〈
E∗y(x1,x2)Ey(x1,x2)

〉
 (1.10)

=

 Jxx(x1,x2) Jxy(x1,x2)

Jyx(x1,x2) Jyy(x1,x2)

 ,
where Ex is the electric field in the x-direction and Ey is the electric field in the

y-direction [26]. This is defined as the coherence matrix.

1.4.3 Generalized Stokes Parameters

The Stokes parameters are defined at a single point in the field. Generalized Stokes

parameters were defined recently [26] as an analogy to the Stokes parameters in order

to characterize correlations of the vector field at two points:

S0 (x1,x2) = 〈E∗x(x1,x2)Ex(x1,x2)〉+
〈
E∗y(x1,x2)Ey(x1,x2)

〉
(1.11)

S1 (x1,x2) = 〈E∗x(x1,x2)Ex(x1,x2)〉 −
〈
E∗y(x1,x2)Ey(x1,x2)

〉
S2 (x1,x2) = 〈E∗x(x1,x2)Ey(x1,x2)〉+

〈
E∗y(x1,x2)Ex(x1,x2)

〉
S3 (x1,x2) = i

〈
E∗y(x1,x2)Ex(x1,x2)

〉
+ 〈E∗x(x1,x2)Ey(x1,x2)〉 .
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The generalized Stokes parameters are defined in terms of two separate points in

the field so they are directly defined by the mutual intensity function between those

two points. Note that these reduce to the usual Stokes parameters if x1 = x2. The

coherence matrix could be rewritten using the generalized Stokes parameters as

JS (x1,x2) =

 S0(x1,x2)+S1(x1,x2)
2

S2(x1,x2)−iS3(x1,x2)
2

S2(x1,x2)+iS3(x1,x2)
2

S0(x1,x2)−S1(x1,x2)
2

 . (1.12)

Each element of this full coherence matrix can be found from scalar measurements of

orthogonal polarization components. The full coherence matrix can either be written

in terms of correlations or in terms of generalized Stokes parameters. It is possible to

understand the correlations from the perspective of a polarization-based measurement

due to this flexibility.

1.4.4 Degrees of Coherence for Vector Fields

When considering vector correlations, there are a few different definitions of the degree

of coherence. The first is the Wolf definition [26]. Wolf described the degree of

coherence at any two points in a field as

µW (x1,x2) =
S0 (x1,x2)√

S0 (x1,x1)S0 (x2,x2)
. (1.13)

This definition of the degree of coherence is consistent with the Zernike definition [27]

as related to the visibility of the fringes in a two-pinhole experiment, and it is defined

assuming there is no interference between light of orthogonal polarizations. This

definition can be visualized by considering special case of a two-pinhole experiment.

Notice that if the polarization of the light at each pinhole is orthogonal, this definition
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would yield a degree of coherence of zero, because there is no interference between

the light from each pinhole.

The next definition of the degree of coherence is that by Tervo et al. [53], which

considers the square of the degree of coherence:

µ2
F (x1,x2) =

∑
i,j |Jij|

2

S0 (x1,x1)S0 (x2,x2)
. (1.14)

In this case, each value of the degree of coherence at each pair of points is a real

value. This degree of coherence definition corresponds to the maximum correlation

achievable when one is allowed to place a waveplate at one or both pinholes in a

two-pinhole experiment. An interesting part of this work is that there is a connection

between the degree of polarization and degree of coherence. The square of the degree

of polarization can be defined as

P 2(x) = 2

[
µ2
F (x,x)− 1

2

]
, (1.15)

where x = x1 = x2.

The last definition that is considered is that established by Réfrégier et al. [54]

Here, there are two degrees of coherence corresponding to the singular values (the

square-root of the eigenvalues) of the following matrix:

MR (x1,x2) = J (x1,x1)−1/2J (x1,x2) J (x2,x2)−1/2 . (1.16)

This final value of the degree of coherence is real, similar to that of Tervo et al. Con-

ceptually, this degree of coherence definition corresponds to the maximum correlation

achievable when any passive element is placed at any orientation at the pinholes in a
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two-pinhole experiment in order to maximize the fringe visibility. Such a setup could

be used to see interference regardless of the state of polarization of the initial sources.

1.4.5 Sources with Varied Polarization

To experimentally create a space-varying polarization in the source plane, a stressed-

engineered optic (SEO) can be used. Previous work [55–57] has been done using these

elements to create easily corroborated polarization patterns. To create an SEO, stress

is applied to BK7 glass as described by Brown and Beckley [58]. For an SEO that has

trigonal symmetry, the birefringence induced by the stress increases from the center

proportionally to the radius, as shown in Fig. 1.6. The cross-section of the SEO also

has a spatially varying fast axis. Since both the fast axis and the retardance vary

across the SEO, it acts as a spatially varying wave plate. The SEO is a useful tool in

creating sources with varying polarization states.

In Brown et al. [59], experiments showed that polarization-dependent correlations

highly impacted the image contrast in an illumination system, reproduced in Fig. 1.7.

These experiments used an azimuthal polarization vortex beam converter in the pupil

plane. The correlation measurements were taken with a reversed-wavefront Young’s

interferometer, as mentioned earlier, and correlations were taken at discrete points

along the x- and y-axes. These results yielded the diagonal elements of the coherence

matrix and they were then compared to theoretical values.
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Figure 1.6: An image of an SEO illuminated with incoherent, right-hand-circularly polarized
light followed by an analyzer. The ring structure in the center is characteristic of trigonally-
symmetric stress.

Figure 1.7: A diagram of a spatial coherence measurement setup to measure the diagonal
elements of the full coherence matrix for an azimuthally-polarized light source. Reproduced
with permission. [59]

1.5 Connections between Scatterometry and Coherence Mea-

surements

Scatterometry may be related to optical coherence as follows: the van Cittert-Zernike

theorem states that a spatially incoherent source produces a second-order correlation
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in the far field that is proportional to the Fourier transform of the source intensity.

The reciprocity of classical optics requires, then, that the converse be true; an un-

correlated far field intensity distribution (that is, an angular spectrum for which the

individual components are randomly phased) must be related to the source correla-

tions in the near field through a similar Fourier transform relationship.

In a typical experimental scenario, suppose a collimated beam (which by defini-

tion has full spatial coherence across its wavefront) is incident on a thin film or surface

which has some combination of surface roughness and bulk inhomogeneity. The sam-

ple imperfections introduce an amplitude and phase modulation on the transmitted

and reflected beams that, for weak scatterers, takes the simple form of an angular

spectrum proportional to the Fourier transform of the surface roughness. Thus, the

Fourier transform of the sample autocorrelation function (for the case of random

perturbations) is, to first order, proportional to the far field intensity distribution

measured in a scatterometry experiment.

As will be noted in Chapter 2, the simple interpretation only applies to weak

scattering from a single surface. The presence of multiple scattering, anisotropy, and a

mixture of surface and bulk scattering, complicate the interpretation of scatterometry

data. It is nevertheless true that one can use methods of coherence theory to link a

far field distribution to the near field structure of the scattered fields leaving a sample.

It is important to consider correlation measurements of sources with varying

polarization states because a DPR has a varied polarization across the source plane.

As the beam that illuminates the optic gets larger, the overall degree of polarization

of the beam decreases. The same is true for an SEO. Therefore, measuring the well-

known polarization states of an SEO establishes a reliable method for measuring the
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varying polarization states of a full-scale DPR. Even at the sample-level measured in

this thesis, the GLAD nanostructures favor one polarization compared to another, so

the scattered-light measurements include polarization dependence.

The aims of this thesis include determining the amount of light scattered from

various types of GLAD coatings, comparing light scattered from GLAD coatings to

light scattered from liquid crystal DPR devices, demonstrating a new method of

measuring spatial coherence of scalar fields, and expanding that work to vector fields.

In Chapter 2, results from scatterometry experiments are shown from GLAD

and LC DPR samples. Observations are made and causes of the scatter are inferred.

Mueller matrix scatterometry measurements are included to observe the change in

scattered light with polarization. In Chapter 3, theoretical derivations of spatial co-

herence measurements are shown. Three methods are compared for two scenarios:

far-field region measurements and Fresnel region measurements. In Chapter 4, the

experimental results of these theoretical derivations are shown and compared with

the theoretical results. Chapter 5 chooses one of the spatial coherence measurement

methods shown and expands it to vector space to obtain polarization-dependent spa-

tial coherence measurements. Chapter 6 discusses conclusions of this work and gives

ideas for future experiments.



27

2 Scatter Measurements of DPR Samples

To achieve polarization beam smoothing across the field, a distributed polarization

rotator (DPR) is needed in the NIF system. It has been specified that 50% of the

surface of a DPR creates polarization in one direction and the other 50% creates

polarization in the orthogonal direction. Additionally, the incident light will be lin-

early polarized oriented at 45o with respect to the coating. This chapter focuses on

measuring the scattered light in the far field region from different materials used to

create a DPR. These measurements will help determine the energy loss in the system.

2.1 The Goniometric Optical Scattering Instrument

A collaboration has been established with the Sensor Science Division at NIST to

obtain scattered light measurements. There, an instrument known as the goniometric

optical scattering instrument (GOSI) is well-equipped to handle the scattered light

measurements needed. It can measure light scattered in an entire hemisphere either

in the forward or backward hemispheres. The system can measure scattered light for

a wavelength of 351 nm, which is the operating wavelength of the NIF system where

the DPR will be. GOSI also has control over the polarization of the light incident

on the sample and detected at the detector plane, giving insight into the changes in

scattered light with polarization state. All of these points are useful in the analysis

of the scattered light from DPR samples.

The experimental setup of the goniometer is shown in Fig. 2.1. The sample

geometry is defined using the fixed beam direction as the z-axis of a Cartesian co-

ordinate system. The x and y axes are defined with respect the rotational axes of
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Figure 2.1: Diagram of (a) reflection and (b) transmission experimental setups. The light
is incident on the substrate in the transmission measurement and incident on the GLAD
coating for the reflection measurement. The sample is rotated about the angle γ (in and
out of the page) as the detector rotates about the angle δ (within the plane of the page) to
obtain scatter intensity measurements for a nearly full hemisphere.

the goniometer. The incident beam hits the sample, which can be tipped and/or

tilted to change the incident angle, and rotated in the γ direction. The detector,

a photomultiplier tube or a silicon photodiode, can be rotated about the sample in

the δ direction to collect transmitted and reflected light. A precision aperture, lens,

rotating retarder, and polarizer are all connected to the detector with a common in-

tegrating sphere. A series of apertures are in front of the detector plane, defining the

solid angle and the resolution of the system; a collecting aperture of 7 mm is chosen

for these measurements, yielding a solid angle of approximately 1.114× 10−4 sr.

All scattered light measurements were carried out using laser light of wavelength

351 nm, generated by the second harmonic of a mode-locked Ti:sapphire laser op-

erating at 702 nm. Measurements can be taken in either transmission or reflection,
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yielding scatter information for the forward and backward hemispheres, respectively.

For the GLAD DPR transmission measurements, light enters the sample through the

substrate, and data were collected over the transmitted scattering hemisphere. In

reflection, the light is incident upon the coated surface of the substrate and the de-

tector collects scattered light from the surface of the coating. For the liquid crystal

DPR samples, the scattering material is between two substrates, so the sample enters

the substrate first for both measurements. For all measurements, the center point

of the scattering hemisphere corresponds to the specularly transmitted (or reflected)

beam and is excluded from the measurement to avoid detector saturation and possible

damage.

2.2 Alumina Tilted Columnar Samples

First, the sample preparation and measurements of GLAD coatings consisting of

tilted columns of alumina (Al2O3) are considered. Alumina is chosen for its ease

of deposition and the index of refraction allows the GLAD surface to be closely

index-matched with the substrate. The samples are deposited on one of two types

of substrates: a damage-test optic (DTO) or a fused silica substrate treated with

an advanced mitigation process (AMP) [60]. The AMP substrate was developed to

handle a higher laser damage threshold and is often used in high-fluence applications.

A diagram of the samples onto which the coating is deposited is shown in Fig. 2.2.

The GLAD coating is deposited in a stripe of approximately 30 mm centered on a

circular 2-inch substrate. The deposition of the coating is along the striped shape, so

the columns are tilted parallel to the stripe.

The first three parts that were measured are labeled A-C. Part C was coated
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Figure 2.2: Schematic of the GLAD DPR samples. The stripe of GLAD coating is labeled
in red. The polarization directions (parallel and perpendicular to the stripe) are shown in
green and purple, respectively.

on an AMP substrate, while parts A and B were coated onto a DTO substrate. The

retardance of each sample was measured on a Hinds Birefringence Mapper at λ = 355

nm. Each sample was measured for two incident polarization directions: along the

stripe of coating and perpendicular to the stripe (Fig. 2.2). The DPR will operate

on the NIF system with an incident polarization of 45o with respect to the stripe

direction; these two polarizations will represent a maximum and minimum scattered

light for each polarization direction. Table 2.1 gives the substrate information and

retardance for each alumina GLAD sample measured.

Part Retardance (nm) Error (nm) Substrate
A 99.15 1.78 DTO
B 73.69 2.89 DTO
C 83.24 2.05 AMP

Table 2.1: This table defines the parameters of three samples measured at NIST to inves-
tigate the scattering effect of tilted columnar birefringent coatings.

Each scattered light measurement was taken from δ = 10o − 75o from the nor-
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mal in both transmission and reflection. The incident (linear) polarizations were set

parallel and perpendicular to the stripe to view the maximum difference in scattered

light. To obtain a nearly-full hemisphere of measurements, the sample is rotated in

its mount and the incident polarization is rotated with it.

 

 

1
2
3
4
5
6
7
8
9

x 10
−3

C

A

B

PerpendicularParallel PerpendicularParallel
TRANSMISSION REFLECTION

Sample:

dΩ=10-4 sr

Figure 2.3: Preliminary scatter measurements taken of alumina GLAD samples A, B, C.
Each circle is the scattered light from a near-hemisphere projected onto a flat plane. The
inner annulus is the data taken at δ = 10o and the outer annulus is for δ = 75o. The first
column shows the transmitted scatter when the source is polarized in the direction along
the stripe. The second column shows the transmitted scatter when the light is polarized
perpendicular to the stripe. The third column shows the reflected scatter when the source
is polarized along the stripe. The fourth column shows the reflected scatter when the source
is polarized perpendicular to the stripe. Data are shown in BSDF units of sr−1.

The intensity of light in the hemisphere are shown in Fig. 2.3. The empty hole in

the center of each plot is where the regularly transmitted beam was, so no data is taken

there. The center ring is the measurement of light for δ = 10o, the outer ring is the

data for δ = 75o. Note first that there is much less light in the reflection hemisphere

than the transmission hemisphere. This is expected due to the forward, cone-shaped
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scattered nature that is inherent to tilted-column nanostructures, as shown in Fig. 1.5.

The arc of scattered light that is apparent in all of the measurements comes from this

cone-shaped scatter. It is also noticed that Sample C has much higher near-angle

scatter than the other two samples, since there is more intensity measured near the

specular beam. To quantify the azimuthal scattering distribution, a line plot of

intensity about a circle at a fixed polar angle of 10o is shown in Fig. 2.4. This is

Azimuthal Angle (º)

BS
D

F 
(s

r-1
)

0.5º resolution

Figure 2.4: The anisotropic scatter of Sample C at 10o from normal is shown.

a line plot of the inner-most angle closest to the specular beam. A feature present

in the line plot that is not obvious from the images is a roughly periodic azimuthal

modulation of the scattered light. There are two peaks that are noticeably taller than
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the other peaks of the modulation. These two peaks are from the arc of scattered

light seen in the two-dimensional images.

The polarization-dependent diffuse scattering can be quantified for each sample

in each hemisphere. In this case, calculations were carried out for linear polarizations

oriented along the GLAD stripe and linear polarizations oriented perpendicular to

the stripe. The total BSDF value was averaged and then multiplied by π to obtain

the percentage of light measured in each hemisphere [61]. Table 2.2 shows the per-

cent of scattered light for the two polarization states measured. When the incident

Part Diffuse
Forward
Scattering:
Along (%)

Diffuse
Forward
Scattering:
Perpen-
dicular
(%)

Diffuse
Backward
Scattering:
Along (%)

Diffuse
Backward
Scattering:
Perpendicu-
lar (%)

A 0.63 0.45 0.17 0.14
B 0.58 0.32 0.15 0.11
C 0.59 0.42 0.19 0.15

Table 2.2: The total diffuse scattering in each hemisphere for each sample for each polar-
ization state measured.

polarization was parallel to the stripe, the diffuse scattered light is higher than when

the polarization is perpendicular to the stripe. Since the GLAD film is deposited

along the stripe, the index of refraction in that direction is slightly higher than in

the perpendicular direction. Therefore, it is expected that the polarization along the

stripe yields more intensity than perpendicular to the stripe.

It is postulated that Sample C has higher near-angle scatter due to the AMP

treatment on the substrate for this sample [62, 63]. The AMP substrates are subject

to an etching process which results in microscopic scratches along the surface. This

process helps the substrate be more resistant to laser damage and is therefore useful
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in high-fluence systems, such as the NIF. Figure 2.4 shows a periodic modulation that

indicates a diffraction effect rather than a smooth scattered light effect. This implies

that diffraction from some kind of periodic structure, such as a scratched substrate,

is causing the near-angle scatter.

To verify this, the scatter from an uncoated AMP substrate and an uncoated

DTO substrate are compared to see the difference in scattered light as the detector

gets further from the specular beam. The results are shown in Fig. 2.5. The scatter is

much higher in the AMP substrate at scattering angles less than 15o. This confirms

the hypothesis for why Sample C has higher scatter compared to samples A and B

on a DTO substrate.

Polar Scattering Angle (º)

BS
D

F 
(s

r-1
)

AMP

DTO

Figure 2.5: Comparison of the scatter from bare AMP and DTO substrates is shown.
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Overall, the scattered light from tilted-column alumina coatings is highly direc-

tional and using an AMP substrate contributes a large amount to the near-angle

scattered light, despite its advantages for laser damage thresholds. Although these

numbers are below the 4% specification, it is also assumed that there is some light

in the high scattering angles that were not measured due to instrument limitations

(angles greater than 75o). Some of the light is also lost via total internal reflection in

the coating, previously mentioned in Section 1.2.1.

2.3 Antireflection Coatings and their Effects on Scatter Mea-

surements

Although most of the measurements shown in the previous section showed that most

of the scattered light is in the forward hemisphere, some work was done with an-

tireflection (AR) coatings to ensure minimal light being scattered in the backward

hemisphere. The next set of samples measured are all made with an alumina coat-

ing on a DTO substrates, two using the serial bideposition method (described in

Section 1.1.1) and one using the original tilted column method. One of the serial

bideposition samples and the tilted column sample had an AR coating, which causes

different scatter results. The full description of each sample can be found in Table

2.3.

The same scattering measurements were completed as in Section 2.2 for these

samples. Figures 2.6 and 2.7 show the serial bideposition samples have a more

isotropic scattering pattern than the tilted column samples. However, there is

still some asymmetry in the scatter. Again, the forward scattered intensity is much

higher than the reflected intensity, even without the antireflection coating. It is also
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Part Deposition
Method

Antireflection
Coating

Retardance
(nm)

Error (nm)

D serial
bideposition

sol-gel 94.98 1.70

E serial
bideposition

none 88.85 1.18

F tilted
columns

PMMA and
sol-gel

57.87 1.20

Table 2.3: The parameters of the three samples measured at NIST to investigate the scat-
tering effect of antireflection coatings on GLAD coatings.
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Figure 2.6: Scatter pattern for Sample D is shown, with (a) polarization along the stripe
and (b) polarization perpendicular to the stripe. Data are shown in BSDF units of sr−1.

noticed that light polarized in the same direction as the deposition experiences much

higher scatter than light polarized perpendicular to the direction of deposition. This

is consistent with the first set of samples tested.

This asymmetry may be attributed to inconsistencies in manufacturing. Since

the substrate is flipped 180o throughout the run, there is a possibility that the coater

spent more time in one direction than the other, causing more scatter in one direction

than the other. Another feature of Figs. 2.6 and 2.7 is the effect of the antireflection

coating. Sample D has the highest retardance, so one would predict that this sample
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Figure 2.7: Scatter pattern for Sample E is shown, with (a) polarization along the stripe
and (b) polarization perpendicular to the stripe. Data are shown in BSDF units of sr−1.

would have more scattered light than Sample E since more retardance is correlated

with a thicker coating (assuming the same birefringence). However, it is clear that

Sample D actually has less scattered light overall.
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Figure 2.8: Scatter patterns for (a) Sample F, made with an antireflection coating and esti-
mated retardance of 56 nm and (b) Sample B from Section 2.2, made with no antireflection
coating and estimated retardance of 74 nm. Data are shown in BSDF units of sr−1.

Examining the data for Sample F, an arc of scattered light similar to the earlier

set of scatter measurements is seen. However, there are some subtle differences that
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are noticeable when compared with the first dataset. Figure 2.8 demonstrates that

Sample F has a much wider curved pattern than that from Sample B, a similar

sample but without an AR coating. In addition, within the curved pattern, there

is a larger area of scatter (noted by the light blue area to the right of the curved

arc). When comparing the diffuse scatter numbers in the forward hemisphere shown

in Tables 2.2 and 2.4, Sample B and Sample F have almost the same amount of total

diffuse scattering for both polarizations. The AR coating has a minimal effect on the

total amount of light scattered.

Part Diffuse Scattering:
Along (%)

Diffuse Scattering: Perpendicular (%)

D 0.33 0.17
E 0.5 0.16
F 0.47 0.31

Table 2.4: The total diffuse scattering in the forward hemisphere in each sample for each
polarization state, either along the stripe or perpendicular to it. The diffuse scattering in
only the forward direction is displayed since the scatter in the reflected direction is minimal.

In comparing Samples D and E, it seems that the sol-gel antireflection coating

has some interesting scatter effects of its own that may offset those from the GLAD

coating itself. The change in effective refractive index in the GLAD film due to the

sol-gel coating may be a contributor to this. The wider curved pattern in Sample

F compared to Sample B implies that for tilted columns, the antireflection coating

increases scattered light along the polar direction, thus making the scattered light

less directional. Sample B has a higher measured retardance than Sample F, so one

might assume to see more scattered light from that sample. However it is seen that

the presence of the antireflection coating on Sample F has produced a non-intuitive

result in which the sample will produce more scattered light. Although there seems

to be no significant correlation between the antireflection coating and more or less

scattered light, it does introduce another level of uncertainty and degree of freedom
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into the system.

2.4 Magnesium Oxide Samples

Outside of scattered light effects, the alumina coatings exhibited some defects, mostly

in the form of stress fractures that appeared when samples were left in vacuum, so

other GLAD DPR coatings were investigated. Magnesium oxide (MgO) has a higher

stress point and a higher index of refraction, which would allow for a thinner layer of

material. A thinner coating, in turn, provides a higher laser damage threshold. To

investigate the scatter of GLAD parts coated with MgO, four parts were made with

the properties shown in Table 2.5.

Part Deposition
Angle (o)

Method Antireflection
Coating

Retardance
(nm)

Error (nm)

G 73 serial bide-
position

PMMA and
sol-gel

54.53 1.08

H 73 serial bide-
position

none 89.11 0.93

I 58 serial bide-
position

none 89.94 1.23

J 73 tilted
column

none 107.74 10.49

Table 2.5: The parameters of four samples measured at NIST to investigate the scattering
effect of MgO GLAD DPR samples.

The same GOSI is used to measure the MgO coatings. These datasets were

taken slightly differently than in the previous two sections. In an attempt to shorten

the timescale over which the data were obtained, the detector only used a 21-point

diameter. Since the data are taken at fixed intervals in projected cosine space [61],

the axes are defined as x = sin θ cosφ and y = sin θ sinφ, where θ is the polar
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scattering angle and φ is azimuthal scattering angle. Figure 2.9 shows the scatter

patterns in transmission for Samples G, H, and I. The dark points in the corners are

at approximately 80o, where the scattered light is blocked by the instrument.

sin(θ)cos(ϕ) sin(θ)cos(ϕ) sin(θ)cos(ϕ)

sin
(θ

)s
in

(ϕ
)

Sample G Sample H Sample I

(a) (b) (c)

Figure 2.9: The scatter patterns between (a) Sample G, (b) Sample H, and (c) Sample I
are compared. Data are shown in BSDF units of sr−1. Data are only shown in the forward
scatter direction due to minimal loss in reflection.

From the data, it is noticed that two of the samples have the striped pattern

as shown in Fig. 2.2, whereas the third (Sample I) has the GLAD material over the

entire sample. This decreases the asymmetry seen in previous scatter data collection.

A ring of slightly higher scatter is observed at some angles, which is likely a diffraction

or interference effect, and then at the highest angles, the scattered light tapers off.

Sample J is similar to Samples A and B, except it is now made with MgO. The

scattering in the far field from this sample (shown in Fig. 2.10) does not take on

the same arc of scattered light as was seen in the previous sections. A lot more

scattering inside the cone itself is observed rather than an emphasis on the outline of

the cone. In addition, when looking at the sample visually, the surface appears much

more milky than it the alumina samples had been. Therefore, MgO scatters light a
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Figure 2.10: The scatter into the forward hemisphere for Sample J is shown. The scatter
is shown on a separate plot from Fig. 2.9 because the scale is much higher for this sample.
Data are shown in BSDF units of sr−1.

lot more isotropically than the alumina samples, which is not as good for the NIF

application.

Looking at the diffuse scattered light measured in Table 2.6, Sample J has much

more scattered light than any of the other MgO samples. In addition, all of the MgO

samples scatter more than any of the alumina samples. These scatter results alongside

other specification results (such as laser damage thresholds) have influenced the LLE

to return to studying alumina GLAD coatings and other potential materials such as

hafnia and silica [64].
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Part Diffuse Scattering:
Transmission (%)

Diffuse Scattering:
Reflection (%)

G 2.7 0.17
H 1.6 0.4
I 1.7 0.5
J 37.1 8.0

Table 2.6: The diffuse scattering in each of the MgO samples measured, either in transmis-
sion or reflection

2.5 Uncertainties in the Scattered Light Measurements

There are many factors that contribute to the uncertainties in the measurements pre-

sented here. First, no repeated measurements were taken due to the time limitations

at NIST. Second, in order to calculate the BSDF, the solid angle of the detector must

be known, but it has been loosely estimated. To create an accurate representation of

the scatter in the hemisphere, the scattering surface of the sample must be centered

in the goniometer. This was the motivation for having the light enter the substrate

initially in the transmission measurements while the light entered the coating first

for the reflection measurements. The field of view of the detector is assumed to be

small enough to only capture scatter from the initial source beam interacting with the

sample. However, since the sample is transmissive and some light does get trapped in

the substrate, it is possible that the detector is, in some places, picking up scattered

light that is not from the incident beam hitting the surface. Lastly, the inaccurate

positioning of the sample in the mount does have an adverse effect on ensuring the

incident polarization is at the proper angle.
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2.6 Mathematical Modeling of Tilted Column Scattering

Due to the natural difficulties in manufacturing GLAD coatings as well as measuring

them, mathematical models are used to try to corroborate some of the experimental

results. The EMT models outlined in Section 1.2.2 can be used to find which param-

eters of the thin film will increase or decrease the scatter. For example, if there is

more birefringence in the coating (thicker coating, higher ∆n, etc.), more light will

be scattered. From Fig. 1.5, the size of the cone of scattered light will vary depending

on the angle of the columns and the incident direction of the light. The size of the

cone directly affects the locations of the scattering peaks shown in Fig. 2.3.

Together with Dr. Thomas Germer at NIST, initial modeling of the scatter was

done using his Modeled Integrated Scatter Tool (MIST), which references modeling

codes from a library known as SCATMECH. The model allows user input of the film

parameters (refractive indices, film thickness, column tilt angle, etc.) and propagates

light either forward or backward through the material. For this particular scenario,

the library was being updated for publication [24] and therefore was not publicly

available. It has been assumed that water vapor condenses in the air between the

columns, which then affects the index of refraction of the GLAD film, therefore af-

fecting how much light gets scattered. The model can output the total amount of

scattered light in a given hemisphere, cone, or annular region in the far field.

Preliminary modeling, shown in Fig. 2.11, alongside retardance information from

the Hinds Birefringent Mapper and other parameters from textbooks by Hodgkinson

[9] and Hawkeye [14], has shown qualitatively similar results to the measurements in

Section 2.2. There are two peaks forming as expected, but the experimental results

show much more scatter in between the two peaks than the models predict. If it is
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Figure 2.11: The output from the MIST program shows a qualitatively similar scatter
pattern for Sample B.

assumed that there is a periodic roughness to the columns, instead of the columns

being smoothly cylindrical, it can be seen in Fig. 2.12 that smaller peaks appear

between the two initial large ones. All of the curves in Fig. 2.12 are predicted scattered

light intensities at different polar angles. Roughness in the columns can be a factor,

which was not originally assumed, and it may be the cause of the extra scatter between

the peaks. If the roughness is random rather than periodic, the smaller peaks would

wash out, causing the slightly elevated scatter level in between the peaks that is

observed in the experimental results.
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Figure 2.12: The MIST program predicts smaller peaks in between the larger peaks when
the columns are assumed to have a periodic roughness along them. Two tall peaks are the
strong scattering lobes. This figure shows 360o rotation in φ at various θs angles.

2.6.1 Mueller Matrix Measurements

The results from the MIST modeling program highlight some of the limitations of

the initial assumptions made. The GLAD films are birefringent and their scatter-

ing structures are anisotropic, neither of which is heavily considered in the models.

There are also a lot of sources of irregularities from manufacturing that come into

play. Previous work [23] has focused on theories for scattering from tilted colum-

nar structures and has successfully described the qualitative features of the scattered

light. Though the polarization of the light is taken into account in this work, there is

likely not enough information to predict the polarization state of the resulting scat-

tered light fields. This theory is first followed as was done by Kassam et al., then

is extended to include birefringence in [24] and in this thesis these newer models are
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compared to Mueller matrix measurements of scattered light from GLAD coatings.

The mathematical detail of the models are reproduced in the Appendix.

Sixteen transmission measurements, in a 4 × 4 grid composed of four input

and output polarizations, were performed for each scattering direction. These mea-

surements are then combined into a Mueller matrix where each element is a two-

dimensional projected cosine space data set. The method of Compain et al., [65]

was used to calibrate the system. Due to a large redundancy in the calibration, the

standard uncertainty in the normalized Mueller matrix elements can be estimated to

be approximately 0.01. The relative standard uncertainty associated with systematic

errors in the measurement of the BTDF (the 11 element) is approximately 0.005.

Laser speckle and sample variability, however, dominate the total uncertainty, and

can be estimated by viewing the point-to-point variation in the images. The natural

coordinate system for the measurement is the scattering plane, defined by the incident

and scattering directions. The results are expressed in the singularity-free coordinate

system given in Eq. (A.17) in the Appendix.

Figure 2.13 shows the Mueller matrix BTDF measurements performed from a

GLAD coating with a tilted-column alumina structure very similar to Sample A,

but with less retardance (approximately 91 nm). The total diffuse transmittance,

is approximately 0.0093. The BTDF (11-element of the Mueller matrix) shows a

distinctive arc of scattering passing through the normally transmitted direction, as

observed in the previous work [20]. The other Mueller matrix elements show a distinct

pattern, which fills out the entire matrix and is not diagonal or block diagonal in either

the basis shown or any other known basis.

To model the scattering by a GLAD coating, the parameters used are believed
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Figure 2.13: Mueller matrix measurement from a GLAD coating. The light is incident from
the substrate and the scatter is evaluated above the coating in transmission. The data
are shown on projected-cosine space, so that a horizontal slice through the data represents
the plane containing the columns and the surface normal. The 11-element is the regular
BTDF on a scale in inverse steradians, while the other elements are shown normalized to
the 11-element.

to be relatively close to those expected for the sample studied. Here, εc = 3.063,

εh = 1, f = 0.9, τ1 = 10 nm, τ2 = 7.7 nm, τ3 = 5 µm, α = 37◦, and ns = 1.476

are used. These parameters are defined in more detail in the Appendix, Section A.7.

These results are shown in Fig. 2.14. These values were hand-adjusted to obtain a

reasonable match to the data. In particular, the values were adjusted so that the

retardance of the sample was approximately quarter-wave at 351 nm, and so that the

arc directions matched the data. This allows the models to match the experimental

results and attempt to draw conclusions from the mathematical simulations.
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Figure 2.14: Simulated Mueller matrix for the scatter by a GLAD coating. The light is
incident from the substrate and the scatter is evaluated above the coating in transmission.
The data are shown on projected-cosine space, so that a horizontal slice through the data
represents the plane containing the columns. The 11-element is the regular BTDF on a scale
in inverse steradians, while the other elements are shown normalized to the 11-element.

The value of τ3, corresponding to the coherence length along the columns, af-

fects the width of the scattering arc observed in the intensity. Because a Gaussian

correlation function [see Eq. (A.72)] is used, the tails decay rapidly. Lowering the

value of τ3 broadens the width of the arc, and raises the relative intensity away from

the arc. Furthermore, the interference features (the fine structure observed in the

model) smooths out significantly when the correlation length becomes significantly

smaller than the thickness of the layer. The use of a Gaussian correlation function,

especially along the columns, is presumably an oversimplification. When viewing the

data, these strong interference features are not observed. Thus, it is believed that
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scattering in the arc is dominated by the long correlation length of the columns, but

the scattering away from the arc is dominated by a much shorter correlation length

component that may be a result of defects in the column structure, as implied by the

initial MIST calculation shown in Fig. 2.12.

The scattering behavior of the arc differs between the model simulations and

the data in a similar way that the initial MIST data showed in Fig. 2.11. The

calculated BTDF is relatively constant along the arc from the surface normal to the

scattering horizon. In contrast, the measurement shows weaker scattering near the

surface normal, increasing intensity towards the scattering horizon. The transverse

correlation lengths, τ1 and τ2, affect the decay of this scatter with angle; however,

a Gaussian correlation function only serves to decrease the scatter with angle (only

values approaching the wavelength cause the scatter to decay significantly with angle).

It is hard to conceive a correlation function that would increase away from zero angle.

The largest deficiency of the model is that it does not include multiple scattering

and relies on the distorted wave Born approximation which is valid for small pertur-

bations, even though the material is in the strong fluctuation limit. The existence of

long correlation lengths probably exacerbates the situation, since strong variations in

the field near a column (or in the space between them) should be applied to neigh-

boring regions. The use of the first-order Born approximation neglects these effects.

While there is no proof of this point, it is suspected that this issue is at the heart of

many of the discrepancies observed between the model and the data.

Overall, understanding the scattered light from GLAD thin film coatings is a

complicated process that relies on a lot of parameters that all depend on each other.

Due to the nature of electron-beam deposition coatings in general, each sample is fairly
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unique. For example, it is difficult to know the exact thickness of a coating once it

has been deposited without damaging the sample. Therefore, the measurements and

conclusions drawn are based on observations of the scattered light patterns and what

can be inferred from non-destructive measuring techniques, such as the birefringence

mapper, SEM images of samples with similar parameters, and known material prop-

erties of the coatings being used. In addition, creating a model to predict the amount

of light being scattered becomes complicated quickly due to the nature of anisotropic

thin films and the current models that exist. Though an attempt has been made to

expand the current scattered light models, many assumptions need to be made in

order to determine the exact cause of the scattered light.

2.7 Chiral DPR Scatter Measurements

Using GLAD coating is not the only way to create a DPR. Liquid crystals (LC’s) can

also be used to control the polarization of light across a field. In this scenario, the

optical rotation and circular birefringence properties of liquid crystals (as described in

Section 1.1.2) are used to obtain orthogonal polarizations to scramble the polarization

across the field. Just as with the GLAD coatings, it is important to consider the laser

damage threshold and scale-up capabilities of LC DPRs. In addition, there will also

be some light scattered as it travels through the LC layers. Using the same system as

was used for the GLAD coatings (described in Section 2.1), measurements of scattered

light from liquid crystal DPR samples are discussed in this section.
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2.7.1 Liquid Crystal DPR Device Descriptions

For the liquid crystal DPRs, it is important to establish the source of the scattered

light - either the liquid crystal molecules or the alignment layers used in the creation

of the devices. When a LC material is deposited onto a substrate, alignment layers

can be used to help define the alignment of the molecules. Fig. 2.15 shows a design

of a liquid crystal DPR. The liquid crystal material is sandwiched between two DTO

LC Material
Silica Step

DTO

DTO

ON
STEP

OFF
STEP

(a) (b)

alignment layer

Figure 2.15: (a) An image of the LC DPR device through crossed polarizers; (b) a side-view
sketch of the LC DPR device

substrates (the same substrates used for GLAD DPR samples as described in Sec-

tion 2.2). No antireflection coatings are used in any of the samples. All of the samples

use 1 percent-by-weight CB-15, a chiral dopant, in ZLI-1646, a nematic, to create a

chiral nematic liquid crystal. Such a small percentage of chiral dopant ensures the

material has a relatively long pitch length, approximately 14 µm.

To compare scattered light from the bulk liquid crystal material, one of the

fused silica substrates has a layer of amorphous silica deposited onto it, creating two

regions in the sample of different liquid crystal thicknesses (see Fig. 2.15b). This
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means that in Region 1, also referred to as “on step,” there is less liquid crystal

material than in Region 2, or “off step.” The difference between the steps is aimed

to be approximately a π-phase path difference between the two regions. Measuring

the scattered light in the two different regions helps to see the change in scatter with

total volume of material. To compare the scattered light from the surfaces in the

sample, three different alignment layers are analyzed: bare glass, unbuffed nylon, and

buffed nylon. Images of these alignment layers taken with a microscope are shown

in Fig. 2.16. Studying the samples from these three alignment layers and in two

different volumes of liquid crystal material, one can infer the source of scattered light

from these liquid crystal DPR devices, as described in the next section.

(b) (c)(a)

Figure 2.16: Micrographs of the entire LC device, using one of three types of alignment
layers: (a) bare glass (b) unbuffed nylon and (c) buffed nylon.

2.7.2 Scatter Measurement Results

The measurements of scattered light use the same GOSI as the GLAD coatings

(Fig. 2.1). These measurements are shown in only one dimension for ease of view-

ing. The scattering from the liquid crystal samples were much more isotropic than

the two-dimensional patterns seen in the GLAD coating. Therefore, looking in one

dimension still allows for patterns to be seen and total scattered light to be inferred.
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First, to study the scattered light from bulk LC material, the scattered light on and

off the step are compared.

In Fig. 2.17, for the bare glass (Fig. 2.17a) and the buffed nylon (Fig. 2.17c)

alignment layers, there is less scatter in the on-step region versus the off-step region.

Since the on-step region has less liquid crystal material, it is assumed that most of

the scattering comes from the bulk material, i.e. the liquid crystal material itself.

Though it seems that there is not much difference in the on and off step regions

for the bare glass and buffed nylon alignment layers, it is noted that the differences

between the steps are still a couple of orders of magnitude above the instrument

signature, which is nearly at 10−10 on a log scale. Therefore, these small differences

are still significant enough not to be ignored. However, in the case of the unbuffed

alignment layer (Fig. 2.17b), it is shown that the amount of scattered light in the

on-step and off-step regions are nearly identical. Therefore, it is assumed that most

of the scattered light is originating from surface contributions rather than from the

bulk material for the unbuffed nylon alignment layer.

2.7.3 Changes in Scatter Measurements Over Time

The DPR should have a material that is stable over a long period of time. During

the course of these investigations, the LC DPR samples were measured twice, over

a period of five months. The scattered light measurements taken during the second

visit showed much higher scatter, though nearly the same pattern overall, as shown

in Fig. 2.18. The left column shows the difference in magnitude between the two

measurements, and the right column adjusts the data to overlap and compare the

shape of the scattered light field. For the bare glass alignment layer, the data are
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Figure 2.17: The scatter patterns on and off the step of the liquid crystal devices are
compared. (a) bare glass alignment, (b) unbuffed nylon alignment layer, and (c) buffed
nylon alignment layer. Data are shown in BSDF units of sr−1 and are plotted on a log
scale.
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Figure 2.18: Two scatter patterns of the on-step regions in transmission of the liquid crystal
DPR devices are measured five months apart for (a) bare glass, (b) unbuffed nylon, and (c)
buffed nylon alignment layers. The left column is the difference in scattered light between
the measurements, and the right column overlays the data to show the similarity in angular
distribution. Data are shown in BSDF units of sr−1 and are plotted on a log scale.
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adjusted by 225x; for the unbuffed nylon alignment sample, the data are adjusted by

150x; for the buffed nylon alignment layer sample, the data are adjusted by 100x.

It was determined that while the amount of scatter is likely to increase as time

passes, the angles at which the light will scatter will remain the same. In addition, of

the three alignment layers considered, the buffed nylon layer has the least change in

scattered light over this time period. This issue raises concerns about the long-term

usage of these materials for full-scale DPR optics on NIF.

Overall, the buffed nylon alignment layer is best to be used for a DPR application.

Although, most of the scattered light from a buffed nylon layer will likely be from the

LC material itself, so steps must be taken to minimize the thickness of the LC layers

for future DPR studies.

2.7.4 Chiral GLAD materials

Since there are two types of materials that could be used in a DPR device being

studied in this thesis, the question arises: how do they compare? One way to observe

the difference between the two types is to create a chiral GLAD sample. This would

use GLAD techniques and materials, but with a structure similar to that of a LC.

In addition to tilted and vertical columns, there has been a lot of effort in making a

polygonal helix structure using the GLAD technique. An advantage of using polygo-

nal helix structures is that is allows one to obtain more birefringence per unit length,

therefore requiring a thinner coating. Van Popta et al. have shown that a chiral ma-

terial is likely to produce the most optical rotation per unit length [66]. However, for

the NIF application, it is unlikely that creating a chiral material is possible because

of the need to scale-up the coating to a full-sized DPR. There is a manufacturing
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issue whereby it is difficult to only coat one section of the optic at a time to obtain

orthogonal polarization states across the beam. The easiest way to deposit material

layers to create orthogonal polarization states is to create a square polygonal helix.

Unfortunately, as shown by van Popta [66], such a device will have minimal optical

rotation. Therefore, the chiral sample studied was made only for comparison between

the two materials with the knowledge that scaling up is a challenge.

A similar DPR device using chiral GLAD material is made to mimic the pitch

length and thickness of the liquid crystal DPR devices, shown in Fig. 2.19. Due to

Figure 2.19: SEM image of an alumina chiral GLAD film. A quarter-turn was created in
10 steps, with a total approximate thickness of 3.45 µm

limitations in the deposition speed and rotation stage in the coater, it is not possible

to create a continuous chiral structure with the same pitch length. The liquid crystal

samples are made using a quarter-pitch length rotation in a thickness of approximately

3.5 µm, so the alumina GLAD film is close to that thickness, with ten steps of tilted

columns incrementally rotated by 9o with a total rotation of the substrate of 90◦.
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The same GOSI is used to measure the scattered light from the chiral GLAD

device, shown in Fig. 2.20. The scattering pattern of the material does not look like

Figure 2.20: Scattering in the far field of 351 nm light through the chiral GLAD film. The
data are shown in BSDF units of sr−1.

that from the liquid crystal samples, which is much more isotropic. This is due to

the different in scattering mechanisms present in the devices. The scattering in the

liquid crystal case is separate from the causes of birefringence in the material. GLAD

films are an example of form birefringence, in that their structures cause birefringence

within the material. Liquid crystal molecules themselves are birefringent, which is a

separate mechanism from the scattered light that they produce. It is likely that the

scattering comes from bulk liquid crystal material for the chiral GLAD case.

In conclusion, the liquid crystal DPR devices produce scattered light in a more

isotropic pattern than the GLAD DPR devices. Since most of the scattered light is

from the bulk liquid crystal material, it will be difficult to reduce the total amount

of light without reducing the amount of liquid crystal material.
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3 Theoretical Framework for Spatial Coherence Mea-

surements

As light scatters at the surface of an object, not only does the overall degree of polar-

ization decrease, but the correlations of the field also changes, especially if the object

moves at a time scale much faster than the detection speed. As discussed in Sec-

tion 1.3, finding the mutual intensity (the correlation between the field at two points)

over an entire field is a tedious task. Many methods have been developed to measure

the coherence over an entire field using a minimal number of measurements. However,

many of these methods have limitations on the region over which the coherence can

be measured or require sensitive experimental setups.

This chapter discusses the mathematical theory behind two new methods of

measuring spatial coherence. Using an aperture and an obstacle of the same size

and shape in the test plane, the mutual intensity function can be calculated. These

methods can be implemented with (far-field region) or without (Fresnel region) lenses

in the measurement system, allowing flexibility for wavelengths outside of the visible

regime. These methods prove to be robust in finding the mutual intensity for all pairs

of points in the field located symmetrically about the obscuration.

3.1 Far Field Coherence Measurements

The first scenario discussed uses quasimonochromatic intensity measurements taken

in the far-field region to calculate the mutual intensity function. Experimentally, a

lens is used in the far-field case in order to bring the far-field region to its back focal
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plane and therefore shorten the length of the system. This is discussed further in

Chapter 4.

A scalar field is defined as U(x), where x = (x, y) at some plane of fixed z, as

shown in Fig. 3.1. The second-order coherence properties of U(x) are described by the

x1

x2

I(p)

J(x1;x2)=<U*(x1)U(x2)>

Figure 3.1: The test plane in blue is shown where a scalar field U(x) is considered. At this
test plane, the mutual intensity function is defined at two points x1 and x2. The mutual
intensity function is related to the intensity at the back focal plane of a lens, I(p), shown
in red.

mutual intensity function J(x1; x2) = 〈U∗(x1)U(x2)〉. The radiant intensity, I(p), is

given by

I(p) =
k

2π

∫∫
J(x1; x2) exp [ik (x2 − x1) · p] dx1dx2, (3.1)

which is essentially the opposite of the van Cittert-Zernike theorem [26, 27]. Now, a

mask is inserted at the test plane, z = 0, whose transmission function is given by

A(x−x0), where x0 is a controllable displacement. This mask is known as the obstacle
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mask, where a small obscuration is defined in the plane. The obstacle’s amplitude

function can be written as A(x− x0) = 1− a(x− x0), where a(x− x0) is the opacity

of the obstacle. The resulting radiant intensity when an obstacle mask is present is

given by

IA(p; x0) =
k

2π

∫∫
J(x1; x2)A∗(x1 − x0)A(x2 − x0) exp [ik (x2 − x1) · p] dx1dx2.(3.2)

Then the opposite approach is taken: an aperture mask, the exact inverse of the

obstacle, is placed at z = 0 instead. The aperture mask has an amplitude function

given by 1 − A(x − x0) = a(x − x0). The radiant intensity with the aperture mask

becomes

Ia(p; x0) =
k

2π

∫∫
J(x1; x2)a∗(x1 − x0)a(x2 − x0)eik(x2−x1)·pdx1dx2. (3.3)

Now, a change of variables to centroid and difference coordinates is used such that

x1 = x̄ − x′/2 and x2 = x̄ + x′/2. The difference coordinate, x′, is the physical

separation between the two points in the field, and the centroid, x̄, is the point

centered between these two points. Later, the mutual intensity function results will

be in terms of x′, the separation between the points, so using these coordinates

throughout the derivation is useful. The mutual intensity function is written in these

coordinates as J(x̄,x′) = J(x̄−x′/2; x̄ + x′/2). The following three sections use Eqs.

(3.1), (3.2), and (3.3) to calculate the mutual intensity function.
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3.1.1 The Aperture Mask

In order to obtain the mutual intensity function using an aperture mask, a change of

variables is performed on Eq. (3.3), x̄ = x0 + τ , and J(x0 + τ ,x′) is expanded in a

Taylor series in τ :

Ia(p; x0) ≈ k

2π

∫ ∞∑
n=0

∞∑
m=0

τnx
n!

τmy
m!

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′) exp (−ikx′ · p)

×
[∫

a∗
(
τ +

x′

2

)
a

(
τ − x′

2

)
dτ

]
dx′

≈ k

2π

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′)Ânm,a (x′) exp (−ikx′ · p) dx′, (3.4)

where

Ânm,a (x′) =

∫
τnx
n!

τmy
m!

[
a∗
(
τ +

x′

2

)
a

(
τ − x′

2

)]
dτ . (3.5)

Assuming the coherence of the source does not change significantly over the width

of the aperture, the zeroth order term dominates. Therefore only Â00,a (x′) is used,

written as

Â00,a (x′) =

∫ [
a∗
(
τ +

x′

2

)
a

(
τ − x′

2

)]
dτ . (3.6)
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To obtain an estimate of the mutual intensity function J , denoted as J0 for the zeroth

order estimation, an inverse Fourier transform of Eq. (3.4) is taken:

Ĩa (x; x0) =
k

2π

∫
Ia(p; x0) exp (ikp · x) dp

≈
(
k

2π

)2 ∫∫
J0,a (x0; x′) Â00,a (x′) exp (−ikx′ · p) exp (ikx · p) dx′dp

=

(
k

2π

)2

J0,a (x0; x′) Â00,a (x′) (3.7)

Then it is possible to solve for J0:

J0,a (x0; x′) ≈ 4π2Ĩa (x; x0)

k2Â00,a(x′)
. (3.8)

Equation (3.6) takes the form of an autocorrelation of the opacity function of the

aperture being used. For a rectangular aperture, the autocorrelation function peaks

at x′ = (0, 0) and then decreases to zero in both the positive and negative direction.

The point at which the function becomes zero is at |x′| = ±w where w is the width

of the aperture. Therefore, if the point separation in the field, x′, is wider than the

width of the aperture being used, it is impossible to recover the mutual intensity

function. Other methods using a variety of aperture masks to combat this problem

were discussed in Section 1.3.4.

3.1.2 The Obstacle Mask

To address issues with the aperture method, an obstacle mask is used instead. An

obstacle mask in the test plane results in the intensity in the far field written as

Eq. (3.2). To obtain the mutual intensity function, is it necessary to use two mea-
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surements: one with (IA(p)) and one without (I(p)) the obstacle. Implementing

the change of variables to centroid and difference coordinates, the radiant intensities

become

I(p)− IA(p; x0) =
k

2π

∫∫
J (x′; x0)

{
1−

[
1− a∗

(
τ +

x′

2

)][
1− a

(
τ − x′

2

)]}
× exp (−ikx′ · p) dx̄dx′

=
k

2π

∫∫
J (x′; x0) exp (−ikx′ · p)

[
a

(
τ − x′

2

)
+ a∗

(
τ +

x′

2

)
−a
(
τ − x′

2

)
a∗
(
τ +

x′

2

)]
dx̄dx′. (3.9)

As was done for the aperture method, J(x0 +τ ,x′) can be expanded in a Taylor series

in τ , resulting in

I(p)− IA(p; x0) ≈ k

2π

∫ ∞∑
n=0

∞∑
m=0

τnx
n!

τmy
m!

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′) exp (−ikx′ · p)

×
[∫

a

(
τ − x′

2

)
+ a∗

(
τ +

x′

2

)
− a

(
τ − x′

2

)
a∗
(
τ +

x′

2

)
dτ

]
≈ k

2π

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′)Ânm,A (x′) exp (−ikx′ · p) , (3.10)

where

Ânm,A (x′) =

∫
τnx
n!

τmy
m!

[
a

(
τ − x′

2

)
+a∗

(
τ +

x′

2

)
− a

(
τ − x′

2

)
a∗
(
τ +

x′

2

)]
dτ . (3.11)
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Assuming again that the zeroth order term dominates, it then follows

Â00,A (x′) =

∫ [
a

(
τ − x′

2

)
+ a∗

(
τ +

x′

2

)
− a

(
τ − x′

2

)
a∗
(
τ +

x′

2

)]
dτ

= 2

∫
a(x)dx−

∫
a

(
τ − x′

2

)
a∗
(
τ +

x′

2

)
dτ , (3.12)

and by taking an inverse Fourier transform, J0 can be found:

k

2π

∫
[I(p)− IA(p; x0)] exp(ikx · p)dp ≈ k2

4π2

∫∫
J0,A(x0; x′)Â00,A (x′) exp(−ikx′ · p)

exp(ikx · p)dx′dp

J0,A(x0; x′) =
2π
∫

[I(p)− IA(p; x0)] exp(ikx · p)dp

kÂ00,A (x′)
. (3.13)

Notice that Eq. (3.12) has two terms. The first term is simply the integral over

the aperture’s amplitude function, a(x − x0). For a mathematically real aperture,

this term is equal to a constant equal to twice the area of the aperture. The second

term in Eq. (3.12) is the autocorrelation of the opacity function that was seen in the

aperture method. The value of this term can never be larger than the area of the

aperture. Therefore, the value of Â00,A can never be zero for any point separation

x′ in the test plane. The obstacle method can be used to find the estimated mutual

intensity function at any pair of points located symmetrically about the centroid of

the obstacle in the test plane, including points inside the obstacle itself. Only two

measurements are required to obtain two dimensions of the four-dimensional mutual

intensity function, significantly less than other methods have demonstrated.
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3.1.3 The Combined Method

An interesting observation briefly noted in the previous section implied that there is

a way to combine the aperture and obstacle methods. The second term in Eq. (3.12)

is the same as Eq. (3.6). Therefore, it could be advantageous to combine the radiant

intensities with no mask (I(p)), the obstacle mask (IA(p)), and the aperture mask

(Ia(p)) such that

∆(p; x0) = I(p)− IA(p; x0) + Ia(p; x0). (3.14)

The same steps as the previous two methods are considered:

∆(p; x0) = I(p)− IA(p; x0) + Ia(p; x0)

=
k

2π

∫∫ [
1− A∗

(
x̄− x′

2

)
A

(
x̄ +

x′

2

)
+ a∗

(
x̄− x0 −

x′

2

)
a

(
x̄− x0 +

x′

2

)]
×J(x̄,x′) exp (ikx′ · p) dx̄dx′

=
k

2π

∫∫
J(x̄,x′)

[
a∗
(

x̄− x0 −
x′

2

)
+ a

(
x̄− x0 +

x′

2

)]
exp (ikx′ · p) dx̄dx′

=
k

2π

∫∫
J(x0 + τ ,x′)

[
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)]
exp (ikx′ · p) dτdx′. (3.15)

Expanding J(x0 + τ ,x′) in a Taylor series in τ , it can be written that

∆(p; x0) ≈ k

2π

∫ ∞∑
n=0

∞∑
m=0

τnx
n!

τmy
m!

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′) exp (ikx′ · p)

×
[∫

a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)
dτ

]
dx′

=
k

2π

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J(x0; x′)Ânm (x′) exp (ikx′ · p) dx′, (3.16)
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where

Ânm (x′) =

∫
τnx
n!

τmy
m!

[
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)]
dτ . (3.17)

Assuming that the zeroth order term dominates,

Â00 =

∫ [
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)]
dτ = 2

∫
Re {a (τ )} dτ . (3.18)

It is noteworthy that Eq. (3.18) is a constant.

In order to obtain an estimate of the mutual intensity function J , denoted as

J0 for the zeroth order estimation, an inverse Fourier transform of Eq. (3.16) is

performed:

∆̃(x; x0) =
k

2π

∫
∆(p; x0) exp(ikx · p)dp

≈
(
k

2π

)2 ∫∫
J0(x0; x′)Â00 exp (ikx′ · p) exp(ikx · p)dx′dp

=

(
k

2π

)2

J0(x0; x′)Â00. (3.19)

From here, the mutual intensity function J0 can be calculated:

J0 (x0; x′) =
∆̃(x; x0)

Â00

. (3.20)

The mutual intensity function is proportional to the Fourier transform of the combi-

nation of the three radiant intensity measurements.

The combined method can be used to estimate the coherence between all pairs of

points located symmetrically about the location of the obstacle/aperture, including
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points inside of the obstacle/aperture region, just like the obstacle-only method. In

addition, for the combined method, Â00 is a constant, so there is no need to divide

by a numerical function. The key advantage of this method is the simplicity of the

analysis: one just needs to obtain three intensity measurements and take an inverse

Fourier transform to obtain the mutual intensity over the test plane.

3.1.4 Calculating the Mutual Intensity in Four Dimensions

Thus far, the discussion of coherence measurements has been focused on minimizing

the measurements needed for two of the four dimensions of the mutual intensity. To

measure coherence over the other two dimensions, one must scan the obstacle across

the field (i.e., vary x0). Physically, this is done by moving the obstacle and aperture

across the test plane. As these methods find the mutual intensity for all pairs of

points located symmetrically about the center of the obscuration, which is also the

centroid of the two pairs of points in the field, x̄. Further, if the sampling in x0 is

sufficiently fine, one can find higher-order estimates JN by using iteratively truncated

versions of Eq. (3.16):

JN(x̄; x′) = J0(x̄; x′)−
N∑
n=1

∂n

∂x̄n
∂m

∂ȳm
JN−1(x̄; x′)

Ānm(x′)

Ā00(x′)
. (3.21)

The higher order estimates JN are estimated experimentally by finite differences in

the measurements. If the obstacle and aperture are shifted by finite differences, taking

measured data for multiple values of x0 can help estimate the partial derivatives. Note

from Eq. (3.17) that if a(x) = a(−x), then all terms with odd n disappear.

In summary, the three ways the mutual intensity function can be estimated in
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the far field are as follows:

(1) J0,a (x0; x′) = Ĩa(x;x0)

Â00,a(x′)

(2) J0,A(x0; x′) =
∫

[I(p)−IA(p;x0)] exp(ikx·p)dp

Â00,A(x′)

(3) J0 (x0; x′) = ∆̃(x;x0)

Â00

The aperture method (1) only requires one far-field measurement for each value

of x0 (N measurements for N positions of x0), but has the limitation that the mu-

tual intensity can only be calculated for points inside of the aperture itself. This

is alleviated in the obstacle method (2) with two measurements for each position of

x0; the mutual intensity can be calculated for all pairs of points in the field located

symmetrically about the obstacle. The mutual intensity function can be found over

the entire field using N+1 measurements for N positions of x0. When combining the

two methods (3), three measurements are taken for each x0 position and the analysis

becomes much simpler, only an inverse Fourier transform is needed.

3.2 Fresnel Region Coherence Measurements

A common technique used to obtain radiant intensity measurements is to insert a

lens such that the back focal plane is at the detector plane. It is known from previous

work [67] how the propagation of a field relates to the coherence information in the

far field, so many of these relations can be altered to include the properties of the

lens. However, there are many cases where measuring the coherence of a non-visible

wavelength source may be of interest. However, a lens cannot be used since many

glass types cannot transmit wavelengths outside of the visible regime. Although it is

possible to place the detector in the true far field and allow the light to propagate,

it is likely that this is unreasonable in typical lab settings. Questions concerning the
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true “far field” begin to arise as well, raising the concern that perhaps the detector

is in the Fresnel region rather than the Fraunhofer region. Therefore, for a lensless

measurement system, the formalism presented in the previous section is adapted for

Fresnel region calculations.

A scalar field is again considered: U(x, z), where x = (x, y) at some fixed plane

z. The second-order coherence properties of U(x, z) at the test plane are described

by the mutual intensity function J(x1; x2) = 〈U∗(x1, 0)U(x2, 0)〉. In the paraxial

approximation, the intensity at a plane in the Fresnel region at a distance z away

from the test plane is given by

I(L)(x, z) =
1

λz

∫∫
J(x1; x2) exp

{
ik [|x2 − x|2 − |x1 − x|2]

2z

}
dx1dx2. (3.22)

As was used in the far-field case, an obstacle mask is inserted at the test plane z = 0

whose amplitude function is given by Aobs(x−x0) = 1− a(x−x0), where a(x) is the

opacity of the obstacle and x0 is a controllable lateral displacement. The resulting

irradiance is given by

I
(L)
A (x, z; x0) =

1

λz

∫∫
J(x1; x2)A∗(x1 − x0)A(x2 − x0)

× exp

{
ik [|x2 − x|2 − |x1 − x|2]

2z

}
dx1dx2. (3.23)

A second mask is then inserted which is the inverse of the obstacle, an aperture mask

with the amplitude function given by Aap(x − x0) = 1 − Aobs(x − x0) = a(x − x0).
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The resulting irradiance is given by

I(L)
a (x, z; x0) =

1

λz

∫∫
J(x1; x2)a∗(x1 − x0)a(x2 − x0)

× exp

{
ik [|x2 − x|2 − |x1 − x|2]

2z

}
dx1dx2. (3.24)

As before, after performing a change of variables to centroid and difference coordinates

such that x1 = x̄ − x′/2 and x2 = x̄ + x′/2, the mutual intensity function can be

written as J(x̄,x′) = J(x̄− x′/2; x̄ + x′/2).

3.2.1 The Lensless Aperture Method

The lensless version of the aperture method is first discussed. The mutual intensity

is multiplied by the aperture mask shape, yielding the irradiance, I
(L)
a (x, z; x0):

I(L)
a (x, z; x0) =

1

λz

∫∫
J

(L)

0,a (x̄,x′)a∗
(

x̄− x0 −
x′

2

)
a

(
x̄− x0 +

x′

2

)
× exp

[
ik(x̄− x) · x′

z

]
dx̄dx′

=
1

λz

∫∫
J

(L)

0,a (x0 + τ ,x′)a∗
(
τ − x′

2

)
a

(
τ +

x′

2

)
× exp

[
ik(x0 + τ − x) · x′

z

]
dτdx′, (3.25)

where the change of variables x̄ = x0 + τ has been done. Expanding J
(L)

0,a (x̄,x′) in a

Taylor series in τ ,

I(L)
a (x, z; x0) ≈ 1

z

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J

(L)

0,a (x0; x′)Â(1)
nm

(
x′,

x′

z

)
× exp

[
ik(x0 − x) · x′

z

]
dx′, (3.26)
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where

Â(1)
nm (x′,p) =

k

2π

∫
τnx
n!

τmy
m!
a∗
(
τ − x′

2

)
a

(
τ +

x′

2

)
exp (ikτ · p) dτ . (3.27)

It is assumed that the spatial coherence of the source is not changing rapidly across

the width of the aperture, so the zeroth order term in Eq. (3.26) dominates both series.

For ease, Â(1)(x′) indicates the zeroth order term Â(1)
00 (x′,p) of the two-dimensional

Taylor series.

In order to obtain an estimate of the mutual intensity from the measured irradi-

ance, the Fourier transform of the irradiance measured with an aperture at the test

plane is taken. In the detector plane, it is defined p′ = x′/z and J
(L)

0,a as the zeroth

order estimation of the mutual intensity for the aperture method. These definitions

are applied such that

Ĩa
(L)

(p, z; x0) ≈ 1

λ
J

(L)

0,a (x0;−p′z)Â(1) (−p′z,p) exp (−ikx0 · p) . (3.28)

Rearranging to solve for J
(L)

0,a (x0; x′),

J
(L)

0,a (x0; x′) =
λ exp(ikx0 · p)Ĩa

(L)
(p, z; x0)

Â(1) (x′,p)
. (3.29)

From Eq. (3.29), it is again noted that J
(L)

0,a (x0; x′) can only be measured over the

width of the aperture, since Â(1) (x′,p) is zero elsewhere.
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3.2.2 The Lensless Obstacle Method

The lensless obstacle method combines the irradiances from the obstacle mask (I
(L)
A (x, z; x0))

and no mask (I(L)(x, z)) present such that

∆A(x, z; x0) = I(L)(x, z)− I(L)
A (x, z; x0)

=
1

λz

∫∫ [
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)
− a∗

(
τ − x′

2

)
a

(
τ +

x′

2

)]
× J

(L)

0,A(x0 + τ ,x′) exp

{
ik(x0 + τ − x) · x′

z

}
dτdx′. (3.30)

Expanding J
(L)

0,A(x0 + τ ,x′) using a Taylor series in τ , it can be found that

∆A(x, z; x0) =
1

z

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J

(L)

0,A(x0; x′)Â(2)
nm

(
x′,

x′

z

)
× exp

[
ik(x0 − x) · x′

z

]
dx′, (3.31)

where

Â(2)
nm (x′,p) =

k

2π

∫
τnx
n!

τmy
m!

exp (ikτ · p)

[
a∗
(
τ − x′

2

)
+a

(
τ +

x′

2

)
− a∗

(
τ − x′

2

)
a

(
τ +

x′

2

)]
dτ . (3.32)

Again, if only the zeroth order term in Eq. (3.31) is retained, then for m = n = 0,

Eq. (3.32) is rewritten as

Â(2)(x′,p) = 2ã (p) cos

(
kx′ · p

2

)
−
∫
a∗
(
τ − x′

2

)
a

(
τ +

x′

2

)
× exp

(
ikτ · x′

z

)
dτ . (3.33)
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To find the mutual intensity, the Fourier transform of ∆A(x, z; x0) is taken, and

keeping in mind that p′ = x′/z, it can be found that

∆̃A(p, z; x0) ≈ k

2π

1

λz

∫ {∫
J

(L)

0,A(x0,x
′)Â(2)(p′z,p′) exp [ik(x0 − x) · p′] dx′

}
× exp(ikx · p)dx. (3.34)

The Fourier transform only acts on the exponent and then

∆̃A(p, z; x0) =
1

λ
J

(L)

0,A(x0, zp)Â(2)(zp,p) exp(ikx0 · p). (3.35)

To solve for J
(L)

0,A(x0,x
′), ∆̃A(p, z; x0) is used:

J
(L)

0,A(x0,x
′) =

λ exp
(−ikx0·x′

z

)
∆̃
(
x′

z
, z; x0

)
Â(2)(x′, x

′

z
)

. (3.36)

Here, there is a significant difference between the far-field calculation of the

obstacle method and the lensless method. Equation (3.33) can be zero at certain point

separations in the test plane, x′. Therefore, when attempting to solve for the mutual

intensity, there will be certain pairs of points at which the mutual intensity function

cannot be found directly. Methods of dealing with this limitation are discussed in

Section 3.3.

3.2.3 The Lensless Combined Method

Finally, it is possible to combine all three irradiance measurements into a three-

measurement method, similar to what was done in Section 3.1.3. After combining
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the three irradiances, the result becomes

∆(x, z; x0) = I(L)(x, z)− I(L)
A (x, z; x0) + I(L)

a (x, z; x0)

=
1

λz

∫∫
J

(L)

0 (x0 + τ ,x′)

[
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)]
× exp

[
ik(x̄− x) · x′

z

]
dτdx′. (3.37)

Again expanding J
(L)

0 (x0 + τ ,x′) in a Taylor series in τ ,

∆(x, z; x0) =
1

z

∫ ∞∑
n=0

∞∑
m=0

∂n

∂x̄n
∂m

∂ȳm
J

(L)

0 (x0; x′)Ân,m(x′)

× exp

[
ik(x0 − x) · x′

z

]
dx′, (3.38)

where

Â(3)
nm(x′) =

k

2π

∫
τnx
n!

τmy
m!

[
a∗
(
τ − x′

2

)
+ a

(
τ +

x′

2

)]
exp

(
ikτ · x′

z

)
dτ .(3.39)

Retaining only the zeroth order term, Â(3)(x′,p), it can be seen once again that

Eq. (3.39) takes the form of a Fourier transform:

Â(3)(x′) =
k

π
ã

(
x′

z

)
cos

(
kx′2

2z

)
. (3.40)

For the three-measurement method, the Fourier transform of the combined irra-

diances yields

∆̃(p, z; x0) ≈ k

2π

1

λz

∫ {∫
J

(L)

0 (x0,x
′)Â(3)(x′) exp

[
ik(x0 − x) · x′

z

]
dx′
}

× exp(ikx · p)dx. (3.41)
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Evaluating the Fourier transform yields

∆̃(p, z; x0) =
1

λ
J

(L)

0 (x0, zp)Â(3)(zp) exp(ikx0p). (3.42)

To solve for J
(L)

0 (x0,x
′), ∆̃(p, z; x0) is then used. Setting p = x′/z and solving for

J
(L)

0 (x0,x
′):

J
(L)

0 (x0,x) ≈
λ exp

(−ikx0x′

z

)
∆̃
(
x′

z
, z; x0

)
Â(3)(x′, x

′

z
)

. (3.43)

Eq. (3.43) is then the estimated theoretical value of the mutual intensity function for

the combined method. It is again noted that Eq. (3.40) has zeros. Therefore, when

calculating the mutual intensity function, there will be certain pairs of points that

cannot be found explicitly. This limitation appears to be consistent throughout the

entire analysis of Fresnel region spatial coherence measurements.

In summary, the three ways to estimate the mutual intensity function in the

Fresnel region are as follows:

(1) J
(L)

0,a (x0; x′) ≈ λ exp(ikx0·p)Ĩa
(L)

(p,z;x0)

Â(1)(x′,p)

(2) J
(L)

0,A(x0,x
′) ≈

λ exp

(
−ikx0·x

′
z

)
∆̃
(

x′
z
,z;x0

)
Â(2)(x′,x

′
z

)

(3) J
(L)

0 (x0,x) ≈
λ exp

(
−ikx0x

′
z

)
∆̃
(

x′
z
,z;x0

)
Â(3)(x′,x

′
z

)

For the lensless aperture method (1), the same basic limitation exists as in the

far-field case: one cannot recover the spatial coherence width for values larger than

the width of the aperture. For the obstacle (2) and combined (3) methods, it is

possible to estimate the full width of the mutual intensity function, but there will be

certain point separations in the test plane at which the coherence information cannot

be recovered due to zeros in the denominator. While this limitation is an issue in
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the Fresnel region calculations, it can partially be overcome, as discussed in the next

section.

3.3 Estimating Spatial Coherence in the Fresnel Region De-

spite the Zeros

For Fresnel region measurements of the mutual intensity function, the points near

a zero in the denominator of Eqs. (3.29), (3.36), or (3.43) cannot be directly recon-

structed. Three ways to address this are discussed: (a) experimentally avoid the zeros

of these functions; (b) apply a “moving zeros” technique, described in detail below;

and (c) fit the data to a basis in order to estimate the coherence function in the neigh-

borhood of the zeros, as shown in Section 3.3.3. All of these methods are possible to

combat the limitation of having zeros present in the denominator of Eqs. (3.36) and

(3.43). Any one or combinations of them could be used to great effect.

3.3.1 Experimentally Avoiding Zeros

In the calculations that follow, it can be found that the locations of the zeros in the

denominator functions are related to physical parameters of the setup. Therefore, the

zeros could be avoided in the calculation by creating limitations in the experiment.

For the aperture method (Â(1)(x′)), there are zeros at every point separation where

|x′| > w. Therefore, the width of the spatial coherence cannot be recovered fully if it

is larger than the width of the aperture.

For the obstacle method, the zeros of Â(2)(x′) could be experimentally avoided

by imposing conditions on the distance z. Avoiding the zeros in the cosine term of
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Eq. (3.33) requires that

k|x′|2

2z
<
π

2
. (3.44)

Since |x′| ≤ δc are the only values that are significant, where δc is the coherence width

of the source, the cosine term can be rewritten as

kδ2
c

2z
<
π

2

z >
kδ2

c

π
=

2δ2
c

λ
(3.45)

If a(x) is approximately rectangular with a width of w, the conditions imposed on z

from the amplitude of Eq. (3.33) yields

z > δckw. (3.46)

These two conditions on z should create an adequate position for avoiding zeros using

the lensless obstacle method as long as δc is approximately known a priori.

Now the experimental limitations of the three-measurement method are inves-

tigated, focusing on Â(3)(x′). Avoiding the zeros in the cosine term in Eq. (3.40)

requires that

z >
kδ2

c

π
. (3.47)

This becomes the only condition necessary on z for the three-measurement method.

These constraints have physical interpretations: z > w2/λ states that the aper-

ture must fit in a single Fresnel zone when observed from the detector plane; z �
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δcw/λ means that, radiometrically, the distance is large enough that light is allowed

to fill the shadow region cast by an obstacle of size w, since the angular spread of

partially-coherent light is roughly λ/δc. Finally, only the constraint δc � w for the

aperture method is a hard constraint, since it is associated with an extended zero

region rather than a line. When the other constraints are violated, an estimate of the

mutual intensity is still accessible for other methods.

3.3.2 Moving Zeros

There is an additional work around solution that could be employed. A “moving

zeros” method would require irradiance measurements at multiple locations in z. At

a single z position, the zeros could exist within the region where the mutual intensity

function is significant. However, if that z is then slightly varied, the location of

the zeros will change, and then the mutual intensity function at those original zero-

locations would be nonzero. This method could be applied for both the obstacle and

combined method cases. This would not work for the aperture method because the

limitation there is only dependent on the width of the aperture.

3.3.3 Fitting Data with Hermite-Gaussian Polynomials

Lastly, it is possible to use basis fitting to estimate the mutual intensity function

within the zero lines of the obstacle and combined methods. In this case, a Hermite-

Gaussian basis was chosen, which is especially useful if the source is known to have

an approximately Gaussian mutual intensity function.

For the data analysis, a Hermite-Gaussian basis is used to fit the mutual intensity
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function. These discrete orthonormal basis elements are of the form

uHGn (x;w) =
1√

2n−1wn!
√

2π
Hn

(√
2
x

w

)
exp

(
− x

2

w2

)
, (3.48)

where Hn is the nth order Hermite polynomial, n ranges from zero to infinity, and w

is a scaling constant that regulates the width of the basis elements [68]. In this work,

the goal is to find the optimal w and the coefficients of the polynomials that fit the

data. The fitting process begins by assuming that the mutual intensity function can

be defined as a sum of Hermite-Gaussian polynomials:

J(x0,x) ≈ ∆(x, y)

∆c(x, y)
≈
∑
nm

cnmu
HG
n

( x
w

)
uHGm

( y
w

)
, (3.49)

where cnm are the coefficients for the Hermite-Gaussian basis elements. Fitting can

be used for any of the three measurement methods. The term ∆(x, y) represents

the measurement of partially coherent light using any method and ∆c(x, y) is the

measurement of coherent light using the same method. From here, the terms are

rearranged to define the square of the error:

ε2 =

∣∣∣∣∣∆c(x, y)
∑
nm

cnmu
HG
n

( x
w

)
uHGm

( y
w

)
−∆(x, y)

∣∣∣∣∣
2

(3.50)

=

[
∆c(x, y)

∑
mn

cmnu
HG
n

( x
w

)
uHGm

( y
w

)
−∆(x, y)

]

×

[
∆∗c(x, y)

∑
n′m′

c∗n′m′u
HG
n′

( x
w

)
uHGm′

( y
w

)
−∆∗(x, y)

]
.

Finding the minimum of the sum of the error over all pixels (i, j) by taking the

derivative with respect to the coefficient will yield the best fit Hermite-Gaussian



81

polynomials for the data. Solving for this coefficient,

δε2

δc∗nm
=
∑
ij

∆∗c(xi, yj)u
HG
n

(xi
w

)
uHGm

(yj
w

)
×

[
∆c(xi, yj)

∑
n′m′

cn′m′u
′HG
n

(xi
w

)
u′HGm

(yj
w

)
−∆(xi, yj)

]
, (3.51)

which, after setting the derivative equal to zero and rearranging reads

∑
ij

∆∗c(xi, yj)∆c(xi, yj)u
HG
n

(xi
w

)
uHGm

(yj
w

)
=
∑
ij

|∆c(xi, yj)|2 uHGn
(xi
w

)
uHGm

(yj
w

)
×
∑
nm

cnmu
HG
n

(xi
w

)
uHGm

(yj
w

)
. (3.52)

Eq. (3.52) is used to solve for the coefficients cnm. Plotting the sum of discrete

Hermite-Gaussian polynomials weighted by these coefficients will give a two-dimensional

array plot that estimates the mutual intensity function J(x0,x) for all points, includ-

ing those that are not directly measureable by the methods described in this work.

The Hermite-Gaussian fitting method is exploited in Section 4.4.

In summary, the lensless methods of finding the spatial coherence come with

some limitations that can be circumvented. The experimental implementation of

these methods follow in the next chapter.
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4 Experimental Implementation of Coherence Mea-

surements

In Chapter 3, the theoretical derivations of three methods to measure spatial coher-

ence were discussed. This chapter describes how to experimentally implement these

theories to obtain the mutual intensity function for the far field (with a lens) and

Fresnel region (without a lens) cases.

4.1 Far-Field Experimental Implementation

A diagram of the experimental implementation of the far-field method is shown in

Fig. 4.1. A partially coherent field to be measured is prepared by focusing a diode-

pumped, frequency-doubled Nd:YAG laser (λ = 532 nm) onto a rotating ground

glass diffuser followed by two positive lenses that relay and collimate the source. The

source generated here is approximately that of a Gaussian Schell-model source. Such

a source is approximately circular in shape and both the spatial distribution of its

spectral density across it and its spectral degree of coherence are Gaussian [26]. The

light then enters the measurement portion of the system. It consists of a transmissive

liquid-crystal spatial light modulator (SLM) placed at the test plane, surrounded by

crossed linear polarizers. The obscurations and apertures are written onto the SLM so

that their size, shape, and location can be easily controlled. The measurement system

continues with a converging lens (f = 340 mm) and a CCD detector. The lens is

used in the Fourier-transforming configuration, with the CCD at its back focal plane,

so that the intensity measured at the CCD is proportional to the radiant intensity at

the test plane (SLM plane).
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laser
rotating
di�user SLM/analyzer CCD

PARTIALLY-COHERENT FIELD PREPARATION            MEASUREMENT

Figure 4.1: A diagram of the far-field experimental setup is shown. A partially coherent
field is created, then the light is collimated through an SLM, and then create a 2f system
to create a Fourier transform. This was previously published in [69].

The SLM was taken out of a Sharp LCD projector (XG-C50X) that had been

bypassed to not use the large fan and the lamp. The projector was connected to a

computer which displays various masks (an obstacle or an aperture). The size, shape,

and location of the obstacle and aperture were controlled from a Matlab program.

Once a mask was displayed on the SLM, an image was acquired on the CCD to obtain

the radiant intensity. The acquired images with each mask were denoted by I(x) (no

mask, or white, displayed on the SLM), Ia(x) (an aperture displayed on the SLM),

and IA(x) (an obstacle displayed on the SLM) which were then used to calculate the

mutual intensity function J0 as a function of the point separation x′.

Figure 4.2 displays the results of the obstacle method (Eq. 3.13) in the far field.

This figure shows the basic estimate J0 that results from using obscurations of (a,c)

square and (b,d) circular shapes, whose sides/diameters are (a,b) 1.855 mm and (c,d)

3.81 mm, all at the center of the SLM. In all cases, the measured mutual intensity as a

function of point separation is approximately a rotationally-symmetric real Gaussian

(the imaginary part is about two orders of magnitude smaller) with half-width-half-

maximum of about 30 µm. The differences between these measurements are within

a few percent of their peak (normalized to unity), even though different shapes and
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Figure 4.2: The two-dimensional estimated mutual intensity function J0 for a variety of
obstacle sizes in the test plane: (a) a square of width 1.855 mm, (b) a circle with diameter
1.855 mm, (c) a square of width 3.81 mm, (d) a circle with diameter 3.81 mm, (e) a square
of width 3.81 mm displaced 2.93 mm to the left, and (f) a square of width 3.81 mm displaced
2.93 mm to the right. The inset images represent the irradiance on the CCD when displaying
no mask (left) and the relevant obstacle mask (right). This was previously published in [69].
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sizes were used. It is clear from (a,b) that noise affects the results more for smaller

obscurations, as the measured distributions (shown in the insets) being subtracted

are more similar. Parts (e,f) correspond to square obstacles of side 3.81 mm displaced

2.93 mm to the left (e) and right (f) of the center of the SLM. These figures show that

in this case the variation of J with centroid is insignificant, so that the corrections in

Eq. (3.21) are negligible and the basic estimate J0 is sufficient.

These results are consistent with what is expected from a Gaussian-Schell-model

source: the mutual intensity function is Gaussian in two dimensions. The mutual

intensity function is roughly the same size and shape no matter which obstacle shape

or size is used. The homogeneity of the field is also apparent in this study since as the

obstacle moves left and right, the mutual intensity function remains the same size.

−0.6 −0.4 −0.2 0.2 0.4 0.6

(a)

x’(mm)

y 
(m

m
)

(b)

y’(mm)

y 
(m

m
)

x’(mm) y’(mm)

y = 3.71mm

y = 0 mm

y = −3.71mm

y = 3.71mm

y = 0 mm

y = −3.71mm

−0.6 −0.4 −0.2 0.2 0.4 0.6

Figure 4.3: When a horizontal knife-edge is inserted just after a relayed source point, the
mutual intensity function (a) changes in the x′ dimension and (b) not the y′ dimension.
The lineout plots show three different locations of the obstacle in the y direction. This was
previously published in [69].

The previous example, an approximately translationally-invariant field with Gaus-

sian statistics, shows the obstacle method’s robustness. In addition, this method has

the ability to characterize translationally-variant fields. To show this, the translation
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invariance and isotropy of the coherence of the field were disrupted by introducing

a horizontal knife edge a few millimeters along the axis away from the intermediate

image of the rotating diffuser. The resulting measurements for J0, using a square

obstacle of side 3.81 mm in the SLM, are shown in Fig. 4.3 for ȳ varying from −4.1

mm to 4.1 mm in steps of 0.195 mm. Vignetting from the knife edge makes the

coherence vary with ȳ (the center of the obstacle in the y direction), particularly in

the x direction [69].

4.2 Lensless Coherence Measurements

Implementing the lensless coherence measurement and estimating the mutual inten-

sity function is similar to the far field case. A diagram of the experimental setup is

shown in Fig. 4.4. Instead of the Fourier transform lens behind the SLM, the light

simply propagates in free space approximately 470 mm before hitting the detector.

laser
rotating
di�user SLM/analyzers CCD

PARTIALLY-COHERENT FIELD PREPARATION            MEASUREMENT

Figure 4.4: A diagram of the experimental setup is shown. A partially coherent field is
created, collimated through an SLM, and then it propagates to the Fresnel region before
an irradiance measurement is obtained at the detector.

For the lensless experiments, a new detector needed to be used to obtain higher

dynamic range. The new image sensor was a Rolera Thunder electron-multiplying

CCD (EMCCD) from QImaging connected to the computer through a firewire inter-

face and controlled using MicroManager software. In each experiment, the exposure
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time was pre-set to avoid saturation. For each mask, a stack of 100 images was

acquired and imported into Matlab for averaging.

In all of the experiments described here, the obstacle/aperture was a square that

varied in size from 0.27 mm to 0.76 mm (14 to 40 pixels) across. In each case, a black

mask was displayed on the SLM and the resulting image was acquired for background

subtraction. This was intended to compensate both for background light within the

laboratory as well as any incoherent leakage due to incomplete extinction of the SLM

pixels.

There are two possible ways to estimate the denominator Ã in each method

(Eqs. (3.27), (3.33), and (3.40)). It can be calculated based on the size of the ob-

stacle/aperture and distance to the detector as defined in Eqs. (3.27), (3.33), and

(3.40). It could instead be inferred experimentally from the measurement of a spa-

tially coherent field. For example, in Eq. (3.40), a perfectly coherent field would lead

to an estimated mutual intensity function of unity for all point separations (when

normalized). Therefore, at each point separation x′, Ã(3) would then be equal to the

numerator (the irradiance at the detector). The quantities Ã(1), Ã(2), and Ã(3) can

each be acquired experimentally in this way by removing the diffuser from the system

to obtain a coherent field. This was the method of choice, since very small errors in

the mask size could shift the zeros in the denominators of Eqs. (3.29), (3.36), and

(3.43).

Figure 4.5 illustrates the measurements taken with no mask (I(x)), an obsta-

cle (IA(x)), and an aperture (Ia(x)) with the background subtracted. Following

Eqs. (3.29), (3.36), and (3.43), and using reference data from a coherent source, the

two-dimensional mutual intensity function can be found from this data. An example
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of the mutual intensity calculated using the combined method (Eq. (3.43)) is shown

in Fig. 4.6.

(a) (b) (c)

Figure 4.5: Example of data taken for (a) no mask, (b) an obstacle, and (c) an aperture with
the background subtracted. This data was taken with the diffuser in the position furthest
from the focus, creating a more incoherent source. A 40 pixel square obstacle/aperture
centered on the SLM is used.

4.3 Image Analysis and Noise Reduction

To isolate the mutual intensity function data from the noise, some image processing

techniques were employed. These techniques are useful in both the far field and Fres-

nel region experiments, but this section will focus on the Fresnel region experiments.

First, a supergaussian shaped apodization was applied onto the data to ensure that

the edges of the images decreased to zero. A pad of zeros around the data was also

applied to increase the resolution of the fast Fourier transform and to avoid aliasing.

The supergaussian can be defined as

exp

[
−
(

(x− xc)2 + (y − yc)2

σ2

)N]
, (4.1)
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Figure 4.6: The mutual intensity function of a partially coherent field using the lensless
combined method. Each axis is the point separation in the x and y directions. The colorbar
represents the change in phase across the field. The black rings in the images are the point
separations where it is not possible to obtain the mutual intensity function.

where xc and yc are the coordinates of the “center of mass” of the data, σ changes

the width of the supergaussian, and N determines how steeply the supergaussian

decreases to zero. For each data set IL(x, z), ILA(x, z; x0), and ILa (x, z; x0), a super-

gaussian with N = 4 was found to be suitable and applied.

In addition, any decentering between the partially coherent data and that of

the reference measurement using a coherent field would result in a linear phase term

when taking the Fourier transform as described in Section 3.2. The linear phase can

be removed such that

∆̃(p, z; x0)× exp (−πipcenter · p) , (4.2)
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where pcenter is the coordinates of the difference between the centroid of the partially

coherent data and the center of the reference data, which causes the linear phase

shift. This linear phase is calculated and removed from each partially coherent mea-

surement to ensure better fitting when applying the Hermite-Gaussian polynomial

method described in Section 3.3.3.

Since there were direct comparisons between the partially coherent measurement

and the coherent measurements in the Fresnel region, there were areas (particularly

for the large point separations) with a lot of noise. A regularization routine was

employed as follows:

f ∗(x)

|f(x)|2 + ε2|f(0)|2
, (4.3)

where f(x) represents the function in the denominator (the coherent measurement,

in this case) and ε represents a very small shift away from zero so that dividing by a

very small number does not dominate the results. The regularization routine ensures

that the noise does not overpower the signal.

4.4 Varying Coherence Width in the Lensless Case

The experimental setup is flexible in that changing the spatial coherence of the source

is simple. To do so, the diffuser is moved in z either closer to or further away from

the focus of the original laser source. As the size of the spot on the diffuser increases,

the spatial coherence at the test plane decreases. Since the detector averages over

exposure times longer than the time the diffuser passes over the spot size of the source,

the grits on the diffuser will average out the coherence of the original laser source.
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The three methods described in Section 3.2 are compared in the Fresnel region

for a variety of partially coherent sources (i.e. different positions of the diffuser). Each

of these methods has experimental advantages and disadvantages, and the differences

in the results are shown in Fig. 4.7 and Fig. 4.8.
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Figure 4.7: The two-dimensional J calculated using Eq. (3.43) for a centered 0.27 mm
square obstacle and aperture. The coherence is varied through several positions (three
shown) varying from more coherent (top) to less coherent (bottom). It is possible to find J
using each of the three described methods: (a) aperture method, (b) obstacle method, and
(c) combined method.
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Figure 4.8: The two-dimensional J calculated using Eq. (3.43) for a centered 0.76 mm
square obstacle and aperture. The coherence is varied through several positions (three
shown) varying from more coherent (top) to less coherent (bottom). It is possible to find J
using each of the three described methods.

The aperture method can cut off some of the coherence information for more

coherent sources (shown in the top row), which is expected from the theoretical

models that suggest it is not possible to recover the coherence information for point

separations larger than the size of the aperture. There are slight differences between

the obstacle and combined methods, but both can estimate the coherence width of
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the source. The black rings represent the data points where Â(2) or Â(3) are zero and

therefore there is no coherence information at those point separations.

The same data can be found by using the Hermite-Gaussian basis as a fitting

method, as described in Section 3.3.3. For each data set, the estimated width of the

best-fit Gaussian is used to plot a simulated J0, as shown in Fig. 4.9 and Fig. 4.10.

In these fitting images, the fits do not seem to match those in the experimental

data collection for the aperture method, especially so for the 0.27 mm aperture case

(Fig. 4.9). Since the aperture is only capturing a small part of the test plane,

the amount of data used to try to fit the coherence width is simply not enough to

effectively recover the full coherence width. However, once an obstacle is in place, it is

possible to obtain information over a wider range. For the 0.76 mm obstacle/aperture

case (Fig. 4.10), the Hermite-Gaussian polynomials cannot effectively recover the

widest coherence width for the aperture method, but does a bit better for the mid-

coherence case.

4.5 Spatially Varying Fields for Fresnel Region Coherence

Measurements

As shown in Section 4.1, this measurement system is capable of measuring sources

with inhomogeneous coherence functions. To demonstrate this for the lensless case,

the shape of the source is altered and the change in its coherence is reflected in

the resulting J0 values. To have the mutual intensity function vary across the field,

an obscuration is inserted shortly after the source focus point. An image of this

obscuration is shown in Fig 4.11.
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Figure 4.9: The two-dimensional J fitted with a Hermite-Gaussian basis set. These fits
directly compare to Fig. 4.7. Each of the three measurement methods are used to fit J .

As the location of the obstacle/aperture in the SLM plane changes, the mutual

intensity function changes, which reflects the variation in coherence across the source

plane. In addition to changing the shape of the coherence function, the translation of

the obstacle/aperture also imparts a linear phase onto the coherence function, which

is represented with a colorbar in Fig. 4.12.
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Figure 4.10: The two-dimensional J fitted with a Hermite-Gaussian basis set. These fits
directly compare to Fig. 4.8. Each of the three measurement methods are used to fit J .

Figure 4.11: Image of the paper tip obscuration used to vary the coherence across the plane
of the source in both x′ and y′.
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Figure 4.12: Each image in the grid represents the two-dimensional mutual intensity func-
tion as a function of the point separation x′ within a range of ±0.714 mm for a different
position of the obstacle/aperture in the field with a spacing of 1.425 mm.

Although the SLM used in this experiment is a liquid crystal material, other ways

of creating the amplitude masks are possible. Liquid crystals are not transmissive in

the x-ray regime, for example. However, if a physical beam block could be used

instead for that wavelength, this experimental method could still be implemented.

The key is accurately knowing the size, shape, and location of the mask in use. When

possible, it would also be helpful to have the inverse of the mask to use the aperture
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method as well, but the experiment will work with only an obstacle mask in place.

In conclusion, each of the three methods (aperture, obstacle, and combined) can

be used in either a far-field or Fresnel region configuration. Each configuration has

a different analysis associated with it. The combined method in the far field has the

simplest analysis (only a Fourier transform is needed). The aperture method for both

cases limits the separation between pairs of points in the field that can be measured.

The obstacle method in the far field can obtain coherence information at the most

pairs of points with the least number of measurements. In the Fresnel region, both

the obstacle and combined methods use no lenses, are robust, and give good results.

There are point separations that cannot be recovered easily for both cases, so one is

not significantly easier than the other.
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5 Vector Field Correlations

In the previous two chapters, the main focus was calculating and measuring the

mutual intensity function, J , of a scalar field. That is, the vector character of the field

was ignored and only one polarization component was considered. In this chapter,

the discussion shifts to vector fields and how to measure the spatial coherence of a

light source while considering vector correlations. A key feature of a polarization-

dependent coherence measurement is that if the vector correlations of the field are

inhomogeneous, it is possible to visualize the results of that change. Therefore, the

method presented in this chapter has the flexibility to be applied to wide variety of

optical sources, regardless of their homogeneity in coherence or polarization.

5.1 Experimental Implementation

Experimentally, the vector coherence setup is similar to that shown in Section 4.1,

with two alterations, both shown in Fig. 5.1. The laser used to create a Gaussian-

Schell-model source was changed to a helium-neon laser source at λ = 633 nm. In

laser
rotating
di�user QWP/SLM/analyzers CCD

PARTIALLY-COHERENT FIELD PREPARATION MEASUREMENT

Figure 5.1: Experimental setup for the polarization-dependent coherence measurements.

addition, two quarter-wave plates (QWPs) were inserted just before the analyzer

surrounding the SLM. These two QWPs were then rotated to pass through different
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polarization components. It is noted that if the SLM displays a white mask (no

obstacle or aperture), the system acts as a polarimeter: the detector measures the

intensity for the polarization component selected by the angles of the QWPs before

the SLM.

5.1.1 Polarimetry Calibration

Before taking measurements that depend on polarization, calibration needed to be

completed in order to confirm that the system was selecting a given state of polariza-

tion. The system was calibrated by adjusting the two QWPs such that a given input

polarization (as measured by a ThorLabs polarimeter) would be precisely transformed

to a linear output state perfectly aligned with the analyzer at the input to the SLM.

This method was actually performed with the two QWPs and the first analyzer in

reverse, since the polarization states will be consistent in both directions of travel.

Table 5.1 shows the six polarization states used in the measurements, along with the

angular positions of the two QWPs.

State of Polarization QWP 1 (o) QWP 2 (o)
Horizontal (H) 178 1
−45o (M) 200.5 23.5

Vertical (V) 223 46
+45o (P) 155 338.5

Left-Hand Circular (L) 222.5 1
Right-Hand Circular (R) 133 1

Table 5.1: This table defines the angles of the two QWPs in the experimental setup for
each of the six basis states of polarizations used in the measurement. H is horizontally-
polarized light; M is −45o polarized; V is vertically polarized; P is 45o polarized; L is
left-hand-circularly polarized; and R is right-hand-circularly polarized light.
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5.1.2 Maximizing Contrast on SLM

Once the polarimetry calibration was completed, the next step to ensure proper usage

of the experiment was to maximize the contrast of the SLM. The angle of the first

(a)

(b)

Figure 5.2: This screenshot shows (a) the detector display while a black background mask
is being displayed on the SLM. (b) A line-out of the intensity of light hitting the detector is
also shown. Even though the black mask is displayed on the SLM, some light leaks through
the second analyzer and reaches the detector plane.
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analyzer before the SLM must be horizontal to allow the most light to be transmitted

through the SLM. The angle of the second analyzer was then rotated while a black

screen is displayed on the SLM. With the laser at the maximum power setting and

the SLM set on the black screen setting, the angle of the second analyzer was rotated

to minimize the transmitted power. It was found (as illustrated in the image and

line trace in Fig. 5.2) that a single analyzer did not completely extinguish the beam.

Due to the light leakage, an additional analyzer is included beyond the second one,

adjusted to the same angle, to ensure further extinction.

Two 25 mm-diameter high contrast polarizers (Stock #47-603) were ordered from

Edmund Optics to obtain maximum extinction. To approximate the extinction ratio

of the SLM, a full-scale reference measurement is taken when the SLM is completely

open. This measurement is followed by one with the SLM closed. The dark measure-

ment is taken with an additional exposure of 100x and additional gain of 50x. The

ratio of the signals was approximately 20x. Therefore, the approximated extinction

ratio is 100,000:1.

5.2 Vector Correlation Measurements

To test the system, an initial measurement was carried out with a partially coherent,

right-hand-circularly polarized source, similar to that studied in the scalar case. Since

there are no polarization-dependent correlations, the only change expected in the

mutual intensity function for the different polarization components is the relative

strength of the signal, as shown in Figure 5.3. This check confirmed repeatability of

the system.
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Figure 5.3: Experimental mutual intensity results taken for a Gaussian-Schell-model source.
H is horizontally-polarized light; M is −45o polarized; V is vertically polarized; P is 45o

polarized; L is left-hand-circularly polarized; and R is right-hand-circularly polarized light.

To carry out measurements of the coherence matrix, defined in Eq. (1.10) and

repeated here in Eq. (5.1), the mutual intensity is measured for a series of individual
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components:

J(x1,x2) =

 〈E∗x(x1,x2)Ex(x1,x2)〉 〈E∗x(x1,x2)Ey(x1,x2)〉〈
E∗y(x1,x2)Ex(x1,x2)

〉 〈
E∗y(x1,x2)Ey(x1,x2)

〉
 (5.1)

=

 Jxx(x1,x2) Jxy(x1,x2)

Jyx(x1,x2) Jyy(x1,x2)

 ,
The following paragraphs describe the formulation of the problem and how the data

were processed. Each element of the coherence matrix is a four-dimensional scalar

coherence function, described in more detail in Chapter 3. With six measurements, all

of the elements of the coherence matrix can be obtained experimentally. The diagonal

elements can be found using a linear polarizer oriented horizontally and vertically at

the source plane. The other two elements can be calculated when using +45 degrees

(denoted with a P), -45 degrees (M), right- (R), and left- (L) circular analyzers. When

using a left-circular analyzer, the correlation between two points can be written as a

combination of the elements of the coherence matrix:

〈E∗L (x1)EL (x2)〉 =
1

2

〈[
E∗x (x1)− iE∗y (x1)

]
[Ex (x2) + iEy (x2)]

〉
=

1

2

[
〈E∗x (x1)Ex (x2)〉+

〈
E∗y (x1)Ey (x2)

〉
+i 〈E∗x (x1)Ey (x2)〉 − i

〈
E∗y (x1)Ex (x2)

〉 ]
, (5.2)

where x = (x, y). Similar results occur for right-circular, +45 degrees, and -45 degrees
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analyzers:

〈E∗R (x1)ER (x2)〉 =
1

2

〈[
E∗x (x1) + iE∗y (x1)

]
[Ex (x2)− iEy (x2)]

〉
=

1

2

[
〈E∗x (x1)Ex (x2)〉+

〈
E∗y (x1)Ey (x2)

〉
−i 〈E∗x (x1)Ey (x2)〉+ i

〈
E∗y (x1)Ex (x2)

〉 ]
, (5.3)

〈E∗P (x1)EP (x2)〉 =
1

2

〈[
E∗x (x1) + E∗y (x1)

]
[Ex (x2) + Ey (x2)]

〉
=

1

2

[
〈E∗x (x1)Ex (x2)〉+

〈
E∗y (x1)Ey (x2)

〉
+ 〈E∗x (x1)Ey (x2)〉+

〈
E∗y (x1)Ex (x2)

〉 ]
, (5.4)

and

〈E∗M (x1)EM (x2)〉 =
1

2

〈[
E∗x (x1)− E∗y (x1)

]
[Ex (x2)− Ey (x2)]

〉
=

1

2

[
〈E∗x (x1)Ex (x2)〉+

〈
E∗y (x1)Ey (x2)

〉
−〈E∗x (x1)Ey (x2)〉 −

〈
E∗y (x1)Ex (x2)

〉 ]
. (5.5)

Subtracting Eq. (5.3) - Eq. (5.2), it can be found that

〈E∗R (x1)ER (x2)〉 − 〈E∗L (x1)EL (x2)〉 = i
[
〈E∗x (x1)Ey (x2)〉

−
〈
E∗y (x1)Ex (x2)

〉 ]
, (5.6)

which is the last generalized Stokes parameter, S3. Subtracting Eq. (5.4) - Eq. (5.5)
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yields

〈E∗P (x1)EP (x2)〉 − 〈E∗M (x1)EM (x2)〉 =
[
〈E∗x (x1)Ey (x2)〉

+
〈
E∗y (x1)Ex (x2)

〉 ]
, (5.7)

which is the third generalized Stokes parameter, S2. Therefore, two equations and two

unknowns are left: 〈E∗x (x1)Ey (x2)〉 and
〈
E∗y (x1)Ex (x2)

〉
, the off-diagonal elements.

Solving this system of equations demonstrates that four measurements yield the off-

diagonal elements of the coherence matrix defined in Eq. (1.10):

〈E∗x (x1)Ey (x2)〉 =
〈E∗R (x1)ER (x2)〉 − 〈E∗L (x1)EL (x2)〉

2i

+
〈E∗P (x1)EP (x2)〉 − 〈E∗M (x1)EM (x2)〉

2
(5.8)

and

〈
E∗y (x1)Ex (x2)

〉
=
〈E∗P (x1)EP (x2)〉 − 〈E∗M (x1)EM (x2)〉

2

−〈E
∗
R (x1)ER (x2)〉 − 〈E∗L (x1)EL (x2)〉

2i
. (5.9)

It is possible to evaluate a similar calculation for right- and left-hand circular po-

larizations as the diagonal elements of the coherence matrix. Beginning again by

defining

〈E∗R (x1)ER (x2)〉 =
1

2

〈[
E∗x (x1) + iE∗y (x1)

]
[Ex (x2)− iEy (x2)]

〉
(5.10)
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and

〈E∗L (x1)EL (x2)〉 =
1

2

〈[
E∗x (x1)− iE∗y (x1)

]
[Ex (x2) + iEy (x2)]

〉
. (5.11)

The off-diagonal elements then become

〈E∗R (x1)EL (x2)〉 =
1

2

〈[
E∗x (x1) + iE∗y (x1)

]
[Ex (x2) + iEy (x2)]

〉
(5.12)

=
〈E∗x (x1)Ex (x2)〉

2
− i
〈E∗x (x1)Ey (x2)〉

2

−i

〈
E∗y (x1)Ex (x2)

〉
2

−
〈
E∗y (x1)Ey (x2)

〉
2

,

〈E∗L (x1)ER (x2)〉 =
1

2

〈[
E∗x (x1)− iE∗y (x1)

]
[Ex (x2)− iEy (x2)]

〉
=
〈E∗x (x1)Ex (x2)〉

2
+ i
〈E∗x (x1)Ey (x2)〉

2

+i

〈
E∗y (x1)Ex (x2)

〉
2

−
〈
E∗y (x1)Ey (x2)

〉
2

.

The off-diagonal elements can be found with the horizontal and vertical polarization

coherence measurements as well as the other four measurements as defined in Eq. (5.8)

and Eq. (5.9).

5.2.1 Inhomogeneously Polarized Sources

With the system calibrated and tested on a scalar-like field, the case of a field with

nontrivial correlations between field components was then considered. To generate

such a field, a stress-engineered optic (SEO) was placed near the source plane to

change the polarization continuously across the field. The beam was small enough

that only the first few center rings (previously shown in Fig. 1.6) were illuminated.

The six states were measured using the combined method described in Section 3.1.3
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and shown in Fig. 5.4. Each mutual intensity pattern has complementary patterns
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Figure 5.4: Experimental mutual intensity results taken with an SEO in the optical system.
H is horizontally-polarized light; M is −45o polarized; V is vertically polarized; P is 45o

polarized; L is left-hand-circularly polarized; and R is right-hand-circularly polarized light.

between the orthogonal states. There is a narrow outer ring surrounding the main

coherence peak in the center, which is expected based on the data taken. Previous

work [59] suggests that for right- and left-hand-circularly polarized light, there should

be outer rings that are 180o out-of-phase with respect to the center lobe, which can
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be seen in these results as well.

Since there are so many aspects of these polarization-dependent coherence mea-

surements to consider, there are many useful ways to display the information. A few

of them are explored in the next few sections.

5.2.2 Finding the Coherence Matrix

Using the calculations and measurements made in the previous section, the coherence

matrix can be calculated from six polarization-dependent coherence measurements.

Experimental representation of this matrix is shown in Fig. 5.5 where the diagonal

elements are the horizontal and vertical components and the off-diagonal elements

are calculated as defined in Eqs. (5.8) and (5.9). Though an SEO is used to create

these results, the vector correlations could be disrupted in other ways as well. The

SEO is used since it has been used in other work [19, 55, 57, 70] and the results can

therefore be qualitatively corroborated.

The coherence matrix could be recalculated using the right- and left-hand circular

components on the diagonal, as shown in Fig. 5.6, to give some insight related to

the stressed window’s coherence characteristics, since an SEO is typically used with

circularly polarized light. Images of the pupil of a system that includes an SEO is

shown in Fig. 5.7. Comparing Figs. 5.6 and 5.7 suggest that the coherence matrix

results with an SEO in the beam path are expected. The illuminated pupil images

with right-hand circularly and left-handed circularly polarized light both show ring

structures that are seen in the diagonal elements of the coherence matrix in the

circular basis.
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Figure 5.5: Experimental mutual intensity results used to calculate the coherence matrix for
the horizontal and vertical polarization components. Each two-dimensional mutual intensity
function represents one element of the coherence matrix: HH denotes Jxx, HV denotes Jxy,
VH denotes Jyx, and VV denotes Jyy. The off-diagonal elements are calculated from the
other four measurements as defined in Eqs. (5.8) and (5.9). These images are enhanced
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the central lobe.
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Figure 5.6: Experimental mutual intensity results used to calculate the coherence matrix
for the right- and left-hand circular polarization components. Each two-dimensional mutual
intensity function represents one element of the coherence matrix: RR denotes Jrr, RL
denotes Jrl, LR denotes Jlr, and LL denotes Jll. The off-diagonal elements are calculated
as defined in Eq. (5.13). These images are enhanced with a three-quarter-root factor in
plotting to help visualize the change in phase outside of the central lobe.
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Figure 5.7: Example of expected illumination results using an SEO. (a) The pupil illumi-
nated with right-hand circularly polarized light; (b) the pupil illuminated with left-hand
circularly polarized light; (c) an image of the SEO illuminated with right-hand circularly
polarized light; and (d) an image of the SEO illuminated with left-hand circularly polarized
light.
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5.2.3 Generalized Stokes Parameters

In addition to the coherence matrix, another way to display polarization-dependent

mutual intensity functions is to used the generalized Stokes parameters, as described

in Section 1.4.3. In this section, the generalized Stokes parameters are found experi-

mentally for two partially coherent sources.
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Figure 5.8: Experimental mutual intensity results comparing levels of spatial coherence,
recalculated as defined in Eq. (1.12) to show the generalized Stokes parameters. Data were
taken with two different levels of spatial coherence, (a) a less coherent case in the top row
and (b) a more coherent case on the bottom row.

The generalized Stokes parameters are shown for the more coherent and less

coherent sources in Figure 5.8 with a 1.56 mm square obstacle and aperture. Here,



113

the parameter S0 is equivalent to the mutual intensity of the source. Therefore, it

makes sense that the area of correlated points in the field is smaller for the less

coherent case, as it was in Chapter 4.4. In addition, each parameter is normalized

to the maximum of S0 for each case, so it also follows that the other three Stokes

parameters are much smaller in amplitude. It is also noted that the parameter S3 has

the characteristic ring structure that is expected from a stressed window.

(a)

S0 S1 S2 S3

(a)

(b)

0

2π
Max

0 π
Phase

A
m

pl
itu

de

x’ (mm)
-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0

x’ (mm)
-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0
x’ (mm)

-1.23 1.23

y’ 
(m

m
)

-1.23

0

1.23

0

Figure 5.9: Experimental mutual intensity results comparing obstacle/aperture sizes, re-
calculated as defined in Eq. (1.12) to show the generalized Stokes parameters. Data were
taken with two different obstacle/aperture sizes: (a) 0.78 mm and (b) 1.56 mm.

The difference in the Stokes parameter values can also be compared for the same

level of coherence using two different obstacle/aperture sizes: 0.78 mm and 1.56

mm. The results from this comparison are shown in Fig. 5.9. Here, the results are

consistent between the two aperture/obstacle sizes, as they should be; the mutual
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intensity function calculation for the combined method is ideally independent (but

experimentally maybe not) of size and shape of the aperture/obstacle. However,

there are some small discrepancies between the two rows. In particular, the S2 and

S3 elements have a slightly different phase directly at the center between the two

aperture sizes used. This small difference is attributed to small aperture size used in

the 0.78 mm case. There is less light hitting the detector here, creating difficulty in

accurately calculating the mutual intensity at small point separations.

5.2.4 The Degrees of Coherence

Instead of the coherence matrix, the spatial coherence could be displayed and dis-

cussed using the degrees of coherence, discussed in Section 1.4.4. Using the same

measurements previously made, these degrees of coherence can be calculated using

the elements of the matrix J. In Figure 5.10, the four definitions in Chapter 1 are

shown. The first column (Wolf definition) is identical to S0, as expected. It also has

a higher amplitude than the second column (Tervo definition), which implies that the

degree of polarization is less than one in the system, since this method defines the

degree of polarization of the source in addition to the degree of coherence. In addi-

tion, there is a ring around the central lobe in the Réfrégier definitions. This shows

that there are correlations between points away from central lobe between opposing

polarizations, which the other two definitions cannot realize.

In calculating the definition of the degree of polarization by Tervo et al., it is

more consistent to use JS (Eq. (1.12)) in the calculation. When no SEO is in the

system, the degree of polarization is approximately 0.97. With a stressed window

placed at or near the source plane, the degree of polarization is calculated to be
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Figure 5.10: The same experimental results recalculated as defined in Chapter 1 to show
the complex degree of coherence as defined by (a) Wolf [26], (b) Tervo [53], and (c,d)
Réfrégier [54]. Data were taken with two different levels of spatial coherence, the less
coherent case in the top row and the more coherent case on the bottom row. All data were
taken with a 1.56 mm square obstacle and aperture.

approximately 0.23. This is due to the spatial variation in polarization created by

the stressed window. Each point on the stressed window acts as its own independently

polarized light source. As the light is collimated through the SLM plane, the regions

of varied polarizations overlap significantly, causing an overall depolarization of the

light at the test plane.

The degree of coherence for each case are also compared with two different ob-

stacle and aperture sizes: 0.78 mm and 1.56 mm, as shown in Fig. 5.11. Though

the same observations can be seen for each method of calculating the degree of co-
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Figure 5.11: The same experimental results recalculated as defined in Chapter 1 to show
the complex degree of coherence as defined by (a) Wolf [26], (b) Tervo [53], and (c,d)
Réfrégier [54]. Data were taken with two different aperture sizes: 0.78 mm for the top row
and 1.56 mm for the bottom row.

herence, it is additionally possible to calculate correlations between points spanning

distances larger than the obstacle/aperture size itself, highlighting the independence

of the obstacle/aperture size on the coherence measurement.

5.3 Scanning the Aperture and Obstacle Across the Field

Just as was done in Section 4.5, the obstacle and aperture were scanned across the

SLM to understand the inhomogeneous nature of the vector correlations of the field.

The obstacle and aperture are scanned in a 5× 5 grid with a shift of 0.76 mm in the
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Figure 5.12: Comparison of left-hand-circular mutual intensity functions where the obstacle
and aperture are scanned across the field for an SEO in the source plane. The center image
is when the obstacle and aperture are centered in the field. The obstacle and aperture are
shifted by 1.5625 mm in the x and y dimensions between each image.

x and y directions. This grid is shown in Fig. 5.12 for left-hand-circularly polarized

light while the SEO is at the relayed source plane. The center figure is when the
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Figure 5.13: Comparison of left-hand-circular mutual intensity functions where the obstacle
and aperture are scanned across the field for an SEO located 10 mm away from the source
plane. The obstacle and aperture are shifted by 1.5625 mm in the x and y dimensions
between each image.

obstacle and aperture are centered on the SLM. The measurements along the outside

of the grid indicate the shift in obstacle/aperture position in the x and y directions.
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Figure 5.14: Comparison of left-hand-circular mutual intensity functions where the obstacle
and aperture are scanned across the field for an SEO located 20 mm away from the source
plane. The center image is when the obstacle and aperture are centered in the field. The
obstacle and aperture are shifted by 1.5625 mm in the x and y dimensions between each
image.



120

Although the shape of the mutual intensity function is consistent throughout the

scan, the phase of the light varies slightly as the obstacle and aperture are scanned.

This phase shift increases as the obstacle and aperture are shifted further from the

center, as expected from previous work in Chapter 4.5.

This phase shift is also changed as the SEO is moved away from the image of

the diffuser in z, which effectively creates a new inhomogeneous source to measure.

The same 5x5 grid is plotted as before for the defocused-SEO positions, as shown in

Fig. 5.13 for a 10 mm shift of the SEO and Fig. 5.14 for a 20 mm shift. In these

plots, the linear phase removal used to analyze the data, described in Section 4.3, is

consistent for each term in this analysis to ensure the data are properly compared.

However, this linear phase removal is unique to each position of the SEO. The change

in phase between the center point and the points at the edges of the scan is much

more noticeable now compared to an in-focus SEO.

The phase change is also displayed as the obstacle and aperture are scanned in

terms of the generalized Stokes parameters in Figure 5.15. It is noted that the inten-

sity, S0, is consistent for each position, with one position having less light (bottom

left in Figs. 5.12, 5.13, and 5.14). This implies that the uniformity of the beam is

relatively uniform across the SLM. The other three terms obtain a phase shift similar

to that of the scanning images.
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Figure 5.15: Comparison of the generalized Stokes parameters for three different positions
of the 0.76 mm obstacle/aperture when the SEO is shifted 10 mm from the source plane.
(a) the Stokes parameters when the obstacle/aperture shifted 3.125 mm upwards; (b) the
obstacle/aperture is centered; (c) the obstacle/aperture is shifted 3.125 mm downward.

The different definitions of the degrees of coherence as the obstacle and aperture

are scanned are displayed in Fig. 5.16. The degrees of coherence do not change much

as the obstacle and aperture are scanned across the field. The degree of coherence

is determined by the diffuser plate, and the diffuser plate imparts the same change

in coherence across the entire field. Therefore, when the obstacle and aperture are

scanned, the degrees of coherence should give nearly the same results.
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Figure 5.16: Comparison of the definitions of degree of coherence for three different positions
of the 0.76 mm obstacle/aperture when the SEO is shifted 10 mm from the source plane:
(a) Wolf [26], (b) Tervo [53], and (c,d) Réfrégier [54] The top row shows the degrees of
coherence when the obstacle/aperture shifted 3.125 mm upwards; the middle row for when
the obstacle/aperture is centered; the bottom row for when the obstacle/aperture is shifted
3.125 mm downward.

5.4 Azimuthal Analyzer

Brown and Brown [56, 59] published an experimental measurement and theoretical

model of the coherence matrix of a partially coherent, azimuthally polarized source.
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Since that measurement made use of fringes in a Young’s interference experiment, the

method was reported to be extremely time consuming. An experiment was designed

to reconstruct the far field coherence function of an azimuthally polarized source and

compared with the results of [59]. An apodization element (an SEO) and an azimuthal

analyzer were placed near the source plane in a manner similar to that described by

Brown and previously shown in Fig. 1.7.
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Figure 5.17: The two-dimensional coherence matrix elements in the horizontal/vertical basis
for a field with an azimuthal analyzer. Each element is normalized to the vertical correlation
element, which had the maximum intensity. Here, the colors represent the phase of the field
transitions by one-half wave outside of the central lobe, as shown previously in [59] for the
diagonal elements.

The polarization-dependent coherence measurement system is already well-equipped

to obtain the coherence matrix, as shown in Section 5.2.2. Each element is two-
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dimensional; for point separations along the x-axis in all of the figures, the horizontal

component of the field looks like a Gaussian shape and the vertical component has

side lobes that are a π-phase difference from the central lobe. The amplitude and

phase of the diagonal elements of the coherence matrix are displayed in the x-direction

across the middle of each element in Fig. 5.18.
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Figure 5.18: A horizontal line out from the center of each element of the coherence matrix
in Fig. 5.17 is displayed in terms of (a) amplitude and (b) phase. The horizontal component
is shown in blue and the vertical is shown in orange.

Figure 5.19: Results from [59] that show the one-dimensional mutual intensity function for
a source with an azimuthal analyzer. Image reproduced with author permission.

These results match very closely with those shown in one-dimension in [59],



125

reproduced in Fig. 5.19. The horizontal line out of the horizontal diagonal component

is Gaussian, as expected from a Gaussian-Schell-model source, and the horizontal line

out of the vertical diagonal component has an outer lobe that is out of phase. This

means that for some point separations x′, the horizontal polarization component of

that field will be in phase while the vertical component of that field will be out of

phase.

In conclusion, a stressed optical element is used to change the polarization across

the source plane when making polarization-dependent coherence measurements. Us-

ing the combined measurement method with some polarimetry, all of the data needed

can be obtained to find the coherence matrix. This data can also be presented us-

ing generalized Stokes parameters or various definitions of the degree of coherence.

Changes in the polarization state of the light as the stressed optical element is shifted

away from the source plane is also observed, providing a foundation for future scien-

tific endeavors. Results from previous work were also qualitatively corroborated and

expanded into two dimensions.
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6 Conclusions and Future Directions

6.1 Summary and Conclusions

In this thesis, two separate goals were discussed. The first, discussed in Chapter 2,

was to measure the scattered light from a DPR to be used in a high-fluence system.

A collaboration with NIST was established to obtain far-field, high-angle scattered

light measurements. This work was highly polarization-dependent, and therefore new

mathematical models were explored to describe the polarization of the light scattered

into the forward hemisphere [24]. Two techniques to create a DPR were studied:

GLAD birefringent coatings and liquid crystal materials. Both were found to have

low scattered light in the forward hemispheres, though the liquid crystal materials

scattered more isotropically.

The second goal of this thesis was to establish a new method of measuring the

spatial coherence of light that is based on diffraction. Though this work has been

done similarly in the past [49], an amplitude mask was now used. Chapter 3 derived

the mutual intensity function using a far-field diffraction method [69] and propagating

light to the Fresnel region [71]. There were discussions for three different methods

of obtaining the mutual intensity function in each region. Chapter 4 demonstrated

the experimental implementation of both of these theoretical models for a Gaussian-

Schell-model field. The results in this chapter showed how a far-field diffraction setup

obtained more information than the Fresnel region, though it is possible to overcome

some of the limitations posed by the Fresnel region measurements. Chapter 5 ex-

panded the mathematical derivations to vector space by showing the ability to obtain

the full coherence matrix from the scalar measurements. Experimental results of
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the full coherence matrix were also demonstrated for two inhomogeneously polarized

sources. This work also discussed various ways to define the degree of coherence and

the effects of each definition.

Though these two parts of the thesis are quite separated, there are some similar-

ities between them. The goal of a DPR is to have a fully-polarized beam at a single

point in the field while decreasing the overall polarization state of the field. An SEO

performs similarly in the coherence measurement setup. Each point in the SEO is

acts as a different waveplate on the incident beam, but as that beam expands to the

SLM test plane, the overall beam is depolarized.

In addition, the FOA system on the NIF has many similarities with the vector

coherence measurement setup. The FOA has a DPP which implements smoothing by

spectral dispersion (SSD). SSD uses a grating that simulates a vibration of the DPP

in quick succession to help achieve polarization beam smoothing. However, alone, it

is not enough to achieve the nonuniformity specification on target. The SSD system is

analogous to the rotating ground glass diffuser in the coherence setup, which disrupts

the phase of the light source and has a quick rotation with respect to the exposure

time of the camera. The DPR follows the DPP in the FOA system, just as the SEO

follows the diffuser in the polarization-dependent setup to disrupt the polarization of

the source. Therefore, the coherence measurements made in this setup can be thought

of as a near-field scattering measurement that complements the far-field scattering

measurements of the DPR samples.
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6.2 Summary of Contributions

The work done throughout this dissertation resulted in the following scientific contri-

butions:

1) Establishment of a new method to measure the spatial coherence of scalar

fields, shown with both far field and Fresnel region diffraction. The flexibility to mea-

sure a variety of partially coherent sources and inhomogeneous sources was demon-

strated.

2) Far-field, polarization-dependent scatterometry measurements and analysis of

birefringent materials. The GLAD technique was utilized to create alumina and MgO

coatings that were measured. The liquid crystal materials were measured to discuss

an alternative method of creating a DPR.

3) Creation of a new polarization correlation measurement system. This system

was built and calibrated, then tested with nontrivially polarized sources.

4) Analysis of vector correlation measurements. Determination of which polar-

ization components needed to be measured was done and carried out. This analysis

method was adapted for three different ways of presenting the data: the coherence

matrix, the generalized Stokes parameters, and the degree of coherence definitions.

6.3 Future Directions

The work completed in this thesis focuses on measurements of scattered light and

the spatial coherence of light. The established methods have been shown for some

very specific cases. Expanding this work into measurements of progressively different
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sources can highlight the flexibility and robustness of the system.

6.3.1 Coherence Measurements Using a Digital Micromirror Device

The SLM in the coherence experiments is a transmissive liquid-crystal SLM taken

from an LCD projector. Another popular projector system that could provide an

SLM is a digital light processing (DLP) projector, which uses a digital micromirror

device (DMD) as an SLM. The DMD is an array of millions of tiny mirrors that act

as pixels. Each is on a galvonometer system that directs the light into one of two

posiitons: on and off. These galvonometers provide much better control over the

locations of dark and bright spots for each pixel since the light will continue through

the system or be directed away. In the coherence measurement system, a DMD will

provide higher contrast in the masks than the LC SLM. In addition, the DMDs are

reflective, which may allow for a wider range of wavelengths over which they could be

used. This could open an avenue for flexibility in measuring a variety of wavelengths.

One of the challenges of using a DMD is that it is designed for a specific incident and

reflection angle. The alignment of the system using a DMD would have to be much

more precise, whereas the current setup has a much lower alignment tolerance of the

SLM.

6.3.2 Coherence Measurements at Low Light Levels

The dynamic range of the detector used to measure the lensless experiments is high

enough that its possible to consider coherence measurements at very low light levels.

The software used to take data allows the user to take a large stack of images at

once. If the beam is attenuated to allow approximately one photon per pixel on the
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detector and a large (10,000 frames) image stack is taken, the resulting sum of all of

the images in the stack would represent an un-attenuated beam.

A lot of directions could stem from such a measurement. The low light levels

can allow for quantum interpretations of the coherence measurement: is it possible

to measure the coherence of a single photon? The large image stack also allows for

statistical analysis of the coherence measurement. Choosing particular data sets at

random and calculating the spatial coherence from each data set would be a robust

way to quantify errors in the measurement.

6.3.3 Using a DPR in the Coherence Measurement

As briefly mentioned, the function of the SEO in the vector correlation measurement

is primarily to create different polarization states across the field. This is a similar

role to that of the DPR in the NIF FOA. It follows that there would be some interest

in using a GLAD sample in place of the SEO in the coherence measurement. The

coherence measurement can be thought of as a near-field scattering measurement,

which would complement the high-angle scattering measurements taken at NIST. A

similar system could be setup for the LC sample as well.

6.3.4 Microscopy Applications

Optical microscopy benefits highly from coherence measurements. Illumination sys-

tems that are used in microscopy are very dependent on coherence, so characterization

of those sources is crucial. One potential advantage of this measurement system is

that it is possible to recreate the same measurement within the microscope itself,
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rather than an external instrument. The masks could be placed at the pupil plane

of the illumination system, and the microscope is already designed to have imaging

conjugates of the illumination source that could be used for detection.

6.3.5 Importance of Coherence to Vignetted Optical Systems

The van Cittert-Zernike theorem states that the coherence of a source is related to the

intensity of light in the far field by a Fourier transform. As is implied in Chapter 4,

changing the shape of the source beam can result in unusual and inhomogeneous

mutual intensity functions. The extension of this implication is how a highly vignetted

optical system will change the coherence of the light, and whether this affects the

specific application. For example, off-axis telescope systems have vignetted pupils,

and if instruments attached to that system work well with a particular coherence,

the pupil shape could greatly affect their performance. It would be useful to have

experiments to mimic potential vignetting of common optical systems to study the

effect of inhomogeneous coherence functions on system performance.
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A Theoretical Extension of Optical Scattering for

Anisotropic Thin Films

In Section 2.6.1, mathematical simulations are compared to Mueller matrix measure-

ments of GLAD coatings. In this appendix, a theory that self-consistently includes

birefringence of the film, the anisotropic polarizability that results from strong fluctu-

ation theory, and the correlation lengths in the film is developed and discussed. The

Mueller matrix bidirectional scattering distribution function (BSDF) is calculated

for these materials, with a minimum number of physical parameters. The scattering

by roughness of such a film is also determined. This work is being submitted for

publication as [24].

The scattering problem is first outlined, then the material needed to calculate

the Mueller matrix BSDF is described. Next, Berreman’s 4×4 method [72] is outlined

and extended to include the presence of sources. The boundary conditions imposed

by a point source in the anisotropic layer are then derived, while those imposed by

roughness in the smooth surface limit are derived in the following section. Then,

the solution to the wave equation with arbitrary boundary conditions at two or three

interfaces is descrived. Lastly, the distorted-wave Born approximation is described by

outlining effective medium theory and weak and strong fluctuation theory, applying

the results of the previous sections to determine the scatter.
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Figure A.1: Diagram showing an anisotropic film on a substrate.

A.1 The scattering problem

An anisotropic layer of thickness τ shown in Fig. A.1 is considered. For z > 0, there is

vacuum, while for z < −τ , the medium is isotropic, non-magnetic, and with dielectric

constant εs and refractive index ns = ε
1/2
s . The incident electric field outside of the

anisotropic layer (either from above or from below) is assumed to be a plane wave

given in the incident medium by

E(0)(r) = E(0) exp(ik0,zz) exp(iκ0 · ρ). (A.1)

Here, r represents the 3-vector (ρ, z), ρ represents the 2-vector (x, y), κ0 = (k0,x, k0,y)

is the surface wavevector, and k0,z = ±[(ω/c)2εi − κ0 · κ0]1/2 is the component of

the incident wavevector in the z direction. The positive (negative) sign and εi = εs

(εi = 1) is chosen if the wave is upward (downward) propagating. A time dependence

of exp(−iωt) is assumed. If the anisotropic layer is inhomogeneous, which it will be

if it is a composite, then we are interested in the scattering from it. The electric field
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outside of the anisotropic layer, whether above or below it, is given by

E(r) =
1

4π2

∫
d2κ′ E(κ) exp(ik′zz) exp(iκ′ · ρ). (A.2)

A.2 The Mueller matrix BSDF

In this section, the calculation of the Mueller matrix BSDF is described, given a field

spectrum E(κ), as given in Eq. (A.2). Bases are first created to define the polarization

traveling with wavevector k:

ŝ(k) = ẑ× k/|ẑ× k|,

p̂(k) = k× ŝ(k)/|k× ŝ(k)|.
(A.3)

The components of the fields can then be defined with respect to this basis:

E(0) = ŝ(k0)E(0)
s + p̂(k0)E(0)

p , (A.4)

E(κ) = ŝ(k)Es(κ) + p̂(k)Ep(κ). (A.5)

The relationship between the E(κ) and E(0) is defined according to

Ep(κ)

Es(κ)

 = S

E(0)
p

E
(0)
s

 , (A.6)

where S is a 2× 2 Jones matrix. The Mueller matrix associated with S is compactly

expressed as (see Ref. [73], p. 229)

M = A〈S⊗ S∗〉A−1, (A.7)
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where ⊗ represents the Kronecker product and

A =
1√
2



1 0 0 1

1 0 0 −1

0 1 1 0

0 i −i 0


. (A.8)

A has been normalized so that A−1 = A†. The irradiance associated with the incident

wave is given by

Ei =
cos θi

2
niZ0|E(0)|2 (A.9)

where Z0 = (µ0/ε0)1/2 is the impedance of free space, θi is the incident angle, and ni

is the index of refraction of the incident half-space. The outgoing radiance is given

by

Lr =
(ω
c

)2 n3
r

8π2

Z0

A
cos θr

〈
|E(k)|2

〉
(A.10)

where θr is the scattering angle, nr is the index of refraction in the scattering half-

space, and A is the area over which the radiation is emitted. The BSDF, defined by

Lr/Ei, is then

fr =
(ω
c

)2 n3
r

ni

1

4π2

cos θr

A cos θi

〈|E(k)|2〉
|E(0)|2

. (A.11)

The Mueller matrix BSDF, which is the relationship between the Stokes irradiance

and the Stokes radiance, is related to the scattering Jones matrix by

fr =
(ω
c

)2 n3
r

ni

1

4π2

cos θr

A cos θi

A〈S⊗ S∗〉A−1. (A.12)
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The Kronecker product is associative under addition. That is,

(S1 + S2)⊗(S1 + S2)∗

= S1 ⊗ S∗1 + S1 ⊗ S∗2 + S2 ⊗ S∗1 + S2 ⊗ S∗2

(A.13)

Furthermore, if a is a scalar,

(aS)⊗ S∗ = S⊗ (aS∗) = a(S⊗ S∗) (A.14)

Thus, when the scattered field is an integral over a partial field, e.g.,

S =

∫
S(r′) d3r′, (A.15)

the associated Mueller matrix BSDF can be shown to be

fr =
(ω
c

)2 n3
r

ni

1

4π2

cos θr

A cos θi

×A

[∫ ∫
〈S(r′)⊗ S∗(r′′)〉 d3r′ d3r′′

]
A−1

(A.16)

When performing simulations, it is useful to work in the polarization basis given

in Eq. (A.3). This basis has a singularity along the surface normal, when k is parallel

to ẑ. When discussed results in Sec. 2.6.1, a basis is chosen that does not have such

a singularity:

ξ̂(k) =p̂(k) cosφ± ŝ(k) sinφ,

η̂(k) =∓ p̂(k) sinφ+ ŝ(k) cosφ,

(A.17)

where φ is the azimuthal angle of k when expressed in polar coordinates. The upper

signs are chosen for upward propagating waves, while the lower signs are chosen for

downward propagating waves. The η̂(k), ξ̂(k), and k form a right-handed basis. This
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basis is the natural basis for a microscope, where polarization modulation is controlled

at the back focal plane.

A.3 Propagation in anisotropic medium

In this section, the 4 × 4 matrix method of Berreman [72] is summarized for prop-

agation of waves in an anisotropic medium and extend it to include the presence of

currents, which is needed for solving the inhomogeneous wave equation. Maxwell’s

curl equations with no free charges but in the presence of current density JE and

magnetic current density JM can be written as

 0 ∇×

−∇× 0


 E

H

 = −iω
c

D

B

+

 JE

JH

 , (A.18)

where, as is customary, E is the electric field, D is the electric displacement, B is

the magnetic induction, and H is the magnetic field strength. The speed of light in

vacuum is c, and all of the fields are functions of space coordinates r = (x, y, z). It

should be noted that magnetic current densities don’t normally exist in nature, but

they can exist as perturbations, such as when the magnetic permeability varies within

a material. Thus, it is worth keeping them in the formalism. The linear response of

a material can be expressed with the constitutive relationship

D

B

 = M

 E

H

 , (A.19)
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where

M =

 ε σ

σ′ µ

 , (A.20)

ε is the relative dielectric permittivity tensor, µ is the relative magnetic permeability

tensor, and σ and σ′ are optical rotation tensors. Thus, the Maxwell’s curl equations

can be written as  0 ∇×

−∇× 0


 E

H

 = −iω
c

M

 E

H

+

 JE

JH

 . (A.21)

It is assumed that all fields (E, H, D, B, JE, and JM) have a common lateral

(x, y) dependence, e.g.,

E(r) = E(z) exp(iκ · ρ), (A.22)

where κ = (kx, ky) and ρ = (x, y). Then, extending the work of Berreman to include

the current densities, Ez and Hz can be removed from Eq. (A.21), yielding

∂

∂z



Ex

Hy

Ey

−Hx


=
iω

c
∆κ



Ex

Hy

Ey

−Hx


+ Γκ

 JE

JM

 , (A.23)

where ∆κ is a 4 × 4 matrix and Γκ is a 4 × 6 matrix. The sign of Hx in Eq. (A.23)

was chosen to be consistent with that used by Berreman [72]. Once tangential fields
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have been determined, the z-components can be determined from

Ez
Hz

 = Fκ



Ex

Hy

Ey

−Hx


, (A.24)

where Fκ is a 2× 4 matrix.

A.4 Boundary conditions imposed by a point source in an

anisotropic film

In order to determine the Green function needed for solving the inhomogeneous

Eq. A.23 in the presence of currents, it is necessary to determine the response from

a point current density. In this section, it is shown that such a point current den-

sity imposes a boundary condition on the waves above and below that point. This

work follows a path similar to that of Marcuvitz and Schwinger [74], and others have

considered the Green function in anisotropic media [75,76]. The field generated by a

point impulse at location r′ = (x′, y′, z′) is considered, which can be expressed as a

point current density  JE(r)

JM(r)

 =

 jE

jM

 δ(r− r′). (A.25)

Eq. (A.25) can also be expressed as

 JE(r)

JM(r)

 =
1

(2π)2

∫
d2κ

 JE(κ, z)

JM(κ, z)

 exp(iκ · ρ), (A.26)
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where  JE(κ, z)

JM(κ, z)

 =

∫
d2ρ

 JE(r)

JM(r)

 exp(−iκ · ρ). (A.27)

Inserting Eq. (A.25) into Eq. (A.27) yields

 JE(κ, z)

JM(κ, z)

 =

 jE

jM

 exp(−iκ · ρ′)δ(z − z′). (A.28)

It is apparent that above and below z′, the waves obey the homogeneous part of

Eq. (A.23) and that there is a boundary condition imposed at z′ by the sheet current

density given by Eq. (A.28). Placing Eq. (A.28) into Eq. (A.23) and integrating over

a small interval in z about z′, the boundary conditions at z′ are found to be



∆Ex(z
′)

∆Hy(z
′)

∆Ey(z
′)

−∆Hx(z
′)


= Γκ

 jE

jM

 exp(−iκ · ρ′). (A.29)

A.5 Boundary conditions imposed by roughness of an anisotropic

film

Following the lead of Elson [77] in this section, the effective boundary conditions im-

posed by roughness in the smooth surface approximation is calculated using first-order

perturbation theory. It is assumed that a function Z is defined on ρ that describes

the modulation of the surface height. Within the smooth surface approximation, the
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local surface normal is approximately given by

n̂ = ẑ− ∂Z

∂x
x̂− ∂Z

∂y
ŷ, (A.30)

where x̂, ŷ, ẑ, are unit vectors along the x, y, and z directions, respectively. The

fields are considered to be the sum of unperturbed, zero-order fields and a first-order

field, and expand the field on each side of the interface to first order in the surface

height:

E = E(0) + Z(∂E(0)/∂z) + E(1),

H = H(0) + Z(∂H(0)/∂z) + H(1),

(A.31)

with the fields being evaluated just below or just above the interface. The goal is

to ensure that the fields match the required tangential boundary condition along the

surface. That is,

n̂×∆E = 0

n̂×∆H = 0.

(A.32)

Inserting Eqs. (A.30) and (A.31) into Eq. (A.32), and keeping only the lowest order

terms, it is found that the boundary conditions on the first-order fields in space are

∆E(1)
x = −(∂Z/∂x)∆E(0)

z − Z∆(∂E(0)
x /∂z)

∆E(1)
y = −(∂Z/∂y)∆E(0)

z − Z∆(∂E(0)
y /∂z)

∆H(1)
x = −(∂Z/∂x)∆H(0)

z − Z∆(∂H(0)
x /∂z)

∆H(1)
y = −(∂Z/∂y)∆H(0)

z − Z∆(∂H(0)
y /∂z).

(A.33)

Assuming that the zero-order wave is of the form

E(0) = E(0)(z) exp(iκ0 · ρ),H(0) = H(0)(z) exp(iκ0 · ρ). (A.34)
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It is noted that Maxwell’s curl equations relate the z-derivatives to other tangential

components, so that

∂E(0)
x /∂z = i(ω/c)B(0)

y + iκ0,xE
(0)
z

∂E(0)
y /∂z = −i(ω/c)B(0)

x + iκ0,yE
(0)
z

∂H(0)
x /∂z = −i(ω/c)D(0)

y + iκ0,xH
(0)
z

∂H(0)
y /∂z = i(ω/c)D(0)

x + iκ0,yH
(0)
z .

(A.35)

Further, the first-order fields are given by

E(1) =
1

4π2

∫
d2κ E(1)(z) exp(iκ · ρ). (A.36)

Finally, combining Eqs. (A.33)–(A.36), the effective boundary conditions in Fourier

space imposed by the surface profile are found to be

∆E(1)
x = −i[kx∆E(0)

z + (ω/c)∆B(0)
y ]Z(κ− κ0)/(2π)2

∆E(1)
y = −i[ky∆E(0)

z − (ω/c)∆B(0)
x ]Z(κ− κ0)/(2π)2

∆H(1)
x = −i[kx∆H(0)

z − (ω/c)∆D(0)
y ]Z(κ− κ0)/(2π)2

∆H(1)
y = −i[ky∆H(0)

z + (ω/c)∆D(0)
x ]Z(κ− κ0)/(2π)2,

(A.37)

where

Z(κ− κ0) =

∫
d2ρ Z(ρ) exp[−i(κ− κ0) · ρ]. (A.38)

A.6 Solution to the homogeneous Maxwell’s equations

In this section, the solution to Eq. (A.23) is discussed for a single layer with bound-

ary conditions imposed by either the zero-order, no source conditions, the boundary
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conditions imposed by roughness described in Sec. A.5, or the boundary conditions

imposed by a point current described in Sec. A.4. The first case is required to deter-

mine the zero-order field in the absence of either roughness or volume inhomogeneity,

while the latter two are required to determine the Green function in the presence of

these sources.

Eq. (A.23), in the absence of currents, is a linear first-order differential equation

that has a well-known, textbook solution [78]. That is, ∆κ is diagonalized such that

∆κ = WκΣκW
−1
κ , (A.39)

where Wκ is the matrix whose columns are the eigenvectors and Σκ is a diagonal

matrix of the eigenvalues. Waves in each region are then of the form



Ex(z)

Hy(z)

Ey(z)

−Hx(z)


= Wκ exp(iωΣκz/c)a, (A.40)

where a is a four-element vector of coefficients to be determined by matching ap-

propriate boundary conditions. When there are no currents or surface roughness,

the tangential fields must be continuous across boundaries. Surface currents (dis-

cussed in Sec. A.4) and roughness in the smooth surface approximation (discussed in

Sec. A.5) impose specific tangential field discontinuities. In the following, the solution

is outlined, given the specific field discontinuities.

For a single anisotropic layer with matrix M of thickness τ above an isotropic,

nonmagnetic substrate of refractive index ns (see Fig. A.1), it is necessary to match



154

the fields at the boundaries z = 0 and z = −τ . For the zero-order solution, the

incident wave imposes the boundary conditions, while in the presence of roughness,

the scattered field will have boundary conditions described in Sec. A.5. Upward

propagating fields above the layer z > 0 are given by



Ex(z)

Hy(z)

Ey(z)

−Hx(z)


= Wu

κ exp(iωz cos θ/c)

Eu
p

Eu
s

 , (A.41)

where

Wu
κ =



− cos θ cosφ − sinφ

− cosφ − cos θ sinφ

− cos θ sinφ cosφ

− sinφ cos θ cosφ


, (A.42)

and θ is the polar angle of propagation in vacuum, cos θ = [1−(ckx/ω)2−(cky/ω)2]1/2

and φ is the azimuthal angle of propagation in vacuum, cosφ = kx/(k
2
x + k2

y)
1/2 and

sinφ = ky/(k
2
x + k2

y)
1/2. The z components above the surface are Ez = (c/ω)(kxHy +

kyHx) and Hz = (c/ω)(kxEy + kyEx). Similarly, downward propagating fields below

the layer z < −τ are given by



Ex(z)

Hy(z)

Ey(z)

−Hx(z)


= Wd

κ exp(−iωz cos θ′/c)

Ed
p

Ed
s

 , (A.43)
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where

Wd
κ =



cos θ′ cosφ − sinφ

−ns cosφ ns cos θ′ sinφ

cos θ′ sinφ cosφ

−ns sinφ −ns cos θ′ cosφ


, (A.44)

and θ′ is the angle of propagation in the substrate, cos θ′ = [1 − (ckx/ω)/ns)
2 −

(cky/ω)/ns)
2]1/2. The z components below the surface are Ez = (c/ω)(kxHy +

kyHx)/n
2
s and Hz = (c/ω)(kxEy + kyEx). Thus, imposing boundary conditions at

z = 0 and z = −τ requires solving

 Wκ −Wu
κ

Wκσκ −Wd
κ





a

Eu
p

Eu
s

Ed
p

Ed
s


=



∆Ex(0)

∆Hy(0)

∆Ey(0)

−∆Hx(0)

∆Ex(−τ)

∆Hy(−τ)

∆Ey(−τ)

−∆Hx(−τ)



, (A.45)

where

σκ = exp(−iωΣκτ/c). (A.46)

When a plane wave is incident upon the layer from above, the following boundary
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conditions are imposed:



∆Ex(0)

∆Hy(0)

∆Ey(0)

−∆Hx(0)


=



cos θ cosφ − sinφ

− cosφ cos θ sinφ

cos θ sinφ cosφ

− sinφ − cos θ cosφ


Ed(0)

p

E
d(0)
s

 , (A.47)

where E
d(0)
p and E

d(0)
s are coefficients for p- and s-polarized downward-propagating

incident light, respectively. When a plane wave is incident upon the layer from below,

the following boundary conditions are imposed



∆Ex(−τ)

∆Hy(−τ)

∆Ey(−τ)

−∆Hx(−τ)


=



− cos θ cosφ − sinφ

−ns cosφ −ns cos θ sinφ

− cos θ sinφ cosφ

−ns sinφ ns cos θ cosφ


Eu(0)

p

E
u(0)
s

 , (A.48)

where E
u(0)
p and E

u(0)
s are coefficients for p- and s-polarized upward-propagating in-

cident light, respectively.

For a current source embedded in the layer at z = z′, boundary conditions are

imposed on an interface in the anisotropic film (see Fig. A.2 and Sec. A.4), and it

necessary to solve for the field coefficients above and below the interface and above
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Figure A.2: Diagram showing the waves for a boundary condition imposed at z = z′.

and below the layer. Therefore,


Wκ −Wu

κ

Wκσ
′
κ −Wκσ

′
κ

Wκσκ −Wd
κ





a

a′

Eu
p

Eu
s

Ed
p

Ed
s


=



04

∆Ex(z
′)

∆Hy(z
′)

∆Ey(z
′)

−∆Hx(z
′)

04


, (A.49)

where

σ′ = exp(iωΣκz
′/c), (A.50)

04 is a 4-element zero vector, a is the vector of coefficients for the fields in the region

z = (z′, 0), and a′ is that for the fields in the region z = (−τ, z′).
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A.7 Distorted-wave Born Approximation

In the distorted-wave Born approximation effective medium theory is used to estimate

the matrix M and then let local defects and fluctuations in density act as inhomo-

geneous sources JE and JH . In this section, effective medium theory and the Born

approximation are reviewed. While the previous sections apply to any anisotropic

medium, dielectric materials with elliptical correlation functions are emphasized.

Effective medium theory for anisotropic media is relatively well established [79]

and is related to the polarizability of ellipsoids embedded in the medium. The polar-

izability of an ellipsoid of dielectric permittivity εc with semi-major axes r1, r2, and

r3 embedded in a medium of dielectric permittivity εh along the i-th direction is [80]

αi = 4πr1r2r3
εc − εh

3εh + 3Li(εc − εh)
(A.51)

where the so-called depolarization factors are

Li =
r1r2r3

2

∫ ∞
0

dq

(r2
i + q)f(q)

(A.52)

and

f(q) = [(q + r2
1)(q + r2

2)(q + r2
3)]1/2. (A.53)

The depolarization factors obey

L1 + L2 + L3 = 1. (A.54)

A number of specific cases yield well-known values. For example, when r1 = r2 = r3,

L1 = L2 = L3 = 1/3. When r1 = r2 � r3, L1 = L2 = 0 and L3 = 1. When
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r1 � r2 = r3, L1 = 0 and L2 = L3 = 1/2. If r1 � r3 and r2 � r3, appropriate for

long needles with elliptical cross section, then the integral reduces to

L1 =
r1r2

2

∫ ∞
0

1

(r2
1 + q)3/2(r2

2 + q)1/2
dq (A.55)

and L3 = 0. This integral can be evaluated, yielding

L1 =
1

1 + (r1/r2)

L2 =
1

1 + (r2/r1)
.

(A.56)

For general cases, Eq. (A.52) can be integrated numerically.

In the Bruggeman effective medium approximation [81], the effective medium

permittivity εeff along the i-th axis, for a volume fraction f of εc and a volume

fraction 1− f of εh is the solution to

f
εc − εeff,i

3εeff,i + 3Li(εc − εeff,i)
+ (1− f)

εh − εeff,i

3εeff,i + 3Li(εh − εeff,i)
= 0. (A.57)

Thus, the permittivity tensor, for a medium with correlation lengths τ1, τ2, and τ3

and with the axes rotated by α about the y axis is

ε = Uy(α)


εeff,1 0 0

0 εeff,2 0

0 0 εeff,3

Uy(−α), (A.58)
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where ri = τi is used to determine Li and εeff,i, and the rotation matrix is

Uy(α) =


cosα 0 sinα

0 1 0

− sinα 0 cosα

 . (A.59)

Equation (A.58) is used for ε in Eq. (A.19), the identity matrix for µ, and the zero

matrices for σ and σ′.

Maxwell’s equations with no sources becomes

 0 ∇×

−∇× 0


 E

H

 = −iω
c

Meff

 E

H

− iω
c

∆M

 E

H

 , (A.60)

where ∆M represents the variations in M from the effective medium estimate, Meff .

Effective sources can then be identified as JE

JH

 = −iω
c

∆M

 E

H

 . (A.61)

In the Born approximation, it is assumed that

 JE

JH

 = −iω
c

∆M

 E(0)

H(0)

 , (A.62)

where E(0) and H(0) are solutions to Eq. (A.60) with ∆M = 0, in the presence of the
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incident field. The solution to Eq. (A.60) with Eq. (A.62) is

 E

H

 =
1

4π2

∫
d2κ

 E(κ)

H(κ)

 exp(iκ · ρ), (A.63)

where  E(κ)

H(κ)

 = −iω
c

∫
d3r′

× G̃(κ, r, r′)∆M(r′)

 E(0)(r′)

H(0)(r′)


(A.64)

and G̃(κ, r, r′) is the Green function. A function K(κ0, r
′) is defined as the relationship

between the p- and s-coefficients of the incident field and the field at r′:

 E(0)(r′)

H(0)(r′)

 = K(κ0, r
′)

E(0)
p

E
(0)
s

 . (A.65)

The 6 × 2 matrix function K(κ0, r
′) is determined by solving Eq. (A.45) (with κ0)

with either Eq. (A.47) (for light incident from above) or Eq. (A.48) (for light incident

from below) for a and inserting a into Eq. (A.40) (with κ0 and z = z′). It is also

noticed that K(κ0, r
′) = K(κ0, z

′)eiκ0·ρ
′

Above and below the anisotropic scattering

region, Eq. (A.64) can then be written as [see Eq. (A.15)]

S(r′) = −iω
c

G(κ, z′)e−iκ·ρ
′
∆M(r′)K(κ0, z

′)eiκ0·ρ
′
, (A.66)

where the condensed Green function G(κ, r′) = G(κ, z′)e−iκ·ρ
′

is found by applying

Γκe
−iκ·ρ′ [see Eq. (A.29)] to the middle interface in Eq. (A.49) (with κ and with z′),

and solving for either Eu
p and Eu

s (if z > 0) or Ed
p and Ed

s (if z < −τ). The calculations
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for G(κ, z′) or K(κ0, z
′) are not explicitly written out, but they are straightforward

to numerically calculate. Thus,

S⊗S∗ =
(ω
c

)2
∫∫

d3r′′ d3r′ e−i(κ−κ0)·(ρ′′−ρ′)

× [G(κ, z′′)∆M(r′′)K(κ0, z
′′)]⊗ [G(κ, z′)∆M(r′)K(κ0, z

′)]∗.

(A.67)

When M is anisotropic, it is expected that ∆M will also be anisotropic. If ∆M

is small (weak fluctuations), then a reasonable approximation in some cases is to

assume that

∆M(r) = ∆M0φ(r), (A.68)

where ∆M0 is a constant tensor and φ(r) is a random complex function with 〈φ(r)φ∗(r)〉 =

1. In that case, Eq. (A.67) reduces to

〈S⊗ S∗〉 =

∫∫
d3r′′ d3r′ e−i(κ−κ0)·(ρ′′−ρ′)]

× f(r′′, r′)S0(z′′)⊗ [S0(z′]∗,

(A.69)

where

S0(z) = −iω
c

G(κ, z)∆M0K(κ0, z) (A.70)

and

f(r′′, r′) = 〈φ(r′′)φ∗(r′)〉. (A.71)

Now it is possible to make an estimate of ∆M0 and the correlation function

f(r′′, r′). Granular inhomogeneities, columnar structures, and tilted columnar struc-

tures are all going to motivate different choices for M0 and the correlation function.

Kassam, et al., [23] discuss two correlation functions, one appropriate for granular in-
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homogeneities and one for tilted columns (for which vertical columns is but a special

case). We generalize their function and let there be separate correlation lengths τ1, τ2,

and τ3, with the axes aligned along the same axes as described above in Eq. (A.58):

f(r′′, r′) = exp (−∆r ·T ·∆r) (A.72)

with

T = Uy(α)


τ−2

1 0 0

0 τ−2
2 0

0 0 τ−2
3

Uy(−α) (A.73)

and ∆r = r′′−r′. Inserting Eq. (A.72) into Eq. (A.69) and performing the integrations

in x, y, x′, and y′ yields

〈S⊗ S∗〉 = A

∫∫
dz′′ dz′ F (κ− κ0, z

′′, z′)S0(z′′)⊗ [S0(z′]∗, (A.74)

where

F (κ, z′′, z′) = π
τ1τ2τ3

τz
exp

[
−(z′′ − z′)2/τ 2

z

]
× exp

[
i(τ 2

1 − τ 2
3 )κx(z

′′ − z′) sinα cosα

τ 2
z

]
× exp

[
−(τ1τ3κx/2/τz)

2
]

× exp
[
−(τ2κy/2)2

]
,

(A.75)

τz = (τ 2
3 cos2 α + τ 2

1 sin2 α)1/2, and A is the integration area. The double integral in

Eq. (A.74) must be carried out numerically.

In the case of weak fluctuations, say variations in the volume fraction in a disor-
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dered composite, the estimate ∆M is given by

∆M0 =
∂M

∂f
∆f (A.76)

where ∆f is the rms variation in the volume fraction of one of the components. The

variance in the dielectric constant, with the mix described above is isotropic and given

by

∆M0 = f(1− f)(εc − εh)2. (A.77)

Tsang and Kong considered the case of strong fluctuations [82], such as one mate-

rial embedded in another. By removing secular terms in the Green function, they

determine the effective medium dielectric function and the variance appropriate for

fluctuations with three different correlation functions. Their results for typical optical

materials are consistent with Bruggeman effective medium theory. In particular, they

find that the effective variance in the dielectric constant is

∆M0 = f

[
εeff,i(εc − εeff,i)

3εeff,i + 3Li(εc − εeff,i)

]2

+ (1− f)

[
εeff,i(εh − εeff,i)

3εeff,i + 3Li(εh − εeff,i)

]2

.

(A.78)

(Tsang and Kong’s parameters Si are found to be very close to Li/εeff,i.)


