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ABSTRACT 
The behavior of highly compressed material is of interest to planetary astrophysics, geophysics, inertial 

confinement fusion and stewardship science.  This behavior is described by the high-pressure equation 

of state.  Traditionally, experiments investigating the equation of state have used strong shock waves to 

compress the material, reaching high temperatures, pressures, and entropy.  This is because shock 

waves are readily produced using a variety of drivers.  However, the region of the thermodynamic plane 

accessible by a single shock is limited to the curve defined by the end states of a shock – the principal 

Hugoniot.  Understanding the off-Hugoniot behavior is necessary to describing planetary interiors and 

reversible processes that compress a material without significantly increasing its entropy.  The sound 

velocity and Grüneisen parameter of a compressed material provide information that, when coupled 

with the Hugoniot, can be used to model the behavior of a material off its principal Hugoniot.  This work 

describes a new technique to measure the sound velocity and Grüneisen parameter of shocked 

materials by tracking perturbations that propagate through the material.  By relating the timing and 

amplitude of the perturbations to a standard material under identical drive conditions, the sound 

velocity and Grüneisen parameter can be referenced to the standard. 

To establish a standard for this method, a technique was developed to determine the sound velocity and 

Grüneisen parameter of α-quartz from an analytic model for the release isentrope.  The near-impedance 

match release method was developed as an extension to impedance matching.  This enabled an 

absolute measurement of the sound velocity of quartz to use as a velocity standard.  The sound velocity 

and Grüneisen parameter of fused silica, MgO, and polystyrene were investigated using the unsteady 

wave method. 

Measurements of the sound velocity and Grüneisen parameter were made for pressures ranging from 

100 GPa in polystyrene up to 2400 GPa in MgO.  The latter represents the highest pressure sound 

velocity measurements in shocked materials to date.  The sound velocity in fused silica was found to 

agree well with the SESAME 7386 table.  Furthermore, a new value for the Grüneisen parameter of high-

pressure liquid silica was determined to be Γ = 0.66 ± 0.05.  The uncertainty of this measurement is 

less than half that of the previous accepted value.  The sound velocity in MgO was found to be 

overestimated by the SESAME and LEOS models by approximately 7%.  However, its Grüneisen 

parameter is well matched by tabular models. 

The polystyrene sound velocity agrees with the SESAME 7593 table.  Its Grüneisen parameter displayed 

a unique trend that is not matched by any equation of state model.  This trend agrees with the 

theoretical value at high density but significantly decreases for densities below 3 g/cc.  This impacts 

inertial confinement fusion target performance due to the significant difference between the 

experimental results and models used to describe the target behavior.
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1 Introduction 
The field of high energy-density physics (HEDP) is the study of matter with energy-densities greater than 

1011 J/m3.1  It began in the 1930s and 1940s with the development of particle accelerators and nuclear 

weapons.2  These devices produced matter at HEDP conditions, but the breadth of possible research was 

severely limited by the existing diagnostic capabilities, the stability of the high-energy sources, and the 

predictive capability of theoretical models.  Those capabilities expanded greatly with the development 

of high-power lasers and pulsed power drivers that are able to produce these repeatable and well-

defined conditions in the laboratory.  Similarly, high-resolution, precision diagnostics enabled accurate 

characterization of those states. 

The most prevalent high energy source in the formative years was the atomic (and later thermonuclear) 

bomb.  The first atomic weapon was developed as a part of the Manhattan project3 and detonated in 

southern New Mexico.4  Research and testing of nuclear weapons was conducted over the next 50 years 

with the final nuclear test occurring in 1992.  During this window, nuclear tests served the primary 

purpose of gaining an understanding of the weapon and its properties.  The main properties that were 

studied were material properties in individual components and hydrodynamic properties of the 

explosion.  A smaller fraction of nuclear tests were conducted to observe the effect of a nuclear 

explosion on the environment, buildings, ships, and other objects. 

To ensure the safety and performance of the nuclear stockpile after the end of nuclear testing, the 

United States Department of Energy developed the Science-Based Stockpile Stewardship Program 

(SSP).5  The United States currently maintains an arsenal of approximately 5000 nuclear weapons 

between actively deployed and reserve warheads.6  However, the majority of weapons are decades old 

and exceeding the lifetime they were designed to serve.  It is important to the national security of the 

United States to know that the nucleus of the warhead is not a safety hazard in storage or degraded to 

the point where it is no longer viable.  Either of these cases could be catastrophic and result in 

accidental detonation of a weapon in the United States or for a weapon to not explode when needed. 

Furthermore, the United States has placed a priority on modernization of the arsenal, which requires 

experimentation and modeling of the new components to determine their impact. 

The SSP is operated by the National Nuclear Security Administration (NNSA) and seeks to understand 

the nuclear arsenal through experimental and numerical simulation of individual components and 

processes, without reaching the critical mass in a weapon and experiencing a nuclear explosion.7  To 

achieve this goal, extremely complex computer simulations of weapons are undertaken to determine 

what will happen if the weapon is used or if its storage conditions change.8 The simulations used range 

in scope from a complete nuclear explosion from detonation of the primary explosive until completion 

of the thermonuclear burn to simulations of aging in a single component in proximity to the highly-

enriched uranium or plutonium core.  These simulations have to be benchmarked against experiments 

to determine their accuracy, which led in part to the use of large laser systems such as NOVA9 

(decommissioned), OMEGA10 and the National Ignition Facility11 (NIF), and pulsed power facilities such 

as the Z machine12 for stockpile stewardship research.  Sub-critical experiments at the Nevada National 
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Security Site13 (formerly Nevada Test Site) and radiography of the core at the Dual-Axis Radiographic 

Hydrodynamics Test (DAHRT) facility14 are also used to understand the current state of the nuclear core 

of a weapon and the initial stages of detonation. 

The invention of the laser in 196015 increased the interest in HEDP and the potential of achieving 

controlled nuclear fusion in the laboratory.  As a result, researchers began using a laser to heat and 

compress fuel began almost immediately after its invention.16,17  Research to develop nuclear fusion as a 

viable energy source has focused in two primary areas: inertial confinement and magnetic confinement.  

In inertial confinement fusion (ICF), a fuel is compressed to billions of atmospheres pressure and tens of 

millions of degrees temperature in a very short timescale, resulting in hundreds of times solid density.16  

Magnetic confinement fusion (MCF) relies on containing the fuel for a longer timescale at lower density.  

As such the temperature is approximately the same as in ICF, but the pressure is approximately 

atmospheric pressure and the density is gas density, on the order of a millionth solid density.18 

Research into nuclear fusion as a commercial energy source is focused on its high energy-efficiency, 

availability of fuel, and safety.  The primary reaction being investigated is the fusion of deuterium and 

tritium, the two heavy isotopes of hydrogen: 

𝑑 + 𝑡 → He4 + 𝑛 + 17.6MeV. 

The d-t fusion reaction has the second highest energy efficiency per unit mass of any reaction at 3.5 

MeV/nucleon (the d-3He reaction releases ~3.65 MeV/nucleon, but requires temperatures an order of 

magnitude higher and has a fusion cross-section two orders of magnitude smaller).  Coupled with the 

high energy efficiency, it has the highest fusion cross-section at the lowest temperature of any 

reaction.18  Deuterium is a naturally occurring isotope of hydrogen, consisting of approximately 1 part in 

6000 of all hydrogen atoms on earth.  With the amount of sea water existing in the world, the 

recoverable reserves of deuterium are ~1010 Q, with Q being the energy from burning 46.5 billion tons of 

coal.19  This amount of energy is appreciable, as the expected energy usage over the time frame from 

2000 to 2050 was approximated to be 60Q.  Estimates in 1980, when ref. 19 was published, were that 

approximately 200Q of fossil fuels, or 300 years at 2011 consumption levels, existed as recoverable 

reserves.   More recent estimates of the recoverable reserves give that for fossil fuels (coal, oil, and 

natural gas), which comprised 82% of energy generation in 2011, the current production levels will 

exhaust the reserve in 120 years for coal, 56 years for oil, and 60 years for natural gas.20 

The dwindling fossil fuel reserve places higher importance on developing nuclear fusion as a viable 

alternative for energy production.  However, there are many challenges to advancing this development.  

The conditions required to achieve high nuclear fusion yields are extremely difficult to reach in a 

controlled manner.  The hot fuel must be contained for an amount of time defined by the Lawson 

criterion to reach breakeven.21  The Lawson criterion balances the energy release per unit volume due to 

Bremsstrahlung radiation with core heating from the kinetic energy of α-particles, given as, 

𝑃𝜏 =
3

2
(𝑛1 + 𝑛2)𝑘𝑇, 
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where P is the power of the reaction, τ is the confinement time, n is the number density of species 1 and 

2, and 𝑘𝑇 is the temperature.18  For a reaction with a 50:50 mix of deuterium and tritium at 10 keV 

(~100 million degrees), this gives 𝑛𝜏 ≅ 1014 𝑠 𝑐𝑚3⁄ .  This means that to achieve gain in an ICF 

experiment the capsule must survive for hundreds of picoseconds or in an MCF experiment the fuel 

must be contained for seconds.  At these temperatures, the d-t fuel is a fully ionized plasma that 

isotropically streams neutron radiation into the chamber.  Understanding the behavior of the hot 

plasma is fundamental to being successful in developing fusion as a power source.  Inside the plasma 

there are waves and instabilities that have the potential to leak particles and energy out of the fuel or 

inject cold material into the fuel.22 

1.1 Equation of State 

Current research in HEDP encompasses many fields, ranging from stewardship science, applications of 

ultra-intense lasers and nuclear fusion to laboratory astrophysics, radiation transport, and 

hydrodynamics.1  The study of Equation of State (EOS) physics is spread across these categories within 

HEDP.  EOS research studies the relationship between pressure, density, and temperature in a material, 

originating with the ideal gas law in 1834.23  The development of an EOS for solids was significantly more 

complex due to internal vibrations and bonds in the structure.  The first commonly used solid EOS was 

the Mie-Grüneisen EOS, which remains the most prevalent model used today.24,25  Other historical EOS 

models used for solids include the Debye26, Murnaghan27, polynomial, Appy, PUFF, and Tillotson.28  

These models all accurately describe the behavior of a material near atmospheric conditions, but can 

break down when extended to high temperature and pressure.  For high-pressure research, the Mie-

Grüneisen EOS is most commonly used, but requires experimental evidence to predict the behavior 

correctly. 

The high-pressure EOS has traditionally been determined by observing a material’s response to a shock 

wave.29  The first research into shock waves in metals was carried out using high explosives by Walsh 

and Christian in 1955.30  Since then, other methods, including gas guns, lasers, nuclear weapons, and 

magnetically accelerated flyer plates, have been developed to launch a shock in a material.31,32  A shock 

wave is a discontinuity that propagates through a material resulting in compression and heating of the 

material behind the shock front.  The material on either side of the shock is in equilibrium, with the 

difference between these two states given by the Rankine-Hugoniot relations.32  These conditions define 

the conservation of mass, momentum, and energy across the shock.  Along with the dependence on 

density, pressure, and energy, the Rankine-Hugoniot relations also depend on the particle velocity – the 

speed of material flow, and the shock velocity – the speed at which the shock traverses the material.  As 

a result, most experiments seek to measure these two velocities, which allows for the other quantities 

to be determined.32 

The locus of all possible end states in a single shock experiment is known as the principal Hugoniot curve 

(or shock adiabat in some literature).  For a given material, this physical constraint limits the region of 

thermodynamic space that is readily accessible.  To determine the EOS of a material at other high-

pressure states, it becomes necessary to use other compression techniques or a combination of multiple 

events.  The most basic method of doing this is to measure the Hugoniot of a material from different 

initial states.  This generates a Hugoniot curve from each initial state, allowing for measurement of 
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different pressures at a given density.  Because a shock increases the entropy of a system, this still limits 

the portion of thermodynamic space that can be investigated.33  A more complete description of the 

thermodynamic space is available by using isentropic and isothermal compression, or measuring the 

release isentrope of a shock experiment.34  Isentropic and isothermal compression are reversible 

processes that allow a sample to be compressed to greater densities than in shock experiments because 

of the lack of added entropy.34,35  These experiments allow for measurement in the region of phase 

space occupied by the fuel in an ICF capsule and at the core of planets and stars.  Measurement of the 

release isentrope allows for understanding of the relaxation of material after being compressed.  This is 

vital to both ICF and the weapons program by describing how the ablator interacts with the fuel during 

an ICF implosion and how the primary interacts with the thermonuclear core during detonation of a 

nuclear weapon. 

One of the primary objectives of measurements off the principal Hugoniot is to determine the sound 

velocity and Grüneisen parameter of the material.  These quantities allow derivation of off-Hugoniot 

states with respect to the principal Hugoniot.28,34,36  The sound velocity is the speed at which waves 

travel through a material.  This determines the transmission velocity of acoustic disturbances that are 

too weak to form a shock, as well as that of rarefactions propagating into the material.  The Grüneisen 

parameter, which is a function of the sound velocity and the isothermal and bulk moduli, describes the 

vibrations inside a crystalline lattice and their response to changes in density or pressure.24,25,37,38  It is a 

fundamental characteristic of a solid and serves as the primary parameter for determining the response 

of a material to small changes in pressure or density at high pressure.  For this reason, measuring the 

Grüneisen parameter allows for derivation of any point in the thermodynamic space with knowledge of 

the principal Hugoniot, isentrope, or isotherm.28,34 

1.2 Relevance of this work 

The sound speed and Grüneisen parameter have traditionally been difficult to measure.  Having the 

ability to measure these parameters directly closes a gap in the understanding of the high pressure 

behavior of materials.  Existing methods to measure the sound speed and Grüneisen parameter are 

limited in scope and can generate large errors when going to very high pressures. 

Measurements of the sound velocity have been made using the deceleration of the shock front either 

due to a transverse or longitudinal rarefaction wave interacting with the front.28  Both of these methods 

have been used successfully at low pressures with flyer plate driven shocks39.  At higher pressures, flyer 

plates become non-viable at the current level of technology.  The pressures of most interest today are 

often only accessible with laser, pulsed-power, or nuclear driven shocks.  With laser-driven shocks, 

achieving accurate measurements of the sound velocity with the existing methods is not possible 

because the pulse is inherently unsteady, resulting in a non-uniform pressure profile, and the launch of 

an overtaking rarefaction occurs at the first drop in laser intensity.  This drop does not necessarily 

coincide with the end of the laser pulse, and in the case that it does, the rarefaction is launched from 

the ablation front rather than the initial front of the target, and that location must be determined from 

radiation hydrodynamics models.40 



5 
 

The Grüneisen parameter has been measured in the past by relating a fit to the Hugoniot curve of a 

material from different starting states.33  While this gives a reasonable value, it is still only an 

approximation of the parameter and not a direct measurement.  Furthermore, it has been 

demonstrated that for the same density, the values that can be determined from comparing different 

polymorphs of aluminum can vary dramatically, and this holds true for other materials as well.28  Most 

materials have Hugoniot curves that are assumed to be linear in the Us-up plane.  However, for the 

majority of materials, this assumption is incorrect and is primarily due to the insensitivity of the Us-up 

plane to deviations from linearity.41  This leads to a significant potential error as most materials have 

their Hugoniot fit to existing data from low to moderate pressure42 with an assumption that it 

extrapolates linearly to high pressure.  Above the melting curve the Us-up Hugoniot slope has been 

observed to change for many materials43,44, meaning that the Grüneisen parameter obtained from 

relating the Hugoniot of polymorphs can be incorrect. 

Recent work by Fratanduono et. al. has demonstrated that the sound velocity and Grüneisen parameter 

in an unknown material can be determined relative to a known standard.45  The caveat of this work is 

that the standard must be transparent, such that the shock can be observed in the material.  α-Quartz is 

an ideal material for use as this standard due to its transparency, shock reflectivity and status as a 

standard for shock and release experiments.44,46-50  This work characterizes single crystal α-quartz as a 

standard for sound velocity and Grüneisen parameter measurements at pressures from 300 to 1900 

GPa.  This allows future work to be done using quartz to measure the sound velocity and Grüneisen 

parameter in ICF target materials. 

The sound velocity and Grüneisen parameter were subsequently measured in polystyrene (CH), fused 

silica, and periclase (MgO) using the characterized quartz standard.  Polystyrene is a low density plastic 

that has approximately the same shock response as the glow discharge polymer (GDP) that has been 

used as the primary ablator for the National Ignition Campaign.51  Its sound velocity and Grüneisen 

parameter were measured for pressures from 100 to 800 GPa, granting insight into the validity of the 

LEOS tables at ICF relevant conditions.  Fused silica and MgO are terrestrial materials that exist in the 

crust and mantle of the earth.  The sound velocity and Grüneisen parameter of these materials were 

measured from 300 to 1100 GPa (fused silica) and from 700 to 2400 GPa (MgO).  At these conditions, 

they describe the behavior of the fluid mantle and outer core of super-Earth exoplanets. 

1.3 Outline 

This chapter described the origin of high energy density physics and equation of state research, 

discussing the value in studying the EOS of materials and the need to gain better understanding of off-

Hugoniot dynamics.  Chapter 2 provides a background on thermodynamics and fluid mechanics, focusing 

on shock hydrodynamics and the properties of a releasing system.  The experimental techniques, 

including impedance matching, sound velocity and Grüneisen measurement, target design, and the 

VISAR diagnostic are discussed in Chapter 3.  The characterization of quartz as a standard and discussion 

of different models for its sound velocity and Grüneisen parameter is explored in Chapter 4.  Chapter 5 

presents the results of measuring the sound velocity and Grüneisen parameter in polystyrene, fused 

silica, and MgO.  These results are compared against existing models for the different materials.  A 
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general discussion of the results and viability of the method is given in Chapter 6 with the primary 

conclusions coming at the end of that chapter. 
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2 Fundamentals of Equations of State 
High Energy-Density Equation of State physics is an interdisciplinary field comprised of fluid mechanics, 

thermodynamics, solid state physics, and condensed matter physics.  These fields are strongly coupled in 

that fluid mechanics defines the kinematics and motion in the fluid, whereas thermodynamics describes 

the entropy and heating in the fluid.  Solid state and condensed matter physics describe the resistance 

of a material to compression and its state, both before and after compression.  In this regard, the 

different types of flow that exist in a fluid are defined by their thermodynamic properties. 

Fluid mechanics is the study of forces on fluids (liquids and gases) and the associated motion that results 

from such forces.52  An important characteristic of fluid mechanics is that it is a macroscopic field, such 

that for any volume element, it is assumed that there exists a large number of molecules in that 

element.  This allows for the treatment of any fluid as a continuous medium where mass, momentum, 

and energy are conserved. 

Thermodynamics deals with the internal energy and work done on a system.  It is a fundamental field in 

the regard that the laws of thermodynamics define the conservation of energy in the universe.  Similar 

to how fluid mechanics assumes a macroscopic element, thermodynamics assumes the existence of 

equilibrium with its surroundings.  This allows for the second law of thermodynamics to hold in the 

system, mandating the net increase in entropy.53 

The conservation equations in fluid mechanics and the first and second laws of thermodynamics make 

up the Euler equations, which when paired with an equation of state, fully describe the properties in a 

fluid.54  The question of which EOS is valid depends on the material and its phase.  In high-pressure 

systems, initiated from a solid, this is determined from solid state physics and the material’s internal 

structure at low pressures and transitions to condensed matter physics in the warm dense matter 

regime.  Warm dense matter describes the transition region between solids and plasmas for materials 

compressed to high pressure and temperature. 

This chapter opens with the basic tenets of fluid mechanics and thermodynamics to build the 

constitutive relations for a fluid.  The different EOS models considered in solid physics are explored and 

the derivation of the Mie-Grüneisen EOS is discussed.  The final section of this chapter discusses waves 

in fluids and the conditions for isentropic flow in rarefactions.  It closes with shock formation and a 

derivation of the Rankine-Hugoniot relations for a shock from the Euler equations. 

2.1 Basic Fluid Mechanics 

The conservation equations in fluid dynamics make up the main laws that a fluid must obey.  However, 

these laws do not independently form a closed system.  Each equation depends on the next higher order 

moment of velocity, such that an approximation that higher order moments are negligible is required.  

This approximation is generally made after the energy equation to limit the system to three 

conservation equations.  This derivation follows that in Fluid Mechanics by L. D. Landau and E. M. 

Lifshitz52 As a note, the discussion of the derivation speaks of a fluid element, which is still a macroscopic 

quantity consisting of many particles. 
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2.1.1 Continuity equation 

The continuity equation describes the conservation of mass in a fluid.  Starting from the mass enclosed 

in a fluid element defined by surface 𝑆 (Figure 2.1.1), the mass, 𝑀, of the volume 𝑉, is defined by the 

integral 

𝑀 = ∫ 𝜌𝑑𝑉
𝑉

, 2.1.1 

where ρ is the density of the fluid.  For the case of a dynamic fluid, mass can flow in or out of the 

element.  If a single differential surface element 𝑑𝑆 is considered, the mass flowing out of that element 

at a single point in time is (�⃗� ∙ �⃗� ), where �⃗�  is the velocity vector of the flow and �⃗�  is the outward normal 

of the differential surface element.  Considering the entire fluid element, the total mass flux leaving the 

volume becomes 

∆𝑀 = ∮ 𝜌(�⃗� ∙ �⃗� )𝑑𝑆
𝑆

, 2.1.2 

where the integral is taken over the entirety of the closed surface bounding the volume, 𝑉. Because 

there is mass flowing out of the volume, it is clear that the mass still contained within 𝑉 is changing with 

respect to time, as a result Eq. 2.1.1 becomes 

∆𝑀 = −
𝜕

𝜕𝑡
∫ 𝜌𝑑𝑉
𝑉

. 2.1.3 

The right side of Eq. 2.1.3 is negative because this derivation considers the flow of mass out of the 

volume.  The two equations for 𝛥𝑀 can be set equal to each other giving the relation between the mass 

flux through the surface, 𝑆, and the total mass enclosed in the volume, 𝑉.  This gives 

−
𝜕

𝜕𝑡
∫ 𝜌𝑑𝑉
𝑉

= ∮ 𝜌(�⃗� ∙ �⃗� )𝑑𝑆
𝑆

. 2.1.4 

Using Green’s first identity (also known as the divergence theorem), the right side of Eq. 2.1.4 can be 

converted from a surface integral to a volume integral as 

∮ 𝜌(�⃗� ∙ �⃗� )𝑑𝑆
𝑆

= ∫ 𝛻 ∙ (𝜌�⃗� )𝑑𝑉
𝑉

. 2.1.5 

Substituting Eq. 2.1.5 back into Eq. 2.1.4 then gives the integral form of mass conservation: 

∫ (
𝜕𝜌

𝜕𝑡
+ 𝛻 ∙ (𝜌�⃗� )) 𝑑𝑉

𝑉

= 0. 2.1.6 

Eq. 2.1.6 must be valid for any closed volume in a fluid.  As a result, the integrand vanishes leaving the 

continuity equation: 

𝜕𝜌

𝜕𝑡
+ 𝛻 ∙ (𝜌�⃗� ) = 0. 2.1.7 

Note that the continuity equation contains the momentum, 𝜌�⃗� , demonstrating the dependence on the 

higher order velocity mode. 
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Figure 2.1.1 Fluid element within surface, S 

2.1.2 Euler’s equation 

Consider a volume element in a fluid which is being acted on by an outside force.  This external force can 

be considered as pressure acting on the surface of the element, such that the total force is 

𝐹 = −∮ 𝑃 �⃗�  𝑑𝑆
𝑆

. 2.1.8 

Transforming Eq. 2.1.8 to a volume integral gives 

−∮ 𝑃 �⃗�  𝑑𝑆
𝑆

= −∫ ∇𝑃 𝑑𝑉
𝑉

. 2.1.9 

From Eq. 2.1.9 it is clear that if the portion of the fluid that is being considered is contained within the 

differential element, 𝑑𝑆, the force acting on that portion is −𝑑𝑉 ∇𝑃.  This implies that for a unit volume, 

𝑑𝑉, the force is ∇𝑃. 

Hence, for a fluid element, the equation of motion (𝐹 = 𝑚𝑎) becomes 

𝜌
𝑑�⃗� 

𝑑𝑡
= −𝛻𝑃. 2.1.10 

The acceleration, 𝑑�⃗� 𝑑𝑡⁄ , in Eq. 2.1.10 denotes the rate of change of the velocity with respect to the 

fluid element within the entirety of the fluid.  This places the acceleration in a non-inertial reference 

frame.  To eliminate fictitious forces associated with a non-inertial frame, the derivative must be 

expressed relative to a fixed coordinate system.  This can be done by treating the velocity of the fluid 

element as a function both of time and of the fixed coordinate system.  By doing so, the change in 

velocity can be written as 

𝑑�⃗� =
𝜕�⃗� 

𝜕𝑡
𝑑𝑡 + (𝑑𝑟 ∙ 𝛻)�⃗� , 2.1.11 

where 𝑑𝑟  is the distance moved by the fluid element with respect to the fixed coordinate system during 

time 𝑑𝑡.  By dividing both sides of Eq. 2.1.11 by 𝑑𝑡, the material derivative for the acceleration of a fluid 

element is derived: 

𝑑�⃗� 

𝑑𝑡
=

𝜕�⃗� 

𝜕𝑡
+ (�⃗� ∙ 𝛻)�⃗� . 2.1.12 
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Substituting Eq. 2.1.12 into Eq. 2.1.10 arrives at Euler’s equation for the conservation of momentum in a 

fluid. 

𝜕�⃗� 

𝜕𝑡
+ (�⃗� ∙ 𝛻)�⃗� = −

1

𝜌
𝛻𝑃. 2.1.13 

Multiplying both sides by the density and adding the gravitational force to the right side of the equation 

arrives at the most common notation for the conservation of momentum in three dimensions: 

𝜌 (
𝜕�⃗� 

𝜕𝑡
+ (�⃗� ∙ 𝛻)�⃗� ) = −𝛻𝑃 + 𝜌𝑔 . 2.1.14 

The conservation of mass and momentum equations describe the kinetic properties of a fluid element 

with respect to the density, velocity, and pressure in the fluid.  However, this is not a closed set of 

equations as it consists of 5 unknowns with only 4 equations.  Furthermore, the pressure is a higher 

order term which is large for fluids, such that it cannot be neglected.  This requires an equation of the 

next higher order moment of velocity, energy.  It is important to note that the Euler equations for mass 

and momentum are only valid for ideal fluids where thermal conductivity and viscosity are negligible. 

2.1.3 Conservation of Energy 

The conservation of energy follows from the first law of thermodynamics, which will be discussed in 

Section 2.2.  It states that the total amount of energy in a system isolated from its surroundings must 

remain constant, or that for the case of a system in contact with its surroundings, any energy loss in the 

system is equal to an increase in the energy of the surroundings.  Considering the first case, where the 

system is perfectly isolated from its surroundings, the total amount of energy in that system remains 

fixed, however it is free to change forms or be transferred between elements inside the system. 

Restricting the system to a volume element within a fluid, it can be treated as a system consisting of a 

single particle that is in equilibrium with its surroundings.  Hence at any given time, the energy within 

the fluid element depends only on the kinetic and potential energy of the fluid.  Furthermore, within the 

element, there is no net change in total energy with respect to time, thus the rate of change of the 

potential energy is equal to that of the kinetic energy.  If the volume element is chosen to be a unit cube 

as in Figure 2.1.2, the energy is 
1

2
𝜌𝑢2 + 𝜌𝐸 and its rate of change to be 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2 + 𝜌𝐸) = 0, where 𝐸 is 

the internal energy per unit mass.  If the element is allowed to interact with its surroundings, its total 

energy depends on the internal energy (which is conserved) and that of the surroundings.  Therefore, its 

total energy can be changed via mass and heat flow across the surface and work performed on the 

element by the surroundings (and vice versa). 
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Figure 2.1.2: Unit energy element in fluid 

To determine the flow of energy across the surface of the fluid element it is beneficial to examine the 

kinetic and potential energies of the element independently.  The rate of change of the kinetic energy is 
𝜕

𝜕𝑡
(
1

2
𝜌𝑢2) which expands to 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2) =

1

2
𝑢2

𝜕𝜌

𝜕𝑡
+

1

2
𝜌�⃗� ∙

𝜕�⃗� 

𝜕𝑡
. 2.1.15 

Using the continuity equation (2.1.7) and Euler’s equation (2.1.13), this can be rewritten as 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2) = −

1

2
𝑢2𝛻 ∙ (𝜌�⃗� ) − �⃗� ∙ 𝛻𝑃 − 𝜌�⃗� ∙ (�⃗� ∙ 𝛻)�⃗� . 2.1.16 

By replacing �⃗� ∙ (�⃗� ∙ ∇)�⃗�  with 
1

2
�⃗� ∙ ∇𝑢2 and using one of the thermodynamic relations (Section 2.2.2) to 

substitute ∇𝑃 = 𝜌∇𝐻 − 𝜌𝑇∇𝑆, Eq. 2.1.16 becomes: 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2) = −

1

2
𝑢2𝛻 ∙ (𝜌�⃗� ) + 𝜌𝑇�⃗� ∙ 𝛻𝑆 − 𝜌�⃗� ∙ 𝛻 (

𝑢2

2
+ 𝐻), 2.1.17 

where 𝑇 is the temperature of the fluid, 𝑆 is the entropy, and 𝐻 is the enthalpy.  Writing the change in 

kinetic energy in terms of the entropy and enthalpy has a physical significance in demonstrating that the 

change in kinetic energy of the fluid element depends not only on the flow of material across the 

boundary of the element, but also on the pressure exerted on the surface of the element by the rest of 

the fluid. 

Considering the change in internal energy for the fluid element requires use of another thermodynamic 

relation: 𝑑𝐸 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 and the definition of the enthalpy, 𝐻 = 𝐸 + 𝑃𝑉.  Substituting these 

equations into the derivative of the energy gives 

𝜕(𝜌𝐸)

𝜕𝑡
= −𝐻𝛻 ∙ (𝜌�⃗� ) − 𝜌𝑇�⃗� ∙ 𝛻𝑆. 2.1.18 

Equations 2.1.17 and 2.1.18 can then be combined to derive the conservation of energy for a fluid in 

thermal equilibrium, with no external forces, and no sources or sinks of energy within the fluid, 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2 + 𝜌𝐸) = −

1

2
(𝑢2 + 𝐻)𝛻 ∙ (𝜌�⃗� ) − 𝜌�⃗� ∙ 𝛻 (

1

2
𝑢2 + 𝐻), 2.1.19 

which then simplifies to 
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𝜕

𝜕𝑡
(
1

2
𝜌𝑢2 + 𝜌𝐸) = −𝛻 ∙ (𝜌�⃗� (

1

2
𝑢2 + 𝐻)). 2.1.20 

For a fluid that is not in thermal equilibrium, heat conduction occurs across the surface of the fluid 

element.  Heat conduction is similar to the flow of internal energy between the fluid element and the 

surrounding fluid.  The heat flux, 𝑞, is the rate of heat transfer across a surface, in this case being the 

fluid element.  As the heat flux depends on its spatial profile across the fluid element, it becomes clear 

that the rate of heat flux is −∇ ∙ 𝑞 .  Furthermore, if there are sources or sinks of energy within the fluid, 

the rate of change of the total energy must depend on them.  These features will change the total 

energy of the fluid with respect to time, such that for the unit volume, the change in power as a result of 

any sinks (e.g. radiation) or sources (e.g. laser deposition) is �̇�.  Finally, any external forces, such as 

gravity, perform work on the entirety of the fluid.  If other external forces are ignored, leaving only 

gravity acting on the fluid, the work done by gravity per unit time is 𝜌𝑔 ∙ �⃗� .  Adding these terms to the 

right side of Eq. 2.1.20 and substituting for the enthalpy gives the final relation for the conservation of 

energy: 

𝜕

𝜕𝑡
(
1

2
𝜌𝑢2 + 𝜌𝐸) = −𝛻 ∙ (𝜌�⃗� (

1

2
𝑢2 + 𝐸)) − 𝑃𝛻 ∙ �⃗� − 𝛻 ∙ 𝑞 + 𝜌𝑔 ∙ �⃗� + �̇� 2.1.21 

Adding the conservation of energy to the conservation of mass and momentum creates a system of five 

equations, but increases the number of unknowns to seven.  To close this system, either an infinite 

number of higher order equations or approximations are necessary.  The pressure and internal energy 

can be easily related using the thermodynamic state relations which will be discussed shortly.  However, 

this still leaves the heat flux as an unknown.  In most systems, the heat flux is either considered to be 

negligible or to be a simple function of the temperature and thermal conductivity.  For the case of shock 

waves, it is usually reasonable to neglect the heat flux across the shock front.  Furthermore, heat 

conduction occurs over such a small region that the material ahead of the shock front can be assumed 

to have no knowledge of the shock.  This enables treatment of the material on either side of the shock 

as independent thermal equilibrium states with the shock front being a discontinuity where equilibrium 

does not exist. 

2.2 Thermodynamic laws and state relations 

The laws of thermodynamics apply to every macroscopic element in any system.  The field has had only 

minor changes, with no changes to the laws over the past 100 years, and allows for the creation of maps 

of phase space for a material.  It also deals with changes of state and the corresponding change in 

energy of a material.  The key feature of thermodynamics is that it pertains only to systems in 

equilibrium with their surroundings, such that it describes the state and behavior of a system before a 

change, such as a shock, occurs, and after said change is completed.  Discussion of the laws of 

thermodynamics follows Thermodynamics: An Advanced Treatment for Chemists and Physicists by E. A. 

Guggenheim55 and derivation of the thermodynamic state follows Thermodynamics in Materials Science 

by R. Dehoff.53 
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2.2.1 The laws of thermodynamics 

Thermodynamics consists of three empirical laws that have remained unchanged since they were stated 

as absolute laws by Gibbs in 1873.  Along with the three laws of thermodynamics, there is often cited a 

zeroth law which functions as a definition of temperature.  The laws are: 

0. If two systems are both in thermal equilibrium with a third system, then they are in thermal 

equilibrium with each other. 

1. When several systems interact in any way with one another, the whole set of systems being isolated 

from the rest of the universe, the sum of the energies of the several systems remains constant. 

2. The entropy of an insulated closed system A increases in any natural change, remains constant in any 

reversible change, and is a maximum at equilibrium. 

3. By the standard methods of statistical thermodynamics it is possible to derive for certain entropy 

changes general formulae, which cannot be derived from the zeroth, first, or second laws of classical 

thermodynamics. 

The zeroth law of thermodynamics allows for the basic physical definition of temperature.  If there exists 

a defined reference state, then all states in thermal equilibrium with the reference state are in 

equilibrium with each other.  The physical definition of temperature follows directly that if two states 

are in thermal equilibrium, they have the same temperature, and states not in thermal equilibrium have 

different temperatures. 

The first law of thermodynamics is a statement of the conservation of energy.  The way it was given is a 

direct equivalent to the equation of conservation of energy discussed in Section 2.1.3, 𝑑𝐸𝐴 + 𝑑𝐸𝐵 = 0.  

This generalizes to an infinite number of isolated systems (𝐴, 𝐵, 𝐶, … ) interacting with one another but 

isolated from their surroundings.  The first law can also be stated as “When a single system interacts 

with the rest of the universe, the increase of the energy of this system is equal to the work done on the 

system by the rest of the universe.”  Using this second statement for the first law the conservation of 

energy for a system, 𝐴, with respect to its surroundings can be written as 𝑑𝐸𝐴 = 𝑞 + 𝑤, where 𝑞 is the 

heat flow from the surroundings into 𝐴 and 𝑤 is the work done on 𝐴 by the universe. 

The second law of thermodynamics introduces the concept of entropy.  Entropy, denoted as 𝑆, is a state 

variable for a system and denotes the direction of change in a non-reversible process.  The most basic 

statement of the second law is that the entropy must stay constant or increase, thereby guaranteeing 

that any physical process must be adiabatic and reversible, or have a positive change in entropy.  This 

determines if a specific reaction is viable.  In more depth, the second law states that the entropy of a 

system is the sum of the entropy of its parts: 𝑆𝐴 = 𝑆𝑎 + 𝑆𝑏+ . ..  It also states that the change of entropy 

of a phase is determined by the energy and volume of the phase such that 

𝑑𝑆𝑎 = (
𝜕𝑆𝑎

𝜕𝐸𝑎
)
𝑉𝑎

𝑑𝐸𝑎 + (
𝜕𝑆𝑎

𝜕𝑉𝑎
)
𝐸𝑎

𝑑𝑉𝑎 2.2.1 

where 𝜕𝑆𝑎 𝜕𝐸𝑎⁄  is always positive.  The final portion of the second law defines temperature and heat 

such that the temperature, 𝑇 = 1 (𝜕𝑆𝑎 𝜕𝐸𝑎⁄ )⁄ , and the heat flux, 𝑞 = 𝑇𝑎𝑑𝑆𝑎. 
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The third law as stated by Guggenheim differs from most texts because he feels that the general 

statement is overly simple and ignores important components of thermodynamics.  Most texts choose 

to state the third law as "There exists a lower limit to the temperature, called the absolute zero of 

temperature, and the entropy of all substances is the same at that temperature.”53  This statement is 

equal to the statement that in the limit that as 𝑇 goes to zero, 𝑆 goes to zero.  Guggenheim’s version of 

the third law, as stated above, is a broader statement about statistical thermodynamics.  For the cases 

of highly dispersed systems (such as gases or plasmas), systems where the temperature goes to zero, 

and systems where mixing of similar substances (such as isotopes) occur, the entropy cannot be derived 

directly from the zeroth, first, and second laws.  However, relations for these cases can be derived 

directly using statistical thermodynamics, making the broad statement of the third law inclusive of all 

non-classical cases. 

2.2.2 Thermodynamic state relations 

The thermodynamic state relations are derived from the first and second laws of thermodynamics.  

Starting from the first law of thermodynamics, written in the form 𝑑𝐸 = 𝑞 + 𝑤, definitions of 𝑞 and 𝑤 

can be substituted from the second law.  The relation for q is given in the previous section.  The relation 

for 𝑤 comes from the classical definition of work, 𝑤 = 𝐹𝑑𝑥.  Converting from a linear equation to one 

over a volume element involves multiplying and dividing by the cross-sectional area, 𝐴, giving 

𝑤 = −
𝐹

𝐴
𝑑𝑉.  Using the definition of pressure as force divided by area then demonstrates that the work 

is 𝑤 = −𝑃𝑑𝑉.  Substituting into the first law then gives 

𝑑𝐸 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉. 2.2.2 
This is the fundamental thermodynamic relation for energy, entropy, and volume.  Furthermore, by 

writing the temperature and pressure in terms of their definition from partial derivatives it becomes an 

equation that only depends on two variables, 𝐸(𝑆, 𝑉), 

𝑑𝐸 = (
𝜕𝐸

𝜕𝑆
)
𝑉
𝑑𝑆 − (

𝜕𝐸

𝜕𝑉
)
𝑆
𝑑𝑉. 2.2.3 

Thermodynamic state relations exist for all four of the defined energy state functions, internal energy, E, 

enthalpy, 𝐻, Helmholtz free energy, 𝐹, and Gibbs free energy, 𝐺.  Starting from the internal energy, the 

other three energy state functions were defined to simplify the description of different processes.  In 

this regard, they have a physical meaning that makes them more convenient than the internal energy 

for the specific process for which they were defined. 

The enthalpy, 𝐻 = 𝐸 + 𝑃𝑉, was defined for systems where only mechanical work occurs, such as in a 

heat engine, and the system remains at atmospheric pressure.  The thermodynamic state relation for 

enthalpy then becomes 

𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃, 2.2.4 
which for isobaric processes simplifies to 𝑑𝐻 = 𝑞. 

The Helmholtz free energy was designed to determine the reversible work done on a system in an 

isothermal process.  To achieve this, it was defined as 𝐹 = 𝐸 − 𝑇𝑆, which results in the thermodynamic 

state relation of 
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𝑑𝐹 = 𝑆𝑑𝑇 − 𝑃𝑑𝑉. 2.2.5 
Limiting the case to an isothermal process, the state relation simplifies to 𝑑𝐹 = −𝑃𝑑𝑉 = 𝑤, the 

adiabatic work performed on a system. 

The final energy state function, the Gibbs free energy was defined as 𝐺 = 𝐸 + 𝑃𝑉 − 𝑇𝑆 or 𝐺 = 𝐻 − 𝑇𝑆.  

From this definition, substituting into the state relation yields 

𝑑𝐺 = 𝑆𝑑𝑇 + 𝑉𝑑𝑃. 2.2.6 
The Gibbs free energy was designed to simplify systems where both the temperature and pressure 

remain constant.  For experiments carefully controlled to match these conditions, both 𝑑𝑇 and 𝑑𝑃 

vanish because the system is isothermal and isobaric.  As such, the state relation for the Gibbs free 

energy simplifies to 𝑑𝐺 = 0.  This demonstrates the existence of another term in the state relations to 

define non-mechanical work on the system such that 𝑑𝐺 = 𝑤′.  This term exists on the right hand side 

of all the state relations, although it is generally ignored except in cases where the other terms are 

small. 

2.3 High Energy-Density Equation of State 

In thermodynamics, there are five primary state variables: pressure, temperature, density, energy and 

entropy.  From these five variables, the remaining three state variables (enthalpy and the Gibbs and 

Helmoltz free energies) can be derived.  The equation of state is a relation among state variables, 

traditionally pressure, density, and either temperature or energy.  In this regard it fully determines one 

parameter given the other two.23 

Classical EOS theory originated with the ideal gas law in the early nineteenth century.  Throughout the 

rest of the century and the early twentieth century, there was a great deal of interest in developing 

accurate models to describe material behavior at atmospheric conditions.  With the development of 

high-energy drivers (atomic weapons, high explosives, gas guns, lasers, and pulsed magnetic fields), the 

ability to reach conditions present in stars and other celestial bodies became a reality.  This unlocked a 

regime that was previously only speculative and where the material properties were unknown.  This 

generated significant interest in the EOS of materials at extreme conditions. 

2.3.1 EOS models in different regimes 

A variety of EOS models exist to describe material behavior for different regions in phase space.  Early 

research in the field was limited to cases near atmospheric conditions, for which modeling the EOS was 

straightforward for all materials.  This regime is shown as region 1 in Figure 2.3.1.   It’s clear that this 

region classically described with early models is valid only up to solid density and for temperatures less 

than 1 eV.  Recent EOS research focuses on the area outside this region to develop models that are 

viable for each unique region in space.  Of particular interest are the high pressure, high temperature 

transition regimes (between region 3 and regions 4 and 5), which describe materials of interest to 

stewardship science, nuclear fusion, and stars.  This regime transitions between ambient conditions and 

hot, dense plasma, such that collisional processes and relativistic effects begin to have significant impact 

on material properties. 
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Figure 2.3.1: Density vs. Temperature plot for different EOS regimes in phase space.
23

  Region 1 is where matter on Earth 
resides, with HED experiments accessing regions 2 and 3 and the regions beyond existing in astrophysical bodies and 
accessible with nuclear experiments (fusion experiments or weapon detonation). 

The simplest EOS model is that for the ideal gas, which exists in region 1, 

𝑃𝑉 = 𝑘𝑇, 2.3.1 
where 𝑘 is Boltzmann’s constant.  The ideal gas EOS is valid for low densities and temperatures where 

the assumptions that the particles are infinitesimal and do not interact is valid.  These assumptions 

clearly are invalid for systems at high compression or involving solids and liquids where intermolecular 

interactions occur.  By using the ideal gas law to relate the density and pressure for a given temperature, 

Figure 2.3.1 can be transformed to a plot of pressure vs temperature as seen in Figure 2.3.2. From this 

plot, it is possible to examine the various regions of EOS space in depth. 

Similar to in Figure 2.3.1, region 1 is the regime described fully using classical models such as the ideal 

gas law.  Other models, such as the Debye or Grüneisen EOS are necessary to describe solids or liquids, 

but the fundamental parameters in these models can be determined classically in this regime.  In that 

regime, phase transitions, such as solid-liquid and liquid-gas (for some materials), as well as solid-solid 
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transitions and other crystallographic processes occur.  Determining the change in state for these 

conditions is done using lattice models for crystalline structures and determining the structure that 

minimizes the Gibbs free energy.  Increasing the temperature to cross into region 2 enters the regime 

where partial ionization occurs.  In this regime, all materials that haven’t vaporized do so and 

dissociation of molecules into atoms occurs.  Matter in this regime is well approximated using ideal gas 

EOS for all materials above their vaporization temperature.  Further increasing in temperature crosses 

into region 3.  In this regime, ionization occurs and the gas transitions into plasma.  The Saha equation is 

used to determine the ionization state and the electron and ion properties of the plasma. 

Increases in pressure from regions 1, 2, and 3 result in crossing the boundary of region 4.  In region 4, 

the matter achieves a state of high pressure and low to moderate temperature.  To understand this 

region it is necessary to define the conditions for a degenerate gas.  A gas is considered to be non-

degenerate if 𝑘𝑇 ≫ 휀𝐹, with 휀𝐹 being the Fermi energy, the energy of the highest occupied electron 

energy level at absolute zero, defined as 

휀𝐹 =
ℎ

2𝑚0
𝑛

2
3
(
3
𝜋)

2
3

4
, 

2.3.2 

where ℎ is Planck’s constant, 𝑚0 is the rest mass of the electron, and 𝑛 is the electron number density.  

For matter in region 4, 𝑘𝑇 ≪ 휀𝐹 and the gas is highly degenerate.  For this case, quantum effects 

become dominant and the degeneracy pressure is larger than the thermal pressure.  Matter in this 

regime is well described using the Thomas-Fermi EOS23.  Further increases in pressure and temperature 

result in a gas where the electrons are degenerate and relativistic (5), the atom is separated and protons 

and neutrons form a non-relativistic degenerate gas (6), and all protons, neutrons, and electrons are 

relativistic degenerate gases (7).  The conditions of region 7 are so extreme that the electrons orbitals 

are compressed to the size of the protons where they react and form neutrons.  These regimes are all 

best modeled using the Fermi-Dirac EOS.  Regions 8 and 9 are defined by the breakdown of Fermi-Dirac 

statistics where the plasma in region 8 is described using Boltzmann statistics, and that in region 9 can 

only be characterized using radiative models with strong coupling between electrons and the blackbody 

radiation. 

HEDP-EOS experiments exclusively fall within regions 1-4, with conditions outside of these regimes not 

achievable in the laboratory.  The greatest area of interest in this regard is the transition between 

regimes.  The transition between regions 1, 2, and 3, are well understood.  The primary mechanism for 

these transitions is the breakdown of material structure, through phase changes and 

dissociation/ionization.  If the boundary between regions 1 and 2 is considered to be material 

dependent, such that any material is in a gaseous state prior to transitioning, the change in model is 

clearly developed using the corrected ideal gas EOS, which allows for some structure that is lost as the 

temperature increases.  The transition between regions 2 and 3 is similarly smooth as the Saha equation 

approximates the change in ionization in the gas. 

The boundary between regions 1-3 and region 4 is not well understood and is difficult to accurately 

model.  The simplest transition of this type is between regions 3 and 4, which can be approximated by 
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relating the energy of an ideal gas with that of a degenerate gas.  To relate the boundaries between 

regions 1 and 4, and 2 and 4, simply comparing results from the Thomas-Fermi EOS with those from the 

ideal gas or a solid/liquid EOS is not viable.  Furthermore, this transition region is broad, with pressures 

ranging from GPa to hundreds of TPa.  This transition region is collectively known as the warm dense 

matter regime.  In general, determining the EOS in this region requires both a Thomas-Fermi model for a 

weakly degenerate gas and a non-degenerate model for solids or gases.  This involves making 

corrections to the Thomas-Fermi EOS to model the electrons in the matter while modeling the nuclei 

using either an ideal gas or solid (i.e. Debye, Grüneisen) EOS. 

 

Figure 2.3.2:  Pressure vs. Temperature diagram of regimes for different EOS models
23

 

2.3.2  EOS models for solids 

The EOS for a solid at ambient conditions depends on the lattice structure and interatomic spacing in the 

lattice.56  These parameters differ for different classes of solids, resulting in the inability to develop a 

universal EOS that holds for all solids.  As a result, for each of the four primary classes of solids – 

metallic, covalent, ionic, and rare-gas – different EOS models had to be developed.  For the case of 

compression, it has been shown that the models converge to a universal pressure function, 𝐺∗ which 

forms the basis for the Vinet EOS for solids, 
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𝐺∗ ≡ −
1

𝑎∗
𝐸∗′(𝑎∗) = (4𝜋𝑙

(𝑙𝑎∗ + 𝑟𝑊𝑆𝐸)2

𝛥𝐸𝑎∗ )𝑃(𝑎∗), 2.3.3 

𝑎∗ =
(𝑟𝑊𝑆 − 𝑟𝑊𝑆𝐸)

𝑙
, 

2.3.4 

 

where 𝐸∗ is the universal total energy function, Δ𝐸 is the equilibrium binding energy, and  𝑟𝑊𝑆 is the 

Wigner-Seitz radius – the radius of a sphere with volume equal to the mean volume of an atom in a 

solid57 – with equilibrium value 𝑟𝑊𝑆𝐸 and scale length, 𝑙.56 

The fact that a universal relationship can be defined for all solids implies that for extreme conditions and 

multi-Megabar shocks, a single EOS model is viable for all solids.  That observation allows discussion of 

which model is the most favorable. 

For solids at ambient conditions, many EOS models have been developed, with the most commonly used 

models being the Debye26, Birch-Murnaghan27, and Mie-Grüneisen37 EOS.  These models were all 

developed using oscillator models to determine the response of compression for a lattice structure.  The 

Debye EOS partitions lattice vibrations to the Helmholtz free energy as 

𝐹 = 𝐸0(𝑉) + 𝐹𝐷(𝑇, 𝑉), 2.3.5 
where 𝐸0 is the internal energy at 0°K and 𝐹𝐷 is the contribution of the lattice vibrations.  By assuming 

that the free energy dependence on the volume is described by the dependence of the Debye 

temperature, Θ =
ℎ𝜈𝑚

𝑘
⁄  where 𝜈𝑚 is the maximum single-mode frequency, the vibrational 

contribution can be written as 𝐹𝐷 = 𝑇𝑓(Θ 𝑇⁄ ).  Using the thermodynamic state relation for the 

Helmholtz free energy (Eq. 2.2.5) to determine the pressure and taking the derivative of 𝐹𝐷 with respect 

to Θ gives the Debye EOS, 

𝑃 = −
𝜕𝐸0

𝜕𝑉
+ 𝛤

𝐸𝐷

𝑉
, 2.3.6 

where 𝛤 is the Grüneisen parameter, which will be discussed in detail in the next section and 𝑉 is the 

specific volume, 
1

𝜌
.  It is important to note that for the Debye EOS, crystalline structures with a lower 

degree of symmetry than cubic crystals require further constraints to the EOS.26 

The Birch-Murnaghan EOS is the most commonly used EOS in geophysics and mineralogy.58  It was 

developed as an extension to the Murnaghan EOS to make it valid over a wider range of parameters.  

The Murnaghan EOS was developed from the assumption that the bulk modulus is a linear function of 

pressure, 𝐵 = 𝐵0 + 𝑃𝐵0
′ .  Integrating this assumption gives the Murnaghan EOS, 

𝑃(𝑉) =
𝐵0

𝐵0
′ ((

𝑉

𝑉0
)
−𝐵0

′

− 1). 2.3.7 

The assumption that the bulk modulus is linear with pressure severely limits the region of validity for the 

Murnaghan EOS.  Experimentally, that limit has been shown to be compression of 10%, above which the 

EOS diverges from experimental results.58 
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The Birch-Murnaghan EOS corrects the Murnaghan EOS by introducing a complicated relationship for 

the bulk modulus.  Birch defined the bulk modulus as 𝐵0 = −𝑉 (
𝜕𝑃

𝜕𝑉
)
𝑃=0

 with its derivative being 

𝐵0
′ = (

𝜕𝐵

𝜕𝑃
)
𝑃=0

.  This introduces a 2nd order term to the bulk modulus whereas the previous Murnaghan 

assumption only had first order variations with pressure.  As a result of this assumption, both the bulk 

modulus and its derivative must be obtained from numerical simulation or fits to experimental data.  

The second change in the Birch-Murnaghan EOS is the use of a third order series expansion of the free 

energy instead of the first order relationship.  Combining these modifications to the EOS gives 

𝑃(𝑉) = 3
𝐵0

2
((

𝑉

𝑉0
)
−
7
3
− (

𝑉

𝑉0
)
−
5
3
)(1 +

3

4
(𝐵0

′ − 4)((
𝑉

𝑉0
)
−
2
3
− 1)). 2.3.8 

While the Birch-Murnaghan EOS is accurate for the entire pressure range that would be studied both in 

experiments near ambient conditions and at high pressures, it is unwieldy and difficult to model.  As a 

result, the vast majority of high pressure research uses the Mie-Grüneisen EOS as the model of choice. 

The Mie-Grüneisen EOS is a simple model developed by relating vibrational modes in the crystal lattice 

to the volume.  The model uses the free Grüneisen parameter, similar to the Debye EOS, but has been 

demonstrated to be valid for all solids at high pressures.  This EOS will be discussed in depth in section 

2.3.4. 

Other models sometimes used in high pressure research include the corrected ideal gas, polynomial, 

Appy, PUFF, and Tillotson EOS.28  These models are all designed to use a fit to high pressure EOS data to 

determine the parameters in the model.  All of these models have limitations that make them less ideal 

for use than the Mie-Grüneisen EOS.  The corrected ideal gas is severely limited in compression because 

it merely corrects the ideal gas EOS, which assumes infinitely small atoms and no interaction, with a 

multiplicative factor.  The polynomial or its extension the ratio of polynomials allows for a full range of 

pressures to be described accurately.  However, it involves multiple free parameters and has no 

underlying physics for why that number of parameters is correct. 

The Appy, PUFF, and Tillotson EOS are valid over large regions of compressive space and are all derived 

at least partially from the Mie-Grüneisen EOS.  The Appy EOS treats compressed and expanded states 

individually, allowing for it to be very accurate for solids, but for systems where phase changes occur, it 

can be over constraining and model the behavior incorrectly.  The PUFF and Tillotson EOS are primarily 

used in hydrocode simulations.  They were developed by the Air Force Research Lab and the Defense 

Advanced Research Projects Agency (DARPA), respectively.  The PUFF EOS splits states into compressed 

or expanded states similar to the Appy, using an EOS based off the Mie-Grüneisen and polynomial EOS 

for compressed states.  However, it uses an unusual exponential form for expanded states that is poor 

at modeling the expansion during the release from a shock experiment.  The Tillotson EOS is the most 

complex and accurate model for shock impact and compression studies.  It assumes a Mie-Grüneisen 

EOS that transitions smoothly to a Thomas-Fermi distribution at very high compression.  This allows the 

EOS to be extrapolated to pressures well above 100 TPa with small error using the form, 
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𝑃 = (𝑎 +
𝑏

(
𝐸

𝐸0𝜂
2 + 1

)
)

𝐸

𝑉
+ 𝐴𝜇 + 𝐵𝜇2, 2.3.9 

where 𝑎, 𝑏, 𝐴, and 𝐵 are fit parameters, 𝜂 =
𝑉0

𝑉
, and 𝜇 = 𝜂 − 1.  The expanded phase of the Tillotson 

EOS also uses an exponential form for expanded states, which is not monotonic in volume and can result 

in negative pressures.   Furthermore, it is more complex than the Mie-Grüneisen EOS and hence is only 

beneficial for compression in the warm dense matter regime to interpolate between the Mie-Grüneisen 

and Thomas-Fermi EOS. 

At very high pressures (>0.1-10 TPa), EOS models developed at ambient conditions are no longer valid 

for the electrons in the matter.  At these conditions, a portion of those electrons have been freed from 

their atomic energy levels, forming a degenerate electron gas.  This gas is traditionally described using 

the Thomas-Fermi EOS.23  The Thomas-Fermi model is a statistical model for atomic electrons that 

confines the degenerate electron gas in a self-consistent electrostatic field defined by the nuclei.  It 

further assumes that the field varies slowly over the wavelength of an electron, such that in a control 

volume, there are a large number of electrons experiencing an approximately uniform potential.  

Making these assumptions, the solution for the Thomas-Fermi EOS is an electron density given by 

𝑛(𝑟) =
(2𝑚𝑒)

3
2

3𝜋2ℏ3
(𝜙 − 𝜙0)

3
2, 2.3.10 

where 𝜙 is the electric potential, ℏ =
ℎ

2𝜋
, and 𝜙0 = −

𝜇

𝑒
, with 𝜇 being the chemical potential. 

2.3.3 The Grüneisen parameter, 𝜞 

The Grüneisen parameter relates the vibrational energy of a crystal lattice and its volume and, by 

extension, the change of the lattice to temperature.  By assuming that the thermal expansion depends 

on the maximum single mode frequency as was done for the Debye temperature, it is possible to define 

the Grüneisen parameter, 

𝛤 = −
𝑑 𝑙𝑛 𝜈𝑚

𝑑 𝑙𝑛 𝑉
, 2.3.11 

recalling that 𝜈𝑚 is the maximum frequency of a single mode.  An alternate definition of 𝛤 can be 

derived by taking the derivative of Eq. 2.3.6 with respect to temperature.  By doing so, 𝛤 can be written 

in terms of measurable quantities at ambient conditions after defining (𝜕𝑃
𝜕𝑇⁄ )

𝑉
= 𝛼

𝜅⁄ , where 

𝛼 =
1

𝑉

𝜕𝑉

𝜕𝑇
 is the linear coefficient of thermal expansion and 𝜅 = −

1

𝑉

𝜕𝑉

𝜕𝑃
 is the compressibility.  This results 

in the definition relating 𝛤 with the coefficient of thermal expansion and the specific heat at constant 

volume, 𝐶𝑉, 

𝛤 =
𝑉𝛼

𝜅𝐶𝑉
. 2.3.12 

Written in terms of the adiabatic and isothermal bulk moduli (𝐵𝑇 and 𝐵𝑆, respectively), Eq. 2.3.12 

becomes 
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𝛤 =
𝐵𝑇𝑉𝛼

𝐶𝑉
=

𝐵𝑆𝑉𝛼

𝐶𝑃
, 2.3.13 

where 𝐶𝑃 is the specific heat at constant pressure.  When considering systems with large (>10%) 

compression and high pressure, calculations of 𝛤 using quantities determined at ambient conditions 

becomes invalid.  Under these conditions, phase changes can occur and the general compressive form is 

necessary, 

𝛤 = 𝑉 (
𝑑𝑃

𝑑𝐸
)
𝑉
. 2.3.14 

This form is valid for all volumes, but can only be determined experimentally or through numerical 

simulation.  This is traditionally done using a series of shock experiments for high pressure materials. 

2.3.3.1 Approximations for the Grüneisen parameter 

The Grüneisen parameter is a derivative quantity and therefore requires two or more distinct 

measurements of the EOS in the thermodynamic plane.  This has traditionally been done by comparing 

isochoric points along two Hugoniot curves of the same material (See Section 2.4 for a discussion of the 

Hugoniot curve).  These can be generated from different initial states such as polymorphs of the same 

material (i.e. single vs polycrystalline solids) or ambient and pre-compressed samples of a material.  

Multiple experiments are required to determine the Hugoniot curve from each initial state.  

Alternatively, the Grüneisen parameter has been approximated from a single Hugoniot curve using its 

derivatives in the 𝑃 − 𝑉 plane.  The most well-known approximations are those by Slater24 and Dugdale 

and MacDonald38 which will be discussed here.28 

The Slater model calculates 𝛤 by assuming the vibrational states in a crystal form an elastic continuum 

for the phonon spectrum.  By using a spherical Brillouin zone for the unit cell, the allowed frequencies 

obey 

𝑑𝑁

𝑑𝜈
= 4𝜋𝜈2𝑉 (

1

𝑐𝑙
3 +

2

𝑐𝑡
3), 2.3.15 

where 𝑁 is the number of modes, and 𝑐𝑙  and 𝑐𝑡 are the velocities of the longitudinal and transverse 

phonons (the sound velocities in a crystal).  By assuming that the maximum number of modes is 3𝑁, the 

maximum allowable frequency can be solved as 

𝜈𝑚 = (
9𝑁

4𝜋𝑉
(

1

𝑐𝑙
3 +

2

𝑐𝑡
3)

−1

)

1
3

. 2.3.16 

From the theory of elasticity, the sound velocities depend on Poisson’s ratio, 𝜎, and the isothermal 

compressibility, 𝜅𝑇, 

𝑐𝑙 = √
3𝑉(1 − 𝜎)

𝜅𝑇(1 + 𝜎)
, 𝑐𝑡 = √

3𝑉(1 − 2𝜎)

2𝜅𝑇(1 + 𝜎)
. 2.3.17 

Substituting into Eq. 2.3.16 and using the assumption that 𝛤 is the same for all frequencies (Eq. 2.3.11), 

determines 𝛤 as a function of 𝜎 and 𝜅𝑇, 
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𝛤 = −
1

6
+

1

2

𝜕 𝑙𝑛 𝜅𝑇

𝜕 𝑙𝑛 𝑉
+

1

2

𝜕 𝑙𝑛 𝑓(𝜎)

𝜕 𝑙𝑛 𝑉
, 2.3.18 

where 𝑓(𝜎) is the value inside the parentheses of Eq. 2.3.15.  Slater then made the assumption that 

Poisson’s ratio is independent of volume to eliminate the dependence on 𝑓(𝜎).  Doing so allowed for 

the final result, which only depends on the compressive factors, 𝜅𝑇, 𝑃, and 𝑉, 

𝛤 = −
2

3
−

𝑉

2

(
𝜕2𝑃
𝜕𝑉2)

𝑇

(
𝜕𝑃
𝜕𝑉

)
𝑇

. 2.3.19 

The Dugdale-MacDonald model was based on the assumption that for a purely harmonic atomic 

potential, there is no thermal expansion.  Starting from the relation between the pressure and the 

atomic potential 𝑃 = −
𝑑𝜙

𝑑𝑉
, taking the derivatives with respect to volume and space gives 

𝑑𝑃

𝑑𝑉
= −∑∑𝜙𝑖𝑗

𝑑𝑥𝑗

𝑑𝑉
𝑗𝑖

𝑑𝑥𝑖

𝑑𝑉
− ∑

𝜕𝜙

𝜕𝑥𝑖

𝑑2𝑥𝑖

𝑑𝑉2

𝑖

. 2.3.20 

By assuming cubic symmetry, 
𝑑𝑥𝑖

𝑑𝑉
=

1

3

𝑥𝑖

𝑉
, giving 

𝑑𝑃

𝑑𝑉
+

2

3

𝑃

𝑉
= −

1

9𝑉2
∑𝜙𝑖𝑗𝑥𝑖𝑥𝑗

𝑖𝑗

. 2.3.21 

Assuming that all terms 𝜙𝑖𝑗 have the same variation with respect to volume such that the derivative of 

𝜙𝑖𝑗 can be treated as a constant and introducing the harmonic oscillator, 𝑑 ln 𝜈 =
1

2
𝑑 ln𝜙𝑖𝑗, allows for 

the derivation of 𝛤 as 

𝛤 =
1

3
−

𝑉

2

3𝑃′′𝑉2 + 8𝑃′𝑉 + 2𝑃

3𝑃′𝑉2 + 2𝑃𝑉
, 2.3.22 

which can be manipulated to get the Dugdale-MacDonald formula 

𝛤 =
1

3
−

𝑉

2

𝜕2 (𝑃𝑉
2
3)

𝜕𝑉2

𝜕 (𝑃𝑉
2
3)

𝜕𝑉

. 2.3.23 

Both the Slater and Dugdale-MacDonald models have assumptions that do not hold over all space.  

However, they are both reasonably accurate (±5%) for pressures up to 1 Mbar.25 

2.3.4 Derivation of the Mie-Grüneisen EOS 

The Mie-Grüneisen EOS is based on two primary assumptions for the atoms and electrons in a crystal 

lattice.  These assumptions are: 

1. The thermal energy of a crystal is described adequately as the sum of the energies of a collection of 

simple harmonic oscillators, whose frequencies 𝜈𝑖 are functions of volume only. 

2. Electronic contributions to the total internal energy 𝐸 of the crystal can be neglected.  Let 𝜙(𝑉) be 

the potential energy of the crystal with 𝑁 atoms and total volume 𝑉. 
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Starting from a solid lattice made up of a system of harmonic oscillators with 3𝑁 vibrational modes, the 

energy of the 𝑗𝑡ℎ mode is given by 

𝐸𝑗 = (𝑛𝑗 +
1

2
)ℎ𝜈𝑗 . 2.3.24 

By defining 𝜙(𝑉) as the potential energy of the solid and summing over all modes, the total energy of 

the solid becomes 

𝐸𝑖 = ∑(𝑛𝑗 +
1

2
)ℎ𝜈𝑗

𝑗

+ 𝜙(𝑉). 2.3.25 

Introducing the partition function Χ ≡ ∑ e−𝛽𝐸𝑛
𝑛 , where 𝛽 ≡

1

𝑘𝑇
 , for a system of harmonic oscillators 

gives 

𝛸 =
1

2 sinh 
𝛽ℎ𝜈
2

. 2.3.26 

A different definition for the Helmholtz free energy can be made in terms of the partition function, such 

that 

𝐹 = −
1

𝛽
ln𝛸. 2.3.27 

By substituting the partition function (Eq. 2.3.26) into Eq. 2.3.27 and performing some algebraic 

manipulation, the Helmholtz free energy for vibrations in a solid lattice is given by 

𝐹 =
ℎ𝜈𝑗

2
+

1

𝛽
𝑙𝑛(1 − 𝑒−𝛽ℎ𝜈𝑗). 2.3.28 

This gives the Helmholtz free energy of a single mode.  The total free energy of the solid can be derived 

by summing over all normal modes as was done to determine the total internal energy in Eq. 2.3.25.  

This gives the free energy of the system as 

𝐹 = ∑
ℎ𝜈𝑗

2
𝑗

+ 𝑘𝑇 ∑𝑙𝑛(1 − 𝑒−
ℎ𝜈𝑗

𝑘𝑇 )

𝑗

+ 𝜙(𝑉). 2.3.29 

By using the state relation for the Helmholtz free energy (Eq. 2.2.5) and dividing by 𝑑𝑉, it is clear that 

𝑃 = −(
𝑑𝐹

𝑑𝑉
)
𝑇

.  Using this result for 𝑃 and the definition of 𝛤 from Eq. 2.3.11, the pressure can be written 

as 

𝑃 = −(
𝜕𝐹

𝜕𝑉
)
𝑇

= −
𝑑𝜙

𝑑𝑉
+

1

𝑉
∑𝛤𝑗 (

ℎ𝜈𝑗

2
+

ℎ𝜈𝑗

(𝑒−
ℎ𝜈
𝑘𝑇 − 1)

)

3𝑁

𝑗−1

. 2.3.30 

The assumption that all 𝛤𝑗 are equal to that of the maximum frequency (as discussed in the previous 

section) allows for 𝛤 to be factored out of the summation.  Furthermore, because the vibrational energy 

of the lattice is defined as 𝐸𝑣 = 𝐸 − 𝜙, the total internal energy can be determined from the partition 

function (Eq. 2.3.26).  Doing this similarly to what was done to determine Eq. 2.3.29 for the free energy 

allows for Eq. 2.3.30 to be written as 
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𝑃 = −
𝑑𝜙

𝑑𝑉
+

𝛤

𝑉
𝐸𝑣 . 2.3.31 

By considering the zero degree isotherm, the vibrational energy goes to that of the ground state of the 

harmonic oscillator, 
ℎ𝜈

2
.  By substituting this into both the pressure and energy, the zero-point results are 

𝑃0 = −
𝑑𝜙

𝑑𝑉
+

𝛤

𝑉
∑

ℎ𝜈𝑗

2
𝑗

,  and 2.3.32 

𝐸0 = 𝜙(𝑉) + ∑
ℎ𝜈𝑗

2
𝑗

. 
2.3.33 

By substituting these results back into Eq. 2.3.31, and using the definition of the vibrational energy 

𝐸𝑣 = 𝐸 − 𝜙, the final form of the Mie-Grüneisen EOS is 

𝑃 − 𝑃0 =
𝛤

𝑉
(𝐸 − 𝐸0). 2.3.34 

The Mie-Grüneisen EOS is a relative EOS that requires a reference state from which other states can be 

determined.  In most high-pressure experiments, this reference state is defined as one along the shock 

Hugoniot.  Using the Hugoniot as the reference state transforms Eq. 2.3.34 to 

𝑃 − 𝑃𝐻 =
𝛤

𝑉
(𝐸 − 𝐸𝐻). 2.3.35 

This form of the Mie-Grüneisen EOS with the Hugoniot as the reference state allows a straightforward 

description of off-Hugoniot states using knowledge of the principal Hugoniot.  This is particularly useful 

in hydrodynamic computer codes. 

2.3.4.1 Use of Mie-Grüneisen EOS in hydrocodes 

Assuming the reference state is a known Hugoniot curve for a material, the Mie-Grüneisen EOS can be 

used to determine the relationship between pressure and energy for a state off the Hugoniot.  High-

pressure EOS research traditionally depends on shock measurements, in which a measurement of the 

relationship between the shock and particle velocities (𝑈𝑆 and 𝑢𝑝, respectively) is used to define the 

Hugoniot.  Determining off-Hugoniot states relative to the Hugoniot then requires the EOS, the 𝑈𝑆 − 𝑢𝑝 

relationship, and the conservation of energy equation from the Hugoniot (a full derivation will follow in 

the next section).  It can be given as 

𝐸𝐻 − 𝐸0 =
1

2
(𝑃𝐻 + 𝑃0)(𝑉0 − 𝑉). 2.3.36 

Recalling the definition 𝜇 ≡
𝑉0

𝑉
− 1 and considering the case where 𝑃 ≫ 𝑃0 allows for the assumption 

that 𝐸 ≫ 𝐸0 and simplifies Eq. 2.3.36 to 

𝐸𝐻 ≅
1

2
𝑃𝐻𝜇𝑉. 2.3.37 

Substituting this into the Mie-Grüneisen EOS (Eq. 2.3.35) and simplifying gives for 𝑃 ≫ 𝑃0 

𝑃 ≅ 𝑃𝐻 (1 −
𝛤

2
𝜇) +

𝛤

𝑉
𝐸. 2.3.38 
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Assuming that the best fit to the 𝑈𝑆 − 𝑢𝑝 relationship for a material’s Hugoniot is either linear or cubic, 

the Hugoniot can be written as 

𝐶0

𝑈𝑆
= 1 − 𝑆1 (

𝑢𝑝

𝑈𝑆
) − 𝑆2 (

𝑢𝑝

𝑈𝑆
)
2

− 𝑆3 (
𝑢𝑝

𝑈𝑆
)
3

, 2.3.39 

where 𝐶0, and 𝑆𝑖 are the fit parameters.  For a linear fit, 𝐶0 and 𝑆1are the only non-zero parameters so 

that both the 𝑆2 and 𝑆3 terms vanish.  Using the Rayleigh line (Section 2.4.3), 𝑃𝐻 = 𝜌0𝑈𝑆𝑢𝑝, and the 

conservation of mass, Eq. 2.3.38 can be written as 

𝑃 ≅
𝜌0𝐶0

2𝜇(𝜇 + 1) (1 −
𝜇𝛤
2

)

(𝜇 + 1) − ∑ 𝑆𝑛
𝜇𝑛

(𝜇 + 1)𝑛−1
3
𝑛=1

+
𝛤

𝑉
𝐸. 2.3.40 

The final constraint is that the Grüneisen parameter is assumed to be independent of temperature and 

only varies with volume.  Furthermore, it is assumed that the volume dependence is such that 
𝛤

𝑉
= 𝑐𝑜𝑛𝑠𝑡.  This allows for 𝛤 to take the form 

𝛤 =
𝛤0 + 𝑎𝜇

𝜇 + 1
= 𝛤0 (

𝑉

𝑉0
) 𝑎 (1 −

𝑉

𝑉0
), 2.3.41 

where 𝑎 is an arbitrary coefficient.  Substituting Eq. 2.3.41 into Eq. 2.3.40 gives 

𝑃 =
𝜌0𝐶0

2𝜇 (1 + (1 −
𝛤
2)𝜇 − 𝑎

𝜇2

2 )

(1 − (𝑆1 − 1)𝜇 − 𝑆2
𝜇2

𝜇 + 1 − 𝑆3
𝜇3

(𝜇 + 1)2
)
2 + (𝛤 + 𝑎𝜇)𝜌0𝐸. 2.3.42 

This result is the form used in hydrocodes for a cubic fit to the Hugoniot.  For the case of a linear 

Hugoniot fit, the 𝑆2 and 𝑆3 terms vanish, but no other changes to Eq. 2.3.42 need be made. 

2.4 Waves in fluids 

In dynamic HED-EOS experiments materials are compressed using shock waves or ramp-compression 

and the resulting end states are diagnosed.  Those end states can be the compressed material or those 

after isentropic release from that compression.  These processes enable production of pressures in the 

laboratory, allowing for study of the extreme conditions in nuclear fusion or cosmological bodies such as 

planets or stars.  To understand these compression processes, one must understand the propagation of 

acoustic waves in a fluid.  Extending to flow where perturbations cannot be treated as small 

disturbances leads to the description of isentropic flow in compression and rarefaction waves and the 

formation of shock waves. 

2.4.1 Acoustic waves 

In a fluid, the propagation of small disturbances is defined by acoustic waves.  Consider a spatially 

uniform system that is infinite in 𝑥  and has a point cross-section such that it is purely one-dimensional.  

The propagation of a disturbance locally changes the density (𝜌), pressure (𝑃), and fluid velocity (𝑢) 

with small differences that can be written as, 
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𝜌 = 𝜌0 + 𝛿𝜌, 2.4.1 
𝑃 = 𝑃0 + 𝛿𝑃, 2.4.2 
𝑢 = 𝑢0 + 𝛿𝑢, 2.4.3 

where the terms with the subscript, 0, denote the initial state of the system and the terms 𝛿𝜌, etc., are 

infinitesimal perturbations to that state.  Consider the conservation equations for mass (Eq. 2.1.7) and 

momentum (Eq. 2.1.13) in one dimension.  Assuming the fluid is initially at rest (𝑢0 = 0) and the 

disturbances are small, these equations can be linearized such that they depend only on the 

perturbations to the first order (i.e. 𝛿𝑢
𝜕 𝛿𝑢

𝜕𝑥
 is small and can be neglected).  The linearization gives 

𝜕 𝛿𝜌

𝜕𝑡
+ 𝜌0

𝜕 𝛿𝑢

𝜕𝑥
= 0,  and 2.4.4 

𝜌0

𝜕 𝛿𝑢

𝜕𝑡
+

𝜕 𝛿𝑃

𝜕𝑥
= 0. 2.4.5 

This gives two equations to relate the perturbations in density, pressure, and velocity.   Therefore, as 

there are more variables than equations, a third equation is required to close the system.  By making the 

assumption that a small perturbation does not contribute significantly to the entropy, the pressure and 

density can be related through use of a thermodynamic state relation.  Any thermodynamic state 

variable can be described purely by two other state variables, such that the pressure can be related to 

the density and the entropy, which is assumed to be zero for this case.  This relation for pressure is 

known as the caloric equation of state, 𝑃 = 𝑓(𝜌, 𝑆),59 with its derivative being 

𝑑𝑃 = (
𝜕𝑃

𝜕𝜌
)
𝑆

𝑑𝜌 + (
𝜕𝑃

𝜕𝑆
)
𝜌
𝑑𝑆. 2.4.6 

Using the assumption that the small perturbations do not contribute to the entropy eliminates the last 

term leaving 

𝑑𝑃 = (
𝜕𝑃

𝜕𝜌
)
𝑆

𝑑𝜌. 2.4.7 

The term (
𝜕𝑃

𝜕𝜌
)
𝑆

 is defined to be the square of the isentropic sound velocity, the speed at which an 

acoustic perturbation propagates through a fluid, 

𝑐𝑆
2 = (

𝜕𝑃

𝜕𝜌
)
𝑆

. 2.4.8 

Linearizing Eq. 2.4.7 for a small perturbation in the fluid and combining with the temporal derivative of 

Eq. 2.4.4 and the spatial derivative of Eq. 2.4.5 yields the one-dimensional wave equation for density 

perturbations, 

𝜕2𝛿𝜌

𝜕𝑡2
= 𝑐𝑆

2
𝜕2𝛿𝜌

𝜕𝑥
. 2.4.9 

To get the wave equation for velocity, the other derivatives for the conservation equations are used, 

resulting in 

𝜕2𝛿𝑢

𝜕𝑡2
= 𝑐𝑆

2
𝜕2𝛿𝑢

𝜕𝑥
. 2.4.10 
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The general solution of this type of wave equation is a function 𝑓(𝑥 ± 𝑐𝑠𝑡).  This solution is valid for 

propagation in both directions with the form 𝑥 − 𝑐𝑠𝑡 for propagation in the positive 𝑥  direction, and 

𝑥 + 𝑐𝑠𝑡 for propagation in the negative 𝑥  direction.   If the perturbation is considered to initially be a 

rectangular density disturbance at the origin as shown in Figure 2.4.1 (a), the wave will propagate in 

both spatial directions with speed 𝑐𝑠, resulting in 

𝛿𝜌 = 𝛿𝜌(𝑥 − 𝑐𝑠𝑡) + 𝛿𝜌(𝑥 + 𝑐𝑠𝑡), 2.4.11 
𝛿𝑃 = 𝛿𝑃(𝑥 − 𝑐𝑠𝑡) + 𝛿𝑃(𝑥 + 𝑐𝑠𝑡), 2.4.12 
𝛿𝑢 = 𝛿𝑢(𝑥 − 𝑐𝑠𝑡) + 𝛿𝑢(𝑥 + 𝑐𝑠𝑡). 2.4.13 

From these equations, it is clear that at any time, 𝑡𝑖, the disturbance is a distance 𝑐𝑠𝑡𝑖  from the origin as 

shown in Figure 2.4.1 (b) and (c).  Using the wave equations (2.4.4 and 2.4.5), it can be shown that 

𝛿𝑢 = ±
𝑐𝑠

𝜌0
𝛿𝜌 = ±

𝛿𝑃

𝑐𝑠𝜌0
.  Combining this result and defining the arbitrary functions 𝑓1 and 𝑓2 to be the 

solutions for the velocity perturbation, gives the solution to the wave equation: 

𝛿𝑢 = 𝑓1(𝑥 − 𝑐𝑠𝑡) + 𝑓2(𝑥 + 𝑐𝑠𝑡), 2.4.14 

𝛿𝜌 =
𝜌0

𝑐𝑠
𝑓1(𝑥 − 𝑐𝑠𝑡) +

𝜌0

𝑐𝑠
𝑓2(𝑥 + 𝑐𝑠𝑡). 2.4.15 

The arbitrary functions 𝑓1 and 𝑓2 are determined by the initial conditions for the perturbation.  A more 

rigorous analysis for isentropic flow without making the acoustic approximation of a small perturbation 

follows in the next section. 

 

Figure 2.4.1: Propagation of 1-D acoustic wave initiating from rectangular perturbation in system at rest 
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2.4.2 Isentropic flow 

Isentropic flow is a special case of that occurs with constant entropy.  For the case of planar isentropic 

flow, the characteristics are straight and it can be treated as a simple wave.  The previous section 

examined acoustic waves, a form of isentropic flow where the acoustic approximation is made.  By using 

the assumption that any perturbation to the rest state of the fluid is small, the conservation equations 

(2.1.7 and 2.1.13) could be linearized and only terms of the first order in perturbations were considered.  

For the case of one dimensional isentropic flow, the acoustic approximation is not made, removing the 

constraint on the perturbation amplitude.  As a result, the conservation equations cannot be linearized 

and all terms must be considered.  Adding and subtracting the conservation equations then gives the 

governing equation for isentropic flow 

(
𝜕𝑢

𝜕𝑡
+ (𝑢 ± 𝑐𝑠)

𝜕𝑢

𝜕𝑥
) ±

1

𝜌𝑐𝑠
(
𝜕𝑃

𝜕𝑡
+ (𝑢 ± 𝑐𝑠)

𝜕𝑃

𝜕𝑥
) = 0. 2.4.16 

Solving Eq. 2.4.16 involves using the method of characteristics to determine the flow in the positive and 

negative directions.  A characteristic is the path in 𝑥 − 𝑡  space followed by a fluid element with known 

initial location and velocity.  A fluid element that starts at the origin with speed 𝐶 and propagates in 

both directions would have the characteristics shown by the blue lines in Figure 2.4.2.  These curves are 

referred to as the 𝐶+ and 𝐶− characteristics, where ± indicate the direction of wave propagation.  For 

isentropic flow, the derivatives in Eq. 2.4.16 are defined along these characteristics and allow one to 

look for a solution of the form: 

(
𝑑𝑥

𝑑𝑡
)
±

= 𝑢 ± 𝑐𝑠, (
𝑑

𝑑𝑡
)
±

=
𝜕

𝜕𝑡
+ (𝑢 ± 𝑐𝑠)

𝜕

𝜕𝑥
. 2.4.17 

 

Figure 2.4.2: Characteristics for perturbation in fluid at rest 

Substituting this form into Eq. 2.4.16 provides the general solution for isentropic flow along the 𝐶± 

characteristics 

(
𝑑𝑢

𝑑𝑡
)
±

±
1

𝜌𝑐𝑠

𝑑𝑃

𝑑𝑡
= 0. 2.4.18 

By itself, Eq. 2.4.18 does not fully describe the isentropic flow.  However, combining this solution with 

one other thermodynamic variable – density, pressure, or sound velocity – is sufficient to close the 

system.  These variables can be related to each other at every point using the thermodynamic relations 
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𝑃 = 𝑃(𝜌), 𝑐𝑠 = 𝑐𝑠(𝜌), and 𝑐𝑠
2 =

𝑑𝑃

𝑑𝜌
 (Eq. 2.4.8).32  Looking for a solution of the differential equation 

2.4.18 by integration gives 

𝐽± = 𝑢 ± ∫
𝑑𝑃

𝜌𝑐𝑠
= 𝑢 ± ∫𝑐

𝜕𝜌

𝜌
. 2.4.19 

where 𝐽± are arbitrary constants known as the Riemann invariants.  The Riemann invariants have a 

fundamental relationship with isentropic flow such that along the 𝐶+ characteristic, 𝐽+ is constant, and 

similarly with the negative quantities.  This property defines the characteristics in such a way that along 

a 𝐶+ characteristic, only the 𝐽− invariant is changing, meaning that (
𝑑𝑥

𝑑𝑡
)
+

 only depends on 𝐽−.  This 

introduces a property that if 𝐽± is constant, then (
𝑑𝑥

𝑑𝑡
)
∓

 is constant.  This allows all thermodynamic 

properties to be determined from the Riemann invariants for isentropic flow. 

To see how these parameters can be determined, assume the fluid is a perfect gas with constant specific 

heats.  The adiabatic gas law states 𝑃𝑉𝛾 = 𝑐𝑜𝑛𝑠𝑡, where 𝛾 is the ratio of specific heats in the gas.  This 

can be rewritten as 

𝑃 = 𝐴𝜌𝛾 , 𝑐𝑠
2 = 𝛾𝐴𝜌𝛾−1. 2.4.20 

The Riemann invariants are then defined as 

𝐽± = 𝑢 ±
2

𝛾 − 1
𝑐𝑠. 2.4.21 

This enables the velocity and sound speed to be expressed in terms of the Riemann invariants, giving 

𝑢 =
𝐽+ + 𝐽−

2
, 𝑐𝑠 =

𝛾 − 1

4
(𝐽+ − 𝐽−). 2.4.22 

If the invariants are considered as functions of 𝑥 and 𝑡, the characteristics can be expressed as 

𝐶± ≡ 
𝑑𝑥

𝑑𝑡
=

𝛾 + 1

4
𝐽± +

3 − 𝛾

4
𝐽∓. 2.4.23 

where it is important to recall 𝐽± is constant along the corresponding characteristic.  An important note 

about using this method is that for non-isentropic flow, the pressure and sound velocity depend on both 

density and entropy, such that the arbitrary functions 𝐽± are no longer invariant. 

2.4.2.1 Rarefactions 

For shock experiments, a special case of isentropic flow needs to be considered, that of rarefaction (or 

release) waves.  When a shock traverses a material, it compresses the material to density and pressure 

significantly greater than the initial state.  A rarefaction wave is the expansion wave that occurs when 

the material is no longer confined by either the driver or neighboring material.   This occurs when either 

the drive that creates the shock ends or the shock reaches the edges of the material.  In the latter case, 

the pressure (at the vacuum interface) can be assumed to instantaneously go to zero and a centered 

rarefaction wave is launched into the material. 
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Figure 2.4.3: Characteristics for centered rarefaction wave 

At the launch of the centered rarefaction wave the pressure, density and velocity are all discontinuous 

at the surface where it is launched, but these quantities are smoothed out as soon as the flow crosses 

the wave.  This can be considered a special case of the receding piston where the piston instantaneously 

accelerates to a constant velocity.  This system results in characteristics as given in Figure 2.4.3 where 

the blue lines are the 𝐶+ characteristics and the orange curves are the 𝐶− characteristics.  The thick 

orange line is the piston trajectory, and the thick blue lines are the “head” of the rarefaction (OA) and 

“tail” of the rarefaction (OB).  For flow along the 𝐶− characteristics, the parameters have their initial 

values until they cross OA (Region I) and their final values after crossing OB (Region III).  In Region II, the 

parameters change smoothly between their initial and final values.  

Because the thermodynamic parameters depend on the flow velocity in the fluid, which depends on the 

region of the rarefaction, the solution takes the form 

𝑥 = (𝑢 + 𝑐(𝑢))𝑡. 2.4.24 

Using the fact that 𝐽− is constant along the 𝐶− characteristics which cross the rarefaction fan, the 

thermodynamic variables can be solved directly from the gas velocity and the invariant (Eq. 2.4.21) 

giving the sound velocity, 

𝑐𝑠 = 𝑐0 −
𝛾 − 1

2
|𝑢|, 2.4.25 

where 𝑐0 is the sound velocity ahead of the rarefaction wave, denoted by the slope of OA and the 𝐶+ 

characteristics below that.  It is important to note that the geometry as defined in Figure 2.4.3 has the 

velocity, 𝑢 < 0, hence the need to take the absolute value of the velocity.  Using the relations for 

pressure, density, and sound velocity (Eq. 2.4.20), the corresponding results can be determined as 

𝜌 = 𝜌0 (1 −
𝛾 − 1

2

|𝑢|

𝑐0
)

2
𝛾−1

, 2.4.26 

𝑃 = 𝑃0 (1 −
𝛾 − 1

2

|𝑢|

𝑐0
)

2𝛾
𝛾−1

. 2.4.27 

Substitution of Eq. 2.4.25 into Eq. 2.4.24 yields the flow velocity in the fluid as a function of 𝑥 and 𝑡 
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|𝑢| =
2

𝛾 + 1
(𝑐0 −

𝑥

𝑡
). 2.4.28 

Considering the case of free expansion into vacuum, the gas expands until the density, pressure, and 

sound velocity reach zero and the leading edge of the flow reaches its maximum velocity: 

|𝑢|𝑚𝑎𝑥 =
2

𝛾 − 1
𝑐0. 2.4.29 

This result gives the free-surface velocity of a gas releasing into vacuum, an area of interest in current 

EOS research.  From the density and velocity profiles in Figure 2.4.4,32 it is clear that the velocity of the 

rarefaction is linear with respect to position, such that for the incomplete rarefaction that goes to a non-

zero density, the profile would remain the same but have a smaller maximum velocity.  This result is 

used in the impedance matching method discussed in Section 3.2.1. 

 

Figure 2.4.4: Density and velocity profiles for centered rarefaction into vacuum
32

 

2.4.3 Shock waves 

Measurement of shock waves in matter is the most common technique used for high pressure EOS 

experiments.  To understand how a material responds to the propagation of a shock, it is necessary to 

examine how a shock forms.  A shock wave is a discontinuity that propagates faster than the speed of 

sound through a fluid.  As such, a shock cannot spontaneously form, because that would violate the 

conservation equations, and requires an influx of energy into the system. 

The formation of a shock is a nonlinear effect that forms from a density perturbation propagating 

through a material with a velocity greater than the material’s uncompressed sound velocity.  Consider 

the perfect gas discussed in the previous sections, and assume a sinusoidal initial density perturbation as 

shown in Figure 2.4.5(a)32.  From Eq. 2.4.20 it is clear that the sound velocity depends on the density of 

the flow.  Furthermore, as the right side of that equation is always positive, and the exponent, 𝛾 − 1, is 

greater than zero increasing density will increase the magnitude of the sound velocity.  This means that 

for a wave propagating through a fluid with a density perturbation large enough for the nonlinear 

effects to occur, the sound velocity will differ among portions of the wave. 
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Figure 2.4.5: Diagram of wave steepening due to nonlinear effects at finite times
32

 

Looking at Figure 2.4.5(a), the initial disturbance is given as a sinusoid at 𝑡 = 0.  This disturbance can be 

considered a wave propagating to the right with velocity 𝑥 = 𝑐0𝑡 where 𝑐0 is the sound velocity of the 

fluid ahead of the wave.  By defining the horizontal axes as 𝑥 − 𝑐0𝑡, the coordinate system moves with 

the flow and the center of mass for the wave remains stationary.  This is known as a Lagrangian 

coordinate system (conversely, a system where the wave propagates to the right and the initial position 

of the fluid is fixed is an Eulerian coordinate system).  As the wave propagates, its velocity depends on 

the amplitude of the perturbation at that point, as a result, it is clear from Figure 2.4.5(b) and (c), the 

peak of the wave is moving faster than the valley and is catching up to the wavefront.  This results in the 

wave steepening at the front.  By time 𝑡3, the peak of the wave has overtaken the front of the wave, as 

shown in Figure 2.4.5(d).  This is physically impossible as it would imply a multi-valued solution to the 

wave equation.  Instead, the wavefront becomes infinitely steep and forms a discontinuity at the front 

as in Figure 2.4.5(e).  This discontinuity travels faster than 𝑐0 and for all 𝑡 > 𝑡3 is a shock propagating 

into the unperturbed fluid. 
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Figure 2.4.6: Propagation of shock launched at t0 through sample with velocity Us 

The properties of a fluid element after a shock traverses the element can be related to the initial state 

through the Rankine-Hugoniot jump conditions.  These jump conditions are derived from the 

conservation of mass (Eq. 2.1.7), momentum (Eq. 2.1.13) and energy (Eq. 2.1.21) as follows.  Consider a 

fluid that is initially at rest (𝑢𝑝 = 0), with initial pressure, 𝑃0, internal energy, 𝐸0, and density, 𝜌0 as 

shown in Figure 2.4.6 (a).  At time 𝑡0, a piston begins compressing the fluid with a constant particle 

velocity 𝑢𝑝 and launches a shock into the uncompressed fluid moving with constant velocity 𝑈𝑠.  The 

fluid behind the shock is now moving with velocity equal to that of the piston, 𝑢𝑝, with the shock 

progressing ahead of the piston.  The conservation of mass states that 
𝜕𝜌

𝜕𝑡
+

𝜕(𝜌𝑢)

𝜕𝑥
= 0, however for the 

case of a shock, the change is considered to be instantaneous.  Hence 
𝜕𝜌

𝜕𝑡
= 0.  This gives that 

𝜕(𝜌𝑢)

𝜕𝑥
 is 

also zero across the shock front.   Let 𝑃1, 𝐸1, 𝜌1 and 𝑢1 be the state in the fluid behind the shock as 

shown in Figure 2.4.6 (b).  Therefore, in the Lagrangian frame where the shock is stationary, 

𝜌1𝑢1 = 𝜌0𝑢0. 2.4.30 
In this frame, the velocities 𝑢0 and 𝑢1 are related to the shock and particle velocities as 𝑢0,1 = 𝑈𝑠 −

𝑢𝑝0,1.  Substituting these values into Eq. 2.4.30 gives the general jump condition for the conservation of 

mass in the laboratory frame, 

𝜌1(𝑈𝑠 − 𝑢𝑝1) = 𝜌0(𝑈𝑠 − 𝑢𝑝0). 2.4.31 

Following a similar derivation for the conservation of momentum and energy yields in the frame of the 

shock 

𝑃1 + 𝜌1𝑢1
2 = 𝑃0 + 𝜌0𝑢0

2, 2.4.32 

𝐸1 +
𝑃1

𝜌1
+

𝑢1
2

2
= 𝐸0 +

𝑃0

𝜌0
+

𝑢0
2

2
. 

2.4.33 

Converting both of these equations back to the laboratory frame gives for momentum and energy 

conservation 
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𝑃1 + 𝜌1(𝑈𝑠 − 𝑢𝑝1)
2
= 𝑃0 + 𝜌0(𝑈𝑠 − 𝑢𝑝0)

2
, 2.4.34 

𝐸1 +
𝑃1

𝜌1
+

(𝑈𝑠 − 𝑢𝑝1)
2

2
= 𝐸0 +

𝑃0

𝜌0
+

(𝑈𝑠 − 𝑢𝑝0)
2

2
. 

2.4.35 

Equations 2.4.31, 2.4.34, and 2.4.35 relate the fluid on either side of a discontinuity, and together make 

up the set of equations known as the Rankine-Hugoniot relations.  The equations are general solutions 

for any type of fluid flow or discontinuity, and can be paired with an EOS to fully describe the response 

of a fluid to a shock. 

Although equations 2.4.31, 2.4.34 and 2.4.35 are the general Rankine-Hugoniot relations to describe the 

conservation of mass, momentum, and energy across a shock, it is generally advantageous to write them 

in a different form.  By dividing Eq. 2.4.31 by 𝜌1(𝑈𝑠 − 𝑢𝑝0) to collect terms of velocity on one side of the 

equation and density on the other, algebraic manipulation results in 

𝜌0

𝜌1
= 1 −

(𝑢𝑝1 − 𝑢𝑝0)

(𝑈𝑠 − 𝑢𝑝0)
. 2.4.36 

By substituting Eq. 2.4.31 into Eq. 2.4.34 and performing simple manipulation, the conservation of 

momentum can be written independent of the particle velocity as 

𝑃1 − 𝑃0 = 𝜌0𝑈𝑠
2 (1 −

𝜌0

𝜌1
). 2.4.37 

Similarly, the equation can be written independent of the density behind the shock as 

𝑃1 − 𝑃0 = 𝜌0(𝑈𝑠 − 𝑢𝑝0)(𝑢𝑝 − 𝑢𝑝0). 2.4.38 

This form of the equation is known as the Rayleigh line in the pressure-particle velocity plane.  Writing 

the conservation of momentum as the Rayleigh line is fundamental to shock physics and EOS 

experiments, as it defines the thermodynamic path taken during a shock and determines the point on 

the Hugoniot curve accessed by an experiment. 

The alternate from for the conservation of energy requires both Eq. 2.4.31 and 2.4.34, which after 

substitution into Eq. 2.4.35 and manipulation allow for definition of the conservation of energy 

independent of velocity 

𝐸1 − 𝐸0 =
1

2
(𝑃1 + 𝑃0)(𝑉0 − 𝑉1), 2.4.39 

where the specific volume 𝑉 =
1

𝜌
 was used for convenience. 

2.4.4 Hugoniot and release curves 

The Hugoniot curve is defined to be the locus of all possible end states produced by a single shock.  The 

Hugoniot is unique to a particular initial state, such that for any material there are an infinite number of 

different Hugoniot curves.  Furthermore, the Hugoniot curve emanating from a point that lies on the 

principal Hugoniot is unique to that state and differs from the principal Hugoniot.  As a convention, the 

EOS of a material, when defined in terms of its shock Hugoniot, is based on the principal Hugoniot, the 

curve with the initial condition of a state at standard temperature and pressure. 
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The Rankine-Hugoniot relations (Eqns. 2.4.36, 2.4.38, and 2.4.39) form a set of three equations with nine 

variables; 𝜌0, 𝑃0, 𝐸0, 𝑢𝑝0, 𝜌, 𝑃, 𝐸, 𝑢𝑝, and 𝑈𝑠, where the subscript, 0, denotes the initial state.  Assuming 

the initial state is known, four of these parameters are known, leaving three equations with five 

unknowns.  As such, they require either the measurement of two quantities or the measurement of one 

quantity and the use of a fourth equation.  This fourth equation defines the EOS.  As was discussed in 

Section 2.3.4.1, the Mie-Grüneisen EOS is often modeled relative to the Hugoniot of a material, using a 

relationship between the particle and shock velocities to define the Hugoniot.  Assuming a linear 

relationship for simplicity gives 

𝑈𝑠 = 𝐶0 + 𝑆𝑢𝑝, 2.4.40 

where 𝐶0 and 𝑆 come from fitting experimental data in the 𝑈𝑠 − 𝑢𝑝 plane.  It has been shown that this 

linear relationship is valid for many materials, although there is no physical reason the relationship 

should be linear.41  By using the 𝑈𝑠 − 𝑢𝑝 relationship for the fourth equation, the Rankine-Hugoniot 

equations can be solved with one fixed variable.  This allows the Hugoniot curve to be parametrized by 

𝑈𝑠 or 𝜌, and determine all other parameters from one experimental observable.  Furthermore, choosing 

either 𝜌 or 𝑢𝑝 as the independent variable allows for construction of the Hugoniot curve in the pressure-

density or pressure-particle velocity plane with equal grid spacing on the horizontal axis. 

 

Figure 2.4.7: Plot of shock velocity vs. particle velocity in α-quartz
48

 

Considering α-quartz, of which there is an extremely large collection of shock data, the relationship 

between these velocities is given in Figure 2.4.7 from the 2009 paper by Knudson and Desjarlais.48  In 

this particular example, the 𝑈𝑠 − 𝑢𝑝 relationship is not linear; however it serves to illustrate the 
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transformation from the shock velocity-particle velocity plane to the pressure-volume (Figure 2.4.8) and 

pressure-particle velocity planes (Figure 2.4.9) for α-Quartz at 500 GPa. 

 

Figure 2.4.8: Pressure-Volume plot of the Hugoniot (blue) and Rayleigh line (red).  Vertical black bars denote integral under 
Hugoniot for compressive work performed by a shock, whereas horizontal bars denote total work done, demonstrating 
significant increase in entropy due to the large amount of work beyond that required for compression 

In these planes, the straight line connecting the initial state, 𝐴, with the final state, 𝐵, is the Rayleigh line 

given in equations 2.4.37 and 2.4.38.  For a shock experiment with a known initial state and 𝑈𝑠 − 𝑢𝑝 

relationship, this gives the final state on the Hugoniot for a given measured shock velocity.  The Rayleigh 

line is the thermodynamic path (between end states) taken by a shock, such that, recalling Eq. 2.2.2, the 

change in internal energy is given by 𝑇𝑑𝑆 − 𝑃𝑑𝑉, which is equal to Eq. 2.4.39.  For a weak shock, the 

isentropic curve can be approximated to be identical to the Hugoniot.  In this case, the reversible 

compressive work is the space under the curve in the P-V plane (cross-hatched region in Figure 2.4.8).  

Hence, the space between the Hugoniot (isentrope) curve and the Rayleigh line (horizontally striped 

region in Figure 2.4.8) corresponds to added temperature and entropy.  For strong shocks, the 

approximation of the Hugoniot and isentrope being identical is invalid, resulting in the statement that 

the Hugoniot always lies above the compression isentrope from any given point in the 𝑃 − 𝑉 plane.  

Therefore the entropy added by a shock is always greater than the approximation of the difference 

between the area under the Rayleigh line and that under the Hugoniot. 
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Figure 2.4.9: Pressure-particle velocity plot of Quartz Hugoniot (blue), Rayleigh line (red), and release curve (green).  The 
Rayleigh line defines the shock state along the Hugoniot from which the release curve starts.  This plane is the kinematic 
plane where most shock experiments and impedance matching occur. 

The release curve is the relaxation isentrope from a Hugoniot state.  By using the isentropic flow 

equations in Section 2.4.2, an isentrope can be defined from any starting state in the thermodynamic 

plane.  The release of a shock behaves in the same manner as the rarefaction case described for the 

instantaneously accelerated piston.  In the case where the shocked material releases into another 

material, it is an incomplete rarefaction and fluid properties can be described with equations 2.4.25-

2.4.28.  This is the case for the impedance matching technique, which is described in the next chapter.  

An example of a release curve for a given shock state in quartz is given in Figure 2.4.9. 
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3 Experimental method 
Measurements of the sound velocity and Grüneisen parameter provide valuable information regarding 

the behavior of a material off its principal Hugoniot.  An experiment designed to measure the sound 

velocity and Grüneisen parameter relies on knowledge of the shock and release states in a sample and a 

standard.  This depends on the ability to generate a strong shock using lasers, pulsed power, flyer plates, 

or high explosives.  The shock state must be determined using either symmetric impact or impedance 

matching techniques and the off-Hugoniot behavior must be modeled or experimentally determined.  

With the shock and release states determined, measurements of the sound velocity and Grüneisen 

parameter require methods to measure the speed of the rarefaction, extensions to the impedance 

matching technique, or corrections to shock velocities for unsteady waves.  These measurements are all 

carried out using velocity interferometry.  This chapter examines each of these techniques and their use 

in these experiments. 

3.1 Generation of shock waves 

A fundamental component of HED-EOS experiments is the generation of a shock wave to compress a 

material.  As was discussed in Section 2.4.3, a shock is a discontinuity in pressure and is described by the 

Rankine-Hugoniot relations (equations 2.4.31, 2.4.34, and 2.4.35).  Although a shock can form by the 

steepening of a pressure wave as it propagates through an infinite material as shown in Figure 2.4.5, 

EOS studies depend on the formation of a strong shock over short times and distances.  Achieving this 

requires a large and sudden jump in the pressure which can be readily achieved with the impact of a 

flyer plate launched using either gas guns60,61,62 or pulsed power63,64, conventional and nuclear 

explosives65, and high-intensity lasers66,67. 

Early research into HED shock generation used high explosives to send a shock through a material.  This 

method was able to reach the HED conditions, but had a short time-scale for peak pressure followed by 

a rapid decay in pressure.  Although it is still used today, it is not able to produce uniform planar shocks 

for long durations.68 

Flyer plates have been the most popular method of generating a shock wave for EOS studies over the 

past 50 years.  They have many advantages over explosive driven shocks in terms of planarity, 

steadiness, and pressure achievable.  Impact of the flyer plate on a baseplate launches a shock into both 

the flyer and the baseplate with the particle velocity dependent on the relative impedance, 𝑍 = 𝜌0𝑈𝑠, of 

both materials.  The use of flyer plates of the same material (known as symmetric impact) is the most 

effective method to generate absolute Hugoniot data.63  This method allows for measurement of both 

shock and particle velocity simultaneously at the moment of impact, completely closing the Rankine-

Hugoniot conditions.  Flyer plate driven studies accelerate the flyer plate using explosives,61 or more 

commonly gas guns60 and magnetic fields.64  The gas gun uses a long barrel with one or more stages for 

accelerating the projectile.  In the case of a two-stage gun, a propellant powder ignites in the breech and 

compresses a light gas (such as hydrogen) that then accelerates the flyer.  Magnetically accelerated flyer 

plates drive a high current through the flyer in a the presence of a strong magnetic field which produces 
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a 𝐽 × �⃗�  force that accelerates the flyer.64  This enables flyers launched using magnetically accelerated 

techniques to reach velocities much greater than those achievable using gas guns. 

Flyer plate driven shocks are limited by the velocity to which the flyer can be accelerated.  This in turn 

limits the maximum pressure of the shock launched by the flyer due to conservation of momentum.  The 

maximum velocity achievable using conventional techniques to accelerate a flyer (multi-stage gas guns 

or hypervelocity launchers) is ~19 km/s69, which in the case of symmetric impact results in a shock 

pressure of ~700 GPa.  Many EOS experiments are interested in shocks >10 Mbar, which in planar 

geometry have only been achieved using magnetically accelerated flyer plates on the Sandia Z machine12 

(flyer plate velocities have reached ~40 km/s49) or with high intensity lasers. 

3.1.1 Laser driven shocks 

The ability to drive planar shocks with pressures in excess of 10 Mbar using high intensity lasers was 

demonstrated by Trainor et. al. in 1979.70  Development of large laser systems such as OMEGA10, 

OMEGA EP71, and the NIF11 has enabled these conditions to be readily achieved on a consistent and 

repeatable basis. 

The generation of a shock using a high intensity laser is determined by the ablation of material 

irradiated by the laser.67,72  For ablation to occur, a plasma must form with sufficient density for the 

drive laser to deposit its energy.  When the drive laser initially hits the surface of a material, 

multiphoton absorption results in the ionization of electrons.  These electrons move into the conduction 

band and begin oscillating with the field of the laser.  As the electrons oscillate, energy is transferred to 

unexcited electrons by scattering off phonons; this results in ionization of the unexcited electrons into 

the conduction band.73  This process continues generating an avalanche of free electrons until the 

electron density becomes large enough for radiative absorption to dominate and the laser deposits its 

energy directly into the plasma. 

At intensities of 1011-1015 W/cm2, the primary process for radiative absorption is inverse 

Bremsstrahlung.  Here, electrons in the plasma oscillate in the electric field of the laser, both exciting 

other electrons and heating the ions through collisional absorption (i.e. by electron collisions with ions).  

In this process, the absorption of light leads to local heating in the plasma in a manner opposite 

Bremsstrahlung radiation which radiates energy due to deceleration of electrons in the plasma.  This 

process occurs in the interaction zone shown in Figure 3.1.1 at electron densities close to the critical 

density.  At this density, the oscillation frequency of the electrons in the plasma, 𝜔𝑝, is the same as that 

of the laser light, 𝜔𝐿 =
2𝜋

𝜆𝐿
.  The critical density is specific for a given laser wavelength 𝜆𝐿 and is given by 

𝜔𝐿 = 𝜔𝑝 ≡ √
4𝜋𝑛𝑒𝑒

2

𝑚𝑒
 3.1.1 

where 𝑛𝑒 and 𝑚𝑒 are the electron number density and the mass of an electron, respectively, and 𝑒 is 

the electron charge.  For a plasma at the critical density, 𝑛𝑐, electromagnetic radiation, such as that 

from a laser, propagates up to the critical surface, where it is completely reflected.  Solving for the 

electron density in Eq. 3.1.1 gives 
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𝑛𝑐 =
1.1 × 1021

𝜆𝐿
2  3.1.2 

For the case of the 351 nm light from the OMEGA EP laser, this density corresponds to 9×1021 cm-3.  This 

forms the boundary between the interaction zone and conduction zone in Figure 3.1.1. 

 

Figure 3.1.1: Simulation of laser-driven shock wave in polystyrene foil using the LILAC
74

 1-D hydrodynamics code.  Lineouts of 
density (black), electron temperature (red), and pressure (blue) are shown in the figure.  The drive laser propagates into the 
interaction zone, depositing its energy up to the critical density, 𝒏𝒄.  At densities greater than the critical density, heat is 
transported through the conduction zone with an exponential increase in density reaching the surface of the target.  At the 
time in this figure, the plasma is still ablating, but a shock has already been formed in the solid.  The transition from the 
conduction zone to the shocked region is known as the ablation surface.  The shock propagates into the solid, compressing it 
to higher density and pressure, with the material in front of the shock experiencing a small amount of preheating. 

The deposition of energy from the laser as it propagates into the plasma results in rapid heating in the 

interaction zone, reaching kinetic temperatures on the order of keV (11.6 million K).  This rapid heating 

creates a temperature gradient between the cold target surface and the hot coronal plasma.  For 

sufficiently high irradiances (>1012 W/cm2), the temperature at the critical surface drives a heat wave 

into the target, creating the plasma in the conduction zone.  As heat reaches the solid target, cold 

material is rapidly heated and ablated off the target surface into the coronal plasma. The flow of this 

ablated material (at the ablation velocity, 𝑢𝑎) creates a net momentum away from the target.  By 

Newton’s Third Law, this creates an equal and opposite reaction thereby exerting a force (ablation 

pressure) on the target surface.  This is analogous to the rocket effect where the expulsion of hot gasses 

accelerates the rocket in the other direction.  The reaction force acts on an area approximately equal to 

that of the laser spot size.  This launches a compression wave into the target.  Because the ablation 

pressure is large (𝑃𝑎 ∝ (
𝐼𝐿

𝜆𝐿
)

2

3
, with 𝑃𝑎 in Mbar, 𝐼𝐿 in PW/cm2, and 𝜆𝐿 in μm)16, the compression wave is 

highly nonlinear and rapidly steepens into a shock. 
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A laser-driven shock initially has a sharp decay in pressure until the pressure equilibrates, forming a 

steady shock.  By adjusting the temporal shape of the laser pulse, it is possible to create a variety of 

different shock profiles into a material.  This allows for a drive that is steady over the duration of the 

laser pulse, has either increasing or decreasing pressure, or has with modulations in pressure or multiple 

shocks.  For a perfectly square laser pulse, when the drive shuts off, it launches a centered rarefaction 

into the target from the ablation surface.  This rarefaction wave propagates at the sound velocity of the 

shocked material until it reaches the shock front.  At this time, the shock is no longer supported and its 

velocity begins to decrease.  For a laser pulse that is not ideal and decays over a finite time, a series of 

rarefactions are launched as the pulse decays.  Each of these rarefactions catches up with the shock 

front and cause the shock strength to decrease starting with the arrival of the first rarefaction.40 

An important consideration with laser driven shocks is that they can introduce both spatial and temporal 

non-uniformities.  Spatial non-uniformities are introduced by the spatial modulations in the intensity 

pattern and can be controlled by overlapping multiple beams75, using a random phase plate76, 

smoothing by spectral dispersion (SSD)77, or converting the laser light to x-rays17,78.  Overlapping multiple 

beams is the basic method to improve spatial uniformities.  By doing so, the peaks and valleys present in 

each beam are overlapped with other beams, and assuming their location in the beam profile is random, 

they are unlikely to be stacked on top of modulations from another beam.  This results in the overall 

difference in amplitude from a perturbation being decreased by the number of beams (𝐴∗ =
𝐴′

√𝑁
 where 

𝐴∗ is the perturbation amplitude relative to the mean intensity after stacking, 𝐴′ is the amplitude before 

stacking, and 𝑁 is the number of beams).  Phase plates produce a far-field distribution that contains 

high-frequency intensity spikes (speckle) whose wavelength are sufficiently short that thermal 

conduction can smooth them out as the heat wave transits the conduction zone.  To produce additional 

smoothing, SSD spreads that intensity distribution across the beam profile.  This is done by adding 

bandwidth to the beam and then dispersing the beam so its profile moves in time.  The beam rapidly 

shifts, varying the interference pattern at a rate faster than the hydrodynamic response of a target, 

resulting in a profile that is smooth over the response time. 

The conversion of laser light into x-rays is a key feature of indirect-drive.  By irradiating a high-Z material, 

x-rays are emitted in all directions, which allows for uniform irradiation of a target.  Temporal non-

uniformities are determined by the lasing medium and propagation of the laser pulse through 

amplifiers.  These non-uniformities are caused by time-dependent variations in amplification, which 

although small compared to the magnitude of amplification, can result in unwanted modulations in 

pressure. 

3.2 Determination of shock state 

In Section 2.4.3, it was shown that the Rankine-Hugoniot relations (equations 2.4.31, 2.4.34, and 2.4.35) 

can be solved with either an EOS and one measured quantity, or the measurement of two quantities.  In 

the case where the EOS of a material is unknown, the measurement of any two quantities allows for the 

equations to be solved.  Furthermore, because the energy relation (Eq. 2.4.35) only introduces one 

independent variable and solves for none of the four independent variables in the other two relations, 

the energy relation does not add additional constraint and can be ignored.  This reduces the Rankine-
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Hugoniot relations to two equations (conservation of mass and momentum), with four unknowns (𝑃, 𝜌, 

𝑈𝑠, and 𝑢𝑝), which are again closed with the measurement of two variables.  This forms an EOS that 

describes the kinematic variables in the system.  Without a temperature measurement, this EOS is 

technically incomplete, but is still very useful. 

An absolute EOS measurement requires the direct measurement of two quantities.  These two 

parameters can be any of the four variables, but traditionally the velocities, 𝑈𝑠 and 𝑢𝑝 are measured.  

The primary method for absolute EOS measurements is direct impact studies.  As discussed in the 

previous section, direct impact studies use a high-velocity flyer plate that impacts a sample.  In the case 

where the sample and flyer plate are the same material, absolute EOS data can be measured knowing 

only the initial densities.  If the flyer plate is a different material than the baseplate, knowledge of the 

flyer Hugoniot is required to determine the state in the baseplate. 

Similarly, absolute measurements have been made using x-ray radiography to measure interface and 

shock trajectories.  In these measurements, tracking the interface between the EOS package and an 

opaque baseplate gives the particle velocity and the shock velocity is tracked directly.  An example of 

this is shown in Figure 3.2.1. 

 

Figure 3.2.1: Absolute EOS measurement using side-on radiography in polystyrene.
79

  The interface between the opaque 
baseplate and polystyrene and shock positions are clearly identified allowing for measurement of velocity 

Direct impact Hugoniot experiments enable absolute Hugoniot measurements over a wide range of 

pressures, limited only by the maximum velocity of the flyer.  Accelerating flyer plates using magnetic 

fields64 enables EOS research at pressures up to 1-2 TPa.  Recent experiments with laser accelerated 

flyers80 have demonstrated the ability to conduct absolute EOS research to pressures reaching 100 TPa.  

Furthermore, velocity interferometry allows for measurement of shock and flyer velocity with high 

precision.81 
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A special case of direct impact is symmetric impact, where both the flyer and baseplate are the same 

material.  Measurements of Hugoniots using symmetric impact are most often analyzed in the 

Lagrangian reference frame.  In this regard, the flyer and baseplate are of equal mass and moving 

towards each other at 
𝑢𝑓

2
.  Assuming the impact is inelastic gives a particle velocity, 𝑢𝑝 that is exactly the 

flyer velocity in the Lagrangian frame (in the lab frame 𝑢𝑝 =
𝑢𝑓

2
).  Measuring the shock velocity then 

gives a 𝑈𝑠 − 𝑢𝑝 point on the Hugoniot.  This technique is straightforward and does not require large 

facilities, except when going to pressures in excess of a few Mbar.  As a result, symmetric impact studies 

have defined the Hugoniot for most materials in use as standards. 

 

Figure 3.2.2: Schematic of asymmetric impact:  At time 𝒕𝒊, the flyer with initial density 𝝆𝟎,𝒇 (light green) is moving towards 

the target with initial density 𝝆𝟎,𝒕 (light blue) with velocity 𝒖𝒇.  At some time 𝒕𝒔 after the flyer has impacted the target, the 

interface moves with velocity 𝒖𝒑 in the direction of the flyer velocity.  The impact has launched a shock moving ahead of the 

interface in the target with velocity 𝒖𝒔,𝒕, and compressing the material behind it to density 𝝆𝒔,𝒕.  Similarly, a shock was 
launched in the flyer propagating against the particle velocity with velocity 𝒖𝒔,𝒇 and compressing the material behind it to 

density 𝝆𝒔,𝒇. 

Some materials are difficult to accelerate to high velocities.  In this case, a reference impactor with a 

known Hugoniot can be used to study that material.  This technique involves accelerating a flyer 

(reference) that impacts a baseplate of the material to be studied as shown in Figure 3.2.2.  In this 

asymmetric impact, only the Hugoniot of the impactor need be known.  The impact produces shock 

waves in both the impactor and the target, but unlike the case of symmetric impact, these waves do not 

have the same velocity.  The determination of the particle velocity is made by finding the intersection of 

the backward facing (reversed) Hugoniot of the impactor and the Rayleigh line (Eq. 2.4.38) of the target 

as shown in Figure 3.2.3.  Unlike symmetric impact, it is beneficial to consider asymmetric impact as 

occurring in the lab frame.  In this case, the initial particle velocity of the flyer at impact is 𝑢𝑝 = 𝑢𝑓.  The 

shock propagates in the negative 𝑥  direction, resulting in an increase in pressure as the particle velocity 

decreases.  The target is initially at rest, such that 𝑢𝑝 = 0, and after impact the shock propagates to the 

right and eventually intersects the Hugoniot of the impactor.  This method provides near-absolute EOS 

measurements relative to a known Hugoniot. 
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Figure 3.2.3: 𝑷 − 𝒖𝒑 plot of direct impact Hugoniot experiment.  The flyer (blue) is travelling at 30 km/s when it hits a 

sample.  The impact launches a shock into both the flyer and the sample with the shock state determined by the intersection 
of the flyer Hugoniot and the Rayleigh line of the sample (black).  This determines a sample Hugoniot point (green dash). 

Although the direct impact method allows for absolute EOS measurements, successfully making these 

measurements can be difficult to perform precisely at high pressures. 82  Driving flyer plates with lasers 

is difficult and lacks the repeatability of gas guns or magnetically accelerated flyer plates.  Furthermore, 

the potential of warping or tilting of the flyer is exacerbated and difficult to diagnose in laser driven 

experiments.  The primary method to achieve shocks in excess of a few hundred GPa with flyer plates is 

using magnetically launched flyers with the Sandia Z-machine.  The Z-machine has a relatively low shot 

rate and is limited to pressures <2 TPa, whereas the OMEGA and OMEGA EP lasers typically conduct 10-

15 shots a day and can reach pressures >2 TPa.  To compensate for the low shot rate, the Z-machine 

conducts multiple experiments on a single shot and is able to use larger targets for re-shock and release 

studies.  However these multiple experiments are all at similar pressures in the samples.  Because a 

shock experiment generates a single point, it is necessary to use multiple experiments over a wide range 

of pressures to build up an EOS model.  At high pressures, the only systems that have the ability to 

conduct multiple controlled shots over a pressure range sufficiently large to develop an EOS model in a 

single day are large laser systems.  Also, direct impact studies are not possible to measure the Hugoniot 

of fluids, pre-compressed materials, or cryogenic materials.  To account for this, it is necessary to have 

an alternate method to determine the Hugoniot state of a material: the impedance match method. 

3.2.1 Impedance match method 

The impedance matching (IM) method enables measurement of the Hugoniot of one material relative to 

an established standard.28,32,34  For the method to be viable, the standard must have both its Hugoniot 

and release isentrope characterized, thereby requiring more information than in direct impact EOS 
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experiments.  Furthermore, IM experiments do not measure both the particle and shock velocities in an 

experiment, instead only measuring the shock velocity and inferring the particle velocity using the 

impedance-match construct.  Hence, IM is not a method for absolute EOS measurements, but has been 

demonstrated to be able to make measurements with similar precision.46,47,49,82-85 

Fundamentally, IM relies on the conservation of mass and momentum across an interface between two 

materials with different densities.  It is important to note that IM occurs in the fluid immediately behind 

the shock not across the shock itself.  The shock is the only discontinuity in the fluidsystem and the IM 

method tracks the response of the second material to that shock.  The fluid behind the shock must be 

continuous as are the mass and momentum across the material interface.  The conservation of mass (Eq. 

2.1.7) states that 
𝑑(𝜌𝑢𝑝)

𝑑𝑥
= 0, which by the product rule becomes 𝑢𝑝

𝑑𝜌

𝑑𝑥
+ 𝜌

𝑑𝑢𝑝

𝑑𝑥
= 0.  Similarly, 

momentum conservation (Eq. 2.1.13) gives 𝑢𝑝
𝑑𝑢𝑝

𝑑𝑥
= −

1

𝜌

𝑑𝑃

𝑑𝑥
.  Now consider the Lagrangian frame 

centered on the interface between the two materials.  In this frame, 𝑢𝑝 = 0, therefore 𝜌
𝑑𝑢𝑝

𝑑𝑥
= 0.  

Because the density is non-zero for IM, this gives 

𝑑𝑢𝑝

𝑑𝑥
= 0. 3.2.1 

By substituting into the momentum conservation, the left-hand side of the equation becomes zero, 

hence 

𝑑𝑃

𝑑𝑥
= 0. 3.2.2 

Therefore in impedance matching, the pressure and particle velocity must be continuous across the 

interface between the two materials. 

IM requires knowledge of either both the Hugoniot and off-Hugoniot states of a standard or the 

Hugoniot of two standards.  In the first case, the Hugoniot of an unknown material will be determined 

relative to the principal Hugoniot and either the release isentrope or re-shock Hugoniot of the standard.  

An experiment will use either the release or re-shock behavior depending on the relative shock 

impedance of the materials.  The shock impedance, 𝑍, is defined as the initial density multiplied by the 

shock velocity, 

𝑍 = 𝜌0𝑈𝑠. 3.2.3 
IM calculations are performed in the 𝑃 − 𝑢𝑝 plane, where 𝑍 is the slope of the Rayleigh line (Eq. 2.4.38).  

If the impedance of the unknown sample is greater than that of the standard ((𝜌0𝑈𝑠)𝑢 > (𝜌0𝑈𝑠)𝑆), the 

Rayleigh line is steeper for the unknown.  To match the pressure and particle velocity from the standard 

to the sample, the pressure must increase by reflecting the shock back into the standard.  Conversely, 

when the impedance of the sample is less than the standard ((𝜌0𝑈𝑠)𝑢 < (𝜌0𝑈𝑠)𝑆), the standard releases 

to lower pressure, through the propagation of a rarefaction wave into the standard, until it intersects 

the Rayleigh line of the sample. 
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3.2.1.1 Release 

In many IM experiments, the standard has higher impedance than the sample and the shock in the 

standard relaxes to a lower pressure to equilibrate with the lower impedance of the sample as shown in 

Figure 3.2.5.  By knowing the principal Hugoniot of the standard, the shock state can be found from the 

intersection of the Rayleigh line with the Hugoniot curve.  Once the shock crosses the interface into the 

lower impedance material a rarefaction is launched back into the standard.  This results in the relaxation 

of pressure to one on that lies on the Rayleigh line of the sample.  The specific state is determined from 

the intersection of a release curve that begins at the shock state in the standard and the Rayleigh line of 

the sample as shown in Figure 3.2.5.  From Section 2.4.2, free expansion of a fluid and rarefactions are 

isentropic processes.  Hence the release curve connecting the shock state in the standard with that in 

the sample is an isentrope.  The rarefaction wave propagates into the standard; reducing the pressure of 

the shocked material and accelerating the fluid until the pressure and particle velocity match that in the 

sample.  The Riemann invariant for isentropic flow (Eq. 2.4.19) can be rewritten as  𝑑𝑢𝑝 =
𝑑𝑃

𝜌𝑐𝑠
 which 

integrates to 

𝑢𝑝 − 𝑢𝑝𝐻 = ∫
𝑑𝑃

𝜌𝑐𝑠

𝑃

𝑃𝐻

, 3.2.4 

where 𝑢𝑝𝐻 and 𝑃𝐻 are the Hugoniot states in the standard.  Integrating this curve from the inital 

pressure of the shock state in the standard to ambient pressure defines the release isentrope in the 

𝑃 − 𝑢𝑝 plane which will intersect the sample Rayleigh line giving the shock condition in the sample. 

 

Figure 3.2.4: Schematic of impedance matching from releasing standard.  The standard (blue, identified as 1) and sample 
(green, identified as 2) are initially at zero pressure and their initial densities 𝝆𝟎,𝟏 and 𝝆𝟎,𝟐.  A shock is launched into the 

standard with velocity 𝑼𝒔,𝟏, compressing it to density 𝝆𝒔,𝟏 and pressure 𝑷𝟏.  When the shock reaches the interface (dashed 

line) the pressure must relax while compressing the material ahead of it.  This launches a rarefaction (or release) wave back 
into the standard creating a continuous decrease in pressure and density.  When the pressure reaches 𝑷𝟐, the shock crosses 
the boundary and propagates into the sample with velocity 𝑼𝒔,𝟐.  The pressure and particle velocity of the standard and 

sample are the same at the interface due to impedance matching, and it moves with velocity 𝒖𝒑. 
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Figure 3.2.5: 𝑷 − 𝒖𝒑 plot of impedance matching to a releasing standard.  A shock is measured in a standard with a known 

Hugoniot (blue) with the state given by its Rayleigh line (black).  The standard releases from that state until it intersects the 
Rayleigh line of the sample.  This gives a point on the Hugoniot of the sample (green dash) 

3.2.1.2 Re-shock 

In experiments where the sample has greater shock impedance than the standard, the pressure in the 

standard must increase to match the conditions.  The propagation of a shock to the interface reaches a 

boundary of higher impedance and gets split into reflected and transmitted shock waves.  To conserve 

mass and momentum, the increase in pressure at the interface must be balanced by a decrease in 

particle velocity, which is achieved through a shock propagating backwards into the standard as shown 

in Figure 3.2.6 (a).  Similar to determining the state in release IM experiments, the shock state in the 

sample is defined by the intersection of the sample Rayleigh line and the re-shock Hugoniot of the 

standard as shown in Figure 3.2.6 (b).  The re-shock Hugoniot obeys the Rankine-Hugoniot relations in 

the same manner as the principal shock Hugoniot.  However, for the re-shock Hugoniot, the use of a 

𝑈𝑠 − 𝑢𝑝 relationship to provide a third equation (ignoring the energy equation as above) is no longer 

viable.  This requires either the use of an EOS or the simple approximation that the Hugoniot can be 

reflected about the shock state in the standard.32,34  For small increases in compression, the reflected 

shock approximation is accurate and can be corrected using the Grüneisen parameter (Eq. 2.3.14) to 

define the re-shock Hugoniot.86  This determines the pressure on the re-shock Hugoniot as 

𝑃𝐻2(𝑉) = 𝑃𝐻1(𝑉) +
(𝑃𝐻1(𝑉1) − 𝑃0)(𝑉0 − 𝑉) + (𝑃𝐻1(𝑉) − 𝑃0)(𝑉1 − 𝑉)

2𝑉
𝛤 + 𝑉 − 𝑉1

, 3.2.5 

where 𝑃𝐻1 and 𝑃𝐻2 are the pressure on the single shock and re-shock Hugoniots at volume, 𝑉, 

respectively; 𝑃0 and 𝑉0 are the unshocked pressure and volume, and 𝑉1 is the volume of the single-shock 
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state in the standard.  From the Rankine-Hugoniot relation for energy conservation (Eq. 2.4.39), the 

particle velocity along the re-shock Hugoniot is 

𝑢𝑝𝐻2(𝑉) = 𝑢𝑝𝐻1(𝑉1) ± √(𝑃𝐻2(𝑉) − 𝑃𝐻1(𝑉1))(𝑉1 − 𝑉), 3.2.6 

where 𝑢𝑝𝐻1 and 𝑢𝑝𝐻2 are particle velocity at a given volume along the single-shock and re-shock 

Hugoniots, respectively.86  Combining equations 3.2.5 and 3.2.6 defines the re-shock Hugoniot in the 

𝑃 − 𝑢𝑝 plane, allowing for determination of the point of intersection and the shock state in the sample. 

 

 
Figure 3.2.6: a) Schematic of re-shock impedance match experiment.  When the shock reaches the interface with the higher 
impedance material, the pressure must increase.  This sends a shock back into the standard further compressing it to higher 
pressure. b) 𝑷 − 𝒖𝒑 diagram of re-shock impedance match, the measured shock state in the standard is determined from the 

intersection of its Hugoniot (blue) and Rayleigh line (black).  A re-shock Hugoniot from this point (red) goes to higher 
pressure and intersects the Rayleigh line of the higher impedance sample.  This determines a point on the Hugoniot of the 
sample (green dash). 

a) 

b) 
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3.2.1.3 Measurement of off-Hugoniot states 

In order to use the IM method to measure the Hugoniot of an unknown sample, the off-Hugoniot 

behavior of the standard must be known as discussed in the prior sections.  Conversely, to measure the 

off-Hugoniot behavior of a standard, the Hugoniot of the sample must have been measured previously.  

This creates a circularity that requires characterization of the off-Hugoniot behavior of a standard for 

use in IM experiments.  For accurate experiments, both Hugoniots (standard and sample) should be 

absolutely determined using methods described previously.  Impedance matching can then be used to 

determine the off-Hugoniot behavior of the standard for future experiments. 

Determining the off-Hugoniot states of an IM standard is exactly opposite from the determination of 

sample Hugoniots using release or re-shock methods.  Considering the re-shock case in Figure 3.2.6, if 

the Hugoniot of the standard and sample are both known, the state on both Hugoniots is determined 

from the intersection of the Hugoniot curve and the respective Rayleigh lines.  This defines the state 

without needing to find the intersection of the re-shock curve with the Rayleigh line of the sample.  As a 

result, the re-shock Hugoniot is constrained by the 𝑃 − 𝑢𝑝 state in the sample.  Using a corrected 

reflected Hugoniot as in equations 3.2.5 and 3.2.6, provides a functional constraint on the Grüneisen 

parameter. 

The release curve is more complicated than a re-shock Hugoniot because the density along the release is 

determined by the EOS.  From Eq. 3.2.4, it is clear that the relationship between density and pressure 

along the release is fundamental to the shape of the release curve.  As such, the release behavior cannot 

be accurately characterized using a single point in the same manner as the re-shock.  The change in 

methodology to determine a release state in the standard instead of a Hugoniot state in the sample is 

identical to that to determine a re-shock state.  If it is assumed that the release is well described by a 

Mie-Grüneisen EOS referenced to the principal Hugoniot (Eq. 2.3.35), it can be shown from Eq. 2.3.40, 

that for the two common assumptions of the Grüneisen parameter (𝛤 = 𝑐𝑜𝑛𝑠𝑡 or 𝜌𝛤 = 𝑐𝑜𝑛𝑠𝑡) the 

pressure depends on the square of the density.  Therefore a minimum of two release states, with three 

or more preferred, must be measured for a given Hugoniot state to define the release curve.  The 

graphical representation of this is shown in Figure 3.2.7.  By knowing the Hugoniot of the standard, the 

Grüneisen parameter can be used to fit the Mie-Grüneisen release model to the experimental data. 
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Figure 3.2.7:  𝑷 − 𝒖𝒑 plot demonstrating measurement of release curve from impedance matching.  The standard with a 

known Hugoniot (blue) has an unknown release curve (green) that is trying to be determined.  The shock state in the 
standard is determined from the intersection of its Hugoniot and its Rayleigh line (black).  The standard releases into three 
lower impedance samples with known Hugoniots (red curves).  Because their Hugoniots are known, the shock state in these 
samples is determined by the intersection of their Rayleigh lines with the respective Hugoniot curve.  By impedance 
matching these points are also on the release curve of the standard, constraining the curve with three points. 

3.3 Sound velocity and Grüneisen parameter measurement techniques 

Understanding the complete thermodynamic behavior of a material requires knowledge of the behavior 

off the principal Hugoniot.  There are multiple methods to determine this behavior including, but not 

limited to, shock experiments from different initial states87-89, multi-shock experiments85,90,91, release 

experiments46,49,84, isentropic compression experiments92, and experiments to directly measure the 

sound velocity39,93 and Grüneisen parameter45,94.  These experiments, while different in objective, all 

determine the off-Hugoniot states by defining, in some manner, the sound velocity and Grüneisen 

parameter.  This arises from the definitions of the sound velocity and Grüneisen parameters as 

derivatives in thermodynamic space.  In the thermodynamic plane, a Hugoniot experiment determines a 

state (𝑃, 𝑉, 𝐸), however recalling equations 2.3.14 and 2.4.8, the Grüneisen parameter and isentropic 

sound velocity are 

𝛤 = 𝑉 (
𝑑𝑃

𝑑𝐸
)
𝑉
,  and  

𝑐𝑆
2 = (

𝜕𝑃

𝜕𝜌
)
𝑆

, 
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which define the derivatives vertically and tangent to the isentrope at any point in the 𝑃 − 𝑉 plane.  

From the thermodynamic state relation for internal energy (Eq. 2.2.2), the derivatives orthogonal to the 

Hugoniot curve in the thermodynamic plane can be determined, giving 

(
𝜕𝑃

𝜕𝐸
)
𝜌

= 𝜌𝛤, 3.3.1 

and 

(
𝜕𝑃

𝜕𝜌
)
𝐸

= 𝑐𝑠
2 −

𝑃

𝜌
𝛤. 3.3.2 

These relations depend only on the thermodynamic state and the sound velocity and Grüneisen 

parameter, demonstrating the importance of these quantities to off-Hugoniot states. 

Traditional methods produced accurate measurements of the sound velocity behind a shock front, but 

only approximations of the Grüneisen parameter could be made.  These approximations required 

measurement of the Hugoniot from different starting states.  To enable measurement using a single 

Hugoniot, equations 3.3.1 and 3.3.2 can be combined with the thermodynamic state relations to derive 

the Grüneisen parameter in terms of the slopes of the Hugoniot and isentrope.  This gives 

𝛤 =
((

𝑑𝑃
𝑑𝑉

)
𝐻

− (
𝑑𝑃
𝑑𝑉

)
𝑆
) 2𝑉

𝑃𝐻 + (
𝑑𝑃
𝑑𝑉

)
𝐻

(𝑉0 − 𝑉𝐻)
, 3.3.3 

where 𝑃𝐻 and 𝑉𝐻 are the pressure and specific volume at a given Hugoniot state and (
𝑑𝑃

𝑑𝑉
)
𝐻

 and (
𝑑𝑃

𝑑𝑉
)
𝑆
 

are derivatives taken along the Hugoniot and isentrope, respectively.95  By substituting 𝑉 =
1

𝜌
 into Eq. 

2.4.8, the isentropic sound velocity can be written as a derivative in the 𝑃 − 𝑉 plane.  This can then be 

substituted for the derivative (
𝑑𝑃

𝑑𝑉
)
𝑆
 in Eq. 3.3.3, giving 

𝛤 =
2(𝑉 (

𝑑𝑃
𝑑𝑉

)
𝐻

+
𝑐𝑠
2

𝑉 )

𝑃𝐻 + (
𝑑𝑃
𝑑𝑉

)
𝐻

(𝑉0 − 𝑉𝐻)
. 3.3.4 

This section discusses the traditional methods used to measure the sound velocity and Grüneisen 

parameter.  Two new methods are then introduced to make these measurements. 

3.3.1 Traditional methods 

Traditional methods to measure the sound velocity of shocked material observe the deceleration of the 

shock front produced by the arrival of the rarefaction wave that propagates at the sound velocity in the 

shocked material.  Because the rarefaction is an expanding wave, its propagation into shocked material 

results in a decrease in compression as discussed in Section 2.4.2.  The interaction between a rarefaction 

wave and a shock results in a decrease in the pressure behind the shock, and from the Rankine-Hugoniot 

relations (equations 2.4.31, 2.4.34, and 2.4.35), a corresponding decrease in shock velocity.  By knowing 

the launch time of the rarefaction wave and the distance traveled by the rarefaction wave, 

measurement of the time at which the velocity of the shock front begins to decrease determines the 
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sound velocity.  This measurement has been made by observing deceleration due to both overtaking 

and edge rarefactions.28,32 

The techniques for measuring sound velocity observe the interaction between rarefactions propagating 

either perpendicular or parallel to the shock velocity.  For rarefactions propagating perpendicular to the 

direction of shock velocity, the technique measured the speed of an edge rarefaction.  In the edge 

rarefaction method, a shock is driven in a baseplate with cross-sectional area greater than that of the 

sample.  When the shock crosses the interface into the sample, the sample is compressed by the shock, 

but its edges are free to expand laterally.  This launches a rarefaction from the edge into the center of 

the sample.  As the rarefaction propagates into the sample, the shock front decelerates.  The sound 

speed is determined by defining a triangle between the edge of the sample where it meets the 

baseplate, the distance the interface travels in a time, 𝑡, and the distance the unperturbed shock lies 

from the edge of the sample.28 

The overtaking wave method uses rarefactions propagating parallel to the shock velocity.  Consider the 

case of symmetric impact discussed in Section 3.2.  The impact of the flyer with the baseplate launches 

an identical shock into both materials.  By having a thin flyer, the shock reaches the front surface of the 

flyer at time 𝑡1 and a centered rarefaction is launched into the flyer.  The rarefaction propagates 

through the flyer and target overtaking the shock at some time 𝑡2.  This time is defined by the moment 

at which the shock begins to decelerate in the sample.  Dividing the thickness of the compressed flyer 

and target by the transit time 𝑡2 − 𝑡1 gives the sound velocity.28,32  This method has been demonstrated 

to produce high precision (<2%) measurements of the sound velocity.39 

Of these methods, the overtaking rarefaction method is the most used because modern measurement 

techniques such as velocity interferometry enable constant observation of the shock velocity inside 

transparent media.  Furthermore, using direct impact studies with flyer plates, there is the ability to 

produce long, steady shocks which decreases the measurement error.  However, this method is not 

viable for laser-driven shocks because it is difficult to determine the time at which the rarefaction is 

launched because of the complicated dynamics in laser-driven ablation.  To enable accurate 

measurements of sound velocities with laser-driven shocks, a new method had to be determined. 

Measurement of the Grüneisen parameter has been done by comparing the Hugoniots from different 

initial states.  This can be done using pre-compressed or pre-heated materials96, different polymorphs of 

a material87,89,97, or using porous foams made from a material88.  By measuring a 𝑈𝑠 − 𝑢𝑝 relation for the 

Hugoniot of the different materials, the Rankine-Hugoniot relations determine the pressure and energy 

along the different Hugoniots.  Constraining the densities to be the same for both materials, the 

Grüneisen parameter is estimated using Eq. 2.3.14.  Depending on the relative accuracy of the Hugoniot 

measurement, this method can give consistent results comparing multiple different polymorphs47, or 

can give results that deviate significantly from one another.28 

3.3.2 Near-impedance match release 

As was discussed in Section 3.2.1, the release states in a material can be measured using impedance 

matching with multiple materials to constrain the curve.  However, as the sound velocity (Eq. 2.4.8) is 
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defined to be the square root of the slope of the release isentrope, it should be possible to use a similar 

method to measure the sound velocity.  Assume that two materials with very similar impedances exist; 

the Hugoniots of the two materials will be close to each other and the release curve can be 

approximated as a straight line.  As an example, consider the release of single crystal α-quartz into 

amorphous fused quartz (better known as fused silica).  Above the shock melting curve, both materials 

are liquid silica, but their Hugoniots are offset due to their different initial densities; the quartz release 

curve is nearly linear between the Hugoniots as shown in Figure 3.3.1.  If this assumption is made, a 

measurement of the shock state in the two materials yields the slope of the release curve in the 𝑃 − 𝑢𝑝 

plane.  A one-to-one transformation from the 𝑃 − 𝑢𝑝 plane to the 𝑃 − 𝜌 plane enables a measurement 

of the sound velocity. 

 

Figure 3.3.1: Near-IM release method.  Given the Hugoniots of two materials from direct impact studies (blue and green 
curves), a shock state is determined from the intersection of the corresponding Rayleigh lines from experiments measuring 
𝑼𝒔 (black dotted lines).  Connecting these Hugoniot states, a linear release curve (red dashed line) is assumed.  The slope of 
this line determines the sound velocity when transformed to the 𝑷 − 𝝆 plane.  Inset: Hugoniot curves enlarged to show 
linear approximation. 

The near-IM method is based on the release of one standard with a known Hugoniot into another.  As 

such, the experiment measures the shock velocity in both materials and finds the corresponding 𝑃 − 𝑢𝑝 

state from the intersection of the Rayleigh line and the Hugoniot.  It is important to note that the 

Hugoniot of the lower impedance material cannot have been determined through impedance matching 

from the higher impedance material.  This would result in a circular rather than an independent 

measurement of the sound velocity.  An ideal case would be for both Hugoniots to be absolutely 

measured using high precision direct impact studies to eliminate any systematic error due to impedance 

matching.82 
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Starting from the differential form of the Riemann invariant, 𝑑𝑢𝑝 = ±
𝑑𝑃

𝜌𝑐𝑠
, the equation can be rewritten 

in terms of the measured slope 
𝑑𝑢𝑝

𝑑𝑃
 as 

𝑑𝑢𝑝

𝑑𝑃
=

1

𝜌𝑐𝑠
. 3.3.5 

By squaring Eq. 3.3.5, it is possible to substitute the definition of the sound velocity (Eq. 2.4.8) for 𝑐𝑠, 

giving 

(
𝑑𝑢𝑝

𝑑𝑃
)

2

=
1

𝜌2
(
𝜕𝜌

𝜕𝑃
)
𝑆
. 3.3.6 

Because the slope in the 𝑃 − 𝑢𝑝 plane was measured along the release isentrope, it can be assumed 

that both derivatives in Eq. 3.3.6 are taken with constant entropy.  This can then be rewritten as 

𝑑𝜌

𝜌2
= (

𝑑𝑢𝑝

𝑑𝑃
)

2

𝑑𝑃. 3.3.7 

To simplify the integration, it is beneficial to introduce the specific volume 𝑉 =
1

𝜌
.  Taking the derivative  

with respect to the density gives 
𝑑𝑉

𝑑𝜌
= −

1

𝜌2, which implies that the left hand side of Eq. 3.3.7 can be 

replaced by −𝑑𝑉, giving 

𝑑𝑉 = −(
𝑑𝑢𝑝

𝑑𝑃
)

2

𝑑𝑃. 3.3.8 

Equation 3.3.8 gives the specific volume along the release isentrope as a function of the slope of the 

isentrope in the 𝑃 − 𝑢𝑝 plane.  In this regard, it is the inverse of Eq. 3.2.4 which determines the particle 

velocity relative to the density along the release curve.  To determine the specific volume at a given 

point along the release curve, it is necessary to integrate Eq. 3.3.8 from the measured Hugoniot state to 

a state on the release.  This gives, 

𝑉𝑆 = 𝑉𝐻 − ∫ (
𝑑𝑢𝑝

𝑑𝑃
)

2

𝑑𝑃

𝑃𝑆

𝑃𝐻

 3.3.9 

where 𝑉𝑆 and 𝑃𝑆 are the specific volume and pressure at a release state on the isentrope and 𝑉𝐻 and 𝑃𝐻 

are the specific volume and pressure at the shock state in the standard.  The two Hugoniot states 𝑉𝐻 and 

𝑃𝐻 are determined from the Rankine-Hugoniot relations for the shock state in the standard.  Similarly, 

because 𝑃𝑆 is determined from impedance matching, it is the pressure of the shock state in the sample.  

Approximating the slope of the release curve between 𝑃𝐻 and 𝑃𝑆 to be linear gives 

𝑉𝑆 = 𝑉𝐻 +
(∆𝑢𝑝)

2

∆𝑃
, 3.3.10 

where Δ𝑃 = 𝑃𝐻 − 𝑃𝑆 and likewise Δ𝑢𝑝 = 𝑢𝑝,𝐻 − 𝑢𝑝,𝑆.  With the integration complete, Eq. 3.3.10 can be 

solved numerically for the specific volume of the release state in the standard.  Substituting back to 

density from specific volume gives 
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𝜌𝑆 =
1

𝑉𝐻 +
(∆𝑢𝑝)

2

∆𝑃

. 
3.3.11 

 By combining the density from Eq. 3.3.11 with the density and pressure from the Hugoniot state in the 

standard and the pressure from the Hugoniot state in the sample, Eq. 2.4.8 can be used to calculate the 

sound velocity in the standard. 

Using the near-IM method to make an approximation for the Grüneisen parameter requires 

determination of the internal energy along the release isentrope.  Starting from the thermodynamic 

state relation for the internal energy (Eq. 2.2.2), the internal energy along an isentrope becomes 

𝑑𝐸 = −𝑃𝑑𝑉.  Substituting for 𝑑𝑉 from Eq. 3.3.8 gives 

𝑑𝐸 = 𝑃 (
𝑑𝑢𝑝

𝑑𝑃
)

2

𝑑𝑃. 3.3.12 

This can then be integrated with respect to the pressure to get 

𝐸𝑆 = 𝐸𝐻 + ∫ 𝑃 (
𝑑𝑢𝑝

𝑑𝑃
)

2

𝑑𝑃

𝑃𝑆

𝑃𝐻

, 3.3.13 

where 𝐸𝑆 and 𝐸𝐻 are the internal energies of the release and Hugoniot states, respectively.  Finally, 

applying the linear-release approximation gives the energy of the released state as 

𝐸𝑆 = 𝐸𝐻 +
1

2
(
∆𝑢𝑝

∆𝑃
)
2

(𝑃𝑆
2 − 𝑃𝐻

2). 3.3.14 

To determine a (𝑃, 𝑉, 𝐸) point along the release isentrope, the pressure from impedance matching is 

combined with the specific volume calculated using Eq. 3.3.10 and the internal energy calculated using 

Eq. 3.3.14.  With this state defined, the Grüneisen parameter can be approximated in a similar manner 

to the traditional case.  The difference in this case is that the release state will be compared to the 

Hugoniot at constant density instead of comparing two Hugoniots for the same material at constant 

density.  Furthermore, if the standard and sample are polymorphs, the release state can be compared to 

both Hugoniots to make two approximations of the Grüneisen parameter. 

The transformation from the 𝑃 − 𝑢𝑝 to the 𝑃 − 𝜌 (or 𝑃 − 𝑉) plane is necessary because the 𝑃 − 𝑢𝑝 

plane is a kinematic plane rather than a thermodynamic plane.  In a kinematic plane, quantities defining 

flow, such as velocities and pressure, can be determined, but those involving energies, such as the 

internal energy and entropy are undefined.  In a thermodynamic plane, all quantities can be defined and 

derived.  For the near-IM method, the measurement of the shock velocity of a standard and sample 

defined the slope in the kinematic plane, giving 𝑃𝐻 and 𝑢𝑝𝐻 from the Hugoniot of the standard, and 𝑃𝑆 

and 𝑢𝑝𝑆 from the Hugoniot of the sample.  Transitioning to the thermodynamic plane defined 𝑉𝐻 and 𝐸𝐻 

from the Rankine-Hugoniot relations, then derived the parameters of the release state 𝑉𝑆 and 𝐸𝑆 from 

the linear approximation. 

When using the near-IM method, it is important to check the deviation from linearity of the slope in the 

𝑃 − 𝑢𝑝 plane prior to assuming the linear approximation.  A demonstration of its validity for the system 



57 
 

of quartz releasing into fused silica will be shown in Chapter 4.  It is also important to accurately 

measure the errors as over-estimation of the errors can result in an infinite or positive slope for the 

release isentrope.  This is not physical and would result in a breakdown of the method. 

3.3.3 Unsteady wave method 

Measurement of the Hugoniot and off-Hugoniot states of a material traditionally requires multiple 

experiments to develop each behavior.  If a target is designed such that a sample is impacted by a 

known standard, then releases into multiple samples with known Hugoniots, it is possible to determine 

both Hugoniot and release states from the same experiment.  However, this assumes a steady shock, 

such that the Hugoniot state is the same at both surfaces of the sample.  If the shock is not steady, the 

shock evolves producing different Hugoniot states at the two surfaces and the measured release curves 

initiate at different points along the Hugoniot.  This requires full characterization of the Hugoniot to 

determine the state of initiation of the release curve. 

Conversely, one can use unsteady shocks to determine the sound velocity and Grüneisen parameter by 

relating time dilations and amplitude modulations in a sample and a standard.45  Changes in the applied 

pressure propagate acoustically through the shocked material so their arrival time at the shock front is 

therefore dependent on the sound speed of that shocked material.  This provides a direct measurement 

of these quantities provided the initial time and amplitude of perturbations is known.  These 

perturbations may be caused by tailored drive pulses which launch small modulations at known time 

intervals or by reverberations inside the target.  In the case that the perturbations are caused by 

reverberations or other features inside the target, an adjacent witness standard must be included to 

determine the pressure history in the sample.  By comparing the evolution of the shocks in the sample 

and witness, one obtains the sound velocity and Grüneisen parameter in the sample referenced to those 

of the standard.  This results in a relative measurement that can be calibrated by separately measuring 

these two parameters for the standard using one of the methods described in the previous two sections.  

In practice, the use of a witness is beneficial for all experiments (including ones with known drive) to 

account for non-uniformities in the drive. 

3.3.3.1 Time dilation 

Consider first the relative time dilation of perturbations as they transit a target.  By assuming all 

perturbations are small and can be treated as acoustic waves (see Section 2.4.1), the dilation and 

compression of waves occurs as a result of interaction with features inside a target.  By making the 

assumption that the target is a homogeneous and isotropic material of infinite cross-sectional width, it is 

possible to restrict this method to features created by shock processes only.  The interaction of the 

acoustic wave with shock waves, rarefaction waves, and material interfaces are considered.  It is 

convenient to do this analysis in a mass-time coordinate frame where the mass coordinate is defined as 

𝑚(𝑥) = ∫𝜌(𝑥)𝑑𝑥

𝑥

𝑥0

, 3.3.15 

where 𝑥0 is the front surface of the target.  This frame is valuable for the analysis because it not only 

ignores motion of the target as a whole, like the Lagrangian frame, but also ignores compression of fluid 
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elements within the target.  In this frame, acoustic waves and rarefactions, which propagate at the 

sound velocity 𝑐𝑠 in the Eulerian frame, propagate with velocity 𝜌𝑐𝑠, while the front and back surfaces of 

the target, as well as any material interfaces within the target are vertical.  In this coordinate system, the 

four interaction cases are shown in Figure 3.3.2. 

 

Figure 3.3.2 𝒎 − 𝒕 diagrams for propagation of two acoustic disturbances (blue) into a target.
45

  The disturbances originate 
from the same fluid element, 𝒎𝟎 at times separated by 𝚫𝒕𝒎𝟎

.  Downstream and upstream regions are denoted as “d” and 

“u”, respectively.  In (a), the disturbances are catching up with a shock front (red) propagating away from the fluid element 
𝒎𝟎.  As a result, the interval between the arrival times of the acoustic disturbances is increased.  (b) The acoustic 
perturbations propagate through the upstream region in a direction opposite to the shock front.  The interaction with the 
counter-propagating shock results in the interval between arrival of pulses being decreased.  (c) A counter-propagating 
centered rarefaction behaves like a sharp front (dashed line) in which the decompression in the downstream region results in 
slower sound waves and the opposite effect of the counter-propagating shock.  Hence, the interval between disturbances is 
increased.  (d) The material interface does not flow in this reference frame, thereby introducing no dilation or compression 
to the pulse interval. 

To understand these interactions it is important to introduce the Mach number,which describes the 

velocity of a wave relative to the sound velocity.  As such it can be defined as 

𝑀 =
𝑢𝑤

𝑐𝑠
=

�̇�

𝜌𝑐𝑠
, 3.3.16 

where 𝑢𝑤 is the velocity of the wave and  �̇� =
𝑑𝑚

𝑑𝑡
.  Because the density and sound speed differ on 

either side of the wave front (shock, rarefaction, and material interface), the Mach number will differ in 

the upstream and downstream regions.  These regions are defined by the direction of flow, such that 

the wave front flows into the upstream region and from the downstream region. 



59 
 

The time dilation due to perturbations arriving at a shock front is based on the relative direction of 

shock propagation.  As was shown in Figure 3.3.2 (a) and (b), the arrival time of the perturbations at a 

receding shock is dilated, whereas for the counter-propagating shock it is compressed.  This can be 

expressed as 

Δ𝑡𝑓𝑟𝑜𝑛𝑡 =
Δ𝑡𝑚0

1 ± 𝑀𝑆
, 3.3.17 

where Δ𝑡𝑚0
 is the initial delay between perturbations launched from the fluid element 𝑚0, Δ𝑡𝑓𝑟𝑜𝑛𝑡 is 

the delay between perturbations arriving at the shock front, and 𝑀𝑆 denotes the Mach number of the 

shock front, 𝑆.  In the denominator, the plus sign applies for a counter-propagating disturbance and the 

minus sign applies for the receding disturbance.  Because the acoustic wave is catching up with the 

shock in material behind the shock, the time dilation for the receding shock can be written as 

Δ𝑡𝑓𝑟𝑜𝑛𝑡 =
Δ𝑡𝑚0

1 − 𝑀𝑆,𝑑
, 3.3.18 

where the subscript 𝑑 indicates that it is downstream of the shock.  For the counter-propagating shock, 

the acoustic wave catches up to the front while travelling in material ahead of the shock, hence the 

interval between pulses is 

Δ𝑡𝑓𝑟𝑜𝑛𝑡 =
Δ𝑡𝑚0

1 + 𝑀𝑆,𝑢
, 3.3.19 

where the subscript 𝑢 indicates that it is upstream of the shock.  However, the time of interest for a 

counter-propagating shock is not the moment at which the acoustic wave meets the shock front, but the 

time at which it reaches mass coordinate 𝑚1.  This point would correspond to the back of a standard 

that is re-shocked by a sample.  The dilation coefficient for the propagation from the counter-

propagating shock to 𝑚1 is the same as that in Eq. 3.3.19, but with the downstream Mach number.  

Dividing this by Eq. 3.3.19 gives for acoustic disturbances transmitted through a counter-propagating 

shock 

Δ𝑡𝑚1

Δ𝑡𝑚0

=
1 + 𝑀𝑆,𝑑

1 + 𝑀𝑆,𝑢
. 3.3.20 

Eq. 3.3.20 can be considered the transmission coefficient for an acoustic perturbation passing through a 

shock front as it relates the transmitted wave to the incoming perturbation.  It is beneficial to consider a 

fluid in which the acoustic wave is propagating to understand the dynamics of the wave being 

transmitted through the shock front.  In the upstream region, the shock moves faster than the speed of 

sound in the fluid, hence 𝑀𝑆,𝑢 > 1.  Conversely, the sound velocity in the downstream region is greater 

than the shock velocity such that 𝑀𝑆,𝑑 < 1.  Therefore, Eq, 3.3.20 is less than one and the interval 

between acoustic perturbations is compressed. 

In the counter-propagating rarefaction of Figure 3.3.2 (c), the characteristics in black have slopes 

corresponding to the local value of 𝜌𝑐𝑠.  Inside the rarefaction fan, disturbances are slowed 

hyperbolically due to the infinite density of characteristics.  However, for any pair of disturbances 

entering a rarefaction fan, the velocity of the disturbances is identical exiting the fan and equal to the 

local sound velocity.  Thus, the width of the fan does not affect the final result and the fan can be 
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treated as a single counter-propagating characteristic as given by the dashed line.  As a result, the 

characteristic corresponding to an infinitely thin rarefaction has slope √�̇�𝑑�̇�𝑢.  This gives Mach 

numbers in the fluid where 

𝑀𝑅,𝑑 =
1

𝑀𝑅,𝑢
= √

�̇�𝑢

�̇�𝑑
 3.3.21 

and the subscript 𝑅 denotes that this is for a rarefaction.  Using construct, the transmission coefficient is 

identical to that of the counter-propagating shock.  This gives 

Δ𝑡𝑚1

Δ𝑡𝑚0

=
1 + 𝑀𝑅,𝑑

1 + 𝑀𝑅,𝑢
= √

𝜌𝑢𝑐𝑠,𝑢

𝜌𝑑𝑐𝑠,𝑑
. 3.3.22 

From the propagation of the unloading wave, 𝑀𝑅,𝑢 < 1 and 𝑀𝑅,𝑑 >, therefore, 
Δ𝑡𝑚1

Δ𝑡𝑚0

> 1. 

The material interface is stationary in this coordinate frame as shown in Figure 3.3.2 (d).  This means 

that the flow will change velocity according to the sound velocities in the materials, but the relative 

timing will not change.  This gives 

Δ𝑡𝑚1

Δ𝑡𝑚0

= 1. 3.3.23 

Unsteady waves propagating in actual targets may encounter several of these factors and they must be 

combined to determine the true time dilation.  This is done by simply multiplying the required dilation 

coefficients.  If, for instance, a target consisted of three layers, where the impedance of the second 

material is less both the first and third, a centered rarefaction would occur in the first material and a 

counter-propagating shock in the second.  The time dilation at a shock front in the third material would 

then be determined by multiplying equations 3.3.18, 3.3.20, and 3.3.22 in the corresponding materials. 

3.3.3.2 Amplitude modulation 

As an acoustic perturbation propagates through the medium, interaction with waves and interfaces will 

affect its amplitude.  This amplitude modulation is a result of changes in impedance as the perturbation 

transits those features.  The unsteady wave method uses first-order approximations of the form 

𝑎(𝑡) = �̅� + 𝛿𝑎(𝑡), where 𝑎 is any parameter in the fluid with 𝛿𝑎 is the perturbation amplitude.  The 

same four cases as in the previous section exist for this interaction with their corresponding density and 

velocity perturbations shown in Figure 3.3.3. 
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Figure 3.3.3: Interaction of acoustic perturbations (blue) with shocks (red) (a and b), rarefactions (black dash) (c), and 
material interfaces (black vertical) (d).

45
  For shocks and rarefactions, the downstream and upstream regions are denoted as 

“d” and “u”, respectively.  The interface in (d) is stationary with respect to mass flow, so there are no downstream or 
upstream regions. In (a), an acoustic perturbation is overtaking a receding shock.  When the perturbation catches up to the 
shock, the non-propagating density disturbance perturbs the density of the material behind the shock and the sound wave 
perturbs the velocity of the shock.  This is seen in experiments as a slight bump (either positive or negative) in the shock 
velocity.  The corresponding case for the acoustic perturbation interacting with a counter-propagating shock is shown in (b).  
For the rarefaction shown in (c), the acoustic perturbation propagates through the fan along a streamline, such that its 
properties are defined by a Riemann invariant.  Hence, it does not change any properties of the rarefaction.  The material 
interface (d) is a sudden change in density, resulting in transmitted and reflected velocity components.  This introduces a 
velocity perturbation dependent on the relative impedance of materials “0” and “1”. 

The interaction of an acoustic wave with a shock can result in a reflected wave (in the case of overtaking 

a receding shock) or a transmitted wave (for a counter-propagating shock).  This interaction results in 

the generation of a density perturbation at the interface that either reflects or transmits the acoustic 

wave with a slight change in its velocity as shown in Figure 3.3.3 (a) and (b).  The density perturbations 

(black lines) do not propagate, but locally change the entropy downstream from the shock. 

The determination of amplitude coefficients is significantly more complex than the time dilation 

coefficients in the previous section.  This is because these perturbations have four potential modes 

versus only two modes for time dilations.  These modes are acoustic waves propagating towards (𝛿𝑃+) 

and away (𝛿𝑃−) from the shock in the downstream region, the non-propagating density perturbation 

(𝛿𝜌𝑥), and a counter-propagating acoustic wave in the upstream region (𝛿𝑃𝑢).  Downstream the acoustic 

perturbations are related to one another as 𝛿𝑃 = 𝛿𝑃+ + 𝛿𝑃−, 𝛿𝜌 =
𝛿𝑃

𝑐𝑠,𝑑
2 + 𝛿𝜌𝑥, and 𝜌𝑑𝑐𝑠,𝑑𝛿𝑢 = 𝛿𝑃+ −

𝛿𝑃−.  Upstream of the shock, the perturbations are related as 𝛿𝑃 = 𝛿𝑃𝑢, 𝛿𝜌 =
𝛿𝑃𝑢

𝑐𝑠,𝑢
2 , and 𝜌𝑢𝑐𝑠,𝑢𝛿𝑢 = 𝛿𝑃𝑢. 
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The perturbations in the upstream and downstream regions must by related using jump conditions 

across the shock front.  Starting with the energy equation of the Rankine-Hugoniot relations in the form 

of Eq. 2.4.39, the four potential modes in relation to the shock front are constrained by 

(1 − 𝑀𝑆,𝑑
2 )(𝛿𝑃+ + 𝛿𝑃−) + (

𝐸𝑃,𝑑

Δ𝜈
− 𝑀𝑆,𝑑

2 ) 𝑐𝑠,𝑑
2 𝛿𝜌𝑥 + (𝑀𝑆,𝑢

2 − 1)𝛿𝑃𝑢 = 0 3.3.24 

where 𝐸𝑃,𝑑 is the derivative of the internal energy with respect to pressure in the downstream region 

and Δ𝜈 =
1

𝜌𝑢
−

1

𝜌𝑑
.  A second constraint is determined from the jump conditions for the conservation of 

momentum (Eq. 2.4.34).  The balance of momentum requires that 𝛿𝑃 + 𝑢2𝛿𝜌 − 2𝜌𝑢𝛿𝑢 is conserved 

across the shock.  This constrains the four mode amplitudes by 

(1 − 𝑀𝑆,𝑑)
2
𝛿𝑃+ + (1 + 𝑀𝑆,𝑑)

2
𝛿𝑃− + 𝑀𝑆,𝑑

2 𝑐𝑠,𝑑
2 𝛿𝜌𝑥 = (1 + 𝑀𝑆,𝑢)

2
𝛿𝑃𝑢. 3.3.25 

Using the mass conservation relation (Eq. 2.4.31) in its differential form determines the change in the 

shock velocity, 𝛿𝑢𝑆.  This gives 

(𝜌𝑑 − 𝜌𝑢)𝑐𝑑𝛿𝑢𝑠 = (1 − 𝑀𝑆,𝑑)𝛿𝑃+ − (1 + 𝑀𝑆,𝑑)𝛿𝑃− − 𝑀𝑆,𝑑𝑐𝑠,𝑑
2 𝛿𝜌𝑥 −

𝑐𝑠,𝑑

𝑐𝑠,𝑢
(1 − 𝑀𝑆,𝑢)𝛿𝑃𝑢. 3.3.26 

Solving equations 3.3.24 and 3.3.25 with the deviation in shock velocity from Eq. 3.3.26 allows for the 

reflected wave (𝛿𝑃−) and density disturbance (𝛿𝜌𝑥) to be determined, 

𝛿𝑃− = −
1 − 𝑀𝑆,𝑑

1 + 𝑀𝑆,𝑑

(1 − 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

𝛿𝑃+

+
1 − 𝑀𝑆,𝑢

1 + 𝑀𝑆,𝑑

(1 − 𝑀𝑆,𝑢)𝐸𝑃,𝑑 − 𝑀𝑆,𝑢𝑀𝑆,𝑑
2 Δ𝜈

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

𝛿𝑃𝑢, 

3.3.27 

and 𝑐𝑠,𝑑
2 𝛿𝜌𝑥 = −

2𝑀𝑆,𝑑(1 − 𝑀𝑆,𝑑)Δ𝜈

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

𝛿𝑃+ +
(𝑀𝑆,𝑢 − 1)(𝑀𝑆,𝑢𝑀𝑆,𝑑 + 1)Δ𝜈

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

. 3.3.28 

Combining these results gives the shock velocity perturbation, 

(𝜌𝑑 − 𝜌𝑢)𝑐𝑑𝛿𝑢𝑠 

=
2(1 − 𝑀𝑆,𝑑)𝐸𝑃,𝑑

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

𝛿𝑃+ + (𝑀𝑆,𝑢 − 1)(
𝜌𝑢𝑀𝑆,𝑢

𝜌𝑑𝑀𝑆,𝑑
−

(𝑀𝑆,𝑢 − 1)𝐸𝑃,𝑑 + 𝑀𝑆,𝑑Δ𝜈

(1 + 𝑀𝑆,𝑑)𝐸𝑃,𝑑 − 𝑀𝑆,𝑑
2 Δ𝜈

)𝛿𝑃𝑢. 
3.3.29 

Using equations 3.3.27-3.3.29, it is possible to determine the perturbation to the shock velocity for the 

cases of a receding or counter-propagating shock.  For the receding shock, 𝛿𝑃𝑢 = 0 and 𝛿𝑃+ =

𝜌𝑑𝑐𝑠,𝑑𝛿𝑢+.  This gives the amplitude perturbation from Eq. 3.3.29 as 

𝛿𝑢𝑠

𝛿𝑢+
=

−2𝜂

𝜂 − 1

𝑀𝑆,𝑑 − 1

1 + 𝑀𝑆,𝑑 − (𝜂 − 1)𝑀𝑆,𝑑
2 𝛤𝑑

, 3.3.30 

where 𝜂 =
𝜌𝑑

𝜌𝑢
 is the compression ratio and 𝛤𝑑 is the downstream Grüneisen parameter. 

The case of a sound wave counter-propagating to the shock and being transmitted through it shock has 

no downstream waves.  As a result 𝛿𝑃+ = 0, while 𝛿𝑃𝑢 and 𝛿𝑃− are similar to 𝛿𝑃+ in the receding shock 

case.  Substituting those values into Eq. 3.3.27 gives for the counter-propagating shock, 
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𝛿𝑢−

𝛿𝑢𝑢
= 𝑀𝑆,𝑑

𝑀𝑆,𝑢 + 1

𝑀𝑆,𝑑 + 1

1 + 𝑀𝑆,𝑢
−1 − (𝜂 − 1)𝑀𝑆,𝑑

2 𝛤𝑑

1 + 𝑀𝑆,𝑑 − (𝜂 − 1)𝑀𝑆,𝑑
2 𝛤𝑑

𝛿𝑃𝑢. 3.3.31 

For the centered rarefaction in Figure 3.3.3 (c), the pressure perturbation is smooth, resulting in only a 

transmitted component.  Because a rarefaction wave is an isentropic process (Section 2.4.2), the 

acoustic wave would be conserved and follow a Riemann invariant.  This dictates that the pressure 

change across the rarefaction fan depends only on the change in impedance across the fan.  This gives 

the pressure perturbation as 
𝛿𝑃𝑑+

𝛿𝑃𝑢+
=

𝜌𝑑𝑐𝑠,𝑑

𝜌𝑢𝑐𝑠,𝑢
.  The corresponding velocity perturbation becomes 

𝛿𝑢𝑑+

𝛿𝑢𝑢+
= 1. 3.3.32 

Finally, at the material interface, there is an abrupt change in impedance which results in both 

transmitted and reflected waves as shown in Figure 3.3.3 (d).  As a result, there will be a perturbation to 

the pressure and velocity of the wave front across the interface.  The acoustic impedance of a wave is 

defined as 
𝜕𝑃

𝜕𝑢
= ±𝜌𝑐𝑠 where the sign is determined by the direction of propagation.  Because an 

impedance mismatch exists at the interface, the acoustic pressure perturbation is 𝛿𝑃 = 𝜌𝑐𝑠(𝛿𝑢+ −

𝛿𝑢−) and the total acoustic velocity perturbation is 𝛿𝑢 =
(𝛿𝑃+−𝛿𝑃−)

𝜌𝑐𝑠
.  By conservation of mass and 

momentum, the velocity and pressure are conserved across the interface allowing for the pressure 

perturbation to be written as 

𝛿𝑃1+

𝛿𝑃0+
=

2𝜌1𝑐𝑠1

𝜌1𝑐𝑠1 + 𝜌0𝑐𝑠0
, 3.3.33 

where the perturbation crosses from material 0 to material 1.  Using the acoustic velocity, this gives the 

velocity perturbation, 

𝛿𝑢1+

𝛿𝑢0+
=

2𝜌0𝑐𝑠0
𝜌1𝑐𝑠1 + 𝜌0𝑐𝑠0

. 3.3.34 

For targets with multiple layers, the process to determine the coefficient of amplitude modulation is 

identical to that in the previous section.  Hence, this method is scalable to arbitrarily thick targets where 

the total coefficient is the product of all individual coefficients. 

3.3.3.3 Measuring the sound velocity and Grüneisen parameter 

The unsteady wave method gives a series of transmission coefficients that relate time dilations and 

amplitude modulations to initial acoustic perturbations propagating through a target.  If these 

modulations are well known, determining the sound velocity and Grüneisen parameter is 

straightforward and provides an absolute measurement.  The product of all transmission coefficients for 

a target gives the ratio 
Δ𝑡𝑓𝑟𝑜𝑛𝑡

Δ𝑡_𝑠𝑜𝑢𝑟𝑐𝑒
 for the time dilation and 

𝛿𝑢𝑓𝑟𝑜𝑛𝑡

𝛿𝑢_𝑠𝑜𝑢𝑟𝑐𝑒
 for the amplitude perturbation.  

These ratios can be written as 

Δ𝑡𝑓𝑟𝑜𝑛𝑡

Δ𝑡𝑠𝑜𝑢𝑟𝑐𝑒
= 𝑓, and 3.3.35 

𝛿𝑢𝑓𝑟𝑜𝑛𝑡

𝛿𝑢𝑠𝑜𝑢𝑟𝑐𝑒
= 𝑔. 

3.3.36 
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The quantities Δ𝑡𝑓𝑟𝑜𝑛𝑡 and 𝛿𝑢𝑓𝑟𝑜𝑛𝑡  can be measured using velocity interferometry (to be discussed 

later), leaving the initial pulse interval and amplitude to be determined.  Assuming this is known from 

the driver used to generate the shock, the 𝑓 and 𝑔 coefficients can be measured directly.  The Mach 

numbers and Grüneisen parameter in the fluid can be deduced from those transmission coefficients. 

In practice, random perturbations in the drive make it difficult determine the initial timing of 

perturbations, Δ𝑡𝑠𝑜𝑢𝑟𝑐𝑒.98  One solution is to incorporate a witness alongside the sample.  For a planar 

shock that extends across the sample and witness, the temporal profile of the pressure input will be 

identical for both sides of the target.  The 𝑓 and 𝑔 are solved to match the wave profile in the sample to 

that in the witness, thereby relating the sound speeds and Grüneisen parameters of the two materials.  

By dividing Eq. 3.3.35 for material B by the same equation for material A, the relative time dilation 

factor, 𝐹, is determined. 

Δ𝑡𝐵𝑓𝑟𝑜𝑛𝑡

Δ𝑡𝐴𝑓𝑟𝑜𝑛𝑡
=

𝑓𝐵
𝑓𝐴

= 𝐹. 3.3.37 

The same process can be done for the amplitude coefficients to get 

𝛿𝑢𝐵𝑓𝑟𝑜𝑛𝑡

𝛿𝑢𝐴𝑓𝑟𝑜𝑛𝑡
=

𝑔𝐵

𝑔𝐴
= 𝐺. 3.3.38 

With these coefficients, knowledge of the sound velocity and Grüneisen parameter in one material 

allows it to be determined in the other material. 

 

Figure 3.3.4: Calculation of sound velocity from acoustic disturbances.
45

  (a) Assume a target consisting of a stepped witness 
and a sample.  The acoustic perturbations (blue) in the witness side only interact with the receding shock front (red) in the 
witness in (b).  In (c), the perturbations cross the interface between the witness and sample.  As shown, the sample is lower 
impedance than the witness, resulting in a centered rarefaction propagating back into the sample.  These disturbances 
therefore interact with a rarefaction in the witness (black), the interface between the witness and sample, and the receding 
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shock in the sample (red dash).  (d) Velocity profiles measured for the witness (solid) and sample (dashed).  The time 
between perturbations arriving at the shock fronts is dilated and depends on the relative sound velocities. 

Consider the case in Figure 3.3.4.  As shown in panel (a) a shock is driven in a stepped baseplate by 

pressure 𝑃(𝑡).  Mounted to the baseplate is the sample, such that it lies alongside the witness step.  The 

shock propagates through the baseplate and on one side of the target releases to lower pressure to 

propagate into the sample.  On the other side, the shock is does not encounter any interfaces.  

Assuming both the witness and sample are transparent and the shock can be tracked in both materials 

with interferometry, the shock state can be determined in each material and the acoustic perturbations 

can be measured.  Panels (b) and (c) describe the two sides of the target, with (b) being the witness only 

side and (c) being the side with the sample.  The shock velocities shown in panel (d) are for the witness 

(solid) and the sample (dashed). 

Using the coefficients developed in the previous sections, the time dilations can be determined for the 

two sides of the target.  For the witness only side (b), it is a receding shock with region (0) upstream and 

region (1) downstream of the shock; therefore it is described by Eq. 3.3.18 giving 

Δ𝑡𝑆𝐹𝑊

Δ𝑡0
=

1

1 − 𝑀𝑆1,𝑑
 3.3.39 

On the sample side (c), region (0) is upstream of the shock and is at rest.  In region (1) of part B, the flow 

is downstream of the shock and upstream of the centered rarefaction 𝑅1 in the baseplate.  Region (2) of 

part B is downstream of the centered rarefaction and identifies the conditions in the baseplate where 

the acoustic perturbations interact with the material interface (vertical line separating B and C).  In part 

C, region (0) is upstream and region (1) is downstream of the shock in the sample.  Hence, the acoustic 

perturbations interact with a centered rarefaction in the baseplate, material interface, and shock front 

in the sample.  Using equations 3.3.18 and 3.3.22 gives 

Δ𝑡𝑆𝐹𝑆

Δ𝑡0
=

1 + 𝑀𝑅1,𝑑

1 + 𝑀𝑅1,𝑢

1

1 − 𝑀𝑆2,𝑑
 3.3.40 

Dividing equation 3.3.40 by 3.3.39 and solving for the Mach number gives 

𝑀𝑆2,𝑑 = 1 −
(1 − 𝑀𝑆1,𝑑)(1 + 𝑀𝑅1,𝑑)

𝐹(1 + 𝑀𝑅1,𝑢)
. 3.3.41 

The same subscripts have been used as in the previous sections, where 𝑆 denotes a shock, 𝑅 is a 

centered rarefaction, 𝑑 is the flow downstream of the wave, and 𝑢 is the flow upstream of the wave.  In 

the case described here, the Mach number of fluid upstream of the centered rarefaction (Region B (1) in 

Figure 3.3.4 (c)), 𝑀𝑅1,𝑢, is the same as that downstream of the shock 𝑀𝑆1,𝑑.  This is because the shock 

previously transited the material, but the centered rarefaction launched at the interface has not yet 

reached that point in the witness.  Therefore, if the Mach numbers in the witness are known, the 

relative time dilations can be measured and the Mach number in the sample can be determined.  A 

similar process can determine the Grüneisen parameter in the sample from the known witness and the 

𝐺 coefficient from Eq. 3.3.38. 

This method allows for simultaneous sound velocity and Grüneisen parameter measurements provided 

a reference is known.  It does not require knowledge of the Hugoniot of the sample as the experiments 
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required to make measurements at different densities will also serve as impedance matching data for 

the Hugoniot.  Finally, this is the first method developed to make direct measurements of the Grüneisen 

parameter at arbitrary pressure. 

3.4 Monte Carlo method for error analysis 

The Monte Carlo method is a numerical method that uses the generation of random variables to 

replicate statistical variation in observables.99,100  Fundamental to the method is defining the individual 

processes in a system as events.  For each event, a random outcome is determined from the expected 

value and its probability distribution.  This method works for both continuous and discrete distributions 

provided the probability is known.100  In this regard, statistical methods depend on series of random 

variables with known mean and standard deviation. 

The generation of random variables relies on the two fundamental theorems in probability theory: the 

Law of Large Numbers and the Central Limit Theorem.  The law of large numbers was originally proved 

for binomial distributions as Bernoulli’s theorem100 and was later expanded to all probability 

distributions.  The weak form of the law states that given a sequence of random observations 𝑋𝑖  with 

mean 𝜇 and standard deviation 𝜎, as the number of observations goes to infinity the probability that the 

average of the observations �̅� =
1

𝑁
∑ 𝑋𝑖

𝑁
𝑖  converges to 𝜇 is one.  Mathematically this is stated as 

lim𝑁→∞ 𝑃(|�̅� − 𝜇| < 𝜖) = 1.  The strong law of large numbers further constrains this to: 

𝑃(lim𝑁→∞|�̅� − 𝜇| < 𝜖) = 1.  This states that the mean of the measurements almost surely converges to 

the mean of the distribution.101 

The central limit theorem follows from the law of large numbers when considering the difference 

between convergence in distribution and convergence in probability.  In statistics, it is defined such that 

if the sequence of random variables, 𝑋𝑖, converges in probability to the given mean 𝜇, the sequence 

must also converge in distribution to 𝜇.  Using this theorem, if the random variables 𝑋𝑖  have moment-

generating functions that exist in the neighborhood of zero the mean and standard deviation are finite.  

The cumulative density function 𝐺𝑁(𝑥) then approaches a normal distribution: 

lim
𝑁→∞

𝐺𝑁(𝑥) = ∫
1

√2𝜋
e−

𝑦2

2 𝑑𝑦

𝑥

−∞

, 3.4.1 

where 𝑥 = √𝑁
(𝑋𝑁̅̅ ̅̅ −𝜇)

𝜎
.101 

For Monte Carlo analysis, the law of large numbers and central limit theorem define the requirements to 

accurately model an experiment.  In Monte Carlo analysis, each event in a system has a known 

probability distribution defined by a mean and standard deviation.  The law of large numbers states that 

by generating random variables from the distribution, increasing the number of events will lead the 

mean of the random variables to converge to the mean of the distribution.  Furthermore, the central 

limit theorem implies that regardless of the initial moment-generating function for the random 

variables, the probability distribution approaches a normal distribution.  Therefore, Monte Carlo analysis 

determines the mean and standard deviation of an arbitrary function 𝐹(𝑥) = 𝑓1(𝑥) ∙ 𝑓2(𝑥) ∙ …, where 

the functions 𝑓𝑖(𝑥) are the individual events and the bullet operator can be any operation between 
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functions.  A series of normally distributed random variables is generated from the known distribution 

for each event 𝑓𝑖 as 

𝑓𝑖(𝑥) = 𝑓𝑖(𝑥)̅̅ ̅̅ ̅̅ + 𝜎𝑧, 3.4.2 
where 𝑧 is a random number drawn from the unit normal distribution, 

𝑃(𝑧) =
1

√2𝜋
e−

𝑧2

2 . 3.4.3 

and after many trials, the mean and standard deviation of 𝐹 represents its true distribution.  The Monte 

Carlo method requires generation of a large number of events to converge to the true distribution, 

making it computationally intensive.  However it can model the true error better than quadrature or 

other non-statistical methods, and is not limited to linear operations among random variables. 

3.4.1 Example: Area of a circle 

A simple example of the Monte Carlo method is determining the area of a circle.  Assume a circle is 

inscribed within a square centered on the origin of the Cartesian plane with sides defined by the lines 

𝑥 = ±1 and 𝑦 = ±1 as shown in Figure 3.4.1.  The area of the square is known to be the square of the 

length of its sides, such that for this square, 𝐴 = 4.  However, if the formula for the area of the circle is 

unknown, the Monte Carlo method can determine the proportion of the square covered by the circle 

and subsequently its area. 

 

Figure 3.4.1: Circle inscribed within square with bounds at 𝒙 = ±𝟏 and 𝒚 = ±𝟏. 

Inside the square in Figure 3.4.1, the circle is centered on the origin with unit radius.  Hence, it is defined 

by the curve 𝑥2 + 𝑦2 ≤ 1.  Using the known formula for the area of the circle, 𝐴 = 𝜋𝑟2, where 𝑟 is the 

radius, it is clear that for this circle, 𝐴 = 𝜋 ≈ 3.1416.  By generating a set of uniformly distributed 

random variables such that −1 ≤ 𝑥 ≤ 1 and −1 ≤ 𝑦 ≤ 1 the area can be determined from the 

proportion of the random numbers that fall within the circle.  This is illustrated for different numbers of 

random variables in Figure 3.4.2. 
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Consider the set of ten random variables in Figure 3.4.2 (a).  Seven of these points fall within the 

boundary of the circle such that the area of the circle is 
7

10
× 4 = 2.8.  Comparing this value to the 

known area of the circle demonstrates that there is a significant margin of error for the approximated 

value.  However, as the number of points in the sample increases, the mean of the sample tends 

towards the mean of the distribution.  Increasing the number of points in the sample to 100 (Figure 

3.4.2 (b)) or 1000 (Figure 3.4.2 (c)) and counting the number of points within the circle for these cases 

yields 𝐴100 =
75

100
× 4 = 3.00 and 𝐴1000 =

797

1000
× 4 = 3.188.  From these samples, it is clear that 

although the probability of a single point falling within the circle does not change, the proportion of the 

points that fall within the circle is approaching the true value.  If 106 random numbers are used as shown 

in Figure 3.4.2 (d), the density of points fills the entire square.  With this number of points selected the 

area of the circle as calculated from the number of points is 𝐴106 ≈ 3.1413.  This value is identical to the 

known area for the first four significant figures, with a total error <.01%.  This demonstrates that for 

sufficiently large samples, the Monte Carlo method gives a result approximately identical to the true 

value. 

 

Figure 3.4.2: Measurement of area of circle through generation of random variables.  The circle in black has an unknown 
area, but it is known to be a fraction of the area of the blue square.  Generating a series of random numbers determines the 
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proportion of the square that is covered by the circle.  Increasing the number of random variables increases the density of 
points and causes the measurement to converge to the true value.  a) 10 points, b) 100 points, c) 1000 points, d) 10

6
 points 

3.5 Experimental design 

The experiments described in this thesis used laser-driven shocks in planar targets.  The energy of the 

laser was set to produce the desired shock pressure in the target.  A variety of materials was used in the 

experiments with a specific range of desired pressures for each material.   The planar targets were 

designed using transparent materials mounted to a quartz baseplate allowing for dynamic measurement 

of the shock velocity using interferometry.  The use of the quartz baseplate enabled accurate 

measurement of the initial conditions relative to a known standard (quartz). 

3.5.1 Driver 

The experiments were conducted using the OMEGA extended performance (EP) laser at the University 

of Rochester, Laboratory for Laser Energetics.71  A small portion of data presented in Chapter 4 came 

from re-analysis of older experiments performed on the OMEGA laser, also at the UR/LLE.10  The OMEGA 

EP laser is a four beam system comprised of neodymium-doped phosphate glass amplifiers that lase at 

1053 nm.  For this architecture, two of the beams can operate in short pulse mode at the first harmonic, 

generating up to 2.6 kJ per pulse at lengths from 1-100 ps.  All four beams can be used in long pulse 

mode at the third harmonic (351 nm) with pulse lengths from 0.1-10 ns and energies ranging from 2.5 kJ 

in 1 ns to 6.5 kJ in 10 ns.   All experiments discussed herein were conducted using the beams in long-

pulse, UV operation. 

The four beams irradiate the target at a 23° angle of incidence and symmetrically around the target 

normal.  Beams 1 and 2 are opposite each other as are beams 3 and 4.  The use of the opposite beam 

pairs eliminates the pressure component perpendicular to the surface normal, resulting in drive normal 

to the target surface.  The EP laser shot rate is 90 minutes for any given beam; interleaving beam pairs 

can achieve a 45 minute shot cycle.  The focal distributions of the beams were spatially smoothed using 

distributed phase plates76 with spot sizes at best focus of 750, 1100, or 2000 microns.  The phase plates 

create super-Gaussian profiles with a flat top encompassing approximately 90% of the energy.  The sizes 

were chosen to achieve large planar shocks within the energy limits of the system.  The pulse shapes 

used were square pulses with lengths from 3 to 6 ns, resulting resulted in laser intensities from 7×1012 

W/cm2 for polystyrene targets up to 1.7×1014 for MgO targets.  The laser intensities were determined 

based on the desired pressure in the sample.  The range of pressures of interest for the polystyrene was 

the lowest (100-800 GPa) with that for the MgO being the highest (>700 GPa), resulting in lower 

intensities for polystyrene targets and higher intensities for MgO targets. 

3.5.2 Target design 

These experiments used multilayered, planar targets that were 3 mm square with a total thickness ~300 

µm.  These targets had three layers: an ablator, baseplate, and two side-by-side samples as shown in 

Figure 3.5.1.  The ablator was made of parylene deposited directly onto the baseplate.  A 50-75 µm thick 

z-cut α-quartz sample was used for the baseplate of the target.  For samples, all targets had a 250 µm 

thick α-quartz witness on the bottom half of the target.  The other sample was the material of study for 

that experiment: fused silica, polystyrene (CH), or periclase (MgO).  The layers were bonded using thin 

(<3 µm thick) glue layers and then mounted on a stalk such that the normal of the target bisected the 
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four laser beams.  Targets using the 750 µm phase plates were mounted on 10 mm diameter washers to 

prevent “blanking” due to plasma circulation.  This is an important consideration because the 

accumulation of free electrons at the rear surface can absorb the VISAR probe (see Section 3.6) and no 

fringe data is detected.  

 

Figure 3.5.1: Target design used in experiments. Baseplates used were 3 mm square and 50-75 um thick.  Ablator was 
deposited on laser side of baseplate and sample and quartz witness mounted to back.  All samples used were transparent 
with shock observed both in sample and witness using VISAR. 

The parylene ablators were deposited onto the baseplate using vacuum deposition.  The parylene 

material starts as a powder which is heated to a vapor.  Further heating the vapor breaks it down to 

monomer units, which, when introduced to a vacuum chamber containing the baseplates, fills and coats 

the entire chamber.  The material polymerizes and coats all exposed surfaces, producing uniform layers 

with controlled thickness.  The baseplates are placed in the chamber on a glass plate to minimize the 

amount of parylene that deposits on the back surface; however, a small amount of parylene is deposited 

on the back surface in this process.  Because parylene bonds stronger to itself than to quartz, the layer 

deposited on the back surface is peeled off allowing for the samples to be mounted directly to the 

quartz baseplate.  The choice of parylene is based on its low atomic number and mass.  Being a low-Z 

material allows it to absorb the energy from the laser without generating large amounts of x-rays that 

could penetrate into the target and pre-heat the samples.  Furthermore, its low mass produces higher 

ablation velocities and therefore a higher ablation pressure.  This is important because significant pre-

heating would result in a measurement off the principal Hugoniot of the material. 

Single crystal, z-cut α-quartz was chosen for the baseplate because of its known properties at high 

pressure.  Quartz has been demonstrated to be nearly transparent prior to a shock, but metallizes to 

form a highly reflective shock front above ~100 GPa.89  Furthermore, its Hugoniot44,48 and release46,49 

have been extensively studied, making it an ideal standard for shock measurements because it has been 

absolutely calibrated standard for impedance matching experiments (Section 3.2.1) and its transparent 

nature allows for continuous tracking of the shock velocity.  Furthermore, the release model for quartz 

enabled analytic calculation of the sound velocity behind the shock front, which enables its use as a 

sound velocity standard.  This makes it the most desirable material for sound velocity determination 

using the unsteady wave analysis in Section 3.3.3. 
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 All the targets used had two samples, the quartz witness and another material.  These other materials 

were chosen based on two criteria.  The first criterion was that the material be transparent.  This allows 

continuous tracking of the shock velocity for determination of the relative sound velocity using the 

unsteady wave analysis.  The second criterion was that it was a material of interest and its Hugoniot had 

been measured.  This was important because the objective of this work is to determine the sound 

velocity and Grüneisen parameter in the material.  If the material had an unknown Hugoniot, it could be 

determined through impedance matching.  However, certain materials have very high shock impedances 

and limited regions where they demonstrate a reflecting shock.  These materials would limit the amount 

of data that could be measured or end up having shots where the sample does not have a reflecting 

shock.  The quartz witness was included in all targets for unsteady wave analysis. 

Fused silica, CH, and MgO all have applications as terrestrial materials or in ICF experiments.  Fused silica 

is a polymorph of quartz and measurement of its sound velocity and Grüneisen parameter could yield 

information on the high pressure behavior of liquid silica.  This behavior is important to understanding 

the properties of the Earth and exoplanets at conditions of the core-mantle boundary.  MgO is another 

terrestrial material prevalent in the Earth’s mantle.  Its behavior at high pressure can describe the 

properties of super-Earths and large exoplanets where the core is at higher pressure than Earth.  CH on 

the other hand is not a terrestrial material but is routinely used as an ablator material in ICF targets, 

making knowledge of its off-Hugoniot behavior very important.51 

The thickness of the ablator and baseplate were chosen to optimize the perturbation analysis using the 

unsteady wave method.  The time delay between perturbations and arrival time of the first perturbation 

depends on the ablator thickness.  It was found in shots with the 10 µm ablator that the first 

perturbation arrived before the shock had reached steady state.  Hence for all later shots, the ablators 

were between 15 and 20 µm thick.  One-dimensional hydrodynamic simulations were carried out using 

LILAC74 to determine the depth into the target where the first perturbation occurs.  The quartz baseplate 

was selected to be slightly thinner than this depth so the perturbation did not occur at the interface.  

For one shot day, the ablators were cut from polystyrene and glued to the quartz baseplate due to time 

constraints in fabrication.  These targets did not display as strong perturbations and the remaining shot 

days used deposited ablators. 

The formation of perturbations to the shock strength resulted from differences of impedance between 

the ablator and baseplate.  When a shock passes from a lower impedance material to a higher 

impedance material, a reflected shock is driven into the lower impedance material (Section 3.2.1).  For 

the case of the ablator-baseplate interface, this reflected shock was driven into the ablator toward the 

ablation front where the deposited laser light produces the drive pressure.  If the drive laser is on, that 

pressure reflects the shock back into the ablator.  This creates a series of reverberations for the duration 

of the laser pulse, each of which produces a perturbation in the target.  The temporal behavior of these 

perturbations was analyzed to determine the sound speed and Grüneisen parameter. 

3.6 Diagnostics 

The only diagnostic used in these experiments was the LLE Active Shock Break-Out diagnostic, a line-

imaging velocity interferometry system for any reflector (VISAR).102  The VISAR diagnostic consists of a 
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probe laser at 532 nm, relay optics, and a Mach-Zehnder interferometer coupled to an optical streak 

camera.103  In high-pressure research, a VISAR can be used to measure the free-surface, shock, or piston 

velocity.  Which of those features is measured depends on their relative reflectivity.  To account for 

ambiguities introduced by discontinuities, two VISARs with different velocity sensitivities are used. 

3.6.1 VISAR – theory 

The original VISAR system developed by Barker and Hollenbach102 consisted of a Mach-Zehnder 

interferometer where the output was measured with a photodetector and its readout given on an 

oscilloscope.  The Mach-Zehnder interferometer is a single pass interferometer where an input beam is 

split into two collimated legs as shown in Figure 3.6.1.  The output of the interferometer displays the 

phase difference between those two legs.  This design allows for the legs of the interferometer to be 

arbitrarily long, making it ideal for measuring gas flow, plasma density and other refractive index 

perturbations.104  It is also desirable because the adjustment of end mirrors allows for positioning of 

fringes at any point within the interferometer.  This enables capture of 2-D non-uniformities in a 

material. 

 

Figure 3.6.1: Schematic of Mach-Zehnder interferometer.  Beam from target collimated by L1 and split into two beams by 
BS1.  Leg 1 reflects off M1 towards BS2, while Leg 2 is delayed by the etalon reflecting off M2 towards BS2.  The beams are 
recombined at BS2 and focused by L2 into a camera. 

For the case of laser velocity interferometry, a coherent probe laser reflects off a moving target and is 

imaged through a Mach-Zehnder interferometer.  The returning beam hits the input beam splitter (BS1 

in Figure 3.6.1.) and is split into two beams: leg 1 and leg 2, where leg 1 is the beam that passes straight 

through the beam splitter.  A planar fused silica window is inserted into leg 2 producing a temporal 

delay of an amount 𝜏 relative to leg 1.  This delay depends on the index of refraction of fused silica and is 

given as 

𝜏 =
2ℎ

𝑐
𝑛, 

3.6.1 

where ℎ is the thickness of the etalon, 𝑛 is its index of refraction, and 𝑐 is the speed of light.  The delay is 

proportional to twice the thickness of the etalon because it is a double-pass system.  Insertion of the 

planar optic in leg 2 shifts its focal plane.  To compensate for this, the position of the end mirror of leg 2 

is adjusted by a factor 
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𝑑 = ℎ (1 −
1

𝑛
). 3.6.2 

This translation re-positions the image in leg 2 so both beams are in focus at the output beam splitter.  

This also adds a small delay to leg 2, giving the total delay as 

𝜏 =
2ℎ

𝑐
(𝑛 −

1

𝑛
). 3.6.3 

The second beam splitter recombines the images in the two legs and the resulting output is an image of 

the target superposed with an interference pattern containing the relative phase of the two legs.  The 

detector can be either a streak camera or fast photodiode connected to an oscilloscope.  In the latter 

case, the relative phase of the two beams determines the brightness observed by the detector caused 

by constructive or destructive interference.  Measurement of the brightness variation records the 

change in phase over the length of the delay element.  This provides information about the change in 

velocity, such that for constant velocity, the phase does not change and the brightness remains 

constant. 

To understand the transformation from phase changes to velocity changes it is beneficial to consider a 

simple example.  Assuming the probe laser is monochromatic, the light entering the interferometer is 

sinusoidal, with the wavelength being the distance between crests of the wave.  Constructive 

interference occurs when the phase difference between the two legs (Δ𝜙) is an integer multiple of 

wavelengths and the crests align, 

Δ𝜙𝑐 = 𝑁𝜆, 3.6.4 
where the subscript denotes constructive interference.  Conversely, if the phase difference is a half 

wavelength, Δ𝜙𝑑 = (𝑁 +
1

2
) 𝜆, the beams from the two legs destructively interfere and no light will be 

observed. 

Assume the interferometer is set up such that the two legs initially interfere constructively and the 

lengths of both legs are held constant such that the only changes in phase arise from changes in the 

wavelength.  The reflection of light off a moving front is subject to a Doppler shift in the frequency 

𝑓𝑟 = 𝑓𝑝 (
1 +

𝑣
𝑐

1 −
𝑣
𝑐

), 3.6.5 

where 𝑓𝑟 and 𝑓𝑝 are the frequencies of the reflected and initial probe beam and 𝑣 is the velocity of the 

front.  In laser-driven shock experiments, the shock typically moves towards the probe, creating a blue 

shift; also the shock velocity is much less than the speed of light (𝑈𝑠 ≪ 𝑐).  Therefore the time-

dependent change in wavelength can be derived from Eq. 3.6.5 as 

Δ𝜆(𝑡) = −
2𝜆

𝑐
𝑈𝑠(𝑡). 3.6.6 

Taking the derivative of Eq. 3.6.4 with respect to time gives 
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Δ𝑁(𝑡) = −
Δ𝜙𝑐

𝜆2
Δ𝜆(𝑡). 3.6.7 

Substituting into Eq. 3.6.6 gives the relation between the amplitude change and velocity of the shock 

front, 

Δ𝑈𝑠(𝑡) = −
𝜆

2𝜏
Δ𝑁(𝑡). 3.6.8 

This relation gives the change in velocity as a function of integer phase shifts (i.e. whole fringes), also 

known as the velocity per fringe (VPF).  This formula is not exact as it ignores dispersion in the etalon.105  

The correction will be discussed in the following section. 

The VPF relationship in Eq. 3.6.8 allows the measurement of changes in velocity relative to the 

brightness of the interference pattern.  By introducing a slight tilt to the output beam splitter, one 

produces a linear array of fringes that serve as a reference phase.  By imaging and temporally 

monitoring a linear section of those fringes, one produces a line-imaging VISAR.106  Figure 3.6.2 shows 

the difference between a traditional and line-imaging VISAR using simulated data.  The tilt introduces a 

fringe pattern where constant velocity is observed as constant, horizontal fringes and motion is detected 

by changes in the vertical position of the fringe pattern.  Observations of phase using a line-imaging 

VISAR require a streak camera to enable temporal and spatial resolution.  As well as providing a spatial 

element to the measurement, a line-imaging VISAR provides increased information about the velocity of 

the front.  With the traditional VISAR, there is no information as to increasing or decreasing velocity of 

the front as the change in brightness is identical moving away from a peak in constructive interference 

in either direction.  The traditional VISAR also does not provide reliable information of the reflectance of 

the front as it only gives information on reflectance at moments of complete constructive interference.  

In a line-imaging VISAR, sudden changes of fractions of a fringe are identifiable and continuous 

acceleration and deceleration is shown as motion of the fringes.  The direction of fringe motion 

identifies acceleration or deceleration.  The spatial dimension allows measurements across the width of 

a target such that targets with multiple layers or steps can be observed simultaneously.  Finally, a line-

imaging VISAR spatially resolves the reflected intensity distribution allowing it to measure the shock 

reflectivity as a function of time and space. 

 
Figure 3.6.2: Comparison of output from traditional VISAR (a) to line-imaging VISAR (b) for velocity profile in (c).  The 
traditional VISAR is only sensitive to the amplitude of the fringe as would be achieved from a single-pixel lineout from (b).  
The line-imaging VISAR has no net change in amplitude without a change in reflectivity and contains data on the sign of the 
velocity change instead of only magnitude. 
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3.6.2 VISAR – application 

The OMEGA EP Laser facility VISAR probe is a mode-locked Nd:YAG laser frequency doubled to 532 nm.  

The 50-ns laser pulse is nearly constant in time and timed such that the experiment occurs near the end 

of the constant intensity region of the pulse.  This enables measurements of the reflectivity of the shock 

front and decreases the amount of background light introduced by the probe after the experiment.  The 

probe laser and reflected light are transported into the target chamber using an image relay system to 

preserve the resolution of target features to the interferometer and streak camera.  The image of the 

target is focused on the output beam splitters of the Mach-Zehnder interferometers and relayed to a 

Rochester Optical Streak System (ROSS) camera.107  The optical system has a magnification of 13x, with 

spatial resolution in the target plane of ~30 μm.  The temporal resolution is tens to hundreds ps 

depending on the sweep speed and calibration of the streak camera.  The output from the 

interferometer is a two-dimensional image that is focused onto the slit of the ROSS camera.  This creates 

a one-dimensional image that is streaked in time.  The use of an imaging system allows fine adjustment 

of the telescope to image any particular portion of the target (with spatial dimension ~1 mm), and the 

image on the slit can be rotated to allow for measuring the shock front along any angle.  A schematic of 

the VISAR system on the OMEGA laser is shown in Figure 3.6.3.  The OMEGA EP VISAR has identical 

architecture, but the SOP diagnostic shown had not been installed at the time of these experiments. 

 
Figure 3.6.3: Schematic of VISAR/SOP system on OMEGA.

108
 The OMEGA EP system is identical. 

Determining the shock velocity from the fringe pattern requires first determining the phase of the 

fringes.  The linear fringe pattern (Figure 3.6.4(a)) produced by two interfering beams produces a spatial 

intensity pattern given as 

𝑆(𝑥, 𝑡) = 𝐵(𝑥, 𝑡) + 𝐴(𝑥, 𝑡) cos(𝜙(𝑥, 𝑡) + 2𝜋𝑓0𝑥 + 𝛿0), 3.6.9 
where 𝐴(𝑥, 𝑡) is the fringe amplitude, 𝐵(𝑥, 𝑡) is a slowly varying background intensity, 𝑓0 is the spatial 

frequency of the fringe pattern, and 𝛿0 is an arbitrary phase offset.  Applying a one-dimensional spatial 

Fourier transform enables the phase to be extracted.103,109  Writing Eq. 3.6.9 in terms of its complex 

conjugates gives 

𝑆(𝑥, 𝑡) = 𝐵(𝑥, 𝑡) + 𝐶(𝑥, 𝑡)e2𝜋i𝑓0𝑥+i𝛿0 + 𝐶∗(𝑥, 𝑡)e−2𝜋i𝑓0𝑥−i𝛿0 , 3.6.10 

where 𝐶(𝑥, 𝑡) = 𝐴(𝑥, 𝑡)e
i𝜙(𝑥,𝑡)

2  and 𝐶∗ is its complex conjugate.  By taking the Fourier transform of Eq. 

3.6.10 at a fixed time, the function 𝐶(𝑥, 𝑡) can be determined from 
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𝑠(𝑓, 𝑡) = 𝑏(𝑓, 𝑡) + 𝑐(𝑓 − 𝑓0, 𝑡) + 𝑐∗(𝑓 + 𝑓0, 𝑡). 3.6.11 
The lowercase letters for functions denotes the Fourier transform of the function from position to phase 

space.  The spatial Fourier transform is defined as 

𝑠(𝑓, 𝑡) = ∫ 𝑆(𝑥, 𝑡)e−2𝜋i𝑓𝑑𝑥

∞

−∞

. 3.6.12 

The spatial Fourier transform in Eq. 3.6.11 contains separately the background information 𝑏(𝑓, 𝑡) and 

the phase information, 𝑐.  This background information is essentially the constant spatial frequency of 

the fringe pattern (𝑓0).  To retrieve only the phase information, the function 𝑠(𝑓, 𝑡) is filtered in phase 

space to include only the power spectrum in the vicinity of 𝑐(𝑓 − 𝑓0, 𝑡) and all other information, 

including 𝑐∗, is zeroed as shown in Figure 3.6.4(b).  This defines a filter window as 𝑑(𝑓, 𝑡) = 𝑐(𝑓 − 𝑓0, 𝑡), 

which has the inverse Fourier transform 

𝐷(𝑥, 𝑡) = 𝐶(𝑥, 𝑡)e2𝜋i𝑓0𝑥+i𝛿0 . 3.6.13 
𝐷(𝑥, 𝑡) is a complex function that contains “wrapped” phase information in the form 

𝑊(𝜙(𝑥, 𝑡) + 2𝜋𝑓0𝑥 + 𝛿0) = tan−1
Re(𝐷)

Im(𝐷)
. 3.6.14 

Unwrapping Eq. 3.6.14 over the interval [−𝜋, 𝜋] gives 

𝜙(𝑥, 𝑡) = −2𝜋𝑓0𝑥 − 𝛿0 + tan−1
Im(𝐷)

Re(𝐷)
. 3.6.15 

The amplitude variation is also determined from unwrapping the phase, giving 

𝐵(𝑥, 𝑡) =
Re(𝐷)

cos(𝜙(𝑥, 𝑡) + 2𝜋𝑓0𝑥 + 𝛿0)
. 3.6.16 

Unwrapping the phase in Eq. 3.6.15 does not provide a unique solution for the velocity field, but a phase 

map containing 2𝜋 ambiguities as shown in Figure 3.6.4(c).  These ambiguities arise from the phase 

being defined over the region [−𝜋, 𝜋] and appear as discontinuities in the phase map.  Applying 2π 

phase jumps to the phase map in Figure 3.6.4(c) and multiplying by the VPF creates the velocity field in 

Figure 3.6.4(d).  This gives the velocity at all points in the target, such that a lineout from the velocity 

field gives the velocity as a function of time as shown in Figure 3.6.4(e). 
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Figure 3.6.4: Fourier transform method for extracting velocity from raw VISAR data.
103

  (a) Raw data (b) Power spectrum 
from 1-D spatial Fourier transform.  The window is applied in this map for unwrapping phase. In (c) the unwrapped phase is 
shown, but 𝟐𝝅 ambiguities still exist. (d) shows the velocity field after applying 𝟐𝝅 phase jumps, with (e) being the final 
velocity in the lineout shown on (d). 

To account for the 2𝜋 ambiguities, two interferometers are used.  These interferometers have different 

velocity sensitivities (defined by etalons of different thicknesses) allowing one to discern the correct 

velocity in each interferometer record as shown in Figure 3.6.5.  Multiple solutions exist where both 

interferometers give the same velocity.  If the VPFs are integer multiples, every fringe on the less 

sensitive interferometer will have a matching solution, hence it is important that the VPFs are not 

integer multiples.  By knowing the thickness of the target, an average velocity is determined from the 

transit time.  The average velocity is used to determine the correct solution from the different matching 

interferometer results.  Eq. 3.6.8 gave the equation for the VPF when assuming no dispersion.  

Correcting for dispersion was done by expanding the fringe count as a function of the shock velocity 

(from equations 3.6.3 and 3.6.8) as a function of 
𝑈𝑠

𝑐
.  By defining the dispersion of the etalon as 

𝛿 = −
𝑛0

𝑛0
2 − 1

𝜆0 (
𝑑𝑛

𝑑𝜆
)
𝜆=𝜆0

, 3.6.17 
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where 𝑛0 is the refractive index of the etalon at the probe wavelength, the corrected VPF can be written 

as 

𝑉𝑃𝐹 =
𝜆

2𝜏(1 + 𝛿)
 , 3.6.18 

which is the same as Eq. 3.6.8 for 𝛿 = 0.105  With the VPF of both interferometers known, the final 

velocity can be found as one of the solutions to the system of equations 

𝑈𝑠 (𝑡 −
𝜏1

2
) = 𝑉𝑃𝐹1(Δ𝜙1(𝑡) ± 𝑗), 3.6.19 

𝑈𝑠 (𝑡 −
𝜏2

2
) = 𝑉𝑃𝐹2(Δ𝜙2(𝑡) ± 𝑘), 3.6.20 

where the subscripts denote the different interferometers and 𝑗 and 𝑘 are arbitrary integers. 

 

Figure 3.6.5: Velocity matching between two independent interferometers with different VPF.  Both interferometers 
measure the phase for an experiment and by adding integer multiples of their respective VPFs, a solution is found where the 
velocity profiles match. 

3.7 Remarks 

Different types of drivers and experiments to launch a shock in a material were discussed.  It was shown 

that for laser-driven shocks, such as those at the OMEGA EP laser facility, the impedance matching 

technique is the primary method for high-precision EOS measurements.  Off-Hugoniot measurements 

can be made using an extension to impedance matching (near-IM) or using perturbation analysis 

(unsteady waves).  The targets required for these measurements were described as well as the 

necessary diagnostic to conduct the experiments. 
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4 The sound velocity and Grüneisen parameter of α-quartz 
As mentioned in Section 1.2, α-quartz has been studied extensively using shock experiments.  However, 

at high pressures, neither its sound velocity nor its Grüneisen parameter have been measured.  These 

have been derived from EOS models, of which multiple exist.  Experimentally constraining these 

parameters enables its use as the reference standard from which other materials can be referenced 

using the unsteady wave method of Section 3.3.3. 

This section examines the benefits of quartz in more detail and describes methods to determine the 

quartz sound velocity and Grüneisen parameter from the published quartz release model.  These 

parameters are then compared to experimental results using the near-IM method. 

Silica (SiO2) is the most prevalent mineral in the Earth’s crust.110  It exists in multiple crystalline forms 

(quartz, stishovite, coesite, etc.), as an amorphous material, and as a component in silicate and 

metasilicate minerals.111  As a result of this prevalence, it has been extensively studied in high pressure 

systems.112  These experiments determined its high-pressure behavior and various solid-solid and solid-

liquid phase transitions that occur using both static113 and dynamic114,115 compression experiments.  

Experiments in the solid phase enabled approximations of the Grüneisen parameter in crystalline silica 

either by comparing Hugoniots or using the approximations derived in Section 2.3.3.1.87,116 

Work over the past ten years has focused on the properties of liquid silica.  This has developed both the 

kinematic and thermal properties of the Hugoniot curve starting from α-quartz,44,48,89 amorphous fused 

silica,89,117,118 stishovite,118 and low density silica foams.119  The release curve has been extensively 

studied for α-quartz.46,47,49  This collection of data has enabled the development of α-quartz as the 

preferred impedance match standard for high pressure EOS research.  Furthermore, having this large 

collection of data has enabled approximations to the Grüneisen parameter in liquid silica.86,88 

Quartz is a transparent material at ambient conditions, but upon shock melting, metallizes and creates a 

reflective shock front which is easily diagnosed using interferometry.  This high reflectivity, coupled with 

its accurately known Hugoniot and release behavior, makes it the ideal candidate for a witness material 

to use in unsteady wave analysis (Section 3.3.3).  However, published results for its sound velocity only 

exist up to 1.5 Mbar87,95,97 and the sound velocity needs to be constrained at higher pressures. 

4.1 Analytic solution 

In Section 2.3.4.1 it was shown that an analytic Mie-Grüneisen EOS can be developed using the Hugoniot 

as a reference curve.  Using the well-defined Hugoniot of quartz, Knudson and Desjarlais created an 

analytic model to determine the release isentrope from any given shock velocity (in a single shock 

experiment) over the range 0.3 to 1.1 TPa.49  In their model, they define an effective Grüneisen 

parameter (𝛤) determined by fitting an analytic release curve to first-principles molecular dynamics 

simulations of the release.  This enabled the use of a constant 𝛤 and definition of the pressure 

equivalent to Eq. 2.3.40.  Combining this equation with the thermodynamic state relation for the 

internal energy (Eq. 2.2.2) and the isentrope condition 𝑑𝑆 = 0, enables derivation of the pressure along 

the release curve as a function of density.  A series of example release curves is shown in Figure 4.1.1. 
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Figure 4.1.1: Release curves calculated from 500 (red), 750 (blue), 1000 (green), 1250 (black), and 1500 (magenta) GPa states 
along the principal Hugoniot (black dash-dot).  The release curves are calculated analytically from the quartz release model.  
Taking the derivative of these curves gives the sound velocity as a function of density and pressure, this is shown in Figure 
4.1.2.  The vertical dashed lines represent contours of equal density, such that a dense mapping of release curves allows for 
calculation of the Grüneisen parameter over the space covered by a shock and release experiment. 

Because the analytic release model was derived with the density being the independent variable, the 

sound speed could be calculated directly.  Recalling the formula for the sound velocity from Eq. 2.4.8, 

the sound velocity along the analytic release curve can be derived by taking the derivative of Eq. 2.3.40 

with respect to the density.  The release construct49 depends on two variables 𝐶0 and 𝛤𝑒𝑓𝑓, both of 

which were derived to only depend on the shock velocity.  As such, the differentiation gives the sound 

velocity along the entire release curve as a function of the corresponding shock velocity.  The sound 

velocity-density curves from the same release pressures as in Figure 4.1.1 are shown in Figure 4.1.2(a).  

Because the release model is valid for all shock pressures above 3 Mbar, a dense collection of release 

curves can be derived by the model.  Taking the derivative along each curve enables mapping of the 

isentropic sound velocity in the 𝑃 − 𝜌 plane, as shown in Figure 4.1.2(b).  The sound velocity map is 

bounded on the right by the principal Hugnoiot and on the left by the highest pressure release isentrope 

calculated, in this case, 1800 GPa..  Hence, the sound velocity behind the shock front is the curve 

defined by the highest density element (right end) for a given pressure. 
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Figure 4.1.2: Analytic sound velocity of quartz. (a) The sound velocity over the 𝑷 − 𝝆 plane was determined by calculating 
the derivative along a series of release curves.  Shown in the figure is the sound velocity along curves emanating from shock 
pressures of 500 (red), 750 (blue), 1000 (green), 1250 (black) and 1500 (magenta) GPa. (b) Using a series of sound velocity 
curves emanating from infinitesimally small differences in pressure, a full map of the sound velocity in the 𝑷 − 𝝆 plane was 
created.  The map is bounded on the right by the principal Hugoniot, and on the left by the release isentrope from 1800 GPa.  

A similar approach was taken to determine a mapping of the Grüneisen parameter from the analytic 

release model.  The Grüneisen parameter is defined as the derivative of pressure with respect to energy 

at constant density (Eq. 2.3.14).  For the sound velocity, the derivative was defined at constant entropy, 

such that it lay along the release isentrope.  This is not the case for the Grüneisen parameter, so the 

derivative must be taken using neighboring curves.  Consider the dashed vertical lines in Figure 4.1.1.  

These lines are the constant density contours over which the derivative is taken.  The pressure and 

energy are known for all densities along the curve.  Decreasing the spacing between release isentropes 

similarly to what was done to derive the sound velocity map builds infinitesimally spaced 𝑃(𝜌) and 𝐸(𝜌) 

curves.  This series of curves can be used to construct the thermodynamic (𝑃, 𝑉, 𝐸) plane allowing for 

𝑃(𝐸)𝜌 curves to be extracted.  Differentiating each 𝑃(𝐸)𝜌 curve then determines the Grüneisen 

parameter along that curve.  By taking the derivative for all curves, a map of the Grüneisen parameter in 

the 𝑃 − 𝜌 plane is constructed.  This map is shown in Figure 4.1.3. 
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Figure 4.1.3: Mapping of the Grüneisen parameter from equal density contours.  The pressure and energy are known at all 
points along a release isentrope from the analytic model.  By considering the vertical lines in Figure 4.1.1, neighboring 
isentropes are related and the difference in pressure and energy at a given density is used to calculate the Grüneisen 
parameter.  This gives a map over all shock and release space similar to that for the sound velocity. 

When constrained to the Hugoniot, the Grüneisen parameter in quartz can be determined directly from 

the analytic solution for the release curve.  Because the Hugoniot is known and release curves can be 

derived from any state, the Grüneisen parameter along the Hugoniot can be determined using Eq. 3.3.3.  

This gives two results for the Grüneisen parameter of quartz: one interpolated from the Grüneisen 

parameter map and one calculated using the thermodynamic derivative. 

For cases where the sound velocity and Grüneisen parameter need to be determined to the right of the 

principal Hugoniot in the 𝑃 − 𝜌 plane (i.e. re-shock), the isentropic release curve, as determined from 

the model, must be extrapolated to higher compression.  Because the isentrope is defined for both 

compressive and rarefaction waves and is continuous, the model is valid for this case, even though it 

was only defined for the release.  This extrapolation is required when the quartz baseplate is of lower 

impedance than the sample, resulting in a reflected shock in the quartz. 

4.2 Validity of near-IM method 

The near-IM method discussed in Section 3.3.2 enables a measurement of the sound velocity in a 

releasing standard through impedance matching with a sample with known Hugoniot.  Using this 

method, the sound velocity in quartz was determined from its release into amorphous fused silica.  As 

discussed previously, the primary caveats for use of the near-IM method are that the Hugoniots of both 

materials need to be known to high accuracy and the Hugoniot of the sample had to be determined 

independently, i.e. not referenced to each other using impedance matching.  The Hugoniot of quartz44,48 

was accurately determined using impedance matching with aluminum and by direct impact studies, 

resulting in a known 𝑈𝑠 − 𝑢𝑝 curve and covariance matrix.  For fused silica, high-precision direct impact 

studies were carried out using the Sandia Z-Machine,12 but only a portion of the results have been 

published to date.120,121  These studies measured the Hugoniot of fused silica using aluminum flyer plates 

and produced a 𝑈𝑠 − 𝑢𝑝 fit with the same functional form as that for quartz48.  The published data 
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extends to only 630 GPa, which is well below the pressures reached in these experiments.  In that work, 

they chose to define the 𝑈𝑠 − 𝑢𝑝 curve relative to molecular dynamics simulations because the 

simulations agreed with the data at low pressures and extended the result to higher pressure.  These 

experiments conducted high-precision EOS measurements using the IM technique (Section 3.2.1).  In the 

experiments, a shock was driven in a quartz baseplate and released across a thin (~3 μm) glue layer into 

the fused silica sample.  The shock velocity in the fused silica was linearly fit over 300 μm and 

extrapolated back to the quartz baseplate.  This determined the shock velocity that would have been 

achieved in the fused silica if no glue existed.  These experiments are discussed in more detail in Section 

5.1.1.  The IM results diverged from the molecular dynamics simulations for particle velocities greater 

than 13 km/s, and hence, the 𝑈𝑠 − 𝑢𝑝 curve from ref. 121 was not used for the near-IM method.  Instead, 

a new fit was created based on the data from ref. 121 and IM results that agree with unpublished data120 

and is shown in Figure 4.2.1. 

 
Figure 4.2.1: The experimental 𝑼𝒔 − 𝒖𝒑 data from this work (yellow diamonds) and Qi (blue squares) is in good agreement 

with the unpublished fit to fused silica experiments (light blue) at the Sandia Z-machine.  The published result from fitting to 
molecular dynamics simulations (black dash-dot) diverges from the experimental data and exponential fit determined from 
the data (red dash).  The unpublished fit is in very close agreement with the fit from this work allowing for the assumption 
that circularity due to using quartz to determine the EOS of fused silica does not impart significant bias to the experiment. 

The IM results established that these fused silica Hugoniot results are consistent with direct impact 

experiments; therefore, it is possible to use the IM Hugoniot to determine the shock state in the fused 

silica.  This introduces circularity in the sound velocity calculations, but the 𝑈𝑠 − 𝑢𝑝 fit is published and 

has a known covariance matrix.  The exponential fit determined in Section 5.1.1 of 𝑈𝑠 = (4.97 ±

0.44) + (1.22 ± 0.02)𝑢𝑝 − (2.43 ± 0.32)𝑢𝑝e
−(0.40±.05)𝑢𝑝 was used in this analysis.  For independent 

measurements, a reanalysis of this data after publication of the direct-impact determined Hugoniot 

would satisfy the second caveat for use of the near-IM method.  The primary reasons for choosing the fit 

from IM experiments are the known IM result, which agrees with non-circular direct impact data, and 

the existence of a measured covariance matrix.  This enables accurate tracking of errors along the 
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Hugoniot curve and determination of the linear release path, satisfying the first caveat.   These reasons 

allow the near-IM method to be used to measure the quartz sound velocity. 

The near-IM method uses a linear approximation between the Hugoniot state in both the standard and 

sample.  This requires that the Hugoniot curves for both materials be ‘close’ in the 𝑃 − 𝜌 plane.  As the 

Hugoniot curves get further apart, the systematic error in assuming linearity increases due to inherent 

curvature of the release curve.  For quartz, the release curve is well known, so the deviation from 

linearity can be calculated for releases to the corresponding shock states in fused silica.  This is shown in 

Figure 4.2.2.  From the plot in Figure 4.2.2(a) it is difficult to distinguish whether the analytic release 

curve and linear approximation have a significant difference.  However, the residual plot in (b) shows 

that the difference between the linear approximation and the release curve is <1%, indicating that the 

linear approximation is valid. 

 
Figure 4.2.2: (a) The Hugoniots of quartz (green) and fused silica (red) lie very close to each other in the 𝑷 − 𝒖𝒑 plane used 

for impedance matching.  As a result, the release curve (blue) can be approximated as a straight line (yellow dash).  The 
linear approximation lies on top of the curve and its difference is not visible in this plane.  (b) The residual of the pressure 
between the linear approximation and true release curve demonstrates that the maximum difference in pressure is ~1 GPa.  
At the pressures in (a), this is a deviation of <1%. 

4.3 Data analysis 

Twenty-eight shots were taken at the OMEGA and OMEGA EP laser facilities to determine the quartz 

sound velocity using the near-IM method.  These experiments used multilayered planar targets as 

shown in Figure 3.5.1, and the drive pressures ranged from 0.3 to 1.75 TPa.  The shocks were all driven 

with square pulses ranging from 2 ns for the shots on the OMEGA facility (shots 55499-55508 and shot 

64348) up to 6 ns for lower intensity shots on EP laser.  The shots on the OMEGA laser facility were 
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performed by D. G. Hicks and T. R. Boehly, but the results had not previously been analyzed.122  This 

work analyzes those experiments to determine the IM result for the quartz and fused silica.  The 

unshocked densities and refractive indices for both quartz and fused silica are given in Table 4.3.1. 

Table 4.3.1: Initial density and index of refraction at 532 nm for quartz and fused silica samples.  VPF is given as km/s/fringe. 

 𝜌0 (g/cc) 𝑛0 (532 nm) 𝑉𝑃𝐹2𝐴+5𝐴 𝑉𝑃𝐹10𝐴 𝑉𝑃𝐹3𝐴+15𝐴 
Quartz 2.65 1.547 4.375 3.194 1.723

 
Fused silica 2.201 1.461 4.633 3.383 1.825 

 
For shots using the OMEGA EP laser, the two VISARs used streak cameras with sweep speeds of 9 and 15 

ns, respectively, and used the 10A and 2A+5A etalons.  The shots using the OMEGA laser used the 

3A+15A etalon in the more sensitive leg.  These etalons correspond to delays, 𝜏, of 52.17, 38.09, and 

94.50 ps, respectively.  The VISAR interferometer coupled with a streak camera provides high precision 

velocity measurements, with the assumed error of approximately 3% of a fringe.  Using Eq. 3.6.18, the 

corresponding VPF was calculated for both materials, and also given in Table 4.3.1.  The raw data was 

collected using the VISAR camera and extracted using the Fourier transform method described in 

Section 3.6.  An example of the raw data from OMEGA EP shot 18762 is given in Figure 4.3.1(a), with its 

corresponding shock velocity profile given in Figure 4.3.1(b).  The uncertainty determined from 3% of 

the more sensitive etalon for this shot was ~0.1 km/s.  This is similar to the thickness of the curves in 

Figure 4.3.1(b).  The shock velocities in the quartz and fused silica were measured immediately before 

and after the interface, respectively.  The initial shock velocity in the fused silica was fit over 300 ps and 

linearly extrapolated back to the quartz-glue interface to determine the velocity at the location of the 

interface assuming no glue layer existed.50  This method was used for all shots to determine the shock 

velocity in both the quartz and fused silica at the interface between the quartz baseplate and the fused 

silica sample.  Discussion of using the shock velocity in the quartz witness and sample to determine 

sound velocity from the perturbations follows in the next chapter. 
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Figure 4.3.1: (a) Raw VISAR data from shot 18762 at an intensity of 9.2×10

13
 W/cm

2
.  A shock is driven from the left through 

the quartz pusher and into the quartz witness and fused silica sample.  IM occurs at the quartz pusher-fused silica sample 
interface. (b) Shock velocity extracted from VISAR trace in (a).  The velocity of the quartz pusher and witness are given in 
blue, and that of fused silica in red.  The gap between the pusher and witness/sample is due to the glue layer. 

From the shock velocity, the particle velocity in both materials was determined from the corresponding 

Hugoniot 𝑈𝑠 − 𝑢𝑝 fit.  The pressure was then calculated from the Rayleigh line (Eq. 2.4.38) and the 

density from the Rankine-Hugoniot relation for mass conservation (Eq. 2.4.36).  The observed shock 

velocities for both materials are given in Table A.1 in the appendix.  With the shock state known in both 

materials, the near-IM method was used to determine the density (Eq. 3.3.10) along the linear 

approximation to the release curve.  The near-IM method determines the sound velocity using the shock 

pressure and densities determined from the shock velocities.  Using Eq. 3.3.10, 

𝜌𝑆 =
1

𝑉𝐻 +
(∆𝑢𝑝)

2

∆𝑃

, 
 

the specific volume on the Hugoniot, 𝑉𝐻, is that of the quartz, and known from its Hugoniot state.  The 

differences Δ𝑃 and Δ𝑢𝑝 are known from the Hugoniot states of both the quartz and fused silica.  

Combining these determines the specific volume along the release curve.  The isentropic sound velocity 

is then determined from Eq. 2.4.8 (𝑐𝑠
2 = (

𝑑𝑃

𝑑𝜌
)
𝑆
). 
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This measurement gives the isentropic sound velocity in the Eulerian frame, where the material ahead 

of the shock is stationary.  In this frame, sound waves propagate through compressed material that is in 

motion with constant velocity, 𝑢𝑝.  By applying a Galilean transformation, the propagation velocity of a 

sound wave relative to the stationary flow is 𝑐𝑠 + 𝑢𝑝.  This value for the sound velocity is less than the 

shock velocity.  However, a rarefaction wave propagating behind a shock must overtake a shock front; 

otherwise any shock would propagate to infinite distance without decaying.  As a result, it’s beneficial to 

use the Lagrangian sound velocity, 𝑐𝐿, defined as 

𝑐𝐿 =
𝜌

𝜌0
𝑐𝑠, 4.3.1 

where 𝜌 is the shock compressed density and 𝜌0 is the uncompressed density.  Table A.2 gives the 

densities determined from Eq. 3.3.10 and the Lagrangian sound velocities for each shot.  The Lagrangian 

sound velocity behind the shock is shown in Figure 4.3.2 and compared to the analytic solution 

discussed in Section 4.1, and various SESAME tables123. 

 
Figure 4.3.2: Lagrangian sound velocity of α-quartz as determined from the Near-IM method.  The experimental results 
(yellow diamonds) exhibit a large amount of scatter in the data, this is related to the sensitivity of the method to variations 
in density and is discussed in depth in the following section.  The bulk of the points appear to follow the trend of analytic 
result from the Knudson quartz release model.

49
  Furthermore, half of the data points agree with the model at the 1σ level.  

As a result, it is reasonable that this model provides the most accurate description of the quartz sound velocity.  The scatter 
in point between compressions of 2.5 and 2.7 would shift a trend line through the data to agree with the SESAME 7381 table 
(blue) that was determined for single crystal quartz.  The SESAME 7385 (orange) and SESAME 7386 (green) tables do not 
agree well with the results.  These tables were developed for polycrystalline quartz and fused silica, respectively. 

The near-IM method was also used to determine the energy along the quartz release path for 

approximation of the Grüneisen parameter.  Using the energy conservation equation from the Rankine-

Hugoniot relations (Eq. 2.4.39), the energy of the shocked quartz and fused silica was determined.  The 

energy of the released quartz depends only on that of the shocked quartz, and is given by Eq. 3.3.14.  

The energy of the release state is given in Table A.2.  Determination of the Grüneisen parameter using 

the result from Eq. 3.3.14 requires determination of the energy and pressure of the quartz and silica 

Hugoniots at that density.  This can be done either by parametrizing the Hugoniot by 𝜌 and solving for 

the pressure and energy using Eq. 2.3.42 and the Rankine-Hugoniot relations (equations 2.4.36, 2.4.38, 
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and 2.4.39), or by parametrizing the Hugoniot curve by 𝑢𝑝 and interpolating for the density.  For these 

experiments, the second method was used because the derivation of the Hugoniot curve from the 

particle velocity is the most straightforward, requires the least computation, and computerized 

interpolation will give a result within the computational error of the direct solution. 

With the pressure and energy known along the Hugoniot for the density of the released quartz, two 

estimates of the Grüneisen parameter can be made using Eq. 2.3.14.  The ability to make two 

measurements is due to quartz and fused silica being polymorphs of silica.  Hence, at these pressures, 

they are the same material (compressed molten silica) from different initial conditions.  Eq. 2.3.14 

defines the Grüneisen parameter for this special case.  The two measurements are the released quartz 

relative to the quartz Hugoniot, and the released quartz relative to the fused silica Hugoniot, 

𝛤𝑄 = 𝑉𝑅 (
𝑃𝐻,𝑄 − 𝑃𝑅

𝐸𝐻,𝑄 − 𝐸𝑅
)

𝑉𝑅

, 𝛤𝐹𝑆 = 𝑉𝑅 (
𝑃𝐻,𝐹𝑆 − 𝑃𝑅

𝐸𝐻,𝐹𝑆 − 𝐸𝑅
)

𝑉𝑅

, 4.3.2 

where the subscript 𝑅 denotes the release state (𝑃𝑅 , 𝑉𝑅 , 𝐸𝑅), the subscripts 𝑄 and 𝐹𝑆 denote quartz and 

fused silica, the subscript 𝐻 denotes a Hugoniot state, and the Hugoniot states are given by 

(𝑃𝐻,𝑋, 𝑉𝑅 , 𝐸𝐻,𝑋) where 𝑋 is either quartz or fused silica.  The results from the Grüneisen parameter 

approximation using the released state relative to the quartz and fused silica is given in Table A.2. 

With known fits to both the quartz and fused silica Hugoniots in the liquid phase, the traditional 

approximation of the Grüneisen parameter of liquid silica was possible.  The traditional method 

determines the 𝑃 − 𝑉 − 𝐸 Hugoniot of different polymorphs of a material and uses Eq. 2.3.14 to 

determine the Grüneisen parameter at all points along the curve.   

Thermodynamic derivatives, 
𝜕𝑃

𝜕𝑉
, along the Hugoniot and release isentrope allow for measurement of the 

Grüneisen parameter from Eq. 3.3.3.  This gives a result which is thermodynamically consistent with the 

Hugoniot state and sound velocity without introducing sources of error due to interpolation or 

averaging between curves.  Approximations of the Grüneisen parameter using either the Hugoniot 

curves of quartz and fused silica or one of these curves and the release state have a systematic shift 

because the measurements assume a linear relationship between the pressure and energy at a given 

density.  This assumption is not made using the derivative of the Hugoniot and isentrope at the 

Hugoniot state, resulting in a direct measurement provided a known Hugoniot curve and sound velocity.  

This result is also given in Table A.2. 

Figure 4.3.3 shows the Grüneisen parameter results from equations 4.3.2 and 3.3.3, as well as the 

analytic result, tabular models, and approximation from the quartz and fused silica Hugoniots. 
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Figure 4.3.3: The Grüneisen parameter of quartz was calculated in three different methods.  The first two measurements 
used the near-IM method to determine the density and energy of the released quartz and compared that (𝑷, 𝝆, 𝑬) state to a 
state at equivalent density on the quartz (gray diamond) and fused silica (blue square) Hugoniot.  Using this method to make 
two measurements is unique to this scenario because quartz and fused silica are polymorphs of the same material and they 
both have melted at these densities along the Hugoniot.  The Grüneisen parameter was calculated from the sound velocity 
and Hugoniot slope (gray triangle), and exhibits a similar behavior to that from the quartz.  These points are all shifted to 
higher density because the density used was that of the shocked quartz rather than released quartz.  The Grüneisen 
parameter from polymorph Hugoniots (black dash-dot) and the result from the analytic solution for the quartz release model 
(red dashed) are shown.  Also included are the SESAME 7381 (blue), 7385 (green) and 7386 (orange) tables.  The bulk of the 
data follows the SESAME tables and analytic solutions from the model and quartz/silica Hugoniots. 

All the error-bars shown in the data tables in the appendix and on the plots were determined using 

Monte Carlo methods with 105 trials.  The error in measurement of the shock velocity at the IM point 

(where the quartz baseplate and fused silica sample meet) was assumed to be either 3% of a fringe or 

the magnitude of the disagreement between the weighted average of the shock velocities and the more 

sensitive etalon, whichever was greater.  This produced errors of <1% the shock velocity because of 

multiple fringe jumps.  The errors from the 𝑈𝑠 − 𝑢𝑝 fit in quartz were included as random variables in 

the Monte Carlo simulations. 

4.4 Discussion 

The sound velocity measurements in Figure 4.3.2 exhibit a large amount of scatter, which makes 

discerning among models difficult.  However, the bulk of the data points follow the trend of Knudson’s 

quartz release model.  The data points providing the strongest support to selecting the SESAME 7381 

table as the best fit for the data are those at compressions from 2.5 to 2.7.  These points all fall >2 σ 

above any of the tabular results implying that the sound velocity reaches a local maximum in that 

compression range.  This neither agrees with the quartz phase diagram nor the bulk of the data; hence, 

these points are believed to be outliers resulting from increased compression in the fused silica.  This 

-1

-0.5

0

0.5

1

1.5

5 5.5 6 6.5 7 7.5 8

Γ 

ρ (g/cc) 

SESAME 7381
SESAME 7385
SESAME 7386
Quartz-Silica Hugoniots
Knudson Analytic
Data-Quartz
Data-Silica
Thermodynamic Derivative



90 
 

implies that the near-IM method is limited by the precision with which the shock velocity can be 

measured.  Errors in the shock velocity become magnified and result in a large deviation of data points 

from the trend.  Even with the large scatter, it is clear that the SESAME 7385 and SESAME 7386 tables do 

not agree with the data.  The SESAME 7381 table was developed for single crystal quartz whereas 7385 

is polycrystalline quartz and 7386 is fused silica. 

The primary cause of scatter in the results is density variations in the released quartz.  It is clear from 

Figure 5.1.3 in the next chapter that seven data points lay ≥1σ higher density than the experimental fit.  

These are the same points that fall >1σ above the analytic solution as well as all three SESAME tables.  

The near-IM method determines the sound velocity from the shock state in the quartz standard and 

fused silica sample.  In Section 3.3.2, it was shown that the density of the released quartz depends on 

the pressure and particle velocity in both the quartz and fused silica.  The measured shock state from IM 

can be compared to the expected state from the 𝑈𝑠 − 𝑢𝑝 fit using Figure 4.2.1 by examining the 

difference in particle velocity for a given shock velocity (which is measured experimentally).  These 

points all have higher particle velocities (and therefore pressures) from IM than using the 𝑈𝑠 − 𝑢𝑝 fit.  

This results in the density of the quartz release state being greater and approaching the shock density in 

the quartz.  Because the sound velocity is defined as 
𝑑𝑃

𝑑𝜌
, the slope between the shock and release state 

steepens as the release density increases.  This exponentially increases the measured sound velocity as 

the difference in densities becomes small.  Shots where the IM-determined particle velocity was less 

than the particle velocity from the fit demonstrated the opposite effect. 

Points where IM and direct-impact experiments agree should give the most accurate representation of 

the sound velocity using the near-IM method.  The degree to which the IM results agree with the 

unpublished fit using direct-impact experiments is similar to the agreement between the sound velocity 

and the analytic solution to the Knudson model.  This agreement can be partially attributed to circularity 

in the measurement (i.e. use of IM determined fit to derive the slope of the release curve), however 

agreement between the IM determined fit and unpublished direct-impact fit implies that the impact of 

circularity in the measurements should be small.  Hence, use of the direct-impact fit should only 

nominally change the measured sound velocity.  These points which exhibit the best agreement with the 

analytic model for the sound velocity and the 𝑈𝑠 − 𝑢𝑝 fit would still agree with the analytic model in this 

case.  This gives the strongest support to the assumption that the derivative of the quartz release model 

provides an accurate model for the sound velocity in quartz. 

The uncertainty in these data is comparable to previous methods such as edge rarefactions.  This 

method allows for measurements to be extended to arbitrary pressure, but has high sensitivity to 

random variations.  This comes from the derivation of the sound velocity from the release instead of 

directly measuring the sound velocity from the propagation of isentropic waves such as acoustic 

perturbations or rarefactions.  To reduce the scatter in these measurements, high precision experiments 

are necessary.  This requires a steady pressure drive and high uniformity in the target.  As a result, using 

this method for sound velocity measurements in direct-drive laser-driven shock experiments may not be 

viable in most cases.  The points where the IM result agrees with the experimentally determined 

𝑈𝑠 − 𝑢𝑝 relation give promising results for the ability to use this method, but the experimental results 
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had too large of scatter to give a good result.  Future experiments would be able to improve this method 

by achieving higher precision in the measured shock velocity that produce results more consistent with a 

known Hugoniot. 

The Grüneisen parameter results in Figure 4.3.3 demonstrate a failure in the near-IM method.  The 

sensitivity to the density in calculating the energy of the releasing state magnifies the error and results 

in the points that deviate from the analytic model for the sound velocity having large errors and being 

further from the tabular values.  Furthermore, for points that agree with the 𝑈𝑠 − 𝑢𝑝 relation in fused 

silica, the scatter is significantly larger than that of the sound velocity, and the error bars are in excess of 

15%.  This produces measurements that are unable to discern among any models for the Grüneisen 

parameter and that do not provide reliable data. 

Using quartz and fused silica in these experiments represents a special case where two calculations of 

the Grüneisen parameter are possible.  Similar to the traditional method relating the Hugoniots of 

polymorphs, this method relates the Hugoniot to the release curve of a polymorph.  If these 

experiments were in the solid phase or used a different sample, only one measurement would be viable.  

Relating the pressure, density, and energy of the release state to the quartz Hugoniot (gray diamonds) 

gave results that were non-physical (Γ < 0) for multiple shots and had very large scatter and error bars.  

The magnitude of the error bars depends on the energy because the denominator of Eq. 2.4.8 is the 

difference in energy.  The difference in energy between the release state and a Hugoniot state of the 

same density is small, such that variations in the Hugoniot curve or the release energy have a large 

impact on the Grüneisen parameter.  This data set yielded no viable results for determining the true 

value of the Grüneisen parameter.  The thermodynamic derivative (gray triangles) gave similar results to 

this method.  These measurements used the density of the quartz Hugoniot state rather than the 

release density.  This resulted in the measurements being shifted to higher density in Figure 4.3.3.  

Comparing the release state to the Hugoniot of fused silica (blue squares) gave results with significantly 

less scatter and higher precision.  With the exception of 4 points between densities of 6.25 and 6.75 

g/cc, these points all fall within 1σ of the previously accepted bound for the Grüneisen parameter of 

liquid silica, Γ = 0.64 ± 0.11.86  It should be noted that this method is not viable for most other 

materials because the pusher and sample must be polymorphs of each other to make this 

measurement.  Overall, the near-IM method is not a viable method to make accurate measurements of 

the Grüneisen parameter due to the large scatter produced by uncertainties in measurement. 

The traditional method of comparing the quartz and fused silica Hugoniot curves (black dash-dot) gave a 

similar result to the analytic solution when constrained to the principal Hugoniot (red dash).  These 

results both give a Grüneisen parameter that decays as density increases, with the solution at high 

pressure agreeing with the SESAME 7381 (blue), 7385 (green), and 7386 (orange) tables.  In the high 

pressure limit, theoretically the Grüneisen parameter should approach 0.66, the value for an ideal gas.  

The SESAME 7385 and 7386 tables, as well as the solution from the quartz and fused silica Hugoniot 

curves decrease further as the pressure increases.  The SESAME 7381 table and analytic model from 

Knudson approach a value close to 0.6, which is consistent with the theoretical asymptote.  This 

suggests that the analytic result for the Grüneisen parameter is valid for use as a standard in 

determining off-Hugoniot states or the unsteady wave method. 
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5 Experimental results and discussion for fused silica, periclase, and 

polystyrene 
The unsteady wave method for measurement of the sound velocity and Grüneisen parameter was 

described in Section 3.3.3.  The method relies on the direct observation of acoustic perturbations as 

they propagate through the shocked material in a target.  Because the acoustic perturbations were 

shown to propagate at the local sound velocity in a material (Section 2.4.1), the transmission 

coefficients derived in Section 3.3.3.1 directly relate the sound velocity in a material to either a known 

input pressure profile or to that in another material.  Furthermore, it was shown that the transmission 

coefficients depend on the Mach numbers and the pressure-density state in the materials.  Having the 

sample mounted to an α-quartz baseplate enables the sound speed in the sample to be determined 

without prior knowledge of its Hugoniot curve.  In this case, the shock state is determined from 

impedance matching to the quartz baseplate.  Making measurements at a variety of different pressures 

allows for the Hugoniot of a sample to be constructed simultaneously, which is necessary for 

determining the Grüneisen parameter using Eq. 3.3.4. 

The experiments described in this chapter measure the sound speed and Grüneisen parameter by 

referencing perturbations in a sample to those in an α-quartz standard.  The sound velocity of the quartz 

was discussed in the previous chapter.  Because the results from the near-IM method were inconclusive 

for distinguishing among sound velocity models in quartz, the analytic solution from Knudson and 

Desjarlais49 was chosen.  This primary advantage of this model is the ability to easily calculate the sound 

velocity at any point in the thermodynamic plane by determining the release isentrope that intersects 

that point.  If a tabular EOS like SESAME was used, generation of the map of sound velocities as done for 

the analytic model in Figure 4.1.2 involves interpolating along the tables while holding the isentrope 

condition, 𝑑𝑆 = 0. 

The materials chosen for these experiments were fused silica (amorphous SiO2), periclase (MgO), and 

polystyrene (CH).  The choice of fused silica and periclase was based on their abundance in the mantle 

and crust of the earth.  These two materials, along with FeO are the end members of the MgO-FeO-SiO2 

system that makes up over 90% of the Earth’s mantle.110,124  At the pressures achieved in these 

experiments, the materials are at the conditions similar to that of the core-mantle boundary in super-

earth exoplanets.  Extrapolating these results to lower pressure would then enable understanding of 

two of the three end members of the Earth’s mantle.  Furthermore, the lower mantle is predominantly 

composed of perovskite (MgSiO3)
125 such that measurement of the sound velocity of its two base 

components allows for description of that system.  Polystyrene was chosen because of its frequent use 

as an ablator material for ICF experiments.  Accurate knowledge of the sound velocity and Grüneisen 

parameter is paramount to correctly modeling the behavior of the capsule of an ICF implosion.  These 

experiments covered the range of conditions accessed by the initial shock in an ICF implosion, which 

shapes the adiabat of the implosion and has a large impact on the hydrodynamic efficiency of a target.  

Furthermore, the sound speed in a shocked material affects both the growth rate126 and perturbation 

structure127 of hydrodynamic instabilities. 
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5.1 Fused Silica 
As discussed in the previous chapter, the most prevalent compound in the Earth’s crust is silica.  As one 

of the three end members of the MgO-FeO-SiO2 system in the mantle, it plays a major role in geophysics 

and tectonophysics.  Research with shocked fused silica allows for experiments reaching higher 

temperatures and pressures for a given density than with crystalline silica because of its lower initial 

density.  In these experiments, the Hugoniot of fused silica was determined as well as the sound velocity 

and Grüneisen parameter of the material behind the shock front.  By coupling this work with research 

done to develop the quartz Hugoniot44,48,89 and release properties,46,47,49  stishovite Hugoniot,118 and 

fused silica Hugoniot,89,117,121 at pressures greater than that where shock-melting occurs, a broad 

description of the properties of liquid silica is available.  These experiments improved the precision of 

the fused silica Hugoniot and provided the first high precision measurements of the sound velocity in 

liquid silica. 

5.1.1 Fused silica Hugoniot 

The Hugoniot curve of fused silica has previously been determined experimentally for pressures up to 

630 GPa.121  To constrain the Hugoniot for higher pressures, the 𝑈𝑠 − 𝑢𝑝 relation was determined from 

first-principles molecular dynamics (FPMD) simulations.121  The simulations agreed with the data over 

the range of experimental data, so it was decided to fit the fit the 𝑈𝑠 − 𝑢𝑝 relation to the simulations 

rather than the data.  FPMD simulations use a functional form for the free energy of a material as a 

function of pressure, density, and temperature.  These simulations allow for derivation of isentropic, 

isobaric, isothermal, and Hugoniot curves by applying the proper conditions in phase space.  The FPMD 

simulations used to determine the Hugoniot curve ranged in pressure from 86 to 1500 GPa. 

These experiments comprise the same 28 shots discussed in the previous chapter, with pressure in the 

fused silica ranging from 260 to 1570 GPa.  Table A.1 gives the measured shock velocity in both the 

quartz and fused silica samples as well as the pressure, density, and particle velocity in the fused silica as 

determined by IM.  The experimental results did not agree with the FPMD determined Hugoniot curve at 

pressures in excess of the experimental results used to benchmark the simulations.  Two new Hugoniot 

curves were determined from these results and other recent data measuring the Hugoniot of fused 

silica. 

An experimentally determined Hugoniot curve is traditionally expressed as an 𝑈𝑠 − 𝑢𝑝 relation.  In their 

2009 paper, Knudson and Desjarlais introduced an exponential model for the 𝑈𝑠 − 𝑢𝑝 relation in 

quartz.48  This functional form was found to be very robust and allowed for extrapolation to shock 

velocities outside the range of the fit.  This is an important consideration because as new drivers are 

developed, higher pressures will become available.  It is necessary to have a model that both accurately 

represents any curvature in the data and remains finite when extrapolated to higher pressures.  This 

exponential model was of the form 𝑈𝑠 = 𝑎 + 𝑏𝑢𝑝 − 𝑐𝑢𝑝𝑒
−𝑑𝑢𝑝.  By choosing this model, the curvature 

in the quartz Hugoniot was accurately modeled using a single relation for the whole region of space 

above the melt.  Furthermore, this model has asymptotic behavior approaching a linear 𝑈𝑠 − 𝑢𝑝 relation 

at high particle velocities, enabling it to be extrapolated to high pressures without curvature effects 

resulting in the breakdown of the model.  The previous model, developed by Hicks et al., used a 
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piecewise linear relation over that regime.44  This model is also able to extrapolate to high pressures, but 

does not model the data as well.  This results in a larger uncertainty in the  Hugoniot curve. 

Over the range of pressures studied here, fused silica has shock-melted, such that it is in the liquid 

phase.  For that reason, it should exhibit similar behavior to that observed by Knudson and Desjarlais for 

liquid quartz at high pressure.  This implies that the exponential model should accurately describe the 

fused silica Hugoniot over this range of pressures.  Because there is a defined curvature to the data, as 

seen in Figure 5.1.1(a), a linear 𝑈𝑠 − 𝑢𝑝relation will not accurately model the data.  Instead, a cubic 

polynomial of the form 𝑈𝑠 = 𝑎0 + 𝑎1𝑢𝑝 + 𝑎2𝑢𝑝
2 + 𝑎3𝑢𝑝

3 was chosen as the second model to fit the 

𝑈𝑠 − 𝑢𝑝 data. 

 

 
Figure 5.1.1: (a) 𝑼𝒔 − 𝒖𝒑 curve for fused silica.  The data from this work (yellow diamonds) is presented along with that from 

Qi et al (blue squares) and Lyzenga et al (open triangles).  Error bars are of similar size to the points on the plot.  The 𝑼𝒔 − 𝒖𝒑 

fit from Qi (black dash-dot line) falls slightly above the data whereas the cubic (red dashed) and exponential (green solid) fits 
from this work agree well with the data.  (b) A low-order smoothing spline was fit to the shock velocity residual to identify 
any trends.  The three curves from (a) are included in this as well as a linear (blue dash-dot) and quadratic (magenta dash-
dot) fit to the data.  It is clear that the linear and quadratic fits are poor and that the fit by Qi diverge from the data at 
particle velocities greater than 12 km/s.  The cubic and exponential fits in this work agree with the data to similar precision.  

The two models were fit to the data from these experiments as well as the results from Qi et al.121 and 

Lyzenga et al.114  The parameters for these fits and their respective covariance matrices are given in 

Table 5.1.1-4. Including the data from Qi and Lyzenga extends the region over which the fits are 

constrained to lower pressure.  Figure 5.1.1(a) shows the 𝑈𝑠 − 𝑢𝑝 plot with these cubic (red dashed) and 
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exponential (green) fits and the experimental results.  The black dashed-dot line is the 𝑈𝑠 − 𝑢𝑝 curve 

determined by Qi et al. using their FPMD results.  In Figure 5.1.1(a), there appears to be a slight 

discrepancy between the results of Qi et al. and these experimental data, but the size of the data points 

obscures the differences between fits.  The error bars on the data are approximately the same size as 

the data points on the plot. 

Table 5.1.1: Fit parameters for 𝑼𝒔 − 𝒖𝒑 relation of the form 𝑼𝒔 = 𝒂𝟎 + 𝒂𝟏𝒖𝒑 + 𝒂𝟐𝒖𝒑
𝟐 + 𝒂𝟑𝒖𝒑

𝟑 . 

𝑎0  (
𝑘𝑚

𝑠
) 𝑎1 𝑎2  (

𝑘𝑚

𝑠
)
−1

 𝑎3  (
𝑘𝑚

𝑠
)
−2

 

0.635 1.937 –4.102 × 10-2 7.925 × 10-4 

 
Table 5.1.2: Covariance matrix elements for the cubic 𝑼𝒔 − 𝒖𝒑 relation given in Table 5.1.1. 

𝜎𝑎0
2  𝜎𝑎𝑜

𝜎𝑎1
 𝜎𝑎𝑜

𝜎𝑎2
 𝜎𝑎𝑜

𝜎𝑎3
 𝜎𝑎1

2  𝜎𝑎1
𝜎𝑎2

 𝜎𝑎1
𝜎𝑎3

 𝜎𝑎2
2  𝜎𝑎2

𝜎𝑎3
 𝜎𝑎3

2  

(×10-1)
 

(×10-2)
 

(×10-3)
 

(×10-4)
 

(×10-3)
 

(×10-4)
 

(×10-5)
 

(×10-5)
 

(×10-6)
 

(×10-8)
 1.118 –3.019 2.419 –5.930 8.568 –7.094 1.781 6.033 –1.547 4.041 

 
Table 5.1.3: Fit parameters for 𝑼𝒔 − 𝒖𝒑 relation of the form 𝑼𝒔 = 𝒂 + 𝒃𝒖𝒑 − 𝒄𝒖𝒑𝒆

−𝒅𝒖𝒑. 

𝑎 (
𝑘𝑚

𝑠
) 𝑏 𝑐 

𝑑 (
𝑘𝑚

𝑠
)
−1

 

4.972 1.218 2.432 0.396 

 
Table 5.1.4: Covariance matrix elements for the cubic 𝑼𝒔 − 𝒖𝒑 relation given in Table 5.1.3. 

𝜎𝑎
2 𝜎𝑎𝜎𝑏 𝜎𝑎𝜎𝑐 𝜎𝑎𝜎𝑑 𝜎𝑏

2 𝜎𝑏𝜎𝑐 𝜎𝑏𝜎𝑑 𝜎𝑐
2 𝜎𝑐𝜎𝑑 𝜎𝑑

2 

(×10-1)
 

(×10-2)
 

(×10-2)
 

(×10-2)
 

(×10-4)
 

(×10-3)
 

(×10-3)
 

(×10-1)
 

(×10-2)
 

(×10-3)
 1.900 –1.005 -4.749 –2.101 5.386 2.116 1.075 1.004 1.149 2.809 

 
To discern among the models, the residuals of each point were computed against the two fits 

determined in this work and the fit to simulations by Qi.121  Also on the residual plot are fits to the 

𝑈𝑠 − 𝑢𝑝 data using linear (blue dash-dot) and quadratic (purple dash-dot) polynomials.  The set of 

residuals consists of 41 data points for each of the five fits.  By plotting this number of individual points, 

it is difficult to distinguish between individual data sets on the graph.  Furthermore, by definition, the 

sum of the residuals for a fit is zero, and all the points for the four fits determined in this work would be 

scattered about zero.  The existence of a trend in the residual plot is evidence of systematic error in a fit.  

To enable clear visualization of any trends in the residuals, Figure 5.1.1(b) displays a low-order 

smoothing spline fit to each set of residuals.  The clear quadratic behavior in the residuals from the 

linear fit demonstrates that the fit has a large systematic error in its ability to model the data.  A similar 

systematic error is seen in the residual to the quadratic fit, where there is a cubic dependence in the 

residual.  The cubic and exponential fits from this work display similar residuals demonstrating nearly 

equivalent precision in the fit to the data.  Increasing the number of parameters in the fit would further 
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decrease the residuals, but at a loss of degrees of freedom for the fit; a four parameter fit is generally 

the most tightly constrained fit used for shock research. 

The most striking aspect of the residual plot is the divergence of the fit by Qi from the experimental data 

for particle velocities above 12 km/s.  That velocity corresponds to a pressure of ~500 GPa.  Below that 

pressure, the FPMD simulations agree with the experimental data from this work Qi et al. and Lyzenga 

et al.  This implies a systematic offset in the FPMD results for pressures exceeding those where 

experimental results previously existed. 

Reflectivity experiments for liquid silica conducted by Hicks et al.89 demonstrated an excess in the 

expected heat capacity of the shocked fluid that was attributed to the dissociation of silica molecules.  

As the pressure and temperature of the shock increases, silica transitions from a bonded liquid to atomic 

fluid.  The bonded liquid is a regime above the melt where chemical bonds dominate the behavior of the 

fluid.  In this regime (defined as 0.5-3.5 × 104 K), the increasing temperature affects the Si-O bond length 

and the inter- and intra-atomic bonds are being broken.  Above these temperatures, it was found that 

the reflectivity became constant, and the conductivity rapidly increased.  This was defined as the atomic 

fluid regime in which the SiO2 molecules had been separated into silicon and oxygen atoms.  Along the 

Hugoniot, the transition temperature between regions corresponds to ~500 GPa for shocks initiating in 

fused silica as shown in Figure 5.1.2.  This is approximately the same pressure at which the Hugoniot 

model derived by Qi et al. diverges from the experimental results and may be due to incorrect modeling 

of the atomic fluid behavior in their FPMD model. 

 
Figure 5.1.2: A proposed phase diagram for SiO2 from Hicks et al.

89
  The red curve illustrates temperature measurements 

using a decaying shock technique for fused silica.  Where it crosses the proposed boundary between a bonded liquid and 
atomic fluid is of primary interest to this study.  This occurs at approximately the same pressure where the Hugoniot fit 
determined by Qi et al diverges from the experimental data.  This implies that the FPMD modeling conducted by Qi to 
determine the Hugoniot may have incorrectly accounted for inter-atomic interactions at higher pressures. 

The residual of the 𝑈𝑠 − 𝑢𝑝 curve demonstrates that the fit by Qi et al. diverges from the experimental 

result.  However, the physical implication of this divergence cannot be gleaned from the 𝑈𝑠 − 𝑢𝑝 plane 
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as it is highly insensitive to small variations in behavior.  The 𝑃 − 𝜌 plane is a better space to discern the 

thermodynamic behavior of a material.41  The 𝑃 − 𝜌 Hugoniot for fused silica is shown in Figure 5.1.3.  In 

this figure, the data from the three experiments used in these fits is shown, as well as results from the 

LASL Shock Hugoniot Data publication.42  Also shown in Figure 5.1.3 is the Hugoniot calculated from the 

SESAME 7386 table for fused silica.123 

 
Figure 5.1.3: The 𝑷 − 𝝆 Hugoniot curve for fused silica demonstrates the differences between 𝑼𝒔 − 𝒖𝒑 relations.  At low 

pressure, the fits determined by Qi et al (black dash-dot) and this study (green and red dashed lines) are in agreement with 
the LASL Shock Hugoniot data (orange open circles) and Lyzenga (purple open triangles).  Above this data, the SESAME 7386 
table (pink line) diverges from the experimental data from Qi (blue squares) and this work (yellow diamonds).  The data from 
Qi agrees with this work over the whole range of their study.  At higher pressures, it is clear that the Qi fit becomes stiffer 
than the experimental results and fits from this work. 

The 𝑃 − 𝜌 plane shows the compressibility (𝜅 =
1

𝜌

𝜕𝜌

𝜕𝑃
) of a material directly.  In Figure 5.1.3, the fit to 

FPMD simulations by Qi has higher pressures for a given density than the experimental data and fits to 

that data, while the SESAME table has lower pressures below these fits.  This implies that result from Qi 

is less compressible (stiffer) than the experimental data, while the SESAME table is more compressible 

(softer) than the data.  The more compressible SESAME table is easily explained from the data on which 

it was based.  The SESAME table was determined prior to the experiments by Lyzenga in the 100 GPa  

range and those by Qi and this work which constrain the Hugoniot at higher pressures.  As such, it is only 

constrained by old results from the LASL Shock Hugoniot data.  Above the region where that data exists, 

the SESAME table uses a Thomas-Fermi-Dirac (TFD) model for electronic contributions.  However, in the 

discussion of EOS models in Section 2.3, the TFD model is valid for the case where the material behaves 

as a degenerate gas.  In the region of phase space where the LASL Shock Hugoniot data exists, the 

material is solid, so this extrapolation is invalid.  This results in a softer behavior at low pressures where 

melting occurs and shifts the entire Hugoniot curve. 

The divergence of the Qi model above ~500 GPa in the 𝑃 − 𝜌 plane implies that the model does not 

account for softening that occurs during the transition from a bonded liquid to an atomic fluid.  In the 
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atomic fluid, the intra-atomic bonds between silicon and oxygen atoms have been broken.  This 

decreases the number of degrees of freedom in the fluid by eliminating vibrational and rotational modes 

and allowing for higher compressibility.  This interpretation has been demonstrated previously in liquid 

deuterium at the insulator-metal transition.128,129  In the previous work with deuterium, they found a 

50% increase in compressibility by including molecular dissociation.  This was done using the ideal 

mixing of molecular and atomic states to minimize the free energy.  In this work, the difference in 

compressibility observed is significantly smaller than that observed with deuterium, with a difference 

between the FPMD-derived fit and experimentally derived fit being <3% at 1500 GPa.  For increases in 

pressure above the transition from a bonded liquid to atomic fluid, the behavior in the fluid should 

approach that of an ideal gas.  This implies that if both simulations and experiments were carried out to 

higher pressures, the results should begin to converge regardless of the difference in compressibility at 

these pressures. 

The final observation from the fused silica results is the agreement between these data and those from 

Qi et al.  Over the range of pressures where both data sets overlap, the results agree within 

experimental errors.  Fundamental to this comparison is that the experiments were conducted using 

different experimental techniques.  These results were determined using laser-driven shock waves 

generated by direct laser-ablation of the target.  The results from Qi et al. were determined using 

magnetically-accelerated flyer plates at the Sandia Z facility.12  These experiments also used different 

methods to determine the kinematic variables from the shock velocity.  In this work, IM was used 

relative to an α-quartz standard, whereas the Qi experiments used direct impact by an aluminum flyer 

plate.  This result is a significant departure from previous experiments where the different platforms 

often produced different results.  The agreement provides increased confidence in the accuracy of the 

quartz release model and the ability to limit preheating of a sample using laser-driven shockwaves. 

5.1.2 Fused silica sound velocity and Grüneisen parameter 

The sound velocity in fused silica was determined using the unsteady wave method for pressures 

ranging from 300 to 1100 GPa.  Previously published results for the sound velocity exist up to 122 GPa95, 

with no published results above that pressure.  Measurement of the sound velocity in a shocked fluid 

allows for determination of the slope of the release isentrope from that shock state.  This also 

determines the slope of a re-shock Hugoniot from that shock state because the Hugoniot and isentrope 

are the same to second order (i.e. same slope and curvature) at their initial state.34 

Prior measurements of the Grüneisen parameter for liquid silica relied on the ratio between Hugoniots 

of different SiO2 foams or silica polymorphs.  At the pressures of these experiments, fused silica and 

quartz are both shock-melted, which allows for these measurements to determine if there is a pressure 

or temperature dependence of the Grüneisen parameter.  As discussed in Section 2.3.4, the Grüneisen 

parameter is traditionally assumed to only depend on density.  Comparing these measurements to the 

results for quartz enables determining whether there is a statistically significant difference in the 

Grüneisen parameter of liquid silica at different temperature and pressure for a given density.  However, 

it is impossible to discern if any differences are the result of pressure or temperature effects in the 

material.  These measurements are relative to the model used for the quartz standard.  Because the 

results in the previous chapter were unable to constrain the quartz sound velocity or Grüneisen 



99 
 

parameter to a single model, the analytic solution from the quartz release construct was selected.  This 

model agreed with sound velocity data along the Hugoniot where the IM results had the best agreement 

with unpublished direct-impact data.  The model also provides the sound velocity and Grüneisen 

parameter over all space accessible in shock-release experiments.  The use of an analytic model enables 

accurate characterization of errors in the quartz reference, whereas the tabular results do not contain 

error bounds. 

Eighteen shots were used to determine the sound velocity and Grüneisen parameter in liquid fused 

silica.  For these experiments, the shock state in the fused silica sample was determined by IM to the 

quartz baseplate as discussed in the previous section.  These experiments used for this analysis are shots 

18752-18766 and 19485-19503 in Table A.1.  The results were determined from the 𝐹 and 𝐺 coefficients 

derived according to the discussion in Section 3.3.3.3.  The 𝐹 and 𝐺 coefficients relate the arrival time 

and amplitude of acoustic perturbations in the fused silica sample to those in the quartz witness.  

Determining these coefficients requires fitting the deviations in shock velocity, 𝛿𝑈𝑠, in the quartz to 

those in the fused silica.  This is illustrated for shot 18762 in Figure 5.1.4.  The parameters are given in 

Table A.3. 
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Figure 5.1.4: Profile matching technique illustrated for shot 18762.  The profile matching technique determines the 𝑭 and 𝑮 
parameters using three steps.  In (a), a region of interest is selected and a quadratic average (dashed lines) is determined 
from the quartz (blue) and fused silica (magenta) shock velocities.  This is subtracted from the data resulting in the 
perturbation plot (b).  The profiles are fit by adjusting the time axis in the quartz and minimizing the SSE of the adjusted 
quartz and fused silica.  The resultant profile is shown in (c). 

The method to determine the coefficients first fit a quadratic polynomial to the shock velocity over the 

region of interest as seen in Figure 5.1.4(a).  This was used as the average shock velocity over the region 

to account for ramping or decaying of the shock velocity.  Subtracting this result from the measured 

shock velocity gave the perturbations to the shock velocity as a function of time.  These perturbations 

are shown in Figure 5.1.4(b).  A low-order smoothing spline was applied to the raw data to eliminate 

high frequency random noise in the shock velocity.  An automated routine then minimized the sum of 

squares error (SSE) to match the profile in the quartz to that in the fused silica.  The output for the shock 

velocity gives a time vector and corresponding velocity vector for each material.  The routine 

simultaneously aligns the arrival time of perturbations by multiplying the quartz time vector by the 

dilation factor, 𝐹 (Figure 5.1.4(c)).  A free parameter 𝛿𝑡0 was included to shift the time vector of the 

initial perturbation in the quartz to match that in the fused silica.  The fused silica results are then 
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interpolated to be on the same time vector as the scaled vector for the quartz.  The routine matches the 

perturbation amplitude by multiplying the quartz perturbations by the scaling factor, 𝐺.  The SSE is 

calculated from the fused silica profile and modified quartz profile and minimized using an 

unconstrained trust-region Newton’s method algorithm. 

The accuracy to which the coefficients can be determined depends on the amplitude of the 

perturbations to the shock velocity.  In the shot illustrated, the perturbation amplitude was ~2% of the 

shock velocity.  The accuracy in calculating the dilation factor was estimated by varying the parameter 

and examining the relative position of the peaks as illustrated in Figure 5.1.5.  The profiles resulting from 

increasing the parameter by two (blue dash), five (blue dash-dot), and ten (blue dotted) percent are 

shown with the best-fit result (blue solid) and fused silica (magenta solid) for shot 18762.  It is 

interesting that the 2% curve matches the final peak of the fused silica the best.  However, this occurs at 

an expense to the match for the previous peaks such that it is reasonable to determine that the dilation 

factor can be determined with less than 2% error.  This number is reinforced by taking the average 

difference between dilation factors calculated from each leg of the VISAR system.  This gives an error of 

1.4%, which is strongly influenced by shot 19492 where the difference between the two legs was 5.2%, 

double that of the next largest error.  Ignoring this data point gives a value of 1.2% for the error in the 

dilation factor.  This value was used in Monte Carlo simulations to calculate the error in the sound 

velocity. 

 
Figure 5.1.5: Error approximation for matching the 𝑭 parameter from shock velocity profiles in quartz (blue) and fused silica 
(magenta).  The 5% (dash-dotted) and 10% (dotted) corrections clearly are poor matches to the perturbations in the fused 
silica.  The 2% correction (dashed) has the best agreement with the final perturbation, but worse agreement with the 
previous perturbations than the minimized result (solid). 

The minimization for the scaling factor exhibits a broad minimum, such that its precision is not easily 

calculated.  Attempting to observe a variety of scaling factors did not yield insight into the error in the 

parameter, so the average difference in 𝐺 between VISAR legs was used.  Because the difference 

between the two legs for shot 19492 was 50% larger than the next largest error, this point was again 

excluded from the average.   Therefore the accuracy in measurement was estimated to be 17% from the 

average difference between the two VISAR legs. 
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The sound velocity and Grüneisen parameter were determined from the 𝐹 and 𝐺 parameters, the shock 

state in the quartz and fused silica, and the sound velocity and Grüneisen parameter of quartz.  This 

system with quartz and fused silica is a releasing system from the quartz baseplate into the fused silica 

(Target design in Figure 3.5.1).  As a result, the transmission coefficients in this system are the same as 

those discussed in Section 3.3.3.3.  This implies that the Mach number in the fused silica is given by Eq. 

3.3.39.  The Mach numbers in the quartz are determined from Eq. 3.3.16, where 𝜌 and 𝑐𝑠 are the local 

density and sound velocity.  Because this is a releasing system, computation of the derivative of release 

isentrope from the shock state in the quartz (as discussed in the previous chapter) determines the sound 

velocity in the material behind the shock and at all points along the release curve.  Transforming from 

the Mach number in the fused silica to its isentropic sound velocity is the inverse of how the Mach 

number was determined for quartz from Eq. 3.3.16.  These values for the sound velocity, 𝑐𝑠, are shown 

as a function of pressure in Figure 5.1.6.  The Lagrangian sound velocity 𝑐𝐿 was determined from the 

isentropic sound velocity by multiplying by the compression, 𝜂 =
𝜌

𝜌0
.  Figure 5.1.7 displays the 

Lagrangian sound velocity relative to the compression.  Both velocities are given in Table A.3.  The values 

and their associated uncertainties are determined from Monte Carlo methods averaging both legs of the 

VISAR system.  This was done because the uncertainties in the sound velocity calculation are not 

symmetric.   Hence, determining the result from the average of both legs calculated without 

uncertainties does not give the true mean for the sound velocity. 

 
Figure 5.1.6: Isentropic (Eulerian) sound speed as a function of pressure.  The experimental results from both this work 
(yellow diamonds) and McQueen (blue squares) agree well with the SESAME 7386 (purple) table.  This tables was developed 
for fused silica using low pressure Hugoniot data.  The SESAME 7381 (green) and 7385 (red) tables do not agree with the 
data.  These tables were developed for single and polycrystalline quartz, respectively. 
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Figure 5.1.7: Lagrangian sound velocity as a function of compression.  The Lagrangian sound velocity results (yellow 
diamonds) are also in agreement with the SESAME 7386 table (purple).  The data now falls above the curve, which is an 
effect of the significant difference in compressibility between the data and the SESAME table.  Once again, the 7381 (green) 
and 7385 (red) tables do not agree with the data.  The results from McQueen are not included because neither the shock 
density nor IM results are given. 

Examining the sound velocity in Figure 5.1.6 and Figure 5.1.7 demonstrates that relative to the different 

SESAME models for silica, the results are closest to the SESAME 7386 table.  This is to be expected, 

because the SESAME 7386 table was determined for the high-pressure branch of fused silica.  The other 

tables shown, SESAME 7381 and 7385, were developed for single-crystal and poly-crystal quartz, 

respectively.  Of interest on the plots is that, at low pressures, the SESAME 7386 table agrees with fused 

silica sound velocity data by McQueen.95  This demonstrates that these results are consistent with 

previous experiments at low pressures.  Furthermore, it implies that as a function of pressure, the 

SESAME 7386 table models the sound velocity reasonably well.  A surprising discrepancy is 

demonstrated by comparing the results in Figure 5.1.7 to Figure 5.1.6.  When plotting the Eulerian 

sound velocity as a function of pressure, the results from these experiments are generally less than the 

SESAME 7386 table.  However, when comparing the Lagrangian sound velocity to the compression, the 

data now have greater sound velocities than SESAME.  This effect is related to the compressibility of the 

Hugoniot determined from the SESAME 7386 table.  As discussed in the previous section, the SESAME 

Hugoniot is more compressible than the experimental data.  Hence, for a given pressure, the density in 

SESAME is greater than that for the experimental results, which shifts the curve to the right in Figure 

5.1.7. 

A relation similar to Eq. 3.3.39 was determined for the Grüneisen parameter using the amplitude 

modulation coefficients in Section 3.3.3.2.  The determination of the Grüneisen parameter for fused 

silica depends on the Mach numbers in the quartz and fused silica as well as the 𝐺 parameter and the 

Grüneisen parameter for quartz.  It was shown in Section 3.3.3.2 that because a centered rarefaction is 

an isentropic process, the velocity perturbation coefficient is one.  Therefore, the only relevant 

Grüneisen parameter for quartz is that at the shock front in the witness.  This value was interpolated 
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from the derivation of the quartz Grüneisen from neighboring release curves over all thermodynamic 

space given in Figure 4.1.3.  Using that value and the result from the time dilation gave the Grüneisen 

parameter for fused silica, denoted as Γ𝐺 in Table A.3.  These results are shown as a function of the 

density in Figure 5.1.8. 

 
Figure 5.1.8: Grüneisen parameter for shocked fused silica as a function of density.  The Grüneisen parameter was calculated 
from the thermodynamic derivative and using the unsteady wave method for each shot.  The thermodynamic derivative 
(yellow diamonds) gives self-consistent results that all agree with the SESAME 7381 (green), 7385 (red) and 7386 (purple) 
tables.  The unsteady wave method (gray squares) gives results with large errors and scatter in the data.  Furthermore, 
multiple points have values less than zero, which is non-physical. 

Using measurements of the fused silica sound velocity and Hugoniot, the thermodynamic Grüneisen 

parameter can be calculated using Eq. 3.3.4.  This calculation of the Grüneisen parameter has a 

significantly higher precision than that using the unsteady wave method because the uncertainties in 

the Hugoniot fit and sound velocity measurements are small.  These results are denoted as Γ in Table 

A.3, and also shown in Figure 5.1.8.  The uncertainty in this method is dominated by errors in the 

shocked density, resulting in a total uncertainty ranging from 4-7% for most shots.  This value is difficult 

to benchmark against other experiments because these are the first direct measurements of the 

Grüneisen parameter at pressures greater than 300 GPa.  By comparison, the estimated Grüneisen 

parameter in quartz at high pressures from the literature is Γ = 0.64 ± 0.11, which is an error of 17%.86 

The plot of Grüneisen parameter versus density in Figure 5.1.8 does not yield much insight into the 

different EOS models that exist for fused silica.  A significant reason for this is the size of the axes 

required to show results from both the thermodynamic derivative and unsteady wave method 

compresses all three EOS models shown into a small region.  Negative values for the Gruneisen 

parameter are non-physical and result from the average 𝐺 parameter falling outside 0.8 < 𝐺 < 1.2.  

Whether there is physical significance to this bound cannot be determined.   In addition to negative 

values, use of the unsteady wave method applied to the Grüneisen parameter generates a large amount 

of scatter.  This results in an inability to determine a viable trend in the data.  The only approximation 

that could be made is that Γ~0.4, as this value falls within the error bars of most of the data points.  
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However, this value both falls over 2 σ outside the previously accepted value for high pressure liquid 

silica, and is ~30% less than the value from the lowest SESAME table.  Using only the data for densities 

above 5.7 g/cc, a trend could be fit to the data demonstrating a Grüneisen parameter that increases 

with density.  This trend would both result in negative values for densities less than 6.2 g/cc and would 

be unbounded for further increases in density.  Under infinite compression, any materials transition to 

form a highly degenerate gas.  That implies that the Grüneisen parameter should approach that for an 

ideal gas.  These physical discrepancies in the data lead to the conclusion that the unsteady wave 

method is not viable for determining the Grüneisen parameter of a material under these conditions.  

The method may be viable if an experiment is designed to generate large perturbations while still 

obeying the acoustic approximation.  Otherwise, a higher order calculation of the perturbation 

amplitude would be required. 

By eliminating the results from the unsteady wave method and rescaling the axes in Figure 5.1.9, it is 

possible to observe the relationship between the thermodynamic results and EOS models.  The 

Grüneisen parameter measurements using the sound velocity and slope of the Hugoniot almost all fall 

within the bounds of the different SESAME tables for liquid silica, as well as the analytic solution from 

the quartz release construct (black dash).  The points appear to be uniformly distributed across the 

region enclosed by the SESAME tables, with error bounds of similar size to the difference among the 

tables.  This demonstrates that the values are consistent with theoretical results over the range of 

pressures studied.  The Grüneisen parameter determined from the Hugoniots of quartz and fused silica 

agrees with the data and SESAME tables over this range of densities.  Furthermore, its behavior is 

qualitatively similar to the SESAME 7381 where it decreases monotonically from a value near one, 

approaching a value of ~0.6. 

  

Figure 5.1.9: Grüneisen parameter as determined by thermodynamic derivative.  With the exception of one point, the results 
using the thermodynamic derivative are bounded by the SESAME 7385 (red) and 7386 (purple) tables.  The trend in these 
results appears to be increasing as the pressure decreases, such that the SESAME 7381 table (green) has an appropriate 
trend for the data.  The analytic result from the quartz release construct (black dash) has a higher value than any of the data 
or tables for densities below 6.9 g/cc.  However from Figure 4.3.3, it falls within the SESAME tables for densities greater than 
7 g/cc and has an asymptotic result in agreement with theoretical values.  For densities above 6 g/cc, the results all agree 
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with a constant value of 𝚪 = 𝟎. 𝟔𝟔 ± 𝟎. 𝟎𝟓 (denoted by dashed lines).  This value also agrees with the theoretical limit for 
high pressure. 

Comparing the difference among the tables to the previously accepted value of Γ = 0.64 ± 0.11, all 

three tables are within the 1 σ bounds of that value for densities above 5.9 g/cc.  The SESAME 7385 

table falls outside that bound for densities less than 5.9 g/cc, and the SESAME 7381 table falls outside 

that region for densities less than 5.1 g/cc.  Furthermore, the experimental results for fused silica all fall 

within the range Γ = 0.64 ± 0.11, which implies that that confidence bound on the Grüneisen 

parameter is too large for this data.  From these experimental results, a better value for the Grüneisen 

parameter of high pressure liquid silica is Γ = 0.66 ± 0.05.  This result decreases the uncertainty of the 

previously accepted value by a factor of two and is wholly enclosed within the previous value.  

Furthermore, the value of 0.66 is the Grüneisen parameter of an ideal gas, which is the expected 

asymptotic value for all materials as the pressure increases. 

Comparing Figure 5.1.9 to Figure 4.3.3 demonstrates that the analytic solution for the Grüneisen 

parameter from the quartz release model49 has the best agreement with the experimentally determined 

average Grüneisen parameter for densities greater than 6.9 g/cc.  For densities less than this value, the 

analytic model overestimates the Grüneisen parameter as determined from experimental data.  The 

constant value of Γ = 0.66 ± 0.05 best fits the results over the whole range of data and would be 

preferable to the analytic model.  Furthermore, there is no statistically significant difference between 

the analytic result for quartz and experimental result for fused silica, implying that the assumption that 

the Grüneisen parameter is independent of pressure and temperature holds for high pressure liquid 

silica.  For pressures in excess of 1200 GPa the analytic solution for the quartz Grüneisen parameter 

accurately represents the experimental results, however it overestimates the parameter at lower 

pressures and densities.  The model also has the correct asymptotic behavior, validating its use for very 

high pressure (>1200 GPa) systems.  The average value from the experimental results, Γ = 0.66 ± 0.05, 

agrees with the data for pressures >500 GPa and the theoretical value at infinite density.  For 

applications requiring the Grüneisen parameter of liquid silica, Γ = 0.66 ± 0.05 should be used in the 

atomic fluid regime, however the lower pressure behavior requires further study.  The use of values 

from the SESAME 7381 and 7386 tables or the approximation from the quartz and fused silica Hugoniots 

is not recommended at high pressure, as these models continue decreasing at high pressures and no 

longer agree with the experimental results. 

5.2 Magnesium Oxide 

Magnesium Oxide is another end member of the MgO-FeO-SiO2 system that comprises the Earth’s 

mantle.110,111,124,130  In its natural state, MgO is a crystalline material known as periclase.  Nearly all 

existing research into MgO studied the behavior of the material below the melt curve with the goal of 

understanding the solid-solid phase transition131,132,133,134 and its properties at the conditions of the core-

mantle boundary of Earth.125,135,136,137  In this regime, MgO is transparent so the viability of the unsteady 

wave method is unknown.  At higher pressures, MgO melts and transitions to a conducting liquid.131,133  

These conditions enable shock velocity measurements using VISAR and the use of the unsteady wave 

method to compare perturbations in the MgO shock velocity to those in a quartz witness. 
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At states along the Hugoniot where MgO has melted, its properties mimic pressure-temperature 

conditions of warm super-earth exoplanets and giant impacts.  Recent experiments have investigated 

the principal Hugoniot up to 1.2 TPa using direct impact experiments131 or used a decaying shock 

technique to determine the temperature along the Hugoniot curve.133  Both of these experiments are 

confined to states along the principal Hugoniot.  Measurement of the sound velocity and Grüneisen 

parameter enables use of a Mie-Grüneisen model (Section 2.3.4) to model off-Hugoniot states and the 

behavior of MgO for all points (𝑃, 𝜌, 𝐸) above the melt curve. 

This section presents results extending the experimentally determined MgO Hugoniot to 2.4 TPa using 

IM to a quartz standard.  This pressure is twice the highest pressure achieved to date.  The sound 

velocity and Grüneisen parameter behind the shock are determined from the unsteady wave method 

and thermodynamic derivatives. 

5.2.1 MgO Hugoniot 

Recent work measured the Hugoniot of MgO periclase up to 1.2 TPa using direct impact of magnetically 

accelerated flyer plates at the Sandia Z facility.131  These measurements were the first results 

constraining the kinematic properties of the Hugoniot curve at pressures above where shock melting 

occurs.  Previous experiments had investigated the shock temperature at these conditions, but assumed 

the equation of state determined from low pressure gas gun research.133  These experiments comprised 

thirteen shots using IM to an α-quartz standard to determine the kinematic (𝑃, 𝜌, 𝐸) Hugoniot for liquid 

MgO.  The pressures ranged from 0.7 to 2.4 TPa, extending the Hugoniot to a regime that can only be 

reached in planar geometry using lasers or nuclear-driven shocks. 

The quartz samples had the same crystal orientation and refractive index and density as those from the 

fused silica experiments.  For the MgO, the initial density and uncompressed index of refraction were 

taken from literature values131,133 as 3.584 g/cc and n = 1.6, respectively. 

As with the fused silica results, these experiments were carried out using laser-driven shock waves 

generated on the OMEGA EP laser facility.  The intensities used in these shots ranged from 0.7-1.7×1014 

W/cm2 and were delivered over 4-5 ns with distributed phase plates with smoothed diameters of 750 or 

1100 µm.  The shock front was recorded with VISAR using the 2A+5A etalons on leg 1 and the 2B+10B 

etalons on leg 2.  This resulted in velocity sensitivities of 2.671 and 4.375 km/s/fringe in the quartz and 

2.378 and 3.896 km/s/fringe in the MgO.  The raw data and extracted velocity profile from shot 20461 is 

given in Figure 5.2.1. 
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Figure 5.2.1: (a) Raw VISAR data for shot 20461 at an intensity of 8.7×10

13
 W/cm

2
.  The shock is launched in the ablator 

(blanked due to x-rays) then propagates through the quartz pusher and into the quartz witness and MgO sample.  Impedance 
Matching determines the shock state at the quartz-MgO interface and the perturbations are used for sound speed 
measurements.  (b) Shock velocity extracted from shot 20461.  The shock decays in the quartz pusher (blue, t<2 ns) before 
entering the quartz witness (blue, t>2ns) and MgO sample (magenta).  The gap between the pusher and sample/witness is 
from the glue. 

Unlike the case of fused silica, the shock velocity did not decay smoothly across the glue layer and linear 

backwards extrapolation was unable to match the velocity between the quartz baseplate and witness.  

To account for this, a zeroth order linear transformation was used to determine the perturbation to the 

shock velocity across the glue layer.  This transformation is similar to the unsteady wave method 

discussed in Section 3.3.3.  The zeroth order correction determines a G coefficient from the ratio of the 

average shock velocities, 𝐺 =
〈𝑈𝑠

𝑠𝑎𝑚𝑝𝑙𝑒
〉

〈𝑈𝑠
𝑤𝑖𝑡𝑛𝑒𝑠𝑠〉

.  This correction is opposite to the unsteady wave method used 

for sound velocity and Grüneisen parameter.  Instead of using the ratio of perturbations to determine 𝐺, 

the zeroth order correction uses 𝐺 to predict the perturbation amplitude in the MgO from the quartz.  

The change in shock velocity across the glue layer in the quartz is assumed to be linear.  This difference 

is scaled by the G coefficient to determine the change in shock velocity for the MgO as the shock transits 

the glue layer. 

The measurement of the shock velocity in both the quartz and MgO enabled determination of the 

pressure and particle velocity in both materials using the IM method discussed in Section 3.2.1.  Unlike 

the case for the fused silica, MgO has a higher initial density and shock impedance than quartz.  As a 

result, the quartz release model developed by Knudson and Desjarlais49 is not applicable to these 

experiments.  To model the re-shock curve from the principal Hugoniot, knowledge of the Grüneisen 
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parameter of quartz is required.  To satisfy this, the experimental average result for liquid silica 

determined in the previous section of Γ = 0.66 ± 0.05 was used.  This compares favorably to existing 

experiments using the quartz re-shock to determine the Hugoniot of diamond86, MgO133, and 

Stishovite118 which used the value of Γ = 0.64 ± 0.11 given by Hicks86.  To simplify the calculation of the 

re-shock curve, the piecewise smooth 𝑈𝑠 − 𝑢𝑝 relation given by Millot et al,118 was used for the principal 

Hugoniot of quartz.  This function is linear at higher pressures and quadratic at lower pressures to model 

the curvature in the relation.  The re-shock curve was then calculated using a Mie-Grüneisen model 

following the derivation by Hicks86.  The particle velocity along the re-shock curve was determined from 

the Rankine-Hugoniot relations (Eq. 2.4.31, 2.4.34-5).  The results from impedance matching are given in 

Table A.4.  The 𝑈𝑠 − 𝑢𝑝 result for MgO is shown in Figure 5.2.2 and compared to existing results and 

models. 

 
Figure 5.2.2: 𝑼𝒔 − 𝒖𝒑 curve for MgO.  The results from this experiment (yellow diamond) are in agreement with those from 

McWilliams
133

 (blue square) and Root
131

 (black plus).  The extrapolation of the linear 𝑼𝒔 − 𝒖𝒑 relation from gas gun 

experiments (red) diverges significantly from these results.  The SESAME 7460 (green) and LEOS 2190 (purple dash) tables 
agree with experimental results.  A new linear 𝑼𝒔 − 𝒖𝒑 relation (black dash) was fit to these data as well as those from 

McWilliams. 

Figure 5.2.2 shows that the previous Hugoniot determined by linearly extrapolating the low pressure 

(<0.4 TPa) gas gun results does not agree with these results, those from Root et al, nor the tabular EOS 

models.  The two tabular EOS included are SESAME 7460 (green line) and LEOS 2190 (purple dashed 

line) tables.  These tables were developed using theoretical models and molecular dynamics simulations, 

which show significant divergence from the low pressure data above the melt.  In the 𝑈𝑠 − 𝑢𝑝 plane, the 

results from these experiments are in good agreement with both the tabular models and those from 

Root.  The data appears to have limited curvature, which allows for the use of a linear 𝑈𝑠 − 𝑢𝑝 

relationship to describe the Hugoniot.  This analytic model is preferable to the EOS tables from SESAME 

and LEOS because it allows for simple calculation of the Hugoniot from the Rankine-Hugoniot relations.  

Use of the tabular models requires interpolation between points which is more computationally 

intensive. 
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The linear 𝑈𝑠 − 𝑢𝑝 relationship was determined using a weighted least-squares fit to these results as 

well as those from McWilliams.  Although these results agree with those from Root, those results were 

not included in the fit because they were not published at the time of this writing.  The fit parameters 

and covariance matrix coefficients are given in Table 5.2.1.  This fit is valid for 𝑢𝑝 >9 km/s but will 

significantly diverge from the data at lower pressures due to a difference in slope for pressures below 

the melt curve. 

Table 5.2.1: Fit parameters and covariance matrix elements for linear 𝑼𝒔 − 𝒖𝒑 relation of form 𝑼𝒔 = 𝒂 + 𝒃𝒖𝒑 in MgO 

𝑎 (
𝑘𝑚

𝑠
) 𝑏 𝜎𝑎

2 𝜎𝑎𝜎𝑏 𝜎𝑏
2 

  (×10-2)
 

(×10-3)
 

(×10-4)
 7.900 1.168 7.125 –4.578 3.045 

 
At high pressures, it appears that the experimental results are slightly more compressible (<2σ) than the 

tabular models.  This observation is reinforced by the slope of the linear 𝑈𝑠 − 𝑢𝑝 relationship, which is 

shallower than the LEOS and SESAME models.  This difference in slope is of similar size to the 1σ error 

bars over the range of this data.  However, this data also extends to the maximum pressures contained 

in the SESAME and LEOS tables, such that experiments reaching higher pressures may find a statistically 

significant difference between the linear fit and tabular results.  Transforming to the 𝑃 − 𝜌 plane allows 

for the differences between the results and tabular models to become clear, due to its increased 

sensitivity to small variations compared to the 𝑈𝑠 − 𝑢𝑝 plane.  This is shown in Figure 5.2.3. 

 
Figure 5.2.3: 𝑷 − 𝝆 Hugoniot curve for MgO.  The experimental results from this work (yellow diamonds) agree with those of 
Root

131
 (black plus) and McWilliams

133
 (blue squares).  These three sets consist of all data investigating MgO at pressures 

above the melt curve.  SESAME 7460 (green) and LEOS 2190 (purple dash) agree well with the results.  The tabular models 
appear to potentially exhibit less compressibility than the experimental results, but further experiments at pressures >2000 
GPa would be necessary.  A new linear fit to data in the shock-melted regime (black dash) is shown and diverges from the 
tabular results at high pressures.  Also shown is previous work at low pressure measuring the Hugoniot in solid MgO.
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The 𝑃 − 𝜌 plane demonstrates that these results are slightly more compressible the tabular EOS models 

for the MgO Hugoniot at high pressures.  However, it is also evident that the uncertainty in these 

measurements encompasses the tabular models for approximately two thirds of the data points, as 

expected from a normal distribution, implying that the data agrees with the tabular models.  Because all 

the points that disagree with the models do so with higher density than the tables, it implies a slight 

difference in compressibility.  The linear fit to the data (black dash) is slightly softer (by 2% in 

compressibility) than the tabular models.  This amount is negligible when compared to the size of the 

error bars, hence there is no evidence to support updating the MgO Hugoniot in the tabular EOS models.  

The extrapolated Hugoniot from gas-gun data was not shown in this figure because its divergence in the 

𝑈𝑠 − 𝑢𝑝 plane was sufficiently large to conclude that it is invalid at pressures where MgO has melted 

due to the shock wave.  For experiments at higher pressures, deviations between the linear fit and 

tabular results may become significant.  These experiments reached the highest pressures to date in 

MgO and matched the maximum pressures calculated in the tables.  Further experiments at pressures 

>2.5 TPa are necessary to understand this difference. 

The 𝑃 − 𝜌 plane demonstrates that these measurements are in good agreement with those by Root et 

al.131  The measurements by Root were conducted using direct impact from magnetically accelerated 

flyer plates.  As such, this reinforces the observation from the fused silica experiments that the use of a 

high-power laser, such as OMEGA EP, does not significantly preheat the target.  This validates Hugoniot 

measurements made using laser-driven shocks by demonstrating that these measurements indeed lie 

along the principal Hugoniot rather than a preheated starting state.   

5.2.2 MgO sound velocity and Grüneisen parameter 

The lower mantle is composed of a silicate perovskite and magnesiowüstite system.110,124,125  In this 

system, the concentration of magnesium at the core-mantle boundary is significantly greater than that 

of iron, making the primary constituents of the lower mantle enstatite (MgSiO3 perovskite) and periclase 

(MgO).138  In this system, the sound velocity of MgO, as well as that of SiO2 from the previous section, 

helps describe the mantle convection and heat transfer between the core and lower mantle.  This 

process is fundamental to the production of Earth’s magnetic field, which is necessary to protect the 

planet from dangerous amounts of cosmic radiation.139 

Previous research using gas gun driven shocks measured the sound velocity in MgO at low pressures 

where the material is solid.134,137  At those conditions, the longitudinal and transverse sound velocities 

differ, and crystallographic orientations contribute to the sound velocity.  In these experiments, the 

sound velocity and Grüneisen parameter were measured using the thirteen shots discussed in the 

previous section.  The experiments reported here all occurred at pressures where the Hugoniot curve 

has crossed the melt line in the MgO phase diagram (Figure 5.2.4).  Under these conditions, the MgO is a 

high pressure liquid and no structural properties will contribute to the sound velocity.  Furthermore, as a 

liquid, it is an isotropic medium and the longitudinal and transverse sound velocities are the same as the 

isentropic sound velocity. 
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Figure 5.2.4: MgO phase diagram.

133
  The MgO Hugoniot crosses the melt curve at approximately 600 GPa.  Experiments in 

this study ranged from 700-2400 GPa.  At these conditions, MgO has melted and is an isotropic fluid.  Hence, the sound 
velocity no longer has any crystallographic components. 

The measurement of the 𝐹 parameter was carried out in the same manner as the previous section for 

fused silica.  The 𝐺 parameter was measured in the fitting routine, but it was not recorded for use in 

calculation of the Grüneisen parameter.  This decision was based on the large variation in results 

observed with the fused silica experiments.  The matching was done independently for both VISAR legs, 

resulting in two measurements for each shot.  These results are given in Table A.5.  For two shots, the 

fitting routine failed to converge for one leg of the VISAR system.  This is noted in the table with an 

asterisk identifying the leg where the data did not converge. 

As was the case with the fused silica, the error in measurement of the 𝐹 parameter was determined 

from the difference between the results taken from each leg.  Ignoring the two shots where the 

parameter was only determined from a single leg, the average difference between the legs was 

approximately 2.3%.  This result was used for the random uncertainty in measurement of the 𝐹 factor 

for MgO relative to a quartz standard.  For the two shots where the result did not converge, the 

uncertainty in the 𝐹 parameter was estimated to be 4.6%, double that of the results where the value 

converged.  It is important to note that this value is a single component of the uncertainty in the sound 

velocity, with uncertainties in the shock and particle velocities also having an effect.  For this reason, the 

total error in sound velocity for these shots is not necessarily larger than that for other shots. 

Because MgO has larger shock impedance than quartz, the unsteady wave analysis required use of the 

equations for a re-shock.  In the case of the release, Eq. 3.3.20 defined the transmission coefficient in 

the quartz baseplate upon interaction with the release wave.  For the re-shock, the transmission 

coefficient for the baseplate is determined by Eq. 3.3.18.  After changing this coefficient, the remaining 

components of of Eq. 3.3.39 stay the same to convert from the relation between Mach numbers in the 

witness to that of the sample. 



113 
 

Determining the sound velocity in the re-shocked quartz had to be done in a different method than in 

the case of a releasing material.  Recalling the previous section, in the releasing case, the sound velocity 

was determined from the slope of the quartz release isentrope at the pressure where it intersected the 

fused silica Rayleigh line in the 𝑃 − 𝑢𝑝 plane.  In this case, the MgO Hugoniot is steeper than that of the 

quartz standard.  Therefore no release curves exist that encompass the (𝑃, 𝜌) point defining the re-

shock state in the quartz.  To determine the sound velocity at this point an isentrope was calculated 

from the re-shock point using the quartz Hugoniot fit from Millot and the Grüneisen parameter, 

Γ = 0.66 ± 0.05, determined in the previous section.  This model follows the construct developed for 

the quartz release from a state on the principal Hugoniot, but uses a more precise model for the quartz 

Hugoniot and the true Grüneisen parameter.  This allows it to be valid for any starting state where the 

pressure along the principal Hugoniot is known for a given density.  The sound velocity was then 

calculated in the traditional manner from the slope of the isentrope.  The accuracy in using this model is 

less than that for the analytic release construct because it is was not benchmarked against first-

principles molecular dynamics results nor constrained by experimental data. 

The isentropic sound velocity in the MgO was then determined relative to the quartz sound velocity 

along the Hugoniot and re-shock curve using the modified form of Eq. 3.3.39.  These results are given in 

Table A.5 and compared to the tabular EOS models as a function of the shock pressure in Figure 5.2.5(a).  

The Lagrangian sound velocities were determined from the isentropic sound velocity and compression 

and are shown as a function of the compression in Figure 5.2.5(b). 

 

14

16

18

20

22

24

500 1000 1500 2000 2500

c S
  (

km
/s

) 

P (GPa) 

This Work

SESAME 7460

LEOS 2190

Scaled to SESAME/LEOS

a) 



114 
 

 
Figure 5.2.5: Sound velocity in MgO.  (a) As a function of pressure, the experimental results (yellow diamonds) for the 
isentropic sound velocity are systematically less than the expected results from the SESAME 7460 (green) and LEOS 2190 
(purple dash) tables.  These values are approximately 7% less than the results from the EOS tables, as demonstrated by the 
scaled results (red “x”).  This implies that the the EOS tables overpredict the sound velocity in MgO and a small correction is 
necessary to update the tables.  (b) The results from (a) are shown in the Lagrangian sound velocity – compression plane.  
The results fall slightly further from the tabular values in this plane due to a difference in compressibility along the Hugoniot. 

From Figure 5.2.5(a) and (b), it is clear that the experimentally determined sound velocity is less than 

that calculated from the tabular EOS models.  The trend observed in both sets of experimental data 

matches that of the tables.  This implies that the data could match the tables by using either an additive 

or multiplicative constant.  Choosing a multiplicative factor of 7% for the isentropic sound velocity 

resulted in all the data matching the EOS tables over the range from 700-2400 GPa.  This factor results in 

the Lagrangian sound velocity matching the tabulated results for a given density.  These results are 

shown as the gray “x’s” on the figures.  The error bars on these data points are all sub-five percent.  This 

value compares favorably to older experiments measuring the sound velocity using gas guns, 

demonstrating the precision of this method.  Because these results were determined experimentally 

rather than using a theoretical model, it is reasonable to conclude that the EOS models overpredict the 

sound velocity along the Hugoniot by approximately 7 percent. 

The difference between theoretical models and these experimental results influences the slope of an 

isentrope going through these points.  A theoretical calculation of the isentrope gives a steeper curve in 

the 𝑃 − 𝜌 plane.  This results in higher pressures for a given density in states along a release isentrope 

and the opposite for states along a compression isentrope.  At the pressures reached in these 

experiments, the fluid MgO is at a state comparable to a super-heated exoplanet of 3-10 times the mass 

of Earth.  Under the assumption that the pressure of a planet is adiabatic with respect to temperature as 

the depth increases, the principal isentrope would describe the planetary conditions.  Using the tabular 

EOS models to construct a planetary isentrope would underestimate the planet’s density.  This could 

affect its stability and ability to conduct heat across the core-mantle boundary. 

A small difference is visible between the SESAME and LEOS models for the MgO sound velocity.  The 

SESAME 7460 model gives a value that is slightly less than the LEOS 2190 model over the range of 

pressures studied.  This places the SESAME 7460 table closer to the experimental results.  However, in 

the Lagrangian sound velocity against compression plane, this difference goes away above 2.5 times 
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compression.  This result is especially interesting because the Hugoniot curves from the SESAME and 

LEOS tables lie on top of one another.  If there was a noticeable difference in the compressibility 

between the tables, it could easily result in a significant shift to the Lagrangian sound velocity relative to 

the Eulerian sound velocity.  This indicates the sensitivity of the Lagrangian sound velocity to variations 

in compression <1%. 

The Grüneisen parameter was determined from the thermodynamic derivatives given in Eq. 3.3.4.  The 

linear 𝑈𝑠 − 𝑢𝑝 relation from the previous section was used for the MgO Hugoniot.  These measurements 

had high precision because the Hugoniot fit for MgO is well defined from this data.  If the experimental 

results from Root et al are included in a Hugoniot fit, the error in these measurements would decrease 

because the Hugoniot would be even more tightly constrained.  This is only the case because the results 

are consistent with one another.  The errors in these measurements were determined to be around 7% 

using Monte Carlo methods.  These errors, while larger than those for the fused silica, still allow for 

differences between the EOS tables as density decreases to be discerned.  The results are given in Table 

A.5 and shown with the SESAME and LEOS models (green line and purple dashed line, respectively) in 

Figure 5.2.6. 

 
Figure 5.2.6: Experimental measurements (yellow diamonds) of the Grüneisen parameter in MgO are consistent with both 
the SESAME 7460 (green) and LEOS 2190 (purple dashed) tables.  The SESAME table appears to match the data over the 
range studied in these experiments.  As this data was taken in the liquid regime and lower densities cross the melt curve into 
solid MgO, it cannot be determined if the SESAME table is a better model of the Grüneisen parameter for the solid. 

In Figure 5.2.6, it is clear that these values are consistent with the existing EOS tables over the range of 

densities achieved.  This range extends from just above the melt curve to the highest pressure and 

compression reached in MgO to date.  At highest compression, the SESAME and LEOS tables approach a 

constant value of Γ ≈ 0.6, which is consistent with the theoretical asymptote to an ideal gas.  However, 

as the density decreases, the tabulated results for the Grüneisen parameter begin to diverge.  This 

results in a larger value in the SESAME table than that from the LEOS table.  The results from these 

experiments are in better agreement with the SESAME table; however, the difference between the two 

tables is less than twice the error in the measurement, and many points include the LEOS table within 

the error bars.  This implies that a Chi-square test to determine that the data is fit best by the SESAME 
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model is guaranteed to fail at the P<0.05 level, and would likely fail at the P<0.1 level.  As such, it cannot 

be quantitatively determined that the SESAME 7460 table is a better representation for the Grüneisen 

parameter of MgO than the LEOS 2190 table.  Although this statement cannot be made with statistical 

significance, a qualitative assessment of the results implies very close agreement between the data and 

the SESAME 7460 table.  For this reason, it would be recommended for calculations requiring the 

Grüneisen parameter of MgO to use the SESAME 7460 table. 

5.3 Polystyrene (CH) 

Polystyrene is one of the most common plastics with a carbon to hydrogen ratio of 1:1.  Its Hugoniot has 

been extensively at pressures relative to ICF experiments.79,85,140  The properties of polystyrene have 

been used as an analog for glow discharge polymer (GDP), one of the materials used for ICF targets on 

the NIF.50,51,141  Polystyrene is more robust target material for shock experiments than GDP due to its 

resistance to blanking of the VISAR probe from absorption.  This enables observation of the shock 

velocity in the material at OMEGA.122 

In an ICF implosion,  the drive uses multiple pickets ahead of the main pulse to launch weak shocks in a 

material, allowing for a lower adiabat upon compression.142  The shock launched by the first picket is 

described by the principal Hugoniot of the material, but later shocks propagate through precompressed 

material, such that off-Hugoniot properties need to be constrained.  During the National Ignition 

Campaign (NIC), it was found that this off-Hugoniot behavior was being incorrectly modeled.143  This 

resulted in errors in the predicted release of the GDP ablator and the simulations predicted too large a 

change in pressure.  A new EOS table was developed to correct for this behavior by adjusting the 

isotherm of GDP.144 

Direct measurement of the sound velocity and Grüneisen parameter allows for the off-Hugoniot states 

in CH to be more modeled accurately modeled.  This enables more precise simulations of ICF 

experiments, allowing for better agreement between simulation and experimental results in the quest 

to achieve fusion gain.  Furthermore, the sound velocity plays a role in determining the width of bubbles 

and spikes in the Richtmyer-Meshkov and Rayleigh-Taylor instabilities allowing for the development of 

techniques to minimize instability growth.126,127  The sound velocity and Grüneisen parameter were 

measured for pressures as low as 100 GPa, enabling comparison between different EOS models 

developed for GDP using a CH analog. 

5.3.1 CH Hugoniot 

Precision EOS experiments to measure the Hugoniot of polystyrene (CH) and polypropylene (CH2) were 

previously carried out by Barrios et al using IM to a quartz standard.85  However, since the publication of 

those results, the updated Hugoniot and release models for α-quartz by Knudson and Desjarlais were 

introduced.48,49  The CH Hugoniot was updated using the current quartz Hugoniot standard by Hamel et 

al. and used to determine an updated EOS model for GDP.144  This reanalysis was still prior to the 

introduction of the quartz release model.  Herein, the existing CH Hugoniot was updated using the 

current model of the quartz release and compared with these experiments. 
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Nineteen experiments measured the CH Hugoniot using IM with an α-quartz standard.  The experiments 

were all carried out at the OMEGA EP71 laser facility using square pulses 4-6 ns in duration that drive 

intensities ranging from 0.8-7.4 × 1013 W/cm2.  The beams were smoothed using distributed phase 

plates with flat regions 750 and 1100 µm in diameter.  Similar to the previous sections, the shots used 9 

and 15 ns sweep speeds for the two legs of the VISAR system.  A variety of different etalons were used 

with thicknesses ranging from 7 to 30 mm.  The different thicknesses and their sensitivities (corrected 

for the index of refraction of the unshocked material) for quartz and CH are given in Table 5.3.1. 

Table 5.3.1: VISAR sensitivity for etalon selections used in CH experiments.  All values are given as km/s/fringe 

 2A+5A 2B+10B 15A 3A+15A 15A+15B 

CH 4.257 2.598 2.074
 

1.723
 

1.039
 Quartz 4.375 2.671 2.131 1.771 1.067 

 
Shock velocity measurements were determined from a weighted average of the velocity profile in both 

the quartz and CH samples over 300 ps.  These fits were then linearly extrapolated into the glue layer 

and the solution was determined at the midpoint of the glue.  This method of extrapolation was chosen 

over the method of extrapolation of the sample backwards through the glue for consistency with Barrios 

et al.85  An example of the raw VISAR data and extracted velocity profiles for shot 16767 is given in 

Figure 5.3.1.  These measurements of the shock velocity in both the CH sample and quartz baseplate are 

given in Table A.6.  The uncertainty in measurement of the shock velocity was assumed to be either 3% 

of the more sensitive VPF or the mismatch between the weighted average and result from the more 

sensitive VPF, whichever was greater. 
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Figure 5.3.1: (a) Raw VISAR data for shot 16767 at an intensity of 5.8×10

13
.  The shock propagates from the quartz pusher 

into the CH sample and quartz witness.  The blank space on the right is from the shock breaking out of the rear surface of the 
CH sample. (b) Velocity profile for shot 16767 showing shock velocity in quartz pusher and witness (blue) and CH sample 
(magenta). 

The shock pressure, particle velocity, and density in the CH were determined by IM between the quartz 

baseplate and CH sample.  The initial densities were 2.65 g/cc for quartz and 1.05 g/cc for CH.  These 

results are also given in Table A.6.  Calculation of the uncertainty in these parameters was done using 

Monte Carlo simulations with 105 iterations.  The 𝑈𝑠 − 𝑢𝑝 data from these experiments is compared to a 

reanalysis of the Barrios data using the updated quartz Hugoniot and release curve in Figure 5.3.2.  

Similar to the results for these experiments, the error bars for the reanalysis were calculated using 

Monte Carlo simulations.  The linear 𝑈𝑠 − 𝑢𝑝 curve for CH was updated using a weighted, nonlinear-

least-squares fit.  The fit parameters and covariance matrix are given in Table 5.3.2 

Table 5.3.2: Fit parameters and covariance matrix elements for linear 𝑼𝒔 − 𝒖𝒑 relation of form 𝑼𝒔 = 𝒂 + 𝒃𝒖𝒑 in CH 

𝑎 (
𝑘𝑚

𝑠
) 𝑏 𝜎𝑎

2 𝜎𝑎𝜎𝑏 𝜎𝑏
2 

  (×10-2)
 

(×10-3)
 

(×10-5)
 2.838 1.320 2.134 –1.344 9.213 

 
The lowest two data points from Barrios and lowest four from this study all fall outside the range of the 

quartz release model, with the lowest point from Barrios corresponding to Γ𝑒𝑓𝑓 < 0.  The release curves 

calculated from the model for these data points were compared to the reflected Hugoniot 
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approximation (RHA) for the release curve.  The difference in behavior between the RHA and release 

model was consistent over the range of these points, so the extrapolated release model was used in 

these results.  For the lowest point, Γ𝑒𝑓𝑓 was set equal to zero instead of allowing it to be negative.  This 

defined that release curve as the RHA for the linear Hugoniot fit described in the model.49  Calculation of 

error bars for these data points from the Monte Carlo analysis resulted in uncertainties larger than 

those for the other data points.  This is especially true for data points where the Monte Carlo analysis 

generated values of Γ𝑒𝑓𝑓 < 0 where the uncertainty is 50% larger than for other shots with the same 

measurement error. 

 

Figure 5.3.2: 𝑼𝒔 − 𝒖𝒑 relation for polystyrene.  A new linear relation (red) was fit to the results from these experiments 

(yellow diamonds) and Barrios (blue squares)  Three points (orange diamonds) are believed to be outliers because they lie 
>3σ.  The new curve lies above the previous fit (black dash-dot) to Barrios using an older model for the quartz Hugoniot and 
release curve. The error bars on the data are approximately the size of the points. 

The 𝑈𝑠 − 𝑢𝑝 plot in Figure 5.3.2 demonstrates that the majority of this data is in good agreement with 

the reanalyzed Hugoniot of Barrios et al.  However, a striking feature is the three outliers at particle 

velocities of ~18, 21, and 23 km/s.  These shots all lie >3 σ off the curve, such that if a new 𝑈𝑠 − 𝑢𝑝 

relation is fit to the combined data, the slope of the linear fit decreases by ~2% when including these 

points.  Conversely, excluding these three points gives 𝑈𝑠~1.32𝑢𝑝, where the new slope is within the 1 

σ uncertainty of the curve using only reanalyzed data from Barrios.  The impact of these points on the 

compressibility is seen in the 𝑃 − 𝜌 curve in Figure 5.3.3, where these results appear to be significantly 

more compressible than the rest of the data.  The 𝑃 − 𝜌 Hugoniot curves from SESAME 7593 (green), 

LEOS 5111 (red), and LEOS 5400 (purple), and FPMD simulations by Hu145 (blue) are included to compare 

the compressibility of the data with existing EOS models.  The presence of other data points from these 

experiments at similar particle velocity (Figure 5.3.2) and pressure (Figure 5.3.3) reinforces that these 

points are likely statistical outliers.  The other data points fall very close to the updated fit which implies 

that there is not a systematic error in the measurements at these pressures.  Comparing these results to 

the EOS tables demonstrates that the updated Hugoniot data has resulted in a loss of agreement 

between the experimental results and models.  The SESAME 7593 table was constructed to match the 

Hugoniot and temperature data from Barrios, so the reanalysis of the data has resulted in the kinematic 
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variables no longer agreeing with the Hugoniot curve.  This reanalyzed data agrees most closely with the 

First-principles EOS (FPEOS) derived by Hu145 for pressures up to 700 GPa, which demonstrates stiffer 

behavior than the other EOS models.  At higher pressures, the data may be less stiff than the model, 

however only one data point exists.  This corresponds to the stiffening of the data upon reanalysis with 

the current model for the quartz standard. 

 

Figure 5.3.3: The 𝑷 − 𝝆 Hugoniot data for polystyrene from this work (yellow diamonds) and Barrios (blue squares) is 
compared against existing EOS tables.  The SESAME 7593 (green) table was constrained using the previous fit to the CH 
Hugoniot.  That model is still the closest tabular result, but the data has been shifted to no longer agree with the table.  The 
LEOS 5111 (red) and 5400 (purple) tables do not agree well with the results.  The best fit to the results is from the first-
principles molecular dynamics simulations conducted by Hu (orange).  Linear extrapolation is shown between the individual 
results from the simulations.  The three points at significantly higher densities (orange diamonds) than the rest of the results 
are believed to be outliers and were not included in determining the new 𝑼𝒔 − 𝒖𝒑 relation. 

The increase in compressibility for these three data points cannot be explained by energy penetrating 

the target and preheating the sample as that would result in stiffening of the Hugoniot due to increased 

internal energy.  Furthermore, considering the size of the error bars, the probability of having three data 

points fall >2 σ below the fit in a sample of 19 shots is 1.1%.  This implies that some other effect, such as 

absorption of energy in the glue layer or a gap in the target/bubble in the glue is decreasing the shock 

strength as it passes into the CH.  The latter of those scenarios would result in the quartz releasing into a 

small vacuum gap and the formation of a pressure ramp in the CH prior to the launch of a shock.  

However, the shock velocity profiles do not show any sign of a pressure ramp in the CH. 

5.3.2 CH sound velocity and Grüneisen parameter 

As mentioned earlier, the off-Hugoniot properties of CH are critical for understanding the behavior of 

the ablator-fuel interface in an ICF target.  The NIC was a 3-year program involving scientists from 

Lawrence Livermore, Los Alamos, and Sandia National Laboratories, the University of Rochester 

Laboratory for Laser Energetics, General Atomics, and multiple universities and other laboratories.146  
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Keyhole targets were used to observe the shock in the ablator and deuterium layers for shock timing 

experiments.143  These experiments discovered a discrepancy in the simulated relative impedance 

between CH and liquid deuterium.  This was determined by observing a difference between the 

simulated and experimental shock velocity in the CH when the simulation was fit to match the D2 shock 

velocity.  Because the Hugoniot of both materials had been experimentally determined,50,91,129,147 it was 

determined that the off-Hugoniot behavior was being modeled incorrectly. To account for this, a 

different cold curve (0° isotherm) was determined to match the results from keyhole data and IM results 

for GDP releasing into D2.  This new cold curve changed the Grüneisen parameter as a function of 

density, introducing a significant increase in value and peak for densities less than 3 g/cc to the LEOS 

5400 table.144  This also resulted in change in the curvature of the sound velocity that is larger than in 

other tables. 

Measurement of the CH sound velocity and Grüneisen parameter allows for direct computation of off-

Hugoniot states in CH.  Using the standard assumption that the Grüneisen parameter depends only on 

density, developing a trend in the Grüneisen parameter enables modeling of the release curve from CH 

into a deuterium-tritium mixture (DT) for use in ICF simulations.  Furthermore, these experiments 

constrain the Grüneisen parameter to the measured results at low enough pressures to compare the 

new model to previous EOS models. 

The sound velocity and Grüneisen parameter were determined using the same 19 experiments 

described in the previous section.  The measurements of the sound velocity used the pressure and 

density determined from IM to the quartz baseplate, with the experimentally measured 𝐹 parameter.  

The 𝐹 parameters are given in Table A.7.  As was discussed in Section 5.1.2, the unsteady wave method 

does not provide a good measurement of the Grüneisen parameter in these experiments.  Hence the 𝐺 

parameters were not recorded from the profile matching. 

The accuracy in determining the time dilation factor, 𝐹, was determined to be 3% from the difference 

between the measured quantity from each leg.  The sound velocity was then determined using the 

unsteady wave method and Eq. 3.3.39.  Similar to the other materials, the pressure and density in the 

CH used to determine the sound velocity from the Mach number were the states determined from 

impedance matching.  For the quartz sound velocity, the slope along the release curve from the shock 

state was used.  For the points falling outside the range of the model, this may introduce a slight 

systematic error because the release curve is unconstrained.  The calculation was independent of the 

quartz Grüneisen parameter because only the sound velocity was determined using the unsteady wave 

method.  The isentropic (Eulerian) sound velocities determined from the experiments are given in Table 

A.7.  Figure 5.3.4 shows the isentropic sound velocity as a function of pressure and compared to the 

SESAME 7593123 and LEOS 5111 and 5400 tables.  The corresponding Lagrangian sound velocities were 

determined and can also be found in Table A.7.  These results are plotted as a function of the 

compression in Figure 5.3.5. 
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Figure 5.3.4: Isentropic sound speed as a function of shock pressure.  The experimental data (yellow diamonds) agrees with 
the SESAME 7593 table (green) over the entire range of the data.  The three points that were identified as outliers from 
Figure 5.3.3 are identified with the orange diamonds.  The LEOS 5400 (purple) and LEOS 5111 (red) tables do not agree with 
the data over the full range of pressures.  The LEOS 5400 table agrees with the data at low pressures, but has a plateau in 
sound velocity from 250-450 GPa that does not agree with the data. Conversely, LEOS 5111 agrees with the data at high 
pressure but has a change in curvature at low pressure that is not supported by the results. 

The plot of isentropic sound velocity as a function of pressure shows all the points, including the three 

that are believed to be outliers, following approximately the same trend.  This trend closely matches the 

SESAME 7593 table, but with a systematic shift to higher sound velocities.  The three points that are 

outliers from their Hugoniot result do not display any difference in behavior in the plane of isentropic 

sound velocity versus density.  A sudden drop in sound velocity at 400 GPa or a plateau in sound velocity 

over the range from 200-400 GPa  may be present, but there is no statistical evidence to support a 

conclusion that a change in curvature exists.  The behavior of the LEOS 5111 table also agrees well with 

these results at higher pressures, but demonstrates a sharp drop in sound velocity and change in 

curvature for pressures below 300 GPa.  The behavior below 300 GPa is a significant deviation from the 

results in these experiments, leading to the conclusion that the LEOS 5111 table does not accurately 

model the sound velocity. 

If future experiments demonstrated that the potential plateau from 200-400 GPa was a statistically 

significant effect, the EOS model that would demonstrate this behavior is LEOS 5400.  However, it is 

clear from the results that the LEOS 5400 table underpredicts the sound velocity in CH for all pressures 

greater than 200 GPa.  Furthermore, adjusting the result by either adding a constant value or scaling all 

points by a fixed value matches the data in the range 200-800 GPa.  This results in the low pressure data 

no longer agreeing with the curve in either case.  However, the results do not provide any statistically 

significant evidence leading to a conclusion that a plateau in the sound velocity similar to LEOS 5400 is a 

better fit than the smoothly increasing result from SESAME 7593.  Comparing the Lagrangian sound 

velocity to the compression would demonstrate if there is an inflection point in the sound velocity and is 

shown in Figure 5.3.5. 
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Figure 5.3.5: Lagrangian sound velocity as a function of compression in CH.  The experimental results (yellow diamonds) have 
a similar trend to all three tables in this plane.  Furthermore, the potential decrease in shock velocity identified in the 𝒄𝒔 − 𝑷 
plane is not present in this plane, although a slight change in curvature may exist between compressions of 2.8 and 3.0.  This 
would imply a similar trend to the LEOS 5400 (purple) table.  The scatter in the data is too large to determine if any inflection 
occurs leading to the observation that the SESAME 7593 table (green) is the best match for the data, as was the case in the 
other plane.  The LEOS 5111 table (red) has significantly higher compressibility than any other model; this results in the curve 
falling below the SESAME 7593 table over all space.  The three points at high compression (orange diamonds) are the outliers 
identified previously. 

Comparing the results for the Eulerian (isentropic) sound velocity to the Lagrangian sound velocity 

shows the density dependence of the sound velocity.  The Lagrangian sound velocity is plotted as a 

function of the compression to compensate for slight variations in initial density from the models in 

Figure 5.3.5.  Once again, the data are in reasonable agreement with the SESAME 7593 table over a wide 

range of pressures, with SESAME slightly underpredicting the sound velocity. 

The compressibility of the Hugoniot in different models plays a significant role in the difference between 

results when compared to the pressure or compression.  This is most visible with LEOS 5111, which was 

in good agreement with the Eulerian sound velocity for pressures above 400 GPa.  In the 𝐶𝐿 − 𝜂 plane, it 

does not agree with the data over any range of densities and underpredicts the sound velocity by >2 σ 

for the bulk of the data.  This is attributed to the compressibility of the LEOS 5111 Hugoniot curve.  The 

LEOS 5111 table is much more compressible than any other model or the data, such that for a given 

pressure, the densities are shifted to greater values.  This creates a greater mismatch between the 

𝐶𝑠 − 𝑃 and 𝐶𝐿 − 𝜌 data than is present in the other models.  A similar effect exists for the LEOS 5400 

table where its stiff behavior at low pressures results in the Lagrangian sound velocity being greater 

than that of the data for equivalent density.  Above 
𝜌

𝜌0
= 2.8, the table no longer agrees with the results 

and has similar deviation from the data as the LEOS 5111 table. 

In this plane, there is no evidence to support the potential sound velocity plateau seen in the 𝐶𝑠 − 𝑃 

plane.  The data points all fall on a trend matching the SESAME 7593 table with the exception of the 

three points at high compression, which are the outliers that displayed anomalously large densities in 

the previous section.  The gap from compressions of ~2.75-2.95 corresponds to the region where the 
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change in curvature occurs in the LEOS 5400 table.  The sudden change that was observed at ~400 GPa 

in the other plane is not seen here, and the two points that give the most support to an idea of a sudden 

change (the points at ~300 and ~400 GPa with higher sound velocity) appear more likely to be outliers 

(at compressions of ~2.75 and 2.95, respectively) in this plane because they do not fall within the 

uncertainty of other points at similar compression.  Furthermore, if these two points are ignored, the 

trend through the data follows that of the SESAME 7593 table, with only a slight change of curvature 

over this range of compression necessary to include all the data points within the error bars. 

Calculation of the Grüneisen parameter was done in a similar manner to the previous sections using the 

result for the isentropic sound velocity from the unsteady wave method and the slope of the Hugoniot.  

For these measurements, the Hugoniot curve used was determined from the 𝑈𝑠 − 𝑢𝑝 fit to both these 

data and those from Barrios85, excluding the three points considered to be outliers.  These values are 

given in Table A.7, and plotted as a function of the density with the three EOS tables used above in 

Figure 5.3.6. 

 

Figure 5.3.6: The Grüneisen parameter of CH from the sound velocity and Hugoniot curve.  The experimental results (yellow 
and orange diamonds) do not agree with any of the tabular models: SESAME 7593 (green), LEOS 5111 (red), or LEOS 5400 
(purple).  At high density, the results approach an asymptotic value of ~0.75 (black dashed line).  Conversely, the tables all 
approach a value of ~0.6.  This difference is reasonable when considering the theoretical value of 0.66.  The behavior at low 
density makes a large deviation from the tables with the experimental results demonstrating the opposite trend from the 
LEOS 5400 table.  Theoretical modeling is necessary to understand this discrepancy.  The error bars are large on the points at 
low density due to uncertainties in the quartz release model and relative error in velocity measurement. 

The plot of Grüneisen parameter versus density demonstrates a trend that differs from any model or 

theoretical result.  At densities above 3.1 g/cc, all the data points agree with each other and exhibit a 

plateau of the Grüneisen parameter.  Unlike the values from the EOS tables, this plateau occurs at a 

value of ~0.75 instead of ~0.6.  This value falls just outside the 1σ error bars of the theoretical result for 

an ideal gas of Γ = 0.66.  This difference can be attributed to the knowledge of the CH Hugoniot as 

changes in curvature will produce different values for the Grüneisen parameter.  The Hugoniot curve 

used for these experiments was determined from a linear fit in the 𝑈𝑠 − 𝑢𝑝 plane because no significant 
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curvature is present in the data.  If a model including curvature was used, the results could approach the 

theoretical asymptote for the Grüneisen parameter. 

The results for densities below 3.1 g/cc show a significant deviation from the EOS models.  The SESAME 

7593 table exhibits a decrease in the Grüneisen parameter for densities below 2.7 g/cc, but this feature 

is not distinct until reaching densities below 2.6 g/cc.  Furthermore, this decrease is significantly 

shallower than that from the data, such that it does a poor job of modeling the experimental behavior.  

The LEOS 5111 table implies an approximately constant Grüneisen parameter which clearly deviates 

from the trend in the experimental results.  The third table shown, LEOS 5400, implies a significant 

increase of the Grüneisen parameter below this value.  This table is the most recent EOS table 

developed for GDP, which exhibits nearly identical hydrodynamic behavior as polystyrene.  The change 

in Grüneisen parameter was determined by adjusting the cold curve such that “keyhole” data from NIF 

shock timing experiments and IM results agreed with the new model.  These measurements 

demonstrate a trend opposite that of the LEOS 5400 table. 

The lowest density achieved was at conditions where the shock reflectivity was marginal in both the 

quartz and polystyrene samples.  This limits the ability to extend these results to lower pressure using 

this experimental configuration.  The magnitude of the difference between the high compression (>3 

g/cc) result and the deviation at lower pressures implies that a minimum value for the Grüneisen 

parameter must exist.  Physically, the Grüneisen parameter must be greater than zero, and as the 

pressure decreases, it reaches a point where the polystyrene is solid under shock compression.  

Experiments determining the Grüneisen parameter for solids generally found values greater than one, 

so expecting a similar result in polystyrene is reasonable.  This implies that the minimum value of the 

Grüneisen parameter is likely at a density around 2.4-2.5 g/cc.  This corresponds with the peak from the 

LEOS 5400 table instead of the minimum of the SESAME 7593 table. 

The deviation of these points from the existing models and demonstration of opposite behavior from 

the LEOS 5400 table is of great importance to ICF experiments, because this is the table used for 

modeling the implosion of plastic capsules.  The Grüneisen parameter defines the relationship between 

off-Hugoniot states to those on the principal Hugoniot when using a Mie-Grüneisen EOS.  This results in 

changes to the re-shock and release behavior of an ICF capsule, impacting the conditions at shock 

coalescence and the IM state in the fuel.  The LEOS 5400 table exhibits an increase of ~0.25 from the 

asymptotic value as the density decreases.  This magnitude of deviation from the asymptotic value is 

approximately the same as that of a curve that fits the data at these densities.   

The large error bars on the points at low densities is a result of uncertainties in the extrapolation of the 

quartz release model to lower pressures than those experimentally constrained.  These uncertainties 

exist both in the density of the CH as determined using impedance matching and the sound velocity of 

the released quartz.  At higher densities, the uncertainties in the Grüneisen parameter measurements 

become smaller because the pressure in the quartz is within the region where the quartz release model 

has been defined.  The large error bars overlap for the bulk of these points which would enable creation 

of a new tabular EOS that is able to agree with the data. 
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6 Conclusion 
This study measured the sound velocity and Grüneisen parameter three materials using a quartz 

standard.  The measurements were made with an unsteady wave analysis, and were the first 

experiments using this method to measure the sound velocity.  Fused silica and magnesium oxide 

(periclase) were chosen because of their terrestrial importance as end members of the MgO-FeO-SiO2 

system which makes up the Earth’s mantle.  Polystyrene was chosen as the third material due to its use 

as an ICF ablator material and to investigate discrepancies identified during the NIC.  The samples were 

compressed to densities 2-4 times their initial density using strong shock waves generated by the 

OMEGA EP laser system.  This resulted in pressures ranging from 0.1 TPa (in polystyrene) up to 2.4 TPa 

(in MgO). 

The targets were designed with the sample and a quartz witness mounted to a quartz baseplate.  This 

enabled impedance matching measurements of the sample Hugoniot as well as the sound velocity and 

Grüneisen parameter measurements from the unsteady wave method.  The strong shocks melted the 

materials and ionized the shock front, creating a reflecting surface that was diagnosed with a line-

imaging VISAR diagnostic.  This simultaneously measured the velocity in both the sample and witness 

allowing for perturbations in shock velocity to be related. 

Hugoniot measurements in the three materials determined a new experimental 𝑈𝑠 − 𝑢𝑝 fit from the 

data.  This gives an analytic result for future calculations of the Hugoniot.  In fused silica, it was found 

that the previously determined Hugoniot curve from molecular dynamics simulations was stiffer than 

these experimental results.  These results also deviated significantly from the SESAME 7386 table for 

fused silica.  A new curve was determined for the range from 0.1 to 1.6 TPa.  The MgO Hugoniot was 

found to be consistent with recent direct impact experiments over the range 0.7-1.2 TPa.  This study 

extended the curve to 2.4 TPa and found that the LEOS 2190 and SESAME 7460 tables may be less 

compressible than the data at high pressures; experiments at higher pressures would be required to 

investigate this.  The polystyrene Hugoniot measurements were consistent with the previous results 

upon re-analysis using the most recent model for the quartz Hugoniot and release isentrope.  This 

enabled determination of an updated linear Hugoniot fit which is constrained from 0.1 to 0.9 TPa.  These 

results no longer agree with the SESAME 7593 table which was fit to the data analyzed using the old 

model.  Three data points did not agree with the rest of the results and will be investigated further.  

The unsteady wave method provided high-precision measurements of the sound velocity.  It was found 

that the average error in sound velocity was less than 5%, smaller than that of earlier experiments.  

Furthermore, these experiments were at pressures up to 5 times greater than previous high-precision 

measurements of the sound velocity.  The results from the method were consistent with tabular EOS 

models, demonstrating its viability for high pressure sound velocity experiments.  Measurements of the 

Grüneisen parameter using the method were unsuccessful, resulting in large scatter and errors in the 

measurement.  Furthermore, the values calculated were less than zero in some cases, a non-physical 

result.  As such, it was concluded that the use of the unsteady wave method to calculate the Grüneisen 
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parameter is non-viable without designing an experimental platform that drives large acoustic waves in 

a target. 

Sound velocity measurements in fused silica were in good agreement with the SESAME 7386 table.  In 

the two planes investigated, 𝐶𝑠 − 𝑃 and 𝐶𝐿 − 𝜂, the data had sound velocities that were less than the 

table in one plane and greater than the table in the other.  This is an effect of compressibility as the 

SESAME table was found to be significantly more compressible than the data and the difference 

between the Lagrangian and isentropic (Eulerian) sound velocity is multiplication by the compression.  

The Grüneisen parameter was calculated from the thermodynamic derivative and found to be consistent 

with current SESAME tables for fused silica, single crystal quartz, and poly-crystalline quartz.  The 

derivation of the Grüneisen parameter from the analytic release model for quartz was in agreement 

with the data for densities above 6.5 g/cc and had the correct asymptotic behavior from theory.  A 

constant value of Γ = 0.66 ± 0.05 was found to match the data for pressures above 500 GPa and was 

within the uncertainty of the data for all pressures studied.  As such, future experiments would benefit 

from using the SESAME 7386 table for sound velocity and the constant value of Γ = 0.66 ± 0.05 for the 

Grüneisen parameter of fused silica. 

The sound velocity of MgO was found to be overestimated by the SESAME and LEOS tables by 

approximately 7%.  This factor holds over the whole range of this data and scaling the tables maintains 

the curvature exhibited in the data.  The matching of the Hugoniot to the data implies that the EOS 

tables would incorrectly determine the slope of an isentrope which could have large implications to 

planetary modeling.  The Grüneisen parameter is consistent with both tables, but has better agreement 

with the SESAME 7460 table.  This table is within 1σ of the data for over ⅔ of the points, a fraction 

expected from a normal distribution.  The validity of extrapolation to higher densities is unknown as the 

tables and experimental data only reach 10 g/cc.  Furthermore, at lower densities than studied, MgO 

transitions to a solid state and inter-atomic interactions could affect the Grüneisen parameter.  Future 

research should investigate the solid state behavior prior to extrapolating these results.  Above the melt, 

the MgO sound velocity can be determined from SESAME 7460 by scaling by ~0.93 and the Grüneisen 

parameter can be taken directly from the table. 

Sound speed measurements in polystyrene were found to be in agreement with the SESAME 7593 table 

over the whole range of the data.  In the 𝐶𝐿 − 𝜂 plane, the three points that did not agree with the 

remainder of the Hugoniot data deviate significantly from the rest of the results.  These points have 

anomalously high compression and it is unknown if they are valid points or if there was an issue with 

target fabrication or laser performance.  A future study will investigate the status of these points.  The 

Grüneisen parameter of polystyrene deviates significantly from existing EOS tables. The asymptotic 

result from these experiments is over 10% larger than that from the tables.  Furthermore, as the density 

decreases, the trend in the data is opposite that of the LEOS 5400 table, and not seen until lower density 

in the SESAME 7593 table.  New theoretical modeling is required to reconcile these results with existing 

EOS tables. 

The validity of using a model for the release isentrope of α-quartz to determine its sound speed was 

investigated using the near-IM method.  This method was developed as an extension to the impedance 
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matching method for determining Hugoniot or release states.  It was found that the method is 

extremely sensitive to density variations and the precision in measurement of the sound velocity in 

quartz and fused silica was too low to discern among models.  As a result, it is impossible to determine if 

the analytic model for α-quartz is the best model for its sound velocity.  However, the sound velocity 

measurement for points that agreed with the IM result agreed with the analytic release model of 

Knudson.  Furthermore, these points had low scatter and uncertainty, implying that the method is viable 

with high-precision measurements.  Future experiments will be able to use this method to determine 

absolute sound velocities at arbitrarily high pressures, but the precision required to achieve an accurate 

result will be difficult.  If a standard exists for the pressure range of interest, use of the unsteady wave 

method to measure sound velocities is recommended. 

The near-IM method was found to be unsuccessful in measuring the Grüneisen parameter.  Similar to 

the sound velocity, it is extremely sensitive to small variations in density.  This becomes magnified when 

determining the energy along the release curve, which is also dependent on the density of the releasing 

material.  As a result, measurements of the Grüneisen parameter have too much scatter and 

uncertainties that are too large to identify differences between any models. 

The unsteady wave method, when coupled with the slope of the Hugoniot, enabled high-precision 

measurements of the sound velocity and Grüneisen parameter.  This method allows for measurements 

to be extended to pressures in excess of two terapascal, and is the only method that has been shown to 

be viable in these extreme conditions.  Furthermore, it allows direct calculation of the Grüneisen 

parameter, which allows for off-Hugoniot states to be determined from the principal Hugoniot.  

Coupling this technique with impedance matching enables a single series of experiments to define the 

entire kinematic plane.  This creates an invaluable tool for theoretical modeling and gaining a greater 

understanding of the behavior of materials at extreme conditions. 
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Appendix A: Raw Data 
Table A.1: Hugoniot data for fused silica determined from IM to an α-Quartz standard.  Quoted uncertainties in shock 
velocities are either 3% of the more sensitive VPF or the mismatch between a weighted average of the two VISAR legs and 
the velocity from the more sensitive leg, whichever was greater.  Other uncertainties were determined using Monte Carlo 
methods. 

Shot# 𝑼𝒔
𝑸

 
(𝒌𝒎 𝒔⁄ ) 

𝑼𝒔
𝑭𝑺 

(𝒌𝒎 𝒔⁄ ) 
𝒖𝒑

𝑭𝑺 

(𝒌𝒎 𝒔⁄ ) 
𝑷𝑭𝑺 

(𝑮𝑷𝒂) 
𝝆𝑭𝑺 

(𝒈/𝒄𝒄) 

55499 21.580.05 21.830.06 13.850.05 665.52.8 6.020.05 

55500 26.330.05 26.920.06 17.850.06 1057.83.7 6.530.05 

55501 30.180.05 30.880.06 21.210.08 1441.46.0 7.030.07 

55502 31.320.05 32.110.06 22.190.10 1568.67.6 7.130.08 

55503 27.000.05 27.300.06 18.500.06 1111.53.8 6.830.06 

55505 23.510.05 24.020.06 15.570.06 823.13.2 6.260.05 

55506 18.270.05 18.370.06 11.240.05 454.32.2 5.670.05 

55507 17.250.05 17.260.06 10.390.05 394.72.1 5.530.05 

55508 14.430.14 14.440.06 8.400.13 267.14.1 5.260.12 

64348 21.810.10 22.16.017 14.020.11 683.86.2 5.990.13 

18752 23.230.10 23.510.13 15.220.11 787.56.2 6.240.11 

18754 21.480.10 21.590.10 13.790.10 655.45.3 6.090.10 

18755 24.600.10 24.890.10 16.410.11 899.26.3 6.460.10 

18757 22.180.10 22.330.17 14.370.11 706.56.3 6.180.14 

18758 25.430.10 25.720.10 17.130.11 969.96.6 6.590.11 

18760 26.240.10 26.620.10 17.820.11 1043.96.9 6.660.11 

18761 23.470.10 23.540.14 15.490.11 802.66.4 6.440.13 

18762 26.340.10 26.490.10 17.950.11 1046.77.0 6.830.11 

18763 24.390.10 24.320.10 16.280.11 872.96.2 6.680.11 

18764 26.740.12 27.120.10 18.250.13 1089.58.4 6.730.12 

18765 25.520.10 25.580.18 17.260.12 971.77.8 6.770.16 

18766 23.480.10 23.850.10 15.430.11 810.26.0 6.240.10 

19485 14.890.13 14.800.22 8.600.13 280.34.9 5.260.17 

19492 17.870.14 17.710.15 10.900.14 424.85.9 5.720.15 

19494 20.080.10 20.180.14 12.630.11 561.15.3 5.880.12 

19498 21.820.17 21.650.19 14.140.18 673.69.3 6.340.20 

19500 21.840.10 21.720.10 14.140.11 676.05.4 6.310.11 

19503 16.240.10 16.340.10 9.580.10 344.73.7 5.320.10 
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Table A.2: Near-IM results for the quartz sound velocity and Grüneisen parameter.  The near-IM method uses the density, 
𝝆𝑺, and energy, 𝑬𝑺, of the quartz release state as well as Hugoniot states in both the quartz and fused silica.  The Lagrangian 
sound velocity and Grüneisen parameter, 𝚪𝑵, are determined using the method.  Because quartz and fused silica are 

polymorphs, the release state was compared to both Hugoniots for two measurements of the Grüneisen parameter, 𝚪𝑵
𝑸

 and 

𝚪𝑵
𝑭𝑺, where the superscript represents the Hugoniot the release state was compared with.  The Grüneisen parameter was 

also determined from the sound velocity and slope of the Hugoniot curve and is given as 𝚪𝑻.  All uncertainties were 
determined using Monte Carlo methods. 

Shot# 
𝝆𝑺 

(𝒈 𝒄𝒄⁄ ) 
𝑬𝑺 

(𝑴𝑱/𝒌𝒈) 
𝒄𝑳 

(𝒌𝒎 𝒔⁄ ) 
𝚪𝑵

𝑸
 𝚪𝑵

𝑭𝑺 𝚪𝑻 

55499 6.26±0.05 77.7±1.0 33.1±2.6 1.14±0.23 0.44±0.06 1.04±0.05 

55500 6.73±0.07 127.8±1.8 35.8±3.1 1.13±0.48 0.15±0.05 0.99±0.03 

55501 7.44±0.13 189.2±3.8 54.5±9.9 0.74±0.17 0.52±0.05 0.72±0.09 

55502 7.60±0.18 208.5±5.4 58.6±15.0 0.69±0.15 0.54±0.06 0.68±0.13 

55503 7.15±0.05 144.8±1.4 58.8±5.9 0.50±0.20 0.62±0.06 0.53±0.09 

55505 6.46±0.06 97.5±1.3 34.1±2.8 1.15±0.21 0.29±0.06 1.02±0.04 

55506 5.95±0.04 51.9±0.7 32.8±3.1 1.03±0.29 0.69±0.07 0.99±0.08 

55507 5.81±0.04 44.2±0.7 30.3±3.2 1.11±0.47 0.72±0.08 1.07±0.08 

55508 5.54±0.11 29.1±1.7 29.5±12.4 0.99±0.40 0.92±0.13 0.92±0.52 

64348 6.08±0.09 75.8±1.3 26.5±4.4 1.44±0.27 -0.31±0.07 1.20±0.06 

18752 6.51±0.05 94.9±1.4 37.7±3.4 1.00±0.23 0.48±0.06 0.94±0.06 

18754 6.37±0.05 78.9±1.5 41.0±4.0 0.81±0.51 0.63±0.06 0.78±0.09 

18755 6.73±0.06 111.6±1.9 44.2±4.4 0.83±0.24 0.54±0.05 0.80±0.07 

18757 6.45±0.06 85.6±0.9 41.5±6.7 0.82±0.24 0.60±0.06 0.79±0.14 

18758 6.88±0.06 122.6±2.1 48.9±5.0 0.72±0.22 0.57±0.05 0.70±0.08 

18760 6.95±0.06 132.1±2.3 47.5±4.9 0.79±0.21 0.53±0.05 0.76±0.07 

18761 6.72±0.04 101.2±1.2 54.9±6.3 0.38±0.23 0.68±0.05 0.41±0.14 

18762 7.14±0.05 137.5±2.0 67.6±7.7 0.18±0.25 0.67±0.05 0.24±0.15 

18763 6.94±0.04 113.9±1.6 77.3±9.2 -0.46±0.22 0.73±0.05 -0.39±0.26 

18764 7.06±0.08 139.7±3.0 51.4±6.7 0.69±0.22 0.57±0.05 0.69±0.09 

18765 7.06±0.05 127.2±1.1 70.5±13.3 -0.01±0.29 0.69±0.05 0.05±0.30 

18766 6.44±0.07 95.8±2.0 34.0±3.2 1.15±0.32 0.30±0.14 1.03±0.05 

19485 5.50±0.07 29.9±0.7 25.2±7.5 1.34±0.35 0.79±0.07 1.23±0.25 

19492 6.04±0.04 50.4±1.3 47.5±6.2 -0.07±0.31 0.87±0.06 0.17±0.25 

19494 6.16±0.04 65.6±0.9 35.5±4.0 0.98±0.37 0.62±0.10 0.94±0.09 

19498 6.63±0.04 85.9±2.1 75.1±8.9 -1.27±0.26 0.80±0.06 -0.80±0.34 

19500 6.58±0.04 85.2±1.4 64.7±7.2 -0.30±0.36 0.77±0.10 -0.23±0.24 

19503 5.53±0.07 35.9±1.2 21.2±2.7 1.64±0.27 0.37±0.07 1.44±0.06 
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Table A.3: Fused silica sound velocity and Grüneisen parameter from the unsteady wave method.  The observed parameters 
𝑭 and 𝑮 were determined from the shock profiles in the quartz and fused silica.  The isentropic (Eulerian) sound velocity, 𝒄𝒔, 
and its uncertainty were determined from the 𝑭 parameters using the Monte Carlo method.  Lagrangian sound velocities, 𝒄𝑳, 

were determined by scaling 𝒄𝒔 by 
𝝆

𝝆𝟎
.  The Grüneisen parameter determined with the unsteady wave method is given as 𝚪𝑮, 

whereas the parameter determined using the thermodynamic derivative is denoted by 𝚪.  It is clear from the uncertainty 
that the thermodynamic derivative gives a better representation of the Grüneisen parameter. 

Shot# 𝑭𝟏 𝑭𝟐 𝑮𝟏 𝑮𝟐 
𝒄𝒔 

(𝒌𝒎 𝒔⁄ ) 
𝒄𝑳 

(𝒌𝒎/𝒔) 
𝚪𝐆 𝚪 

18752 1.06 1.03 0.91 0.91 16.47±0.36 46.62±1.01 0.32±0.41 0.69±0.03 

18754 0.98 0.97 0.71 0.81 16.70±0.33 45.97±0.91 -0.52±0.60 0.65±0.04 

18755 0.98 0.97 1.15 0.95 18.17±0.36 53.00±1.05 0.62±0.41 0.62±0.04 

18757 0.99 0.98 0.89 1.06 16.94±0.40 47.36±1.11 0.41±0.47 0.65±0.04 

18758 0.92 0.93 0.93 1.24 19.51±0.45 58.07±1.34 0.59±0.46 0.56±0.04 

18760 0.99 0.97 1.10 1.18 18.68±0.51 56.17±1.53 0.84±0.35 0.62±0.04 

18761 0.98 0.98 0.95 0.86 17.16±0.36 49.73±1.05 0.17±0.48 0.67±0.03 

18762 0.97 0.95 0.88 1.13 18.62±0.47 57.42±1.44 0.44±0.41 0.64±0.04 

18763 0.96 0.96 1.01 0.76 17.54±0.37 52.88±1.10 0.03±0.49 0.68±0.03 

18764 0.98 0.96 0.96 1.19 19.13±0.47 58.24±1.43 0.63±0.38 0.61±0.04 

18765 0.98 0.97 0.98 0.84 17.88±0.46 54.78±1.40 0.18±0.43 0.67±0.04 

18766 0.99 0.99 1.08 0.92 17.73±0.34 49.93±0.94 0.49±0.45 0.61±0.04 

19485 0.99 0.96 1.15 0.79 13.85±0.51 32.72±1.21 0.11±0.74 0.75±0.17 

19492 1.00 0.95 0.52 1.08 14.93±0.58 38.68±1.52 -0.96±0.79 0.74±0.07 

19494 0.96 0.97 0.94 0.93 16.45±0.38 43.87±1.01 0.24±0.56 0.64±0.05 

19498 0.98 0.96 0.70 0.53 16.22±0.42 46.48±1.21 -1.62±0.74 0.71±0.04 

19500 0.96 0.96 0.77 0.86 16.69±0.35 47.54±0.99 -0.25±0.58 0.68±0.03 

19503 1.01 1.00 1.03 1.20 14.44±0.27 34.80±0.66 0.96±0.55 0.72±0.09 
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Table A.4: Hugoniot data for MgO (periclase) determined from IM to an α-Quartz standard.  Quoted uncertainties in shock 
velocities are either 3% of the more sensitive VPF or the mismatch between a weighted average of the two VISAR legs and 
the velocity from the more sensitive leg, whichever was greater.  Other uncertainties were determined using Monte Carlo 
methods.  

Shot# 𝑼𝒔
𝑸

 
(𝒌𝒎 𝒔⁄ ) 

𝑼𝒔
𝑴𝒈𝑶

 
(𝒌𝒎 𝒔⁄ ) 

𝒖𝒑
𝑴𝒈𝑶

 

(𝒌𝒎 𝒔⁄ ) 

𝑷𝑴𝒈𝑶 
(𝑮𝑷𝒂) 

𝝆𝑴𝒈𝑶 
(𝒈/𝒄𝒄) 

20453 23.09±0.12 22.91±0.07 12.84±0.13 1054.1±10.5 8.16±0.13 

20459 27.09±0.09 26.76±0.07 15.81±0.13 1516.2±12.3 8.76±0.14 

20461 24.75±0.08 24.42±0.07 14.08±0.11 1232.0±9.6 8.46±0.11 

21302 22.49±0.21 22.12±0.07 12.45±0.21 987.2±16.4 8.20±0.18 

21303 19.42±0.16 19.74±0.15 10.19±0.15 721.1±10.9 7.41±0.15 

21304 33.13±0.08 32.02±0.20 20.53±0.18 2356.2±27.3 9.99±0.23 

21305 26.24±0.19 25.77±0.07 15.21±0.21 1404.4±19.3 8.75±0.18 

21306 31.61±0.08 30.43±0.07 19.40±0.16 2116.3±21.6 9.89±0.16 

21307 23.18±0.18 22.92±0.07 12.92±0.18 1061.3±14.7 8.22±0.17 

21308 29.85±0.09 28.83±0.14 18.04±0.16 1864.0±18.3 9.57±0.18 

21309 24.93±0.08 24.41±0.21 14.25±0.12 1246.7±11.7 8.61±0.18 

21310 27.22±0.08 26.56±0.14 15.98±0.13 1521.1±12.9 9.00±0.16 

21312 24.83±0.08 24.38±0.07 14.16±0.11 1237.3±9.1 8.55±0.11 

 

Table A.5: Sound velocity and Grüneisen parameter results in MgO (periclase) from unsteady wave method.  The isentropic 
sound velocity, 𝒄𝒔, was determined from the 𝑭 parameters using the Monte Carlo method.  Both parameters were used in 
the simulation rather than solving for the sound velocity separately for each VISAR leg.  Two shots had one of the VISAR legs 
not converge to a matching solution to relate the shock velocity profile between the quartz and MgO (marked by ***).  For 
these shots the uncertainty in 𝑭 used double the uncertainty determined from the average difference between the two legs.  
All other shots used the average difference for the uncertainty in 𝑭. 

Shot# 𝑭𝟏 𝑭𝟐 
𝒄𝒔 

(𝒌𝒎 𝒔⁄ ) 
𝒄𝑳 

(𝒌𝒎/𝒔) 
𝚪 

20453 1.10 1.10 17.12±0.32 38.95±0.73 0.78±0.05 

20459 1.06 1.07 19.37±0.40 47.36±0.97 0.62±0.06 

20461 1.09 1.07 17.99±0.37 42.47±0.88 0.73±0.05 

21302 1.09 *** 16.58±0.47 37.92±1.08 0.86±0.06 

21303 1.10 1.12 15.87±0.31 32.81±0.64 0.81±0.08 

21304 1.01 0.97 21.73±0.62 60.58±1.74 0.60±0.09 

21305 1.01 1.02 19.41±0.48 47.37±1.18 0.62±0.07 

21306 *** 1.00 20.77±0.54 57.33±1.48 0.66±0.06 

21307 1.02 1.06 17.76±0.55 40.71±1.25 0.71±0.08 

21308 1.04 0.97 20.29±0.69 54.20±1.85 0.66±0.07 

21309 1.10 1.06 17.71±0.56 42.54±1.34 0.79±0.06 

21310 1.05 1.04 19.03±0.44 47.78±1.12 0.70±0.05 

21312 1.05 1.03 18.28±0.39 43.62±0.93 0.71±0.05 
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Table A.6: Hugoniot data for CH (polystyrene) determined from IM to an α-Quartz standard.  Quoted uncertainties in shock 
velocities are either 3% of the more sensitive VPF or the mismatch between a weighted average of the two VISAR legs and 
the velocity from the more sensitive leg, whichever was greater.  Other uncertainties were determined using Monte Carlo 
methods.  The shots in gray are the points identified as outliers from the 𝑷 − 𝝆 Hugoniot in Figure 5.3.3. 

Shot# 𝑼𝒔
𝑸

 
(𝒌𝒎 𝒔⁄ ) 

𝑼𝒔
𝑪𝑯 

(𝒌𝒎 𝒔⁄ ) 
𝒖𝒑

𝑪𝑯 

(𝒌𝒎 𝒔⁄ ) 
𝑷𝑪𝑯 

(𝑮𝑷𝒂) 
𝝆𝑪𝑯 

(𝒈/𝒄𝒄) 

17868 21.08±0.07 23.76±0.07 15.97±.08 398.3±2.2 3.20±.04 

17863 25.49±0.07 29.58±0.07 20.26±.09 629.2±2.9 3.33±.04 

17859 21.59±0.18 24.58±0.08 16.43±.21 424.0±5.6 3.17±.09 

17870 23.94±0.07 27.71±0.07 18.70±.09 544.2±2.7 3.23±.04 

16769 21.55±0.07 24.52±0.10 16.39±.09 422.0±2.5 3.17±.05 

17861 23.90±0.07 27.48±0.07 18.69±.09 539.4±2.7 3.28±.04 

16767 25.82±0.12 29.89±0.07 20.61±.15 646.8±4..7 3.38±.06 

19907 28.03±0.07 31.86±0.09 22.98±.09 768.8±3.4 3.77±.05 

19908 25.94±0.07 29.96±0.07 20.74±.09 652.5±2.9 3.41±.04 

19909 25.89±0.09 28.94±0.16 20.86±.11 633.8±4.3 3.76±.08 

19911 23.06±0.07 25.32±0.13 18.05±.09 480.0±2.9 3.66±.07 

19912 21.02±0.07 24.05±0.14 15.85±.08 400.2±2.7 3.08±.05 

19914 16.27±0.07 17.99±0.07 11.42±.08 215.7±1.6 2.88±.04 

19915 14.38±0.07 15.61±0.07 9.76±.07 159.9±1.3 2.80±.04 

19920 12.05±0.20 13.01±0.07 7.78±.19 106.3±2.7 2.61±.10 

19921 18.34±0.07 20.13±0.07 13.39±.08 283.1±1.8 3.14±.05 

19922 18.30±0.07 20.86±0.11 13.23±.08 289.8±2.1 2.87±.04 

21314 13.04±0.07 14.31±0.07 8.57±.07 128.8±1.2 2.62±.04 

21316 12.89±0.07 14.23±0.07 8.43±.07 126.0±1.2 2.58±.04 
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Table A.7: CH sound velocity and Grüneisen parameter data.  The 𝑭 parameters were determined from the temporal profile 
of the shock perturbations.  The isentropic sound velocity was determined from Monte Carlo methods using both 𝑭 
parameters rather than solving with each parameter separately and averaging.  The three points that were identified as 
outliers (gray) have smaller uncertainties in the Grüneisen parameter because of their higher densities. 

Shot# 𝑭𝟏 𝑭𝟐 
𝒄𝒔 

(𝒌𝒎 𝒔⁄ ) 
𝒄𝑳 

(𝒌𝒎/𝒔) 
𝚪 

17868 1.03 1.03 18.59±0.68 56.66±2.06 0.72±0.04 

17863 1.08 1.10 20.54±0.72 65.20±2.28 0.73±0.03 

17859 1.07 1.14 17.73±0.89 53.48±2.67 0.73±0.07 

17870 1.13 1.13 18.99±0.54 58.41±1.67 0.73±0.04 

16769 1.13 1.17 16.92±0.60 51.05±1.81 0.76±0.04 

17861 0.97 1.09 21.07±1.90 65.90±5.95 0.69±0.07 

16767 1.05 1.08 21.17±0.81 68.18±2.62 0.74±0.04 

19907 0.97 0.96 23.54±1.07 84.46±3.85 0.75±0.01 

19908 1.03 0.99 22.55±1.06 73.30±3.44 0.72±0.04 

19909 1.02 1.00 20.01±0.88 71.66±3.13 0.76±0.02 

19911 1.04 0.96 18.40±1.34 64.11±4.66 0.79±0.01 

19912 1.03 1.04 19.32±0.73 56.66±2.15 0.59±0.08 

19914 1.02 1.00 16.82±0.74 46.05±2.03 0.49±0.10 

19915 1.02 1.06 14.57±0.70 38.86±1.87 0.60±0.10 

19920 1.09 1.00 12.56±0.94 31.26±2.33 0.56±0.25 

19921 0.97 1.01 17.56±1.01 52.49±3.03 0.72±0.06 

19922 1.02 1.03 18.46±0.73 50.50±1.99 0.33±0.13 

21314 1.09 1.05 13.39±0.60 33.40±1.50 0.44±0.14 

21316 1.08 1.02 13.89±0.79 34.11±1.95 0.26±0.19 
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Appendix B: Generation of correlated random variables 
The Monte Carlo method discussed in Section 3.4 is a brute force technique for calculating the 

uncertainty in a process from the uncertainties of its individual components.  The Law of Large Numbers 

proves that for a sufficiently large number of samples, the mean and standard error in a distribution will 

approach their true values.  Furthermore, from the Central Limit Theorem, the distribution of each 

random variable can be treated as a normal distribution.  Implementation of a Monte Carlo code follows 

from these theorems by selecting a normally distributed random value within the probability 

distribution of each variable and calculating the according end state. 

The selection of random values from the distribution of each variable implicitly assumes that the 

variables are all independent and, hence, have no correlation.  This assumption is incorrect for many 

physical systems; a prime example being the shock and particle velocities.  Increases in shock velocity 

lead to corresponding increases in the particle velocity via the 𝑈𝑠 − 𝑢𝑝 relationship.  If uncorrelated 

random numbers are generated, then, on average, any change in the shock velocity will not affect the 

particle velocity.  Calculating the uncertainty in pressure without including the correlation between the 

shock and particle velocities significantly overestimates the error (>2x larger uncertainty in quartz for 

pressures >1 TPa) and can result in the mean of the pressure distribution value differing from its true 

value. 

To ensure the Monte Carlo methods arrive at the true mean and standard deviation, correlations 

between random variables must be considered.  Using the example of the shock and particle velocities, 

Table 5.1.3 gives the coefficients of the 𝑈𝑠 − 𝑢𝑝 relation for fused silica determined in this work.  The 

standard error in each coefficient is the square root of the variance, given as the diagonal elements of 

the covariance matrix in Table 5.1.4.  However, the off-diagonal elements are non-zero meaning that 

correlation between parameters exists.  To convert from the covariance matrix to a correlation matrix 

the elements are scaled by the standard error of the parameters as 

𝐶𝑜𝑟𝑖,𝑗 =
𝐶𝑜𝑣𝑖,𝑗

𝜎𝑖𝜎𝑗
, B.1 

where 𝐶𝑜𝑟𝑖,𝑗  and 𝐶𝑜𝑣𝑖,𝑗 are the 𝑖, 𝑗 components of the correlation and covariance matrices, respectively, 

and 𝜎𝑖 is the square root of the 𝑖, 𝑖 component (similarly for 𝜎𝑗).  Similar to the covariance matrix, the 

correlation matrix is diagonal, but its elements are bounded by −1 ≤ 𝐶𝑜𝑟𝑖,𝑗 ≤ 1, where a correlation of 

±1 denotes a perfect linear relationship (either positive or negative) between those two variables and a 

correlation of zero denotes uncorrelated variables. 

The correlation matrix can be decomposed into a lower triangular matrix and its conjugate transpose by 

using a method such as the Cholesky decomposition.  This gives 

𝐿𝐿𝑇 = 𝐶𝑜𝑟, B.2 
where 𝐿 is the lower triangular matrix and 𝐿𝑇 is its conjugate transpose.  Consider a vector of unit 

normally distributed random variables, 𝑋, output by a random number generator.  The components of 

this vector are all independent such that all off-diagonal covariance and correlation terms are zero.  By 

definition, a vector of correlated random values must have the same correlation matrix as its 
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distribution.  Furthermore, because the vector 𝑋 is made up of independent random variables, its 

expected value, 

〈𝑋𝑋𝑇〉 = 𝐼, B.3 
where 𝐼 is the identity matrix.  The identity for the transpose of a product of two matrices states that 

(𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 . B.4 
Define the vector of correlated random variables as 𝑋𝐶 = 𝐿𝑋.  Combining equations B.2-4 gives 

〈𝑋𝐶𝑋𝐶
𝑇〉 = 〈(𝐿𝑋)(𝐿𝑋)𝑇〉 = 𝐿〈𝑋𝑋𝑇〉𝐿𝑇 = 𝐿𝐼𝐿𝑇 = 𝐶𝑜𝑟. B.5 

Because 𝑋𝐶 = 𝐿𝑋 has the same correlation as the distribution, the vector of random values, 𝑋𝐶, is a 

correlated vector of normally distributed random values.  Multiplying the components of 𝑋𝐶  by the 

standard error in their associated coefficient gives random errors that can be input into the Monte Carlo 

method to determine the uncertainty in the system. 


