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Phys. Lett. 99, 082502 (2011).

6. F. Pezzoli, F. Bottegoni, D. Trivedi, F. Ciccacci, A. Giorgioni, P. Li, S.
Cecchi, E. Grilli, Y. Song, M. Guzzi, H. Dery, and G. Isella, Optical spin
injection and spin lifetme in Ge heterostructures, Phys. Rev. Lett. 108,
156603 (2012).

7. Pengke Li, Yang Song, and Hanan Dery, Intrinsic Spin Lifetime of Con-
duction Electrons in Germanium, Phys. Rev. B 86, 085202 (2012).

8. Pengke Li, Dhara Trivedi, and Hanan Dery, Spin-dependent optical prop-
erties in strained silicon and germanium, Phys. Rev. B 87, 115203 (2013).



9. Pengke Li, Jing Li, Lan Qing, Hanan Dery, and Ian Appelbaum, Anisotropy-
driven spin relaxation in germanium, arXiv:1307.4745v2 [cond-mat.mtrl-sci]
(2013).



iii

Acknowledgements

During my six years of PhD study in the University of Rochester, I was very
fortunate to have been able to work and collaborate with many people, from
whom I have learned a lot and received valuable support. I would like to take this
opportunity to express my sincere gratitude to all of them.

My deepest gratitude goes to my advisor, Professor Hanan Dery, without
whom it would had been impossible to achieve academic success during these
years. Under his supervision, I have learned not only theoretical physics, but
also how to become a good scientist with efficient and critical thinking. Very
patiently, Hanan always gave me the freedom to explore the unknown scientific
world and provided guidance when necessary. Our discussions in those afternoons
in CSB 411 (Hanan’s office) will be the most wonderful moments in my memory of
Rochester. Beyond academics, I will never forget the support from Hanan, during
the most difficult time in my life when my father passed away.

I would like to thank Professor David Quesnel and Professor Qiang Lin for
being my PhD committee members and giving suggestions in my qualifying exam.
I am especially thankful to Professor Theodore Castner. I was very fortunate to
inherit not only the instruments he used, but also for his advice and wisdom of
doing experiments, during the last year of my PhD when I started working on the
ESR experiments.

I would like to thank Professor Ian Appelbaum (University of Maryland at
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Abstract

Group IV semiconductors are natural material choices for spintronic devices.
Space-inversion symmetry precludes spin relaxation by the Dyakonov-Perel mech-
anism. Hyperfine interactions are suppressed due to the natural abundance of
zero-spin nuclear isotopes. As a result, the intrinsic spin lifetime is relatively long
(∼10 ns at room temperature in nondegenerate n-type silicon). Combined with
the dominant role of Si and Ge in the semiconductor industry, there is a wide
interest in recent experiments with Si and Ge spintronics.

The conservation of angular momentum during the radiation-matter interac-
tion allows one to study the spin of charge carriers from the state of light po-
larization. Si was the first material studied in optical orientation experiment.
However, a parameter-free method of determining the spin polarization of elec-
trons in Si and Ge was missing for decades. This missing link is established in this
dissertation with a comprehensive theory, which provides concise selection rules
of spin-dependent optical transitions. These indirect absorption edge transitions
involve the interaction with phonons, whose symmetries are crucial in elucidat-
ing recent spin injection experiments in Si and Ge. The theory also studies the
effect of strain. Strain lifts the band edges degeneracies and controls the mixing
between holes with different angular momenta, and could be used to regulate and
validate the relation between measured circular polarization degrees and electron
spin polarizations.

The availability of transparent spin-dependent theories in direct gap semicon-
ductors has spurred the field of spintronics. Prior to our work, however, the
study of spin-orbit properties in indirect bandgap Si requires elaborate numerical
methods. To establish a lucid and compact theory, we derive a spin-dependent
Hamiltonian that captures the symmetry of the zone edge X-point states in Si.
We present analytical expressions of the spin-dependent states and of spin re-
laxation due to electron-phonon interactions, showing excellent agreement with
experimental results. In addition, we investigate the intrinsic spin relaxation of
conduction electrons in Ge. Spin-flip matrix elements are derived for a general spin
orientation that quantifies the anisotropy of spin relaxation. Spin lifetimes from
integrations of these matrix elements show excellent agreement with independent
elaborate numerical calculation.
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Chapter 1

Introduction

The exponential growth in information and communication technologies has driven
a fast increase in their energy footprint. The net result is that consumer electron-
ics and telecommunication devices already account for ∼15% of all residential
electricity consumption and it is expected to be tripled by 2030 (will be equal
to the current residential consumption in the US and Japan combined). Given
these facts, future technologies beyond the CMOS age are exceedingly important
research frontiers. Spintronics research, in specific, aims to introduce the quantum
mechanical spin into electronic circuits [1–3]. Advances in all-metallic spintronics
since the late 1980s have spurred immense development in information storage
technologies [4–8]. These include the discoveries of giant and tunneling magne-
toresistance [9–11] and the recent usage of spin transfer torque techniques [12–14].
Contrary to metals, semiconductors hold complete sway over logic circuits whose
basic operations rely on a unifying physical principle: the ability to vastly tune
carrier concentrations via sample preparation (inhomogeneous doping) or applied
stimuli (gate voltage).

Below, we first provide examples for two prospective spintronic applications
in semiconductors. These examples demonstrate how different spintronic devices
are expected to work, and explain why spintronics technology has the potential
to overcome the limitation of traditional semiconductor technology. Then, we
describe the uprising significant role and motivation for studying Group IV semi-
conductors in the field of spintronics. In the end of this chapter, we point out the
importance of our works and outline the organization of this dissertation.

1.0.1 Spin logic gate

The first design of logic circuits using semiconductor spintronics was developed by
Dery et al. [3]. Contrary to the giant magnetoresistance (GMR) in metals, spin
accumulation in semiconductors can be used to process information in a scalable
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Figure 1.1: A scheme of a five-terminal magnetologic gate that performs the function
OR(XOR(A,X),XOR(B,Y)). The figure shows a universal NAND operation between X
and Y (A = B = ‘1’). Steady-state currents, driven by Vdd, flow between A(B) and
X(Y). The output is given by a transient current response, IM (t), caused by an in-plane
single rotation of M. The amplitude of IM (t) is proportional to the spin accumulation
in the semiconductor [3].

and reprogrammable ‘spin computer’. Compared with CMOS technology, the
basic building blocks of a spin computer provide universal logic operations with
greater computational capability.

Figure 1.1 shows the structure of the magnetologic gate (MLG). It includes five
ferromagnetic electrodes (X, Y, A, B, and M) on top of n-type semiconductor. For
all five electrodes, the physical variables that represent the logic signals are not
their potential voltages, but the direction of their magnetization (fixed opposite
directions are defined as binary states of ‘1’ and ‘0’, as shown in Fig. 1). X
and Y are the two inputs while M is the output of the logic. The readout is via
measuring the transient current IM by perturbing the magnetization of M. A and
B configure the functionality of the MLG, and in Fig. 1.1 it is set for the universal
NAND operation.

In MLGs, currents flow from Vdd through the ferromagnet inputs X and Y,
and introduce different spin accumulations in various regions of the semiconductor
channel. The amplitude of spin accumulation depends on the magnetic configu-
ration of A & X and of B & Y (see Fig. 1.2a). The variation in the chemical
potential inside M due to rotation of its magnetization results in transient cur-
rent in the capacitor CM that tends to restore new steady state while M is being
rotated. In the NAND operation mode, the amplitude of the transient current is
plotted in Fig. 1.2b in response to a 10-ns rotation of M. For the four possible
magnetization alignments of X and Y, the output signal could be well separated
from the corresponding readouts of IM .
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Figure 1.2: a, Typical steady state profiles of the spin dependent electrochemical
potentials in the semiconductor channel for antiparallel configuration. Red sections
denote the position of 0.4 µm-wide contacts, which are separated by 0.2 µm uncapped
regions. In steady state when IM = 0, the potential level inside contact M for each
magnetization alignment is represented by one of the two short black lines. b, Transient
currents in the M terminal induced by a ∼ 10 ns rotation of M magnetization [3].

Such universal spintronics logic gates are fast, reprogrammable and robust.
Compared with CMOS logic gates, MLGs have greater computational capability
per gate and they enable wider margins for future scaling of computers [3].

1.0.2 Spin-based communication protocol

Modern on-chip communications rely on modulation of electromagnetic waves in
metallic wires. The main drawbacks of this charge-based technique are dynamical
crosstalk between wires, RC bottlenecks, and electromigration between silicon and
its interconnect material. These effects become increasingly acute with reducing
the space between adjacent wires and with increasing the modulation frequency.

Spin-based data communications, on the other hand, is free of all these detri-
mental effects. In this scheme, the charge current is constant and used to drive
the information rather than carrying it. The information is encoded by modulat-
ing the spin polarization of electrons traveling in the wires. Using the electron
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Figure 1.3: A spin-based communication scheme. The current in the Si wire is con-
stant (I0), but it is mainly governed by a spin-up or a spin-down current depending
on the direction of the injector magnetization (left). The receiver splits the current
into two paths (right contacts). The detection is “1” or “0” if the current is governed,
respectively, by spin-up (Iup > Idown) or spin-down (Iup < Idown) currents [15].

spin to process or transfer information in semiconductors may spur spintronic
applications beyond information storage.

Figure 1.3 shows a scheme of the spin-based communications protocol [15].
The transmitter generates information via modulation of the spin polarization of
a constant current (for example by modulating the magnetization in the upper
spin-injector contact, or by spin-pumping [16]). The current I0 across the fer-
romagnet/Si interface is constant and driven by an external DC source. At the
receiver, the current path is split into two ferromagnetic electrodes with opposite
magnetization. Electrons are preferably extracted from the ferromagnet whose
magnetization fits their spin orientation. The encoded information is resolved
from the resulting voltage difference between the two ferromagnetic electrodes.

Using strained Si wires for the transmission line of spins, the propagation
distances are predicted to reach the 1 mm scale at room temperature [15]. It
is possible thanks to the very long spin lifetime of conduction band electrons if
the intervalley scattering is suppressed by strain (as will be shown in § 4). At
the same time, such communications protocol ensures high performance of spin
interconnects. Assuming 50% areal filling of wires, the attainable bandwidth in
lateral circuits working in 5 V and 0.13 GHz is 1300 Tbit/(s ·cm2), and the needed
power is 0.25 Watt (Joule heating of the wires) [15]. These bandwidth and power
are by far superior to any other existing technique.
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1.1 The promising role of Si and Ge spintronics

Group IV semiconductors are promising material candidates for spintronic devices
[15, 17–22]. Silicon, in specific, has a mature technology that overwhelmingly dom-
inates the semiconductor industry. Importantly, these materials have relatively
long spin relaxation time compared with direct gap semiconductors. Their crys-
talline inversion symmetry suppresses precession of spins about randomly changing
intrinsic magnetic fields (i.e., no Dyakonov-Perel relaxation mechanism), and the
zero nuclear spin of their naturally abundant isotopes suppresses spin relaxation
by hyperfine interactions (28Si, 70Ge, 72Ge, 74Ge and 76Ge). In spite of the differ-
ent amplitudes of the spin-orbit coupling in group IV materials, the probability
of flipping the spin of an electron during a scattering event remains negligible.
In silicon, for example, spin information can be driven across 1 mm length scales
[23].

In spite of their merits, Group IV semiconductors did not attract the atten-
tion of spintronics researchers until 2007 [17, 24]. The reason was that widespread
optical techniques to characterize spin properties are inefficient in Si and Ge on
accounts of their indirect bandgap. Furthermore, optical transitions in these mate-
rials are complicated by the involvement of lattice vibrations (phonons), rendering
the translation between light and spin polarization difficult. Accordingly, photolu-
minescence as well as magneto-optical Kerr and Faraday spectroscopies were used
to probe spin accumulation in direct bandgap semiconductors where the transfer
of angular momenta between photons and spins is efficient and straightforward
[25]. A major aspect in this dissertation is the study of phonon-assisted opti-
cal transitions in Si and Ge. We derive concise selection rules by which one can
straightforwardly translate between light and spin polarization.

Until recently, experiments that studied the electron spin Si and Ge mostly
employed electron spin resonance (ESR) techniques. This apparatus is successful
in studying localized electrons on donor sites as well as of delocalized electrons
in the impurity and conduction bands [26–48]. The theoretical understanding of
spin properties of conduction electrons in Si and Ge is based on the seminal works
of Elliott and Yafet during 1950s and 1960s [49, 50]. In Si and Ge, the Elliott-
Yafet (EY) theory provides useful spin relaxation results by examining the space
inversion and time reversal symmetries in diamond-crystal structures.

The first electrical spin injection in silicon was realized in 2007 in Appelbaum’s
group [17, 23]. In this pioneering work, spin polarized electrons are injected from
a ferromagnetic contact into silicon, and after traveling for 300 µm to the de-
tector, they still show clear spin polarization. This behavior indicates that the
extraordinary long spin lifetime of conduction electron in Si render spins excellent
information carriers for signal transmission and processing in integrated circuits.
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In the same year, Jonker’s group measured the circular polarized electrolumines-
cence by recombination of injected spin polarized electrons with holes in Si [24].
Later on, the common lateral transport geometry was realized in Si [51–66]. In
such devices, local and nonlocal Hanle measurements were performed by applying
magnetic field normal to the spin orientation which causes the spin angular mo-
mentum to precess. Different values of the spin lifetime were extracted from the
width of the Hanle curve by employing a simple diffusive transport model. A few
of the extracted spin lifetimes are comparable with those achieved by ESR mea-
surements, while many others are much faster and denote the effect of impurities
in the tunnel barrier rather than of spin polarization in the semiconductor.

Following the progress in spin injection into silicon, germanium is attracting
more attention by the spintronics community in the recent two years [21, 67–
82]. As a compatible material in CMOS technology, Ge is considered to be an
important complement of Si with two outstanding merits: higher carrier mobility
and optical efficiency. The former advantage is due to the lower effective mass of
conduction electrons and can results in long spin diffusive length, which could be
tested in lateral spin transport devices. The latter originates from the proximity
of the indirect and direct band-gaps in Ge, which allows one to employ optical
orientation [21].

Accompanying these experiments are many puzzling but interesting results
that cannot be addressed by previously developed theories. Prior to our works,
the only quantitative theoretical study was based on heavy numerical methods
[83]. In this work, the calculated spin relaxation of conduction electrons in Si
shows that intervalley scattering with phonons is the dominant mechanism at ele-
vated temperatures. However, this result has profound physical origin that cannot
be revealed by heavy computation methods. Our pencil and paper work not only
reveals the underlying physics, but it also predicts new phenomena and guide
prospective applications. The development of this theory was a major aspect dur-
ing the PhD program of the author, and will be summarized in this dissertation.

1.2 Importance of this work and a reader’s guide

to the dissertation

In this dissertation we study four different theoretical aspects of group IV semi-
conductor spintronics, presented in Chapters 2-5. Motivated by newly discovered
experimental results, these theories explain important spin-dependent properties
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due to interactions with phonons, photons and holes. Though addressing differ-
ent aspects, all of our theories rely on the symmetries of the system (crystal and
interactions). These symmetries capture the core physics and allow us to derive
transparent analytical expressions, which cannot be reached by lengthy numeri-
cal procedures. Nevertheless, we also perform rigorous numerical calculations in
order to verify our theories. In the following, we discuss the importance of our
work along with a reader’s guide to this dissertation.

The theory in § 2 is of spin-dependent phonon-assisted optical transitions in
silicon and germanium. The main results in this chapter appeared in Phys. Rev.
Lett. 105, 037204 (2010), and partly in Phys. Rev. B 87, 115203 (2013). This
work was motivated by the puzzling experimental results of Jonker et al. who
electrically inject spins in Si and measure of spin-dependent electroluminescence
[24]. In this experiment, the radiative recombination of injected spin-polarized
electrons with holes is circularly polarized. However, the circular polarization de-
grees of the spectral peaks show different features compared with those of direct
bandgap semiconductors. The different features indicate that the well understood
optical selection rules in direct bandgap semiconductors [25] are not valid in Si.
In order to elucidate the physics in this experiment, we invoke symmetry argu-
ments and derive concise selection rules for spin-dependent phonon-assisted opti-
cal transitions in Si. These selection rules are then verified by rigorous numerical
calculation of the luminescence spectra and successfully explain the experimental
results. Prior to our theory, there were neither qualitative nor quantitative anal-
yses of the circularly polarized luminescence from spin injected Si. Considering
the importance of the widespread optical-orientation technique in spintronics [25],
our theory provides clear-cut rules to accurately determine the spin polarization
of injected electrons in Si. In a similar manner, we derive the spin-dependent
phonon-assisted optical selection rules in Ge. In spite of sharing the same indirect
bandgap property, the vicinity of the indirect and direct bandgaps in Ge makes it
highly attractive for CMOS compatible spin-based optical devices. Our theory is
timely and has already been used to guide experiments [e.g.; Pezzoli et. al, Phys.
Rev. Lett. 108, 156603 (2012)].

The theory in § 3 extends the analysis in § 2 by studying the effect of strain on
spin-dependent phonon-assisted optical transitions in Si and Ge. The main results
appeared in Phys. Rev. B 87, 115203 (2013). In Group IV semiconductors with
inversion symmetry, the strain can lift the energy degeneracy between conduction-
band valleys as well as the energy degeneracy between heavy and light holes in the
top of the valence band. As a result, the strain can be used as an experimental
knob to control spin-dependent optical properties in Si and Ge. We were the first
to study this topic and found that for certain strain configurations the transfer
of angular momentum between electron spins and photons can show dramatic
enhancement. For example, if the electrons are fully spin-polarized the circular
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polarization degrees of light can be enhanced from 20% to 80% in Si, and from
50% to 100% in Ge.

In § 4, our focus switches to electron spin symmetries in Si. The work in this
chapter appeared in Phys. Rev. Lett. 107, 107203 (2011). Our study is motivated
by recent exciting experiments that show exceedingly long spin lifetimes and spin
diffusive lengths of electrons in Si [17, 23]. As originally pointed out by Yafet fifty
years ago [50], the robustness of spin information in Si is endowed by the special
symmetries of the system. However, comprehensive study of these symmetries
has been missing and quantifying the spin relaxation in Si could only rely on
numerical tools [83]. To fill this vacuum and to quantify the various electron-
phonon spin relaxation processes, we have derived a compact k·p Hamiltonian
model around the zone-edge X point (where thermal electrons are populated in
Si). This model captures the spin properties of conduction electrons in Si, and
its marked importance can be illustrated by recalling of the ubiquitous Kohn-
Luttinger and Kane models [84, 85]. The former is used to study spin properties in
the valence band of semiconductors and the latter to extract the spin relaxation of
conduction electrons in direct bandgap semiconductors. The lucid insight that one
gets by having traceable spin-dependent expressions resulted in numerous works
on spin properties in III-V semiconductors [2, 25]. Having lucid models for Si and
Ge at disposal is crucial for the future of the research in group IV semiconductor
spintronics. To demonstrate its effectiveness, the Hamiltonian is used to study the
spin relaxation due to electron-phonon scattering, where it is shown that previous
numerical results can be made analytical. Moreover, our compact Hamiltonian
can be readily extended to incorporate external fields, strain and quantization
effects. Other researchers are already making use of our Hamiltonian [86, 87].

In § 5 we study the electron spin symmetries in Ge. The work in this chap-
ter appeared in Phys. Rev. B 87, 105203 (2012). Similar to the case of Si, the
symmetries of conduction electrons in Ge are studied by deriving a compact k·p
Hamiltonian model around the zone-edge L point (where thermal electrons are
populated in Ge). We use the Hamiltonian to quantify the intrinsic spin lifetime
in Ge under various strain configurations. Prior to our theory, Yafet in the 1960s
predicted a T 7/2 temperature-dependence of the spin relaxation due to scattering
with long wavelength acoustic phonons [50]. Our analysis shows that at elevated
temperatures this intravalley interaction is completely overweigh by intervalley
scattering with short wavelength phonons. By quantifying the anisotropy in spin
relaxation, we predict remarkable enhancement of the spin lifetimes (of up to
∼ 1 µs at room temperature) when applying uniaxial/biaxial compressive/tensile
strain along one of the valley axes. Our theory shows that Ge may be the ulti-
mate semiconductor choice for spin interconnects (transmitting spin information
between different segments of a chip).
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§ 6 is a summary of the main achievements, and the two appendices provide
technical details of supporting derivations.
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Chapter 2

Spin-dependent phonon-assisted
optical transitions in Si and Ge

This Chapter summarizes two of our recent publications: Pengke Li and Hanan
Dery, Theory of Spin-Dependent Phonon-Assisted Optical Transitions in Silicon,
Phys. Rev. Lett. 105, 037204 (2010), and the strain independent parts of the
contents in Pengke Li, Dhara Trevadi and Hanan Dery, Spin-dependent optical
properties in strained silicon and germanium, Phys. Rev. B 87, 115203 (2013).

The conservation of angular momentum during the interaction of radiation
with matter allows one to study the angular momentum of charge carriers from
the state of light polarization. Measuring the circular polarization degree of emit-
ted photons in direct bandgap semiconductors is one of the very few robust ways
to evaluate the spin polarization degree of electrons. During the interband optical
transitions in such materials, the circular polarization degree is largely set by the
effect of spin-orbit coupling in the valence band, and the selection rules are well
known [2, 25]. Figure 2.1 shows such selection rules by considering the symme-
tries of conduction band elections, valence band holes and photons. The angular
momentum of the photons is evaluated by the circular polarization degree of the
light,

P =
I+ − I−
I+ + I−

, (2.1)

where I+(−) is the intensity of the left (right) circularly polarized light. For tran-
sition between electrons with a certain spin and holes in the top of the valence
band, the polarization reaches P = ±50%.

In indirect absorption edge semiconductors, free-carrier optical transitions are
complicated by the fact that they involve both radiation-matter and electron-
phonon interactions [88–91]. The photon has negligible momentum in compari-
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Figure 2.1: (a) Selection rules of zone center optical transition in direct bandgap
semiconductors [2, 25]. The orange colored bars represent electron states in the edge
of the conduction band; the black colored bars represent states of heavy holes and
light holes in the edge of the valence band; the bottom blue lines represent the split-off
hole states. In each of the ket states, the first quantum number indicates the total
angular momentum while the second tells its z-axis projection. The solid and dashed
arrows represent interband optical transitions of left and right circularly polarized lights,
respectively, with the corresponding numbers showing their relative intensities.

son to charge carriers, and therefore the emission or absorption of a phonon is
needed to conserve the crystal momentum when carriers are transferred between
the edges of the valence and conduction bands. The translation between the mea-
sured circular polarization degree of photons and the spin polarization degree of
electrons is therefore not straightforward. This information was missing in indi-
rect absorption edge semiconductors ever since the pioneering optical orientation
experiment on silicon in 1968 [92]. In this chapter, we address some of these miss-
ing links by enabling a quantitative analysis of the phonon-assisted luminescence
in spin-polarized silicon and germanium [93, 94]. The analysis allows one to ac-
curately determine the spin polarization of electrons from the measured circular
polarization in a parameter-free manner. Our theoretical results elucidate recent
experiments of spin injection from ferromagnetic contacts into silicon [24, 95–98]
and germanium [21, 77, 78].
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2.1 Background information on spin-independent

properties

The luminescence of electron-hole recombination in bulk semiconductors involves
transitions between edge states of the conduction and valence bands. In most
semiconductors, including Si and Ge, the valence edge states are located in the
Γ point (center of the Brillouin zone). In Si there are six conduction-band edge
minima located about 0.85 × 2π/a away from the zone center along the ∆ axis
where a = 5.43 Å is the lattice constant of Si [Fig. 2.2(a)]. In Ge there are four
conduction-band edge minima located at the zone-edge L points. Because of the
crystal translational symmetry and the indirect absorption edge, phonon emission
or absorption is required to offset a crystal momentum difference (k0) between
edges of the conduction and valence bands. The intensities of optical transitions
in indirect absorption edge semiconductors are quantified by using second-order
perturbation theory [99],

Iê,`∝
∣∣∣∣∣∑
n

〈f |H ê
R|n〉〈n|H`

e−i|i〉
Ei − En − ~ω`

+
〈f |H`

e−i|n〉〈n|H ê
R|i〉

Ei − En ± ~ω0

∣∣∣∣∣
2

. (2.2)

Matrix elements with H ê
R and H`

e−i denote, respectively, radiation-matter and
electron-phonon interactions where ê is the light polarization vector and ` is the
phonon mode. The angular frequency of the phonon is ω` and of the photon is ω0,
and the ± sign is associated with emission or absorption of the photon. The initial
state in the conduction band is given by |i〉 and the final state in the valence band
by |f〉. The first and second terms involve, respectively, optical transition paths
with intermediate states, |n〉, whose crystal momentum is zero or k0. The arrows
in Figs. 2.2(b) and 2.2(e) show the important respective paths where the vertical
(nonvertical) arrows denote the interaction with photons (phonons). The value
of the circular polarization of emitted photons depends on the spin-polarization
of electrons and on the phonon symmetries around k0. This information is shown
in Figs. 2.2(c) and 2.2(f). In the following we briefly introduce the relevant spin-
independent information on Si and Ge.

The selection rules of spin-independent phonon-assisted optical transition in
Si was studied by Lax and Hopfield [88]. For virtual paths via conduction band
Γ−15 intermediate states [solid arrows in Fig. 2.2(b)], TA and TO phonons with
∆5 symmetry and LA phonon with ∆1 symmetry are allowed to assist the transi-
tion. On the other hand, for virtual paths via valence band ∆5 intermediate state
[thick dashed arrows in Fig. 2.2(b)], all four types of phonon modes are possible.
In addition, LO phonons (∆′2) is also allowed to assist the transition via the Γ+

2
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Figure 2.2: (a) The first Brillouin zone of a diamond crystal structure. The conduction
band valleys in Si, shown as ellipsoids, reside along the ∆ symmetry axes that connect
the Γ and X points. (b) Band structure and symmetry notations of Si along the ∆ axis.
The arrows represent major phonon-assisted optical transitions under consideration.
The lower left inset magnifies the splitting of the valence bands due to spin-orbit coupling
close to the Γ25′ zone center region. (c) Phonon branches of Si along the ∆ axis and
their corresponding symmetries. The four phonon mode are transverse-acoustic (TA),
transverse-optical (TO), longitudinal-acoustic (LA) and longitudinal-optical (LO). The
red ellipse highlights the proximity of LO and TO phonon energies at k0. (d), (e),
and (f) show respective information for Ge. Here, the conduction band valleys are
centered around the zone-edge L point and the Λ symmetry axis that connects Γ and
L is relevant. Numerical methods to obtain the band structures and phonon dispersion
curves are detailed in § 2.3.
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conduction band state in higher energy [thin dashed arrows in Fig. 2.2(b)]. These
selection rules explain phonon-related spectrum peaks in photoluminescence ex-
periments [100]. The relative peak intensities were studied by numerical calcula-
tion of H`

e−i [the matrix element of electron-phonon interaction in Eq. (2.2)] [101].
It was shown that the interference of the two virtual paths via the Γ−15 and ∆5

intermediate states, either constructive or destructive, is crucial in determining
the relative intensities of each phonon-associated transition.

The selection rules in the case of Ge were studied by the same symmetry anal-
ysis [88]. From inspection, however, the energy proximity between the L+

6 and Γ−7
states of the conduction band is evident (around 140 meV). The phonon-assisted
optical transitions in Ge are governed by the Γ−7 intermediate state since it comes
with the smallest “penalty” [denominator value in Eq. (2.2)]. The LA phonon is
the only mode that is symmetry-allowed for this type transition, depicted by solid
arrows in Fig. 2.2(e). In addition to the relatively strong LA assisted transition,
the luminescence spectrum of Ge involves TO spectral features [100]. When con-
sidering distant intermediate states in Ge (the Γ−6 , Γ−8 and L−3 ), the TO mode is
also symmetry allowed in edge-to-edge optical transitions [88], depicted by dashed
arrows in Fig. 2.2(e). However, as elucidated by Glembocki and Pollak [102], the
intensity of transition via L−3 is much stronger than via Γ−6 and Γ−8 . Specifically,
the electron-phonon interaction matrix element between L−3 and Γ+

8 is ∼ 5 times
larger than that between L+

6 and {Γ−6 , Γ−8 }. Also supported by luminescence ex-
periments [100], one can find a weak spectral peak from TA modes. In spite of the
fact that edge-to-edge optical transitions with the TA mode are forbidden [88],
higher order transitions between states near L+

6 and Γ−7 do not vanish completely.
The luminescence peak of the TA mode is visible since this phonon has exponen-
tially larger population compared with that of other phonons. This property can
be inferred by inspection of the L-point phonon energies [Fig. 2.2(f)].

2.2 Selection rules of spin-dependent phonon-

assisted optical transitions

In order to study the relation of the circular polarization degree of light and the
spin polarization of conduction band elections, we extend the selection rules by
Lax and Hopfield to spin-dependent cases. It is important to realize that the
intensities of the phonon-dependent optical transitions depend on the strengths of
the electron-phonon interaction whose quantification require numerical analysis.
However, the circular polarization degree stems from the intensity ratio of the left
and right circularly polarized lights and can be inferred from symmetries of the
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involved spin-polarized electrons, holes, phonons and photons. In this section we
derive the selection rules from symmetry arguments, and in the next section we
will confirm our analytical findings by independent numerical calculations of the
wavefunctions, crystal potential and electron-phonon interaction.

Before elaborating on the specific cases of Si and Ge, we briefly comment on
symmetries and notations. The crystallographic axes of [100], [010] and [001] are
chosen to be the Cartesian coordinates x, y and z, respectively. For the general
case of light propagation along n̂, the radiation operators of the left and right
circular polarization vectors are

σ± =
1√
2

[(px cos θ cosφ+ py cos θ sinφ+ pz sin θ)

±i (py cosφ− px sinφ)] , (2.3)

where pi are vector components of the momentum operator and θ (φ) are the polar
(azimuthal) angles of n̂ with respect to x, y and z.

In our study, the spin orientation is aligned with the light propagation direction
to maximize the transfer of angular momentum between the spin of electrons
and helicity of photons. The degenerate spin states of conduction electrons are
quantized along n̂. They are obtained by solving the eigenvalue problem of the
matrix n̂ · σ and expressed as linear combinations of ’up’ and ’down’ spin states
along z direction,

|k,⇑n〉 = cos
θ

2
|k,⇑z〉+ sin

θ

2
eiφ|k,⇓z〉, (2.4)

|k,⇓n〉 = − sin
θ

2
e−iφ|k,⇑z〉+ cos

θ

2
|k,⇓z〉. (2.5)

In the following, we will study how | ⇑n〉 states of electrons [Eq. (2.4)] interact
with σ± [Eq. (2.3)] during the phonon-assisted optical transition and recombine
with holes in the top of the valence band. The | ⇓n〉 electron states follow the
same rule and in most cases result in opposite sign-selection rules. We note that
the energy degeneracy of | ⇑n〉 and | ⇓n〉 in a given band is a consequence of space
inversion symmetry.

2.2.1 Si

In the multi-valley system of Si, if the spin-orientation is set along a specific
direction, the six conduction valleys may not be equivalent. A common case is for
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Si layer grown along the [001] direction, and the radiation is measured out-of-plane
[24]. The two z valleys longitudinal to [001] are no longer symmetric to the four
valleys in the x and y directions that are transverse to [001]. Such inequivalent
cases should be considered separately.

According to the choice of spin-orientation along z, from Eq. (2.3) we write
the circular polarized radiation operator by

σ± =
1√
2

(px ± ipy) . (2.6)

Also listed in Table 2.1 are representative basis functions of all states that take
part in optical transitions. The spin-up initial states in the conduction band
are z ↑ and x ↑. For simplicity we use ↑ to represent the ⇑z state in Eq. (2.4)
and do not consider the y valleys since they are equivalent to x valleys (both
transverse to z). The basis functions of all possible intermediate states [|n〉 in
Eq. (2.2)] are listed by the direct product of spin-up and the basis functions
of single-group irreducible representations [103]. Spin-down components of the
intermediate states do not contribute to the transition since neither electron-
phonon nor electron-photon interactions flip the spin. Here, we have neglected
the spin mixing of intermediate states caused by the relatively weak spin-orbit
interaction [reflected by the small energy splitting between Γ−8 and Γ−6 and between
the ∆5 states; See Fig. 2.2(b)]. Since the summation in Eq. (2.2) is complete,
using the concise intermediate-state expressions of Table 2.1 does not affect the
final result of the analysis, while it simplifies the derivation. Lastly, the final
states are well known expressions of heavy holes and light holes that include spin-
up components [99]. Their angular momenta are good quantum numbers when
projected along z (the light propagation direction).

With the information of states, the amplitudes of radiative interaction are
readily calculated. For example, the z ↑ component of Γ−15 to Γ+

8,“+ 3
2

”
yields:

〈
(X + iY ) ↑√

2

∣∣∣∣ σ̂−∣∣∣∣ z ↑〉 =
1

2
(−i〈X|py|z〉 − i〈Y |px|z〉) = −iP, (2.7)

with P= 〈X|py|z〉, and similarly for its cyclic permutations. Table 2.2 list all the
amplitudes of radiative interaction.

The relative amplitudes of electron-phonon matrix elements can be calculated
by considering the symmetries of phonons along the ∆ axis [99] [Fig. 2.2(c)]. We
list the basis functions of these phonon modes in Table 2.3.
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Table 2.1: Representation basis functions of initial, final and intermediate states in
the process of phonon-assisted luminescence of spin-up electrons in Si. Capital letters
denote even functions, X = yz, Y = zx and Z = xy. See the band structure [Fig. 2.2(b)]
for positions of these states.

initial state ∆x
1 x ↑

∆z
1 z ↑

∆x
5 Y ↑, Z ↑

intermediate ∆z
5 X ↑, Y ↑

states Γ−15 x ↑, y ↑, z ↑
Γ+

2 xyz ↑
HH (Γ+

8,“+ 3
2

”
) 1√

2
(X + iY ) ↑

final states 1√
6
[−(X − iY ) ↑ −2Z ↓],

LH (Γ+
8,“± 1

2
”
)

1√
6
[(X + iY ) ↓ −2Z ↑]

Table 2.2: Optical selection rules and transition amplitudes at Γ and k0 in units of P .
Black (red) values are for σ+ (σ−) transitions.

HH
HHHHΓ+

8

Γ−15 x ↑ y ↑ z ↑

Γ+
8,“+ 3

2
”

−i
Γ+

8,“+ 1
2

”
− i√

3

Γ+
8,“− 1

2
”

− i√
3

i√
3
− 1√

3
− 1√

3

H
HHH

HH∆5

∆1 x ↑ z ↑

X ↑ i√
2

- i√
2

Y ↑ 1√
2

1√
2

Z ↑ i√
2

- i√
2
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Table 2.3: Representation basis functions of ∆ phonons.

Mode (symmetry) Basis function (∆z axis) Basis function (∆x axis)

TA & TO (∆5) {X,Y } {Y ,Z}
LO (∆′2) Z X

LA (∆1) 1 1

Similar to the way we deal with radiative interaction, the relative amplitudes
of electron-phonon interaction could be derived by putting the basis functions of
states and phonon modes together. For example, the amplitude of the transi-
tion from the initial state of |x ↑〉 via the Y component of TA phonon to the
intermediate state at Γ−15 is

〈z ↑ |YTA|x ↑〉 = MTA, (2.8)

where M` is the matrix element of electron-phonon interaction with ` the phonon
mode.

With the knowledge of both electron-photon and electron-phonon processes, we
enumerate all the transition paths associated with TA and TO phonons in Fig. 2.3
and with LA and LO phonons in Fig. 2.4. These figures describe transitions of
spin-up conduction band electrons from both the transverse (x) and longitudinal
(z) valleys. In the calculation of the total amplitudes we sum over all paths
to a same final state and assume that PM`/∆E is the same for paths via the
conduction band Γ−15 and valence band ∆5 intermediate states. This assumption
is reasonable by comparing P , M` and ∆E in both paths. Firstly, the electron-
photon interaction across the bandgap increases by only ∼ 10% from the zone
center (Γ−15 → Γ+

8 ) to k0 along the ∆ axes (∆1 → ∆5) [104]. Secondly, for each
specific phonon mode, the electron-phonon interactions are of similar strengths in
both the conduction band (∆1 → Γ−15) and the valence band (∆5 → Γ+

8 ) [101].
Lastly, ∆E, the energy denominator in Eq. (2.2), is comparable for paths via the
conduction band Γ−15 and via the valence band ∆5 intermediate states [Fig. 2.2(b)].

The transition amplitude of each path is marked next to the intermediate
states in Figs. 2.3 and 2.4, in the unit of PM`/∆E. Also we sum over the square
amplitudes of transition to the Γ+

8 final states and give the total intensity, together
with the ratios of the left and right circularly polarized light. Taking into account
the contribution of spin-up electrons from both transverse and longitudinal valleys,
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Figure 2.3: (a) Transverse-phonon-assisted optical transitions of spin-up electrons
from the x valley. The upper and lower diagrams correspond to different phonon modes
(Y and Z) whereas the left and right diagrams correspond to circular polarization of σT+
and σT− [the superscript of T (L) indicates initial state from transverse (longitudinal)
valleys]. Orange (black) bars represent initial (final) states, while blue lines represents
intermediate states. Solid and dashed arrows denote the paths via conduction band and
valence band intermediate states, respectively. The numbers next to the intermediate
states denote the relative amplitude of the corresponding transition. The total light
intensities are calculated according to Eq. (2.2). The circular polarization ratio (σT+ : σT−)
is 1 : 2. (b) The same information as in (a) for spin-up electrons from the z valley. The
circular polarization ratio is 2:2.
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Figure 2.4: The same information as in Fig. 2.3 for (a) LO and (b) LA phonon modes.
In the case of LO phonon mode, the path via zone center conduction band intermediate
state (Γ+

2 ) is larger in energy denominator and weaker in intensity and its contribution
to the ratio is neglected in our calculation. This property is verified by numerical results
(to be described in the next section).



21

we summarize the selection rules in Fig. 2.5(a). These rules concisely predict the
total degree of the circular polarization.

Detector 

σ T

σ L 

z 

x 

y 
PTA = -20% 
PTO = -20%  
PLA = -25%  
PLO = 25%   

LO	  5:3	  	  	  	  	  	  LA	  	  3:5	  
TO	  or	  TA	  	  2:3	  

Detector 
z 

x y 

(a) 

(b) 

Figure 2.5: Selection rules of spin-dependent phonon-assisted optical transitions in
Si, summarized by concise ratios of left and right circular polarized light intensities,
associated with the four phonon modes. The spin-orientation is aligned with the light
propagation direction and chosen to be [001] in (a) and [111] in (b). Also listed are the
total circular polarization degrees of each of the phonon-assisted optical transitions.

Up to this point we have derived selection rules for spin-orientation along the
z axis. Spin-orientation along other directions leads to simple results if spherical
symmetry near the Γ point is assumed and if both electrons and holes reside in
the zone-center. However, it is not the case in Si due to the nature of its multi-
valley conduction band. As introduced at the beginning of this section, if the
spin orientation is along n̂, the spin-state of the electron transforms according
to Eqs. (2.4) and (2.5), and the radiative operator yields Eq. (2.3). Following
the same procedure we have used in this subsection, one finds that the total
circular polarization degree for each phonon mode is invariant. In general, the
spin-dependent optical selection rules in unstrained Si (or Ge as we will show
in the next subsection) are independent of the choice of light propagation. This
independence is noticed from the fact that the angular-momentum conservation
law is invariant to the choice of the spin-quantization axis in the absence of a
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symmetry-breaking mechanism (e.g., strain). In Fig. 2.5(b) we show the selection
rule for n̂ along the [111] crystallographic direction. Since all the six valleys in
silicon are equivalent with respect to the [111] axis, the selection rules are valley-
independent and they leads to similar total circular polarization degrees as in
Fig. 2.5(a).

2.2.2 Ge

Using the analysis in the previous subsection and the group theory notations
in Fig. 2.2(e), we study the spin-dependent phonon-assisted optical transition
in Ge. First, we choose the detected light to propagate along the z direction
([001] crystallographic), and list in Table 2.4 the representation basis functions
of all relevant states. The conduction minima is represented by L+

6 , and we take
the spin-up L+

6, 1
2

as the initial state. The final states are the same as those in

Table 2.1 for the case of Si. The intermediate states are associated with Γ point
conduction states and with L point valence states. The radiation operators of the
two circular polarization vectors are provided by Eq. (2.6). The electron-phonon
matrix elements can be treated by considering the symmetries of zone-edge L
phonons, of which the representation basis functions are listed in Table 2.5. Then
the amplitudes of the transition paths are readily calculated. For example, the

path of L+
6, 1

2

LA−→ Γ−
7, 1

2

σ+−→ Γ+
8,“ 3

2
”

yields

〈
Γ+

8,“ 3
2

”
|σ+|Γ−7, 1

2

〉〈
Γ−

7, 1
2

|x+ y + z√
3
|L+

6, 1
2

〉
= PMLA,

where P = 〈X|px|xyz〉, MLA = 〈xyz|x|X〉, and similarly for their cyclic permuta-
tions.

In spite of the resemblance with the previous case of Si, the derivation of
selection rules in Ge is different in two aspects. Firstly, the four conduction band
valleys in Ge [Fig. 2.2(d)] are centered at the L points along the Λ axes. They
are equivalent with respect to the spin-orientation (z axis) and can be treated in
a unified way. Secondly, the two symmetry-allowed phonons (LA and TO) are
associated with the transition paths via conduction band Γ−7 and valence band Γ−3
intermediate state, respectively. Therefore, the interference of transition paths
plays a minor role in contrast to Si.

The resulting selection rules of bulk Ge are shown in Fig. 2.6. The intensity
ratio of σ+ : σ− = 3 : 1 for the dominant LA phonon-assisted optical transitions
resembles the ratio in direct-gap semiconductors (Fig. 2.1). The reason is that
these transitions involve virtual transitions within the lowermost conduction band
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Table 2.4: Representation basis functions of initial, final and intermediate states in the
process of phonon-assisted luminescence of spin-up electrons in germanium. Notations
are the same as in Table 2.1. Also see the band structure [Fig. 2.2(d)] for positions of
these states.

initial state L+
6, 1

2

1√
3
(X + Y + Z) ↑

HH (Γ+
8,“+ 3

2
”
) 1√

2
(X + iY ) ↑

final states

LH (Γ+
8,“± 1

2
”
)

1√
6
[−(X − iY ) ↑ −2Z ↓],

1√
6
[(X + iY ) ↓ −2Z ↑]

Γ−7 xyz ↑
intermediate Γ−6 + Γ−8 x ↑, y ↑, z ↑

states

L−3
1√
2
(x− y) ↑, 1√

6
(2z − x− y) ↑

Table 2.5: Representation basis functions of zone edge L phonons.

Mode (symmetry) Basis Function

TO (L−3 ) 1√
2
(x− y), 1√

6
(2z − x− y)

LO (L+
1 ) 1

LA (L−2 ) 1√
3
(x+ y + z)

TA (L+
3 ) 1√

2
(x2 − y2), 1√

6
(2z2 − x2 − y2)
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Detector 

z 

x 

y 

Detector 

LA	  or	  TA	  3:1	  

LA	  or	  TA	  3:1	  
TO	  27:63	  

TO	  23:27	  
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x y 

PTO = -20%  
PLA = PTA = 50%  

(a)	  

(b)	  

Figure 2.6: Selection rules of spin-dependent phonon-assisted optical transitions in
Ge, summarized by concise ratios of left and right circular polarized light intensities.
The spin-orientation is aligned with the light propagation direction and chosen to be
[001] in (a) and [111] in (b). Also listed are the total circular polarization degrees of
each of the phonon-assisted optical transitions.

where the spin-orbit coupling is minute (i.e., states near L+
6 and Γ−7 have negligible

spin mixing). For the TO peak, on the other hand, the dominant virtual transition
path via L−3 intermediate states resulting in intensity ratio of σ+ : σ− ∼ 2 : 3.
Lastly, the ‘symmetry-forbidden’ TA peak is due to optical transitions from L+

6

to final states around Γ+
8 via small and even components of states in the vicinity

of Γ−7 . Similar to the case of the LA peak, this transition leads to intensity ratio
of σ+ : σ− = 3 : 1.

2.3 Numerical results

To verify our symmetry-based analytical discussion in the previous section, we per-
form independent numerical calculations of the spin-dependent phonon-assisted
optical transitions.

To obtain electronic states and energies, we employ a spin-dependent local em-
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pirical pseudopotential method (EPM) [105], which generates the correct split-off
energy between Γ+

8 and Γ+
7 [see Figs. 2.2(b) and 2.2(e), ∆SO = 44 meV in Si and

0.29 eV in Ge]. The energy-wavevector dispersion and atomic displacement vec-
tors associated with phonons are calculated by the adiabatic bond-charge model
(ABCM) [106] [Figs. 2.2(c) and 2.2(f)]. The radiation-matter matrix elements
are calculated using the electric dipole approximation, and the more involved
electron-phonon matrix elements are calculated via the rigid-ion approximation
[107],

〈ϕkf ,mf |H`
e−i|ϕki,mi〉 = A

∑
g1,g2

∑
χ1,χ2

VqC
ki,mi
g2,χ2

(
C

kf ,mf
g1,χ1

)∗
×{q · u`+ cos(∆g · τ ) + q · u`− sin(∆g · τ )}. (2.9)

The wavefunctions are taken from the pseudopotential model and given by ϕk,m =∑
gj ,χj

Cki,m
gj ,χj

exp(i(gj +k) ·r) where k and m denote, respectively, the wavevector
and band index. Vq is the pseudopotential of wavevector q = ∆k − ∆g where
∆k = kf −ki and ∆g = g1−g2. A=i

√
~/(2Mω`,∆k) where M is the mass of a Si

or Ge atom. The phonon displacement vectors, u`+ and u`−, are respectively the
“in-phase” and “out-of-phase” motion of the two atoms in the unit cell. These
vectors are calculated via the adiabatic bond charge model. The equilibrium atom
positions relative to the origin (midpoint) are given by ±τ where τ = (a, a, a)/8.
The effect of the spin-orbit potential during a virtual transition is negligible. Thus,
we consider only the local pseudopotential part whose interpolation follows

Vq = a1 exp(−a2q
4) sin(a3q + a4) (2.10)

where q is the amplitude of the phonon wavevector. To find the four values of
ai, we interpolate Eq. 2.10 using the well-known empirical pseudopotential form
factors at q =

√
3,
√

8, and
√

11, in units of 2π/a [99, 105] [see Fig. 2.7 (a)].
To find a unique set of ai parameters, we also set the values of Vq for q =

√
3/2

in Ge and for q = 1 in Si [108]. The former q is the amplitude of the L-point
phonon wavevector in Ge, while the latter is the midpoint between q = 0.85 and
1.15, which are the two ∆-axis phonon wavevectors involved in the transition in
Si. Physical insight of the low-q value of pseudopotential is the smoothness of
the true potential in real space due to screening. The two values are chosen by
fitting the ratio between intensities of different spectral peaks, ILA/ITO in Ge and
ITO/ITA in Si, with experimental results [100]. The shape of the pseudopotential
strongly influences the calculation of transition amplitude of TA phonon [101, 108],
as compared in Fig. 2.7 (b). The reason relies on the characteristic that TA
transition is so weak that its calculated intensity is quite sensitive to the deviation
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Figure 2.7: (a). Pseudopotentials of Si, with difference in low-q region. Curves
indicated as I to V are pseudopotentials with Vq(q=1)=−0.1, −0.2, −0.3, −0.4 and
−0.5, respectively. (b) Total intensities and (c) circular polarization degrees of by TA
and TO transitions calculated using the pseudopotentials in (a). In (b) the results of
TA are magnified by 10 for better comparison.

of pseudopotential. However, we emphasize that the circular polarization degree
of the light is indifferent to the fitting procedure, as shown in Fig. 2.7 (c). The
physical origin is that selection rules for I+ : I− are governed by crystal symmetry,
where the exact functional form of the crystal potential would only improve the
calculation of the overall light intensity (I+ + I−).

This section covers our numerical calculation of spin-dependent phonon-assisted
luminescence and absorption in Si and Ge, and spin-dependent phonon-assisted
luminescence in SiGe alloys.

2.3.1 Spin-dependent luminescence in Si

We begin by numerically studying the edge-to-edge transition intensities, i.e. the
intensities of circularly polarized light due to radiative recombination of spin-
up electrons at the bottom edge of the conduction band and holes at the top
edge of the valence band. The results are listed in Table 2.6. The left (middle)
column corresponds to the contribution from each of the four (two) conduction
band valleys whose direction is perpendicular (parallel) to the light propagation
direction (+z). The total intensities from all six valleys are in the right column.
For each phonon modes, the total intensities (6.82 of TO, 0.92 of LA and 0.53
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Table 2.6: Relative light intensities (Ir=Iσ++Iσ−) and circular polarization degrees
[P = (Iσ+ − Iσ−)/Ir] of edge-to-edge transitions with spin-up electrons. The light
propagates along the +z direction. The intensities are normalized with respect to the
TO intensity from the x or y valleys. The total intensities are the sum of contributions
from all six valleys. The LA phonon results are not shown (negligible intensity).

valley x,y z total

mode TO LO TA TO LO TA TO LO TA

Ir 1 0.115 0.086 1.41 0.23 0.092 6.82 0.92 0.53

P [%] -32.3 5.3 -36 0.01 50.1 0.7 -18.8 27.7 -23.5

of TA) are consistent with the experiment of luminescence spectrum in silicon
[100]. Moreover, the polarization degrees are consistent with those derived by
symmetry arguments [Fig. 2.5(a)]. The non-zero polarization of the LO mode
from perpendicular valleys (∼5%) is due to the small effect of transition paths via
the Γ2′ conduction band. In addition, the small deviation of the TA and TO total
polarizations from 20% (as predicted by symmetry arguments) generally comes
from differences in the transition intensities of zone center and k0 intermediate
paths. In spite of the similar symmetry of TA and TO phonons, the interference
of in-phase and out-of phase atomic displacements of the former is destructive,
while that of the latter is constructive. This interference is also the origin of the
much smaller intensity associated with TA than that with TO.

Other effects of the interference are instructive for analyzing the luminescence
spectrum. First, the interference of zone center and k0 intermediate states is con-
structive (destructive) for transverse (longitudinal) phonons. It is also the reason
for the negligible intensity of the LA phonon-assisted optical transition. The
symmetry of LO phonons, however, precludes transitions to the Γ15 intermediate
states. Consequently, the LO phonon-assisted optical transition and its circular
polarization are dominated by the intermediate states below the gap [bold dashed
arrow in Fig. 2.2(b)]. The destructive interference with symmetry allowed inter-
mediate states above the gap [e.g., the Γ2′ as indicated by the thin dashed arrow
in Fig. 2.2(b)] is not sufficient to destroy the LO phonon-assisted transition or to
significantly alter its associated circular polarization behavior.

We focus on the resulting opposite polarization of the LO and the transverse
phonon-assisted optical modes. It suggests opposite-sign contributions to the
circular polarization of emitted photons whose energy is about Eg−~ωop where
Eg is the gap energy and ωop ≈ ωLO ≈ ωTO. The latter is a result of the nearly



28

degenerate energies of LO and TO phonons [marked by a red ellipse in Fig. 2.2(c)].
These photons have smaller circular polarization compared with photons whose
energy is around Eg−~ωTA in spite of the similar symmetry of TA and TO phonons.
In the following we will show this interesting feature by studying the calculated
spin-dependent luminescence spectra.

To calculate the spectra, one should consider all of the states in the conduction
band and valence band that can take part in optical transitions as well as the
ensuing larger set of intermediate states. The phonon-assisted emission of photons
with energy E = ~ω0 and polarization ê is then calculated from

Iê,`(E) =
∑
i,j

I i→jê,l ni(1− nj)δ(E + ~ω`,∆k − Ei + Ej) (2.11)

where ` is the phonon mode. I i→jê,` is given by Eq. (2.2), where i and j run over the
energy states near the edges of the conduction and valence bands, respectively.
ni and nj are the Fermi-Dirac distributions which depend on the doping of Si
and temperature. Since different phonon peaks in the spectra can be clearly
resolved only at low temperatures, we focus on temperatures below 77 K. Thus,
the luminescence is assisted by phonon emission rather than absorption. ∆k is
the phonon wavevector given by the crystal-momentum difference of ki and kj.

The resulting spectra of σ+ and σ− for light propagation along the +z direc-
tion are shown in Figs. 2.8(a)-(c), for n-type doped Si at 10 K. The doping is
4×1018 cm3 and the Fermi level is positioned ∼8 meV above the conduction band
minima. (a)-(c) denote, respectively, the contribution from the z, x and all six
valleys. The dominant peak around 1.065 eV originates predominately from the
TO phonon-assisted optical transitions. Their circular polarization signal comes
from the four transverse valleys (±x, ±y). About 15% of the dominant peak
originates form LO phonon-assisted optical transitions which are responsible for
the small polarization of the longitudinal valleys (±z). The opposite-sign contri-
butions to the circular polarization result in a smaller circular polarization degree
of the dominant peak compared with that of the less intense TA associated peak
(around 1.105 eV). Fig. 2.8(d) shows the total spectra in cases of 4×1018 cm−3 and
2× 1019 cm−3 p-type silicon. We notice two features when comparing n-type and
p-type spectra for a doping level of 4× 1018cm−3 [Figs. 2.8(c) and 2.8(d)]. First,
the p-type peaks are broader due to the position of the Fermi level: EF ∼ 16 meV
below the valence band edge versus EF ∼ 8 meV above the edge of the multivalley
conduction band. Second, the p-type spectrum is less polarized due to stronger
mixing of hole states away from the Γ point. The broadening and reduced polar-
ization are evident in the heavier doping case. Finally, we identify a common rule
shared by the spectra of all doping levels above 2 × 1018cm−3 (metallic regime).
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Figure 2.8: Calculated polarized spectra in doped silicon at 10 K. (a)-(c) show re-
sults of 4×1018 cm3 n-type silicon. (a)/(b) contributions from valleys whose axis is
along/perpendicular to the light propagation direction. (c) Total contribution from all
six valleys. (d) Polarized spectra for 4×1018 cm3 and 2×1019 cm3 p-type silicon. The
former is magnified for clarity. The spectra in (a)-(d) consider the energy gap reduction
with doping. (e) shows the polarization amplitude of the TA peak and TO dominated
peak versus doping (in the metallic regime).

The polarization has its largest amplitude in the lower energy edge of a given
phonon-assisted transition. For this photon energy, the initial and final states are
from the edge states, whereas in higher energies the mixing of states plays a key
role in lowering the polarization.

The effect of spin-orbit coupling is most evident in the heavily p-type silicon
where the Fermi level lies below the split-off band. The proximity of the split-
off band renders the holes state mixing effective already 10 meV away from the
Γ point. Figure 2.8(e) shows the polarization values of the TA peak and TO
dominated peak versus doping levels in the metallic regime. In n-type silicon,
the polarization is reduced only slightly with doping concentration. The initial
polarization reduction of the TO dominated peak is due to the merging with
the LO peak. It is essentially a broadening effect that is effective when EF >
~ωTO − ~ωLO ≈ 4 meV above the conduction band edge. In p-type cases, the
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peak polarization decreases monotonically with doping due to state mixing in
the valence band. The latter is a general feature in semiconductors stating that
emission of circularly polarized photons is not possible when EF is well below the
split-off band.

The results of Fig. 2.8 elucidate the measured spin-resolved electrolumines-
cence from spin injected p-type silicon samples [24, 95, 96]. These samples provide
optimal results for the following reasons. Contrary to n-type samples, injected
spin-polarized electrons are not masked by a large background of unpolarized elec-
trons. Contrary to intrinsic samples, the recombination time of minority electrons
is greatly enhanced while their spin relaxation time is not severely compromised
as in the case of heavily doped p-type samples. The theory and experiment are
consistent about the higher polarization of the TA related peak as well as the
polarization ratios between the TA and the TO dominated peaks. The antipodal
behavior of the optical phonons was shown to be responsible for the differences
in the circular polarization of the luminescence peaks. By comparing the EL
measurements in Refs. [24, 95, 96] with the systematic photoluminescence mea-
surements in Ref. [91], one finds that the correlated 1065 and 1105 meV peaks
in Refs. [24, 95, 96] originate from the 1019cm3 p-type substrate, rather than EL
from the 300 nm overgrown p-i -n diode region. We find that the spin polarization
of injected electrons in Refs. [24, 95, 96] is about 27% by comparing the measured
and maximal achievable circular polarizations of the TA peak in 1105 meV. This
estimate relies on the ratio between the measured circular polarization of 3.5%
and the maximum attainable circular polarization of 13% for 1019cm3 p-type sil-
icon [Fig. 2.8(e)]. Additional point of consideration in Refs. [24, 95, 96] is the
. 10 ns Auger lifetime of electrons in the p-type substrate [109]. The EL mea-
surements probe those electrons that recombine radiatively within the effective
lifetime. Quantitatively, about τA/τr of the electrons that reach the substrate
experience radiative recombination where τA and τr are, respectively, the effective
(Auger dominated) and radiative lifetimes. The relatively short τA explains the
mitigated spin relaxation effect in these measurements.

2.3.2 Spin-dependent luminescence in Ge

Figure 2.9 shows the spin-dependent luminescence due to optical transitions of
spin-up electrons in unstrained bulk Ge at 77 K. The red and blue solid lines
denote, respectively, the relative intensities of σ+ and σ− polarizations, where the
light propagates parallel to the spin orientation. The green dashed line shows
the resulting circular polarization degree [Eq. (2.1)]. The reason that we could
set higher temperatures compared with Si is the much larger split-off valence
band energy in Ge. This larger energy effectively prevents the split-off hole states
from involving in optical transition even at 77 K, despite the broadening of the
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Figure 2.9: Calculated polarized luminescence due to radiative recombination of spin-
up electrons in unstrained Ge at 77 K. The light propagation is parallel to the spin
orientation.

spectrum. In addition, we employ moderately doped p-type Ge so that the Fermi-
level is positioned in the top edge of the valence band.

The low-energy spectral peak around 0.75 eV is of TO phonon-assisted optical
transitions. The polarization of this peak is about -20%, in accordance with
the symmetry-predicted value (see Fig. 2.6). The dominant central peak around
0.76 eV is of LA phonon-assisted optical transitions and its polarization is positive
and slightly higher than 30%. The polarization is lower than the predicted value of
50% for the LA peak, mainly because of the compensation from the tail of TO peak
with opposite polarization (-20%). This effect is suppressed at low temperatures
when the TO and LA peaks become well resolved. The spectral peak in Fig. 2.9
around 0.78 eV is of TA phonon-assisted optical transitions. Compared with the
thermal energy, kBT ∼ 6.7 meV at 77 K, this peak is well separated from the other
two spectral peaks. As a result, the effect from the opposite circular polarization
degree of TO phonon-assisted optical transitions is diminished. This behavior
explains why the simulated circular polarization increases to 40% in this spectral
region (close to the analytical value of 50%).
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2.3.3 Spin-dependent absorption in Si and Ge

Spin-dependent absorption, or optical orientation, is the inverse process of circu-
larly polarized luminescence. It involves the transfer of angular momentum from
a circularly polarized light to an electronic spin system. For many years spin-
injection or spin accumulation in direct bandgap semiconductors was effectively
achieved by interband absorption of circular polarized light [2]. Here, we focus on
the phonon-assisted optical transitions across the indirect band gap of unstrained
Si and Ge. We will not cover the absorption in the direct-gap spectral range
which for Ge is very effective in generating spin polarized electrons (due to the
energy proximity between the Γ7 and L conduction valleys) [75, 77–79, 110, 111].
This energy proximity was recently rendered to achieve lasing in heavily doped
Ge diodes [112].

The spin polarization of photoexcited electrons is studied following absorption
of a circularly polarized light that propagates along the +z axis. To interpret
the simulated spin polarization, we make use of Eq. (2.2) and the spin-dependent
selection rules in Figs. 2.5 and 2.6. Using similar numerical procedure introduced
previously in this section, we calculate the spin-resolved absorption coefficient
α following light excitation with σ+ polarization. α depends on the density of
states in the conduction and valence bands. In bulk materials, it shows quadratic
dependence on the photon energy. In Fig. 2.10, we show the calculated value of
α1/2 versus the photon energy for Si and Ge.

At low temperatures, the interband absorption edge of Ge amounts to the sum
of the indirect band-gap energy and the energy of the L-point TA phonon [see
Fig. 2.10(a)]. Using the selection rule of this transition, the ratio between the
excited spin-up and spin-down electrons should be 1 : 3, leading to spin polariza-
tion around -50%. The onset of LA phonon-assisted optical transitions leads to
enhanced absorption shown by the larger-slope region in Fig. 2.10(a). Since the
LA and TA selection rules are identical, the injected spin polarization of electrons
does not change appreciably. The onset of TO phonon-assisted optical transitions
at even higher photon energies leads to smaller spin polarization because of the op-
posite selection rule (3:2 versus 1:3). Finally, when the photon energy approaches
the direct-gap energy (but below its absorption edge), the LA phonon-assisted
optical transitions intensify and the electron spin polarization increases.

Figure 2.10(b) shows the spin-resolved and valley-resolved value of α1/2 for Si.
The absorption edge amounts to the sum of the indirect band-gap energy and the
energy of TA phonons along the ∆-axis near the zone-edge. The spin polarization
of electrons from all valleys is around 20% in the absorption edge. The onset of the
dominant TO phonon-assisted optical transitions leads to enhanced absorption.
Most importantly, the spectral window for efficient optical spin injection in Si is
of few tens of meV because of the proximity of the split-off band.



33

α1/
2  [a

.u
.]

(a)

LA

TO

Eg+ETA Eg+0.1eV

P

Spin up
Spin down

Photon Energy

(b)

TO

Total

Eg+ETA Eg+0.1eV

z
x & y −40

−20

0

20

40

S
pi

n 
po

la
riz

at
io

n 
[%

]

Figure 2.10: Numerical calculation of α1/2 for spin-up and spin-down electrons by
absorbing σ+ light in Ge (a) and Si (b). Note that in Si we resolve the contributions
for α1/2 from transverse and longitudinal valleys where the curves are vertically shifted
for better illustration. The dashed green lines denote the spin polarization of electrons
from all valleys.

According to the selection rule in Fig. 2.5, the ratio between spin-up and
spin-down electrons excited to x or y valleys in Si should be 2 : 1 for transverse
phonon-assisted optical transitions. This information is shown in the low part
of Fig. 2.10(b) where the blue solid line (spin-up) is always higher than the red
solid line (spin-down). For electrons excited to the z valleys, the spin polarization
can only come from the relatively weak LO phonon-assisted optical transitions
for which the ratio is 1 : 3. In calculating the total spin polarization value,
we have assumed that all valleys are equally populated. The spin-momentum
correlations and momentum alignment during excitation were neglected [113, 114].
These effects may introduce quantitative but not qualitative changes (due to valley
repopulation).

2.3.4 Spin-dependent luminescence in SiGe alloy

Depending on the mole fractions of Si and Ge, the conduction-band edge in
Si1−xGex can be at the L point or around 85% along the ∆ axis [115, 116]. The
critical value of x is around 0.83, in which the L valleys and ∆ valleys are energy
degenerate. For smaller (larger) x values, the polarized luminescence of the alloy
is expected to exhibit Si (Ge)-like behavior.

The numerical simulations of the spin-dependent luminescence from relaxed
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Figure 2.11: Numerical calculation of the polarized luminescence spectra of four
Si1−xGex alloys at T = 20 K. Relevant phonons are indicated next to the spectra peaks,
with their origin of Si (∆ phonons) or Ge (L phonons). (Inset) Magnification of the TA
peak for Si.22Ge.78. The crossing of σ+ and σ− is due to higher order effects of optical
transitions via Γ−7 intermediate states.

Si1−xGex are based on the previous procedures for Si and Ge. To obtain the band
structure and electronic states, the pseudopotential Hamiltonian matrices of Si
and Ge are linearly combined and solved. Our calculation shows a critical value
at xc ∼ 0.8325. To obtain the phonon dispersion curve and atom displacement
vectors of the alloy using the adiabatic bond-charge model, the dynamical matrices
of Si and Ge are also linearly combined.

Figure 2.11 shows the simulated circularly polarized luminescence due to opti-
cal transitions of spin-up electrons from four compositions of Si1−xGex including
the critical composition. The simulated temperature is 20 K and the Fermi level
is positioned in the top edge of the valence band. The four spectra are plotted on
a single axis to demonstrate the red shift with increasing the Ge content in the
alloy. A breaking at the energy axis between 0.89 and 0.99 eV indicates that such
shifting is much slower when x < xc than it is when x > xc . This behavior agrees
with the knowledge that when x decreases from 1 to 0, the L valleys are raised
faster than the ∆ valleys [115, 116].

We first discuss the Ge-like spectrum of Si.07Ge.93 (lower left part of Fig. 2.11).
Compared with Fig. 2.9, the most distinctive difference is the small amplitude of
the LA peak. On the other hand, the circular polarization degrees of the peaks
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in the spectrum of Si.07Ge.93 follow the selection rules of bulk Ge in Fig. 2.6. The
reason is that spin-dependent selection rules depend mostly on symmetries of the
wave functions, whereas the amplitude of optical transitions is susceptible to the
changes in the band structure. The relatively small amplitude of the LA peak is
due to the increased energy gap between the L+

6 and Γ−7 valleys [larger denominator
value in Eq. (2.2)]. By reducing the Ge fraction in the alloy, this energy gap
increases due to a faster shift toward higher energies of the Γ−7 conduction-band
valley compared with the L and ∆ valleys.

The crossing from Ge-type luminescence to Si-type luminescence in Si1−xGex
alloys takes place at relatively high mole fraction of Ge. The upper right part of
Fig. 2.11 shows that the luminescence from Si.42Ge.58 is already Si-like in nature
(other than an obvious red shift in energy). The circular polarization degrees of
the TO and TA peaks in this simulated spectrum are around 20% as expected from
the intensity ratio of σ+ : σ− = 2 : 3 for these type of optical transitions in silicon.
However, the Si-like behavior is gradually modified if we keep on increasing the
mole fraction of Ge toward xc (in spite of the fact that electrons are still populated
in ∆ valleys). As an example, Fig. 2.11 also shows the polarized luminescence
spectrum from Si.22Ge.78. The inset shows the unique behavior of the TA peak
where the σ+ and σ− intensities are crossed around 1.023 eV. Here, the polarization
is governed by the intensity ratio σ+ : σ− = 2 : 3 in the low-energy edge, while it
decreases to zero and eventually flips sign in the high-energy edge. This behavior
is explained by the effect of intermediate states in the vicinity of Γ−7 . Using a
k · p expansion to describe these states, we can incorporate small valence-band
components with amplitudes proportional to the ratio between k and the direct
energy band gap [104]. These components enable transitions with TA and TO
phonons via intermediate states around Γ−7 . The resulting intensity ratio of σ+ :
σ− = 1 : 3 competes with the previous 2 : 3 ratio and even overcomes it when the
energy of the Γ−7 valley is low enough (by increasing x).

Lastly, we study the luminescence of the critical alloy (xc ≈ 0.8325 in our
simulation), where electrons are distributed in the degenerate L and ∆ valleys.
Figure 2.11 shows that this luminescence is dominated by TO phonon-assisted
optical transitions whose circular polarization degree is -20% in agreement with
the derived intensity ratio of σ+ : σ− = 2 : 3 for both Si and Ge. The luminescence
also shows weak LA and TA peaks with positive circular polarization degrees of
PLA ≈ 30% and PTA ≈ 17%. PLA is lower than the theoretical value of 50%
due to the overlap of the LA peak with the tail of the dominant but oppositely-
polarized TO peak. The small amplitude of the LA peak, compared with pure
Ge, is attributed to a significant larger energy gap between the L+

6 and Γ−7 valleys.
PTA is a trade-off of the two competing effects we previously mentioned for the
TA peak in Si.22Ge.78.
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Chapter 3

Spin-dependent phonon-assisted
optical transition in Si and Ge
under strain

This chapter summarizes most of the work in our recent publication: Pengke
Li, Dhara Trivedi and Hanan Dery, Spin-dependent optical properties in strained
silicon and germanium, Phys. Rev. B 87, 115203 (2013).

The conservation of angular momentum during the interaction of radiation
with matter allows one to study the angular momentum of charge carriers from the
state of light polarization [2, 25, 114]. In semiconductors, the circular polarization
degree is largely set by the effect of spin-orbit coupling on the angular-momentum
quantum numbers in the valence band [25]. One can then use strain as a valuable
experimental knob to regulate and validate the relation between the measured
circular polarization degree and the spin polarization of carriers [25, 117]. The
applied strain lifts the energy degeneracy in the edge of the valence band, and it
controls not only the energy spacings but also the mixing between hole species.
Knowing the strain-induced hole mixing in each of the split valence bands, one can
ascertain the spin polarization from the measured circular polarization degree.

In this chapter, we study the effect of strain on the spin-dependent lumines-
cence in Si and Ge. Similar to the previous chapter, we derive concise ratios
between intensities of the left and right circularly polarized luminescence for each
of the phonon-assisted optical transitions in these strained materials. The de-
rived ratios are then used to interpret numerically calculated spectra in biaxially
strained Si and Ge. Given the predictions for long spin lifetimes in strained Si and
Ge [15, 118–120], the findings of this work render optical transitions a viable tool
in studying the spin dynamics when straining these materials. The dependence
of spin relaxation on strain can be determined from the change in the circular po-
larization degree when the spin lifetime is comparable or longer than the electron
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recombination timescale. In this limit, the circular polarization degree is changed
from zero to the maximal attainable theoretical value.

The organization of this chapter is as follow. We first discuss how strain mod-
ifies the energy dispersion of a diamond crystal system, and hence the selection
rules we derived in the previous chapter. Then we focus on biaxial strained Si and
Ge layers with growth directions along [001] and [111]. These directions are the
most common strain configurations. We derive expressions for the circular polar-
ization degree as a function of the strain amplitude and type. Lastly, we confirm
the analytical findings by numerical calculation of spin-dependent luminescence
spectra in Si and Ge under various strain configurations.

3.1 Strain effect on the system

We first discuss the effect of strain on the multivalley conduction band. The
breaking of valley degeneracies follows the theory of Herring and Vogt [99, 121].
Figure 3.1 shows diagrams of the energy shifts of ∆ and L valleys under [001] and
[111] biaxial strain, respectively. Valleys shift up or down in energy depending
on the angle between the valley and strain axes and on whether the strain is
compressive or tensile [121–125]. For example, under [001] biaxial tensile strain,
conduction band electrons in Si are populated in the two lowered ∆ valleys along
the z-axis (center diagram in the upper panel of Figure 3.1). Evidently, the
energy splitting between valleys suppresses the intervalley electron scattering. As
a result, the charge mobility is improved [126–128]. As will be shown in the
following chapters, the spin lifetime is expected to increase more dramatically due
to its strong dependence on intervalley processes [15, 83, 118–120, 129, 130].

The effect of strain on holes is more subtle due to the energy degeneracy of
heavy and light holes (HHs and LHs) in the valence-band Γ point. The transfor-
mation properties of the four zone-center valence states (including spin) belong
to the irreducible representation of Γ+

8 . The amplitude of the spin-orbit coupling
sets their separation from the Γ+

7 zone-center states that represent the split-off
valence band. By applying strain, the Γ+

8 energy degeneracy is lifted into two
sets of spin-degenerate hole bands. Such modified bands and states can be mod-
eled by a strain-dependent 6× 6 Luttinger-Kohn Hamiltonian [84]. The left part
of Fig. 3.2 summarizes the main results for [001] strain and the right part for
[111] strain. When interested in the luminescence, the topmost band is the most
relevant since thermal holes populate this band. When interested in absorption
(optical orientation), other bands also become relevant if the photon energy is
larger than their energy gap from the conduction band. Other than the shift-
ing of bands, the mixing of hole states with various angular momentum is also
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Figure 3.1: Energy shift of conduction-band valleys under biaxial strain. Upper (lower)
panels represent the case of Si (Ge) where low-energy valleys are centered on the Γ-∆-X
symmetry axes (L points in the edges of the Λ symmetry axes). Contribution to the
luminescence is governed by thermal electrons that populate the lower energy valley(s).

indicated in Fig. 3.2. For example, under [001] strain, the heavy hole state are
unchanged while the light hole states are mixed with the split-off hole states. We
leave the detailed analysis of the strain-dependent Luttinger-Kohn Hamiltonian to
Appendix A. This physics is well understood in the literature and can be found in
textbooks (e.g., see Ref. [131]). Here we give some basic concepts of strain-related
parameters that we will use in the discussion of selection rules.

Table 3.1: Elastic stiffness constants and shear deformation potentials of Si and Ge [99,
132]. The stiffness constants are given in GPa units (c11, c12 and c44), and deformation
potentials in eV (b and d).

c11 c12 c44 b d

Si 166.0 64.0 79.6 -2.2 -5.1

Ge 126.0 44.0 67.7 -2.3 -5.0

The biaxial strain ε‖ is defined by the lattice mismatch of the Si or Ge layer
with the substrate,

ε‖ ≡
astrain − arelax

arelax

. (3.1)
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Figure 3.2: Energy splitting and state mixing in the top of the valence band for two
configurations of biaxial compressive strain. In case of tensile strain, the top two bands
switch positions. The hole state components are denoted by |J, Jn〉, where in the left
(right) part n ‖ [001] (n ‖ [111]). The mixing between hole states and energy shifts
is shown next to the levels of the strained valence bands. Details about the energy
parameters ( bεz, dε0, M±001 and M±111) are provided in the text.

arelax and astrain are the unstrained and strained lattice constants, respectively.
The unstrained bulk values are 5.43 Å in Si and 5.66 Å in Ge. The strain is
tensile (compressive) when ε‖ is positive (negative). Using the elastic stiffness
constants of Si and Ge in Table 3.1, we define the ε parameters in Fig. 3.2 as

εz = −c11 + 2c12

c11

ε‖, (3.2)

εo = −
√

3
c11 + 2c12

c11 + 2c12 + 4c44

ε‖, (3.3)

where εz appears in the [001] strain case and is related to the z-component of the
strain tensor, while εo is used in the [111] strain and is related to the off-diagonal
components of the strain tensor (see Eqs. (A.6) and (A.16) in Appendix A). b and
d in Fig. 3.2 are shear deformation potentials in Si and Ge with values given in
Table 3.1. Lastly, M001

± and M111
± are given by

M001
± = bεz+∆SO±

√
9b2ε2z+2bεz∆SO+∆2

SO, (3.4)

M111
± = dεo+∆SO±

√
9d2ε2o+2dεo∆SO+∆2

SO. (3.5)

These parameters are related to the strain-induced energy shift of the split-off
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Figure 3.3: Phonon dispersion along inequivalent Λ symmetry axes in Ge when apply-
ing [111] biaxial compressive strain of 1%. The twofold degeneracy of transverse modes
is lifted if the phonon wave vector and strain directions are nonparallel.

band, where ∆SO is the split-off energy.

Finally, we briefly discuss how phonons are affected by the strain. As we will
show, changes to the magnitude, position, and polarizations of the spectral peaks
are mainly caused by the strain-induced degeneracy lifting and hole-state mixing.
Changes in the phonon dispersion, on the other hand, have a minor effect. In the
strained crystal, the bond length and bond angle between atoms change [133, 134].
However, as long as the strain levels are not very large, one can still assume
harmonic oscillation of atoms about their new equilibrium position. We have
generalized the adiabatic bond-charge model to account for strain [135]. Figure 3.3
shows the phonon dispersion of biaxially strained Ge in the [111] compressive
configuration. From inspection of the lifted energy degeneracies, one can infer that
the resulting broadening of the TA and TO spectral peaks in the luminescence
of strained crystals will be negligible. Similarly, the expected energy shift of all
spectral peaks is minute.

3.2 Strain modified selection rules

Based on our previous discussion of strain modification of the valleys and hole
states, we begin by separating the contributions of the hole states on selection
rules. Then, we will study how the circular polarization degree varies according
to the strain configuration and amplitude.
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3.2.1 Valley- and hole state-resolved selection rules

The classification of holes states is subtle and depends on the form of the strain
tensor. We discuss two common cases where an infinitesimal stress is applied
parallel to the [001] and [111] crystallographic axes. The former (latter) represents
a case where the energy degeneracy between conduction band valleys in Si (Ge) is
lifted. These strain configurations also capture the important differences induced
by diagonal and off-diagonal strain-tensor components. For example, the leading-
order effect of [001]-strain is to couple light-hole and split-off states (both have
Jz = ±1/2 components), while the heavy-hole states are left unaffected (Jz =
±3/2). On the other hand, of the two topmost valence bands that are split by
[111]-strain, the one with heavier effective mass is described by combination of
{+3/2,+1/2} eigenstates of J[111] = J · (x̂+ ŷ+ ẑ)/

√
3, while the band with lighter

effective mass is described by a combination of {-3/2,-1/2} eigenstates of J[111].
Detailed calculations of these well-established results are given in Appendix A.

By taking advantage of the basis functions of phonons and hole states, and
using the diagrammatic method that enumerate the transition paths (Figs. 2.3
and 2.4), we calculate the relative amplitudes of σ+ and σ− in Si and Ge in the
presence of infinitesimal [001] strain that breaks the valley and (or) HH-LH degen-
eracies. The selection rules are given in Fig 3.4, from which it is straightforward
to obtain the circular polarization degree of light. For example in strained Si, if
only transverse valleys and heavy holes take part in the transition, the 3 : 27 ratio
leads to P = −80%.

We use zone-center hole states in the presence of infinitesimal [111] strain (see
Appendix A) and repeat the previous analysis with resulting selection rules shown
in Fig. 3.5. In Ge, these rules can be different for the L111 valley and for the other
three valleys. We note that both Figs. 3.4 and Fig. 3.5 converge to unstained
cases (see Figs. 2.5 and 2.6) upon summation of contributions from all valleys.

3.2.2 The dependence of P on ε‖

Using time reversal and crystal space inversion symmetries, each of the valence
bands is twofold spin degenerate with states written as

|k, s1〉 =
∑

`=X,Y,Z

[a`(k)|`, ↑〉+ b`(k)|`, ↓〉] eik·r,

|k, s2〉 =
∑

`=X,Y,Z

[−b∗`(k)|`, ↑〉+ a∗`(k)|`, ↓〉] eik·r. (3.6)
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Figure 3.4: Selection rules of phonon-assisted optical transitions in Si (top) and Ge
(bottom). These rules pertain to transitions with electrons whose spins are oriented
along the propagation direction of the detected light ([001] crystallographic axis). Next
to each of the indicated phonon modes, the ratio A+B:C+D denotes the intensity ratio
between right and left circularly polarized luminescence. Contributions from transitions
with heavy (light) holes are denoted by A:C (B:D).

where X = yz, Y = zx, and Z = xy. The states are normalized such that∑
` |a`(k)|2 + |b`(k)|2 = 1. Using [001] and [111] biaxial strain configurations,

we obtain the values of a` and b` by solving the Luttinger-Kohn Hamiltonian in
Appendix A. To evaluate the circular polarization degree of dominant phonon-
assisted optical transitions, we follow the straightforward analysis of § 2.2 , but
we use Eq. (3.6) to represent final states in the valence band. Then we find
the intensities of the left and right circularly polarized light (I±), from which
the circular polarization degree in Eq. (2.1) is extracted. We note that in such
second order virtual transitions, the expression of intermediate states listed in
Tables 2.1 and 2.4 are still valid for the analysis. The reason is that the strain
induced energy shifting of the intermediate states is negligible compared with the
bandgap energy [denominators in Eq. (2.2)]. In addition, as long as the summation
of the intermediate state is complete, the strain induced mixing of the intermediate
states does not affect the results.
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Figure 3.5: Similar case as in Fig. 3.4 but for light propagation along the [111] axis.

Si

We first consider the transverse phonon-assisted optical transitions, which account
for the dominant luminescence peaks in Si. We study the radiative recombination
of spin-up electrons with general hole states in the top of the valence band. For
light propagation along the [001] direction, the relative intensities of left and right
circularly polarized luminescence from x and y valleys read

I
x(y)
± ∝1+3(|aX(Y )|2+|bX(Y )|2)± 4=(aXa

∗
Y −bXb∗Y ), (3.7)

where =(u) denotes the imaginary part of u. The relative intensities in the ±z
valleys read

Iz± ∝ 8(|aZ |2 + |bZ |2). (3.8)

The case of unstrained Si is naturally incorporated by assigning the values of a`
and b` from the final states in Table 2.1. Using these values, one can recover
the intensity ratios between right and left circularly polarized luminescence in the
upper panel of Fig. 2.5.
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[001]-biaxial compressive strain (ε‖ < 0). The lowermost conduction valleys
are along the x and y axes, and the topmost valence states are heavy holes (see
Figs. 3.1 and 3.2). To calculate the circular polarization degree due to optical
transitions of spin-up electrons (sz = ±1/2), we substitute Eq. (3.7) into Eq. (2.1)
and assign aX(Y ) = 1(i)/

√
2 and bX = bY = 0 (see Table 2.1). The resulting change

in the circular polarization degree from unstrained (ε‖ = 0) to strained (ε‖ < 0)
values is

P 001
⇑ (ε‖ < 0) : −1

5

TO,TA−→ − 4

5
, (3.9)

The transition to the strained value is smooth where the optimal value (-4/5) is
reached once the valence-band energy splitting (Fig. 3.1) and conduction-band
valley splitting (Fig. 3.2) is a few kBT . Note that Eq. (3.9) is compatible with
the selection rules in the upper panel of Fig. 3.4. The unstrained value (-1/5) is
understood by summing contributions from all conduction valleys and from both
hole species. The strained value (-4/5) is compatible with the intensity ratio of
σ+ : σ− = 3 : 27 that comes from the lowermost conduction valleys and topmost
valence band. In this strain configuration, these are the transverse valleys and
pure heavy holes, respectively.

[001]-biaxial tensile strain (ε‖ > 0). The lowermost conduction valleys are
along the z axis. Substituting Eq. (3.8) into Eq. (2.1), we get that the change in
the circular polarization degree from unstrained to strained values is

P 001
⇑ (ε‖ < 0) : −1

5

TO,TA−→ 0, (3.10)

The polarization decays upon application of strain due to the symmetry of electron
states in the ±z conduction valleys. It is not caused by a valence-band related
effect.

[111]-biaxial strain. Our interest switches to light propagation (and spin ori-
entation) along (x̂ + ŷ + ẑ)/

√
3 where we assign cos θ = 1/

√
3 and φ = π/4 in

Eqs. (2.3), (2.4) and (2.5). In this strain configuration, the hole states are no longer
associated with pure ±3/2 or ±1/2 magnetic quantum numbers (Appendix A).
Using analytical values of a` and b` in the topmost valence bands [Eqs. (A.24)
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and (A.26)], the changes in the circular polarization degree are

P 111
⇑ (ε‖ < 0) : −1

5

TO,TA−→ −1

2
, (3.11)

P 111
⇑ (ε‖ > 0) : −1

5

TO,TA−→ 1

4

(M+
111 − 4dεo)

2

M+
111

2 − 2M+
111dεo + 10d2ε2o

, (3.12)

where εo and M+
111 are defined in Eqs. (3.3) and (3.5), respectively. d = −5.1 eV

is the shear deformation potential in Si (Table 3.1).

By assigning εo → 0 in Eqs. (3.11) and (3.12), we reach in agreement with
the respective intensity ratios of 3:9 and 5:3 shown in the upper panel of Fig. 3.5.
By increasing the strain amplitude in the tensile configuration, the coupling with
split-off states becomes stronger and the circular polarization degree eventually
vanishes. The smallness of ∆SO in silicon is such that the drop in polarization is
evident already at moderate levels of biaxial tensile strain. Quantitatively it is
seen from Eq. (3.12) by noting that M+

111− 4dεo approaches zero when dεo > ∆SO

in the expression of M+
111 [Eq. (3.5)].

To complete the analytical study of silicon, we repeat the procedure for the
weaker LO phonon-assisted optical transitions. In this case, the relative intensities
of left and right circularly polarized luminescence are governed by ∆5 intermediate
states in the valence band [93]. Using hole states from the Luttinger-Kohn Hamil-
tonian and considering the contribution from the lowermost conduction valley, we
get

P 001
⇑ (ε‖ > 0) :

1

4

LO−→ 0, (3.13)

P 001
⇑ (ε‖ < 0) :

1

4

LO−→ −1, (3.14)

P 111
⇑ (ε‖ < 0) :

1

4

LO−→ 3

5
, (3.15)

P 111
⇑ (ε‖ > 0) :

1

4

LO−→ − (M+
111 − 4dεo)

2

3M+
111

2 − 8M+
111dεo + 32d2ε2o

, (3.16)

Ge

We first consider the LA phonon-assisted optical transitions, which account for the
dominant luminescence peak in Ge. As discussed in the previous chapter, these
optical transitions are mediated by relatively pure-spin intermediate states of Γ−7
symmetry. Therefore, the spin-angular momentum is kept during the phonon-
assisted virtual transition between L+

6 and Γ−7 conduction states. This feature
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leads to similarity between the selection rules of direct bandgap semiconductors
and those of LA phonon-assisted optical transitions in Ge.

[001]-biaxial strain. This configuration does not break the symmetry between
L valleys. We repeat the straightforward analysis of § 2.2 for optical transitions
of spin-up electrons (sz = +1/2) but with replacing the final states by Eq. (3.6).
For light propagation along the z-crystallographic axis, we get

P⇑
LA
= −2=(aXa

∗
Y − bXb∗Y )

1− |aZ |2 − |bZ |2
. (3.17)

Summing the HH and LH states in Table 2.4, one gets P = 50% as expected
from a 3:1 intensity ratio. Also similar to direct bandgap semiconductors is that
application of [001] strain leads to±100% circular polarization degree. Emission of
pure σ+ light (+100%) is reached in compressive strain where the topmost valence
band consists of heavy holes (i.e., interaction between sz = +1/2 conduction states
and Jz = +3/2 valence states). Emission of pure σ− light (-100%) is reached in
tensile strain where the topmost valence band consists a mixture of light and split-
off holes (i.e., interaction between sz = +1/2 conduction states and Jz = −1/2
valence states).

[111]-biaxial strain. This configuration also leads to ±100% circular polariza-
tion degree for light propagation along the [111] crystallographic axis. Since only
J[111] = +3/2 and J[111] = −1/2 components can take part in optical transitions
with spin-up electrons, a complete circular polarization is guaranteed as long as
these two components are not mixed in the topmost valence band. This situation
is indeed valid for [111]-biaxial strain (see Appendix A). The ±100% circular po-
larization degrees are compatible with the 3:0 and 0:1 intensity ratios shown in
the lower panel of Fig. 3.5.

We discuss the less intense TO phonon-assisted optical transitions in Ge. As
mentioned before, they are governed by the L−3 intermediate states. For [001]
strain, summation of the contributions from all four equivalent valleys leads to

I± ∝ 4 + 3(|aZ |2 + |bZ |2)∓ 6=(aXa
∗
Y − bXb∗Y ). (3.18)

In the compressive case, the topmost valence band includes only heavy holes [see
Eq. (A.14)] and the resulting circular polarization degree becomes

P 001
⇑ (ε‖ < 0) : −1

5

TO−→ −3

4
. (3.19)
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This value is expected from the 1:7 intensity ratio of heavy holes shown in the
lower panel of Fig. 3.4. The case of tensile strain is more involved because states
of the topmost valence band are a mixture of LH and split-off states. Using
Eq. (A.15) and after some algebra, we get

P 001
⇑ (ε‖ > 0) : −1

5

TO−→ (M+
001 − 4bεz)

2

6M+
001

2
+ 8bεzM

+
001 + 40b2ε2z

, (3.20)

where εz and M+
001 are defined in Eqs. (3.2) and (3.4), respectively. b = −2.3 eV

is the shear deformation potential in Ge (Table 3.1).

By comparing Ge and Si [Eqs. (3.20) and (3.12)], we can see that the decay
to zero polarization is much slower in Ge with increased strain amplitude (∆SO =
0.044 eV in Si and 0.29 eV in Ge). Also note that for application of infinitesimal
strain (εz → 0), the 1

6
result from Eq. (3.20) is compatible with the 7:5 intensity

ratio of the LH states shown in the lower panel of Fig. 3.4.

The effect of [111] strain on the TO phonon-assisted optical transitions in Ge is
slightly more involved. It depends on hole state mixing and also on the lowermost
conduction valley due to the symmetry breaking between L valleys. The circular
polarization degrees become

P 111
⇑ (ε‖ < 0) : −1

5

TO−→ − 9

43
, (3.21)

P 111
⇑ (ε‖ > 0) : −1

5

TO−→ 1

2

M+
111

2 − 8dεoM
+
111 + 16d2ε2o

M+
111

2 − 2dεoM
+
111 + 10d2ε2o

. (3.22)

By assigning εz → 0 in Eqs. (3.21) and (3.22), we reach in agreement with the
respective intensity ratios of 34 : 52 and 81 : 27 shown in the lower panel of
Fig. 3.5.

Table 3.2 summarizes the analytical results. The listed changes in the circular
polarization degrees from unstrained to strained values, α → β, are observable
once the energy splitting between the HH and LH bands is a few kBT (and when
applicable, also once the energy splitting between conduction valleys is a few kBT ).
In some tensile cases, indicated by α → β ⇒ 0 for Ge and by α → β → 0 for Si,
the polarization eventually vanishes when the strain amplitude further increases.
Presenting the selection rules in Si and Ge with → and ⇒, respectively, is meant
to recall that when increasing the strain amplitude, the polarization drops much
faster in Si because of the proximity of the valence band edge to the split-off band.



48

Table 3.2: Strain-induced changes in the circular polarization degrees of optical tran-
sitions with spin-up electrons. The light propagates along the strain symmetry axis.

Phonon Biaxial Strain Polarization

Ge LA & TA [001] compressive 1
2
→ 1

[001] tensile 1
2
→ −1

[111] compressive 1
2
→ 1

[111] tensile 1
2
→ −1

TO [001] compressive -1
5
→ −3

4

[001] tensile -1
5
→ 1

6
⇒ 0

[111] compressive -1
5
→ − 9

43

[111] tensile -1
5
→ 1

2
⇒ 0

Si TA & TO [001] compressive −1
5
→ −4

5

[001] tensile -1
5
→ 0

[111] compressive -1
5
→ −1

2

[111] tensile -1
5
→ 1

4
→ 0

LO [001] compressive 1
4
→ 0

[001] tensile 1
4
→ −1

[111] compressive 1
4
→ 3

5

[111] tensile 1
4
→ −1

3
→ 0
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3.3 Numerical results of spin-dependent lumi-

nescence in strained Si and Ge

To verify our symmetry-based analytical discussion in previous sections, we per-
form an independent numerical study of the polarized luminescence spectra. The
numerical method is similar to that of unstrained Si and Ge in § 2.3, and here
we extend it to cases of biaxially strained Ge and Si. In the calculation of elec-
tronic states and energies using a spin-dependent local empirical pseudopotential
method (EPM) [105], the strain is incorporated following the scheme of Rieger
and Vogl [136]. The phonon energy and displacement vectors are calculated by
the adiabatic bond-charge model (ABCM) [106], where the strain is incorporated
following the scheme of Eryiğit and Herman [135]. We calculate the spectra due to
radiative recombination between spin-up electrons and a Fermi-Dirac distribution
of holes. The electrons are taken from the minima of the conduction band, and
the Fermi level of the holes is positioned in the top edge of the valence band, corre-
sponding to p-type moderately doped samples. We also assume low temperatures
such that the phonon absorption is negligible.

3.3.1 Spin-dependent luminescence of strained Ge

We simulate four configurations of 1% biaxially-strained Ge. Figure 3.6 shows the
spectra results at 20 K where the TO and LA spectral peaks are well resolved.
Each spectrum contains TO, LA, and TA peaks that are red shifted compared
with those in Fig. 2.9 due to the strain-induced indirect band gap reduction.

We analyze the circular polarization degrees in the spectra of strained Ge
(dashed lines in Fig. 3.6). Consistent with the analytical picture whose results are
summarized in Table 3.2, the dominant LA peaks show almost ±100% circular
polarization degree. The only unique feature appears in the [111]-tensile configu-
ration [Fig. 3.6(d)], where the amplitude of the circular polarization degree drops
from around -100% in the low-energy edge of the LA peak to nearly zero in its
high-energy edge. This behavior stems from the strong hole state mixing in this
strain configuration as inferred from the inset of Fig. 3.6(d). This mixing increases
for states away from the Γ point so that high-energy photons probe optical tran-
sitions with both types of holes, where each contributes oppositely to the circular
polarization degree. This underlying physics explains the polarization drop in the
high-energy edge tail of the LA peak in Fig. 3.6(d).

Figure 3.6 also shows a weak peak in the high-energy part of each of the four
spectra. This peak is governed by TA phonon-assisted optical transitions and
its circular polarization degree is similar to that of the LA peak. As mentioned
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Figure 3.6: Calculated polarized spectra of biaxially strained germanium at 20 K. The
strain configurations are [001]-compressive in (a), [001]-tensile in (b), [111]-compressive
in (c), and [111]-tensile in (d). The red (blue) solid lines denote the σ+ (σ−) intensities
and the green dashed lines are the ensuing circular polarization degrees. The anti-
crossing of the two-topmost valence bands shown in the inset of (d) indicates of the
strong hole-state mixing in [111]-tensile strain.

in § 2.2, both LA and TA spectral features are governed by conduction-band
intermediate states in the vicinity of Γ−7 .

We conclude the discussion of the strained-Ge spectra with analysis of the TO
peak. The numerically calculated circular polarization degrees for [111]-biaxial
strain configurations are in agreement with the analytical picture: the polarization
values in Figs. 3.6(c) and 3.6(d) are PTO ≈ −21% and PTO ≈ 50%, in accordance
with the predicted respective results of − 9

43
and 1

2
shown in Table 3.2. We note

here that according to the analytical picture, the circular polarization degree
should follow the rule −1

5
→ 1

2
⇒ 0 with increasing the amplitude of the tensile

strain (see Table 3.2). However, since the split-off band in Ge is relatively well
separated from the top of the valence band, the polarization does not vanishes for
1% tensile strain (i.e., the −1

5
→ 1

2
side of the selection rule is relevant).

In [001]-biaxial strained Ge, the agreement between the analytical and numer-
ical pictures is less successful for TO phonon-assisted optical transitions. The
polarization values in Figs. 3.6(a) and 3.6(b) are PTO ≈ −57% and PTO ≈ 10%,
whereas the predicted respective results are −3

4
and 1

6
(see Table 3.2). These

differences are attributed to the involvement of Γ−7 intermediate states, which are
no longer symmetry forbidden. We can understand this behavior from the trans-
formation properties of the basis function, (2z − x − y)/

√
6, that represents the

L-point TO phonons (see Table 2.5). Without strain, the matrix element of the
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electron-phonon interaction between L+
6 and Γ−7 states vanishes because of the op-

posite contributions of the 2z and x+y components. When applying [001]-biaxial
strain, the z component is no longer equivalent to the x and y components, and
the transition amplitude via Γ−7 becomes proportional to the strain amplitude.
This transition path has a contribution similar to that of the LA phonon-assisted
optical transition (50%), and varies the circular polarization degrees from the
zeroth-order predicted value of -75% (16.6%) in the compressive (tensile) case.

3.3.2 Spin-dependent luminescence of strained Si

We repeat the analysis for biaxially strained Si. In the tensile configuration, we
employ a stress level of 1%, accessible by Si layer grown on SiGe substrates. In
the compressive configuration, however, substrate possibilities are limited. Here,
we employ a strain level of -0.37%, which is accessible by growing Si on ZnS [137].

Figure 3.7 shows the simulated spectra using the same layout of Fig. 3.6.
There are two spectral peaks in each of the four strain configurations: a weak TA
peak and a dominant “TO” peak that also involves a small contribution from LO
phonon-assisted optical transitions. In the compressive configurations shown in
Figs. 3.7(a) and 3.7(c), the circular polarization degrees in the low-energy edge
of the peaks are around -80% and -50%, respectively. These results agree with
the predicted values of −4

5
and −1

2
shown in Table 3.2. In both configurations,

the slightly larger polarization of the TA peak compared with that of the TO
peak stems from the opposite sign contributions of the nearly degenerate TO and
LO phonon-assisted optical transitions as discussed in § 2.3.1 [93]. Figures 3.7(a)
and 3.7(c) also show that the circular polarization degree drops significantly in
the high-energy edges of the spectral peaks. In silicon, optical transitions that
correspond to these spectral regions involve holes that are strongly susceptible to
state mixing induced by the nearby split-off band.

In the biaxial tensile strain configurations shown in Figs. 3.7(b) and 3.7(d),
the circular polarization degree is nearly zero across the entire spectral range. The
zero polarization is robust in the [001]-tensile configuration [Fig. 3.7(b)] since the
electrons populate the longitudinal valleys with respect to the strain symmetry
axis. Consistent with the analytical picture whose results are summarized in
Table 3.2, TA and TO phonon-assisted optical transitions from longitudinal valleys
lead to zero polarization. When applying [111]-biaxial tensile strain, on the other
hand, the energy degeneracy in the conduction band is not lifted and all six
valleys are equally populated. In this configuration [see Fig. 3.7(d)], the circular
polarization degree fluctuates around zero because of the hole-state mixing in
the valence band. According to the analytical picture, the circular polarization
degree follows the rule −1

5
→ 1

4
→ 0 with increasing the strain amplitude (see
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Figure 3.7: Calculated polarized spectra of biaxially strained silicon at 20 K. The
layout is similar to that of Fig. 3.6. The red and blue lines overlap in (b).

Table 3.2). The proximity of the split-off band in Si is such that the polarization
nearly vanishes for 1% tensile strain (i.e., the 1

4
→ 0 side of the selection rule

is relevant). This behavior explains the 5% circular polarization degree in the
low-energy edges of the spectral peaks in Fig. 3.7(d).
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Chapter 4

Spin-orbit symmetries of
conduction band electrons in Si

This Chapter summarizes our recent publication: Pengke Li and Hanan Dery,
Spin-Orbit Symmetries of Conduction Electrons in Silicon, Phys. Rev. Lett. 107,
107203 (2011).

4.1 Background introduction

Understanding the various spin relaxation mechanisms in spintronic devices is of
paramount importance. In bulk silicon, for example, the measured spin lifetime
of conduction electrons varies from µs in nearly intrinsic conditions [138]-[139] to
a few ns in heavily-doped n-type samples [19, 52, 55, 59, 61]. Such relatively long
spin relaxation time renders silicon ideal material choice for spintronics. However,
in spite of the central role of Si in semiconductor technology, fundamental spin
properties in Si are still not well understood.

In this chapter, we derive a spin-dependent Hamiltonian that captures the
symmetry of zone edge states in a diamond structure lattice. The Hamiltonian
reveals the spin-orbit properties of conduction electrons in Si. It constructed by
the invariance to symmetry operations of the space group G2

32, which describes
the symmetry of the X point at the edge of the Brillouin zone [99, 140]. In silicon,
the X point is closer to the absolute conduction band minimum than any other
high symmetry points [see Fig. 2.2(b) in § 2.1]. While k · p and tight-binding
models have been available for many decades [84, 85, 104, 122, 141–145], spin
of conduction band electrons has heretofore been ignored (possibly because spin-
orbit coupling in Si is weak [31, 34, 39, 47, 146]). Our study in this chapter
is motivated by the emergence of experimental work on spin-polarized electron
transport in silicon [17, 19, 24, 147].
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The marked importance of our findings can be illustrated by recalling of the
ubiquitous Kohn-Luttinger and Kane models [84, 85]. The former is used to
study spin properties in the valence band of semiconductors and the latter to
extract the spin relaxation of conduction electrons in direct-gap semiconductors.
The lucid insight that one gets by having traceable spin-dependent expressions
resulted in numerous works on spin properties in III-V semiconductors [2, 25].
Notably, the availability of transparent spin-dependent theories in direct band-
gap semiconductors have spurred the field of semiconductor spintronics.

By solving the Hamiltonian, we get analytical expressions of the spin-dependent
states. These concise expressions are used to elucidate the nature of intravalley
and intervalley spin relaxation processes in Si due to electron-phonon interactions.
Our approach unravels the underlying physics, structure, and symmetries of dom-
inant spin-flip mechanisms in Si. These insights cannot be shown by state-of-the
art numerical studies in which only the magnitude and temperature dependence
are calculated [83]. We derive analytical forms and selection rules of the dominant
spin-flip matrix elements and explain the subtle distinction between spin and mo-
mentum scattering processes. Importantly, it is shown that spin relaxation due
to intravalley scattering is caused by coupling of the lower and upper conduction
bands (whereas intravalley momentum relaxation is governed by dilation and uni-
axial deformation potentials within the lowest conduction band). The accepted
intravalley spin-flip matrix element derived 50 years ago by Yafet does not reveal
this effect; furthermore, it was derived with only approximate spin-orbit coupling
parameters and inadequate wavevector components, despite correctly predicting
the wave vector power law and hence its T 5/2 temperature dependence [50]. Sig-
nificant new insights regarding the structure of intervalley spin relaxation are also
revealed by our theory and will be discussed.

4.2 Spin-dependent 8×8 Hamiltonian of conduc-

tion electrons in Si

In the Brillouine zone of silicon, the zone-edge X point is the closest to the conduc-
tion band minima that are located on the ∆ axes about 85% away from the zone
center. In order to minimize the set of basis functions that accurately represent
conduction electrons, we derive the spin-dependent Hamiltonian by its invariance
to symmetry operations of the G2

32 space group which describes the symmetry of
the X point [99, 122].

Figure 4.1 shows the relevant bands that we study. The X point states of the
two conduction (valence) bands belong to the X1 (X4) irreducible representation
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Figure 4.1: Calculated band structure near the X point in silicon. The wavevector
origin is taken at the X point where a=5.43 Å is the lattice constant. Solid lines are
results of the analytical 8× 8 Hamiltonian while dashed lines are of a numerical model
from empirical pseudopotential method.

of G2
32 (details of the space group G2

32 are given in Appendix B). We incorporate
the X4 states since, as will be shown, they set the spin properties of conduction
electrons. The states and energies in this subspace are found by,

H

∣∣∣∣ψk,X1

ψk,X4

〉
=

(
Hcc Hcv

Hvc Hvv − Eg,X

) ∣∣∣∣ψk,X1

ψk,X4

〉
= E

∣∣∣∣ψk,X1

ψk,X4

〉
. (4.1)

Hcc and Hvv denote, respectively, conduction and valence bands contributions and
Hcv = H†vc describes their coupling. All of them are 4 × 4 matrices due to the
two-band and spin degeneracies of the X point in diamond crystal structures.
The crystal wave vector (k) is taken with respect to the X point. The upper
(lower) four-components of a state, ψk,X1 (ψk,X4), represent coefficients of the X1

(X4) basis functions. These basis functions belong to the X1 (X4) irreducible
representation of G2

32. Since the energy gap of the X point, Eg,X ≈ 4.3 eV,
is significantly larger than other energy scales, we use Löwdin partitioning and
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Table 4.1: Invariant table of the Xn point of diamond crystal structure (X point along
the n-axis). {`,m, n} is any cyclic permutation of the {x, y, z} crystallographic axes.
The derivation of the invariant components and matrices are given in Appendix B.

IR Invariant components Invariant matrices

M1 Ik2 I
M ′

3 Ikn ρz

M5 {σmkn − σnkm, σnk` − σ`kn}, {Ik`, Ikm} {ρy, iρz}
M ′

5 {σ`, σm} {I, ρx}

lump the valence band effect on the conduction band via

H ′cc|ψk,X1〉c =

(
Hcc +

H†vcHvc

Eg,X

)
|ψk,X1〉c = Ec

±|ψk,X1〉c, (4.2)

|ψk,X4〉c = [E± − (Hvv − Eg,X)]−1Hvc|ψk,X1〉c ≈
Hvc

Eg,X
|ψk,X1〉c , (4.3)

where ± refer to the upper and lower conduction bands. The spin properties of
conduction electrons are set by Hvc whereas Hvv has a negligible effect.

Using the method of invariant, Hcc, Hvc and Hvv are constructed by decomposi-
tions of the {X1, X4} direct products to direct sums of irreducible representations,

Hcc : X1 ⊗X1 = M1 ⊕M4 ⊕M ′
2 ⊕M ′

3, (4.4)

Hvc : X1 ⊗X4 = M5 ⊕M ′
5, (4.5)

Hvv : X4 ⊗X4 = M1 ⊕M4 ⊕M ′
1 ⊕M ′

4. (4.6)

Mi & M ′
i (i=1,2,..,5) are irreducible representations (IRs) of G2

32 and they set the
invariant components and matrices in the Hamiltonian. The invariant components
are zero and first order perturbation terms in the parlance of the well known k · p
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theory [99]. They include three terms

Hkp =
~
m0

k · p, (4.7)

HSO =
~

4m2
0c

2
∇V × p · σ̂, (4.8)

Hk
SO =

~2

4m2
0c

2
∇V × k · σ̂. (4.9)

HereHkp is the k·p term. HSO andHk
SO are zero- and first-order spin-orbit interac-

tions, respectively. Each of these three perturbation terms is a direct product and
includes three terms (and totally nine terms) with parameters of the wavevector
k and (or) Pauli matrices σ̂. Some of these terms are invariant under the oper-
ations of the G2

32 space group. In Appendix B we provide the detailed process
of associating these invariant components as well as the invariant matrices with
their corresponding irreducible representations. Here we list them in Table 4.1
in a general form. ki denotes the ith component of the crystal wavevector with
respect to the X point, where i ∈ {x, y, z}. σi and σikj components are due to
spin-orbit coupling where σi refer to the Pauli matrices. ρi and I are invariant
matrices that are linearly independent and describe the two-band degeneracy and
here we choose ρi = σi and I to be 2 × 2 identity matrix. We construct Hcc,
Hvc and Hvv with the help of Eqs. (4.4)-(4.6) and Table 4.1, using the method
of invariants. The procedure is that, for a certain irreducible representation (Mi

& M ′
i in Table 4.1), the corresponding invariant components and matrices are

combined. And then these invariant combinations are summed over, according to
Eqs. (4.4), (4.5) and (4.6). In the vicinity of the Xn point of the Brillouin zone
(X point along the n-axis) we get,

Hcc =
~2

2m0

(

M1︷ ︸︸ ︷
k2I⊗I +2k0

M ′3︷ ︸︸ ︷
knρz⊗I) (4.10)

Hvc = −iP (

M5︷ ︸︸ ︷
ρy ⊗ k`I + iρz ⊗ kmI) + i∆X(

M ′5︷ ︸︸ ︷
ρx ⊗ σm − I ⊗ σ`)

+α[ρy ⊗ (kmσn − knσm) + iρz ⊗ (knσ` − k`σn)︸ ︷︷ ︸
M5

], (4.11)

Hvv =
~2

2m0

k2I⊗I︸ ︷︷ ︸
M1

(4.12)

where {`,m, n} are cyclic permutation of {x, y, z}. A⊗B denotes the Kronecker
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product of the 2×2 matrices ofA and B. k0 ≈ 0.15×2π/a sets the conduction band
minimum position (where thermal electrons are populated) and P ≈ 9 eV·Å sets
the effective mass anisotropy. They are denoted by momentum matrix elements
~k0 = 〈X1

1 |pj|X1
1 〉=−〈X2′

1 |pj|X2′
1 〉 and m0P = −i~〈X1,2′

1 |pj|Xj
4〉 where j = {`,m}

and could be extracted from known experiment results (for example, cyclotron
resonance that studied the position of the conduction band minimum and effective
mass anisotropy [148]). The implied spin-independent basis functions follow the
compatibility relations: X1

1→∆1, X2′
1 →∆′2, X`

4→∆`
5 and Xm

4 →∆m
5 when kn→0

(see Fig. 4.1). The spin-dependent parameters are

∆X = iλ〈X1,2′

1 |(∇V × p)j|Xj
4〉, (4.13)

α = ~λ〈X1,2′

1 |∇jV |Xj
4〉, (4.14)

where λ = ~/(4m2
0c

2). Using the empirical pseudopotential model [105] as we
apply in § 2 and § 3, we estimate ∆X ∼ 3.5 meV and αk0 ∼ 1.5 meV.

For completeness, we give the full matrix form of the 8×8 Hamiltonian around
the Xz point in Table 4.2. The Hamiltonians around the Xx and Xy points are
straightforward by cyclic permutation of {`,m, n} in Eqs .(4.10)-(4.12).

By substituting Eqs. (4.10) and (4.11) into Eq. (4.2), we lump the 8×8 Hamil-
tonian into an effective 4× 4 conduction band Hamiltonian that reads

H ′cc = Hcc +H†vcHvc/Eg,X

=

[(
~2

2m0

+
α2

Eg,X

)
k2 +

α2

Eg,X
k2
n +

P 2

Eg,X
(k2
` + k2

m) +
∆2
X

Eg,X

]
I⊗I

+(
~2k0

m0

knρz⊗I) +
2(α2 − P 2)

Eg,X
ρx ⊗ k`kmI

+
2(α− P )∆X

Eg,X
ρy ⊗ (k`σ` − kmσm)

'


Acc + Bcc 0 Ccc ηk+

0 Acc + Bcc ηk− Ccc
Ccc −ηk+ Acc − Bcc 0
−ηk− Ccc 0 Acc − Bcc

 . (4.15)

By using the ' sign we keep the leading spin-orbit coupling terms. These terms
are antidiagonal elements proportional to k± = k` ± ikm, with the prefactor
η = 2i∆XP/Eg,X. We note such a spin-orbit term in the form of ρy⊗(k`σ`−kmσm)
actually comes from higher order invariant perturbation that belongs to the irre-
ducible representation of M ′

2.
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Table 4.2: The total 8× 8 Hamiltonian around the Xz point

~2(k2+2k0kz)
2m0

0 0 0 Pky + iαkx −i(∆X + αkz) Pkx − iαky ∆X + αkz

0 ~2(k2+2k0kz)
2m0

0 0 −i(∆X + αkz) Pky − iαkx −∆X − αkz Pkx + iαky

0 0 ~2(k2−2k0kz)
2m0

0 −Pkx + iαky ∆X − αkz −Pky − iαkx −i(∆X − αkz)

0 0 0 ~2(k2−2k0kz)
2m0

−∆X + αkz −Pkx − iαky −i(∆X − αkz) −Pky + iαkx

Pky − iαkx i(∆X + αkz) −Pkx − iαky −∆X + αkz
~2k2

2m0
− Eg,X 0 0 0

i(∆X + αkz) Pky + iαkx ∆X − αkz −Pkx + iαky 0 ~2k2

2m0
− Eg,X 0 0

Pkx + iαky −∆X − αkz −Pky + iαkx i(∆X − αkz) 0 0 ~2k2

2m0
− Eg,X 0

∆X + αkz Pkx − iαky i(∆X − αkz) −Pky − iαkx 0 0 0 ~2k2

2m0
− Eg,X
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The parameters Acc, Bcc and Ccc are

Acc =
~2

2m0

k2 +
P 2

Eg,X
(k2
` + k2

m), (4.16)

Bcc =
~2k0

m0

kn, (4.17)

Ccc = − 2P 2

Eg,X
k`km. (4.18)

The offdiagonal elements Ccc are proportional to k`km and give the effective mass
anisotropy in the plane transverse to the principle axis n.

The Hamiltonian H ′cc could be solved analytically. The electrons energy in the
upper and lower conduction bands are

Ec
± =

~2k2
n

2m0

+
~2(k2

` + k2
m)

2mt

±
√
E2

0,n + E2
`,m + |η|2(k2

` + k2
m). (4.19)

m−1
t = m−1

0 + m−1
cv is the transverse mass where mcv = ~2Eg,X/2P

2. Other
parameters are E0,n = ~2k0kn/m0 and E`,m = ~2k`km/mcv. Equation. (4.19)
includes only the leading-order spin-orbit term.

In the same manner, we find the valence band energy

Ev
± =

~2k2
n

2m0

+
~2(k2

` + k2
m)

2mt

±
√
E2
`,m + |η|2(k2

` + k2
m)− Eg,X . (4.20)

Figure. 4.1 plots Ec
± as well as Ev

±, in comparison with the result of the em-
pirical pseudopotential method. It is shown that our concise 8 × 8 Hamiltonian
with only eight basis functions, including the conduction and valence bands of
the X point, is more than sufficient to reproduce the band structure near the X-
point, including the region around the conduction band minimum. It is because
the spin-orbit term |η|2(k2

` + k2
m) in Eqs. (4.19) and (4.20) is orders of magnitude

smaller than the other terms and its importance could not be reflected from the
energy band. In the next section we will show the spin-dependent eigenstates of
the conduction band, in which the spin-related coefficients ∆X and α are crucial
in identifying the spin-properties of the states.
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4.3 Spin-dependent eigenstates

The most critical aspect of our model is that Eqs. (4.2) and (4.3) allow us to
analytically express degenerate spin states. For crystals possessing an inversion
center (which is the case for Si), each band with wavevector k is spin degenerate,
and we can define its spin states with respect to the spin orientation n,

〈k, µ,⇑ |σ · n̂|k, µ,⇑〉 ≡ −〈k, µ,⇓ |σ · n̂|k, µ,⇓〉 ≥ 0 ,

〈k, µ,⇑ |σ · n̂|k, µ,⇓〉 ≡ 0 , (4.21)

where µ is the band index. In the following we omit this index and deal only with
the lowest conduction band. Mixed by spin-orbit interaction, the spin-up (⇑) and
spin-down (⇓) states in Eq. (4.21) are not pure spin states (↑, ↓). They are written
as

|k,⇑〉 = eik·r
∑
`

(a`k|`↑〉+ b`k|`↓〉), (4.22)

|k,⇓〉 = eik·r
∑
`

(a`k
∗|`↓〉 − b`k

∗|`↑〉), (4.23)

where ` runs over a basis of periodic Bloch functions, which in our 8× 8 Hamilto-
nian, are X point basis functions along the n-axis in the order of {X2′

1 ↑, X2′
1 ↓, X1

1↑,
X1

1↓, X`
4↑, X`

4↓, Xm
4 ↑, Xm

4 ↓}. The spin states are represented by 8-component
normalized vectors with elements being coefficients a`k and b`k in Eqs. (4.22) and
(4.23). The coefficients of the first four basis could be calculated by solving H ′cc
in Eq. (4.2) and they are elements of |ψk,X1〉c. Then the remaining four elements
of |ψk,X4〉c are obtained from Eq. (4.3).

By choosing the spin-orientation n̂ to be along the z-axis, for the eigenstates
in the z valley [n=z in Eqs. (4.10) and (4.11)], the vectors in the lower conduction
band read,

|k,⇑〉 '
[ √

2Ex,y√
EC(2E0,z + EC)

,

√
2η(kx − iky)√

EC(2E0,z + EC)
,

√
2E0,z + EC

2EC
,

η(ikx − ky)
2Eg,X

,−Pkx
Eg,X

,− ∆′X
Eg,X

,−Pky
Eg,X

,− i∆
′
X

Eg,X

]
, (4.24)
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〈k,⇓ | '
[
−
√

2η(kx − iky)√
EC(2E0,z + EC)

,

√
2Ex,y√

EC(2E0,z + EC)
,
η(ikx − ky)

2Eg,X
,

√
2E0,z + EC

2EC
,

∆′X
Eg,X

,−Pkx
Eg,X

,
i∆′X
Eg,X

,−Pky
Eg,X

]T
, (4.25)

where ∆′X = ∆X + α|kz| and EC = E+ − E− is the energy spacing between the
conduction bands [see Eq. (4.19)]. Specifically at the valley center k = (0, 0, k0),
the value of EC is denoted by an important parameter ∆C ≈ 2~2k2

0/m0 ∼ 0.5 eV
(see Fig. 4.1).

In the same way, state expressions in perpendicular valleys could be obtained
by solving the 8 × 8 Hamiltonian around the Xx and Xy points. Here we give
their expression in the x valley,

|k,⇑〉 '
[ √

2(Ey,z − ηkz)√
EC(2E0,x+EC)

,−
√

2iηky√
EC(2E0,x+EC)

,

√
2E0,x+EC

2EC
,− iηkz

2Eg,X
,

i∆′X − Pky
Eg,X

,
iαkz
Eg,X

,− Pkz
Eg,X

,
∆′X − iαky

Eg,X

]T
, (4.26)

|k,⇓〉 '
[ √

2iηky√
EC(2E0,x+EC)

,

√
2(Ey,z + ηkz)√
EC(2E0,x+EC)

,
iηkz

2Eg,X
,

√
2E0,x+EC

2EC
,

iαkz
Eg,X

,−i∆
′
X + Pky
Eg,X

,−∆′X + iαky
Eg,X

,− Pkz
Eg,X

]T
, (4.27)

and in the y valley,

|k,⇑〉 '
[ √

2(Ez,x − ηkz)√
EC(2E0,y+EC)

,

√
2ηkx√

EC(2E0,y+EC)
,

√
2E0,y+EC

2EC
,− iηkz

2Eg,X
,

− Pkz
Eg,X

,
i∆′X − αkx

Eg,X
,−i∆

′
X + Pkx
Eg,X

,
αkz
Eg,X

]T
, (4.28)

|k,⇓〉 '
[ √

2ηkx√
EC(2E0,y+EC)

,

√
2(Ez,x + ηkz)√
EC(2E0,y+EC)

,
iηkz

2Eg,X
,

√
2E0,y+EC

2EC
,

i∆′X + αkx
Eg,X

,− Pkz
Eg,X

,− αkz
Eg,X

,
i∆′X − Pkx

Eg,X

]T
. (4.29)
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Figure 4.2: Spin mixing of conduction states on the square face of the Brillouin zone,
according to Eq. (4.32). The center points are Xz in (a) and Xx in (b). On spin
hot-spots along the kx and ky axes in (a) and along the ky axis in (b), the eigenstates
are highly spin mixed with nearly equal square amplitudes of spin-up and spin-down
components.

Eqs. (4.24)-(4.29) could be unify by defining κ,

κ ≡


ky, if n=x ,
ikx if n=y ,
kx + iky if n=z .

(4.30)

In order to show the extent at which these expressions capture the spin-
properties of spin-eigenstates, we discuss the spin mixing which is a measure
of the total magnitude of spin-down components in a |⇑〉 state (and vice versa).
Using the coefficients of a`k and b`k in Eqs. (4.22) and (4.23), the spin mixing of a
state could be expressed as

β(k) =
∑
`

|b`k|2. (4.31)

By substituting the states of Eqs. (4.24)-(4.29) into Eq. (4.31) we are able to
study the spin mixing of conduction electrons in Si. The spin mixing can reach its
maximal value (∼ 1/2) along certain directions in the edge of the Brillouin zone
with kn = 0, given by,

β(kn=0) =(1+δn,z)
∆2
X

E2
g,X

+
1

2

|ηκ|2
E`,m + |η|2(k2

` + k2
m)
. (4.32)
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Figure 4.3: Spin mixing of the states in the vicinity of the conduction band valley
center. The plane transverse to the principle axis for z valley in (a) and x valley in
(b). The colored lines are analytical results of Eq. (4.33) while the thin black lines
are numerical results calculated from empirical pseudopotential method. The numbers
represent the value of the spin mixing contour, in units of 10−6.

where κ is defined by Eq. (4.30). Eq. (4.32) elucidates the nature of the spin
hot-spot along certain axes on the Brillouin zone edge facets due to the energy
degeneracy of the conduction bands [Ec

+ = Ec
− in Eq. (4.19)]. Our analytical

expression of the spin mixing in these spin hot-spots region is shown in Fig. 4.2
and perfectly matches the comprehensive numerical results in the supplemental
material of Ref. [83] by empirical pseudopotential method.

Away from the region of the spin hot-spots, the spin mixing decreases shapely,
due to the week spin-orbit interaction in Si. In the vicinity of the valley center
(kn ∼ k0), the mixing is of the order of 10−6 and it is given by,

β(kn ∼ k0) =(1 + δn,z)

(
∆′X

Eg,X − ∆C

4

)2

+

(
2|ηκ|
∆C

)2

, (4.33)

where ∆′X(k0) = ∆X + αk0 ≈ 5 meV , and ∆c = Ec(k0) ' 2~2k2
0/m0 ∼ 0.5 eV is

the energy difference between the upper and lower conduction bands at kn ∼ k0.
β(kn = k0) is contoured in Fig. 4.3 for z-valley and x-valley in colored lines,
comparable with thin black lines that represent the numerical result of the spin-
mixing calculated from empirical pseudopotential method. It is shown that in the
region close to the conduction band minima, the spin mixing varies smoothly in
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levels of 10−6 in the transverse direction with respect to the principle axis.

4.4 An application: spin relaxation due to

electron-phonon interactions

A powerful application of the theory is in elucidating the spin relaxation mecha-
nisms. We focus on intrinsic or nondegenerate n-type silicon, where spin relaxation
is governed by electron-phonon interaction across a wide temperature range (> 50
K) [49, 50, 83]. The spin relaxation rate is given by,

1

τs,ν
=

2π~
%Nc

∫
d3ke−Ek/kBT

∫
d3k′

(2π)3

∣∣M sf
ν (k,k′)

∣∣2 (4.34)

× 1

Ων(q)

[∑
±

(nν,q + 1
2
± 1

2
)δ(Ek′ − Ek ± Ων(q))

]
.

where % = 2.33 gr/cm3 is the crystal density and Nc = (2πmdkBT/~2)3/2 is an
effective density constant, with md = (m2

tml)
1/3 ' 0.25m0. ν, q = k − k′, Ων(q)

and nν,q denote the phonon mode, wavevector, energy and Bose-Einstein distri-
bution, respectively. The ± refers to phonon emission and absorption processes.
M sf

ν (k,k′) = 〈k′,⇓ |Mν,q|k,⇑〉 is the spin-flip matrix element between electronic
states in the lower conduction band. A central point in spin relaxation of silicon
is that mechanisms that dominate the momentum relaxation are not identical to
those that lead to spin relaxation. In this section, the 8× 8 Hamiltonian model is
used to derive explicit interaction forms and their ensuing relaxation times. The
symmetry of the system incorporated in our model coincides with selection rules
which show how forbidden transitions in the single group survive in the case of
the double group.

4.4.1 Intravalley scattering.

Inspection of opposite-spin electronic states within the same valley [e. g. Eqs. (4.24)
and (4.25)] reveals that the intraband spin-flip coupling is much smaller than the
interband coupling between conduction bands. For example, in the valley center
region (2E0,z → EC) the product square amplitude of the dominant X1

1 ↑ coef-
ficient in |k,⇑〉 with the small X1

1 ↑ coefficient in 〈k′,⇓ | is smaller than that
with the X2′

1 ↑ coefficient in 〈k′,⇓ | by a factor of (∆C/Eg,X)2 ' 1/64. Interband
coupling between X1

1 and X2′
1 basis functions is feasible, for example, via the
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deformation potential, Ξi, associated with the ε`m off-diagonal strain component
(where n is the valley axis). In intravalley momentum scattering, on the other
hand, the intraband dilation and uniaxial deformation potentials (Ξd and Ξu) lead
to a dominant contribution of longitudinal acoustic (LA) phonon scattering [121],
guaranteed by the single group selection rule of

∆1 ⊗∆1 = ∆1. (4.35)

In contrast, for intravalley spin-flip scattering, the transition is between the two
lowest conduction band components and the selection rule in double group reads,

∆6 ⊗∆7 = ∆′2 ⊕∆2 ⊕∆5. (4.36)

As a result the transverse acoustic (TA) phonon (∆5) leads the transition. LO
(∆′2) and TO (∆5) phonons are also allowed with much smaller contributions due
to their higher energy. The dominant spin-flip matrix element reads

|M sf
TA(k,k′)|n,n =

|
√

2η(κ− κ′)|
∆c

|k− k′|Ξi . (4.37)

The quadratic wavevetor dependence is a result of time reversal and inversion
symmetries, due to which the zero- and first-order terms vanish in the intravalley
spin-flip matrix element. This is effect the so called ‘Elloitt-Yafet cancelation’ [49,
50, 83]. Moreover, Eq. (4.37) reveals that the spin-flip interaction depends on the
valley direction and its transverse components [see κ given by Eq. (4.30)]. Here,
we have used a single effective deformation potential Ξi ' 8 eV which absorbs
the effect of the valleys ellipsoidal energy dispersion. Substituting Eq. (4.37) into
Eq. (4.34) and using the long wavelength limit ΩTA(q) = ~vTAq � kBT where
vTA ' 5 · 105 cm/sec is the TA phonon speed, we get that the average intravalley
spin relaxation rate

1

τs,i
=

128

9

mt

mcv

(
∆X

∆C

)2(
2md

π

) 3
2 Ξ2

i (kBT )5/2

~4%v2
TAEg,X

. (4.38)

The T 5/2 temperature dependence was predicted by Yafet (see pp. 75-80 in
Ref. [50]). However, our theory reveals the correct magnitude and hidden sym-
metries: coupling between conduction bands, TA mode dominant role, and the
involved wave vector components as shown in Eq. (4.37) that the spin-flip inter-
action depends on the valley direction and its transverse components, rather than
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Figure 4.4: Spin relaxation in silicon due to electron-phonon interactions. Intravalley,
g-process, and f -process contributions [Eqs. (4.38), (4.42), and (4.51)] are denoted,
respectively, by the dashed green line, the solid blue line, and the dash-dotted red line.
The black line represents the contribution of all the three.

simply |k− k′|2. By plugging parameters we get that τs,i is about several tens of
nanoseconds at 300 K. The temperature dependence of the spin relaxation rate
due to intravalley spin-flip scattering with phonons is plotted by the dashed green
line in Fig. 4.4.

4.4.2 Intervalley g-process scattering.

In this umklapp process a phonon mode with wavevector qg∼0.3×(2π/a)n̂ is
needed to scatter electrons between the (±k0)n̂ valleys [99]. g-process momen-
tum scattering is dominated by interaction with longitudinal optical phonons,
determined by the selection rule [149]

∆1 ⊗∆′2 = ∆′2, (4.39)
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The dominant g-process spin flips, on the other hand, are governed by interaction
with acoustic phonons which are forbidden in zero order for momentum scattering.
To understand this behavior, we note that replacing kn → −kn in the Hamiltonian
of the−n valley [Eqs. (4.10)-(4.11)] leads to exchange of coefficients betweenX1

1 ↔
X2′

1 and X`
4 ↔ Xm

4 states in Eqs. (4.24) and (4.25). As a result, the dominant
spin-flip mechanism during a g-process is governed by intraband coupling albeit
at opposite valleys (i.e., between respective X1

1 coefficients of |k,⇑〉 in the n valley
and 〈k′,⇓| in the −n valley), and the selection rule reads

∆6 ⊗∆6 = ∆1 ⊕∆′1 ⊕∆5. (4.40)

In this case the LA phonon (∆1) transition is dominant while transverse phonons
(∆5) are also allowed but with relatively smaller contribution. The resulting spin-
flip matrix element is,

|M sf
g (k,k′)|n,−n = Dg

|
√

2η(κ+ κ′)|
∆c

, (4.41)

Unlike the quadratically wavevector dependence of intravalley spin-flip matrix el-
ements in Eq. (4.37), here M sf

g is linear in the wavevector component transverse
to the valley axis. Note that when κ = −κ′ the matrix element is zero in ac-
cordance with time reversal symmetry. Dg ≈ 2k0(Ξd + Ξu) ≈ 4 eV/Å with the
large longitudinal component |k− k′|n ≈ 2k0 relates to the dilation and uniaxial
deformation potential constant. As mentioned, this coupling is associated with
LA phonon modes where Ωg = ΩLA(q = 2k0n̂) ≈ 21 meV. Substituting Eq. (4.41)
into Eq. (4.34), we get that the average g-process spin relaxation rate

1

τs,g
=

32

9

mt

mcv

(
∆X

∆C

)2(
2md

π

)3
2

√
ΩgD

2
g

~2%Eg,X
· g(y)

exp(y)− 1
, (4.42)

where y = Ωg/kBT and g(y) is associated with the modified Bessel function of the
second kind via:

g(y) =

√
y

2
exp

(y
2

)
K2

(y
2

)
≈ 1 + 5y−

3
2 . (4.43)

The expression on the right hand side is a transparent approximation. The
temperature dependence of τs,g is dominated by the exponential denominator in
Eq. (4.42), as shown in Fig. 4.4 by the blue line.
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4.4.3 Intervalley f-process scattering.

In this umklapp process a phonon mode with wavevector qf ≈ k0n̂+k0
ˆ̀+(2π/a)m̂

is required to scatter electrons between valleys that reside in n̂ and ˆ̀valleys. This
wavevector resides on the Σ axis where momentum scattering is dominated by
phonon modes with Σ1 symmetry according to the selection rule

∆1 ⊗∆1t = Σ1 ⊕ZZΣ4, (4.44)

where the Σ4 phonon mode is forbidden by time reversal symmetry [149, 150].

On the other hand, spin relaxation via f -process is unique, since it is carried
via coupling of valence and conduction bands. This coupling is a result of the
non-orthogonal bases of the n and ` valleys that are involved in the transition
(e.g., 〈X1

1,n|Xm
4,`〉 6= 0), and the selection rule reads,

∆6 ⊗ (∆6t ⊕∆7t) = Σ1 ⊕ Σ2 ⊕ Σ3 ⊕ Σ4 . (4.45)

Here all the phonon modes are allowed by considering space symmetry. How-
ever,examination of the time reversal symmetry exclude the Σ4 phonon mode
again [119]. This could also be figured out by inspecting the intervalley scattering
matrix element within our model. Since the spin quantization axis is set (e.g.,
in the z crystal axis), intervalley spin-flip transitions depend on the direction of
the transferred crystal momentum with respect to the quantization axis. There
are two types of intervalley transitions, one with the transition direction purely
transverse to z [for example, from (k0,0,0) to (0,k0,0)], the other with transition
direction partially transverse and longitudinal to z [for example, from (k0,0,0) to
(0,0,k0)]. Using our model, we present detail discussions about these two types of
transitions.

Scattering of (k0,0,0) → (0,k0,0) requires Σ phonon in the (11̄0) direction,
while (k0,0,0) → (0,0,k0) transition needs Σ phonon in the (101̄) direction. The
symmetry behaviors of these phonons are summarized in Table 4.3.

Unlike the case of intravalley spin-flip scattering with acoustic phonons, the
zeroth order Elliott and Yafet terms are no longer cancel each other in intervalley
spin-flip scattering. In spite of this fact the symmetrical behavior of the Elliott
and Yafet terms are the same. Numerical calculations show that for each phonon
mode, the difference of Elliott and Yafet terms is within one order of magnitude
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Table 4.3: Basis and characters of Σ representations of. E is the identity operator.
C2 is the π rotation along the Σ axis. σ and σ̄ are reflections. σ (σ̄) plane contains the
Σ axis and the K − L (K −W ) line in the Brillouin zone.

basis characters
IR

(101̄) (11̄0) E σ σ̄ C2

Σ1 1 1 1 1 1 1

Σ2 (x+ z)y (x+ y)z 1 -1 -1 1

Σ3 (x− z)y (x− y)z 1 1 -1 -1

Σ4 x2 − z2 x2 − y2 1 -1 1 -1

[119]. The matrices of the two types of transition can be written as

X001
1,z ↑, X001

1,z ↓, X001
4,x ↑, X001

4,x ↓, X001
4,y ↑, X001

4,y ↓

Hsf
(100)→(001) =

X100
1,x ↑

X100
1,x ↓

X100
4,y ↑

X100
4,y ↓

X100
4,z ↑

X100
4,z ↓



 ,(4.46)

X010
1,y ↑, X010

1,y ↓, X010
4,z ↑, X010

4,z ↓, X010
4,x ↑, X010

4,x ↓

Hsf
(100)→(010) =

X100
1,x ↑

X100
1,x ↓

X100
4,y ↑

X100
4,y ↓

X100
4,z ↑

X100
4,z ↓



 ,(4.47)

where the bases are denoted with the symmetry behavior of their compatible states
along the ∆ axis. By using the zeroth order states [let k⊥ = 0 in Eqs. (4.24)-(4.29)]
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with ξ =
∆′X
Eg,X

, one can easily calculate the transition matrix elements,

〈ψxc ⇓
∣∣Hsf

(100)→(001)

∣∣ψzc ⇑〉

=
(

0 1 0 iξ −ξ 0
)


× × × × × ×
DΣi
Y × × D̃Σi

E1
× D̃Σi

E2

× ×
× ×
DΣi
E1
×

× ×




1
0
0
−ξ
0
−iξ


=

[
−iD̃Σi

E2
− (DΣi

E1
+ D̃Σi

E1
)
]
ξ +DΣi

Y (4.48)

〈ψxc ⇓
∣∣Hsf

(100)→(010)

∣∣ψyc ⇑〉

=
(

0 1 0 iξ −ξ 0
)


× × × × × ×
DΣi
Y × × D̃Σi

E2
× ×

× ×
× ×
DΣi
E2
×

× ×




1
0
0
iξ
−iξ

0


=

(
iD̃Σi

E2
−DΣi

E2

)
ξ +DΣi

Y (4.49)

where the DE (DY ) terms are matrix elements of the Elliott (Yafet) terms (po-
sitions left blank or with a cross in the transition matrices contain numbers ir-
relevant for the result). Since their symmetry is the same, here we list only the
expressions of DE terms in Table 4.4. By considering the symmetry behavior of
the basis functions and phonon polarization vectors, we also give the properties
of DE terms with different phonon modes. For example, the DΣi

E1
term of (101̄)

phonon is the integration of the product of two z-like electronic wavefunctions
and the phonon polarization. Considering the phonon symmetries in Table 4.3,
Σ1 (scalar like) and Σ4 (x2− z2-like) give nonvanished integration while the other
two give zero. The relation of DE and D̃E depends on the phonon parities of the π
rotation of the Σ axis (characters of the C2 operator). For example, the rotation of
π along (101̄) leaves Σ1 invariant while reverses the sign of Σ4 (x2−z2 → z2−x2),
so DΣ1

E1
= D̃Σ1

E1
while DΣ4

E1
= −D̃Σ4

E1
.

By plugging the relations of DE terms (last column of Table 4.4) into Eq.
(4.48) and (4.49), one can easily see that Σ4 is forbidden in both transitions, Σ1

is allowed only when z-valley is involved, Σ2 and Σ3 exist in both cases with
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Table 4.4: f -process spin-flip matrix elements of the Elliott term

DE (101̄) (11̄0) modes relations

DΣi

E1
〈X(100)

4,z

∣∣Hsf
(100)→(001)

∣∣X(001)
1,z 〉 〈X(100)

4,y

∣∣Hsf
(100)→(010)

∣∣X(010)
1,y 〉 Σ1,Σ4 DΣ1

E1
= D̃Σ1

E1

D̃Σi

E1
〈X(100)

1,x

∣∣Hsf
(100)→(001)

∣∣X(001)
4,x 〉 〈X(100)

1,x

∣∣Hsf
(100)→(010)

∣∣X(010)
4,x 〉 Σ1,Σ4 DΣ4

E1
= −D̃Σ4

E1

DΣi

E2
〈X(100)

4,y

∣∣Hsf
(100)→(001)

∣∣X(001)
1,z 〉 〈X(100)

4,z

∣∣Hsf
(100)→(010)

∣∣X(010)
1,y 〉 Σ2,Σ3 DΣ2

E2
= D̃Σ2

E2

D̃Σi

E2
〈X(100)

1,x

∣∣Hsf
(100)→(001)

∣∣X(001)
4,y 〉 〈X(100)

1,x

∣∣Hsf
(100)→(010)

∣∣X(010)
4,z 〉 Σ2,Σ3 DΣ3

E2
= −D̃Σ3

E2

their square amplitudes in the pure transverse transition twice of that in the
transverse-longitudinal mixed transition. However, the higher energy of the Σ2

phonon mode compared with Σ1 and Σ3 strongly reduces its population, and
hence suppresses its contribution for the spin-flipping. This property is confirmed
by rigorous numerical calculation by Song and Dery [119]. Thus, it is safe to
exclude the effect by Σ2 phonon mode in our analysis.

The spin-flip matrix element reads,

|M sf
f (k,k′)|`,n = CiDi

∆′X
Eg,X

. (4.50)

C1 = 2 and C3 = 1 if one of the involved valleys (n or `) is collinear with the spin
quantization axis (z) or C1 = 0 and C3 =

√
2 if both valleys are perpendicular to it.

Di is a scattering constant associated with a phonon mode of Σi symmetry in the
f -process. Using an empirical pseudopotential model, an adiabatic bond-charge
model and a rigid-ion approximation, the calculated values are D1 ≈ 12 eV/Å
and D3 ≈ 5 eV/Å. The Σ1 and Σ3 symmetries are respectively governed by the
upper and middle acoustic branch with a phonon energy of Ωf,1 ≈ 47 meV and
Ωf,3 ≈ 23 meV. Using Eq. (4.50) and the possibility of scattering to 4 valleys, we
get the average f -process spin relaxation rate

1

τs,f
=

16

3

(
∆′X(k0)

Eg,X

)2(
2md

π

) 3
2 ∑

1,3

AiD
2
i

~2%
√

Ωf,is

f(yi)

exp(yi)− 1
, (4.51)

where A1 = 2, A3 = 1, and y = Ωf/kBT . f(y) =
√
y exp(y/2)K−1(y/2) is

associated with the modified Bessel function of the second kind and it varies
between

√
π and 3 when 10 K<T<400 K [one can use f(y) ≈ 2]. In Fig. 4.4

the spin relaxation by f -process is shown by the dash-dotted red line. The black
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line in this figure is the spin lifetime contributed from all the three processes,
which shows excellent agreement with experimental results from electron spin
resonance [34, 39], spin transport via a Larmor-clock analysis [53, 151] and spin-
valve magnetoresistance. Intrinsic spin relaxation is dominated by intravalley in
low temperatures and by f -process in high temperatures.
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Chapter 5

Intrinsic spin lifetime of
conduction electrons in Ge

This chapter summarizes the recent work in: Pengke Li, Yang Song, and Hanan
Dery, Intrinsic spin lifetime of Conduction Electrons in Ge, Phys. Rev. B 86,
085202 (2012).

Similar to our study of Si in the previous chapter, we investigate the intrin-
sic spin relaxation of conduction electrons in germanium due to electron-phonon
scattering. We derive intravalley and intervalley spin-flip matrix elements for a
general spin orientation and quantify the resulting anisotropy in spin relaxation.
Forms of the intravalley spin-flip matrix elements are derived from the eigenstates
of a compact spin-dependent k·p Hamiltonian in the vicinity of the L point (where
thermal electrons are populated in Ge). Spin lifetimes from analytical integrations
of the intravalley and intervalley matrix elements show excellent agreement with
independent results from elaborate numerical methods.

5.1 Background information

The motivation for studying spin injection in Ge is similar to that in Si due to
their shared properties and the compatibility with Si-based CMOS technology.
Electrical spin injection and extraction in Ge have been recently investigated in
lateral spin-transport devices with various doping profiles using nonlocal [73] and
local [57, 70–72, 74, 80–82] Hanle measurements, as well as in heterostructure
and nanostructure devices [68, 69]. Similar to direct band-gap semiconductors,
optical orientation is an additional viable tool to investigate spin properties of
electrons and holes in Ge [21, 67, 75–79, 79]. Unlike silicon, optical orientation
in Ge is efficient because of the energy proximity between the direct and indirect
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gaps [94]. We have shown detailed study of spin-dependent optical properties in
§ 3. Spin-polarized electrons are first photoexcited to the Γ valley and then they
relax via ultrafast spin conserving scattering to the conduction band edges in one
of the four L valleys (located ∼140 meV below the zone-center Γ valley) [21].

Theoretical efforts in the early days [152, 153] were motivated by low-temperature
electron spin resonance experiments that studied the g factor and spin-lattice re-
laxation of localized electrons in donor states [146, 154, 155]. On the other hand,
little attention was paid to conduction electrons whose spin relaxation is medi-
ated by the Elliott-Yafet mechanism [49, 50]. By analyzing the space inversion
and time reversal symmetries of the L point, Yafet deduced a T 7/2 temperature
dependence of the spin relaxation rate due to intravalley electron scattering with
acoustic phonons [50]. Kalashnikov extended Yafet’s theory to various statistical
distributions and scattering mechanisms [156]. Chazalviel investigated spin flips
due to electron-impurity scattering using effective spin-orbit coupling parameters
that resemble the treatment in III-V semiconductors [157]. Most recently, Tang
et al. have used a tight-binding model to calculate the intrinsic spin relaxation of
conduction electrons in strained Ge [118].

In this chapter, we present a theory of spin-flip processes due to electron-
phonon scattering in Ge. Two distinctive contributions are present in our work.
First, we find the spin orientation dependence of spin-flip matrix elements. This
dependence leads to anisotropy in spin relaxation. It is instrumental in analyzing
measurements, where the orientation of injected spins is set by the shape and
magnetocrystalline anisotropy of ferromagnetic contacts, or by the propagation
and helicity of a circularly-polarized light beam. An interesting result of the
analysis is that most of the intrinsic spin relaxation of conduction electrons in
Ge can be explained by coupling of the lowest conduction band to the upper
conduction bands (rather than to the valence bands which is the typical case in
most semiconductors). The second contribution of this work is the derivation of a
spin-dependent k·p Hamiltonian in the vicinity of the L point (conduction band
edge), using similar method to that we have applied for Si in the previous chapter.
The compact Hamiltonian model we obtain exquisitely captures the signature of
spin-orbit interaction on electronic states, and it can be extended to study confined
Ge structures using an expanded basis of envelope functions [158].

5.2 Symmetry consideration

Spin flips during an electron scattering are described by the matrix element
〈k,⇑|Hi|k′,⇓〉 where Hi denotes the scattering interaction and s = {⇑,⇓} are
the spin-up and spin-down states. In a multivalley conduction band this scat-
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Figure 5.1: Band structure of Ge along high-symmetry crystallographic axes. The
conduction-band edge is indicated by the irreducible representation L1 (L6) in single
(double) group notation [99, 103].

tering represents an intravalley or an intervalley process depending on whether
the electron wavevectors k and k′ reside in the same or different valley(s), re-
spectively. Similar to the previously studied case of Si, the Ge crystal possesses
an inversion center which leads to spin-degenerate energy bands. We can define
these spin states by Eq. (4.21), with respect to the spin orientation n. The explicit
form of spin-up and spin-down states (⇑,⇓) are Eqs. (4.22) and (4.23), which are
mixed combinations of spin-up and spin-down basis functions due to the spin-orbit
interaction.

Considering the crystal and time reversal symmetries in the four L-valley cen-
ters, one could identify a handful of periodic functions that describe the spin
properties of conduction electrons in Ge. The analysis relies on their transforma-
tion properties under symmetry operations in the space group of the Brillouin-zone
L point.

In the notation of single group theory, there are six irreducible representations
(IR) of the L point space group. Their characters are listed in Table 5.1. Associ-
ating these irreducible representations with the bands in Figure 5.1, one finds that
the non-degenerate (before considering spin) lowest conduction band belongs to
L1 (a one-dimensional IR), while the nearby bands are pairs of valence and con-
duction bands. They are represented, respectively, by the two-dimensional IRs
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Table 5.1: The character table of the L-point space group [103].

E 2C3 3C2 i 2iC3 3iC2

L1 1 1 1 1 1 1
L2 1 1 -1 1 1 -1
L3 2 -1 0 2 -1 0
L′1 1 1 1 -1 -1 -1
L′2 1 1 -1 -1 -1 1
L′3 2 -1 0 -2 1 0

L′3 and L3. Representations of conduction (valence) states in the L point have
even (odd) parity under space inversion operation (see the signs of the characters
which belong to the inversion operation i in Table 5.1). If the crystal potential is
vanishingly small then the L point energies of these five bands {L1, L3, L′3} are
degenerate (together with L′2, see Fig. B.1). However, the crystal potential in Ge
splits these bands into three sets and the relatively large energy separation of L′3
from L1 will be shown to result in a very slow intravalley spin relaxation process.
In comparison, the six conduction band valleys in Si are located close (in energy
and wavevector) to the two-band degeneracy at the X point. This degeneracy
leads to a spin hot-spot along certain directions in the square boundary faces of
the Brillouin zone [see Eq. (4.32), as well as Fig. 4.2], and to a unique behavior
of intravalley spin relaxation in Si. This distinct difference between Si and Ge
merits independent treatments of the spin relaxation.

The wavefunctions of conduction electrons, |k,⇑ (⇓)〉, include small contri-
butions from states of remote bands. In the k·p theory there are two lowest
order terms related to signatures of the spin-orbit interaction, denoted as HSO by
Eq. (4.8) and Hk

SO by Eq. (4.9). Hk
SO transforms as a polar vector (∇V ) and can

couple states with different parities. In the case of Ge, the coupling is between
states of L1 and L′3 symmetries that represent, respectively, the lowest conduction
band and upper valence bands. On the other hand, HSO transforms as an axial
vector (∇V × p) and can couple the states of L1 and L3 (lowest and upper con-
duction bands), both of which are even under inversion. The dimensionality of L′3
or L3 (2D IRs) is such that each is coupled to L1 by two components of a vector
that lie perpendicular to the valley axis [i.e., parallel to the hexagonal boundary
faces in the zone edge; see Fig. 5.4].

The aforementioned k-independent coupling between L1 and L3 zone-edge
states can be used to find new eigenstates that diagonalize the L point Hamilto-
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nian (k=0) in the presence of spin-orbit coupling,

|L1〉 → |L1, s〉+
∑
s′=↑,↓

∑
`

|L`, s′〉〈L`, s′|HSO|L1, s〉
E` − EL1

≈ |L1, s〉+ b1|L3, s〉+ b2|L3,−s〉 (5.1)

where b1,2 � 1 are k-independent parameters, −s is the opposite spin direction
of s, and |L`, s〉 denotes |L`〉 ⊗ |s〉. Slightly away from the valley center, the
signature of L3 on conduction electronic states outweighs the signature of L′3
via Hk

SO (since k � 2π/a with k measured from the L point, while p is of the
order of 2π/a). This property implies stronger spin-orbit coupling with the upper
conduction bands than with the valence bands. Therefore, we start with a study
of the intervalley spin relaxation where the effect of HSO enters in the lowest order
(the spin-flip amplitude does not depend on relative value of the wavevectors with
respect to their valley centers).

5.3 Intervalley spin relaxation

In the previous chapter we have studied intervalley spin relaxation in Si, and
utilized the eigenstates of a spin-dependent 8×8 Hamiltonian. A similar procedure
can be applied in the case of Ge. However, here we follow a more systematic
way of dealing with the intervalley spin relaxation in Ge, based on observation
and analysis of not only the symmetry of the spin-states, by also that of the
intervalley scattering process. The central part of this topic is mostly studied
by Mr. Yang Song, one of the coauthors of the publication mentioned at the
beginning of this chapter. Here we give the main results, while detailed derivations
of the selection rules and matrix elements could be found in the appendix of that
publication, or in Song’s thesis [159].

Using group theory, we show in this section that intervalley spin-flip scat-
tering in Ge is expressed in terms of two scattering constants. These constants
are nonvanishing spin-flip matrix elements M`(K0,1, s; K0,2,−s) for electron scat-
tering between different energy minima points (valley centers). Here K0,1 and
K0,2 are wavevectors of the centers of Valley 1 and 2 (different L-points), ` de-
note allowed phonon symmetries which, as explained later, include two types
in bulk Ge. This M` relates to the zero-order k-independent spin-orbit inter-
action HSO. For scattering slightly away from the valleys centers, one can still
assume M`(K0,1, s; K0,1,−s) ∼ M`(k1, s; k2,−s). Most importantly, since inter-
valley scattering is symmetry allowed in the lowest order (i. e. nonzero between
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Figure 5.2: (a) The four conduction-band valleys of Ge. Centers of their ellipsoidal
energy surfaces are located in the zone-edge L points (energy minima). The vertical q001

arrow represents one of six equivalent intervalley transitions between valley centers. (b)
Phonon dispersion along the Γ-∆-X symmetry axis [dashed lines in (a)] and symmetry
notations of zone-edge X phonon modes. Electrons are transferred between different
valleys [e.g., the q001 arrow in (a)] by emission or absorption of phonons near the X
point.

different L points), group theory alone is sufficient to find the exact form of the
spin-flip matrix elements together with their dependence on spin orientation.

Figure 5.2(a) shows a scheme of the four conduction-band valleys in Ge where
the vertical arrow marked by q001 represents one possible intervalley scattering
between different valleys. Thermal electrons in unstrained bulk Ge are located
in these four valleys whose centers are the L points in the edge of the Brillouin
zone. The crystal momentum difference between valley centers can be mediated
by X point phonons. For example, the L111 and L111̄ centers [k = π/a(1, 1,±1)]
are connected by X001 [q001 = 2π/a(0, 0, 1)]. Figure 5.2(b) shows the symmetry
notations of these zone-edge phonons along with their dispersion along the Γ −
∆−X symmetry axis. These results are calculated from an adiabatic bond-charge
model of bulk Ge [106]. The zone-edge phonons belong to three two-dimensional
(2D) irreducible representations: X3 (TA, 10 meV), X1 (LA and LO, 29 meV),
and X4 (TO, 33 meV), with their modes and energies written in parentheses [160].

Group theory is used to derive selection rules for intervalley scattering. These
selection rules are derived from common symmetry operations of the little groups
in two valley centers: K0,1, K0,2 and their difference K0,1 − K0,2. Technical
details of applying this approach in Ge are given in Appendix A of Ref. [120],
and here we summarize the main findings. Excluding the spin degree of freedom,
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the selection rule for transition between valleys that we denote by L and Lt reads
L1 ⊗ L1t = X1 ⊕ZZX3, where L1 is the single group irreducible representation
(IR) of electron states in the minima of the conduction band, and intervalley
scattering with phonons of X3 symmetry is forbidden by time reversal symmetry
[149, 150]. This rule means that a single constant DX1,m is needed to describe
spin-independent intervalley scattering (momentum relaxation). Including the
spin degree of freedom, it is convenient to use double group theory where L1 is
replaced by L6 (see Fig. 5.1) and the new selection rule reads

L6 ⊗ L6t = 2X1 ⊕X4 ⊕ZZX3, (5.2)

This rule indicates that three independent scattering parameters are needed to
fully describe intervalley scattering. One of them is related to the X4 symmetry
and is responsible for spin-flipping and denoted by DX4,s. Between the remaining
two parameters related to the X1 symmetry, DX1,m is the one appears in the sin-
gle group selection rule for spin-conserving scattering while DX1,s is responsible
for spin-flipping. Scattering with zone-edge phonons of X3 symmetry is again
excluded in the lowest order by time reversal symmetry. Equation (5.2) does not
provide information on the spin orientation dependence. To overcome this short-
coming, we have work with IR matrices rather than their traces (see Appendix A
in Ref. [120]). The spin orientation, n̂, is described by a polar angle from the +z
direction (θ) and an azimuthal angle in the xy plane measured from the +x direc-
tion (φ). For a spin-flip transition between L111 and L111 valleys (via a zone-edge
phonon with wavevector X001), the square amplitude of the matrix element reads

M`(KL, s; KLt,−s) =
∑
j=1,2

|〈kLt,⇓n |HXj
i
|kL,⇑n〉|2 (5.3)

=

{
2D2

X1,s
(1 + cos2 θ + sin 2φ sin2 θ) for X1 phonon mode

2D2
X4,s

sin2 θ for X4 phonon mode
.

j sums the two degenerate branches of each X phonon. For the remaining five
transitions between other combinations of L points, Eq. (5.3) varies according
to a straightforward coordinate transformation. These results are summarized in
Table 5.2. As seen by the right column of the table, spin-flip transitions due to
scattering with X4 phonons vanish if the spin is oriented parallel to the phonon
wavevector (z-axis in this case, i. e. θ = 0). Values of the scattering constants
[DX1,s and DX4,s in Eq. (5.3)] can be extracted from experiments or from rigorous
numerical calculations. Using the method of empirical pseudopotential, adiabatic
bond-charge model, and rigid-ion approximation, as we did in the previous chap-
ters, we quantify DX1,s = 35 meV/Å and DX4,s = 46 meV/Å. As will be shown,
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Table 5.2:
∑

j=a,b |MXj
i
(kL,⇑n;kLt,⇓n)/2DXi |2 for intervalley spin-flip transitions of

all the six valley-to-valley configurations.

L↔ Lt X1 X4

L111 ↔ L111 1 + cos2 θ + sin2 θ sin 2φ 1− cos2 θ

L111 ↔ L111 1 + sin2 θ sin2 φ+ sin 2θ cosφ 1− sin2 θ sin2 φ

L111 ↔ L111 1 + sin2 θ cos2 φ+ sin 2θ sinφ 1− sin2 θ cos2 φ

L111 ↔ L111 1 + sin2 θ sin2 φ− sin 2θ cosφ 1− sin2 θ sin2 φ

L111 ↔ L111 1 + cos2 θ − sin2 θ sin 2φ 1− cos2 θ

L111 ↔ L111 1 + sin2 θ cos2 φ− sin 2θ sinφ 1− sin2 θ cos2 φ

these comparable constants set the spin relaxation rate. It is understood that the
much larger spin-conserving scattering constant DX1,m is irrelevant to the analysis
of spin relaxation (independent of the spin-orbit coupling).

Having the spin-flip matrix elements in Table 5.2, one can readily calculate
the intervalley spin relaxation rate by integration over the Brillouin zone, using
Eq. (4.34). In this case one should use the crystal density of germanium, which is
% = 5.323 g/cm3, and the conduction band electrons effective masses mt ≈ 0.08m0,

ml ≈ 1.6m0 and md=
3
√
mlm2

t ≈ 0.22m0. The intervalley spin relaxation rate reads

1

τs,inter
=

4

3

(
2md

π

)3
2∑
i=1,4

Ai(θ, φ)D2
Xi,s

~2%
√

Ωi

ϑ(yi)

exp(yi)−1
. (5.4)

Here ϑ(yi = Ωi/kBT ) =
√
yi exp(yi/2)K−1(yi/2) is associated with the modified

Bessel function of the second kind. For both phonon energies (Ω1 = 29 meV
and Ω4 = 33 meV) this term slightly depends on temperature and varies between
2 and 4 in the range between 10 K and 400 K. On the other hand, most of
the temperature dependence of the intervalley relaxation rate comes from the
thermal population of zone-edge phonons (exponent term in the denominator).
This population is strongly suppressed at low temperatures. Finally, the scattering
constants DX1,s and DX4,s are respectively weighted by A1(θ, φ) and A4(θ, φ) that
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include the dependence on the spin orientation (Table 5.2). We discuss their
values for several general cases.

No-strain or [100]-strain: The four L-valleys in the lowest conduction band
are degenerate and the six transitions between valleys in Table 5.2 are equivalent.
The anisotropy in spin relaxation due to intervalley scattering between two valleys
is compensated by opposite anisotropy of other pairs. The sum of expressions in
each of the two columns of Table 5.2 is independent of θ and φ,

A1 = 8 , A4 = 4 . (5.5)

As shown next, when the symmetry between different valleys is broken, the de-
pendence of the intervalley matrix elements on spin orientation lends itself to a
measurable anisotropy in the spin lifetime.

[111] strain: The case of uniaxial compressive strain results in a single low-
energy valley (along the strain axis) and three higher energy valleys. At relatively
large strain levels (∼1%), the energy split is large enough to quench the intervalley
spin relaxation mechanism. This effect amounts to assigning 1/τs,inter = 0. On the
other hand, in biaxial compressive strain configuration (or uniaxial tensile strain)
three of the valleys shift down in energy and one valley shifts up. Excluding
transitions with the L111 valley (considering the last three lines in Table 5.2) we
get

A1 =
16− 4 sin2 θ sin 2φ− 4 sin 2θ(cosφ+ sinφ)

3
, A4 =

8

3
. (5.6)

This strain configuration restores the anisotropy in spin relaxation due to electron
scattering with X1 zone-edge phonons. By changing the spin orientation from the
[111] strain axis to its perpendicular plane, τs,inter drops by ∼50% [changing A1

from 8/3 to 20/3 in Eq. (5.4)] .

[110]-strain: This strain configuration is optimal for detection of the anisotropy
since intervalley transitions are effective from a single pair of valleys. Consider,
for example, the case that L111 and L111 valleys shift sufficiently down in their
energy. Then, only the first term in Table 5.2 represents the intervalley scattering
and we get

A1 = 2(1 + cos2 θ + sin 2φ sin2 θ) , A4 = 2 sin2 θ . (5.7)

The anisotropy in spin relaxation is now caused by electron scattering with both
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types of zone-edge phonons. By changing the spin orientation from the strain
axis to its perpendicular plane, τs,inter [Eq. (5.4)] is doubled. Other than strain,
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Figure 5.3: Calculated temperature dependence of the intrinsic spin lifetime in un-
strained Ge due to intervalley scattering of electrons. The solid line follows Eq. (5.4)
with A1 = 8 and A4 = 4. At room temperature, the resulting spin lifetime is ∼ 1 ns.
The markers are from rigorous numerical results (see text). Black diamonds denote con-
tributions from X3 phonons and red pentagrams from all X point phonon symmetries.

it should also be possible to observe the anisotropy by applying electric fields of
few kV/cm along the mentioned directions. Here, valley repopulation will result
in preferential scattering from hot-to-cold valleys [130]. Finally, by averaging over
spin orientations in Eqs. (5.6)-(5.7), the spin lifetime [Eq. (5.4)] with two (three)
low-energy valleys is about 3 (3/2) times longer than that of the unstrained case.
The reason is that electrons can scatter to one (two) valleys rather than three.

The solid curve in Fig. 5.3 shows the temperature dependence of the intervalley
spin lifetime in unstrained bulk Ge [Eq. (5.4) with A1=8 and A4=4]. We have also
performed rigorous numerical integrations of Eq. (4.34) in which M`(k1, s; k2,−s)
rather than M`(K0,1, s; K0,1,−s) is evaluated in the integration. Whereas this
numerical approach is not transparent compared with the group theory analysis,
it takes into account higher-order corrections due to the slight variation of the
matrix element when departing from the center of the valleys. Nonetheless, the
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numerical results for scattering with X1 and X4 phonons (red pentagram mark-
ers in Fig. 5.3) show that the zeroth-order analytical calculation is an excellent
approximation [Eq. (5.4)]. The black diamond markers denote numerical results
due to scattering with X3 phonons. Their zeroth-order contribution vanishes by
time reversal symmetry [Eq. (5.2)], while their first-order contribution (linear in
wavevector) is allowed and become non-negligible at low temperatures. This could
be understood by the relative large population of X3 phonons compared with that
of X1 and X4 phonons. At low temperatures, the zone-edge phonon population
reads exp(−Ωi/kBT ), and therefore it is much larger in the case of X3 phonons
(Ω3 ∼ 10 meV) than of X1 and X4 phonons (Ω1,4 ∼ 30 meV).

5.4 Intravalley spin relaxation

Compared with the the intervalley case, intravalley spin-flip matrix elements in
Ge are much smaller. This weak effect of intravalley processes stems from space-
inversion and time reversal symmetries of the low-energy conduction states in Ge.
The intravalley process becomes important, however, when quenching the inter-
valley process by applying strain or strong electric fields such that the electrons
are located in a single conduction valley. Using a sp3 tight binding method, Tang
et al. have shown that the spin lifetime is then increased from 1 ns to the range
of 100 ns [118]. In our work, we quantify the strong anisotropy of the intravalley
spin relaxation in Ge, and show that when orienting the spin along the [111] crys-
tal axis the intravalley spin lifetime is further suppressed and reaches the scale of
1 µs in room temperature. Fundamental to our study are eigenstates of a spin-
dependent k · p Hamiltonian in the vicinity of the L point, which is derived by
using the method of invariants (as we did in the previous chapter in the case of the
X point). We correlate the parameters of the Hamiltonian with spin relaxation
processes.

5.4.1 L-point Hamiltonian and spin-eigenstates

In this part we expand the wave functions of electrons using the L-point basis
states. The expansion allows us to identify important signatures of spin-orbit
coupling on the wave functions and then to correlate them with spin relaxation
processes. Near the valley center, the wave function is approximated by

|k, s〉 =

[ ∑
γ=1,3,3′

Cγ(k,s)|Lγ〉
]
ei(kL+k)·r, (5.8)
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where following Eqs. (4.22) and (4.23), we write

Cγ(k,⇑)|Lγ〉 =

Nγ∑
m=1

am,γ(k)|Lmγ , ↑〉+ bm,γ(k)|Lmγ , ↓〉, (5.9)

Cγ(k,⇓)|Lγ〉 =

Nγ∑
m=1

a∗m,γ(k)|Lmγ , ↓〉 − b∗m,γ(k)|Lmγ , ↑〉. (5.10)

Totally, we consider 10 spin-dependent basis states: two from the non-degenerate
lowest conduction band (N1=1), and four from either the upper conduction or va-
lence bands (each being two-band degenerate in the absence of spin-orbit coupling,
N3=N3′=2). The coefficients are eigenvectors of the 10× 10 Hamiltonian,

H33+Eg,u H†13 H33′

H13 H11 H13′

H†33′ H†13′ H3′3′−Eg,v

C3

C1

C3
′

=E

C3

C1

C3
′

, (5.11)

where Hij is a matrix block denoting the spin and wavevector dependent coupling
between basis states with Li and Lj symmetries. Eg,u and Eg,v denote, respec-
tively, the L point energy separations of the lowest conduction band from the
upper conduction and upper valence bands (see Fig. 5.1). Below, we present the
Hamiltonian matrix using the basis functions of the L111 point [kL = π(1, 1, 1)/a].
Matrix forms in the 〈1̄11〉, 〈11̄1〉, and 〈111̄〉 valleys are derived by trivial coor-
dinate transformation. In addition, to derive a compact matrix form we use a
rotated set of Cartesian coordinates,

ŵ =
x̂− ŷ√

2
, û =

x̂ + ŷ − 2ẑ√
6

, Λ̂ =
x̂ + ŷ + ẑ√

3
. (5.12)

û and ŵ lie parallel to the hexagonal boundary face. Λ̂ is along the valley axis
connecting the Γ and L111 points (see Fig. 5.4).

We construct the Hamiltonian matrix in Eq. (5.11) using the method of invari-
ants [142]. Similar to the procedure we have used to derive the 8× 8 Hamiltonian
of the X point, here we list in Table 5.3 the L-point lowest order invariant com-
ponents, as well as invariant matrices with their associated irreducible represen-
tations. The construction of the 10×10 Hamiltonian is straightforward according
to the irreducible representation direct sum of the relevant matrix block. The
lowest conduction band is associated with the identity irreducible representation
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Figure 5.4: The ŵ, û and Λ̂ coordinates of the L valley in the Brillouin zone.

and contributes a trivial 2×2 matrix form (L1 ⊗ L1 = L1),

H11 =
[~2(k2

u + k2
w)

2m∗t
+

~2k2
Λ

2m∗l

]
⊗ I2×2 . (5.13)

m∗t and m∗l are effective mass parameters representing the effect of remote bands
(outside the ten chosen basis states). Matrix blocks of the upper valence bands or
upper conduction bands share a similar form (L3⊗L3 = L′3⊗L′3 = L1 +L2 +L3),

Hii=
[~2(k2

u + k2
w)

2m∗t,i
+

~2k2
Λ

2m∗l,i

]
⊗I4×4 + ∆iρy⊗σΛ, (5.14)

where i = 3 or i = 3′. The mass parameters have similar meaning as in H11. ∆i

denotes the internal spin-orbit coupling between the two Li basis functions and
is originated from the k-independent spin-orbit interaction [Eq. (4.8)]. ρy = σy
originates from the two-band degeneracy in the absence of spin-orbit coupling.

The off-diagonal matrix block H13′ denotes the coupling between the lowest
conduction band and upper valence bands. Its form follows from L1 ⊗ L′3 = L′3,

H13′ = P
(
kw[0, 1]− ku[1, 0]

)
⊗ I2×2 (5.15)

+ iα
[
(k× σ)w ⊗ [0, 1]− (k× σ)u ⊗ [1, 0]

]
,

where [1, 0] and [0, 1] are ordinary 1 × 2 matrices. Their Kronecker products
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Table 5.3: Relevant invariant components and matrices of the L111-point.

IRs Invariant components (111) Invariant matrices

L1 k2, −1
2
(k2
w + k2

u) + k2
Λ 1, I

L2 σΛ ρy

L′2 kΛ ρx

L3 {σw, σu} {[0, 1], [1, 0]}
L′3 {−kw, ku}, {(k× σ)w, (k× σ)u} {[0, 1], [1, 0]}

with 2× 2 matrices indicate that H13′ is a 2 × 4 matrix. P and α are two inde-
pendent matrix element constants that originate from the k · p [Eq. (4.7)] and
Hk
SO [Eq. (4.9)] perturbation terms, respectively. The coupling matrix of the low-

est and upper conduction bands is wavevector independent and it follows from
L1 ⊗ L3 = L3,

H13 = i∆L

(
σu ⊗ [1, 0] + σw ⊗ [0, 1]

)
, (5.16)

where ∆L denotes the direct spin-orbit coupling between these bands. Finally, the
4 × 4 coupling matrix between the upper valence and conduction bands follows
from L′3 ⊗ L3 = L′1 + L′2 + L′3,

H33′ = [P1(ikuρy − kwI2×2) + P2kΛρx]⊗ I2×2, (5.17)

where we have neglected the Hk
SO coupling between these bands since it is in

higher order and plays a negligible role in the spin relaxation of conduction-valley
electrons. Parameters in Eqs. (5.13)-(5.17) are listed in Table 5.4.

Given the relatively large L point energy gaps, the energy dispersion of elec-
trons in the L valleys is well approximated by eigenvalues of H11 +H13′H

†
13′/Eg,v−

H13H
†
13/Eg,u,

Ec =
2∆2

L

Eg,u
+

~2(k2
u + k2

w)

2mt

+
~2k2

Λ

2ml

. (5.18)

The constant energy shift is due to the direct spin-orbit coupling with the upper
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Table 5.4: Parameters of the L point Hamiltonian [Eqs. (5.13)-(5.17)] for bulk ger-
manium following a spin-dependent empirical pseudopotential model. m0 denotes the
free electron mass.

Eg,u 2.2 eV P 9 eV·Å m∗t 0.17m0

Eg,v 3.3 eV P1 7 eV·Å m∗l 1.60m0

∆L 0.027 eV P2 1.8 eV·Å m∗t,3 1.2m0

∆3 0.022 eV α 0.04 eV·Å m∗l,3 1.7m0

∆3′ 0.1 eV m∗t,3′ -0.16m0

m∗l,3′ 1.9m0

conduction bands. The effective mass parameters are

1

mt

=
1

m∗t
+

2P 2 + 2α2

~2Eg,v
,

1

ml

=
1

m∗l
+

4α2

~2Eg,v
.

About half of the anisotropy between the transverse and longitudinal effective
masses in Ge (mt ≈ 0.08m0 and ml ≈ 1.6m0) is set by the spin independent cou-
pling with the upper valence bands (P = 9 eV · Å). The spin-orbit coupling signa-
tures on the energy dispersion are negligible and can be ignored (α= 40 meV·Å
and ∆L = 27 meV). On the other hand, the minute effect of spin-orbit coupling
on the eigenvectors of Eq. (5.11) sets the timescale for spin relaxation. Choos-
ing the spin quantization along the valley axis [n̂ = Λ̂ in Eq. (4.21)], the spin-up
eigenvector in Eq. (5.9) reads

C1(k,⇑Λ) =
[
1, g(k)

]
+O(k2), C3(k,⇑Λ) =

∆L

Eg,u

[
0, −1, 0, i

]
+O(k2) ,

C3
′ (k,⇑Λ) =

P

Eg,v

[
− ku − iγ3kw, f+(k), kw − iγ3ku, f−(k)

]
+O(k3). (5.19)

The components of the spin-down eigenvector [Ci(k,⇓Λ)] are readily obtained
from space inversion and time reversal relations [Eq. (5.10)]. The g(k) and f±(k)
functions in C1 and C3

′ read

g(k) =
P 2

E2
g,v

[
kuf+(k)− kwf−(k)

]
, f±(k) = r± [γ1(kw − iku)± iγ2kΛ] , (5.20)
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where r+ = 1 and r−=−i. The γj � 1 unitless parameters scale with three of the
spin-orbit coupling constants (α, ∆3′ and ∆L)

γ1 =
∆L

Eg,u

P1

P
≈ 0.006, (5.21a)

γ2 =
α

P
+

∆L

Eg,u

P2

P
≈ 0.005, (5.21b)

γ3 =
α

P
+

∆3′

Eg,v
≈ 0.05. (5.21c)

The internal spin-orbit coupling in the valence band (∆3′) sets most of the value
of γ3. Only when the spin is oriented along the valley axis (n̂ = Λ̂), this param-
eter is excluded from the opposite-spin components of C3

′ (k,⇑n) [i.e, from the
f±(k) terms in Eq. (5.19)]. It will be shown that this behavior has important
consequences on the anisotropy of intravalley spin relaxation.

5.4.2 Intravalley spin-flip overlap integral

To facilitate a connection between the Hamiltonian eigenvectors and spin relax-
ation, we make use of spin-flip overlap integrals. We show that the direct spin-orbit
coupling between conduction bands (∆L) plays a key role in setting the intervalley
spin relaxation rate (independently derived in § 5.3). On the other hand, we will
see that intravalley spin-flip transitions are weaker. To make these connection
clear, we write the overlap integral

I(k′,⇓n ; k,⇑n) =
∑
µ,γ

〈
Lµ,k

L′

∣∣C†µ(k′,⇓n)Cγ(k,⇑n)
∣∣Lγ,kL

〉
, (5.22)

where k and k′ are measured from the nearby valley center (kL and kL′). The
bra and ket states of this overlap integral include only the periodic Bloch parts in
Eq. (5.8). While the combined phase factor, exp {i(kL − kL′ + k− k′) · r}, is ex-
cluded from the overlap integral, it will be taken into account in the phonon phase
when calculating the matrix elements. Using Eq. (5.19), the overlap integrals of
electrons in different valleys reads (kL 6= kL′)

Ie(k′,⇑n ; k,⇑n) = c1,n, Ie(k′,⇓n ; k,⇑n) = c3,n
∆L

Eg,u
+O(k2) , (5.23)
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where cj,n are constants of order unity which denote contributions from the spin-
orientation dependence (n) and from the overlap of conduction basis states in
different valleys: 〈L1,kL|Lj,kL′ 〉. Eq. (5.23) implies that the ratio between spin
and momentum relaxation rates due to intervalley scattering is about ∆2

L/E
2
g,u

(independent of the values of the wavevectors with respect to the valley centers).
For intravalley scattering (kL=kL′), on the other hand, the basis functions are
orthogonal: 〈Lnµ,kL|Lmγ,kL′ 〉 = δµγδmn. As a result, the spin-flip overlap integral for

electrons of the same valley reads

Ia(k′,⇓Λ ; k,⇑Λ) =
2P 2

E2
g,v

(
γ2q+KΛ + iγ1q−K−

)
, (5.24)

where q = k − k′, 2K = k + k′, q± = qw ± iqu and K± = Kw ± iKu. The terms
have quadratic wavevector dependence and they are proportional to the spin-orbit
constants in Eq. (5.21). The overlap integral of other spin orientations (n̂ 6= Λ̂) will
be discussed in the following subsection.

5.4.3 Intravalley spin-flip scattering by acoustic phonons

The power-law dependence of intravalley spin-flip matrix elements can be iden-
tified by their transformation properties under time reversal and space inversion
operations. Yafet showed that spin-flip matrix elements due to scattering with
long-wavelength acoustic phonons have a cubic (quadratic) wavevector depen-
dence in Ge (Si) [50]. In Appendix D of Ref. [94], these important findings are
generalized and it is shown that in Ge 〈k′,⇓ |Hλ

intra|k,⇑〉 scales with K`qmqn for
scattering with acoustic phonon modes (λ= LA or TA) and with K`qm for optical
phonon modes (λ= LO or TO). K and q are, respectively, the average and dif-
ference of k and k′. For intravalley scattering in Si the K dependence drops. We
first explain this interesting difference.

From inspection of the wavevector dependence of intravalley spin flips in Ge
(K`qm for optical modes and K`qmqn for acoustic modes), one sees that they are
forbidden between opposite points with respect to the valley center (K = 0). This
restriction on spin-flip transitions is a manifestation of time reversal symmetry. In
silicon, K-dependent scattering belongs to the intervalley g-process which involves
transitions between two valleys on opposite sides of the same crystal axis. Since
in Ge the valley center is in the zone edge (L point), this type of scattering
occurs within a single valley. Its dependence on the wavevector components (Kqi)
amounts to the combined effects of intervalley g-process and intravalley scattering
in Si (K and qi).
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Beyond the power-law dependence, an analytical approach to derive accurate
intravalley matrix elements requires a combination of k·p, rigid-ion approximation
and group theories [119]. Because of the wavevector dependence of these matrix
elements, one cannot invoke group theory alone to find their exact forms (as we
did for zeroth-order intervalley spin flips). We employ a simpler approach than
in Ref. [119] and describe the interaction with long-wavelength acoustic phonons

by H
TA/LA
intra = Ξq, where Ξ is an effective deformation potential constant [99, 129].

This scalar form averages out the scattering angle dependence of the second-rank
deformation potential tensor [142]. We do not model the electron scattering with
long-wavelength optical phonons since it is a weak effect in nonpolar semiconduc-
tors [99].

We use selection rules of the L point space group to construct the spin-flip
matrix element from the overlap integral. The transformation property of the
deformation potential tensor, L3

′ ⊗L3
′ = L1 +L2 +L3, implies that direct coupling

of conduction and valence states is excluded because of their opposite parities (L1⊗
L3
′ = L3

′ ). This tensor can, however, couple any of the basis states to themselves
(Li ⊗ Li). This behavior justifies the use of the spin-flip overlap integral. The
resulting intravalley spin-flip matrix element in the L111 valley is approximated
by

M intra
λ (k′,⇓n; k,⇑n) ≈ ΞqIa(k′,⇓n ; k,⇑n) . (5.25)

where λ denotes any of the long-wavelength acoustic modes (TA or LA). Following
a straightforward procedure we find

Ia(k′,⇓n ; k,⇑n) = i sinϑAt + Al cos2ϑ

2
+ A∗l sin2ϑ

2
, (5.26)

where cosϑ = n · Λ̂ and

At =
i

2

(
Ia(k′,⇑Λ ; k,⇑Λ)− Ia(k′,⇓Λ ; k,⇓Λ)

)
=

2P 2

E2
g,v

γ3 (K× q)Λ ,

Al = e−iϕIa(k′,⇓Λ ; k,⇑Λ) =
2P 2

E2
g,v

(
γ2q+KΛ + iγ1q−K−

)
e−iϕ. (5.27)

ϕ is the azimuthal angle of n measured with respect to the w-axis in the wu-plane
(see Fig. 5.4). Most importantly, the parameter γ3 which incorporates the effect
of the internal spin-orbit coupling in the valence band [Eq. (5.21c)] does not affect
the spin-flip amplitude [Eq. (5.25)], if the spin orientation is along the valley axis
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(ϑ = 0). This effect leads to a pronounced anisotropy in the intravalley spin
lifetime.

It is not surprising that the overlap integral approach yields correct wavevector
power-law dependence [substituting Eqs. (5.26)-(5.27) into Eq. (5.25)]. The space
inversion and time reversal symmetries are respected by the Hamiltonian whose
eigenvectors were used to calculate the intravalley spin-flip overlap integral. These
symmetries also lead to the so-called Elliott-Yafet cancelation of all terms up to
quadratic order in q [50, 119]. In fact, since the Hamiltonian respects all other
symmetries of the L point space group, the intravalley matrix element shows other
selection rules. From Eq. (5.27) we see, for example, that a spin-flip is forbidden
when the electron is scattered along the valley axis (i.e., qw=qu=0, qΛ 6=0 so that
both At and Al vanish). This constraint is understood by the symmetry of the
vector-type coupling with the valence states (L1 ⊗ L3

′ = L3
′ ). As mentioned, this

coupling involves the two transverse components (ŵ and û) with respect to the
valley axis (Λ̂).

We calculate the spin lifetime in the L111 valley due to electron scattering with
long-wavelength acoustic phonon modes. This intravalley process dominates the
spin relaxation under conditions of [111] strain. For sufficient uniaxial compressive
strain along this direction (∼ 1%), one of the valleys is significantly lowered in
energy and the intervalley scattering is quenched. Then, phonon-induced intraval-
ley spin-flips can dictate the spin relaxation of conduction electrons if scattering
from impurities is negligible (non-degenerate doping). To get an analytical ex-
pression of the intravalley spin lifetime, the phonon energy is approximated by
ΩAC(q) = ~vACq where vAC ' 3.5 · 105 cm/sec is the speed of acoustic phonons in
Ge. We also make use of the long-wavelength limit and approximate the acous-
tic phonon population by kBT/ΩAC(q) � 1. Then by considering a Boltzman
distribution of electrons and substituting Eqs. (5.25)-(5.27) into Eq. (4.34) one
gets

1

τs,intra
=
γ2

3

τ0

(
kBT

U0

)7
2 [

sin2 ϑ+ (1 + cos2 ϑ)β
]
, (5.28)

where U0 = 25.85 meV is the room-temperature thermal energy. β≈ 0.12 and
τ0≈ 0.3 ns are expressed by

β =
2mlγ

2
2 + 3mtγ

2
1

5mtγ2
3

, (5.29)

1

τ0

=
1024

3

(
1− mt

m∗t

)2
Ξ2

E2
g,v

(md

2π

) 3
2 U

7
2

0

~4%v2
AC

. (5.30)
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Figure 5.5: Calculated temperature dependence of the intrinsic spin lifetime in un-
strained Ge due to electron-phonon interaction. The dashed line denotes the effect of
intravalley scattering with long-wavelength acoustic phonons [Eq. (5.28)] for spin ori-
entation along the z-axis. The solid line denotes the much stronger effect of intervalley
scattering in the unstrained case (Fig. 5.3). The markers are from rigorous numeri-
cal results using empirical pseudopotential method, adiabatic bond-charge model and
rigid-ion approximation. The numerical calculation is in excellent agreement with ex-
perimental results of spin lifetime between 90 K and 180 K [161]. Further experiments
are needed to test our theory.

In accord with momentum scattering, we have used a value of Ξ = 7.5 eV for the
deformation potential constant. The anisotropy in the intravalley spin relaxation
is evident [square bracket term in Eq. (5.28)]. Our analysis shows that the lifetime
is the longest for spin orientation along the valley (and strain) axis where ϑ= 0. It
drops by nearly a factor of 5 when the spin is oriented in the perpendicular plane
(ϑ=π/2). At room temperature, this change amounts to reducing the intravalley
spin lifetime from ∼700 ns to ∼150 ns. These extremely long timescales are a
consequence of the space inversion symmetry and the position of the valley center
in the edge of the Brillouin zone.

The temperature dependence of the intravalley spin lifetime is shown by the
dash line in Fig. 5.5 for spin orientation along the z-axis [assigning cos2 ϑ= 1/3 in
Eq. (5.28)], and is therefore equivalent in all four valleys. Figure 5.5 also shows
that in unstrained bulk Ge, the spin lifetime of conduction electrons due to in-
travalley scattering with acoustic phonons is two orders of magnitude longer than
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the intervalley spin lifetime at room temperature. In addition, at very low temper-
atures the intrinsic spin lifetime reaches timescales of one second. Therefore, the
phonon-induced spin relaxation is likely to be readily masked at very low temper-
atures by hyperfine interactions and Raman processes that are caused by extrinsic
effects (e.g., electron localization on residual impurities) [119]. Finally, the square
markers in Fig. 5.5 show results of rigorous numerical calculations following the
procedure in Ref. [83]. Evidently, the analytical approach of using overlap integral
provides rather accurate results and yet it clearly explains the underlying physics.

We conclude this part by comparing three aspects of the intravalley spin re-
laxation in Si and Ge. First, the overlap integral approach is valid in Ge due to
the relatively large separation of the non-degenerate conduction band from other
valence and conduction bands. In Si, on the other hand, the intravalley spin relax-
ation is affected by the proximity of the conduction bands where the off-diagonal
terms of the deformation potential play a key role. Second, along the ∆-symmetry
axis which is relevant in Si, the spin-orbit coupling does not lift the energy de-
generacy between the upper pair of valence bands. As a result, the intravalley
spin relaxation is not affected by the internal spin-orbit coupling in the valence
band and the anisotropy is weaker in Si reaching a factor of two (compared with
the factor of five in Ge). Finally, the intravalley spin relaxation rate exceeds the
intervalley rate below 50 K in Si, and below 20 K in Ge. Reasons for the difference
are the larger energy of zone-edge phonons in Si and the T 5/2 rather than T 7/2

temperature dependence of its intravalley process.
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Chapter 6

Summary

In this dissertation, I have studied fundamental theoretical aspects of Group IV
semiconductors spintronics. My research interests were focused on the interac-
tions between conduction band spin polarized electrons and other particles or
quasi-particles (photons, phonons and valence band holes). We have invoked
group theory and performed analytical investigation of the physics in these in-
direct bandgap multi-valley semiconductors. Based on symmetry arguments, we
have derived concise selection rules for spin-dependent phonon-assisted optical
transitions, and analytically quantified various spin relaxation mechanisms due
to electron-phonon interactions. In addition, numerical calculations were carried
to calculate the spectra of spin-polarized luminescence, and to verify the optical
selection rules and analytical spin-lifetime expressions.

In § 2, we have presented a comprehensive theory of spin-dependent phonon-
assisted optical transitions in Group IV semiconductors including Si, Ge, and
SiGe alloys. Useful selection rules (Figs. 2.5 and 2.6) were provided for each of
the phonon-assisted transitions between spin-polarized electrons in the conduction
band and holes in the valence band. These selection rules explain the circular po-
larization degrees during radiative recombination whose spectra were numerically
calculated (Figs. 2.8-2.11). In Si, the antipodal behavior of optical phonons was
shown to be responsible for the differences in the circular polarization of the lu-
minescence peaks. We also showed that the doping affects both the shape and
polarization of the spectra. In the case of Ge, we showed that the proximity of
the indirect and direct bandgaps renders the LA phonon-assisted transition dom-
inant, with selection rules that resemble those of direct-gap semiconductors. We
identified and quantified the important effect of virtual transitions with the Γ−7 in-
termediate states. To a large extent, changes in the circular polarization degrees of
different Si1−xGex alloys are caused by the fast energy shift of the Γ−7 conduction-
band valley when varying the alloy composition. Knowing the theoretical circular
polarization values of complete spin polarization is an indispensable tool, since
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it allows one to accurately determine the spin polarization in these materials by
comparing the theoretical values with the measured values. These values are also
instrumental in extracting the spin relaxation time or the spin injection efficiency
across ferromagnet-silicon interfaces. Our theory sets a basis for future studies of
the circular polarization in indirect gap semiconductors (including the no-phonon
and multi-phonon-assisted optical transitions).

We have further developed the theory in § 3, by including strain effects in
spin-dependent phonon-assisted optical transitions in Si and Ge. We showed how
the selection rules given in § 2 change under commonly used [001] and [111] biaxial
strains for both compressive and tensile configurations. The resulted variation of
the circular polarization degrees from unstrained to strained-crystal values were
summarized in Tabel 3.2. These concise information together with the numeri-
cally calculated spectra (Figs. 3.6 and 3.7) are effective in interpretation of future
experiments that study the spin polarization of electrons from optical transitions
in strained Si and Ge. The results of our analysis also elucidate important aspects
that complement the analytical picture. The proximity between the split-off band
and the top-edge of the valence band in silicon leads to significant mixing between
hole states away from the zone center. Such mixing is even enhanced under cer-
tain strain configurations. Consequently, the circular polarization degree drops
rapidly from the maximal attainable value in the low-energy tail of the spectral
peak to nearly zero in its high-energy tail, and it can be totally quenched by the
strain. We also found that symmetry breaking by strain leads to changes in the
circular polarization degrees in Ge by enabling virtual transitions with the Γ−7
intermediate states that are otherwise forbidden.

In § 4, we have used the method of invariants to construct a concise spin-
dependent Hamiltonian that elucidates the spin properties of conduction electrons
in silicon. We solved this Hamiltonian and derived analytical expressions of the
energy bands, and more importantly, of the spin-dependent eigenstates that carry
all the information of spin-orbit interaction. Applications of this model were used
to extract analytical spin relaxation rates and to explain the electron-phonon
mechanisms that dictate the relaxation. We showed that the f -process dominates
the spin relaxation due to its lowest order coupling with the upper valence band.
On the other hand, the coupling is of higher order for the g-process and intravalley
scattering with long wavelength acoustic phonons. The theory establishes a solid
ground to analytically study spin relaxation in doped silicon via scattering with
impurities or via exchange with holes. In addition, straightforward extensions can
be made to describe stressed silicon (incorporating strain-invariant parameters),
or to study spin properties in silicon heterostructures and nanostructures by plane-
wave expansions. The theory guides experimental studies of spin properties by
providing lucid insights into various scattering mechanisms. New experiments
can be designed to extract the spin-orbit coupling parameters (∆X and α). These
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parameters can then be used in the modeling of spintronic devices.

In § 5, we have presented various origins that limit the intrinsic spin lifetime of
conduction electrons in Ge. We found that in unstrained bulk Ge and at T > 20
K, the intrinsic spin lifetime is limited by intervalley scattering with zone-edge
phonon modes of X1 and X4 symmetries and could reach ∼ 1 ns at 300 K. This
spin lifetime is governed by the coupling with the upper conduction bands and
its temperature dependence is set by the thermal population of the zone-edge
phonons (with energies of about 30 meV). By analyzing time-reversal and crystal
symmetries in the multivalley conduction band, we have identified the dependence
of dominant intervalley spin-flip processes on spin orientation. This dependence
could be used to quantify the change in the intervalley spin lifetime when varying
the spin orientation under various stress configurations. We have derived a spin-
dependent k · p Hamiltonian model in the vicinity of the zone-edge L point.
Using its eigenvectors Hamiltonian, we have derived spin-flip matrix elements due
to intravalley scattering with long-wavelength acoustic phonons. The intrinsic
spin relaxation rate of the intravalley process is found two orders of magnitude
slower than that of the intervalley process. As such, intravalley spin flips affect
the overall spin relaxation only when the intervalley scattering is quenched (e.g.,
by application of a uniaxial compressive stress along the [111] crystallographic
axis). Beyond the general T 7/2 temperature dependence of the intravalley spin
relaxation, we have also quantified its dependence on the spin orientation. The
anisotropy of the intravalley spin relaxation results in a remarkably long spin
lifetime (nearly 1 µs at room temperature) when the spin is oriented along the
valley (and strain) axis. The relatively large anisotropy of the intravalley spin
relaxation was explained by the coupling with the internal spin-orbit interaction
in the valence band. The compact spin-dependent Hamiltonian models of the
X and L points elucidate the effect of the spin-orbit coupling effects in Si and
Ge, and they have implications beyond derivation of spin-flip matrix elements.
Combining these models, one can also investigate spin properties in SiGe alloys.

We have elucidated the differences in the spin relaxation of bulk Si and Ge
crystals. While both materials have a diamond-crystal structure, in Ge the valley
center is located on the edge of the Brillouin zone (L point) and the lowest con-
duction band is well separated from other bands. These properties lead to very
long intravalley spin lifetime in Ge with cubic power-law dependence of intravalley
spin flips on wavevector components. This cubic dependence is also expected to
be larger than in graphene where unlike Ge but similar to Si, the time-reversal op-
eration couples states in inequivalent valleys. Therefore, in spite of being heavier
than Si and carbon, nondegenerate and strained bulk Ge is also a very promising
material choice for implementing spintronic devices.
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Appendix A

Strain-dependent Luttinger-Kohn
Hamiltonian

To model the hole-state mixing as well as the energy shifts and splitting in the
valence band, we render a 6 × 6 Luttinger-Kohn Hamiltonian [131, 132]. When
incorporating strain, this model is also known as the Bir-Pikus Hamiltonian [142].
This model is used in § 3 to derive spin-dependent hole states under strain.

The zone center basis functions of the valence band are chosen in the order of{
X+iY√

2
↑, X+iY√

6
↓−2Z√

6
↑, −X−iY√

6
↑−2Z√

6
↓,

−X−iY√
2
↓, −X+iY√

3
↓− Z√

3
↑, −X−iY√

3
↑+

Z√
3
↓
}
. (A.1)

Using this basis, the Hamiltonian matrix reads

HLK = −



P +Q −S R 0 − S√
2

√
2R

−S∗ P −Q 0 R −
√

2Q
√

3
2
S

R∗ 0 P −Q S
√

3
2
S∗

√
2Q

0 R∗ S∗ P +Q −
√

2R∗ − S∗√
2

− S∗√
2
−
√

2Q
√

3
2
S −

√
2R P + ∆SO 0

√
2R∗

√
3
2
S∗

√
2Q − S√

2
0 P + ∆SO


, (A.2)

where ∆SO is the split-off energy and the other parameters include wave-vector
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parts and strain parts as

P = Pk + Pε, Q = Qk +Qε, R = Rk +Rε, S = Sk + Sε. (A.3)

The wavevector parts with subscript k are

Pk =
~2

2m0

γ1(k2
x + k2

y + k2
z),

Qk =
~2

2m0

γ2(k2
x + k2

y − 2k2
z),

Rk =
~2

2m0

√
3[−γ2(k2

x − k2
y) + 2iγ3kxky],

Sk =
~2

2m0

2
√

3γ3(kx − iky)kz, (A.4)

where {γ1, γ2, γ3} are the Luttinger parameters. The strain parts with subscript
ε are

Pε = −av(εxx + εyy + εzz),

Qε = − b
2

(εxx + εyy − 2εzz),

Rε =

√
3

2
b(εxx − εyy)− idεxy,

Sε = −d(εxz − iεyz), (A.5)

where εijs are components of the strain tensor. av is the volume deformation
potential giving rise to a uniform strain-induced energy shift of the valence bands,
while b and d are the shear deformation potentials (with values listed in Table 3.1)
and are responsible to the energy splitting in the top of the valence band when
applying [001] and [111] strain, respectively (see Fig. 3.2). The analysis of the
circular polarization degree, discussed in § 3, is almost independent of the values
of these well-known empirical parameters. In the infinitesimal strain picture (εij →
0), the only useful information for deriving the selection rules is that the shear
deformation potentials (b and d) are negative in Si and Ge. In the finite strain
picture, we also consider the proximity of the split-off valence band in Si (∆SO = 44
meV). This proximity leads to a measurable variation in the circular polarization
degree with a moderate increase of the photon energy.

Following the discussion in § 3, the solution of the Hamiltonian in the zone
center (k = 0) is sufficient in order to derive the strain-dependent optical selection
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rules. Below, we present the results for the biaxial strain configurations studied
in this paper.

A.1 [001] biaxial strain

This configuration is found when thin layers are grown on lattice-mismatched [001]
substrates. The strain tensor is diagonal with components:

εxx = εyy = ε‖, εzz = −2c12

c11

ε‖, εxy = εyz = εzx = 0, (A.6)

where ε‖ was defined in Eq. (3.1), and cij are the elastic stiffness constants with
values provided in Table 3.1. By defining the constants εz in Eq. (3.2) and M001

±
in Eq. (3.4), the solution of Eq. (A.2) for zone-center states is simple and can be
compactly expressed

E1 = av(εxx + εyy + εzz)− bεz, (A.7)

E2 = av(εxx + εyy + εzz) + bεz −
1

2
M001
− , (A.8)

E3 = av(εxx + εyy + εzz) + bεz −
1

2
M001

+ , (A.9)

with each eigen-energy doubly spin-degenerate. Recalling that b is negative and
εz has opposite sign with ε‖, the energy of the topmost band is E1 in biaxial
compressive strain (ε‖ < 0) and E2 in biaxial tensile strain (ε‖ > 0). Apart
from the mutual energy shift, the left-hand side of Fig. 3.2 shows the relative
arrangement of E1, E2 and E3 in the compressive configuration.

The circular polarization degree of the luminescence is governed by optical
transitions with holes of the topmost band (ground state). In the compressive
configuration, the topmost zone-center eigenvectors are from heavy-hole states:

V 001
g,⇑ (ε‖ < 0) = [1, 0, 0, 0, 0, 0]T , (A.10)

V 001
g,⇓ (ε‖ < 0) = [0, 0, 0, 1, 0, 0]T . (A.11)

In the tensile configuration, the topmost zone-center eigenvectors are a mixture
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of light holes and split-off holes:

V 001
g,⇑ (ε‖ > 0) =

1

N

[
0, 0,

M001
+

2
√

2
, 0, 0,−bεz

]T
, (A.12)

V 001
g,⇓ (ε‖ > 0) =

1

N

[
0,
M001

+

2
√

2
, 0, 0,−bεz, 0

]T
, (A.13)

where N=
√

1
8
M001

+
2

+ b2ε2z is a normalization factor. The component of the split-

off holes is proportional to the strain amplitude. In the case of infinitesimal strain,

where
M001

+

N
=
√

8 and εz = 0, one gets that the eigenvectors are from pure light-
hole states. Considering the order of basis functions in Eq. (A.1) and using the
expansion in Eq. (3.6), we find the coefficients which are utilized to derive the
selection rules. For example, the coefficients of the spin-up state are

aX = − 1√
2
, aY = − i√

2
, aZ = bX = bY = bZ = 0, (A.14)

in the [001]-compressive configuration, and

aX =
1

4
√

3

M001
+

N
− 1√

3

bεz
N
, aY = − i

4
√

3

M001
+

N
+

i√
3

bεz
N
,

bZ =
1

2
√

3

M001
+

N
+

1√
3

bεz
N
, aZ = bX = bY = 0, (A.15)

in the [001]-tensile configuration.

A.2 [111] biaxial strain

This configuration is found when thin layers are grown on lattice-mismatched [111]
substrates. The components of the strain tensor are

εxx = εyy = εzz =
4c44

c11 + 2c12 + 4c44

ε‖,

εxy = εyz = εzx = − c11 + 2c12

c11 + 2c12 + 4c44

ε‖. (A.16)
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Again with the definition of εo in Eq. (3.3) and M111
± in Eq. (3.5), the zone-center

energies are

E1 = av(εxx + εyy + εzz)− dεo, (A.17)

E2 = av(εxx + εyy + εzz) + dεo −
1

2
M111
− , (A.18)

E3 = av(εxx + εyy + εzz) + dεo −
1

2
M111

+ . (A.19)

Recalling that d is negative, and εz and ε‖ are opposite in sign, one finds that
the energy of the topmost band is E1 in biaxial compressive strain (εo < 0) and
E2 in biaxial tensile strain (εo > 0). Apart from the mutual energy shift, the
right-hand side of Fig. 3.2 shows the relative arrangement of E1, E2 and E3 in the
compressive configuration.

The circular polarization degree of the luminescence is governed by optical
transitions with holes of the topmost band (ground state). In the compressive
configuration, the topmost zone-center eigenvectors are a mixture of heavy and
light holes:

V 111
g,⇑ (ε‖ < 0) =

[
−1 + i√

6
,− i√

2
, 0,

1√
6
, 0, 0

]T
, (A.20)

V 111
g,⇓ (ε‖ < 0) =

[
1√
6
, 0,

i√
2
,−1− i√

6
, 0, 0

]T
. (A.21)

In the tensile configuration, the mixture is between all species of holes:

V 111
g,⇑ (ε‖ > 0) =

1

N

[
i

2
√

6
M111

+ ,
1− i
4
√

2
M111

+ , 0,−1 + i

4
√

6
M111

+ , 0, dεo

]T
, (A.22)

V 111
g,⇓ (ε‖ > 0) =

1

N

[
−1− i

4
√

6
M111

+ , 0,
1 + i

4
√

2
M111

+ ,− i

2
√

6
M111

+ , dεo, 0

]T
, (A.23)

where the normalization factor is N=
√

1
8
M111

+
2

+ d2ε2o. Due to the off-diagonal

nature of the strain tensor, one cannot associate the ground states with pure ±3/2
or ±1/2 magnetic quantum numbers. It is true even when a vanishingly small

strain is applied [assign
M111

+

N
=
√

8 and εo = 0].

In the infinitesimal strain picture, we can still classify the topmost band by
its effective mass: HH in the [111]-compressive configuration and LH in the [111]-
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tensile configuration. To better understand the spin-dependent selection rules of
these bands, it is convenient to make use of the angular-momentum eigenstates
of J[111] = J · n, where J is the vector of spin-3/2 angular momentum matrices

and n = (x̂ + ŷ + ẑ)/
√

3. From the four eigenstates, {| ± 3
2
〉111, | ± 1

2
〉111}, we

get the following information when a vanishingly small strain is applied. The
composition of the spin-degenerate ground states is from J[111] = +3

2
and J[111] =

+1
2

components in the [111]-compressive configuration (heavy holes), and from
J[111] = −3

2
and J[111] = −1

2
components in the [111]-tensile configuration (light

holes). We make use of this information when deriving the selection rules for
optical transitions with spin-up electrons (S[111] = 1

2
in this configuration).

Finally, using the order of basis functions in Eq. (A.1) and the expansion in
Eq. (3.6), we find the coefficients from which we derive the selection rules. For
example, the coefficients of the spin-up state are

aX =
1 + i

2
√

3
, aY =

−1 + i

2
√

3
, aZ = − i√

3
,

bX =
1 + i

2
√

3
, bY =

−1− i
2
√

3
, bZ = 0, (A.24)

for [111]-compressive strain, and

aX = − i

4
√

3

M111
+

N
+

1√
3

dεo
N
, bX = − 1

4
√

3

M111
+

N
,

aY =
1

4
√

3

M111
+

N
− i√

3

dεo
N
, bY = − 1

4
√

3

M111
+

N
, (A.25)

aZ =
1− i
4
√

3

M111
+

N
, bZ = − 1√

3

dεo
N
.

for [111]-tensile strain.
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Appendix B

Derivation of the X-point
spin-dependent invariants

In this appendix we give the procedure of deriving the invariant components and
invariant matrices of the space group at the Brillouin zone X point of diamond
structure. These invariants are applied straightforwardly in the method of invari-
ants and are listed in Table 3.1.

The space group of the X point in the Brillouin zone of diamond structure is
G2

32, with its factor group including 32 operators. A unique property of G2
32 is that

a translation of (0, a
2
, a

2
) (denoted by Q, and a is the lattice constant) is required

to form a group (see for example § 2.4.2 of Ref [99]). Symmetry operators of the
G2

32 group are listed in Table B.1. The table refers to symmetry operations of
the X-point in the z direction. Operations of X-points in the x and y directions
could be obtained by cyclic permutations. Table B.2 shows how polar vectors
({x, y, z} in the upper panel) and axial vectors ({Rx, Ry, Rz} in the lower panel)
are transformed under the 32 group elements. Character table of the G2

32 group
is listed in Table B.3.

B.1 Invariant terms in the perturbations

The first perturbation terms in the k · p method are given in Eqs. (4.7), (4.8) and
(4.9). Each of them is a sum of three terms. It is straightforward to see how
these term are transformed under the operations in Table B.2. One needs to keep
in mind that only the spacial-related parameters, e. g. p and V , are affected
by operators of the space group. For example in Eq. (4.7) there is a kzp̂z term
(ignoring the constant ~

m0
). With the assistant of the upper panel in Table B.2, we

find that the momentum operator p̂z = ~
i
∂
∂z

is unchanged under the operators in
Classes of C1, C3, C9, C14, C13, C11, C7 and C5, while transformed into −p̂z under
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Table B.1: List of operators of the G2
32 group. E is the unity operator. Ciα is rotation

by i-fold in refer to the α-axis. Q and T are translations of (0, a2 ,
a
2 ) and (a4 ,

a
4 ,

a
4 ),

respectively. σz, σxy and σxȳ are mirror reflections in refer to the planes of z = 0, x = y
and x = −y, respectively. S4 is the combination of C4z and σz.

Class symbol Operations

C1 E

C2 C2x, C2y, QC2x, QC2y

C3 C2z

C4 QTσzσxy, Tσzσxȳ

C5 TσzS4,TσzS
−1
4 ,QTσzS4,QTσzS

−1
4

C6 Tσz, QTσz

C7 TσzC2x, TσzC2y,QTσzC2x, QTσzC2y

C8 TσzC2z, QTσzC2z

C9 σxy, σxȳ

C10 S4, S−1
4 , QS4, QS−1

4

C11 Qσxy, Qσxȳ

C12 Tσzσxy, QTσzσxȳ

C13 QC2z

C14 Q

the remaining operators in Classes C2, C4, C6, C8, C10 and C12. By comparing the
characters in Table B.3, one finds that this behavior matches with the irreducible
representation M ′

3 of which the characters are −1 for Classes C2, C4, C6, C8, C10

and C12. So we could say that the term kz, associated with p̂z in the perturbation,
belongs to M ′

3.

Let’s take another example that about two dimensional irreducible represen-
tations. There is a term of Hx

SO ∝ ( ∂
∂y
p̂z − ∂

∂z
p̂y)σx in Eq. (4.8). The prefactor of

σx behave as the x component of an axial vector. Under the operator of σxȳ in
Class C9, such x component of the axial vector is transformed to a y component,
so that we know Hx

SO and Hy
SO are a pair of the basis function of the G2

32 group.
Again, the following step is to apply the operators on this pair of basis functions
and calculate the characters. For example, using the Tσz in Class C6 we have

Tσz

(
Hx
SO

Hy
SO

)
=

(
−Hx

SO

−Hy
SO

)
=

(
−1 0
0 −1

)(
Hx
SO

Hy
SO

)
. (B.1)
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Table B.2: Space transformation behaviors of the operators in the G2
32 group. The

upper (lower) half panel is for polar (axial) vectors {x, y, z} ({Rx, Ry, Rz}).

Class Operator x y z Class Operator x y z

C1 E x y z C14 Q x y + a
2 z + a

2

C3 C2z −x −y z C13 QC2z −x −y + a
2 z + a

2

σxȳ −y −x z Qσxȳ −y −x+ a
2 z + a

2
C9

σxy y x z
C11

Qσxy y x+ a
2 z + a

2

QTσzσxȳ −y + a
4 −x+ 3

4a −z + 3
4a Tσzσxȳ −y + a

4 −x+ a
4 −z + a

4
C4

Tσzσxy y + a
4 x+ a

4 −z + a
4

C12
QTσzσxy y + a

4 x+ 3
4a −z + 3

4a

Tσz x+ a
4 y + a

4 −z + a
4 TσzC2z −x+ a

4 −y + a
4 −z + a

4
C6

QTσz x+ a
4 y + 3

4a −z + 3
4a

C8
QTσzC2z −x+ a

4 −y + 3
4a −z + 3

4a

C2x x −y −z TσzC2x x+ a
4 −y + a

4 z + a
4

C2y −x y −z TσzC2y −x+ a
4 y + a

4 z + a
4

C2
QC2x x −y + a

2 −z + a
2

C7
QTσzC2x x+ a

4 −y + 3
4a z + 3

4a

QC2y −x y + a
2 −z + a

2 QTσzC2y −x+ a
4 y + 3

4a z + 3
4a

S4 −y x −z TσzS4 −y + a
4 x+ a

4 z + a
4

S−1
4 y −x −z TσzS

−1
4 y + a

4 −x+ a
4 z + a

4
C10

QS4 −y x+ a
2 −z + a

2

C5
QTσzS4 −y + a

4 x+ 3
4a z + 3

4a

QS−1
4 y −x+ a

2 −z + a
2 QTσzS

−1
4 y + a

4 −x+ 3
4a z + 3

4a

Class Operator Rx Ry Rz Class Operator Rx Ry Rz

C1 E Rx Ry Rz C14 Q Rx Ry Rz

C3 C2z −Rx −Ry Rz C13 QC2z −Rx −Ry Rz

σxȳ Ry Rx −Rz Qσxȳ Ry Rx −Rz
C9

σxy −Ry −Rx −Rz
C11

Qσxy −Ry −Rx −Rz

QTσzσxy −Ry −Rx −Rz Tσzσxy −Ry −Rx −Rz
C4

Tσzσxȳ Ry Rx −Rz
C12

QTσzσxȳ Ry Rx −Rz

Tσz −Rx −Ry Rz TσzC2z Rx Ry Rz
C6

QTσz −Rx −Ry Rz
C8

QTσzC2z Rx Ry Rz

C2x Rx −Ry −Rz TσzC2x −Rx Ry −Rz

C2y −Rx Ry −Rz TσzC2y Rx −Ry −Rz
C2

QC2x Rx −Ry −Rz
C7

QTσzC2x −Rx Ry −Rz

QC2y −Rx Ry −Rz QTσzC2y Rx −Ry −Rz

S4 Ry −Rx Rz TσzS4 −Ry Rx Rz

S−1
4 −Ry Rx Rz TσzS

−1
4 Ry −Rx Rz

C10
QS4 Ry −Rx Rz

C5
QTσzS4 −Ry Rx Rz

QS−1
4 −Ry Rx Rz QTσzS

−1
4 Ry −Rx Rz
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Table B.3: Character table of the G2
32 group.

hi 1 4 1 2 4 2 4 2 2 4 2 2 1 1

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14

M1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

M2 1 1 1 -1 -1 1 1 1 -1 -1 -1 -1 1 1

M3 1 -1 1 -1 1 1 -1 1 -1 1 -1 -1 1 1

M4 1 -1 1 1 -1 1 -1 1 1 -1 1 1 1 1

M5 2 0 -2 0 0 2 0 -2 0 0 0 0 -2 2

M ′
1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1

M ′
2 1 1 1 -1 -1 -1 -1 -1 1 1 1 -1 1 1

M ′
3 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1

M ′
4 1 -1 1 1 -1 -1 1 -1 -1 1 -1 1 1 1

M ′
5 2 0 -2 0 0 -2 0 2 0 0 0 0 -2 2

X1 2 0 2 0 0 0 0 0 2 0 -2 0 -2 -2

X2 2 0 2 0 0 0 0 0 -2 0 2 0 -2 -2

X3 2 0 -2 2 0 0 0 0 0 0 0 -2 2 -2

X4 2 0 -2 -2 0 0 0 0 0 0 0 2 2 -2

The trace of the the transform matrix, which is the character associated with
Class C6, is -2. In the same way one could get the characters associated with the
remaining classes. Comparing these characters with those in Table B.3, we find
that the pair {σx, σy} belongs to M ′

5.

By repeating this procedure on all the nine perturbation terms, as well as the
parabolic energy shift promotional to k2, we are able to associate them with the
corresponding irreducible representations in Table B.4 for the X point on [001].
However, these invariant terms should not only obey space symmetry, but also
yield time reversal symmetry. By combining them with the invariant matrices
that we will derive in the next section, one could find in Table B.4 that the term
kxσy − kyσx associated with M ′

3, is forbidden by the time reversal symmetry and
should not appear in the Hamiltonian (see § 25 in Ref [142]).

By applying cyclic permutation of {x, y, z}, the invariants of the X point on
[100] and [010] are straightforward. They are generalized in Table 4.1.
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Table B.4: Invariant first order perturbation terms of the X point along the [001]
direction. The term kxσy − kyσx associated with M ′3 is forbidden by time reversal
symmetry.

Representations Invariant components [001]

M1 k2
x + k2

y + k2
z

M ′
3 kz,

hhhhhhhkxσy − kyσx
M3 σz

M5 {kx, ky}, {kyσz − kzσy, kzσx − kxσz}
M ′

5 {σx, σy}

B.2 Invariant matrices

We denote the invariant matrix (or set of matrices) as ℵil. The subscript l is the
index of the associated irreducible representation with character λnl , where n is the
class index of the group. The postscript i is the list index of the invariant matrix
or matrices and depends on the dimension of the irreducible representation. In
our case of the G2

32 group, if the irreducible representation is 1-dimensional, i is
unique and could be ignored; if the irreducible representation is 2-dimensional,
i ∈ {1, 2}.

The invariant matrix (or set of matrices) ℵil is restricted by the linear relation

Du
mℵilDv

m
−1 =

∑
j

ξijuv,mℵjl , (B.2)

where Du
m is the matrix representation of the uth irreducible representation asso-

ciated with the mth operator in the G2
32 group. The coefficients ξijuv,m are elements

of the matrix Ξl
uv,m, whose trace equals to the character in the lth irreducible rep-

resentation associated with the class that operator m belongs to. The key but
tedious step is to construct Du

ms from the basis functions. Below we show the
procedure of finding the invariant matrices in Table 4.1 that is used to derive Hcc

and Hcv in § 4.2.

B.2.1 Invariant matrices for Hcc

The conduction band edge at the X point belongs to the 2-dimensional irreducible
representation ofX1. This indicate that HamiltonianHcc is 2×2 before considering
spin, and can be expressed as a linear combination of 4 matrices that are linearly
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(a)

K X!L "

X1 + X4

X1

L1 + L !
2

L1 + L!
2 + L3 + L!

3

(b)

K X!L "

X1

X4

X1

Figure B.1: Diamond-type crystals energy band structures along the Brillouin zone
L-Λ-Γ-∆-X axes for (a) empty lattice and (b) Si. The evolution of the X-point states
from (a) to (b) is indicated by green arrows.

independent. These 4 matrices are respectively associated with the irreducible
representations of M1, M4, M ′

2 and M ′
3 [decomposed from X1⊗X1, see Eq. (4.4)],

all of which are 1-dimensional. This indicate that the index i in Eq. (B.2) could
be ignored, and we denote the 4 matrices by ℵ1, ℵ4, ℵ2′ and ℵ3′ , with subscripts
corresponding to the irreducible representations they belong to.

Our goal in this subsection, to find out these 4 matrices using Eq. (B.2), re-
quires the knowledge of matrix representations [DX1

m s in Eq. (B.2)]. We construct
this matrix representations with the help of the empty lattice wavefunctions. Us-
ing empirical pseudopotential method by putting all the form factors zero, we
calculate the empty lattice energy band of diamond structure in Fig. B.1(a). For
comparison, Fig. B.1(b) shows the band structure of Si. The conduction and
valence bands in Si, which belong to X1 and X4, respectively, are evolved from
the empty-lattice first excited states at the X point that include both X1 and
X4, whose degeneracy is lifted if the lattice potential is finite. These first excited
X1 + X4 states hold symmetric properties most similar to that of the X1 and
X4 states in Si. We utilized them to find the basis functions of the X1 and X4

irreducible representations.

The states at the X point in the empty lattice are planewaves with wave-
vectors equal to the difference between the X point and the reciprocal lattice
sites. For example, the X point along +z direction is located at (0, 0, 1)2π

a
. For
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the ground state X1, the wavevectors are (0, 0,±1)2π
a

, the ± sign is related to
the two most neighboring reciprocal lattice sites at (0, 0, 0)2π

a
and (0, 0, 2)2π

a
. In

the same manner we find that the first excited states X1 + X4 have wavevectors
(±1,±1, 0)2π

a
, associated with the four second neighboring reciprocal lattice sites

at (±1,±1, 1)2π
a

. We could find the basis functions by applying the projection
operator on any of the four planewaves (see § 4.3 of Ref [103], or any textbook
about applications of group theory in physics). The projection operator of X1

irreducible representation is

P̂X1 =
d

h

∑
m

λmP̂m (B.3)

=
1

8
(E + C2z + σxȳ + σxy −Qσxȳ −Qσxy −QC2z −Q) ,

where h = 32 is the total number of theG2
32 group members, d = 2 is the dimension

of X1, P̂m are the mth operators in Table B.1 with characters λm in Table B.3.
Applying P̂X1 on the state with wavevector (1, 1, 0)2π

a
, we obtain one of the basis

function

P̂X1e
2π
a

(x+y) = φX1
1 = cos

2π

a
(x+ y). (B.4)

Applying any of the G2
32 operators on this basis function could transform it to

either itself, or the other basis function of the 2-dimensional X1 irreducible rep-
resentation, which is φX1

2 = cos 2π
a

(x − y). The matrix representations could be
obtained straightforwardly by applying the the G2

32 operators on the basis set of

ΦX1 =

(
φX1

1

φX1
2

)
. (B.5)

For example, for the operator E in class C1 we have

E

(
φX1

1

φX1
2

)
=

(
1 0
0 1

)(
φX1

1

φX1
2

)
= I

(
φX1

1

φX1
2

)
. (B.6)

where I, a 2× 2 identity matrix, is the matrix representation of the operator E.
Taking three more examples of C2x in Class C2, QTσzC2y in Class C7 and QTσz
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Table B.5: Matrix representations of the G2
32 group operators for the X1 irreducible

representation.

Class Operator DX1
m Class Operator DX1

m

C1 E I C14 Q −I
C3 C2z I C13 QC2z −I
C9 σxy, σxȳ I C11 Qσxy, Qσxȳ −I

QTσzσxȳ ρz Tσzσxȳ −ρz
C4

Tσzσxy −ρz
C12

QTσzσxy ρz

Tσz −ρz TσzC2z −ρz
C6

QTσz ρz
C8

QTσzC2z ρz

C2x, C2y ρx TσzC2x, TσzC2y −iρy
C2

QC2x, QC2y −ρx
C7

QTσzC2x, QTσzC2y iρy

S4, S−1
4 ρx TσzS4, TσzS

−1
4 −iρy

C10
QS4, QS−1

4 −ρx
C5

QTσzS4, QTσzS
−1
4 iρy

in Class C6, we have

C2x

(
φX1

1

φX1
2

)
=

(
0 1
1 0

)(
φX1

1

φX1
2

)
= ρx

(
φX1

1

φX1
2

)
, (B.7)

QTσzC2y

(
φX1

1

φX1
2

)
=

(
0 1
−1 0

)(
φX1

1

φX1
2

)
= iρy

(
φX1

1

φX1
2

)
, (B.8)

QTσz

(
φX1

1

φX1
2

)
=

(
1 0
0 −1

)(
φX1

1

φX1
2

)
= ρz

(
φX1

1

φX1
2

)
, (B.9)

where ρx, ρy and ρz are Pauli matrices. Here we use ρi in order to distinguish
with the spin-related matrices using traditional notations of σi.

Repeating such procedure on the remaining operators in the G2
32 group we

derive all the matrix representations for X1 and list them in Table B.5. From
observation of this table, one finds that it is natural to choose the matrices of ℵil
in Eq. B.2 to be one of {I, ρx, ρy, ρz}, which forms a complete set of the basis
matrices for all 2 × 2 matrices. For example, if we take ℵil as ρx, then Eq. (B.2)
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becomes

DX1
m ρxD

X1
m

−1
= ξX1,mρx. (B.10)

Using the matrix representations in Table B.5, it is easy to find that ξX1,m equals
to 1 for operators in Classes {C1, C3, C9, C11, C13, C14} as well as {C2, C10}, while
equals to −1 for those remained, by taking the advantage of a Pauli matrice
property that ρx anti-commutes with ρy and ρz. Comparing with characters in
Table B.3, one finds that these ξX1,m values matches with characters of M ′

2 irre-
ducible representation, so that we reach ℵ2′ = ρx.

In the same manner one finds the remaining ℵ1 = I, ℵ4 = ρz and ℵ3′ = ρy. We
need to note that other than the identity matrix I with the identity representation
M1, the association of {ρx, ρy, ρz} with {M ′

2,M
′
3,M4} is not unique and depends

on the choice of the basis functions. Any transform of the basis functions ΦX1 into
Φ′X1

using a unitary matrix U results in ℵi → UℵiU−1, where i ∈ {2′, 3′, 4}. In
Table B.4 we already see that only the irreducible representation M ′

3 is associated
with the invariant kz, while there is no first order perturbation invariant belongs
to M4 or M ′

2. In order to build a clear and simple matrix of Hcc in a diagonal
form, we want M ′

3 to be associated with the diagonal matrix ρz. This could be
achieved by choosing a unitary matrix U that cyclic permutates {ρx, ρy, ρz} into
{ρy, ρz, ρx}, so that ℵ4 = ρx, ℵ2′ = ρy and ℵ3′ = ρz. The form of U is

U =
1 + i

2

(
1 1
i −i

)
. (B.11)

and the basis functions become

U

(
cos 2π

a
(x+ y)

cos 2π
a

(x− y)

)
= (1 + i)

(
cos 2π

a
x cos 2π

a
y

−i sin 2π
a
x sin 2π

a
y

)
. (B.12)

By combining the invariant matrices ℵ1 = I, ℵ3′ = ρz, with the invariant
components k2, kz in Table B.4, respectively, the 2×2 matrix form of Hcc is ready
as

Hcc = a1k
2I + a2kzρz =

(
a1k

2 + a2kz 0
0 a1k

2 − a2kz

)
. (B.13)

After determining a1 and a2 from experiment results and expending Eq. (B.13)
to the spin space, one reaches the 4× 4 matrix expression of Hcc in Eq. (4.10).
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B.2.2 Invariant matrices for Hcv

According to the decomposition of Eq. (4.5), The off-diagonal matrix Hcv includes
the invariants belong to M5 and M ′

5. Since it is the cross-block between X1 and
X4 basis functions, in addition to the matrix representations of X1 in Table B.5,
those of X4 is also required to find the invariant matrices ℵ1,2

5 and ℵ1,2
5′ .

According to the definition of projection operator, similar to Eq. (B.3) we have

P̂X4 =
d

h

∑
m

λmP̂m (B.14)

=
1

8
(E − C2z −QTσzσxȳ − Tσzσxy + Tσzσxȳ +QTσzσxy +QC2z −Q) .

Applying P̂X4 on e
2π
a

(x+y), we have

P̂X4e
2π
a

(x+y) = sin
2π

a
(x+ y). (B.15)

It is straight forward to find the other basis function, which could be sin 2π
a

(x−y).
Further, the matrix representations for X4 is given in Table B.6.

Again we choose the matrices of ℵil in Eq. (B.2) to be one of {I, ρx, ρy, ρz}. In
this case Eq. (B.2) is written as

DX1
m ℵilDX4

m

−1
=
∑
j

ξijX1X4,m
ℵjl . (B.16)

Using DX1
m in Table B.5 and DX4

m in Table B.6, the coefficients ξijX1X4,m
is ready to

derive. For example, taking ℵ1
l as the identity matrix I on the left hand side of

Eq. (B.16), the operators in Classes C9, C11, C6 and C12 transform it into ℵ2
l = ρz,

while the remaining operators keep I unchanged. This means that I and ρz is a
pair of invariant matrices. More explicitly, we have

DX1
m IDX4

m

−1
= ξ11

X1X4,m
I + ξ12

X1X4,m
ρz, (B.17)

DX1
m ρzD

X4
m

−1
= ξ21

X1X4,m
I + ξ22

X1X4,m
ρz, (B.18)

and the value of the matrix Ξl
X1X4,m

=

(
ξ11
X1X4,m

ξ12
X1X4,m

ξ21
X1X4,m

ξ22
X1X4,m

)
could be calculated

straightforwardly. For operators in Classes C1, C14 and C6, Ξl
X1X4,m

equals the
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Table B.6: Matrix representations of the G2
32 group operators for the X4 irreducible

representation.

Class Operator DX1
m Class Operator DX1

m

C1 E I C14 Q I
C3 C2z −I C13 QC2z −I

σxy −ρz Qσxy ρz
C9

σxȳ ρz
C11

Qσxȳ −ρz
C4 QTσzσxȳ, Tσzσxy −I C12 Tσzσxȳ, QTσzσxy I

Tσz −ρz TσzC2z ρz
C6

QTσz ρz
C8

QTσzC2z −ρz
C2x, QC2y ρx TσzC2x, QTσzC2y −iρy

C2
C2y, QC2x −ρx

C7
TσzC2y, QTσzC2x iρy

S4, QS−1
4 iρy TσzS4, QTσzS

−1
4 −ρx

C10
S−1

4 , QS4 −iρy
C5

TσzS
−1
4 , QTσzS4 ρx

identity matrix with trace 2; for operators in Classes C3, C13 and C8, Ξl
X1X4,m

=
−I with trace −2; for operators in the remaining classes, Ξl

X1X4,m
= ±ρz with

trace vanished. Comparing these traces with the characters of M5 and M ′
5 in

Table B.3, we reach that {I, ρz} is associate with M5.

Repeating the above procedure on {ρx, iρy}, one finds that they belongs to M ′
5.

Together with the invariant components that belong to M5 and M ′
5 in Table B.4,

the construction of Hcv is straightforward. However, in order to be consistent
with Hcc, we apply the unitary transformation on the basis functions using the
transform matrix U [see Eq. (B.11)]. As discussed at the end of the previous
subsection, this performs the cyclic permutation of ρx→ ρy, ρy→ ρz and ρz→ ρx,
and results in the matrices set of {I, ρx} that belongs to M5, and {ρz, iρy} that
belongs to M ′

5.

Note that these two irreducible representations could interchange with each
other, again due to our choice of the basis functions. Here if we keep the basis
functions of X1 the same, while replacing those of X4 by {φX4

1 ,−φX4
2 }, we perform

the matrices interchangings: I ↔ ρz and ρx↔ iρy. In this case the matrices set
{I, ρx} belongs to M ′

5, and {ρz, iρy} belongs to M5. This is also the configuration
we use in § 4.2 (see Table 4.1).

We combine the invariant matrices with invariant components in Table B.4
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according to the the irreducible representations they belong to, and finally reach

Hcv = a3(iρy ⊗ kxI + ρz ⊗ kyI) + a4(I ⊗ σx + ρx ⊗ σy)
+a5[iρy ⊗ (kyσz − kzσy) + ρz ⊗ (kzσx − kxσz)], (B.19)

where a3, a4 and a5 respectively relate to P , ∆X and α in Eq. (4.11).
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[16] I. Žutić and H. Dery, Spintronics: Taming spin currents, Nat. Mat 10,
647–648 (2011).

[17] I. Appelbaum, B. Huang, and D. J. Monsma, Electronic measurement and
control of spin transport in silicon, Nature 447, 295–298 (2007).

[18] N. Tombros, C. Jozsa, M. Popinciuc, H. T. Jonkman, and B. J. van Wees,
Electronic spin transport and spin precession in single graphene layers at
room temperature, Nature 448, 571–574 (2007).

[19] T. Suzuki, T. Sasaki, T. Oikawa, M. Shiraishi, Y. Suzuki, and K. Noguchi,
Room-temperature electron spin transport in a highly doped Si channel,
Appl. Phys. Expr. 4, 023003 (2011).

[20] W. Han, K. Pi, K. M. McCreary, Y. Li, J. J. I. Wong, A. G. Swartz, and
R. K. Kawakami, Tunneling spin injection into single layer graphene, Phys.
Rev. Lett. 105, 167202 (2010).

[21] F. Pezzoli, F. Bottegoni, D. Trivedi, F. Ciccacci, A. Giorgioni, P. Li, S. Cec-
chi, E. Grilli, Y. Song, M. Guzzi, H. Dery, and G. Isella, Optical spin
injection and spin lifetime in Ge heterostructures, Phys. Rev. Lett. 108,
156603 (2012).

[22] H. Dery, H. Wu, B. Ciftcioglu, M. Huang, Y. Song, R. Kawakami, J. Shi,
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